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PREFACE.

In introducing this first post-war volume of the ,Verslagen en Verhandelingen'', a brief review
of the research organization and of the publxcatlon policy of the ,,Nationaal Luchtvaartlaboratorium’’
to date will be appropriate, -

The four scientific departments existing at the end of the war were organized as largely self-
contained units, each having its ‘'own personnel for all its activities. This separation of the depart-
mental activities was hardly practicable in several cases, So, some more or less radical changes were
made in 1945 and 1946, aiming at a better internal cooperation, prevention of duplication of work,
and an improvement of the efficiency.

All academically-graded research personnel are now comprised in one Main Division, whereas the
lower-grade technical personnel and other assistants are grouped over a number of Subdivisions, whose
services are, in principle, at the disposition of all members of the Main Division.

The Main Division, being too extensive for one-head supervision, is split up in five Sections,
each headed by a Chief of Section, viz, Aerodynamics (A), Flight (V), Flutter and Theoretical
Aerodynamics (F), Materials (M) and Structures (S). The Scientific Director, the Chief Engineer
in General Service, also acting as a deputy for the Scientific Director, and the Chlefs of Section
form the ,,Scientific Staff".

The Subdivisions are partly of a general chacacter (Calculatmg Bureau, Library, Electronics Lab.,
Shops and Services), partly for the special assistance of a particular Section (Windtunnel Dept.,
Exp. Flight Dept.,, Materials Lab., Structures Lab.). Each Subdivision, except the Shops and Services,
is supervised by the most qualified Chief of Section. The Shops and Services, including a
temporary Building Development Bureau and the Design and Drawing Office, are separated from
the Main Division and headed by a chief of the same status as the chiefs of the sections.

The results of scientific investigations are usually issued in the form of reports. These
reports are indicated by the letter A, F, M, S or V,, corresponding to the section by which they
were prepared, and a number. The reports concerning visits and study fours form an exception,
being all indicated by the letters RB. Reports dealing with research work of a general character
and with the development of basic testing and measuring apparatus and instruments are usually
released for publication. -

The publicattons are issued partly in printed form, partly in typescript. Until 1945, the printed
reports were published collected in volumes of ,,Verslagen en Verhandelingen” (Reports and
Transactions) and written in Dutch with English and German summaries. These volumes contained,
in general, the more important reports prepared since the foregoing collection was published.
Twelve have appeared at irregular intervals, Vol. I in 1921 and Vol. XII in 1943. After the volume
was 1ssued, separate copies of reports were available.

The reports in typescript were and will be issued separately as soon as completed. A list
of such reports, covering the period from November 1942 to November 1947 is given on the following
pages. A complete list of publications is available upon application.

In order to improve their accessibility, it was decided after the war to write all reports for
the Verslagen en Verhandelingen entirely in English, with some exceptions during the period
of transition, and apart from special issues such as theses. It was further decided to distribute
preprints of reports prepared for a volume as soon as they are available, identical copies being
later obtainable as reprints. The purpose of these preprints wiil be to present advance information
to resarch workers who are actively engaged in the field of aeronautical science to which the report relates.

Unfortunately, the latter scheme could not yet be employed to full advantage during the prepara-
tion of the present volume, because considerable delay in printing was experienced due to the post-
war difficulties, Many of the reports contained in this volume have, consequently, been prepared
several years ago. Still, it is hoped that they have retained most of their utility and that they will
give an impression on the nature of the research work carried out by this institute durmg the
latter years.

Amsterdam, December 1947. C. KONING
Scientific Director.
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REPORT A. 950

Drag and Pressure Measurements with Plaster Spheres in Wind-
tunnel 3 and 4 of the National Aeronautical Research Institute

Ir. S. I. WISELIUS

Summary.

Drag and pressure measurements with two plaster spheres in the closed working section of windtunnel 3 and
the open working section of windtunnel 4, cirried out to determine the turbulence of airflow, are discussed
in this report. A description of the plaster spheres and of the attention paid to the suspension of the
spheres in the windtunnels is given. It is concluded that the turbulence of airflow in windtunnel 3 is

rather low.

Contents.

1 Introduction. -
2 Purpose and extent of the investigation.
3 Description of the spheres.
4 Method of suspension and measurement; reduction of
the test results.
4.1 Suspension.
4.2 Drag measurements,
4.3 Pressure measurements.
5 Results.
5.1 General.
5.2 Drag measurements.
5.3 Pressure measurements.
6 Conclusions.
Tables 1—2.
Figures 1—8.

1 Introduction.

The measurements described in this report form
part of a series of experiments, carried out to
determine a measure for the turbulence of the
airflow in windtunnels. In the unpublished Reports
A. 777, A. 813 and A. 814 results are given of
drag and pressure measurements with two metal
spheres (diameter 99 mm and 200 mm respectively)
carried out in the windtunnels 1, 31) and 42)

1) Report A. 795: The large windtunnel of the N.L.L.
Verslagen en Verhandelingen van het N.L.L. Volume XI,
(1942), p. A 1.

%) Report A. 802: The small windtunnel of the N.L.L.
Verslagen en Verhandelingen van het N.L.L. Volume XI,
(1942), p. A 19.

of the N.L.L. In this report the results of similar
measurements with two lacquered and polished
plaster spheres, diameter 150 mm (6”) and 200 mm
(8"), are given, These measurements were carried
out in the closed working section of windtunnel 3
and the open working section of windtunnel 4.
Special attention was given to the vibrationless
suspension of the spheres. Afterwards the in-
fluence of the thickness of the supporting spindle
and the influence of the tension in the suspension
wires (by varying the tightening loads) on the
results were determined.

2 Purpose and extent of the investigation.

The purpose of the-investigation, carried out
with two lacquered and polished plaster spheres
in windtunnel 3 and windtunnel 4 of the N.L.L.,
was:

a. determination of a measure tor the turbulence
of the airflow in windwunnel 3 and 4. Com-
parison with the results obtained from earlier
investigations was of no use because of the
inaccurate finish of the surface of the metal
sphere (diameter 200 mm) which was used
in those investigations.

b. determination of the influence of thé sphere
diameter on the critical Reynolds number.

c. determination of the influence of the supporting
spindle diameter,
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d. determination of the influence of the tension
in the suspension wires on the results.

Drag- and pressure measurements have been
carried out both in windtunnel -3 (closed jet)
and 4 (open jet). The influence of the supporting
-spindle diameter and the wire tension was deter-
mined in windtunnel 4 (drag measurements).

3 Description of the spheres (fig. 1).

The spheres, which were made in the workshops
of the N.L.L., had diameters of 150 mm and
200 mm respectively and were of similar con-
struction, The frame of the spheres consisted of
three circular plates of galvanized iron sheet
which were {perpendicular to each other) fixed
to a hollow shaft as shown in fig. 16, The support
for the plaster covering of the sphere was formed °
by spherical sectors. of galvanized iron sheet
attached to the frame,

The outer surface consisted of a layer of plaster
of Paris, about 5 mm thick, By means of a circular
mould a clean spherical surface”was -obtained.
The required smooth finish was obtained by
scraping, lacquering and polishing. The hollow
shaft (fig. la) was attached to a short solid shaft

plaster of Paris galvarised

’// § -

containing a pressure hole, which ended at the
front of the sphere. In this shaft the supporting
spindle which contained two pressure holes, was
screwed. One of these holes was in communication
with the pressure hole in the solid shaft, the
other one ended in the hollow shaft. Through
grooves between the supporting spindle and the
hollow shaft the pressure in the latter hole
corresponded with the pressure at the back of
the sphere. In this way the pressure of airflow at
the front and at the back of the sphere could be
measured.

The diameter of the supporting spindle was
12 mm (}"). To determine the influence of the
spindle diameter on the drag measurements and
so on the critical Reynolds number, it was possible
to mount successively two cylinders with diameters
19 mm (") and 28,7 mm (~ 13}") around the
supporting spindle.

4 Method of suspension and measurement;
reduction of the test results.

41 S uspension.

In order to determine the critical Reynolds
number drag and pressure measurements were

Section A = A

¢correct wire attachment

single wire

cylinder of dia z;vmm-.%
_or igmm 13

-' .pressure  hole

/ \\

= A

Cidt 13¢ mm (8%

dia zoomm (4")

Fig Ib. frame ot the sphere.

¥, T N
:. supporting spindle pressure tubes
o | with pressure tubes

Fig-1a. The construction of the plaster
spheres and the attachmenti of the
wires.

Fig.le. Incorréct wire attachment.
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Arrangement in windtunnel 3 for drag and pressure
measurements.

carried out with the spheres described in section
3 (see section 4.2 and 4.3). The spheres were
mounted in the centre of the working section of
the windtunnels. In windtunnel 3 the front of
the spheres was about 2000 mm (6’ 7") behind
the inlet cone — total length of the closed jet
4000 mm (13" 27), fig. 2a —, in windtunnel 4

about 1000 mm (3’ 34") — total length of the -

open jet 2100 mm (6" 117), fig. 2b. With the
suspension method described in section 3 it is
possible to carry out both drag and pressure
measurements in succession. It was desirable to
get a vibrationless mounting of the spheres. For
this reason it was necessary to attach the sus-
pension wires to the supporting spindle in ‘such
a manner, that no free moments might occur,
In fig. 1¢ the often used incorrect wire mounting
is shown. As may be seen the force K, which
acts in the case of unsymmetrical airflow around
the sphere, gives a free moment M=K x [ at
the wire junction at distance [ from the shafe
centre. As the aerodynamic forces are variable
both in magnitude and direction, the moment M
is variable and causes undesirable vibrations. The
cosrect wire attachment is shown in fig. la,
Section A-A. . .

Another source of vibrations is the elasticity of
the suspension wires. As these steel wires are
rather long. it appeared to be desirable to use a
diameter of 1 mm (0,04") and to apply large
loads (10, 25 or 50 kg) to tighten the wires. The
influence of these loads was determined in wind-
tunnel 4 by reducing the loads in the front
suspension point from 50 to 25 kg (see section 5.2).

To avoid vibrations, caused by the drag of
the pressure tubes, special provisions were made
with the pressure measurements. In the closed
working section of windtunnel 3 (fig. 2a) a vertical
strut was mounted behind the spindle to conduct
the tubes downwards. In windtunnel 4 a support
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fixed by wire bracing was used for this purpose
(fig. 2b). Special atteution was paid to the rigidity
of the whole arrangement.

4.2 Drag measurements.

During the drag measurements in the closed
jet of windtunnel 3 the spheres were mounted
to the balance-frame as shown in fig, 2a (full
lines), in the open jet of windtunnel 4 as shown
in fig. 2b (full lines). The measured values of .
the drag were corrected for the drag of the
suspension wires. This drag was detertnined with
the same arrangement, the sphere, however, being
removed from the supporting spindle and mounted
in front of the spindle on a separate shaft. The
drag, corrected in this way, was reduced to a
dimensionless coefficient as follows: '

D
&g = QA ’
where
¢g = drag coefficient,
D = drag in kg,
¢ = dynamic pressure in kg/m?

7:
A = 2 d2, the projected area of the sphere in m2,

Before the sphere measurements were carried
out the dynamic pressure g was measured with
a pitot-static tube mounted in the same position
as the spheres.

4.3, Pressure measurements.

During the pressure measurements in the closed
jet of windtunnel 3 the spheres were mounted
as shown in fig. 2a with the extra strut for the

sspension frarne

connected fo_balances
éq:a

single wire
L—w/

dotted lines : parts extra

mounied for pressure Measurements

lightening
Joad

FIGURE 2b.
" Arrangement in windtunne! £ for drag and pressure
meqsurements.




pressure tubes in position (dotted lines). In the
open jet of windtunnel 4 the spheres were mounted
as shown in fig. 26 with the extra.support and
wire-bracing (dotted lines).

The presswe difference ps and pp was reduced
to a dimensionless coefficient as follows:

P e Ap
4 q g’
where:
cp = pressure ceeﬂ'ic_:ient,
pf = pressure in front of the sphere mn kg/m?,
Py = pressure at the back. of the sphere in
kg/m?,
g = dynamic pressure in kg/m2

Before the pressure measuretnents were carried
out, the dynamic pressure was measured with 2
pitot-static tube mounted in the same position
as the spheres,

5 Results,
5.1

The results of the drag and pressure measure-

ments, carried out in the closed jet of windtunnel 3,
are plotted as a function of the Reynolds number
Re in figs. 3 and 7.

The results of the corresponding measurements
in' the open jet of windtunnel 4 are given in
tigs. 4, 5, 6 and 8.

The Reynolds number is calculated from the
formula:

General. _
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"-f.._‘_‘-
Cq r.\"“’\‘
e Y
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040 — EL 2 ___—,
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FIGURE 3.
Windtunnel 3

Drag coefficient of two spheres in terms of Reynolds number.
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Windtunnel 4
Drag coefficient of two spheres in terms of Reynolds number.

Re v
where: 9
V = airspeed in m/sec,
d = sphere diameter in i,
& = kinematic viscosity in m?fsec,

The wvalue of the critical Reynolds number
Rey, generally regarded as a convenient criterion
of the turbuleace of airflow, is taken to be the
value of Re at which the dragcoefficient cg is
0,30 (drag measurements) and the pressure
coefficient ¢, is 1,22 (pressure measurements).
In table 1 these values are collected for the case
of the most favourable conditions such as the
smaliest spindle diameter and the largest tightening
loads. In table 2 similar values, obtained with
different spindle diameters and tightening loads
are summarized,

‘5.2  Drag measurements.

The drag measurements in windtunnel 3 and 4
show that the curves obtained have no discontinuity,
as often happens, but the transition is shown by.
a steep decline of the curve. Both fig, 3 (wind-

" tunnel 3) and 4 (windtunnel 4) show that Rey

decreases when the sphere diameter increases.
The influence of the sphere diameter on Rey ‘is
a well-known effect. Measurements carried out
by DRYDEN °) showed that the intensity of the

3) DrypeN, H. L., SCHUBAUER, G. B,, Mock, W. C.
and SERAMSTAD, HK,. Weasurements of intensity and
scale of wmdtunnel turbulence and their relation to the
cg%cal RevyNoLDs number of spheres, N.A.C.A. Rep. 581,
1937,
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The influence of the spindie diameter
on the drag coefficient of two spheres.
{ tightening loads in tunnel 4: 50 and 10 hg)

turbulence in the windtunnel concerned was not
affected by changing the airvelocities. As however
the value of Kej decreases with increasing sphere
diameter this effect is to be ascribed to the in-
fluence of the scale of the turbulence on Reg.
According to the above mentioned investigations,
Rey, varies inversely proportional to 0,20,
When the values of Rey, obtained in wind-
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tunnel 3 are compared with those obtained in
windtunnel 4, it is evident, that the turbulence
in windtunnel 3 is lower than that in windtunnel 4.
The value of Rep of the smaller sphere in wind-
tunnel 3 is Rey = 3,52 x 105, in windtunnel 4
Rey = 3,15 x 105, Corresponding values obtained
with the larger sphere are Rep ==3,31 x 10® in
windtunnel 3 and Reg =2,86 x 105 in wind-
tunnel 4.

The influence of the sphere diameter is derived
by comparing the results of the 150 mm sphere
with those of the 200 mm sphere, both in tunnel
3 and 4. In windtunnel 3 Reg varies inversely
proportional to d%21, in windtunnel 4 to d0.34,
The result of the measurements in tunnel 3 con-
firm the experiments of DRYDEN, for tunnel 4
the exponent is somewhat higher. It may be
possible however, that this difference is caused
by variation of turbulence in tunnel 4, due to
the different airspeeds at which Rep for both
spheres occurs.

The influence of the diameter of the supporting
spindle, determined in windtunnel 4 (fig. 5},
gives no appreciable difference in the value of Rey,.

As described in section 4.1, the influence of the
tightening loads on the values of ¢4 has been
determined by decreasing the load in the front
suspension point from 50 kg to 25 kg. The in-
fluence of decreasing the tightening loads deter-
mined frofn measurements with the two spheres

.50 | T T l i T 0.s0
Cq ———+——— tightening jocads 25 kg and 1O kg Cd
——M—— tightening loads 50 kg and IO kg
045 cas
—— —
MY e e
040 e, - > (N‘__:“_ — ] 0,40
-~ N\‘ \\\% ‘?W\‘m
\
0.3s - Ry 0.35
kY 3y 3 sphere diam
. \ 1 | 150 mm. .
. 8 |
0,30 !‘ ' L\ : 2 0,30
\ sphere diam. \ sphere diam.
\\ \‘ 150 mm. \\ N 150 mm. D \‘
0.25 \\ 4 ‘\ i\ i T 0,25
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200 mm. A 200 mm. / v 200 mirm. \\
S
0.20 3 % Y =\ ! \ 0,20
\\. }\K\‘ . “\ \ \ \\\
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o185 R \\ wk\\ \ Y b‘ b X 0.5
B\‘\\\ kY ' Nt \\\ . A \
) TR N A
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t l I 22 24 26 28 30 a2 34 36 a8 40 Re10° I }
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’ Re.1C™
i} - ! FIGURE 6.

A

T ] Windrunnel ¢4
T'he influence of the tightening load on the drag coefficient of the spheres for spindle diameters 12 mm, 19 mm and 28,7 mm.



and different shaftdiameters, results in most cases
in lower values of cg (fig. 6). In the region of
Rey, however, the effect is almost negligible.

In table 2 the values of Rey, obtained with
various spindle -diameters and tightening loads,
are given. The maximum differences of Reg
from the values obtained in the standard con-
ditions (spindle diameter 12 mm, tightening
loads in front suspension point 50 kg) are
— 0,03 x 10°% and <+ 0,02 x 105,

5.3 Pressure measurements.

The curves obtained in windtunnel 3 and 4
show a steep decline which resembles that of
the curves obtained from the drag measurements,
The values of Rep, obtained from the pressure
measurements, differ only slightly from those
obtained from the drag measurements, The value
of Rej for the smaller sphere in windtunnel 3
is Rep=23,5x 105 in windtunnel 4 Rep=
3,11 x 105 These values are for the larger sphere
in windtunnel 3 Rep=3,34 x 105, in wind-
tunnel 4 Rep = 2,81 x 105, As shown in table 1
these values are a little lower than those obtained
by drag measurements except the value obtained
with the larger sphere in the closed jet of wind-
tunnel 3, which is slightly higher. '

Conclusions,

The critical Reynolds number, derived from
the drag measurements with spheres, is nearly
equal ‘to that, derived from the pressure
measurements,
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\ Cp=1.22
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FIGURE 7.

Windtunnel 3
Pressure coefficient of two spheres int terms of Reynolds number.
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FIGURE 8, .
Windtunnel 4

Pressure coefficient of two spheres in terms of Reynolds number.

b. The curves obtained from drag and pressure
measurements show a steep decline in the
region of Rep. In general no .discontinuity
occurs in the curves,

The values of Rep obtatned with the smaller
sphere (diameter 150 mm) are higher than
those obtained with the larger sphere (dia-
meter 200 mm). As DRYDEN has pointed out
this phenomenon is due to the influence of
the scale of turbulence. In windtunnel 3
Rey, determined from drag measurements varies
inversely proportional to. 4021, in windtunnel
4 to d0.34, The result for tunnel 3 confirms
the experiments of DRYDEN (Rey::1/d0:20),
for tunnel 4 the somewhat higher exponent
may be caused by a slight variation of turbulence
at different airspeeds.

The airflow in the closed jet of windtunnel 3,
as determined by drag and pressure measure-
ments, has 2 critical Reynolds number of
about:

3,5 x 10% with sphere diameter 150 mm
3,3 x 105 with sphere diameter 200 mm

The airflow in the open jet of windtunnel 4,
as determined by drag and pressure measure-
ments, has a critical Reynolds number of
about; )

3,1 x 10° with sphere diameter 150 mm
2,8 x 10° with sphere diameter 200 mm

The airflow in the closed jet of windtunnel 3
is less turbulent than the airflow in the open
jet of windtunnel 4. ST




g

Although no qualitative data of the turbulence
of airflow were determined, it may be con-
cluded from a comparison with the results
of sphere measurements in similar tunnels,
that the turbulence in tunnel 3 is rather low.

The diameter of the supporting spindle affects
the drag-curves somewhat, although. the value

A7
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of the critical Reynolds number is almost
unaltered.

Decreasing the tightening loads has about the
same effect as increasing the diameter of the
supporting spindle.

Completed: May 1946.
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TABLE 1.

The values of Rex in windtumel 3 and 4, determined from
pressure and drag measurements with two spheres (supporting
spindle 12 mm, tightening loads in tunnel 4, 50 kg and 10 kg).

Windtunnel 3 Windtunnel 4
Sphere
diam. Re. 10-5 Re. 105 Re. 105 Re. 10-5
(cp= 1,22) {ca = 0,30) (cp = 1,22) (ce = 0,30)
150 mm 3.50 3.52 3.11 3.15
200 mm 3.34 3.31 2.81 . 2.86
) TABLE 2.

Windtunnel 4.
The influence of the diameter of the supporting spindle and

the tightening loads on the value af Rer.

. Sphere diameter
! Diameter of 150 mm 200 mm
iameter o . .
: . Tightening
. supporting . .
‘ spindle loads Re. 105 Re. 10-5
l ] {ca = 0,30) (cd = 0,30)
| 12 mm 25 kg and 10 kg 3.12 2.86
12 mm 50 kg and 10 kg 3.15 2.86
19 mm 25 kg and 10 kg 3.14 2.85
19 mm 50 kg and 10 kg 3.15 2.87
28.7 mm 25 kg and 10 kg 3.14 2.88
28.7 mm 50 kg and 10 kg 3.14 2.86
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Some Remarks about ngh-Frequency Rotary-Current E]ectrlc
Motors f.or Driving Model Propellers

by

Ir. ]. G. SLOTBOOM

Summary.

The requirements to be met by electric miotors for driving model propellers can be expressed in a simple
condition, Starting from the formula giving the power requlred as a function of the propeller diameter, the
number of revolutions and the torque coefficient, a relation is derived which represents the power for ail
motors as a function of the revolutions per min. only. This is evident after having been shown that the ..
possibility of carrying out useful measurements at a reasonable wind speed — especially rmeasurements

concerning the stability at minimum speed — requires a value of ’;’—g- of about 100 m/sec. Tt is not necessary'

to choose higher values.

Furthermore, a few requirements about the dimensions of the motors and the number of poles (with. regards

to an economical use of the alternator) are given.

Contents.

1 Introduction: :

2 Thrust and torque coefficient of the propeller. Dimen-
sions of the nacelle.

- Power and speed.
The number of poles, ‘
List of symbols.

[ - ]

1 Introduction.

As a consequence of the experience of the
National Aeronautical Research Institute, obtained
by the use of fast-running rotary-current electric
motors for driving model propellers, the necessity
of a clear formulation of the requirements to be
met by those motors has been felt for some time.
. Judged by their dimensions and maximum
speeds the smaller ones especially appeared to be
lacking in power and, therefore, to be less suited
for carrying out useful measurements at reasonable
airspeeds than the bigger ones, which seem to
have better performances. For manufacturers of
this type of high-speed electric motors as well
as for laboratories using them it will be of great
interest to know the maximum and minimum
tequirements concerning dimensions, power and
speed, to be expected in the near future. They
are given in this paper in graphical form.

and the same value

2 Thrust and torqué coefficients of the
propeller. Dimensions of the nacelle.

For correctly estimating the behaviour of an
aeroplane with operating engines from the results
of measurements on a model in a wind channel,
the velocity field around the model should be
similar to that around the original aeroplane. At

the same time the scale of the model propeller

diameter must be the same as that of the model,

while —, Ky and Ko must have identical
. 1 .
values for model and full-scale propellet.

K, and K, are defined by

T (1)
K'r = Pn12-D4 :
and Ky = “Pnlz N0 .(2.)

Without scale effect, pure geometrical similarity

14
—— for model and full-
mD .

:scale propeller are sufficient to obtain similar

velocity fields. There will, however, always be
some scale effect and in order to avoid its influence

_becommg CXCCSSIVC, lt_ is necessary to carry out




the measurements at reasonable wind speeds,
Neglecting the scale effect we can write:

K, (model) = K (full scale).

A mean value of K, for modern propellers is
about 0,015. The calculation of the power required
to drive model propellers 1s based on this value.

Of great importance is the requirement con-
cerning the motor diameter. The diameter should
be such that the entire motor can be placed inside
the model nacelle. Therefore, the- maximum

diameter of the motor is not allowed to- exceed -

} of the propeller diameter. When in the future
piston engines are replaced by gas turbines, it
is likely that this maximum motor diameter should
be decreased still further. The maximum length
of the motor should not exceed 2 to 214 times
its diameter.

3 Power and speed.

'The power N, required to drive a propeller is

equal to 2 mmyQ or with formula (2) and using

metric units:
2 mpK,
75

= m*D® hp. (3)

Now the problem is to find those combinations
of n, and D, for which all conditions of flight
can be simulated in the model tests. D being
constant, the required power is proportional to
ny, as appears from formula (3)., On the other
hand, in the case of a rotary-current electric
motor, the available power is roughly proportional
to n;. Hence, the requirements to be put to
electric motors driving propellers, are to be based
on the highest value of ny, expected at a given D.
In flight modern airscrews operate at tip speeds
up to about 1,1 times the velocity of sound. At
minimum flight velocity the tip speed of the
propeller still is 310 to 320 m/sec. That minimum
velocity is about the same as the wind speed at
which the measurements in a windtunnel of
medium size and speed can be carried out
comfortably. The stability of an aeroplane at
minimum flying speed being of great importance,
it s necessary also to fulfil the corresponding con-
ditions when testing the model in a wind channel.
These considerations lead to the conclusion that
the model propeller should be able to operate
at tip speeds of about 310 m/sec or at nD =

310 ' :

=" 100. Normally a higher value of n,D

is not to be expected. A lower value may for

instance give trouble with respect to the stability
tests in the minimum speed condition.

Substituting m,D = 100; Ky = 0,015 and
p = 0,125 in (3) we obtain the required power
as a function of the speed n; (revolutions/sec)
or n = 60 n; (rev/min). The heavy curve in fig. 1
represents this function. Figure 1 also shows a
few N-n curves for some higher values of nD,
on which it is, however, not necessary to base
requirements. :

The dotted curves in fig. 1 represent N as a
function of n for several values of the maximum
motor diameter dpay (= 1 D).

The requirements to be met by electric motors
driving model propellers now can be formulated
as follows:

The point given by Nmax and fimex should be
nD

located on the N-n curve for 0 = 100 in fig, 1.

Combinations of Nmgpy and mpgx in the region

above the given curve, in general are of no practical

use, The motor diameter should not be greater

than that belonging to the dotted curve going

-through the given point for Npmax and npmgx and

the length should not exceed 2 or 2,5 times the
diameter. il

Fig. 1 is very useful for determining the required
maximum motor power and speed for a given
diameter D of the model propeller. The point
where the dotted curve for dmax = } D and the
heavy curve intersect indicates the requited values.

Obviously, the general requirements’ can be -
made independent of the wind channel in which
the measurements are carried out,

For a large number of model motors used at
present for wind tunnel research, the values of
Nmax s n and dpgxe do not correspond to the
given curve. In some cases the number of revo-
lutions is unnecessarity high and mostly the
diameter is more or less excessive. Specially for
the smaller motors, the demands concerning the
dimensions seem to be rather exacting. It is
possible, of course, to formulate other require-
ments than those given in this report, but it is
believed that this closer examination of the problem
will give a lead to the right requirements for this
type of motors.

In applying the requirements to geared motors
the curves mentioned above are valid only for
motor and gear box together,

4 The number of poles.

The power available to drive the model propellers




will often be dependent on the power which can
be delivered by the high-frequency alternator.
In section 3 of this paper we learned, that the
fast-running motors are the smallest. A fast-
running motor means an alternator running at
high speed and, in consequence, having much
power available. The big motors run relatively
slow and when they have two poles only, the
high-frequency alternator also runs slow and has
a small power output, under certain circumstances
even too small. To get more power the use of a
larger alternator is required, but it will be simpler
to make use of a motor with four or six poles,
in order to run the alternator at twice or three
times the speed of the muotor.

For alternators running at a maximum frequency
of 500 cycles, the desirable number of poles is:

A ll

for motors with

Pmax = 15000—30000 rev/min, two,
Pmax = 10000—15000 rev/min  four,
Mmax = 1500—10000 rev/min SiX,
Nmax = 6000— 7500 rev/min eight,

5 List of symbols.
. D = diameter of the propeiller (or model

propeller)
n, = number of revolutions per sec.
Q == torque of the propeller (or model propeller)

T «= thrust of the propeller (or model propeller)
V —
p -

airspeed
density of the air,
Completed: July 1946.
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Calculation of the Deformation of Two-Spar Wings
with Shear-Resistant Skin .

by
Ir. F. J. PLANTEMA and Prof. Dr. Ir. A, VAN DER NEUT

Summary.

The equations giving the relation between the internal loads and the deformations of two-spar wings with
shear-resistant skin, are derived by applying a modified version of CASTIGLIANO's theorem, stating that the
energy F = A— A, — Ag = Min., to an arbitrary part of the wing located between an arbitrary pair of
consecutive ribs. The deformation of the wing can be completely described by five functions vy, v,, ¢}, @, and @,.
‘The five equations of equilibrium (3.19) to (3.23) incl,, which are necessary for the computation of the energy A ,
are derived in art. 3, whereupon the elastic energy A (4.15), the work of the boundary forces A, (4.7) and the
work of the virtual loads Ag (4.8, 14), are computed in art. 4, The solution of the variational problem F= Min.,
given in art, 5, yields five differential equations which, together with the appropriate boundary conditions,
determine the five deformation functions. These equations can yet be simplified by introducing new variables
91, @p instead of @y, @y thus, egs. (5.12) to (5.15) incl., which do not contain the function i, are obtained.
The boundary conditions at the'ribs and in the plane of symmetry of the wing are derived in art. 6. Finally,

a numerical method for solving the equations is indicated in art, 7.

Contents.

1 Introduction.

2 CasTIGLIANO's theorem and its application.
3 The equations of equilibrium.

3.1 Introduction of the virtual loads.

3.2 The equilibrium of the skin.

3.3 The equilibrium of the spars.

3.4 The final equations,

Computation of Ar, Ag and A.

The load-deformation equations.
The boundary conditions. )
The solution of the equations.
Notations,

References.
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Intreduction.

The computation of the stress distribution in
two-spar wings with shear-resistant skin has been
dealt with in two papers in Vol. XII of the Reports
and Transactions of thé National Aeronautical
Research Institute (Nationaal Luchtvaartlabora-
torium) (ref. 1 and 2). However, in several investig-
ations it 1S necessary also to compute the defor-
mations of the wing. The solution of the latter
problem, assuming the internal loads to be known,
is given in this report. 2) :

It is to be expected, that the derivation of the
formulae based solely on geometrical considera-

1) This report is an abbreviated translation of'N_.L.L.-
Report S, 297, March 1945 (written in Dutch with an
English summary).

tions, would be very complicated. Therefore, no
attempt has been made to do so; instead the energy
method, starting from CASTIGLIANO’s theorem, has
been used. With the rules of the calculus of varia-
tions the equations giving the relation between the
internal loads and the deformations, can be derived
very elegantly. Some relatively simple examples
have been given by TREFrTZ (ref. 3) and -Mar-
GUERRE (ref. 4). In view of the complexity of the
wing problem it appeared desirable to start from
a modified statement of CASTIGLIANO's theorem,
which can also appropriately be called the theorem
of virtual loads. This modified statement and its
application are being discussed in art. 2. The
differential equations of the wing problem, holding
for each part of the wing between two consecutive
ribs, are derived in art. 3, 4 and 5. Their boundary
conditions at the ribs, and at the plane of symmetry
of the wing are given in art. 6 and the solution
of the equations is discussed in art. 7.

The wing scheme is equal to that mentioned in
ref. 1 and 2 and also the same notations have been
used as far as possible (see art. 8).

%) In principle it is possible to compute simultaneously
the internal loads and the deformations, independent of
ref. 1 and 2. This method has been developed for the
relatively simple case of a wing with parallel spars; see
ref. 8. However, pending the execution of the complete
numerical calculations, it is expected that no important
gain in time can be obtained, whereas the possibility of
making errors would definitely increase.



2 CasTIGLIANO'S theorem and its application.

Usually the theorem is stated as follows (see a.o.
ref. 5 and 6): Of all stress systems that satisfy the
equations of equilibrium in a body and balance
the specified loads at the boundary, but need not
satisfy the specified boundary conditions for the
displacements and rotations, the actually occurring
systetn minimizes the expression A—A,, where 4
is the elastic energy expressed in the stresses or

S2

loads and A, is the work, done by the unknown

boundary forces at the specified displacements.
In order to compute certain displacements (or

rotations) these are formally considered to be given -

quantities. As the equations of equilibrium .can
then no longer be satisfied, this can only be done
by introducing certain virtual loads gq. If the
equations of equilibrium in the body and at that

part of its boundary where the loads are given -

are symbolically denoted by E (s, v} = 0, the
virtual loads must now satisfy the equations
E (s, 7) -+ ¢= 0. The virtual forces may be con-
sidered as unknown boundary forces at points,
where the displacements are specified. Denoting
"the work of the virtual forces at their corresponding
displacements by Agq, the modified theorem may
be expressed as ‘ -

F=A—A;—Ag = Min. (21)

The solution of this variational problem yields
the equations, which enable the computation of
the deformations, A very simple illustrative example
may be given ‘here, namely the calculation of the
deflexions v of the beam in fig. 2.1. The elastic
energy is

!
o D
- LA dx. -
4 j-(zsb_ 25;) !
. (8] !

The specified displaceménts are the deflections
at both ends and the slope at the built-in end; as
they are all zero the work A,="0. ‘

The equations of equilibrium are

M 4+ D=0,
D +p=0 (2'3)
My =1 =0, (2.4)

Considering the deflexions v as given quantities
means, that eq. (2.3) can not be satisfied; virtual
forces g must be introduced such, that

D'+p+q=0or g== (D' +p)= M —p.

The work Ag is therefore given by

_ [ l _
Ag= j v g dx _=j v (M'—p) dx.
. A . _ A

. The wvariational problem (2.1) is expressed in
this case- by

(2.2) |

!
“M+M' dx
M
D le—9X = “D+D'dx
AN
. .
/4
4
ZB X _ s
- l .
FIGURE 2.1,
Example. .
l .
' ' ’ ) rg
F=A—Ar—Ag= G,M M:_
| e {28 28, .
0

— v (M —p) gdx£ Min.

The variation 3F at a variation of M must

* be zero
i : _
sEe [{M spro M s — ) _
SF—f(Sb M + S, SM rvb‘M .dx-af-
)
l
_ (E _ M .—-.u") SM dx -
Sb Ss
a _

(5.
S

Bearing in mind that v = 0 at x = 0. and
x = I, 83 = 0 at x = [l and substituting eq.

[
o

. - -
4 +U)3M]o_ [pSM"‘ 0.

b

- (2.2), the following differential equation and

boundary condition at x = 0 follow from the
requirement that 8F == ( at any arbitrary variation
of the bending moments M:

”._._,. M_ D_, '
v o S» * Ss’v -

D .
o at x

S, 0.




For a complex problem, where the develop-
ment of the final equations of equilibrium contains
various eliminations and other operations, it is
essential, in -order to avoid errors, to introduce
the virtual loads before the equations of equilibrium
are derived and to eliminate them immediately
before proceeding with the variational problem
3F = 0.

'3 . The equations of equilibrium.

3.1 Introduction of the virtual loads.

A cross section of the schematized wing is
given in fig. 4.1; the shaded portions are con-
sidered to be infinitely rigid. The deformation
of the wing in the YZ-plane is completely deter-
mined by the displacements vy and v, of the
shear centres of the spars and the rotation of

d : =~ z
R, . PR, .
. s
PN g
/// . //"_,///
beb'dx el
/ “igadx oo dx
X
: FIGURE 3.1,

The eguilibrium of a strip of the top skin,

one spar, e.g. ¢, (see fig. 4.2). However, it
appears to be more convenient to introduce the

Y1 T %2

quantity § = m as the third ,,dis-.

placement” instead of §,. The deformation in
the XY-plane is determined by the dispiacements
v, and v, and the rotations @, and.©, of the

S3

cross sections of both spars in the XY-plane,-

. The deformation of the wing can therefore be

completely described (excepting the displacement
in Z-direction} by the five functions vy, vs, ¢,
®; and ©,. In order to enable the computation
of these functions by means of the modified
theorem of CASTIGLIANO the virtual running loads
qir Gar 7, My and my are introduced (see fig. 4.3).

3.2 The equilibrium of the skin.

We first consider the equilibrium of a strip of
the top skin of a width dx (fig. 3.1). The running
loads acting on this strip are indicated in fig. 3.1;
the forces X, Y and Z are transferred from the skin
(including the rigid formers) to the spars. Pending
the formal proof, that the virtual loads on the top
and bottom skins are equal, a suffix has been
added to the symbol . The virtual load t acts

,virtual moment in the XY-plane.

at a distance H, parallel to the wing plane (XZ-.

— 2 (ts abl)'—fb (Hei — Hes) tg o

plane), where H is the distance to the wing plane .
of the intersection of the resultant of the shear
loads f in the skin, indicated in fig. 3.1 or 3.3
in cross section x, with the plane z = 14 5. From
the equation of equilibrium of the force compo-
nents parallel to the X-axis together with that of
the moments about the Y-axis, neglecting terms
of higher order, follow the identities

— X1y = Xab = th.
The equilibrium of the

(3.1)

force components

-parallel to the Y-axis and that of the force com-

ponents parallel to the Z-axis yield

Yis + . Yop — tp [(Hm — Hes) l= 0, (3.2)

i o Z + (@) =0, (33)

From the equilibrium of the moments about the
X-axis follows

— b Hy — Zap Hex — Zsp Hes + Yopd —
= 0’

where Opy is defined according to fig. 3.2.

FIGURE 3.2.
The definition of Op,y Ogi, Ops and Ogy.

The equilibrium of a strip of the bottom skin
(fig. 3.3) vyields, in precisely the same way, the
equations

~

X = Xeo = f, . (35)
Vio + Yo = o (Hoo— Hen) | = 0, (3.6)

o Zio + Zao 4 (60 BY = 0, ()
— o Ho + Zio Her + Zeo Hez + Yoo b+

+ 2 (to Oo1) + to (Her—Hea) tgor = 0. (3.8)

3.3 The equilibrium of the sp&rs.

An element of the front spar with the loads
acting on it is given in fig. 3.4. ¢, is a virtual force
acting in the shear centre of the front spar, m; a
From the
equilibrium of the forces in X-direction we find

Xip + Xio = 0; (3.9)
hence, from (3.1) and (3.5)
- th= — tp = t. (3.10)

(34)
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FIGURE 3.3.

The equilibrium of a strip of the bottom skin.

This equality has already been used in fig. 3.4.
The equilibrium of the forces parallel to the Y- and
Z-axes and of the moments about the X- and
Z-axes . gives, again neglecting terms of higher
order, the following four equations

— Yip—Yio+ Dsy + D'gr + pp + @0 +
+ [t (her — B)I" = 0, (3.11)
Zp + Zio = 0, (3.12)

(Ds1e1) —tg oy M1 + Dsa+Dgr+t{her —

— Iy) g +Apy+q) e —Zs Her + Zro Hea =0,

(3.13)
my + Dst + Dot + ¢ (her — hy) + My +
-+ X;b Hei— X0 Hex = 0. (3.14)

‘For an element of the rear spar we find in
exactly the same way o

Xep + Xoo =0,
— Yoy — Yoo + D'sa + Dga + p2 + g3 —
— [t (hee — B)] = 0, (3.15)

od _ _MisMidx

(M, +1a! gx} 190,

Dg,+D’g.dM

DN

FIGURE 3.4. 7
The equilibrium of an element of the front spar.

Z2b + Zzo — 0:
(Ds2 &) — tg “2%

(3.16)

r

My + Ds2 + Dga— (hee —

—= hy) ( + {p: + qz)€2+ ngch—_Zzo §c2=0,
: (3.17)
my + Dsa + Dga — t (hes — b)) + M’y -
+ Xap Hez — Xoo Hez = 0. (3.18)
The first of these equations is dependent upon
(3.1, 5 and 9). Further, from (3.3 and 7}, we find
that 1 = 7o =7. =~ | -
3.4 The final equations. *

With the identities — X1p = Xop = Xip =
= — Xz = t we obtain from (3.14 and 18)

my + M’y + Ds1 + Dgy — thy =0, (3.19)
My + Mlg + Dsz + Dg2 + thz = 0. (3.20)

2
heghyd
2 pdx /’— ___________ ceehed .

|
Dga"D'gzd)c
Uz
I//
t ,”,’ .
Msﬂrﬁdx '/‘:’7 SO P40, dx

MotMy dx g,

I
|
|
|
i

N

Uhemhal* 1

[l(héz-hzl]'dx+

o

FIGURE 3.5.
The equilibrivin of an element of the rear spar.

With Z)‘.b = — Z1o = ZI and 22b = ’—220 = 22
from (3.12) and (3.16) we obtain from (3.13) and
(3.17), also substituting (3.19) and (3.20),

Ziher = (Ds1 &)Y + preg—thatgey +
+omotgoy + g e

— 4y hea = (Dsa &)’ -+ pp ey + thes tg oy -+
+ my tg oy + gy 2.

Substituting these expressions in (3.3) or (3.7},

as well as tg «; - tg ag = — b, the following
equation is found
g 8% /T T
T b hes 2 he ta hei % T +
o L . na
+ . (Dsl ey) frea (Ds2 &) + R
— Bf gy Loy = o (3.21)
cz b o




FIGURE 3.6. "
The definition of O,.

Substituting the expressions for Z; and Z, in
(3.4) we get

H C H p
bYabzh—;l (Ds1 e) — hf: (Dsz &) +
H H -
+ G ma— G met tHad +
+ 2 {t 6 P HCI
b.l.) T Hb + hcl m tg oy —
_ Hes He c2 .
hcz my tg o "{_ hCl 3] € — hC2 qs €53
similarly from (3.8)
H , H ,
bYeo = 35 (D1 ) — 5= (Dse @) +
H' I? 7 ]
+ Fcllplel—m}k—?pgeg—{-th’czb +
+ 2 (00 + * H Hex
01 T Ho + fios m tg oy —
. Hes H: H o
Frea my tg ap + T G1ey— —h.cz gz €

ar}d by addition, with » = Hp + Ho,

1 |
Yap + Yio— - } (Ds1 &) — (Dse )’ +

+ pr &g — pyey + thex b + 2 [t-(abl +

—}~601)] +~rh+m1tgal—qi2tgoc2—|—q1e1_

— 2 €2 %.
From (3.2) and (3.6)
Yib + Yo = [t {hct — hca) } — (Yzb + Y2o).

Substituting in 'the right side of this equation

Ob1 + Oo1 + % bhes = Ops + Ooz + L bhcy,
we obtain o, '

< . .

Yis + Yio = 5 3 ~— (Ds1 &))" + (Ds2 €)' —
r— . !

—pet+pey—thad —2 [t (Ob2 + Ooz)] —

—th—mtgay + My tgos—q el‘f‘fheag-

The equations of equilibrium (3.11} and (3.15)
of the spar can now be written

b+e)gy—eq@+tht+mtga —metgus +
+ G + e) D5y + 2y Dsi — (e Dso) +
+ b Dg1 + b+ e) pp —eaps+2¢ 0y +
QO+ b Ry =0,  (3.22)
— e ¢ + (b‘-i‘ea) G —T1h—m tg“ll +
4 my tg apg — (e Ds1)’ + (b + e} D'sa +
4+ e Dg2 + b D'gs — &1 py + (b + e po —
— 200, —t 20+ ¥ h) =0 (323)

where O, is the shaded area in fig., 3.6 and O, 1s
defined similarly.

Omitting the virtual loads, the equations (3.19,
20 and 2I) are identical with equations (4 a, b)
and (14) -of ref. 1, that have been derived in a
different way; equations (3.22 and 23) replace
equations (3 a, b) of ref. 1.

From the definition of Dg (see ref. 1, art. 03,2}
we further have the equations of equilibrium

Dg1 + M; Ky/hy = 0,
Dgs + M Wefhy = 0.

Finally, for wings with torsionally rigid spar
(ref. 2), we have ~

Yl = Ylf, Yz - Y2I (3-26)
where Y, and Y, are the torsional moments in the
torsion tubes, that occur in the wing scheme.

4 Computation of Ay, A¢ and A.

The modified theorem of CasTiGLiaNo will be
applied to an arbitrary part of the wing located
between an arbitrary pair of consecutive ribs.

tlhg=hy} 1 (Hea-He)}
‘ ‘ ) L— ib ‘ \U‘\“—h,]
%
Y, Dg: ! Cgz
Dy ! Dgs
| Mz
e ]
Mg Matgds v.

FIGURE 4.1.
The boundary loads.




The forces, acting on the boundaries of this
part are given in fig. 4.1 and the specified dis-
. placements v, v, §, ©, and O, in fig. 4.2 (see
also art. 3.1). The work A4 r, done by the boundary
forces, is therefore expressed by

4r =[-Dsl U1+Ds202+§Dgl+_t(hc1—

——hl)iyl—l- %Dgz—t(hca—h2)£y2+

+t (Hee — Hel) vo + t.(ﬁcz —-f‘?m) Yo +
+ tb(ub + uo) 4+ My Oy -+ My Oy + (M, tg oy —

SV h (gt Vb K

The displacements vy, vy, ¥y, Yur ¥b, Vo, up and
U, are interdependent due to the given kinematical

assembly of the wing cross section (fig, 4.1).

Their interrelation is expressed by the following
equations, which will not be derived here,

vy — Uy
a

vp— Vs

§y = - ;= + rad, (41,2)

a

. e ) . ‘
J’1="’1+91¢1=(1—E1~) Vl‘f‘—(;ivz.‘i‘elﬁ%

" (4.3)

YVe=1te + &y

(4.4)
- e— e -
yo = Yo=%0n+y) =1(1—= - %) v+
. e, — e, ) .
-+ ¥ (1 + 1,a vt ilante r2) b, (4.5)
B .
u=up+up= — (1, — 1) + s¢. (4.6)
a.
b
%b -
Y, Yo Y,
’.6_\“ Ub .
["'ca : Hb_
HCZ
& . 1
Roy  H| e
4_-_____-——'
Uy _ y
Yo
FIGURE 4.2.

The displacements and rotations.

& [
=?2v1+ (l.lu—m&i)vz'f‘ezrz%,

S 6

Substitution of (4.1 to 6 incl.) in the expression

“for A; and simultaneous elimination of Dg; and

— ¥y % + Yoi H’Jz}

Dg: by means of (3.24,25) leads to 3)

A+=[M; @1-v1ﬁ+¢1(tga1—~e1"—l)§+
. hl hl
Ky Ry
+ M2) 0y —wy = + p{tgoay— e v T
hy, he

+ Ds1 vy + Dsp vg + ¢t 3”1 [H1 (1—.—2—) —

€y ..

-“‘Hzfz_‘*‘ h_b,J+ vz|:H1 ﬂ‘_‘Hg (1__ -
a a a a
—hi)‘ +¢(H191?'1—H392"2+53)£_

R (4.7)

The virtual loads, that have been introduced in

© art. 3.1, are indicated in fig. 4.3. The work A4 can

. . R . ) .
Ag = A'q dx, where
L

be written

{4.8)
Ag=aqmn +q2v2+m1@)1—i—mg@2+'ru.§

The virtual loads will now. be expressed in the
internal loads M,, M,, D1, Dss and ¢t by means

. of (3.19 to 25-incl.). Thus

m o= — M, + M, % — Dgy + thy, (4.9)
. 1 L. .
m, = — M, + M, f;’z — Dy ﬁthzf (4.10)
,‘ 2 .
2her .k
0 =P ) (1

h- | o
h—) tg Uy j —1“ q 1y . (4-11’)
c2 )

 2hah . h |
A :_c__cz_[ml (1 —Fﬁc—;)tgal—-mg(l—
' 1L ’ ‘ '
— A J‘+ ) (4:12)
c2
2m1 [ .. |
- = —_— - tg oy "—‘hcl —_— +hc2 (1_
$ . oa
—fl_)}+ ginftgag{hu (1—22) — ey 24—
a s . ' a a
S O T -
hea g1+ hes get 7 @.13)

?) For reasons of compactness , and ), have al's'o been
retained as separate functions. - U

¥




The functions ¢°, ¢°5 and t° are defined in

57

art. 8, Substituting (4.6, 11, 12 and 13) in (4.8)

we obtain

.A’q = ¢° { 1 (1 — :;lchl) + vy :’11:12 —
—be e m a3

+ 22 ] + [% (, — v) +5d l +
+ m [Gl—tgml gﬂ—;—ff +2 (— het o

vy

+ ke (1 --—) ) ¢ﬂ+ n@{'@ﬁtgng_l p

Uy

- ey €1
+ 2 (ha (1— ﬁ") — hee w) @H (4.14)

The elastic energy Ais g1ven in art, 05 of ref. 1
and art, 05 of ref. 2

R
. M12 . M22
A=13 ) Sp1 cos oy Sh2 cos® oy
L
D4 D¢, 2
Sorcosa, | Sescoseg b(G &
1 Y25 Y2, g
+ GD do) + SWI + Sw2 dXo (4.15)

5 The load-deformation equations.

The equations giving the relation between the
deformation functions »;, vy, 0,, ®,, ¢ and the
internal loads result from the solution of the

variatonal problem (2.1). Successively, the variation
" of F is determined at a variation of Dgy, Djs,
M,, M, and t; thus, five differential equations are
obtained which are necessary-and sufficient for the
computation of the five unknowns. The first
variation of F at a2 variation of D can be written
in the form

SF=8A—3A,~54g = - [vlb\Dn]R n
e
+,’j (4, 8D'sy + By 3Ds1) dx,
- .

L

9.

———

m ) [

e

Y
\

FIGURE 4.3.
.The virtual loads.

The first variation 3F can only be zero at any
arbitrary variation of D¢y if v, = A, and — A’ -+

"By = 0. After some rearrangement of the expres-

sion A4, it appears, that the first condition is an
identity. The second condition can be reduced,
after reduction of the expression B, to

Ds1

Ss1cos% —tgoy)==0. (5.1)

‘F 91_,. v —d; (ey

At a variation of D we obtain in the same way

Dyso
S¢a cos ay

+ 0y — vy (e —tgotu)—O (5.2)

At a variation of M, we find

R
_ | M :
3 A _] S5 o a, $ M, dx,
L

A, = [3@1——1.?1 % + ¢y (g —
| 1
e ’H)EB.MI]'R,
h L

whereas 3 Ag can be given in the form

where A, and B, are certain expressions obtained

directly from the variation of (4.14) and (4.15).

By partial integration we obtain
\ . R

R .
3F = [(ﬂ.1 — ) SDML + ] (— 4’ +

. L
T+ Bi) 8Ds1 dx.

R :
5Aq= ] (C, 3, + Dy 3My) dx =
L .
R
+ f(—'c*1 + Dy 3y dx.
L

[c, SMI}R

The first variation 3 F can only be zero at any
variation of M if

hlfri_“l"l (tgoy — ey ’;1) + Gy =0
: 1

60, —n

1

and



.M1

Sp1 cos® oy + Ci— D=0

Again, it appears that the first condition is

satisfied identically, whereas the second condition

can be reduced to-

M h . K
Sh ::os;oc1 T [h‘ 91——?!1%@1 —h (el_,i —
—tgay) ] — 0, 5.3)

At a variation of M, we obtain in the same way

M, hg . R
sz 2(:05?’0&2 + [hz Uz‘f‘h2=®2 — s (eah—: -
- tg a) } = 0. (5.4).
At a variation of t we get
R
5A = | (e + ) 8t dx
Gy dp Go do '
L
e bh
S4, = va (Hi.(l-—i) — Hz-—a"’— 7) +
e e bh
+a@(H1;‘—nm(1m§)—;)

R‘
+ ¢ (H; 317"1'-—‘H2 eg'rg—}-bs);St}L,

whereas 8 Ag can be given in the form
R ;

8A'q=f (513I'+E28t)dx:[E18tJR +
‘ : L

L
R

'+f (— E, + Ep) 5t dx.
L

The first variation 3 F can only be zero at any
vatiation of ¢t if

0=y S
H—Hz(l——ﬁ)-——ljﬁ] Ly (H 61—
a a
— Hyegre +bs) - E, =0
and R
b (—— + L 4+ B —E =0
Gods | Godo .

S8

As before, the first condition can be shown to be

_an identity. By means of (4.3, 4, 6) E, can also

be expressed as
B, = —H,y, + Hy y, — bu

By substitution of this expression and reduction
of E, we obtain from the second condition

1 1
b (ea v 6 d )
— h (0, + tgotl) + by (O + 4o tg“z) —

“—Hl y’1+H2 y’Z =

_h_”‘_hhﬁz_ (hc1+hc2‘—‘2h)b’+2bh’ ¢+
bi
T (hcl ;hhcz b" ‘i‘ 5 Yu — b’ =0. (5.5

Note: It can be shown, that the abovementioned ,,first
conditions” must necessarily be identities. Thus, they
provide a check on the validity of the preceding work.

The five differential equations (5.1 to 5 incl),
holding for any part of the wing between two
successive ribs, together with the appropriate
boundary conditions, determine the five defor-
mation functions v,, v, ®,, @, and . For a wing
with two parallel spars (b’ = o; = oy = 0) and
e, = e, = 0 the equations (5.1 to 4 incl.) reduce to

DSI DSZ

S, + 0, — v =0, Sea + 0@, —vy=0,
(5.6,7)
M, Ds:y Ky o
Sh1 + S R &, =0, (5.8)
Mz D32 h'z Y —
Sha + S b e, = 0, (5.9)

The function ¢ has disappeared and the dis-
placements and rotations of the front and the rear
spar can be computed from separate pairs of
equations, respectively (5.6,8) and (5.7,9). These
equations have formerly been derived from geo-
metrical considerations (ref. 7).

Also for the general case, equations (5.1 to
5 incl.), it is possible to simplify the computation
of the deformations by eliminating the function ¢
from the first four equations. In order to attain
this, new variables ¢, and ¢, being the rotations
of a cross section of the front resp. rear spar in
the plane through the shear centres parallel to the
Y-axis, are introduced instead of ©, and ©,. (The
positive direction of ¢ is the same as that of y').
The angles B, and B, between these vertical planes
through the shear centres and the X-axis (# has
the same positive direction as e') are obtained from

tg B = €y — tg «; tg o = €&, — 18
By means of the relations

(5.10)
(5.11)

o = 0; cos B; — ¢ Siﬂ‘ [31;‘

Py = @y cos By — Yy sin By




and of equation (a) from the appendix to ref. 1
we obtain from (5.1 to 4 incl.), successively,

Vi< g S:D z:)s oy cocglﬂl’ G.12)
vy = S S:D é;s s coﬁzﬂz’ (5-13)

From equation (5.5) @, and ®, can be eliminated
by replacing

—~ R (O, 4+ tgay) + By (O + 4y tg o)
with

— % hl/CdS B1 + @3 hyfcos By —e'y Ay g ~-e'a By b,

Thus we have obtained a system of five equations
- of which only the last contains ¢; this last equation
can be written as a differential equation of the
first order in vy, v, @y, 9, and ¢ by means of
(4.1 to 6 incl.).

6 The boundary conditions:

The boundary conditions at the ribs can most
easily be derived geometrically. The continuity of
the displacements of the spar booms at a rib
requires , A

0, =6, 6,=20,. (6.1, 2)

The quantities ©, ¢ and ¢ at a rib are interre-
lated as follows

2

¢, = ®: cos B: - "I"1 sin B:;

¢, = 0, cos By — {, sin §, (63)
¢, — G)e Cos B-z - L!J, sin Bn;

9, = 0, cos B, — ¢, sin B, (6.4)
b= = — Av,JAe;

¢, =4, = — Av,/Ae,. (65 6)

From (6.3 and 5) and (6.4 and 6) follow the
boundary conditions

!

4

+FIGURE 6.1.
Centre part of a rib.
undistorted,

$9

#1 i P\
0, = cos 8, + ¢ tgpy = (EB?B—I) + dtgB,,
or ’
P1 A
o (o) = Fo awm @)
and similarly
P2 A vy
(5) = T2 sun @

If we assume rib i built in at the front spar,

‘we obtain, keeping in mind that the rib caps are

considered to be infinitely rigid (fig. 6.1)

B+ oy = — 2

bhbs

where- w is the displacement of the rear spar
relative to the front spar. The difference between
the actual spar displacements y, and y, (fig. 4.2) is

Yo — ) = LI"I b+ w,

(hd2— hp1),  (6.9)

whereas, from (4.3) and (6.5),

. .Av

J’1=”1'+91.‘L1=V1“‘91 Aell
and simiarly

) N A vy

Yz = Vg— & Ae
Thus

Aty FANE 2 )

(b+81)ﬂ—'ez "A—ez—lﬁ'—vs-l-w-

By elimination of {;, U, and A v, /A e, resp.
Ab v, /A e, from these equations and (6.3,4,7) we
obtain

An :V1—V2_|_(1+ es hpz — hp w
Ney a hpso b a
(6.10)
resp.
A vy v — _ .
Ae a T el
b hps —h .
+ & hps bl) w . (61D
hpz b a

The magnitude of w is obtained considering the
elastic energy stored in the centre part of the rib.
If the shear force and the bending moment in the
rib cross section immediately in front of the rear
spar are denoted by D and W, this elastic energy
is (fig. 6.1) y

Ai= 100~ W +w | =
hbz-—hbl)} —
bhps {

% [w (D +WwW

=} w; Dsja,




where Dsiz is the part of the shear force resisted
by shear stresses in the web, according to equation
(9) of ref 1. According to equations (10) and (17d)

of ref. 1 we may also write
Ai = 1%; D*;? and Dsip = [MD* l .
. ahpe ti
Therefore
T ahbs
w;‘i{kD*m}i. (6.12)

Substituting (6.12) in (6.10, 11) we obtain the

boundary conditions

S 10

Avy _ m— v kDY
JAN .a ha1
ca—Ae . v _ v kD*
A he v, + = Ae hal » (6.13) |
Avy v, — vy kD* or
Ney a has
v a—he v _ kD
a ahes 1T Ae has + ©14)

from which v, and v, can be computed. If @, @,
v, ,v, and | (immediately inside a rib) are
known, ®,, O, v, b, and & can be computed
successively from (6.1), (6.2}, (6.13 and 14), and
from ¢ = {—; further ¢, and ¢, follow from (6.3, 4,
7 and 8). v, and v, are continuous at a rib if
Ae and Ae, are zero, o and o9, are con-
tinuous if A B, and A B, are zero,

Note: The boundary conditions at the ribs can also be
derived from CASTIGLIANO's theorem, if this theorem is
applied to half of the wing. In this case additional virtual
forces are introduced at each rib at the front and rear
spars. The variational problem § F = 0 (F for the haif
wing) then yields the boundary conditions as well as the
load-deformation equations. Also some additional equations
are supplied, such that the complete system of equations
is sufficient for the simultaneous computation of the
mternal loads and the deformations (see footnote 2}, art. 1).
Only if this simultaneous calculation is desired, the energy
method of deriving the boundary conditions is preferable
< to the geometrical method (see ref. 8).

The boundary conditions in the plane of symmetry

of the wing still remain to be determined. As any
loading can be divided into a symmetric and an
antlsymmetnc loading, we can restrict the inves-
tigation to these two loading conditions.

With symmetric loading the boundary conditions
for ©, and @, are

B = O = 0. (615, 6.16)

Generally, the magnitudes of v, and v, are
prescribed at the wing-fuselage fittings, However,
without restriction to the generality of the solunon,

we can assume provnsxonally
Vg = Uy = 0.

{6.17, 6.18)

These boundary conditions do not influence the

define the position of the wing as a whole. There-
fore, satisfying the actual boundary conditions
means only, that a rigid body movement has to be
added to the computed deflexions. The boundary
condition for & is supplied by equation (6.9) for
rib 1; substituting (6.12) we obtain

ak D*
12 bhai ha:

hpy — hba

her Zhes Iy’ . (6.19)

(‘1’)1 -

With antisymmetric loading equations (6.17 to
19 incl) also hold, The antisymmetry further
requires, that

($)o = 0. (6.20)

To define the position of the wing as a whole
we can provisionally, without restricting the
generality of the solution, spec1fy By or Oy, e.g.
by means of (6.15). -

7 The solution of the equations.

If we are satisfied with the knowledge of the
most important displacements vy and v, we need
not consider the complicated equation (5.5). We
can restrict ourselves to the solution of equations
(5.12 to-5.15 incl.), with the corresponding boun-

- dary conditionis (6.7, 8, 13 and 14) at the ribs

and (6.15 to 19 incl.), where @ must be replaced
with o, in the plane of symmetry.

To find the numerical solution we divide the
distance between two consecutive ribs into a
certain number of intervals, Assuming vig, vak,
g1k and gsk. at the beginning of the &-th interval
to be known we compute their first derivatives

successively from (5.12, 13,- 14 and 15). Then,

we compute the values of the four functions at the
centre of the k-th interval from

Jk+3y = vk + Vi Akx ete

~and the first derivatives at this station again from

(5.12) etc. At the end of the mterval we then

. obtain

VI, k4, = Wik v, pgy Ak X etc

In the same way -we deal with all successive
intervals. If there is a rib between two .intervals
where e andjor § are discontinuous, we must use
the boundary conditions to find the values cutside
the tib; if ¢ and B are continuwous v and ¢ are
also continuous.

Both for symmetric and for antisymmetric

- loading we start the calculations at x = 0. With

symmetric loading vy, Vi, 0y and oy are all
prescribed by the boundary conditions, With anti-
symmetric loading ¢, 1s not prescribed. We can
determine the deformations for the part 0 = x S x1
of the wing by combining the solution of the non-
homogeneous equations, starting from an arbitrary

.value g, with ¢ times the solution of the homo-

geneous equations, also starting from an arbitrary
value g4 F 0, computing (Jh for both sclutions

.from equations (6.5,6, 13 and 14), and determining

curvatures and shearing deformations; they only

the proper value of ¢ such that equation (6.19)
is satisfied.




From the solutions for v and ¢ we can compute
the values of ©® and | at the ribs by means of
equations (6.3 to 6 inck), (6.13) and (6.14).
However, if we want to know all deformation
functions completely we have also to solve equa-
tion (5.5). The solution of the complete set of
equations does not present any difficulty; it i§
found completely similarly as has been described
heretofore.

8 N otatlons

a distance between the shear centres of the
spars parallel to the Z-axis;
b distance between the spar planes parailel

to the Z-axis;

a . 20 z
b* = h = — hp1 —
ha has ( m e T
= by s =) | 55 [1—-‘51—(1 -
by €
— B = )
i ki b - hba
d thickness of a spar web (d;, d2), a rib
web (d;) or the skin (db, do);
ey & distance from the shear centre of the front

resp. rear spar in front of resp, behind
the spar plane, parallel to the Z-axis;

h' Hb +H01

hy, hy distance between the centres of area of
the front resp. rear spar booms;

ha, haz hay = hpr + ey (hp1 — hp2) /b,
has = hpe — ey (hp1r — hp2) /b

hoy, hbe hpr = her (2 01 + bhz) /b (her - hee),
"hpe = hea (2 Oy -b bhy) [b (B + hea);

hea, hez distance between the top and bottom skins
at the front resp. rear spar booms;

k . _ ka1 haz )2 b (hb1 + hpe) .
o hb1 hbe 2a¢ Gd i’
m,, my virtual moments in the XY-plane, see
) art, 3.3; )
7 - number of ribs per half wing; also notation
of end rib;
0 as a suffix denotes the bottom skin;
Pv Do external running load on the front resp.
' _ rear spar per unit of length in X-direction,
statically distributed between the shear
_ centres of the spars; ‘
qu g» virtual running loads in the shear centres
. of the spars (art. 3.3);
2he1 b R\
R UL BT
as hy

o= 0 g fDne) +ral+

h

LA

) 3 (Dsa &) + Pyes g—‘
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—2(0y) + ﬁ-. (t62) — th'hy, — e (1 —

m.i)HDs1+Dsa——Mlh— -

hee hy
hl
— M, ?—-t(h ""hz)J +p1+p2”;
2
o 2her bica R\ -
e w—as__b Ds2—Mzh +

+.p2$+(1-——')g(DueI)’erleJ—
hci n ’
R ,
—a— - } (Dss &) + py ey 2 +
Che
+2(0)— (tb“)";i—'tb'l.z;, —e(1—
h’

- D Dgy — -1 .
hu)%[ 51+ 52 Mlh

1

hl
J— M2 ?'—"t(hl-_‘hg)} +p1+p2§];
2
noo= [hm — —hea (I — —)]
e
Iy == [hcl (1 — *) — hee ?1} 3
- he he
s = 2 heihee (1_ ah; — ah:z) ;
t shéar_.flow ih the skin; -
u =up + to;

up, 2o see fig. 4.2;

vy, v, displacement parallel to the Y-axis of the
shear centre of the front resp. rear spar
(fig. 4.2);

X coordinate in the direction normal to the
plane of symmetry of the wing;

¥ coordinate normal to the wmg plane

) (XZ-plane);
V1 ¥a displacement parallel to the Y-axis of

the centre of gravity of the front resp,
rear spar- (fig. 4.2);

¥b, yo displacement parallel to the Y-axis of
the centre of a skin former (fig. 4.2);

z coordinate normal to the XY-plane;
A - elastic energy; '
Ag work done by the virtual loads;

Ar work done by the boundary forces over
the specified displacements;

D g1, Dga shear force resisted by the booms of the
front resp. rear spar;

Dy, Dsa shear force resisted by the web of the
front resp. rear spar;
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1 X B
D* - = "'"—‘[W1 + Ml(Atgatl—el”_l)—
_ ha1 hy
_. 1 T
DSl Ae1]+ |:W2+M2(Atga2—""
has
— & 'Ah—h?)——D?z Aez] b AL+
. 2 - T -
AY, AY,
+ + ;
hay haz

modulus of efasticity of the boom material;

shear modulus of the web or skin material ;-
1 = % (her + hea) — hy;
2 % (her + he2) — hy;
Hp, H, defined in art. 3.2 (see also fig: 4.2);

Hey, Hes parts of hey and hee above the wing
plane (fig. 3.1);

Hea, Hes parts of hey and hes below the wing
plane (fig. 3.3);

moment of inertia of & cross section of
the front resp. rear spar normal to the
spar plane;

M, M, Z-component of the bending moment in
the front resp. rear spar;

0 = Oy + begh + & (b4 e} hy

0, defined by fig. 3.6; O; = O, — } b (hy—hs);
Obp1, Oo1, Obs, o -defined by fig. 3.2;

Ob1 + Oo1 = Oy + ¢ (hy — hy);

Obe + Ogz = Oy — ¥ &y (b — hy);

Sp1, Sba bending stiffness of the front resp. rear
spat,

Sp1 = EII/(I + 3 h’lz),

Spa = EIS/(l 4 1 'h";);

Ss1, Sss shear stiffness of the front resp. rear
spar : _
SSI = Gld]_hl » SS2 = Gz dz hz H
Swi, Sws torsional stiffness of the front resp. -rear
spar;

QT

i

'le I2'

Y,, VY, torsional moment in the front resp. rear
spar; see also art. 3 for other significance
of YV}

g, s angle between the front resp. rear spar
plane and the XY-plane (fig. 3.1,_3);
B, P. angle between the XY-plane and the plane

through the shear centres of the front
resp. rear spars parallel to the Y-axis
(art. 5);

3 (--) first variation of the function (--);

Pir P2

energy that is to be minimized; oy

rotation of "a front resp. rear spar cross
section in the plane through the shear
centres of that spar parallel to the Y-axis;

= (Y + $a)/2 (her — hea);

rotation of a front resp. rear spar cross
section in the XZ-plane (fig. 4.2);

virtual shear flow in the.skin (art. 3.2);
o 1

T = e—
her

[(Dsz &) + P ez} — ‘bl“(tbg)’;

-

A

<

[ (D51 @) = b

+

1
T.'flcz
) = ()i = (T

(
©, rotation df a front resp. rear spar cross
section in the XY-plane (fig, 4.2);

(---)¢ value of the function ( - - - ) immediately
outboard of rib { or at rib i;

(---)i value of the function (- - -) immediately
inboard of rib i _ '

. ’-_i L
(---)y == (---)

Ni
0O,
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Supplement to the Method of Wing Analysis Developed in
Reports S. 251 and S. 279 (Vol. XII)

Summary.

The particular case of a wing where the top or bottom skin is entirely absent between the two spars and
two ribs is discussed in section 1. A revised method of solution of the. moment equations is discussed in

section 2,

Contents.

1 Wings with the skin partly absent.
2 Revised method of solution. -
3 References.

Table 1,

1 Wings with the skin partly absent.

The procedure for calculating the distribution
of the stresses in two-spar wings with shear-
resistant skin, developed 'in refs. 1, 2 and 3, can
not be applied without some revision to wings,
where the top andjor bottom skin is absent over
part of the span between the spars. An attempt
to apply the method as given in these reports
fails due to the fact that the functions B, T, V,

A and T become infinite or indefinite. This is -

caused by the presence of the quantities dp and
ds, the thicknesses of the top and bottom skin
between the spars, in the denominator of certain
terms. In general, these terms become infinitely
farge; in the special case that A = 0 most of them
are indefinite, as » occurs in their numerator.

Now, it is easy to show that in itself this
difficulty is only apparent, because the absence
of part of the top or bottom skin means that the
corresponding  terms in the strain energy, ref. 2
eq. (17¢), must simply be omitted. It can be
proved that the troublesome terms of B, T, V,
A and T over the region where the skin is absent,
must equally be omitted.

In this way, the difficulties in computing the
coefficient 1y, when the top or bottom skin is
missihg between =0 and rib 1, are disposed
of. However, if the skin is missing elsewhere,

e.g. between ribs j and j + 1, an essential revision
has still to be made. It is caused by the fact that
if the skin between the spars at top or bottom is
missing, there is a statically determinate relation
between X and X; , ;. This relation is supplied
by eq. (8a) of ref. 2, with t =0 between x; and
Xj ;1. In solving this equation it 15 satisfactory
to use the approximation A=0, that is also
the base of the fundamental equations (l16a) of
ref. 2. The solution is then simply

Xj=Xj+1.

Consequently, in the variational problem 84 =0,
eq. (21) of ref. 2 or eq. (5.3) of ref. 3, 3X; =
8Xj .1, and the coefficients of 8X; and 3X; ,;
do not vanish separately, but only their sum
vanishes, This leads immediately to the conclusion
that in the set of five-moment equations (33) of
ref. 2 the equations for i=j and i=j+ 1 are
to be replaced by one equation, viz.

uj, jooXj ety joat#je, jo)Xj a1t
+(ujjtuj, jaatuj e, jt i, jadd
Xj+(uj, joet jer, joa) Xjsot Ujgn, jes
X] +3 = Uj+Uj+1:

which results from the addition of the said two
equations.

It is to be noted that the moment equation
for i=j— 1 now only contains four unknowns,
as X; =Xj ,;; similarly, the moment equation
for i=j+ 2 contains only four unknowns.

The consequence is that the method of solution,
described in section 10 of ref. 2, can not be
applied, When choosing arbitrary values for X;




and X,, the moment equations for i=j—2 and
i=j—1 are in general incompatible and, more-
over, the next equation contains the two new
unknowns X; ., and X;,,. The solution of
this complication is dealt with in section 2.

The revision to the equations (6.1) to (6.4)
incl, of ref. 3 is obtained in the same way by
simply adding the two equations (6.1) for i=j
and i=j+ 1, Also, similar difficulties” occur
when applying the method of solution after
section 08 of ref. 3. ‘ ‘ .

2 Revised method of solution.

The calculations after the manual (ref. 1) have
been carried out for a numerical example, which
did not contain the peculiarity, discussed in
sec. 1.1} In principle, the method of solution
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of the moment equations ~after section 10.1 of-

ref. 2 should therefore be applicable. However,
when the solutions of the non-homogeneous
equations and of two sets of homogeneous
equations had been calculated, the two equations
for determining r, and r, proved to be so nearly
dependent that it was impossible to compute
7. and 7, with anything like the required accuracy

- by means of a normal calculating machine, This

Uyz
—_ 1 —
"~ (1)

Next, we add the equations (3)

) = (8), which does not contain X; and X,.

The followmg step leads to the ehmmatzon of
X, by the summation:

Uiy Ly C31
--(4)—u—u (1)—5—22 (7)*-% (8) = (9),

and proceeding in exactly the same way we
finally have eliminated X, to- X _, incl..and
obtain X, _, (Xp and X, , in the last two
equations are equal to zero). :

The application of this method of solution 2)
in the above-mentioned case did not lead to
computational difficulties and was also advant-
ageous because it cost less time than the method
after ref. 2. The application to the set of equations

" after ref.” 3 will of course be more involved, but

difficulty is caused o.a. by wu; and w4,

being large compared to-u;, ; 4 2.

It may well be that it also resulted from an
unfortunate choice of the stiffness and the load
distributions, but it is desirable to use a standard
method -of solution which does not lead to such
difficulties. Several other procedures were tried
and it was concluded that the GaussiAN method
of solving a set of simultaneous linear equations
seems to be most adequate, It is also applicable
to the set of equations discussed in the foregoing

-section. The equations derived in ref. 2 are

restated ‘in table 1, where absence of the top
or bottom skin between the spars from rib 4
to rib 5 is assumed, so that

tgq = Uy + Uas ; Ay = Uy + Uy
Qg = Uy + 22Uy & Uss; Qg = Use T Usqe

It may be noted that the set of equations remains
symmetrical with respect to the principal diagonal.
The method of solution is then as follows.

- u
We multlply the first equation by — Eliand
11

add the result to the second equation, .thus
obtaining eq. (7) which does not contain X,.

! 1) A report on this numerical example is being prepared.

presents no inherent difficulties.

If the stress analysis of a wing has to be carried
through for several loading conditions, it is doubtful
whether the method after Gausz will retain the
advantage of a saving of time as compared with
the method after ref. 2, because in the latter case
only the non-homogeneous equations need be
solved anew.

For the case discussed in section 1, the latter
method can be modified by assuming arbitrary
values for X; and X; | 5, instead of for X, and
X, X, t0 X j +a inch can then be solved from
the first j equations, e.g. after Gavsz, and X .
to X 4 , incl. follow from the remaining equations.
However, the risk remains that the equations
for solving r; and r, will not permit a sufficiently
accurate solution.
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1. van DErR Neut, A. Handleiding voor de uitvoering der
sterkteberekening van vrijdragende vleugels van het
tweeligger type (Manual for the stress analysis of
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TABLE 1.

Method of solution after Gavusz.

(1) iy _X1 + g Xy + s X = U,
(2} e Xy + Uy Xp + g X3 + 1y, X, = Uy,
3) Uy Xy + Upy Xp + Uy X5+ a3 X, = U,
(4) gy Xy + gy Xy + Gy Xy + a6 X5 + 45 X = A,
(5) Qo Xy + g Xo+ g Xo+ 2 Xy = U,
(6) Uy Xy + gy X+ gy Xp4-----
(2) hy Xy + gy Xp + tpy X3 + 1y X, ' = U
s ulz u12
(1) —luay Xy +up Xo +u X3) — =— — [
Uy un
(7 by Xp + boy Xy + gy X, = B,
(3) Uy Xy + tpy Xy + ttgy X3+ a4 X, = U,
" u13 ulB
(') = (g X; + 2 Xy + 3 X;) - =—— U
1 511
. byy ’ bas
(7") — (boe Xy + by Xy + 1y Xy) — = — B,
. bes bus
(8) 7 Caz X3 + G X = G
4) Upy Xy + gy Xs+ ay Xy + ayg Xo + 7 X = 4,
" - Ugy Uay
(7") — (boe Xy + byy X+ 115y Xy) P =T B,
‘ . 22 22
‘ € C
®) — (e Xyt cu Xy) =— =G
23 C33
9) dy X, + dy Xs+ uz; X, = Dy

etc.
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i Collapsing Stresses of Circular Cylinders and Round Tubes

Ir. F. J..PLANTEMA

Summary.

Based on a critical investigation of the darta, given in the literature, and on some supplementary constderations,
proﬁosa[s are made for determining the collapsing stresses of circular thin-walled cylinders and round tubes
under compression, bending, torsion or shear, or under a combination of two or more of these loads,

The proposals are given in the form of non-dimensional diagrams or formulae. The coordinates of the diagrams
follow from theoretical considerations; the diagrams themselves are then determined from experimental data.’

Contents,
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Introduction.
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2.3 Experiments with flexural buckling,
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2.42 Thick-walled tubes.
2.5 The critical buckling stress.
Pure bending.
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Pure torsion.
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6.3.2 Thick-walled tubes.
6.4 Bending with transverse load and torsion.
6.5 Formulae for the transition region.
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7.2 Pure bending.
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7.3.2 Shorter tubes.

7.4 Pure shear.
7.5 Combined loading.
7.5.1 Thin-walled cylinders.
7.5.2 Thick-walled tubes.
8 Notations,
¢ References.

1 Introduction.

In three earlier reports of the National Aero-
nautical Research Institute (N.L.L.)!) the results
of a critical study of the available literature on
the collapsing stresses of circular or elliptical
thin-walled cylinders and of thick-walled round
tubes are given. Thin-walled cylinders are defined
as cylinders, collapsing by elastic local instability.
Of these, only cylinders stiffened by frames,
spaced at a distance of the order of the diameter
of the cylinder, have been considered, whereas
the problem ' of general instability has been

-excluded.

Thick-walled tubes are defined as tubes in
which local ‘instability will only occur in the
plastic region. The buckling stress will depend
largely on the shape of the stress-strain curve
beyond the proportional limit. '

In this report the results obtained for thin-
walled cylinders and thick-walled tubes of circular
cross section are summarized.

Formulae and curves are given for the com-
putation of the -buckling stresses with com-

1) - Reports S, 94, S, 176 and S. 261,




pression, bending, torsion, shear or a combination
of these. loads, _

The proposed values are to be considered as
the minimum values occurring with properly
fabricated tubes, However, the proposals made
for thin-walled cylinders under compressive and
bending loads may be too conservative. They are
mainly based on test results of small sized
specimens (ref. 8, 10 and 30) for which the initial
deviations from the true cylindricat shape, which
have a large influence on the buckling stress, may

‘be relatively larger than in actual aeroplane .

structures. _

Furthermore, the results given in this report
have been based entirely on the reduced-modulus
theory, as originally developed by von KarMaN.
Recently, the somewhat simpler tangent-modulus
theory, due to ENGESSER, has been widely adopted
for compressive loads, as it is considered to agree
better with test results. No theoretical explanation,
supporting the tangent-modulus theory, has as
yet been published. It is only pointed out here
that adoption of the tangent-modulus theory
instead of the reduced-modulus theory would not
affect the results obtained in this report.

2 Pure compression.

2.1 The non-dimensional diagram for flexnral
buckling.

The buckling stress of a thick-walled tube ia
the elastic range is given by the well-known
EuLer formula. In the plastic rangé we can use
the same formula, if Younc's modulus E is replaced
with the reduced modulus E, (ref. 1, art, 29),
so that '

nt E,
Fg = C (2.12)

where F; is the critical compressive stress and A

the- effective slenderness ratio. _
For round tubes the reduced modulus is only

d
slightly affected by the ratio 7 A satisfactory

approximation is obtained from

Er 4

B 1+ 1/5) ’

do | ’
where Al the tangent modulus, i.e. the slope

of the tangent to the stress- strain curve at the
stress F.. :

When the ¢—e¢ diagram is known, we can
plot the F;—» diagram from (2.1a) and (2.2).

(2.2)
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In the elastic range this is the EULER cutve, In

~ the plastic range different 6—e curves will give

different Fe—-2 curves. However, a special case
exists if we consider materials having affinely
related o—z curves, where affine relationship is
defined as the relationship between the curves
¢ (5, e)=o0 and ¢ (ps, gc) =0, p and ¢ being
constants. If a material property is defined (fig. 2.1)

o] 02% stress

r/c tgt

/
arc tg kE
L
0 0,002 0004 - 0,006
t

) FIGURE 2.].
_The o—t diagram and the definition of §.

as the intersection ¢ = S of the c—z curve with
a straight line through the origin having a slope

] sE
kE (0 < k< 1), ,aIITS:—- g curves coincide,
_provided th;t k has the same value for all materials.
' G E
Consequently, the < *E—? curves also coin-

cide and, writing (2.1a) in the form
F E T E\?
< == ('A ]/?) . (@1b)

) F A S
it appears that the _S£ —_ T—:]/% curves, i.e.

the non-dimensional buckling-stress diagrams, are
identical for materials with affinely related. o—¢
curves.

2.2 Application of non-dimensional diagrams.

It will be shown that also in other loading
conditions non-dimensional diagrams can be plotted
which coincide for materials with affinely related
o—¢ curves. The main significance of these non-
dimensional diagrams is that scatter of test results
due to scatter of the material properties is largely
eliminated. The explanation is that the —e curves
of test specimens of the same material, though
not being identical, will be very nearly affinely
related if the scatter is not too large.

The material property S should preferably be
chosen so as to represent an already well-known
stress. OSGOOD (ref. 2 and 6) has chosen k such
that in a tensile test S; is equal to the 0,2 %

i |
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FIGURE 2.2,

Critical compressive stresses with flexural buckling according
to tests of ref. 2. For the material properties see table 2.1
. and fig. 2.3.

yield stress Yy, if the material complies with
the minimum specified values of the material
properties; thus

Yt min.
Y: min. - 0,002E °

k= (2.3)

Usually, the material actually used will have
a higher 0,2 9% stress Y. The stress S, determined
from (2.3), will then exceed Y; the deviation
will increase with the difference between ¥ and
Ymin and with the slope of the s—e curve at
the stress Y (fig. 2.1). :

Therefore, to determine S accurately, we must
know the complete o—=¢ curve for every test

specimen. However, these curves are only given
in ref, 2 and 6, With all other tests only ¥ was
determined. Therefore, evaluating these tests, it
has been assumed that S =Y. The error made
in doing so probably is less than the test scatter
if all tests relate to one particular material. (See
ref. 19, tables V and VI, which show ‘that the
difference between S and Y is very small).

2.3 Experiments with flexural buckling.

In ref. 2 it has been assumed that all s—e curves
of a particular material are affinely related and

g . B (j
S 1/ / e
%
/|
Ll / //
A4 T
; //, 1:6.10000 psi
/s 2:6= 5000 psi
nayyar s
/! A, E=000)
AZ4NERY

FIGURE 2.3.

Typical c—s¢ curves from compression tests. For no. 1—4
see table 2.1.

the k-method has been applied in order to correct

for scatter in material properties.

F A _S—
It actually appeared that the 3 = V_E_

diagrams showed considerably less scatter than

TABLE 2.1

Material properties, belonging{te fig. 2.2 and 2.3

Yt min : E. 106
ATERIAL Sel St i k- F¢ mi
, M .S L olSe" p. 5.1 ¢ mun
1. Chromium—molybdenum steel 75000 1,000 29,8 5/9 95000 °)
2. duralumin ....eciiiiiiienn 40000 0,908 %) 10,59 2} 2/3 55000 5)
3. stainless steel..............0. 135000 0,827 26,3 5/84) —
4. heat-treated Cr-Mo steel .,... 150000 1,120 8} 30,0 5/7 175000

1) Mean values from tests.

) From ref. 6 S./5;= 0,864 and E= 10,61 x I10¢ p.s.1.

3) In ref. 2 it is recommended to use the minimum value 0,99,
4) From (2.3) follows k= 0,72, Working out the tests of ref. 2, however, k= %y was used. Though this value
is smaller than the one from (2.3), S, yet agrees fairly well with the 0,2 % stress, as S¢/S¢ is considerably

less then 1,0.
5y From ref. 26.




the F; — % diagrams. The plastic regions of

Fe &
the ~& —= 1/—_;_ diagrams of the four materials

S

S 20

investigated (three steels and duralumin) differed

very- much. The empirical non-dimensional dia-
grams, proposed by Oscoop, and corresponding
.typical o—¢ curves in compression are given in
figs. 2.2 and 2.3. Table 2.1 summarizes the
properties of the materials investigated.

With the tests of ref. 2 the tubes were loaded
as centrically as possible. It cleatly appears that
under these circumstances the character of the
s—e curve beyond the proportional limit has a
systematical influence on the shape of the non-
dimensional diagram. If the material has a pro-
nounced yield stress (curve -4) the values of ﬁF—E

- [

in the plastic range are large at large slenderness
ratios and small at- small slenderness ratios; the
reverse is true if the o-—c curve has a gradual
transition from the elastic to the plastic range
(compare curves 3 and 4).

Computing the non-dimensional diagrams from
the' c—e curves by means of (2.1b) and (2.2),
their shapes are predicted fairly well; however,
the computed buckling stresses exceed the experi-
mental buckling siresses by 10 w0 30 9%, for
medium slenderness ratios approximately by 15 %,.

For a material, the s—z curve of which is
affinely related with one of those given in fig. 2.3,
the corresponding diagram from fig. 2.2 can be
used, provided that §; is determined as the

intersection of the s—e curve with a line through

the origin having a slope kE, where k has the
appropiate value from table 2.1. In general it is
not permissible, as in the case of correcting for
scatter in the material properties, to assume
S¢ = Y, except for materials having a pronounced
yield stress, where the choice of k does not
influence the value found for Sg.

3

2.4 Local buckling.
241

From the classical theory of instability the
buckling stress of cylinders with moderate ratios
of frame spacing to diameter follows from

Fe _ 33 (1—v?) g—o,s

Thin-walled cylinders.

2¢

d

. t
7 7 121 7 (24)

as a good approximation: (see 2.0. ref., 1 and 3).

By a large number of experiments (ref. 3, 5 .

d
and 7 to 12 incl.), where 180 = 7 = 8000 ‘and

-

H

0,015 = 16, it has been confirmed that F,

7’ exeept for very shott cylin-

is independeﬁt’ of

' L
ders (? << 0,35; see ref. 12). However, the actual

buckling stress is much smaller than the theoretical
value according to (2.4); it is only 0,12 to 0,7 times
the theoretical value. This fact has been ascribed
by several authors to the influence of initial
eccentricities from the true cylindrical shape ‘and
a satisfactory explanation has been given by
Cox (ref. 10), von KARMAN (ref. 11) and in
particular by KoiTer (ref. 34). Notwithstanding
large experimental scatter it clearly appears that
the ratio of the experimental to the theoretical

stress decreases if 7 increases. This may be

explained by observing that the eccentricity as

d
a fraction of ¢ will increase with increasing 7

The following proposed formulae approximately
correspond to the minimum values of Fg from
the tests of ref. 8 and 9; they hold for 0,35 =
d .
small-sized specimens some reserve must be made,
It is not improbable that the initial eccentricities,
ag a fraction of t, will necessarily increase with
decreasing size of the specimens, so that the
proposals made here might be too conservative
for actual factory-made constructiohs. However,
only very few results of tests with such con-
structions are available. For the time being,
therefore, more favourable proposals are unwar-
ranted and the foflowing formulae are recommended

= 16. As most of those tests were made on

F, t d

F = 0347 — 0,00006 when 500 < < 2330,
‘ - (2.53)

Fe_ 4ot | hen 2330 < & < 8000

E = O,Zd when J < ; < .

(2.5b)

d Co Fs d .
When n < 500 ‘the value of E ¢ increases

fairly rapidly, as Iong as elastic buckling occurs.

2.4.2 Thick-walled tubes,

A theoretical determination of the buckling
stress in the plastic range has been given by
Timosnenko (ref. 1, art. 81) and by GECKELER

(ref. 4), assuming that the buckied cylinder is




a body of revolution and that during buckling
the bending stiffness of the wall in axial direction
is computed with E,, whereas in- tangential
direction it. is computed with. E. The Ilatter
assumgption is disputable, as the addition of an
infinitesimal tangential tensile stress causes an
increase of the first order in both the maximum
shear stress (GUEsT) and the energy of deformation
(Hueer—HeNCKY). This addition will: therefore
also be accompanied by plastic deformation:
- However, data on the plastic behaviour of materials,
on which a satisfactory theory should be based,
are missing., The results, obtained by both authors,
can be written as '

F, tE% 1 Ewas

_,tEY 1 B 2.6
IR B ER (R (20)

Assuming all o—e diagrams of a particular

material to be affinely related and v to be a
material constant, it can be shown that the non-

Fe E ¢

dimensional < T § 37 diagram is not affected

by scatter of the material properties (sec. 2.1.)
Experiments are mentioned in ref. 5, 6, 7 and

13. The experiments of ref. 6 have been made -

with tubes of chromium-molybdenum steel

(15,5 < Y < 100) and 17 ST aluminium alloy

D L
(13,5 < e < 100); Bvaried between 4 and 5,

The above-mentioned non-dimensional diagrams |

have been determined and it appeared that the

experimental results showed little scatter, For the

steel tubes S has been taken equal to Yy, as it

was impossible to determine S¢ with the k-method

on account of local buckling, For the duralumin

tubes S; has been determined according to the

k-method with k = §. The proposals made in
E ¢

ref.. 6 for duralumin, which hold for? d > 2.5,
[

and for chromium-molybdenum steel ), holding

E ¢ .
for <77 5, are represented in fig. 2.4. In the

region of thin-walled cylinders, % = 506, F;
follows from (2.5). In' drawing the diagrams of
fig. 2.4 it has been assumed, that :S‘Ec = 300.
Little is known about the parts of the curves

~ between the elastic buckling region and the
region covered by the tests of ref. 6. For duralumin

%) As for this material Sy = S (table 2.1), no distinction
between §; and S; need be made.

/ CrMoSTEEL
1.0 2 /

A DURALUMIN

.-—-""'_-_-__—-

I
L———" MATERIAL WITH A PRONOUNGED
YIELD| STRESS

0.5

ELASTIC BUCKLING [-g.c =300.)
1

v

Q- 5 0 15

E t 20
Tc d
FIGURE 2.4.

Non-dimensional diagrams for local buckling under com-
pression. For material properties see table 2.1 and fig. 2.3.

. ) E t
(2.5a) is retained up to 5. 4= 1 and a straight
' [

transition line has been drawn for 1 éSE- 5;2,5.
4

Referring to the results of the tests mentioned in
art.- 2.4.1, this procedure may be assumed to be
conservative. For Cr—Mo steel the proposed
transition line is a broken line consisting of an
extension of the elastic buckling line and the
tangent to the curve from ref. 6.

The non-dimensional diagram for 17 ST may
also be used for other aluminium alloys which
do not differ much from 17 ST in their material

. Fy » .
properties (Y and’ ¥ the latter ratio determines

the general shape of the stress-strain diagram). ?)

Tests with mild steel, Cr—Ni steel and alloy
steel tubing are reported in ref. 5, 7 and 13,
These materials all have a pronounced yield
stress. The evaluation of the tests, assuming
S¢ =Y, vyielded minimum values of -Fc as
represented in fig, 2.4, The maximum values of
F¢ . E @ A
< for 2,5 < <7< 20 are approximately 20 %
larger, so the scatter is not large. Considerably

' F c ) . E t

larger values- of < occur-red with S d > 20,
namely between 1,0 and 1,94. However, in this

- d - : .
region, whete 7 < 45, flexural buckling will
almost always be critical; these results may there-

E )
fore be ignored. The magnitude of -7, varyng

3) The diagram does not hold for a material such as
51 ST aluminium alloy; see section 4.2.2.2,




between 160 and 474, appears to have no influence
on the plastic region of the non-dimensional
diagram, As the choice of & in this case is un-
important (c.f. the last sentence of sec. 2.3), this
phenomenon could have been expected before-
hand. Consequently, the diagrams given in fig. 2.4
may be applied to every isotropic material having
a pronounced vield stress, taking S¢ = Y.

As far as the buckled configuration of the
tubes has been reported, it is the same as has
been assumed in the theory, except with 4 tests
reported in ref. 5. Here, also in tangential direction
a fairly large number of waves occurred; otherwise
the results of these tests do not show special
features,

2.5 The critical buckling stress,

S 22

however, never occurs with cylinders of finite
lengths. Formula (3.1) also holds for the buckling
pattern investigated by FLUGGE; then Cp is much
larger; about 1,3 x 1,21 = 1,57 in the example
evaluated by FLUGGE.,

Experiments have been reported in ref. 8, 14,

d
d
22,5 and 7 from 150 to 3000. The experiments

16, 17 and 30. Here, ranged from 0,125 to

, mehtioned in ref. 33 can approximately be regarded

as pure bending tests too, though here a small
transverse load was applied as well. The experi-

“mental results show the same characteristic features

. d -
Tubes with a moderate ratio 7 can be critical .

either in flexural or in local buckling, dependent
upon their length. No indication exists that ‘these
two modes of buckling interact upon each other.
Therefore, in every particular case, the critical
buckling. stress can be determined as the smallest
of the stresses following from fig. 2.2 and fig, 2.4,

3 Pure bending.
3.1

The buckling stress of thin-walled cylinders
under combined axial and bending loads has been
determined formally by FLUGGE (ref. 3). It appears
that it differs from the buckling stress under
pure compression only by a constant factor.
A numerical example for the case of pure bending
yields a factor of about 1,3, The buckling pattern
shows several waves, both in axial and tangential
direction, at the compression side of the tube.

The buckling of infinitely long tubes under
bending has been investigated by BRAZIER (ref. 14)
and CHwALLA (ref. 15). In this case the tube
cross section gradually flattens to an oval shape,
until it suddenly flattens totally when the buckling
stress . is reached. The virtual buckling stress
(i.e. the maximum bending stress computed from
the formula for the unflattened tube) is given by

Fp

Thin-walled cylinders..

(3.1)

BRAZIER obtains Cp = 0,66 and CHWALLA?)
Cp = 0,756 for v=0,3. This mode of buckling,

1) The actual maximum bending stress follows from
(3.1) with Cp= L,02. For an infinitely long tube under
axial compression (3.1) holds with C;= 0,726 (ref. 1,

©art. 85),

as those of the compression tests (sec. 2.4.1);
Cp ranges from 0,22 to 1,11, Under the same
reserve as mentioned in sec. 2.4.1, the following
formula' is proposed for thin-walled Ctylinders,
where L and d are of the same order of magnitude.
Fy

- = 0,4

£ 5107

) . d
d when 350 < ;< 3000,

(3.2)

This formula approximately represents the
minimum values from ref. 8 and 30. The values
from ref. 17 mostly are still lower, however, the
tubes with which these tests were made, probably

were not fabricated as accurately as is common
in alrcraft manufacturing.

3.2 Thick-walled tubes.

Theoretical treatises on buckling of tubes in

- the plastic region are not known. According to

TIMOSHENKO (ref. 1, art. 86) the buckling mode
investigated by BRrazIER and CHWALLA occurs
with thick-walled tubes, loaded above the yield
stress. N

On account of the close similarity to buckling
under compressive loads,. which also appears.from
the results given in sec. 3.1 for the elastic region,
it is reasonable to assume, for bending in the
plastic regmn, a formula analogous to (2.6). Then,

Fp E

the . S % g
materials with affinely related o—s curves; for a
particular material it will only be slightly affected
by scatter of the material properties.

Based on this assumption the four-point bending
tests with 17 ST-duralumin and chromium-

= diagram will be 1dent1cal for

. "D
molybdenum steel tubing (15,5 < e < 100

L
and 5 .= 5) have been worked out in ref. 6 (for

further particulars see sec. 2.4.2). Fig. 3.1 contains
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Non-dimensional diagrams for bending. For material properties
see table 2.1 and fig. 2.3, ’

Osgoop's proposals for duralumin tubing with

E

t
5. 4 > 2.5 and for chromium-molybdenum steel
c

.., E
tubing with . 2
holds and for the transition region the proposals
of fig. 3.1.are analogous to those for compression
(fig. 2.4). Ref. 16 gives the results of tests of
ImperiAL and BERGSTROM with duralumin tubing;
however, only Fp is communicated but not E

> 5. For the elastic region (3.2)

E .
and S;. Assuming typical values, 5. = 300 and
c

E @
S¢ d
agree very satisfactorily with the curve for dura-
lumin of fig. 3.1. )

Tests with materials having a pronounced
yield stress are mentioned in ref. 17 and 18,
In- ref. 17 the yield stress is not communicated;
ref. 18 only ‘reveals that Fp = (1,2 to 1,3) F¢ and

S¢ = 36000 p.s.i. these tests (0,47 < < 13,3)

. D . .
that T varied from 60 to 120. Besides, experiments

(ref. 13 and unpublished reports} are known
with steel tubing loaded partly in pure bending
and for the other part in bending with a small
transverse load (bending moment == 9D to 12D
times shear force). However, on account of the
considerable scatter it is impossible to draw
conclusions from these tests. As both for thin-
walled and for thick-walled duralumin and Cr-Mo
steel tubing Fp 22 1,2 F¢, and ref. 18 also mentions

this ratio, the curve proposed in fig. 3.1 for.

materials with a pronounced yield stress will be
a reasonable proposal,

4 . Pure torsion.
4.4 Thin-walled cylinders.
4.1,1 Theoryp, ,

The buckling of circular cylinders has been
investigated theoretically by several authors. The
shear stress at which buckling occurs, appears to

d h 4.1 d L
depend upon the parameters — , 7 and 5

2 v
If IS 's large, two possible modes of buckling

exist, With the first-mode the cross section remains
undistorted and the tube axis distorts into a
helical line; the buckling stress is obtained from
(see a.0. ref. 1, arts. 31 and 90)

T d

Fp = 2-E 7 4.1)

This mode will hereafter be called helical

buckling. With the second mode the tube axis

remains straight and the distortion of every

cross section conmsists of two compléte waves

around its circumference, the nodal lines being

helical lines on the surface of the cylinder. The

corresponding buckling stress is (see a.0. ref. 1,
art, 90)

: — 4
Fr=3E (1—w %P (E)l’5 ::

t
20,715 E (E)I’5 . 42

From (4.1) and (4.2) the second mode appears
to be critical if

l d
1< 0,75 = (1 — v2)0’75 ('E)I'S pot

d
22,2 (?)1'5 . (43)

With thin-walled cylinders this condition will
always be satisfied. .
2
dS
buckling can also be disregarded. For the remaining
case, where the axis of the buckled cylinder is
straight, DONNELL has, after introducing.several
simplifications, derived the relation between the
quantities A and H (ref. 20). This relation can be
approximated by the following formulae

1,5,05
)

With small or moderate values of helical

A =46+ 1,292 (4,67 + H (4.4)
for clamped edges and '

2;

: .
<18 (11— 03 745




15,05

A =28 1,183 (1,8 + H

) (4.5)

for hinged edges and

da

<550 —w)% 505

%t

a2 ,
formula analogous to (4.2) but with a factor 0,77
instead of %, thus yielding values of Fj that
are 15 % too large. The error probably is a con-
sequence of the simplications made. It is possible
that (4.4) and (4.5) contain errors of the same
order, ' :

_For larger values of DoNRKELL obtains a

4.1.2 Experiments.

Many test data can be fouﬁc_i in ref. 9, 19, 20,
21 and 24. All tested cylinders had no intermediate
frames (I = L) and the edges can be considered

2 .
& > 745 had

clamped. All cylinders where

<

o | R,

d
moderate ratios i viz. 49,5 = 168. For

these cylinders Fy ranges from 1,00 to 1,35
times the theoretical stress from (4.2), with three
exceptions which can be considered abnormal.
No explanation has been given of.-this rather
surprising phenomenon; it may be that collaps
of the cylinder does not occur simultaneously
with buckling. The theoretical buckling stress
will be a conservative estimate 'of . the collapsing

S 24

A= 415 + 1,167 (4,67 + H

L
PR As-

suming that (4.4) is correct but for a multiplying
factor, this factor can be determined either from
the condition that the minimum test results agree

with the theoretical values, or from an empirical
R _

da
influences the magnitude of F;. In the latter -
case the values of F; from (4.2) and from the
corrected equation (4.4) must be equal at the
L% ‘
d3

Experimental evidence on elastic buckling is
too limited to yield a conclusive result. From the
tests with thick-walled tubes (sec. 4.2.2) it may
be concluded that the said limiting value “there
is about 9. Retaining the same value for the
elastic buckling region, the multiplying factor is
0,903 °}; " (4.4) is then replaced with

1,5

for cylinders having smaller values of

limiting value of below which this parameter

lirrﬁting value of

05

) (4.6)

2

&
‘Computing the theoretical values (Fr)q from
(4.2) or (4.6), as appropiate, the ratios of the

for clarﬁped edges and < 9,

“experimental and the theoretical stresses in the

L d : .
stress in this range of 7 values, as long as elastic

instability occurs. This conclusion will also hold

1.5] o]
o
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o
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FIGURE' 4,1,

Verification of the proposed formula (4.6.).
x tests with LM[d® < 9, (Fy)y, from (4.6). ‘
© Tests with L/{® > 9, (Fy)y from (4.2.)

@7 @)™
t

‘ . d
rap’ge-of 7 values between 49 and 168 are as

represented in fig, 4.1, The test results of the
L
d3

categoty < 9 'scatter in the same region as

L

ds
is therefore acceptable. This formula has also
been used in the evaluation of the tests with
2
d3
The test results ®) scatter within the region bounded
by the dotted lines in fig., 4.2. The drawn line

Fr

) which,

in combination with (4.2) or (4.6); as appropiate,
will yield a conservative estimate of the collapsing
stress. For the case of hinged edges it is proposed

those of the category. > 9, equation (4.6)

d ' : e
Y > 200, where < 9 without exception.

represents the proposed values of

2
5) When ["1: = 9 the only significant term is
1,202 H*™ ; then we obtain from (4.4); Fr — 1,372 E

if v= 0,3,

8) Three abnormal results have ‘been omitted.
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Ratio of the experimental and theoretical values of Fq for
elastic buckling. (Fp)ey from (4.2} or from (4.6, 7).

- - - - scatter region of the tests.

propoesal for the computation of Fp.

Fr
Foa and to compute
“(F)th from (4.5) 'mu1t1pl1ed by the correction

factor 0,903, obtained with clamped edges,

to use the same values of

A =251+ 1068 (186 + B, @
2t
for hinged e_dges and P < 63,
2
Z63.

4.2  Thick-walled tubes.
42.1

According to TIMOSHENKO it is reasonable to
assume that the mechanical properties of a plate,
loaded in shear beyond the proportional limit,
will be reduced in the same ratio regardless of
the direction considered, i.e. that the plate remains
isotropic. Consequently, in the formulae for
elastic instability Youne's modulus must bé

- replaced with the reduced modulus Ey. '

The same will be true for twisted tubes (ref. 1,

Theoretical considerations.

S 25

art. 71, p. 390. However, this assumption probably

underestimates the buckling stress, as the addition
of an infinitesimal normal stress only causes a

change of the second order of the equivalent -

principal stress from GuesT’s and Huser- HENCKY's
formulae., Therefore, TIMOSHENKO'S assumption
will underestimate the bending stiffness of the
wall).

The relation between the stress-strain d.lagrams
in tension (o —e diagram) and torsion (v —v
diagram) is"discussed in ref. 19 for Cr-Mo steel
and duralumin. 7} It is shown, that these diagrams
are affinely related with good approximation.

Ee

Consequently, the non—d1mensmnal 53

TS

- and‘

T

S—T.._.

Gy,

5 diagrams will comc;de, and it may be
T

; . E
assumed that in a torsion test the value of ~Er

is determined exclusively by the magnitude of

—_ and that in different tests €qual values of -

T T
E
all o —e¢ ‘diagrams are affinely related. Again
assuming that all o—c¢ diagrams of a particular

correspond to equal values of » provided that

S:
is a material constant, we conclude from the
generalized formula (4.2) for plastic buckling,

material are affinely related and also that

Fr E, E (t)l,S E, ,

5, = 0,715 Z 5, \a = 0,715 «, z ; (4.8)
Fr : :

that the 5, T er diagram is not affected by

scatter of the material properties.®) Thus, this
diagram will be used in evaluating the tests on
long tubes complying with (4.3), which condition
is nearly always satisfied in practice.

For short or moderately long tubes we obtain
an analogous diagram from the formulae obtained
from (4.4) to (4.7) incl. by replacing E with E,.
We can assume H = o in these formulae for all
practical purposes. ¥) Then, they all have the form

CE, E {t\15 { & \0,25 E,
Fr=crg 5,\a )  Tebrgo
© 49)

where the magnitude of ¢ (resp. 1,372; 1,256;

1,238 and 1,133) depends upon the limiting value
2 . .

rFa

result as (4.8). From (4.9) we conclude that for

this category of tubes we must plot the test results

of , at which the formula yields the same

St

in an — By diagram.

4,22  Experiments.

4.2.2.1 Tests with duralumin tubes have been
reported in ref. 19, 23 and 24; tests with steel

*) Only torsion tests have been considered where no
buckling occurred.

'8)  §; has been chosen instead of Sy because the
latter will in general be unknown; it has onfy been given
in ref. 19.

*) Doing this, the error is only 5% when H = 300

=12}

{e. g. ;? —-5;md



'S 26

10
F.
R d
5 °
02 I
S
e Y
?
3 o
07 e
. GEX +
* 411
e / W o]
@ =
W O
08 @ 3%
X
05 i /‘ b fen)
. 3,:’—'———(:;)"’
- I3
P —— - . / dQ >5
04 *. SYMBOL x 2] +
. REF. | 19118 |25 134
-] 5t {f'rom 0670 05890914
. T, Wil | 0786 NBSE0.934
o 7 _g_{from 207 |266] 22t
" &/N_ELASTIC BUCKUING FROM EQ[42) Sttt | 238 1342226
) | 12t {frnm 932 /562|285 7.43
02 / a3 ltill 1624 |60 {339 349
* \ N 2
/ L ST ~ values of %from
’ Z‘J 5 te 9 are noted.
0,
o o2 B4 GT 08 m) 5 20 ET RV 50 70 a0 o
d ...E_t_l's...tx
St(ﬂ) o
FIGURE 4.3.

Torsion tests of duralumin tubes; dft < 200, L’_t/dé > 5

tubes in ref, 19, 22 and 23. With all tubes [ = L
and the edges can be considered clamped. Evaluating
the tests Fy has been defmcd as the average shear
stress at failure

- t
Med - 2 M, -7

21, = D% 5.t (i)‘*’
1"'—' D+2 D

Fr = . (4.10)

With the tests of ref. 19 .Sy has been determined
with the values of & from table 2.1; from table VI
of ref. 19 S; z Y,. With all. other tests.S; has
been assumed equal to Y. The results obtained
from ref. 24 are averages of two or three identical
tests; the same applies to part of the results from
ref. 19. Further, the tests mentioned in ref. 19

have been made on pairs of tubes differing only
L. 2

matical influence of L can be established; as a
rule only the average of both results is given here.

T (3) 5 <

'4,2.2.2 The results of the teé_ts with duralumin

‘ . d. : o
tubes (7,4 < 7 < 138) are summarized in

_figs. 4.3 and 4.4.

In order to determlne the lzmmng value of
L

d’a

(sec. 4.1.1) the tests have been divided into
BT ’ L3 B
three groups, viz, (1) > 9, (2) < 5 and |

2

d3

<9 In accordance with sec. 4.2.1

F -
fig. 4.3 represents g’t{ as a function of «y for

F .
groups (1) and (3) and fig. 4.4 EI as a function
t

of By for groups. (2) and (3). Fig. 4.3 shows that
elastic buckling occurs up to «, 22 0,6;- the. tests
in this region have already been discussed in
sec. 4.1.2 (fig. 4.1). In the region «; > 0,6 the
scatter is not large, excepting the tests from
ref. 23 which, dating from before 1924, may




probably be considered obsolete. The collapsing
stresses may be computed from the proposal,
represented by the uninterrupted line in fig. 4.3,
which corresponds to (4.2) up to oy = 0,63 and to

Fig. 4.4 shows that the test results agree well
with these proposals, excepting the failures in
the plastic region from ref. 24, where eq. (4.13)
is unconservative.” The explanation of this dis-
crepancy is that with the material of these tubes

F
ﬁ = 0,4 + 0,08 0y when 0,63 S oz < 5. (411) " |
wo
. F;
In general the results of group (3) lie at the 3 *7'2\/
upper boundary of the region of scatter of group (1), o7 ~GF
e : L E
thus indicating a small influence of —- for the //
d 05 g
tests of group (3). 12t may.be concluded that the - \_fiﬁi.
s . QI e
limiting value of . ,» beyond which L does not o éf?-* 2t oo
, . Ly &
influence Fy, will be approximately 9 for tubes “Ur SYMBOL |« [ X | +
ith clamped edges. Accepting this value, th * N
with clamped edges. Accepting this value, the 5 {fmm o0 oot
. °t Foltit | 0786 |og3s
proposals (4.2) and (4.11), holding for dSH Z 9 S arpverram B {{mm 207 | om
. : . . LING FROM EQ {ai2)| | Stlin 238|226
yield - the following formulae for the region 2t from 104 | 562 0007
Lu o 02 '&?{\m 473 | BBO| 7,43
< :
.da ) 0.1J£“ . . . Values of —'5;1-— from
FT : 5to 9 are noted.
S = 1,24 87 when B; = 0,363, 4.12) ' . i l J
° a » O 08 1.2 156 2D 24 28
FT ( )I.5 d3)025
< = 0,4 + 0,1386 87 when 0,363 = B; = 2,9. 5
)
t FIGURE 44.
(4.13) Torsion tests of duralumin tubes; dft < 200, L%/d® < 9.
TABLE 4.1
Torston tests on steel tubes -
reference 22 19
‘material ) carbon steel Nickel steel | Cr-Mo steel
d %from 3 6,8 ‘ 10,9
¢ (till 61,5 33,6 73,5
group 1 2 3 1 2 3 4
St | from- 0,59 0,75 0,87 08¢ | 0,60 ‘ 0,86
T, (til 0,79 0,90 0,97 0,98 0,78 0,98
E_ {from | 501 386 336 207 261
St till 1200 832 518 423 359
L4 from 23 9,6 16 i1,1 0,80 10,7 1,71 11,9
a3 till ‘ 2140 4500 2500 . 8,27 65,5 8,77 289
Fp (from |  seefig. 45 051%| 049 0,55 0,52 0,55 0,53
. it 0,70 0,62 0,66 0,64 0,61 0,64
t (mean — — 0,61 %) 0,54 0,59 0,58 0,59 0,585
apt) | from 2,42 1,01 2,45 1,36 0,70 1,37 0,60 0,99
By {ul | 7031 250 | - 785 12,0 2,59 4,90 1,58 8,12

1) For group 1 and 3 of ref. 19 the limits of B, for all other tests the limits of onr are mentioned.
Y) The abnormal result FT/Stz 0,221 for op = 7,48 is omitted.




(51 ST aluminium alloy) ?.-:" is considerably

larger than with the material of the tubes according -

to ref. 19. Therefore, the s—e curve will possess
a much more pronounced knee and so will the
FT ’

fig. 4.4). The proposals (4.11) and (4.13) will
only hold for duralumin having approximately
the same material properties as in ref. 19 (c.f.

fig. 4.4). It should be noted that the curves of

" figs. 4.3 and 4.4 will coincide if —

design purposes they may be combined to one
curve in a diagram with two different horizontal
scales,

4.2.23 The important results of the tests on
steel tubes, collapsing by plastic buckling, are
collected in table 4.1, For the tests of ref. 22 and
23 E = 30 x 10% p.s.. has been assumed. On
account of the large scatter of the material pro-
perties the tests of ref. 22 have been divided
into three, more or less arbitrarily chosen, groups.
The tests of ref. 19 have first been. arranged in

St
order of the magnitude of 7. and then sub-
t

L@ 2

&< 9 and —5- ke 10.
. The results of the tests of ref. 19 and 23 and of
group 3 from ref. 22 do not indicate an mfluence
L2
d3

divided into groups

of either 7 or on Fy; the scatter 1s fairly

large (cf. table 4,1)%) The average- of all test’

F -
results ') is Ef = 0,585, Excepting two obviously

abnormally small values, the test results of groups

1 and 2 from ref. 22 {a; < 21) cover the area

indicated by the dotted lines in fig. 4.5; besides,
Fop

7 tests with «y > 21 vyield 0,655 = S_ I,i4,

t
No separation of the results of these two groups
can be made,

From a survey of the test results no definite

1y Ref. 19 shows that the scatter is not due to Scatter

-of = T,
t
1) With the tests of ref. 19 the average values

Fp

T St
5 = 0,586, .FS'_T- = 1,0 and Sy = 1,73 show a good

mutual agreement.

Sj — Br diagram (c.f. the -dotted curves in '

goln
)

—1

// [
¥
— —-"'"// o 3
Yok 2 = ]
1 {’(’
04
ELASTIC BUCKLING
FROM £4.(42) OR {442)
3
o S T 0 ' 1S

LI
: O(Tlf-ag->9 .

_ . 1732 pr |f-€§-<9'
FIGURE 4.5.
Proyosats for the determination of Fy for steel tubes with -
clamped edges:
1 proposal fqr 0,6 = Sy/Fr = 0,75.
2 proposel for Sy/Fy = 0,85,
- - - - region of scatter for groups 1 and 2 of ref. 22.

A

conclusion appears to be possible. No indication
exists that with eq.ual 'E and decfeasing _F_f;
the transition from the elastic to the plastic range
§f the % — {27 or By). diagram i~_:~, becoming
more gradual, as'could‘have been exi)ected. The

Fr s :
tendency of 5, to decrease with increasing S
t .

S .
(E and —F—t remaining unchanged) which is esta-
t

blished by a comparison of the results from
ref. 22 -with those from ref. 19 and 23, is even
contrary to the theoretical conclusion, assuming
affinely related o—e curves. ’*) The following
provisional proposals, therefore, should be verified
by further tests.

St .
<
For 0,6 = F, =

use curve 1 of fig. 4.5, based on the tests from

= 0,75 it is recommended to-

S .
groups 1 and 2 of ref. 22, If -r;.—i = 0,85 curve 2

of fig. 45 may be used; this proposal is based
on the tests from group 3 of ref. 9 and from

ref 19 and 23. For intermediate values of — F,

a linear interpolation with this variable is reasonable.

12) The theoretical conclusion follow.rs from the con-
F
siderations that —S% would not change if §; had been

determined from the k-method, and that actually S,
has_been assumed equal to Yy,




4.2.2.4 In the case of hinged edges the limiting

2
. d®
sec. 4.1.2, Then curves 1 and 2 of fig, 4.5 remain
valid, provided that «; is taken as abscissa for
L2t
d3

value of can be assumed to be 6,3 as in

> 6,3 and By 76,3 =
2

d3

1,584 Br is taken

as abscissa for < 6,3. The curve of fig. 4.3

a

da

remains valid for

Lt

dﬂ
0,915 B instead of By.

< 6,3, provided that the abscissa represents

| 4.2.2.5 As far as the mode of buckling is com-

: d
muriicated the tubes with n > 12,5 collapsed

by local buckling while the axis of the tube

d
remained straight. Of the tubes with 7

S 29

. > 6,3; that of fig. 4.4 for

< 12,5

some collapsed in the same way, some without |
noticeable buckling distortions, but most of these

tubes showed the helical buckling described in
sec. 4.1.1 or a combination of local and helical
buckling. Plotting the results of these latter tests
in the non-dimensional diagram for helical buck-

K : :
ling (?: — vyr diagram), it appears that the
test results of the duralumin tubes (3,3 = v; = 20)
o F
scatter around E? = 0,875 with deviations less

than 7 %. For the steel tubes there are only two
measurements; for these tubes the least value
of vr 3 and the corresponding wvalue of

e
e

5: = (0,715. Comparing these results with figs. 4.3

to 4.5 incl., we may conclude that helical buckling
will not be critical if v > 3,

4.2.3 Comparison -with other proposals. *)

Ref. 26 gives diagrams of Fr as a function of

D . L
e for 17 ST and 24 ST duralumin. Als 53 does

not occur, these diagrams obviously apply to
long tubes, they can be compared with fig. 4.3.
This comparison is illustrated in fig. 4.6. Curve 2,
applying to the material of ref. 19 is in good

13) For compression and bending the comparison with
the proposals of ref. 26 is omitted, The latter are con-
servative.

 steel (s - 778;

on, this proposal yields values for
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FIGURE 46.

Comparison of the proposal of fig. 4.3 with the curves of
ANC-5 (ref. 26), fig. 5—T7.

agreement with fig. 4.3. From the values of 3,

F:
and 4 slightly exceed 2 or 5, but the actual
difference is unreasonably large, the more so,

and it might be expected, that curves 1, 3

E St
S—andF— for 2,3 and 4
t

are between the limits noted on fig. 4.3. Tt is recom-
mended to use figs. 4.3,4 for all these materials,
except for 51 ST duralumin (see sec. 4.2.2.2}

In ref 26 a proposal is made for 1025

\Y’

Fq

because the values of

= 0,655}, From «r=4

St
considerably exceed the maxima of the test results,
d.lSCUSSCd in sec. 4.2.2.3; therefore, this proposal

which

is not acceptable. For alloy steel ( S, = 176 to 645;

'St

F, = 0,69 to 0,92) ref. 26 gives a diagram of F—t

. D L
as a function of — with —

as a parameter. For
¢ D P

. E
heéat-treated chromium-molybdenum steel (:S."“z 160

—_ e N

to 320; 2:0,9) ref. 25 gives a diagram of

F F t
. L D :
as a function of D with ;asa parameter. Taking
. th _—
= 9 as a limiting value, the theory and

experiments discussed in this section indicate that
these diagrams should be similar to figs. 4.7a
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6 Combined loadings.
6.1 Compression and bending.

In this article only tubes which show flexural
buckling .under compressive loads  alone, ‘are
considered; i.e. rather thick-walled tubes. The
graphs given in the U.S. Civil Strength Require-
ments for Aircraft of 1929 and 1935 (see e.g.
Ref. 28 figs. 71 and 72, and Ref. 31, fig. 4) are
unsatisfactory, as they give combinations of com-
pressive stress and 'primary’ bending stress. **)

5
|o
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20

333

r1-|(3

S0

|
I | 66,7,

[ I .

NS T I i
] [ ' ‘
i | d

0 81 124 185 206 240

olr

' FIGURE 4.7.
Schematical diagrams for Fo.

and b, Yet, the deviations are so large, that these
diagrams have presumably been established without
a sufficiently critical investigation of the data
available,

5 Pure shear.

Ref. 32 recommends to use Fy = 1,25 Fp
~ for thin-walled cylinders, This result is based
on tests with short cylinders, whose ends were
rigidly clamped; thus preventing at the ends the
displacements normal to the plane of the cross
sectionn (warping) corresponding to the assumed
SAINT VENANT stress distribution. Consequently,
the shear stress distribution will have been more
uniform and the maximum shear stress will have
been reduced. The actual shear stress causing
‘buckling, therefore, will be smaller then 1,25 F,.
A conservative recommendation, will be

Fs = Fyp. (5.1)

No data at all are available on the critical shear
stress of thick-walled tubes. For the time being
(5.1) is recommended as a probably conservative
approximation.

They are only valid for the type of bending load
obtained in a four point bending test.
Experiments are mentioned in ref. 13, 27, 28
and 29, Ref. 27 and ref. 28 refer to-the same
experiments and the data given are comiplementary
to each other, .
In ref. 13 several assumptions are made in
evaluating the experiments, which do not conform
to the actual conditions. Therefore, the unreason-
able conclusion, that fp' + fc = S except that
for fc = 0, fp = Fp and for fp = 0 f¢ = F¢, can
readily be ignored. The experiments mentioned
in ref. 29 must be ignored because neither the
material properties no:r>F p and F; are communi-
cated. So, only the experiments with duraluthin
and chromium-molybdenum steel tubes given in
ref. 27 and 28 are useful. In evaluating these
experiments the assumption has been made that
the critical combination of compression stress and
actual bending stress “does not depend on the
variation of the bending loads along the.tube.
From the data in ref. 27 and 28 the maximum
bending moments, and from these the fictitious
bending stresses, have been computed, using the
formulae for the elastic range. The stress fp 1s
not the actual stress, for the distribution of the
bending stresses no longer is linear beyond the
proportional limit and the actual moment is not
equal to-the moment following from the formulae.
Therefore, when applying the graphs, obtained
for the critical combinations of fp and f¢, one
must use the same method of analysis.
Even then the fact, that the actual moment
differs from the computed moment is accounted
for only in a rough approximation. The way in
which the moment at the critical section increases
due to plastic deformation, not only depends on
the plastic deformation at this section, but also
on the plastic deformation at other points of the
tube. The latter deformations depend to a large
extent upon the shape of the bending moment
diagram of the tube.

. 14) This is the bending stress which would occur in
the absence of the compressive load,
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. FIGURE 6.1,
Results of the tests on’ duralumin tubes, from ref. 27 and 28,

With the chromium-molybdenum steel tubes *°}
with A == 75 and » = 100 and the duralumin
tubes the computations have been based on the
mean values of f¢ and Fp from ref. 27 and 28
for all tubes with the same A. For the shorter
steel tubes it has been assumed that tubes with
the same dimensions also had the same material
properties. The values of E have been computed
from the EULER range of the F¢ — X curves.

In figs. 6.1 and 6.2° the computed values of %

are plotted as a function of };9— , Feo being the

o
value of F; at 2 = 0. By means of the curves

on fig. 2.2 Fg, has been computed from the
experimental values of F; at A = 30 (or & = 50).
It appears that the test points coincide fairly
well with the broken lines, the right parts of
which connect ,the point f; = 0,4 Fc on the
line » = 0 with the point f; = F; on the horizontal
axis. In some cases the deviations are fairly large,
but. this was to be expected in view of the
assumptions made in evaluating the tests. The
critical combinations of f; and fp represented
by the -broken lines can be ‘accepted as-long as
more reliable data are not available. As they
agree reasonably well with the test resuits both
of the duralumin and of the chromium molyb-
denum steel tubes it is proposed to use the same

5) Only the experiments with 27 tubes have been
evaluated, because only for these tubes Fp is given.

criteria also for other materials. The pmposals
made, expressed in formulae are:

fo fe fc
= - = 1 for =04,
Fp Ff:o “Fg T
I - F fe (6.1)
06F (1 — ~)
for ?: > 04,

6.2 Compression (local buckhng), bending and
tarsion.

6.2.1

Only the combination of compression or tension
with torsion has been investigated experimentally,
the experiments are discussed in ref. 9 and 30.
In both publications it is recommended to use
the following formula for compression and torsion

S (B) -,
F Fe
withn =2 (ref. 9) or n = 3 (ref. 30). The value
= 3 agrees with the average results of ref. 30;
for the minimum values n = (1 to 1,5). An
additional uncertainty is caused by the large
scatter, especially in the neighbourhood of fc = Fe.
Therefore, it is recommended to take n = 1,5.
F. is to be computed from (2.5) and F; from
fig. 7.
The average results of the experiments with

Thin-walled cylinders. A

(6.2)

e T
..

Fiy o' -

0 \ -

*
0§ 1G]
04
| ©
0. \
% 02 Ron oT3 b8 0
’ ", Feo
FIGURE 6.2.

Results of ‘the tests on chromium-molybdenum steel tubes, .
from ref. 27 and 28.




tension and torsion are, according to. ref. 9,
represented by

fr S
- +

? m v mE = (6.3)

with m = 0,5. In ref. 30 it is’ recommended to -

" use formula (6.2) with n = 3. Here f, is negative
" and thus %.5 > 1. "The results from ref. 30 can
:r :
also be approximated satisfactorily by a linear
_relation; the minimum values in ref. 9 yield
m = 1f,, those in ref. 30 m = 1f;. For the present
it is recommended to take m = 0,2,

Because of the similarity between compression
and bending it seems reasonable to use a formula
analogous to (6.2) in the case of bending and
torsion _

A
5ot AR =1 64

whereas for bending and compression we may
assume ' .
A fe fo
7ot E =L (6.5)
where Fp is computcd from (3.2). The critical
combinations of f¢, fp and fr will follow from

%‘ + ‘% + )(%)1’5 =1. (6.6)

6.2.2 Thick-walled tubes.

Only the combination of bending ahd torsion
- has been experimentally investigated. The results

of experiments with steel tubes are given in ref. )

31, fig. 2. From this graph it follows that the
critical combinations are obtained from

This formula is confirmed by unpublished

d
experiments with steel tubes (15 < 7 < 30)

d
and duralumin tubes (? =-110), which collapsed

in the plastic range when loaded in pure torsion

or_pure bending.

Formula (6.7) thus applies to steel as well
as to duralumin tubes; Fp follows from fig. 3.1
and Fy from fig. 4.3, 4.4 or 4.5 (see. sec. 4.2.2).

The case of compression and bending is
represented by (6.5); then F¢ is taken from
fig. 2,4. When compression, bending and torsion
occur, we may compute. the critical combinations
from ’ )

(f__c ib_)z

2
7. + 7 (;TI;) =1, (6.8)

6.3 Bending with transverse load,
6.3.1 Thin-walled cylinders.

LunpQuist (ref. 32) assumes that at the critical
o T

point of the cross section — + —— = 1. The

Fp F,
critical point is defined as the point in which
this sum is a maximum. The result can be

written as:
fs)-?
-+ ' ( F,) = 1. (6.9)

(=)
Fp
A number of experiments (ref. 32) with 0,25 <

L d
i < 1 and 646 < 7 < 2910 showed satis-

factory agreement with. (6.9); fp is taken as the
largest bending stress, occurring in the part of
the cylinder considered.

6.3.2 Thick-walled tubes.

It is impossible to draw a conclusion from the
available experiments (ref. 17 and unpublished
data). It may be deemed reasonable to take
formula (6.9). But we tould just as well define

. g \2
the critical point as the point in which (F_b) -+
) ' )

2 )
+ (Fi) 1s' maximal, based on (6.7), and then
s/

compute the critical combination of fp and fg
from the condition that this sum is unity. In
this way it appears that the transverse load and
the bending moment do not interact. In ref, 31

" the actual situation is presumed to lie between

these two possibilities and it is proposed to use
(R P
Fy Fg 7

For the present this proposal is taken over.

(6.10)

6.4 Bending with transverse load and torsion.

No experiments are known. At the point where
the shear stress is maximum, the bending stress
is zero; one condition to be satisfied is therefore

Ir + I =1.
Fr Fy
From (6.9) or (6.10) the critical bending stress
fbs in the absence of torsion can be found. As
a. second condition it is proposed to apply the
criteria.

(6.11)




analogous to (6.4), for thin-walled cylinders;

(AF (2
-\ fbs Fr =7
analogous to (6.7), for thick-walled tubes.
After substitution of fp; we obtam for thin-

walled cylinders

<

L,

- —~0,5
-fb fs 2 ’ fr
H%l'_(“ﬁ) (Fr) 1, 612)
and for thick-walled tubes
' —2/3
/o \2 fs \3 fr 2< .
R v S 1 SR

6.5 Formulae for the transition region.

The formulae proposed in sec. 6.2 to 6.4 were,
~as far as they were checked experimentally,
deduced from experiments where, under each of
the separate components of the loading, the tube
would have failed either in the elastic or in the
plastic region. The formulae obtained for these
two cases appear to be different. The available
experimental evidence does not aillow to make
proposals for intermediate cases, where under
one or more separate components elastic failure
and under. the remaining separate components
plastic failure would occur. For the time being
it is recommended to use the formulae for thin-
walled cylinders, when none of the separate
components would cause failure in the plastic

E ¢
region, i.e. when 5.4 < 2,5 and when Fy follows
14

from (4.2) or from (4.6), (4.7) resp. (4.12). In
all other cases it is recommended to use the
formulae for thick-walled tubes, unless it is to
be expected that these formulae would give too
optimistic results, For instance in the case of a

d L E
duralumin tube w;th—a— 110, -~ D = 35, — 5 = 280
d §m 0,9, and h f Et = 2,55 and
an 5, =0 and therefore. 5. d ,95 an

ar = 0,22, the use of (6.7) will not be permitted,
so that (6.4) must be preferred.

7 Recapitulation,

Based on a study and further elaboration of
the data, given in the literature, proposals are
made, giving the minimum collapsing stresses of
accurately manufactured round tubes under
different types of loading,

S.33

For'tﬁin-walied cyliﬁders, 16) which are defined

" as cylinders, collapsing by elastic local instability,

the buckling stresses are dependent upon the
elastic material properties (E, v) and upon the

. ) ) L
dimensions of the cylinder '(?, “d"—’). The proposals

for compression and for bending are only valid
L
for cylinders, having a ratio R between 0,3 and

approximately 15, They are .based méinly on

* experiments with small-sized. test- pieces -and may

be unreasonably conservative for actual structures,
due to scale effects, caused by the large influence
of initial deviations from. the true cylindrical
shape, which are probably relatively larger with
decreasing dimensions of the test piece.

For thick-walled tubes, ') which are defined
as tubes, collapsing locally in the plastic region,
non-dimensional diagrams are given from which
the collapsing stresses can be determined,

The coordinates of these diagrams follow from
theoretical considerations; the diagram itself is
then determined from available experimental data.
The quantity S, occurring in the coordinates, is
defined as the intersection of the- stress-strain
curve with a straight line through the origin
having a slope kE (fig. 2.1). As a rule k is defined
by eq. (2.3), sec. 2.2 (cf. table 2.1), in which
case § is approximately equal to the 0,2 %, -yield
stress (ref. 19, table V, VI). In the same loading
case different non-dimensional diagrams are found
for different materials, depending upon the shape
of the stress-strain curve of the material. However,
for materials with affinely .related c—=¢ curves,
the diagrams are identical if for all these materials
k has the same value. As a tule, S can then for
one of these materials only be chosen equal to
the 0,2 % -vield stress.

. For cases of combined loading the critical
stress combinations are expressed in the collapsing
stresses with a single type of loading by means of

- pon-dimensional equations,

7.1 Pure compression. -

For thin-walled cylinders (sec. 2.4.1) Fg. is
given by (2.5). For thick-walled tubes (sec. 2.3,
24.2, 25) F. is the smallest of both wvalues,
following from figs, 2.2 and 2.4. Typical ¢ — ¢
curves for the materials are given in fig. 2.3;
further material properties (E, k) in table 2.1,

18} It may be poimnted out that the same tube can be
either thin-walled or thick~walled, depending upon the
type of loading,




7.2 Pure bending. o B

For thin-walled- cylinders (sec. 3. 1) F b is given
by (3.2) and for thick-walled tubes (sec. 3.2)
by fig. 3.1.

7.3 Pure torsion..

Long and shorter éubes must be considered
separately, Long tubes are defined as tubes,
Lt

ds

these tubes Fr is not influenced by the d1stance L

between the bulkheads. With the shorter tubes,
2

where exceeds a certain limiting value; for

where is smaller than the 11m1tmg value

d3
ment:oned above, Fr depends also upon L. “The
experimental evidence shows, that for tubes, whose

edges are clamped at the bulkheads, the limiting
2

value may be put equal to ="9; for tubes,

: d*
whose edges are hinged at the bulkheads, the
) _ ,

_ a
for thick-walled tubes apply to the case, that

= 6,3. The proposals

limiting value is chosen at

d
7 < 200 and y; > 3.

7.3.1 Long tubes.

For thin-walled cylinders F; follows from the
uninterrupted line, drawn in fig. 4.2, if the
theoretical value (Fy)w is computed from (4.2),
sec. 4.1. For thick-walled duralumin tubes Fj
follows from the line drawn in fig. 4.3 and for
steel tubes from lines 1.or 2 in fig. 4.5 if ap
is taken as abscissa. In the latter case linear inter-

S
polation is recommended if 0,75. < }Tz < 0,85,

7.3.2 Shorter tubes.

For thin-walled cylinders Fy follows from the
uninterrupted line in fig. 4.2 if the theoretical
value (Fy)n is computed from (4.6) (clamped
edges) resp. (4.7) (hinged edges). For thick-
walled tubes with clamped edges F; follows
from fig. 4.4 if the material is duralumin; for

steel tubes from fig. 4.5 if 1,732 B is taken as -

abscissa. With hinged edges By in fig. 4.4 must
be replaced with 0,915 By and in fig.. 4.5, 1,584

. ) 2
shopld be taken as.abscissa ( B < 6,3).

'7.4 Pure shear.
Both for thin-walled cylinders and for thick-

walled tubes it is conservatwely recommended ‘

to take Fg = Fr.

7.5 Combined loading.

The following proposals apply to tubes, which
collaps under each of' the component types of

loading either by elastic or by plastic instability.

For intermediate cases the proposals, made for
the second class of tubes, will usually be sufficiently
accurate. (c.f. sec. 6.5).

7.5.1 Thin-walled cylinders.

The critical stress combinations with a com-

.bination of compression, bending and- torsion

follow from (6.6); with a combination of bending
and shear from (6.9} and with bending, shear
and torsion they must satisfy both (6.11) and .

(6.12).

7.5.2 Thick-walled tubes.

The strength of a strut with bending load
may be computed from (6.1) if F; and Fyo are
taken from fig. 2.2, The critical stress combinations
with compression (causing local instability, when
acting alone), bending and torsion follow from
(6.8) if F¢ is taken from fig. 2.4; with bending
and shear from (6.10) and with bending, shear
and torsion they must satisfy both (6.11) and
(6.13).

8 Notations.

D — t mean diameter of the tube;

d ==

fb _ maximum bending stress at critical com-
bined loading;

fe compression stress at critical combined
loading;

fr mean torsional shear stress at critical
combined loading;

fs maximum shear stress by transverse load
at critical combined loading; .

k . constant, used to determine the yield
stress (sec. 2.2, fig. 2.1);

! length of the tube;

t wall thickness of the tube;

. L2 .
T

A= 01— Z o

D outer diameter of tube;

E Youne's modulus;

E, reduced modulus in the plastic range,
sec, 2.2; :



Se

St
Sr

Y+ min

ot

Br

1r

T

=4

Ylm Dl

ultimate stress in pure bending;.
ultimate stress in pure compression;
value of F¢; when A = 0 (see fig. 2.2);
ultimate stress in pure shear;

ultimate tensile stress;

specified minimum ultimate tensile stress;

ultimate mean shear stress in pure torsion,
see eq. (4.10);

theoretical value of Fp in the case of
elastic instability;

modulus of rigidity;

05 L*

—_—yl
a—w)" 7

polar moment of inertia of tube cross
section;

distance between frames;

moment causing failure in pure torsion;

yield stress from k-method (sec. 2.2) in
compression, may as a rule be assumed
equal to the 0,29 stress (exception
sec. 2.3);

.ditto in tension;

-

ditto in torsion;

0,2 9%, yield stress;
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The Elastic Stability of Flat Sandwich Plates !
by '

Dr. Ir. A, VAN WIJNGAARDEN -

Summary.

‘The investigation is concerned with the elastic stability of flat sandwich plates, having an isotropic core,
under a combination of compressive and shear loads, In contrast to earlier work (refs. 1 and 2), where the
core was replaced by a simplified mechanical structure, the core i treated as a three-dimensional elastic
body, thus leaving open the possibility’ of investigating cases of symmetrical buckling (not yet dealt with
in this report)., The conditions of stability of the faces, derived in chapter 2, contain boundary stresses which
can be related to the properties of the core (chapter 3); the final equations of stability and their boundary
conditions are given in chapter 4.

In principle, exact solutions for the case of antisymmetrical buckling, both without and with shear load
(in the latter case only for infinitely long plates), are given (sections 5.1 and 6.1}, The numerical solutions
have been confined to infinitely long plates. For the numerical solution of the case of shear-free loading only
minor simplifications are introduced (sections 5.2 and 6.5). For the cases of loading with shear, however,
the numerical solutions have so far only been computed for a greatly simplified wave pattern (sections 6.2 to
6.4 incl.). Consequently, the results for the case of pure shear loading are not yet satisfactory (chapter 7). The
numerical results of the. calculations are presented in f1gs 6.2 to 6.4 inch and figs. 6,7 to 6.12 incl.; an,

example of their use is given in appendix 2.
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1 Introduction.

We shall develop a theory concerning the.
stability of a flat plate, loaded in its plane;- that
is built up according to the so-called sandwich
principle, which means that the plate consists of
two thin but stiff faces connected by a relatively
thick but light and weak core. The fidces, for
instance, can be made from metal, plywood or
plastic sheets. The core can be more or less
continuous if it is made from balsa wood or an
artificial spongy material, or it can be a structure

- itself, e.g. a corrugated sheet, a number of thin
" strips, a honeycomb structure, etc. The function

of the core consists of keeping the faces at the
proper distance and, moreover, to connect them
in such a way that they behave more or less as

-



if they were the extreme layers of a single thick
plate. More especially in bending, the core must
prevent the faces from bending separately, and
it must be able to exert such shearing forces
on the faces as to keep one sheet in compression

and the other in tension. It is obvious that under -

this condition the stiffness of the plate is con-
siderably higher than that of the two faces working
separately. Accordingly, the stress at which buckling
occurs if the plate is loaded in its own plane by
compressive and shearing forces, is high as com-

- pared with that of the single faces, a most useful

property for application to aircraft structures.
Several authors have already paid attention to
the underlying problem. Mostly they confine
themselves, however, to the buckling of struts
instead of plates which are also supported at the
lateral edges. The problem is then a two-dimen-
sional stability problem and is already a rather
complicated one; the work done on this problem
at the N.L.L. is summarized in report S. 284

(ref. 1). The three-dimensional plate problem has

also been dealt with by van DEr NEUT in ref. 2.
Although the equations were set up in a general
form they were only solved for the case of shear-
free loading. Moreover, to avoid the difficulties
connected with the three-dimensional deformation
of the core, the latter was replaced by a mechanical
structure which is equivalent to a core with infinite
stiffness in the direction normat to the surface of
the plate. Although this assumption rather well

- accounts for the 'antisymmetric’ type of buckling,

i.e. a type of buckling in which the plate buckles
as a whole in a series of waves with appreciably
constant distance between the faces, it 'fails
completely to describe the ’'symmetric’ type of
buckling, which is a type of buckling in which
the middle surface of the plate remains plane
whereas the distance between the faces varies
in a series of waves.

Early in 1946, an extension of the investigation

reported in S. 286 to- the case of a combination

of normal and shear.loads in the plane of the
plate was started, retaining the basic assumption
with regard to the core structure. In the course

of the investigation it proved to be possible to-

develop a theory, in which the three-dimensional
deformation of the core is exactly accounted for.

This theory will be presented hereafter. For the

sake of simplicity it has so far been restricted to
the case of an isotropic core, but that of an
aeolotropic Ctore could be dealt with by means
of the same methods as used here, without many
fundamental changes, except a considerable in-
crease in complexity,
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2 The equilibrium of the faces.
" 2.1 The stresses in the faces. (fig. 2.1).

As to thée deformation of the faces we shall |
make the two. ordinary assumptions of the theory
of bending of thin plates, viz. that points situated
in the undistorted state on a straight line normal
to the middle surface, lie in the distorted state

4_ a .
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. FIGURE 2.1.
Forces and stresses at an element of the face.

on a straight line normal to the deflected middle

surface, and that the normal stresses on planes

that are parallel to the middle surface are negligible.
The second assumption infers:

0rp= 1 '(6wf+ I e.):(.)'(21)
2f L+ vy Y4 I—2 vy ! ’ ’

From- this it follows that

By _ (EEL Ev_f) '
3z l—vp \ dx + o ] 2:2)
and, therefore,
1—2 vy |
‘ef=ﬁv.8f. ' (2.3)
So, we find for the stresses normal to the
Z-axis the expressions - Lot
Ef ouf oV f )
XTIy ( x TV Ty ) 24

Ey duf dVf
v = T_v, (Vf b ;) ; (2.5)




_ U (b”f V1Y 1oy, 26)
Txyf — 2 1+“f ‘ by - bx 'f) .

‘ E¢ otLf dUf
Tyxf — 2 1+ V; ( by % ) - T*f . (2.7)

Formulae (2.6) and (2.7) might cause some
surprise as’ different values are given for tyys .
and tyxf. They consist of a common part that
is responsible for the shear deformation of the
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element dxdy, and of a second part X =% that

causes no deformation but is not, like the first
part, in equilibrium, and has to be opposed by
a 'body couple’, as will' be intreduced afterwards.

As we shall introduce the resultant of these couples*

acting on a normal to the middle surface as a
single twisting couple in the middle surface,
it follows that <* is distributed symmetrically
with respect to the middle surface and will,
therefore, not result in couples around lines in
the middle surface.

The shearing stresses tx; and 7z are not
found in this way, but this does not matter as
their resultant forces Sxz and Sy ; can be eliminated
afterwards.

From the first assumption, mentioned in the
beginning of this section, we derive

BWm

uaf = am — (27 — Zm) Tox (2.8)
' . 3w

vf = vm — (2f — Zm) b—; (2.9)

By substituting this in eqs. (2.4) — (2.7} we

s E D (bum bvm)

xx =g ox + Vf Ty ; | (2.13)
12 dagm aum‘)

Syy == D ("f o T oy ) (2.14)

12 bv

] 62

Wiy .
Mxx = — Myy:D (1 "—Vf) bxby y (2.16)
3w T d%wg _
My ——D( ot + vy o3 ) , (2.17)
: %Wy b2wm)
Myx=D (vf ot ) (2.18)

2.2 The external léads, due to buckling.

As it was assumed that the loads in the faces

. act in the plane of the faces, they cannot exert

obtain the stresses, expressed in the deformations -

of the middle surface:

- _ Ef bum y me _
T 1 ox T Y
. wn d%wm,
— (zf — zm) ( oxd + vy o7 )%,(2.10)
B g b Ovm
vt = 1 —viy o ay
62Wm bQWm)E
— (zf — zm) (Vf o 1Y (2.11)
Ef dlim ew,},
'rxyf -+ Tyxf 1 + Vf . by I 3x _—
3%n
— 2 (zf—zp) > oy (2.12)

By integrating these stresses over the thickness
s of the faces, we find the resultant forces and
couples {cf. fig. 2.1)

bending or twisting couples if the faces remain
plane. In general, the core will exert some forces
on the faces even if they remain plane. If e.g.
a compressive load is lead into the plate by
compression of the faces, shear stresses at the
boundary plane between' the face and the core
must act to transfer a small part of the compressive
force into the core, as, of course, the strains of
face and core must be equal. These shearing
stresses, however, are small, and only restricted
to the neighbourhood of the loaded edges, and
finally, they act tangentially to the face, so that
their influence can be neglected. Also, normal
stresses at the boundary plane will arise if the
distance between the faces is kept constant at the
edges, as the core, being in longitudinal compression,
is hampered in its lateral expansion. We shall
also neglect this phenomenon, if need be by
assuming that the distance between the faces is left
free at the edges of the plate, but point out that
under actual conditions it might give rise to.
buiging of the faces symmetrically with respect
to the middle surface of the plate, so that under
certain circumstances the symmetrical buckling
of the plate might be favoured above the anti-
symmetrical type of buckling.

_ According to this, the stresses oz5, Tzxp and

.Tzyp that the core exerts on the faces will only

begin to act as soon as buckling occurs and are,
therefore, of the first order of the buckiing
amplitude. The same holds for the bending and
twisting moments that result from the loads in
the plate. Those loads are not altered in the
first instance but are no longer in equilibrium
after buckling has occurred. The loads acting
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FIGURE 2.2,
The origin of the buckling moments.

on the element dx dy when the plate buckles
are denoted by Pxx, Pxy and Pyy (cf. fig. 2.2),
which are for convenience taken positive as com-
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3Mxx bMyx
x T by.~l~Syz+Wx— |
§ N
- 5 Tzyb = 0, (2026)
S + 3y — Syz +'Wy +
5
-+ 5 Tzxh = 0 " (2.27)
Sxy - Syx -+ Wz = 0.0 (2.28)

With the aid of egs. (2.13)— (2.22) and.

,(2.26) — (2.28) we can calculate the boundary

pressive forces or shearing forces of the opposite

direction than usually. After buckling they give
rise to body forces and couples in the middle
surface as indicated in fig. 2.1. From fig. 2.2,
where the middle surface element dxdy is con-

sidered, the values of these forces and couples .

immediately follow:

@.19)

~ Fy = Fz =0,
Wx = Py, %:" Xy 6;”—: , (2.20)
W= Pr Al — By SR, @2l
— Py (%”i ._i')’—y"') , (2.22)

2.3 Equations of equilibrium.

52’ %um bzum .
6D b =2 o T Pw L, T
' . o%um :
+ (I—vy—pyy) _—byz + (L -+ v+
. bZVm 621)”1 . :
+ Pax) bxbyf — Pxy 4{5}? ’ (2.29)
52 , ‘ 32 m
6D Tzyb = — Dxy Txé— + (l + vf +
. %um b‘zvm
+ pyy) be + (I—vf—pxx) +
bZVm azvm
s 3 s ( DTzxb __Bszb ) ; _
12D (%22 T2\ ax oy =
s FAT B bZWm
= — 'ﬁ' A AVWm‘—pxx 52
- g 9% Wm ’

By equating to zero the resultants of the forcés .

and moments acting at the e]ement of the face
in fig. 2.1 in the three directions of the axes,
we obtain the equations of equilibrium:

3Sxx  dSyx ' .
o -+ 5y + Fy — 108 = 0 . (2.23)

38xy  33yy

o TR R L PALY

2Sxz 28yz

ox -+ _—by -+ Fz — ogp = 0, (2,25)

stresses from egs. (2.23) — (2.25).

In the important case of constant pxx, Pxy and
Pyy we can simplify these expressions by passing
from the horizontal displacements up and vy to

the equivalent dilatation
i VM d e doubl
€m = -+ ¥ and the (minus double) rotation
o1 o,
frm = K;”‘" ——fs-"iof the middle surface. Actually
we find:
52 ( dTaxh dTzph ) 3 2
6D by ax ) (PO e +
o 5 %
' + (pxx — Pyy) dxdy ny;}'}?% em +
. o a2
% 1— Vf Dxx) ox + 2 pxy o bxby




dTzxh

A+ (Y —vf—Dpyy) S}?

62

if';,;,

X

(
o

T 2 pxy dxX 0y

(2.32)

g

62

62

b2

6’szb ) ' .
>y =2 ANe'pm, (233)
s (bfsz d7zpb )% 3
2 dX oy u

5 .
(EAA +Pxx bxg =+

As the stresses exerted by the core depend
rather on "the displacements of the boundary
plane than on those of the middle surface of the
faces, we 'shall replace &'y, f'm and wpy by the cor-
responding quantities of the boundary plane e'p,

f's and wp. By means of (2.2), (2.8) and (2.9}
. we find, keeping in mind that for the boundary

plane zp — zp =

N

5 ¢
s ow
up = tm + 5 b—: , (2.35)
s oW
v = Um + 55_; , (2.36)
r Zm :
. be
Wy = Wpm — ‘FZ—dz=wm+
zp
vy s ¢ ,
and hence
s
ey = e'm 5 A wy , (2.38)
fo =Ffm (2.39)

As both wp, and A'wy appear in these relations,
the introduction of the quantities e’p, f'p and wp
instead of e'm, fm and wp requires also some
differential operations. The result .is: '

52 2 A' (8szb o szyb) _ ’
12D A\ o
‘ 2 ' 62
— ?ny ox® - + (pxx — Pyy) }Tx_é? —
62 ; ( szxb szyb )}
— Pxy ay? dx 8y o
3 a2 5t
= (I‘Vf‘Pxx? Fy) + 2 pxy W-+
. 52
+ (1 —-vf —-pyy) —b?—% _A’f’b » (2.40)
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12D

(1 _ vf 3_2 ,) ( BTzxb 'szyb ) _
l1—vy" 8 ox oy -
1 Vf 2 Af AF ! ‘
={1+7 8 ) A’y —
s ,
— EA'A'Wb s (2.41)
Vf A 32- , S- szxb
(I—I—Vf'gA)%cz_Z( ox
Sszb ) i (_52 Par . 62
Ty T T\ AN TR g
, b2 32 ‘
+ 2nyW+Pyy b_yz—) (wp —
v S8
! 2.42)

_I—Vf'E'eb)'

These three equations represent the conditions
under which the face is in equilibrium in a buckled
state. It remains to express the stresses that the
core exerts on the face in terms of the displacements
of the boundary surface.

3 The elastic reactions of the core,

3.1 The stresses at the boundary surface.

We assume that the core is rigidly connected
to the faces. Then the displacements of the face
at the boundary surface will be the same as those
of the core at that surface. As the core material
i1s assumed to be isotropic we can express the
stresses in terms of the displacements as follows:

52 e* (bu .bw) 31
12D ° "2 = 25 \vz T ox/ 3-1)
st gk (bv bw) 3.9
2D " T 25 \3z T ) 3.2)
52 g* ( v )
12D %= 5 \1=2 ¢ 7"
1—v 6w) 33
1= /) (3.3)

From this it follows that

52 d7oy b":z'y) e* (be' , ) '
12D ( x T ap )T 2s\ez AW B4
s? & o7 ¥ af

( zx zy):e_' f ) (3.5)
i2D ay OX. 25 " oz

3.2 The equilibrium of the core.

The terms in egs. (3.3), (3.4) and (3.5) that
involve differentiations with respect to z are
brought into relation with the other ones by the
equations of equilibrium. . These conditions of

L

\



equilibrium, expressed in terms of the displace-
ments, are as follows

Y !
(1—2v) A + -~ =0, (3.6)
1 A % _ 0o 3.7
1—2v) v+ =0 3.7)
1'2 a4 2% g 3.8
I—2v)dw+ = =0. (3.8)

By differentiating. (3.6) with respect to x, (3.7)
with respect to y, (3.8) with respect to z, and
adding, it appears that e is harmonic, Ae =0, or

+

Ae + — Aw =0,
0z

Furthermore, (3.8) may be written as follows

aiw de’ 0
oz2 * Y 2

(1—2v) Aw + (3.10)

Equations (3.9) and (3.10) can be used. to
eliminate e'p from the equations (2.41) and (2.42).
Therefore we rewrite (3.10) as

oe’ o%w

sy = — (=2 Aw — (3.11)
From this it follows that

0%’ o d >w ,

et = — (=2 . Aw — = (3.12)

and again from (3.9}

Ae' — AY a%’  o%w
Y YT

o
— 2 B; Aw. (3.13)

The term ¢ itself may be written according to
(3.11) as _

[ (r bW) 'bw
e=\e T ez
z

:ZO

z
—{1—2 v)f Aw.dz,

Zo

(3.14)

where z, is some value of z for which ¢’ should
be known. '
By differentiating (3.6) with respect to y and

(3.7) with respect to x and subtracting we find

Af =0, (3.15)

By the fact that e is harmonic it follows from
(3.8) that w is biharmonic: A ‘

AAw = 0 .. (3.16)

(3.9)°

4 The equations of stability.

4.1 The equations of stability when the faces
do not remain plane.

If we insert in (2.41) and (2.42) the expressions
(3.3) and (3.4) for the boundary stresses and,
moreover, eliminate the terms involving e¢’p by
means of (3.11), (3.13) and (3.14) we obtain
the following two equations of stability:

i ¥ W
a b
FIGURE 4.,1.
Antisymmetric (a) and symmetric (b) type of buckling.

( vf szﬂ,)(A azw)
s ]:“-_l—Vf‘ 8 - vw—.- oz2 1 -
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- 1+1—-Vf8 bz

2vAW —

bzw) s
— 52 = 2AAw,z:zb, (4.1)
‘ z
g¥ vf s2
— {1 — . A v Aw.dz —
s 1 —v¢ L
2o
2w v (' bw)
0z 1—2 € - Dz '
Z = Zg
5 (A bzw) (s2 ',,
RNy L Bl Vel
o2 0¥
+pxx _62 +2ny bJbe +
62) { vf
+ Pyy i W+ 1—-v}
z
: %1 2 f Nz - 2
5 (1—2v) w.dz + ~— —
2o
[+ |
—\le + o7 5 s Z=2p (4.2)
2 = Zp ’

The displacement w that appears in both

, equations has to fulfil the condition (3.16), and,

moreover, some boundary conditions to be

specified later on. These boundary conditions '

will be such that they are certainly satisfied by
w= 0. As (3.16), (4.1) and (4.2) are also satisfied
then (if, at least, ', Zq vanishes) w = 0 is
always a solution. Other solutions are only possible
if pxx, pxy and pyy, appearing in (4.2), have




certain values that are, of course, just the values
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we are looking for. For all solutions w = 0 we

find the buckling forces from the above-mentioned
equations, where no use 15 made of the first of
the three equations of equilibrium, viz. eq. (2.40).
The reason why this equation. can be suppressed

will be explained in the next section.

4.2 The equation of stability when the faces
remain plane.

We now turn to equation (2.40), Again, we

eliminate the boundary stresses, by means of
egs. (3.4) and (3.5), and, moreover, ¢’ by means
of (3.11). Then we obtain

e [ A 3 2 2
P bz Pxy —_bx_g + (Pxx—Pyy) bxby_

bzw)}
az2 =
% . 52 2
== (I_‘Vf—Pxx) ox + 2 pxy W +

52

Hd—=vr—py) 35

62
._pxy é_y;§ (vAW —

gA’f’; z=2zp . (4.3)

If buckling occurs with w = 0, then equation
(4.3) only supplies the corresponding {5, and is
therefore not very interesting. It might, however,
have importance, in the case of w = 0, in so far
as another type of buckling might be revealed,
wliere the faces remain plane but rotations in
that plane occur, In that case (4.3) apparently
reduces to

52 . 52

(I—vf—pxx) 55 + 2 Pxy wxoy T (1—vy—
o2 , e* af'p
—'Pyy)w Afb“—'_“_‘*o (4.4)

We can easily verify that non-vanishing solutions
of this equation can only occur if at least one of
the quantities pxy, pxy;, Pyy is of the order unity,
This means stresses of the order of YounG's
modulus, and is therefore completely beyond the
scope of our theory. It is, therefore, no use to
pay any attention at all to equation (4.3), and we
can restrict ourselves’ to the equations (4.1) and
(4.2).

.

4.3 The boundary conditions.

The problems that are, from a technical point
of view, by far the most important ones, are those
in relation to rectangular panels. The edges of
the panels, that can be chosen parallel to the
X- and Y-axes respectively, are, in general,

kz

elastically supported, which means that the supp(;rts
undergo linear and angular deflections and exert
restoring forces and moments on the plate. From
a theoretical point of view, some limiting cases

‘are important, for instance that of the simply

supported plate, and that of the clamped one.
In both cases' we have the boundary condition

(4.5)

In the case of the simply supported plate, the
supports are supposed .to be unable to exert any
bending- moments along the edges. In view of
(2.17), (2.18) and (4.5) this requires: :

w == 0 along all edges.

22w

o T 0 along the edges parallel to the Y-axis,
4.6)

o4 . o

—gﬁ = 0 along the edges parallel to the X-axis,

(4.7)

As to the coré, it might be interesting, from a
geophysical point of view, to consider the semi-
infinite core. For our investigation of the sandwich
construction, we shall restrict ourselves to the
core of finite thickness ¢ with two equal faces at
both sides with thickness s.

Two typical forms of buckling are that of
antisymmetric buckling, where both faces buckle
in the same direction, and that of symmetric
buckling, where the faces buckle in opposite
directions (cf. fig. 4.1). It is convenient to take
the middle surface of the core as the X-Y plane.
Then, in the case of antisymmetric buckling,
w is an even function of z, whereas in the case
of symmetric buckling w is'an odd function of z.

5 Antisymmetric buckling of a simply sup-
ported panel, compressed in two perpen-
dicular directions.

5.1 The complete expression for the buckling
stress.

We consider 2 panel, having a length a in the
X-direction and a width b in the Y-direction
(cf. fig. 5.1), Wé introduce nondimensional

\
\
\
AL
. e
n-+ O~

_z — /Z

FIGURE 5.1.
The rectangular panel under consideration.




coordinates by putting £ = "«

R

. y
=BT
b
{m and n integer) and 4 y* = o + £ For the
boundary plane between core and face {p = v.
The displacement w must satisfy (3.16), (4.6)
and (4.7) (simply supported panel) and must be

z ¢
§=2yz,wherea:m.r:;and[szn,ﬂ

S 44

an even function of "z (antisymmetric buckling). -

These requirements can be satisfied by taking:
w = (w* cosh { + w** { sinh {) sin £'sin . (5.1)

.Before suﬁstituting this i;{eqs. (4.1) and (4.2)

oW )
m
zZ = Zo

e+
(4.2). Conveniently we take zo = 0 so that the

we must consider the term ( Y
treatment of both faces becomes identical. For

w
= 0. At first sight also the

term ¢ appears to vanish, because the anti-
symmetrical character of the buckling infers that
u and v, and therefore ¢ are odd functions of z.
But this 15 only true if we neglect the fact that,
due to the compressive stresses in the core, a pat-
tern of constant compressive strain is to be super-
imposed over this odd pattern., Therefore, &' does
not vanish at z = 0, but has a constant value there
(that means, independent of x and y), which can
easily be expressed in pxx and pyy. However, we
can add to w as defined by (5.1) a third term
w*** which corresponds to a uniform thickening

zo =0 evidently

of the panel. This term gives only a contribution

to the left hand side of (4.2), and by choosing the
correct value of w*¥¥, it just cancels the term
with e’ there. At the right hand side the presence

of ¢ is of no consequence because of the -

differential operator that is in front of the square
brackets, Therefore the whole question of e’ can be
left out and then we can use equation (5.1} for w.

If we substitute (5.1) in (4.1) and (4.2) we get
two homogeneous linear equations in the two
unknowns w* and w**, Introducing

£ 1—v2f c - (1 v
_Ej 1+ v .25, € = £ +l——"if'
) d P
2 ’ I-—v‘f“ 2

we have: w* {;-1— wy tanh y —
— 872} + oWt t (2—2v+ ytanh y) +

+ mg(3—4v) + tanh Y+T2£ —

¥

— 8y? tanh T}: 0, (5.2)

— 4 :
w* [4 ¢ v (tanh vy + 3y) + (g_Szﬁprx a? —

':—Pyy @2) (1+ ST tanh Y)J + .

+ w¥* [4;7 ;(1——2 v) tanh y + Y+

Wi
l—vf

4
4 3y (2—2 v+ tanh «()g + ¥ (g &% —

— Pxx0® — Pyyﬁ2) } tanh v +

v
1 — vy

+ 3 [(3—4 v) tanh ¥ + '\(]%] =0.(5.3)

These equations yield only non-vanishing values
for w* and w** if the determinant vanishes, We
introduce the function y

2 (1—v) = (1 —2) tanh  + v —+ tanh? v (5.4)
and the function P '

& {tanh v — %) + oy (tamh2 v+ Syy) +

P=y :
e (1 — Y Sy} + ey (tanh v+ ) F
St 1 — vy
+ 3® (3y + %) (5.5)
+ L 5 (ranh v+ )
1-—vy¢

Then we find by evaluating the -determinant,
the value of the buckling stress p, where pxx =

Txx+ P afld pyy = Tryy P
4
Toxx®® + Ty PE

1 . -
P = ?5821(44-513%. . (5.6)

5.2 Approximate expressions for the buckli’;zg
stress. . :

"The function P that appears in eq. (5.6) is,
according to (5.4) and (5.5), a rather complicated -
one, Fortunately, v, 8 and ¢ are all small quan-
tities. -Of these three & is the most simple omne.
To have an idea, for the moment, of the order
of magnitude it may be assumed to be something
like 0,05. The quantity ¢ can vary considerably,
but a reasonable value is 0,01. For y it is very
difficult to state beforehand a certain value, as
here the wave length of the buckles comes in.
For the moment, we shali simply assume that
v is small and afterwards we shall prove that y

1

is small indeed. Replacing tanh y by y — 3

_YS




in (5.4) and (5.5) and neglecting terms of higher
order we find the following approximate expressmn
for P:

4
(1+3)2——§ 1+ 30—

- P=v. e - 6D

The value of the critical stress_is therefore

4P giz_

foxmg + Tfyygz

p:
=4

3" +3(1_,\,)%

e+ 2 y? !

(14 3)2

+e (5.8)

To find the. minimum value of p we must

. - d
determine the value y* of y for which % = Q.

of the minimum does not vary appreciably with v,
we Can, at least for the determination of y¥,
neglect the small terms 8§, vy? and ¢ against L.

generally not such that the number of half waves
is integer over the length and width of the plate,
but in a given case, we must take the, nearest
integer numbers of half waves and take that for
which the critical stress is the lowest. For a panel

" with infinite length a, our value of y* is directly
the correct one, '

A difficulty is still that both « and £ play a
role in (5.8). To keep the results surveyable, we
shall first confine ourselves to the case of a panel
only compressed in the X-direction. Then wyy = 0
and without loss of generality we can take nxy = 1.
The lowest critical stress is then obtained with
one half wave in the Y-direction, and § is there-

¢
fore known beforehand, viz, § = e

Carrying out the differentiation, we obtain the
condition:

N o RS SOLIY
ss(ﬁ)w}a%zﬂz 1

LAY L 1_*_)2__
+ 3 T (2 e 1)- ( 2
—3 (&i) —0. : (5.9)

If — » 1 the flrst two terms are of no im-

B2
*

portance and we find immediately % =

)

"_/_5 , that

means o == . This result can easily be understood.
For if ¢ is high enough, that means the core
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As, of course, the value of p in the neighbourhood -

The value of v*, which is found in this way, is-

is stiff enough, then the panel buckles as a whole
(without appreciable shear deformation of the

core), and it is a well-known result of the theory

of the buckling of plates that the square wave
requires the lowest buckling stress.

If ? is not so large but still preponderating
over 1 the first two terms of (5.9} are still
. *

. X . : v

of minor importance, and we see that F =
¢/ L, | 1

2 et —1 > 1/2 pparently v increases

with decreasing ¢, which means that the wave
length in the X-direction decreases. The core
begins to act as an elastic support of the faces.
This phenomenon becomes still more important

with still smaller =. If —Bg decreases toward — the

relative importance of the first term increases

. € 1
sharply and if F =% only the first and the last’

s - 3
terms are present. Lhen 3 —1/32 5

b c '

- = — = 20 we find v* =
¢ s .
small. If ¢ decreases still further the core ‘begins
to lose its grip on the faces, and the wave length
in the X-direction reaches a minimum, and
accordingly y* a maximum. This maximum value
v** is found easily enough by considering (5.9)

. For

0,288, Which is still

. . £
as a quadratic equation in the unknown —B; From

%

this, é can be calculated for given 3 and %, if,

of course, v* does not exceed y**. Therefore, by
equating to zero the discriminant of (5.9) in its
new form, we can calculate y**, Wthh appears to

E* ]/1/3

appears at — Bz ~2

and 3 as used before, we find ¥** = 0,340,
If ¢ decreases still further the faces begin more
and more to buckle each for themselves, and in

the limiting case of vanishing ¢, we see- from
*

equatio-n (5.?) that again % = "173 , which is
obvious, as now again the theory of the simple
plate holds,

We see that v is actually small throughout the
whole range of possible ¢ and the s:mphcauon
of (5.5) to (5 7) is quite satisfactory.

. The maximum of v*

. For the same values of B




If some compression in the Y-direction is also
present (myy >-0), things are even better. For,
if only one half wave in the Y-direction appears,
we have only to replaCe B from the foregoing

analysis by B ]/_1 - . So all the critical

Txx
values of v decrease with increasing myp.

Finally, comparing eq. (5.8) with the result
obtained by VAN DER NEUT in ref. 2, eq. (27), it
appears that the latter equation differs from (5.8)
in that the numerator of the last fraction is
(1+8)2 + ¢ (1+8)*/3(1—v) and the deno-
minator is ¢ + 2vy? (1+38).

Observing that 3 and 2 are of the same order
of magnitude, we find that the differences be-
tween the results obtained from the two equations
will also be of the order 3. We may conclude that
the mechanical structure of the core, assumed in
ref. 2, is indeed quite satisfactory for calculating
antisymmetrical buckling loads. The stiffness of
the core in a direction normal to the surface of
the plate will not influence these loads to any

_appreciable extent.

Antisymmetric buckling of a simply sup-
ported, infinitely long panel, compressed
in two perpendicular directions and loaded,
moreover, by shearing forces,

6.1 The rigorous treatment.

“We shall now introduce also the external shearing
load wxy. To prevent, however, great difficulties
we shall only consider the case of an infinitely
Iong panel (¢ = w), We choose the X-axis, this
time, halfway between the two infinitely long
edges.

A solution of (3 16) that is suited for our
purpose is:

9=,

FIGURE 6.1,
The p —& carve, if Ty = O
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4
w= X (w*; cosh {; +
=1 .
+ w; {josinh £f) cos (E+7;),  (6.1)
. X y
" where again £ = L om= Bi ;and Lj=
1
z
2 yj P whereas 4 y?; = of + $%;. For the
middle surface of the plate, therefore,
4 .
T wo Z w*j cos (€ + n5) . (6.2)

1

1

For this middle surface we can satisfy the
b

boundary conditions (4.5) and (4.7) for y = - 2
After substituting (6.2) in (4.5) and (4.7) we

, ‘ ¢
find the following set. of conditions (A = 3):
4 7 j
* L
jElw jcos oy 0, (6.3)
4 j : '
%, oain 4
ji]lw jsin o 0, (6.4)
.g“ w¥; B cosEJ-=0, (6.5)
i=1 I 2x
§ *. B2, of EL
iw}{3151n27\=0. (6.6)

i 1

Obviously, non-vanishing - values of w* can
only satisfy these four equations, if their deter-
minant vanishes, Therefore

Pa

B B B Ba
cos 2)\ OS5, COST  COS 5
ndl ate o B P

2 o sin 21 ey -

=0.(6.7)

| B B 5
H cos {32 €os . P3 cos o [34 Co8 5o
B . P
ﬁl Sln 2;\ B 63 ﬂ‘l S, 2;\

Evaluating the determinant, we find that (6.7)
can be rewritten as

Ty + Time + Tyaey = 0, (6.8)
where
. Tp.qrs = {5 qu) (B*r —B%) (tan E’ tang—i—




— tan [5_ tan *[Bi) . T(6.9)

Next, we insert (6.1) into the conditions of
stability (4.1) and (4.2). Because of the linear
character. both equations have to be satisfied by
the four components of w separately. The result
is four pairs of equations analogous to (5.2)
and (5.3), and the same way of reasoning as
applied there, gives the conditions:

4
Tyt + 2 ey + mypBl;

1
SZTJ +

+ ejPi¢; (=12, 3, 4), (6.10)
where the suffix j at ¢ and P means that for y
should be read y;. For P either the rigorous
formula (5.5) or the approximate one (5.7) can
be used.

In a given case the problem is to determine
the lowest value of p for which (6.8) and (6.10)
yield a set of values for « and Bj. (one should
keep in mind that v; is known when o and B; are
known). As for «, there is still the condition that

it is real,  as the buckling pattern should be

periodical with respect to x. For.f; this does

not hold. As a matter of fact, complex roots f; .

have to be. taken into account. 7
-It is, however, practically impossible to carry

-out the calculations required for a single case.

Another way of solving a whole program of cases
is to start from fixed values of 3 and ¢ (defining
the properties of the sandwich as a material)
and then to choose values for both p and «. Then
(6.10) can be solved for 3;, and when these have
been found, (6.8) can be solved for *. By repeating
this process for a number of other values of p
and « we can by interpolation find corresponding
values of p and « for given values of A The
minimum value of "p for a given A is the critical
stress belonging to the specified values of §,
e and A,

6.2 An approximate treatment,

Even if we use the approximate expression (5.7)
for P, the rigorous solution of the foregoing
section requires a considerable amount of cal-
culating. Therefore, we make a, though rather
crude, ‘approximation by confining ourselves to
the first two components of the sum in formula
(6.1), and moreover we take w*, = — w*,. There-
fore, for the middle surface of the plate we assume

Wo = ¥, lcos (E+ ) — cos (G4 )|+ (6.11)
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p = W, and.»{}j

We choose the X-axis again, as in section 5,
along one of the edges of the plate.
The geometrical meaning of these approxi-

-imations becomes evident, if we rewrite (6.11)
" in the form

+ . M
2 ’h)'sm"'? T . (6.12)

Wwo=2 w*, . sin (i+ 7

Now we see clearly that the nodal lines of the
buckling pattern consist of two sets of straight
lines, viz. ny— =2 nm, and 28 + vy + np =2 n'w
(n and n’ integer). The first set consists of lines
parallel to the X-axis, and two of them must
coincide with the edges of the plate. As due to
the absence of edges parallel to the Y-axis, the
buckling always occurs with one half wave in
the Y-direction, we immediately find the boundary
condition:

Br— Be=2 M, P (6.13)

This ‘is, therefore, the analogue of eq. (6.7)
r (6.8). Attention is drawn to the fact that we

can no longer ensure freedom of bending moments
along the edges of the plate,

The second set of nodal lines consists of
straight lines at a certain angle with the X-axis,
whereas in the exact treatment they appear as
curved lines.

The stability conditions are again eqs (6. 10),
now, of course, only for j=1 and 2.

It is, of course, wholly meaningless to use
the rigorous expression (5.5) for P, after having
already made such far more drastic simplifications.
Therefore, we use the expression (5.7), which is
further simplified by retaining only the term
(1 + 8)® in the numerator of the fraction. The
error, thus introduced, does not exceed a few
per cent. We shall follow a somewhat different
line of attack than used in the foregoing number.

_ _ 22 52
; o L Sk
Therefore, We introduce o o I 3(118)2’
p ' Bi

e Then, the con-
dition. of stability (6.10) can be written as
1+ 922
( ) - % 5% +
Txx + 2 T‘ny%j + ﬂ.'yy{)' i
1
T T e (1+9Y)

From the discussion of the buckling pattern it

p:

G=12). (6.14)

_appears that only real values of &; come into

consideration. They have, of course, to satisfy
(6.13), which can be rewritten as

H— 9y = 2 Amfu. (6.15)



The course of the calculation is as follows.
We start from given values of 8 and ¢/3%; then,
3* is known. We now assume a value for o*,

Using the boundary condition (6.15) we easily

derive the relation

2 7% 32

e | (6.16)

(“[}1‘_“{}2)2 Ty
" Therefore & — %, is known. Solving eq. {6.14)
- for § as a function of p we can then determine
the value of p corresponding to the known value
of 9, —8, (see also sections 6.3 to 6.5 incl.),
The buckling load parameter p follows, according
to the definition of ¢ and eq. (6.15), from

P __®
T2 (1 8) (B — 8y

(6.17)

In order to solve the buckling problem we

have. only to repeat this procedure for several
values of «* and to determine the minimum
value of p/(%; — 9,)? as a function of u*,

We see that this method of solution enables .

us to keep » out of thé given data, and we need
only give beforehand the two - parameters 3 and

e/a?. This is only possible, because of the con- -

siderable simplification in the boundary conditions
that are reduced from the transcendental relation
(6.7) or (6.8) to the simple relation (6,13) or
(6.15).

This simplification is. urgently needed as we
have already a number of parameters in the
problem from the external load system, viz. wyx,
mixy and mwyy.

We shall investigate in detail the followmg

three cases of loading. The first is that of shear

and longitudinal compression (my, =0), the
- second that of shear and lateral compression
(rxx =0), and the third that of longitudinal and
lateral compression without shear (mxy =0).

6.3 Shear and longitudinal campression

In this case nyy = 0 and we shall take Tl-'xy =L
Then equauon (6.14) becomes:
_ B
Txx + ¥y
7
T (1 87

s (i=12).  (6.18)

If we plot a curve of &against p, we get some‘thing

. as illustrated in fig, 6.1. For large values of &;
Pl

we have approximately p = -
XX

the curve shows a horizontal asymptote. For

B3, qua‘:l'—nxx ;

values of & < — mxx, p becomes negat’ive, and .
is, therefore, of no interest. For convenience, we
take §; to be the largest of .the two roots of 9
for a given . Then % — &, is a one-valued -

" increasing (from 0 to w) monotonic function

of 5, and there is no difficulty in determining o
at given &, — 9, to any desired accuracy.

For mxx » 1 nothing particular happens. As
now a large compressive force acts on the panel,
this will chiefly determine the buckling process
and the magnitude of the buckling force will be
essentially the same as if no shear was present,
In the limiting case of large wxy we can therefore

“immediately take the value for a panel that is

under longitudinal compression only, which will
be dealt with in section 6.5 as a special case.
If =xy « — 1, however, the panel is under a
large tension, which is a stabilizing factor and the
shear cannot be neglected, but is, on the contrary,
the only thing that causes the panel to buckle.

- As calculations with decreasing nyxy << — 1 show

that 9, increases almost lifiearly with |myx | ,
we shall try to find an asymptotic solution, valid
for myx « — 1, by assuming % = mey p, where
w is some negative fixed quantity (that does not
depend on mxx). When & » 1, p is large and
therefore 9, must be close to its asymptotic value.
Therefore $, = — 7xx. From (6.16) the (variable)
value of «* follows, and after inserting these
results in (6.18) we find the quantity p/(%; — 2)
that governs the magnitude of the buckling load, '
from

e u g >
Gr—9)° T T w1 (et 1)
;1 )
n s s . {6.19)
(o + 12— g2

Now ¢ has to be determined in such a way
that the expression takes its minimum value. It
is obvious that this value does not depend on
myx, and therefore it is- the correct asymptotic

" value of 9, that we have chosen. Equating to

zero the derivative of (6.19) with respect to p
we find the condition for p:

CC . P+ @ GG+ 4 C) pt+ (13 Cy +
+ 2 GG i+ 17Cu+4C =0, (620)

where we have written for abbreviation:

2 el
C1?1+8*C3; C2:_1+8*? C=1+

Equation (6.20) is an algebraic equation of the
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Buckling of an infinitely long plate under shear and longitudinal compression;
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fifth degree with one real root that can be cal-
culated without difficulty.

We have actually calculated the minima of the
buckling force for three values of 3%, viz. 3.107%;
lZ .
2¢’
viz. 0, 107, 107, 1, 10,10° and o, for a number
of values of mxy. The results are plotted in
figs. 6.2, 6.3 en 6.4. , :

3.10* and 3.10%, and for seven values of

6.4 Shear and lateral compression.

In this case mxx =0 and we shall again take
mxy = 3. Equation (6.14) becomes:

(14 9%)) g )
rel LAy

- 9]' 1+ Ty
)2 ; (= 1,2) (6.21)

P

1
Tlew (7

If we again plot a curve of & against p (cf. figs. 6.5
and 6.6), we must distinguish between the case
of positive wy, and that of negative =y, In the
- case of positive my, (lateral compression) the
curve consists (for positive p) of two separate
branches, one above the horizontal asymptote
% =0 and one below the horizontal asymptote
$ = — l/myy. If, however, =, is negative
{lateral tension) for positive p only one branch is
present between the upper horizontal asymptote
9 = — l/ry, and the lower one % = 0.

If mypy > O there are, for values of p above
- a certain value, four roots of 9 instead of two.
 Therefore, it is not obvious which two roots
should be taken, but from (6.17) it follows that

always two roots should be combined such that,
with given & — ¥, (and «*), the corresponding o
has the lowest value. If wp) is small, the asymp-
totes are far from another and we have only to

_‘1} .'

4

s ¥y

FIGURE 6.5.
The ¢ — % curve, if mxx= 0 and Tyy > 0.
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FIGURE 6.6.

The p — curve, if mxx= 0 and my, < 0.

deal with the left part of the upper half of the
curve, therefore with a situation that is essentially
the same as in the case of fig. 6.1 with mxx =0
(pure shear). If, however, nyy increases above a

critical value myy (it 3 situation arises in which

it is necessary to combine roots from the two
branches, and, of course, one from the upper
half of the upper branch and another from the
lower half of the lower branch, as in this way p
is minimum. Then, however, it appears that we
must take «* = 0 and consequently p and & — %,
infinite to obtain the minimum of p/($; — §,)%
This minimum follows to be:

|

o } B
— 2 T
@—

. 1
T e

1

i
Tyy

¥ (Wyy = Ty cait)  (6.22)

We rnust, therefore, calculate the quantity
o/ (4, — %)% as derived from the upper branch
of the curve only, for increasing values of myy,
and as soon as this quantity exceeds the value
given by (6.22), we ‘must then use that value.
From (6.15) it- appears that above myy crit We
have « =0, which means that the wave length
of the buckles in the X-direction is infinite. The
plate therefore buckles in the shape of a cylindrical
surface, just as it would do if no shear was present.
This. phenomenon was already known for the
simple plate and it appears also to exist for the
sandwich panel. Only the value of =y, (it cannot
be given beforehand, but must result from the
calculations.

If myy << O (lateral tension} there are always

" two roots of ¥ for each value of p.

As in the foregoing section, the lateral
tension acts as a stabilizing factor, and the force
needed for buckling is high. For large negative
values of wyy, we can again make an asymptotic
calculation. As &; and %, are intermediate between
the asymptotes $==0 and & =—1/m,,, and
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myy &« —1, ¥ and ¥, are both small, and"

6.5 Longitudinal and lateral éompression-
without shear.

If no shear is present, the buckling formula
(6.11) or (6.12) is exact, as the panel buckles
in rectangular waves. Obviously B, = — Py, and
therefore alsé &; = — &,. This 15 also evident from
(6.14), for this is an equation in 9%; if the term
nxy®; vanishes. In chapter 5 we already gave a
discussion of some features of the problem, but’
we now give a more fully detalled description in

_our new formulas.

therefore

1+ 8* 4 a*3* 1 o L2
.p-__ 1+O€.* '3‘j(1+7fyy-‘(}j)’(]—-’)‘

' (6.23) -
Apparently
From this we may infer that
—142u -

B, Ty {6.25)
and from (6.16) we obtain N

1':21.2 77'2].132
a® = 5 7 '(6.26)

If we insert these values i:1 (6.21:’;), we find

P B gt (11 %) p?
O —9y)2 Y (4 a2 —1) 02+ 9)

where o = n¥)\*n? y/2 e. Now p* has still to be

varied so as to minimize the expression (6.27). By
‘ equatmg to zero the derivative with respect to
n?, we fmd the condition for p:

, (6.27)

C'4p.+C ut + Gy pF-J-C?— (6.28)

¥

Where C,=—8 (1+38*%); Co=1+8*—4 0.
(1+4 8%); Co=—2 3* ¢ (4 ¢—1) and
C,= 3* ¢% Equation (6.28) is an algebraic

equation of the third degree, which yields ‘one
positive root for p2 This time, this value depends
also on myy, as ¢ depends on myy.

If A %e =0, also g =0, and the root of (6.28)

is easily calculated to be p? = }. The corresponding:

value of p/(th — &)® = — 16 =¥,y (14 3*). If
o » 1 which is the case if 2%/¢ » 1, and also for
every other value of »%fe if only | =y [ 1s large
enough, the root of (6.28) is also p2=4, but
now the corresponding value p/(®; — 9,)2
— 16 wdyy .

Therefore, with decreasing myy, {« — 1), the

G5 Gt Cp¥ + Gy — 0,

value of p/(%; — %)% tends to — 16 n%,,. 8* for

every value of 2%z, except for A%/e = 0, when it

is ~—16 %y (1+ 8%). It is obvious that the -

limiting value of /(87— 9,)* is much quicker
reached (i.e. with smaller l Ty I ) if A%/e is large
‘than if it is small.

We have again calculated the minima of the
buckling force for the same values of 3* and
»*/2e as mentioned before, for a number of values
of myy. The results have been plotted in figs. 6.7,
6.8 and 6.9.

i

We shall take myy = 1, which is, of course, no
restriction. '

As now %, = —9,, the awkward term 9, — 9,
can be replaced by 2% simply.

After some intermediate calculations, we there-
fore find ‘

P
(B — )2
(149 8% (p—1) =+ (14 8%y) 92
4 9% Y1 myy (G—1) + ¢ 924+ mpy, 04 7

(6.29)
where & = 1 + n2%%2e¢,

Now, #* has still to be chosen so0 as to make
this expression minimum. Equating to zero the
derivative with respect to 92, we obtain for 92
an. algebraic equation of the third degree (the
coefficient of 3% vanishes)

(6.30)
where CS'I: 4+ SR —my, (L+ ¢+ 28% §2);
Co=—2+4+ {1 —2 3§+ 8%+ myy {1 —

— (1—4 3%) §—4 3*42; Cpp= 3% (1—¢2) —
— 7y 2 8% (1 —¢)? and .Cpy = — 8% (1 — )2

Apart from the values of 92, given by (6.30),.

there is still,- from the vanishing of the coefficient

of 93, a minimum for infinite value of 82, This.
follows to be:

P (%4 =), L (6.31)
(3‘1—_'3’2)2 _4 Ty e ' ’

For all myy above a critical value myy crie this.
i5 ‘indeed the minimum value. This time the.
value of myy" crit can be easily calculated before-.
hand, as the transition requires that for myy =
Tyy crit, equation (6.30) also has an infinite root,.
and therefore that C; should vanish. Therefore.

4‘_{_ 8* |2
T4 ¢+2 5%t

Above the critical value of =y, the plate again_’
buckles in, a cylindrical shape.

(6.32).

Tpy crit =




Correction of pg. S 53

oG | 10
L {-.5‘?‘?2)2 | LOG(?I'E)TE)E
| T |
2
) N P— I
2¢ * =3 * 4| - -5
S B=3XIS” N 5=3XI0 ﬁl\\ 3=3xi0
9 Jig2 Y N A2 I X 7
\ _4_2_E.= -—2_E_
- 1y NY _ ‘ T2
= 107! , =102 !
-l — e \\ RS \" s
0 \\% \\"---. \é%\
o —— \\ \ "‘\ IO" \J‘
- * 31
-2 E— E“--. -‘\"\.] \,1 °
. .
\ X , \
S AN
i0% S N~ = IO
FA === S~ N
-3 N T T~ N ] ~ 3
\ \\ 5 ———-u\‘
R — \ 0% ‘QQ"’
~4 N \‘_"‘—i\“h\—“ \___I\ 4
S T~
L\
~ = °
<
I . N_J
_ L -
54 =2 o) 2 Ty T4 2 0 7 Yy 2 2 —0 7 Ty 4°

FIGURES 6.10, 6.11, 6.12.
Buckling of an infinitely long plate under biaxial compression ;
Tyx = 1+







10 :
| 2LOG(?5%T iOLOG(5‘{2’3—%’22
--.'._‘__-\ '--...___.\ C P— \
- 3 - 4 ol =5
| \\ > | 0=3XI0 \\L\ 0=3x10 \\ > 0=3xXI0
L N NEe ~_ N\ Z=° ~_ =0 | |
N D 1072 N Mok N -2
_ — ‘ e il
NS S \\\ _Ii ' \\\ \% - \‘\ \;!%..' X
- .
\\= | ' \\ \\\;[ \\ . -
& N ‘<<~.___;\_\< AN S N ~c |
=i0 B
\\‘\ \N\\ —
-3 N [ \. < L | ISP
=2 |7 \\-|02 1 T N B
\:oo T~ e
-a _ = i““.*—- 4
-5 ™~ -5
—4 . -2 O ' -2 T-[xx 4 --2_ ®) ‘ 2.' TI><>< 4 2 T[><><--J4 7

FIGURES 6.10, 6.11, 6.12.

Buckling of an infinitely long plate under biaxial compression;

Txx= 1.,

L EE s .




2
For the same values of 8* and of ;—s as
mentioned before, the minimum values of the
buckling force have been calculated for a number
of values of myp. The results have been plotted
in figs. 6.10, 6.11 and 6.12; an example of the
use of these graphs is given in appendix 2.

7 Discussion of the results.

As has already been stated before, the results
obtained for the cases of shear-free loading are
exact, apart from the simplifications introduced
- in deriving the formulas (5.8) or (6.14) or
(6.29). This can easily be checked by applying
these formulas to the case £ = 0, which corresponds
to the buckling of a simple plate.

In this case (5.6) or (5.8) reduces to
' 52 (a2 + 52)2

12 ﬂxx0tz+ TCyJ_;B2 '

(7.1)

With myx =1 and myy, =0 we obtain for the
moe? =D
W or Pxx =4 45?
at « =B, i.e. square waves. The same result is
obtained from (6.29) with ¢ =0 and =yy = 0.
" With mxx =0 and wyy =1 we obtain pmin =
T2 ' =20 C o
=T Pyy = o dta= 0, i.e. cylindrical

minimum value pgmin =

buckling.

" Both results are, indeed, the well-known exact
solutions of the simple plate. Unfortunately, the
result obtained for the case of pure shear is far
from exact, With ¢e=0 and myxy =0 we obtain
from figs. 6.2 to 6.4 incl. p/(9; — 9,)% = 3,39 &%,

it
‘which can be rewritten as p = 1,13 5z or
o 72D o
Pyy = 6,78 TR The exact solution for the

2

simple plate is Py, = 5,35 ijD (ref. 3) so that
-the buckling load obtained from wave form
(6.12) is 27 9% too large. An independent check
on the validity of the numerical computations {see
Appendix 1) confirmed this result. This unsatis-
factory feature was not anticipated because the
energy method, starting from the same wave
form, leads to a buckling load which is only
6 % too large. '

The most urgent extension of this investigation
will, therefore, be an attempt to obtain a satis-
factory solution for the case of pure shear. If
this attempt is successful, a satisfactory correction
of the interaction curves for combined loadings
will present no difficulties.

8 Notations.

The suffix b means boundary plane between
face and core

f means face
m means middle surface of the face
o means middle surface of the plate

No suffix is used for quantities related to the
core.

a Length of panel in X-direction

b Width of panel in Y-direction

¢ Thickness of the core

C.,C,. . Several constants defined in the text
ou SV - tw

¢ “ox T Sy LY

, ou dv

¢ ok T by

' ou ov

f =% T ox

m, n integers

P Quantity defining the magnitude of the

buckling load; p — 2% = 2w _ Py
’ L Txx Txy Ty

52

Dxxs Pxyr Pyy = 12D {(Pxx, Pxy» Pyy)

5 thickness of the face
u, v, w displacements in X, Y, Z-direction

x, ¥, z Cartesian coordinates

. Ef.S‘"‘
D =
) 12 {1 — v_f")
E YounG's modulus .

Myy, .. Elastic bending moments in the faces,
defined in fig. 2.1

p Function defined by (5.5) or (5.7).

DPyx, Pxy, Pyy External normal and shearing
forces on one face per unit of width

Sxx, .. Elastic forces in the faces, defined in
fig. 2.1

o, B Parameters ciefining the wave length of
the buckles in X- and Y-direction:
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= ¢ (1 + 1_"_fvf 8; ) , Appendix [. | | A
Approximate calculation of the buckling load of - )
¢ = 2 yzje a simply supported infinitely long plate under pure
Ul = ﬁy/c shear.
9 = Bla ‘In order to verify the results obtained in
_ section 6 the buckling load of a simple plate
A = ¢/b _ ’ was independently computed, assuming the wave
v Poissox's ratio - ' form (6.12), which can be rewritten as
g = axfe . w = w, sin 1;)- sin ? (x;% ﬁy) , (1)

Txxs Txys Tyy = Dxx/P» ny/P; Pyny
‘ where [ is the wave length in X-direction and

0 — __4» — , account has been taken of the boundarv condition
(1+ 3)2 o® (6.13).
G, T normal and shear stresses Substituting (1) into the d1fferent1al equation
R P 3w :
$. = 1+ m2e Y
l v By we obtain an expression of the form
© = leyT 7
b—vy 2 Aw + Bw, cos Ty cos 7 (x+ ny) 3)
1 function, defined by (5.4) ‘
) : o 52 62 This condition can only be satisfied for every
A - t— arbitrary- combination of x and y if A=0 and

S SRV . B =0. Thus, we obtain two equations
o2 o? ’ P 7::’ nd

;L . S
AT T | Go 2 g (B ) g | (Y
- 2 ny sz n
_— + 4 Ry = D o (4)
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minimizing the resulting expression for Pxp with
respect to n* we obtain the final solution

2

= ()

[
= 0,999 b

n—1154,b i Pxy = 6,78
Starting from the same wave form, the energy

method (ref. 3) yields the much better results

- I 72D
nt =05 ;3 = L12; Py =566 -,

This may be explained by the fact that the
energy method leaves us free to minimize Pyj

both with respect to I/b and to n.

Appendix 2.
Numerical example of the use of the graphs.

We consider a plate loaded ounly by compres-
sive forces in the X-direction. Therefore Txp =
nyy = 0 and we tnay take mey = 1.

We take b = 30 em, ¢ = 1 cm, 5 = 0,05 cm,
= 700 kg/cm?, Ef = 700 000 kgfcm?, v = vy =
= 0,3.
From these data we ‘compute

P L
. ¢ e 3(1+ 9)?
4 ¢ _ 1

— 7,55, 10 A= =5
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EQ=rip 1 om0, o = 00708
T UEf (Lev) 28 T NN g TROTR =
— 10—-1 100.

From the appropriate graphs, figs. 6.10, 6.11°
and 6.12 we read that for m,, = 0 and
log 222 = — 1,100 '

P . '
lo = — 0,50 for &* = 3.1073 -
& (S —D)® ’

(8)

Pxx:

— 0,50 for 8* = 3,107% and — 0,50 for §* —

= 3,107, This is muost accurately done by cross-
. . . P .

plotting in each figure l.og (0 — 3, against .

2
log N for the requited value of ry).

By interpolation we obtain log 5 0 =
1~ g

SR
(B —9,)
_—__—P ——
, (9 — 8
= 0,00382, and from the definitions of P,y and
12D 12D Egs

o TP= g E—

= 147 kgjem. The buckling load on the plate is
therefore 2 x 147 x 30 = 8820 kg.

= — 0,50 for 3% = 7,55, 1074, so that

=0,316. From (6.17) p=n222(1 + 3)2

xx =
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The General Instability of Stiffened Cyhndrlcal Shells
under Axial Compression

by

Prof, Dr. Ir. A. VAN DER NEUT.

Summary.

. This paper is mainly concerned with the bending strength of large fuselage shells,
stiffened by stringers and frames. Apart from the usual type of failure, due to instability of
the stringers between the frames at the compression side of the fuselage, the structure may
tall due to. “gencral instability”. In this type of failure” the whole strueture, including the
frames, is being distorted. Obviously, this type of failure is not eritical with structures having
very stiff frames. With smaller aireraft the relative stiffnesses of stringers and frames are
usually such that eolumn failure or loecal failure of the stringers will prevail. Towever, it
appears that with larger aireraft bodies the frames arc becoming more flexible and the
buckling load from general instability may be ecritical.

This paper considers instability by axial eompression, whereas it aims at giving inform-
ation on instability in-hending. Thiz has been done in order to reduce mathematical difficul-
ties, sinee it is known that even with the ordinary eylindrieal shell bending is morc difficult
to deal with than eompression,

From the faet that the cirecumferential half wave length comprises only something like
half a radian it is apparcnt that the eritical stress in bending will not be so much in excess
of the eritical stress in compression; the latter is giving a SOI'I]Ltht eonscervative estimate of”
the former,

Literature known to the author is almost entirely eonfined to theorctical a,ttacks upon the
problem; all of them replacing the shell with stringers and frames by an orthotropie shell
having constant stiffnesses per unit of length. l*‘luwc (ref. 1) incorporates all stiffnesses
that may oceur in stiffened shells; however, his msult,s need  further evaluation. Dschou’s
(vef. 2) considerations arc far form clear and presumably they are not eorreet. Dsehou
and Taylor (ref. 3, 4) are dealing with a simplified system in negleeting the Lccentricity
of stringers and frames with respeet to the skin, which this paper proves to he a eireum-
stance of primary importance.

Like all former investigations part I of this paper is dmhntr with the orthotropie shell, a
system allowing - for straightforward methods to solve the problem This simplifieation is
obviously justified, if one half wave length of the buekled shell comprises several (3 or maore)
stringers and frames. It appears that there arc no.cases of buckling in which the eircum-
ferential waves are so short, that there ean be any doubt on the a]lowablhty of distributing
the. stiffness of the stringers unitormly over the eontoar of the shell with shells having the
usual narrow stringer spacing. With respeet to the action of the frames econditions are
different; longitudinal half wave length and frame spacing may he almost equal. So parg 11
of this paper is dealing with shells having umformly distributed stringers but cqually
spaced frames,

Further details of the elastie systems are: the skin is assumed to carry shear stresses
only, as far as it is capable of earrying longitudinal and eircumierential stresses the aequivalent
stiffness has been ineluded in the 'stiffness  of the stringers and frames. As far' ag the ortho-
tropie shell i3 concerned this is all right. However, this assumption may affeet the results of
part 1l in those cascs, where the longitudinal half wave length is thelow 1.5 times the frame
spacing. An extension of the theory in this respect has to mect considerable mathematical
difficulties. The stringers and frames are allowed to have torsional stiffncss as well as bending
and extensional stiffness; they are conmeeted to the skin and they are interconnected such
that the elements of the material situated upon the common normal to the neutral axes of
stringers and frames will stay upon this normal after distortion. The neutral axes have some
distance to the skin. . =
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Part I. Uniformly distributed frames.

All strains and stresses can be expressed as usual in 3 displacement functions u, ¢ and v
(sec. 34). The derivation of the equations of equilibrium of the buckled shell is preceded by
a general discussion of what terms eontaining the initial stresses are mnegligible in the equat-
iong of equilibrium for problems of stability (see. 5}, Proceeding in the usual way the buckling
load is obtained as a function of the longitudinal and cireumferential wave length and as a
matter of faet of the structural parameters too. This formal result (eq. 7.4) is too complicated
to be conclusive. A discussion of ‘the parameters (see. 7.2) reveals what terms have the same

order of maghitude as those terms of the equations of eguilibrium which are being neglected’

in general. Introducing new struetural and load parameters, all of which are of the order of

unity, the negligible terms are being separated and the expression for the buckling load is =

greatly simplified (eq. 7.7). These parameters are: structural parameters 4, B, C, F, the load
parameter P and the wave form parameters N and ¥ (see notations see. 9). These latter para-
meters have no definite order of magnitude. Depending upon the order of magnitude of ¥
several classes of buckling cases have been considered (sec. 8), for each of whieh the huckling
load . formula is simplified further by neglecting the small order guantities.

There prove to be three main groups of buckling cases (see table I):

1°. Short longitudinal waves and long circumferential’ waves, This group comprises axially
symmetrieal buckling (see. 8.1) and axially non-symmetrical buckling with a small (up to
about 3) number of waves over the entire circumference (table I, class I and 1I). The
load parameter is P==2 and deereasing with increasing number of circumferential waves
(n). The longitudinal wave length is small compared to the radius of the eylinder.

20 Long waves in both dircctions and espeelally longitudinally (table I, eclass IV and V).

" This group comprises as a particular case the classical column failure of the eylinder as
a whole (n=—1). In this case the cross section is not distorted. The casec n=2 yields
the minimal buckling load in this group: £ =%/, 0C**; the longitudinal half wave length
is larger than the radius. With increasing = the critical load inereases and ‘the wave
length decreases, remaining however in the order of magnitude of the radius.

3°. " Short waves in both directions (table I, class III). All structural parameters prove to

he important for the eritieal load, so the minimal buckling lead eannot be expressed-.

explicitly in a formula. In a given numerical case, however, the critical load can bhe
determined quite rapidly from the equations (8.4, 15) by  snecessive approximations
(see Appendix). '

Part II. Equally spaced frames.

The shell between successive frames is a particular ease of the orthotropie .shell, dealt
with in part 1, by the faet that this is a shell without frames. So the equations of equi-
librium are less complicated. Advantage is taken of the eireumstance that this partieular in-
vestigation is confined to buckling with short longitudinal waves. From part 1 it appears that
cases to be considered are: axially symmetrical buckling and buckling in cases I, II and I1IL
The préliminary knowledge of these types of buckling, obtained from the system with distri-
buted frames serves to give a judgement of what terms in the differential cquations may be
neglected. Thus it proves to be possible to simplify these equations so much that they can
readily be integrated, leaving to be determined § integration constants for each bay » (shell
between 2 successive frames v and v + 1} of the cylinder (sec. 10 and 12.1). The integration
constants of two suceessive bays are linked up hy 8 conditions of compatibility of the distorted
shell to each side of the frame and of the distorted frame itself (see. 11). These equations
{12.6 to 12.13) are difference equations in the integration eonstants. With a eylinder having
m frames there are m-—1 bays, 8 {m—1) integration constants and 8 (m —2) difference
equations: resulting from the compatibility of the distortions at the intermediate frames. The
compatibility of ‘the distortions or the stresses at the end frames yields 8 boundary eonditions,
making the system of linear equations eomplete, The coefficients of the difference equations
eontain the struetural parameters introduced in part I: 4, B, By, €, F and in addition the

parameter ), characterizing the frame spacing; the buckling form parameter R, determined by
the number of circumferential waves, therefore replacing N; the load parameter X, replacing P.

The solution of the system of 8 (m — 2} differencc equations is assumed to be given by
eq, (12.15). In this way the system of differenece equations is being replaced by 8 homogeneous
linear equations in the coefficients w; (eq. 12.16). FEquating its determinant to zero the ex-
pression (12.17) is obtained, linking up the parameters R, X and the buekling form para-
meter p. Due to the fact that (12.17) is of the Sth degree in p there are 8 solutions of the type
{12.15} to each set of parameters R, X. So each set of houndary conditions can bhe satisfied
by summniing these 8 solutions. This means that {12.15) gives the general solution of the system
of difference equations. o
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The eritical load of cylinders having some length will not he affected very much hy the
conditions at the end frames, provided that the end frames are not weaker than the inter-
mediate frames: A good approximation will be obtained by assuming the eylinder to bhe in-
finitely long. The infinitely long eylinder is analyzed further (see. 12.3). From the condition
that the displacements along the whole length of the eylinder are of equal order of magni-
tude, 1t follows that the parameter 3, replacing p and defined by eq. (12.18), is between the
limits ¢ and —4, and that the displacements of the frames are harmonic funetions of the
axial coordinate. Thus the buckling form ecan be characterized again by a longitudinal half-
wave length, defined by eq. {12.27). The relation between the parameter 3 and the average
number of frames (v;) ¢omprised in a half wave length has been plotted in fig. 14.

From equation (12.17) the value of 3, giving the minimal buckling load, should be deter-.
mined. This equation is being discussed in see. 13. The case 3= —4, vy =1 corresponds to
eolumn failure of the stringers with the frames behaving as if they were rigid supports, hence
the critical stress equals the column strength of the stringers.

In’ the case of axially symmetrical buekling (R =0) the only structural parameter affect-
ing the buckling load is €. Fig. 15 shows what relation exists between {, the ecritieal load
parameter P and the number of frames in a half-wave length v;. With increasing @ -v;
decreases. Increasing the extensional stiffness of the frames till it eorresponds to @ =2« the
half-wave length decreases till it is equal to the frame spaeing. Thus, by making the frames
so stiff, that @ exceeds 2+ (condition 13.8) axially symmetrical general instability will not
occur; the strength of the shell eguals the column strength of the stringers.

For @ < 2.5 the load parameter P is less than 1 pet smaller than the value P, =2,
obtained from the orthotropic shell of part I. Ovér this range of @,v; > 2. Therefore, 2 frames
on the half-wave length should be mechanically appreciated to he “many” frames. Only for
v; << 1.5 the critical Toad is affected more than 5 pet by the finiteness of frame spacing.

The critieal .load for axially non-symmetrical buckling can be determined by means of
fig. 16. In order to have some idea of the eritieal” wave form N, and Y, are determined
agsuming the uniformly distributed frame system. From cq. (13.10) the cireumferential wave
number #, being the nearest integer to n,, is calenlated, then R is known. The longitudinal
wave length parameter y, is computed from eq. (13.11); the corresponding parvameter 9, is
taken from fig. 14. Then K, being the left side of equation. (12]17), is eomputed for the
said value of B and three values of 5 mentioned in fig. 16 and in the vicinity of 3,. Thus,
we find 3 numbers K {3) and taking from the curves of fig. 16 the corresponding X we ean
plot X against &, Puni. I8 caleulated from (13.12). This solution is correct only for strue-
tures having torsionally weak frames. For Bg =0 this method gives an approximation, that
usually will be less than 1 pet in error. However, it is possuble to calculate the eorreet value
of the critical load; the method how to do it has been given in see. 13.3.2.

Comparing the result,s obtained with distributed and with spaeed frames it is eoncluded,
that cases, having v, > 2 (y, < a/2), may bhe appreciated to be cases having “many” frames
in one halfwave length; the approximation glven hy the distributed frame system belng only
i few percents in crror.

’I‘he appendix to this paper illustrates by a numerical example how to caleulate the
critical load from given struetural parameters.
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1 Introduction,

In order to provide sufficient bending s'tl'ength
the thin skin of fuselage shells is usually reinforced
by a large number of equally spaced longitudinal

stiffeners (stringers). A second system of stiffe- -

ners is given by the frames, the spaeing of which
is uniform as well. By these frames the correet
shape of the cross section is maintained; loeal
loads will be transmitted by them to the skin and

last not least the frames provide support to the

stringers in sueh a way that the stringers under
compressive loads will fail as columns rigidly

supported at the frames. It is not seli-evident that.

this latter purpose will be realized by any system
of frames. It may be that the structure will fail
by “general instability”, a type of instability in
which the buckling of the stringers is accompanied
by distortions of the frames. Obviously this type
of failure is more likely to oecur with frames that
are more flexible in their plane. Therefore, the
flexural rigidity of the frames should be such that
general instability will occur at stresses that are
equal to or larger than the stresses that will induee
“column failure”. Usually, the frames of smaller
aireraft satisfy this requirement; with inereasing

body sizes, however, the frames tend to be relati-

vely weaker and general instability may be the
~eritical condition.

Yeneral instability of stiffened shells corresponds
to loeal buckling in the case of the unstiffened
shell; the wave length "is circumferentially and
longitudinally small compared to the diameter of
the shell. On the other hand the longitudinal half-
wave length will be larger than the frame spacing,
sinec smaller wave lengths would raise the eritical
load over the buckling load corresponding to
column failure.
“will be of ,the same order of magnitude. The
stringer spaecing being much more close than the
frame spaecing, each eircumferential half-wave will
comprise several stringers e.g. more than 3. This
means that the system of stringers may be repre-
sented by a uniformly distributed system, This
scheme is adopted in this report giving a theoretical
investigation of thé problém of - general clastic
instability. The first approach to the solution
(part I) assumes the frames to be uniformly dis-
tributed as well. This solution will be reliable
provided that the longitudinal half-wave length
comprises several frames. In order to cover con-
ditions in which the ratio of half-wave length
and frame spacing approuches unity part IT of

‘than unity, depending upon the strain ratio b

The eircumferential wave length -

this report dcals with the’ system, in’ which the

frames are equally spaced,
Though the phenomenon of géneral instability
of fuselages will be due to bending of the fuselage,
this report considers uniform axial compression,
ginee this load system is mathematically easicr to
deal with, as known from the problem of the un-
stiffened eylindrical shell, The allowable compres-
sive stress is of course somewhat smaller than the
allowable bending stress,
2 The elastic scheme?).
2.1 The skin.

Gleneral instability should ocecur only at high
stresses in the stringer. The thin skin (thickness i,
radius @) will be loaded far beyond its buckling
stress and the ability of the skin to carry additional

loads due to additional strain will be greatly .

reduced. As far as the stiffness with respect to
longitudinal and circumferential strain is con-
cerned, the action of the skin may be represented
by an “effective width” of skin, ‘acting together
with the stringer, resp. the frame. This width
of skin is considered to be included in the stringer
or the frame seetion. Thus, the skin panel between
two sucecessive stringers and frames will act as a
“shear panel”, carrying shear only. The skin
being buckled by primary loads, the shear rigidity
is assumed to he 5 @, » being a number smaller

£y

¢» being the strain at whieh the panel will buckle.
The stiffness of the skin against inextensional

_ distortions is small compared to the corresponding

stiffnesscs of stringers ‘and [Fames; therefore, this
stiffness is assumed to be negligible,

The way in whieh the “effective width” 'is to
be defined neceds some further consideration. At
the critiecal load the average stress in the skin

_panel is o4, whereas the stringer stress is o. The

effeetive width of skin carrying the load is
We =1 —2_ . (2.1)
a

The distortions connected with general insta-
hility will induee a change of strain at the edge

" of the skin panel; the edge stress changes with

the amount Ae. The average stress in the skin
panel changes with Ae,, and the inerement of load
carricd by the panel w Ao, can be. represented
by the effective width

w,*=w Afer
) Ao
This effective width represents the stiffness of
the ponel in compression at the eritical load. w,*
is smaller than w,; the former ean be expressed
in the latter by o

we* = w, [1+ A dw :]. (2.3)

we de

(2.2)

1) Notations, not explained in the text, a.re"being defined
in sec. %

AN
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The offective width of skin operating with the
frames (w,;) is assumed to be small compared to
the frame spacing (). Defleetion of the stringers
will. cause extensional deformation of the skin.
Small deflections, however, may be taken by the
skin without, extensional deformation sinee the
eurved skin panel can be flattened by hending
moments allowing for a radial displacement w?/24a
at the edges. Therefore, small deflections of the
stringers are resisted by the skin only due to its
hending stiffness which’ is very small indeed com-
pared to the other stiffnesses.

The elassical theory of elastic stability considers
the possibility of infinitesimal unstable deform-
ations, so, investigating this type of instability it
scemed to be sound to negleet the stresses in the
gkin’ hy radial defleetions for those positions of
the skin which are situated at some distance from
the frames. The active portion near the frame is
included in wy. .

Larger defleetions are counteracted by extension-
ul straing of the skin. In order to get some idea
of the magnitude of the deflections at which the
extensional strains will he important we take the
example a=— 200 em, w=15 em. The radial dis-
placement at which the skin between the stringers

— 152
24 X 200
failure will occur at larger defleetions, so the
extensional strains must be considered to be of
practical importance. The correet econsideration
of the extensional strains is thwarted by 1° the
fact, that inward deflections may occur without
extensional strain; 2° the faet, that the skin is
not eylindrical, but by loeal buckling of the skin
the distortions due to instability of the structure

is completely flat is =0.05 em. Actual

apply to a corrugated skin. These circumstances .

need further investigation.

As far as part T is concerned the assumption
of a small cffective width w; is of no basie im-
portanee. Just by assuming the correct numerical
value of w, the theory yields the correct eritical
load. Part IT however would he affceted more
by a different hehaviour of the skin. Sinee all
lateral support- by the skin is assumed to be

confined to a narrow region near the frames,” -

the stringers between the frames are free to
defleet, the forees exerted by the skin and trans-
mitted to the stringers being shear stresses only.
Introduction of the tangential stresses of the skin
would result in a serious inerease of mathematical
difficulties, which is avoided here. These diffi-
eulties have to he met if there would be experi-
mental evidenee that this effect of the skin can-
“not be expressed hy an effective width.

2.2 The grid of stringers and frames.

Stringers and frames hoth are assumed to he
connected to the skin. After distortion their cross
seetions remain planc and they are normal to the
respeetive neutral axes. Stringers and frames are
interconneeted such that the elements, situated on
the eommon normal to hoth nentral axes, stay
upon this normal after distortion.

Stringers and frames bave finite stiffnesses
against extension, bending and torque, The latter
stiffness is being intreduced in order to account
for closed stringer and frame sections.

The, load p is applied to a cylinder with radius
azy, this radiug heing defined by the centre of
eravity of the stringer section together with'the
effeetive width of skin w,. The neuntral axis for
buckling lies in the centre of gravity of the
stringer scction together with the effective width
we*; its radius is @,. The load (p) and the ecross

g, 1.

‘Main dimnensions of the shell and ecordinates.

£
scetion of stringers plus effeetive width (fap, £;)
is given per unit of length of the cirele with
radius e, by

' s ot '
I Mm’ (2.4)
e w
% .
f, =2 Q_‘*im, (2.5)
s w A
n :;tw- (2.6)

The neniral axis of the frame plus effective width
wy lics on a eylinder with radius ap, and its cross

, «section (tso) is giverl per unit of length of the

axis of = by
1

(2.7)

Part I. Uniformly distributed frames.
3 The distortions.

For the clastie scheme deseribed in see. 2 the
displacement of any hoint ean be ealeulated from
the following displacements:

1, the axial displacement u, of the point with -
cqual  and ¢ upon the cylinder ag;
2, the angular displacemcent ¢, in the dircetion

of ¢ of the point with equal x and ¢ upon the
eylinder ay;
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3 (et 2)y v
T i et e atz B
g+ e, oW
(3.4)

3, the radial displacement v, that iz equal for all

(

‘The shear strain of the skin (z=0) is
By _

T etz ag o + a+z

points with equal z and .
(zu,_!-%—&-
-
- _f tu Baa,b) _ u,
] &z e %
“ Tk — L —(— i)——- (3.5)
T @ ap /) Bl
The slopc w, of the neutral axis of the frame
3 A vo in ¢ is (sce fig. 3)
v
—p + 0, — . :
Wy 14 lpﬂ IG‘(P a?
- % The specific twist of the stringer is (see fig. 4)
Doy oY, 9*y
— = . 3.6
“2p oz T a1 0xde (3.6)

Fig, 2.
Determination of the axial displacement wu.

gutral axrs of fram

Fig. 3.

The displacements v and ¢ of an arbitrary point
x, v, z {z=distance to the skin) are (sec fig. 2

(3.1)

= —

resp. the frame are
o

_ du Du,
Ty e T e

and 3):
u_-—"uo-—(zﬁ-e,)g,
' ox
z-*—eq, ov 5.9
z+z 1y O (3.2)

The direet strains in the point z of the stringer,
(3.3)

Tretermination of the angular displacement W,

Jv -
A Ut O

(R+zev M}
2y
agap i
= S ‘
I
goe;p\ I,f
‘f
zeey s H aw
/ aq,aiﬂ
1 !
1
! !
f
I J
i
!
29 ,f
I
; v
[
M !
|
)

3 =Wy -4lr|,pdx

Wy

Fig. 4.
Determination of .the specific twist of the stringers.
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The slope wp of the meutral axis of the stringer
heing (see fig. 2)

o
W=
the speeifie twist of the frame is (see fig. b)
au" 0%y

-
ay d¢ @y 0xde

M.?z"—“_

(3.7)

-mwuw,l@w

Fig, 5.

Determination of the specific twist of the frames.

4 The stresses upon an element of the shell,

Fig. 6 gives the stress resultants on the faces
of the element dz, de of the shell; induced hy
huckling. We will give them the name: additional

Tig. 6.

The stress resultants upon an element over the entire
thickness of the shell,

stresses. The initial load p has not been repro-
duced, The forces 8, and D, and the moments
M., and My refer to the unit of length along the

~ eirele with radins «,; the shear load 7, refers to
the unit of length of the eirele «; the forees 8,

Ty and D, and the moments M gp and My refer
to the unit of length along the axis of z.
The additional stresses S, T, M, and My, can

be computed from the stress-strain relations
ao;=FKe¢,,
op=FE ey, (4.1)
Tap =1 G ez

hy means of

8, 4y do — [ oot

! rz(f:rd?’::" [“x(5+\9x)dtz,
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e ade =17, ta de,

Sp d:D:fa,P dt'P’

Moy dm————-f oo (27 ¢,) iy,
Tyde=r, tdr.

The centre of gravity of the cross section of the
frame is heing defined by

fz+eq, it 0
117 =0
? atz

(4.2)

In this way it represents the eentre of gravity
of the elementary aréas multiplied by ap/a + 2.
Nevertheless, ’

dt
A —
Gy [ = [ dt, ._.tq, dx.

Defining 1., and ]W by

4

[z e)2dt, = Luuady,

h

(4.3)

‘ (21 ey)t
tp [ LT dly— Ty dm,

! (4.4)

it follows from the formulas given above that

8=k, 2% (4.5)
or
2

My — BL, 20 (4.6)
ox*
¢, 0

— I _— 4.7
8o =Bty (G 1), (47)

Oy - %0
My, =EI (———“ +——) 4.8
¢ o0\, o T g 0 (4.8)
The shear stresses r, and r, are unegual (see
sec. 5); their difference, however, is of the order

e+ Terms of this order may be neglected in the
relations between huekling stresses and buckling
deformation (see see. 5); therefore it ig arbitrary
which of these stresses is assumed to he equal
to 7oy We assume '

T Trg
from which it follows that

o, Sy, s y R
To=nG| — t+te— — (r—-i,-ﬂ—)—-J
P [aacp oz @ ap ! 0xdp |
(4.9)
Indieating the torsional rigidities of stringers
and frames, with respeet to the unit of length

along the circle ¢, and the axis of z resp. with
Gfxv, and G]?r, it follows

a 2,
o

pr W :

The forces T, D; and DV’ cannot he expressed

in the displacements wu,, ¢,, v by direct stress-
strain relations.

Mg =G lrgrrg =G log(— ), (410

ﬂl¢x:G[?¢K¢I=GI {4.11)




B The equilibrinm,

5.1 A general remark on problems of stabilily.

The equations, of equilibrium  for an element
dr, d¢ of the shell at the critical load may he
ertten asg .

¥ additional stresses — — cxternal 10ad.

The terms forming, the left side of this equation
arc identical tos those oceurring in the linear
equations of equilibrium of the common problem
of elasticity, formally written: 8. The right side
is characteristic for stability problems; it is com-
posed of terms of the shape: critical load times
linear funetion of the additional displacements,
formally written ,pu. If the right side vanishes
the homogencous cquations allow for the solution
=20 only. The possibility of bhuekling, therefore
of additional stresses, requires p %= 0.

If the right side contains terms of the shape
p times strain (e or «) its order of magnitude is

pe=eS. In this case the rig‘}\lt. side would he

of the order & small compared to each term of the
left hand side. This implies that the initial load p

will be able to distort the structure only if ¢
approaches unity. This casec however is of no
technical importanee; we are interested only in

instabilitics with small e, The latter instabilitics
will occur only if the right side cohtains terms
pu, in which the functions of u arc of a larger
order of magnitude thdn the strains. The other
terms, of the order pe may be neglected; they
are not essential. These larger funetions of u are
represented by the rotations . Though these
rotations originate from the strains, they ean have
a higher order of magnitude by the faet, that
they are being built up by integrating. straing
along, the "length of the strueture. This is the
basic reason for the faet that instability at strains
in the. technically imporiant region will geeur only
with slender struetures, in which the length is
much larger than one of the cross sizes.

We have found that the essential tcrms of the
rlght side have the shape p o, whereas the terms

—'¢ § are negligible. This conclusions implies:

1. that the relations (4.1) for additional stress
and strain aré correct. (It is not cssential® to
compute the additional stresses from the strains
that according to Hooke’s law refer to the
sizes of the unleaded structure, E.g. the strain
“e. had to be replaced by & (1 —¢) in the ex-
" pression o,=FK £;.);
[}
that for the stability of shells the pu-terms
referring to the rotations in planes normal to
tlie shell are essential;

that for the stability of shells the pu-terms

referring to the rotation parallel to the shell

are essential only, if the wave length of the
buckled shell is mueh larger than the circum-
ferential size of the shell.
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5.2 The equations of cquilibrium.

Aceording to sce. 5.1 we may det(,rmme separ-
ately

1. The terms const.it‘uted by the additional stres-
ses, whieh refer to the unbuckled element of
the shell; .

2. the terms depending upon the initial load p,

which represent .the external load of the ele-
ment and refer to the eIeant distorted by
bhuckling. .

In detérmining the first group of terms we must
introduce the seecond group by assuming ecxternal
loads B, RP’ I, in the direetion of x, ¢ and 2
and external moments J,, J @ J+. The additional
forces and the additional moments are given in

(Q!4dx]a,dlﬁ

- [5x+§a%!‘dx)a,dlp

(TK’aTx dx)ndtp

Fig, 7a.
The additional forces applied te the clement of the shell
(Mg ptbaxjaxat
(Mg O Telar
(g 5 201

Fig. 78.
. The external load of the distorted element of the shell.

fig. Ta,b respeetively. The equations of equili-
brium are

o8, 0Ty
HESRL A Rz_fo (5.1)
Sy ag, !
a8 AT,
X tae — +D,+R, (5.2)
a.,, oz
8D, - D, ;
— T — - 5.3
Uy —— + 5 Sy + B =0, (5.3) |
sy My, 85,
—_ — - aD _ .
by T afp [} P Cp 5 -+
v FJ, =0, (54)
eM s oMy, PR 38, N
L a:U 'afp gy 3 6,;(1:;,, 8,,-
+J, =0, (55)
‘_I"Ig;z)a’Tx + a’T‘P +J. =0 (56)

»




The external load is given in fig. 8; it consists
of the pair of forces p a.de acting upon the radial
faces x and z + dx of the cylinder with radius au,.
These two forces are equal and parallel to the axis
of x; their points of application are shifted normal
to the axis of x. Therefore, the external loads of

dax

e
aypdy |
axpd0
(s 1\
i dx
t .
ay paip
ﬂ.ﬂ
%
K 7/
v
x
Fig. 8.

Tho external load of the distorted element of the shell.

the elements consist of moments about the axis
of » and 2

' ov
Jip =p 5 (5.1

o,
Jo=—p a:;%' . (58)

¢, 18 the tangential digplacement upon the cy-
linder with radins e,
Gop—0y OV

=y, — .
% ')i'n axﬂ ﬂ' aso

The other components of the external load are
cqual to zero.

Rm:Rsp:Rx:Jw:O' (5.10)

6 The differential equatlons in the displace-
ments.

Suhstituting from {(4.5/11) into (5.1/6) the
equations of equilibrium will be expressed in the
displacement funetions wu,, ¢,, v, ¢xcept for the

additional stresses D, D, and T,. Eliminating
these latter quantities by '
"1
{5.2) +-— (b4) + _8_ (6.6} =0, (6.1)
=4 1 a I
—(53) —— — (54) t = (55)=0, (6.2)

8 65

59) -

we will obtain 8 differential equations in w,, ¢, o
We do not give these equations explicitly, sinee
we want to give them in a simplified and non-
dimensional form. We introdnee the non-dimen-
sional coordinate £ instead of x, the quantity X
and the non-dimensional parameters ¢, fz, [y,
fs for 10 8, Booy Koy, Kay, Kpo, K, which des-
cribe the elastic system, and the non-dimensional
displacement funetions U, ¥, V (sce notations,
sec. 9). Thg way in which U and ¥ have been
defined -is’ somewhat artificial; however, in this
way the differential equations will have 4 more
regular structure since all partial differential
quotients of the same cquation will he simultanc-
ously of odd or even order. Fmally we introduce
the symbols

(),:a(} AN

With these symbols the additional stress resul-
tants given in (4.5/11) are A

—_ Iz " =i
) S: o ur, 8, : v+ V),
y P (U+ Y— V)
7 (a app®
(6.3)
ot Ko KW
Mee=— VvV, Mpp=t¢—— (—-¥-+V),
ag A
o\ K.
M,ﬁ,._(w) T vy
@y A
a e
px [
“P““:"‘(};T) 2V

Then the equations of equilibrium (5.1) (6.1,2)
can be written

X'= %(1Hf;,)y"+_v"+ v vl =0,
L (6.4)
E{rU"+[r+Kw—(1+f,, ol W &
s —fp) + Ko 1% 4 5(1—f, )V —
e (rf K [,V — Ky V- }_0 (6.5)
AU A s Ry W (s —
K ¥ -+sV+cV’_"+sf¢PV"+
b HL VP KV KoV =0, (66)

Integrating (6.4} over ¢ and (6.5) over ¢
we  get .
X=0C(¢) and &=C,(%}.

Due to the way in which T and ¥ have been
defined, these functions themselves have no phy-

sical scnse, only their derivatives 7 and L
Therefore, if U and ¥ satisfy, the functions

U, =0+ (—](:,o) and ¥, = W-{-?(S) will satisfy
as well.

Choosing U and ¥ such that
— U= 0y(y),
[P Kay — (14 f)e] #7 = C,(8),
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U, and ¥, will satisty the equation X =& =0,
Therefore without restriction of the physical
sense of IV and ¥ we may replace the equations
(6.4,5) by

X=b A f ) U+ U+ ¥
V=0, . (67)

@ETU"+[T+K,¢—(1+]‘;,)C] Y 4

+ fs(1—f,) + Kygl ¥+ + s(1—f) T~

—(rf + E—foc) V" — Ky V- =0, (6.8)

7 The solution of the equations.

72 The determinant.

For suitable houndary conditions, as ave present
with the infinitely long eylinder, the solution
will he ' '

N 4
- Uo— _qfof -~ Va

So the differential equations (6.6,7,8) yield
3 linear homogeneous equations in U/,, ¥,, V,.
Buekling oceurs it the determinant of this system
of equations is equal to zero. Thus, we obtain the
following condition for caleulating the critieal load
parameter ¢ from the structural parameters and
the buckling parameters m and =:

—eosmieosne. | (71)

%— (I—foim* +n? n?

7.2 iscussion of the paremelers,

i, t, and t\?, represent areas of cross sections per
unit of length; therefore r and s are of the order
of unity.

Toay Ly, J.v,,q, and I, , are of the order 7%, where
i 1s the radius of gyration of the stringer or the
frame section. Therefore Kaur, Ky, Koy, K,z and

. . !
K arc of the order (aL) . The strain ¢ at which

H

. - . . i
general instability will oecur is of the order —
' a

as will appear later in this report. Therefore the
H's will be of the order £

The parameters f and g are of the order %

and as ¢ and { are of the same order of magnitude
the f's and g arve of the order . The load para-
meter ¢ is of the order e,

The parameter # gives the number of waves over
the cireumference of the cylinder; thercfore it can
be any integer. :

The parameter v is equal to the square of the
wave length ratio longitudinally and circumferen-
tially. With infinitely long cylinders it ean have
any positive value; there are 3 classes to be con-
sidered: ¥ ¢ 1; y=1; v » 1.

We now introduce new structural parameters

fn?

n? 3(1——]’?) + Kpp n* +

| r om? [r+ Kep — (1 + frielm® + [s(1 —Fp) + Kypl
+ (rf + K—fie)m® —0
| —fam? s + Kppm? — (sfp — Koy )12%] s—om?—sfon? + "
) + K, m!+ Kmnt +
| + KW nt
For =0 this cquation yields ‘
[r + Hop— (1 -f)0] (5 —c + Kom® ) =0. (7.3)
| .
2
For ns£0, introducing the parameter 3= -::%, (7.2) yields
1
7(1Hf¢);'1+1 1 f
vy [r + Kop— (14 fde] y + s (1—f) + Ky 7 (L—F,) +
+ (rf-+ K —fre)y + Ky =
3 8 ¢ 8 '
— ey w7 Hepy ——sfy + Koy . ke A (7.4)

The evaluation of this determinant will be sim-
plified after a discussion of the order of magnitude
of the parameters involved, which will reveal the
terms that may be neglected.

A, B,, By, B, C, ¥, Fyy, F, ¥, and the new load
parameter P, all of them heing of the order of
unity. The buekling parameters = and y are
replaced by N and ¥, which can have wvarious
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t
orders of magnitude.” Quantities of the order e
are represented by the number k%, which served
to transform our original parameters into the
parameters of the order of unity. The determinant
(7.4) written in the new paramecters is

1.3 Evalugtion of the determinont.

Evaluating the determinant (7.5) simultancously
taking together terms with eqnal powers of &, N
and Y, we find:

S oy KINIYI=0.  (16)

Owing to the way in which the structural para-
meters have been chosen y;, 5,1 is of the order of
unity. Therefore yi, ,, ;1 &7 1N Y! will he small
of the order & (or &) compared to ;. ; k¢ AT YL
Neglecting ¢ to unity, as we have done before in
deducing the equations of equilibrium, we may
neglect all terms vy, 50 KATY! of higher order in
k than &/, provided that y; , ; is unequal to zero.
So the evaluation of {7.5) results in:

(Ynon + 7001Y‘+ Ynozyz + 'Yooaya + Y004Y4) +
+ N (Y()uY + Yolzyz + Yolsya) +
+ ')’022‘-?V2-Y2 + k% { YunN + Y121‘7\T2YjI + kz,Yszz =10,

or expressed in the parameters

(N—F)> Y2+ (PP +4Y+ 1) (¥*+ BY + C) —
—PNY (Y2 + AY + 1) —E (PN*Y + 2CN) +

+ FON*=10.
Solving for the load paramcter P we obtain,
; 1
replacing kN by 3 i
P:[ (N—F)* Y+B+C/Y
NYFTa+uy ¥
C 1
ey = = |
-1/ 5y 712(1’2+AY'+])]'(1+
1
R T AT ) (77

We conelude from (7.7) that the eritieal load
depends upon the structural parameters 4, 8, ¢, F
and % and upon the wave form parameters N and ¥.

8 Discussion of the various cases of buckling.

8.1 Axially symmetrical buckling.

According to (7.3) the critical load is

1+ AY — (AF, YV)k 1 : F _
Y/A 1+Y/A— (P, +PY)k+ (C+ BY —F,PY)k* N+ FY/A+
' : + (—NF, +
+ € + BY — == 0
— FuPY)k '
— FeY* N—F, +(C+BY)k N —NF, 0+ (T5)

+ BY + Y* —NFPY

r+ K,
o L P 2

and

c=— + Kpem?®. S
m

The first solution eorresponds to critical strains
of the order of unity, therefore it is of no real
significanee.

The second solution is of the order of & for
m? ~ 1/k.

The critical load is

Cain=28"% or Ppo.,—2 at m,=s"k'" (82a)

The half-wave length 1, is, neglecting terms of
the order % to unity,

ly==ms k" q,, (8.2h)

therefore, it is of the order k' small in com-
parison o ..

- 82 Awxially non-symmetrical buckling.

Equation (7.7) yields o0? buckling loads: one
Imekling load for each pair of N and Y-values
that is consistent with the boundary conditions.

The scries of possible values of N and ¥ are

1
=
wu @\ @ (8.3)
(T 7) T
where
n=1, 2, 8

u = the number of half waves over the length L
of the eylinder, which is supported in some par-
ticular way at its edges.

The minimum buckling load, the critical load,
ig determined by assuming that ¥ and Y are con-
tinuous. Those values of ¥ and ¥ which yield the
eritical load will correspond in general to values
of n and p (m,, p,) that are not integer. To get
a more accurate value of the critical load the
buckling load is to be caleulated for the adjacent
integers #,, %,, p,, .. Therefore the caleulation
starts with determining the minimum of P as a
continuous funetion of N and ¥. We will not do




that from (7.7) dirveetly, but in order to simplify
the analysis we will split up the whole range of
possible values of ¥ in 5 partial ranges, for eaeh
of which the formula (7.7) reduces to a less com-
plicated shape. owing to the faet that quantities
of the order % should be neglected to unity.

The various classes of ¥ are: ¥ of the order
k=1, k—'s 1, k% & respeectively. Table I gives a
survey of the results obtained for thesc classes
except for class ¥ ~ 1 and the way in which they
are obtained. In order to give a more detailed
deseripiion of thé method we w111 .deal with the
class ¥ ~ I,

According to the limit of exactness of our
solutions % is negligible to 1, and 1 is negl]glble
to Y. Hence, (7.7 )reduees to

(N —1)2 ¥

In order to quarantec that the buckling stress is
in the elastie range, P should not be larger than

. (N — F)z Y
the order of umity; therefore —— "~ -
: of umity; therefore NV and ~

hoth should not be larger than the order of 'unity
(N—F)2 N 2F 2
_ﬁlf—="f_y <11mphts -—<1

¥
Together with i < 1" the former result ylelds

~ 1,

- N ‘
S 1; therefore ¥ ~ k' and from (8.1) n?

Neglecting now F tO‘N (8.4) reduces to

N Y

P= +N’

{8.6)

which is minimum for N/¥Y =1.

In basically the same' manner all lesulta. listed

in table T have heen obtained.
The class ¥ ~ 1.

With ¥ ~1 P can he of the order of unity
only if ¥ ~ 1, therefore (7.7) reduces to

_ (N-—F) 1 :
P= gyt arr + 5 T BT, (86)
P is minimum Wlth % =.%—:0'

ap =0 at N=N i'f ing:

Y =N,, satisfying: .

NP—Ft={Y+ A+ (Y+B+-C/Y), (87)
oP
a =0 at ¥=Y,, satisfying |

YOy
N e (Y, +A+]/Y)(Y2 1) . (88)

We have to determine N,, Y, sa,tlsfymg both
equatlon.s

(8.7): (8.8) yields -
LN P = (Y B0/,

-

Yi—1\ -
Yiog) ©9
0

S 68

e

(811) is rather tedious to solve.

(8.8) + (8.9) yields

1 Yozﬁ:l ‘_fe[ o Yi—C
Vo= (yig) | Bt A+1/Y) =t +
+Y +B+C/Y1 . (810)

_and (8.8) — (8.9) yldds the equation of the 4th

degree in ¥,
(A—B) Y} +2(1—-C)Y,+ (B—AC) +
+2F[(Y2—1) (Y,2— )% =0, (811)

the positive réal roots of which in the range
e & ¥ ¢ k' give the solution to our problem.

Substituting ¥, —F from (88) and N, from
{8.10) into (8.6} we find the eritieal load
. Yo __ C )1.[51
=9 i . 12
Pan=2 (751 (812)
*P 2P
{812} gives Pun provided that —— aN and EY—Z,—a,rc
2
puositive. Obviously this is true as far as%l\—i—
is conecrned, sinee
G A 2
AN T N(Y + A4+ 1Y)
Howcver_, it seems that .
P2 (PO (1) L (=¥
2Y: NY® Y*+ AY +1 y:—1

~may bhe negative. Pnin being a real positive number

between O and 2 it follows from (8.12) that
for C<1: Yp2<C,

(8.13)
and for C>1: Y2> C.
Hence we conclude that (¥,2— () (Y,2—1) and
c—1 iti d *r in i iti
f}j -E_l,re pos Ve, an ayz W1 e positive

as well. ] :
An ObJCCtIOIl against applying (811, 12) is that
We thercfore
prefer a graphical method of dealing with the
eondltlon aP/0Y =0.
" Bobstituting N, from (87) inte (8. 6) we find

2
(Y+B+C/T)+F2]" —F |, (814)

.which ig to be caleniated for a few values of Y.
A more .

Plotting P against ¥ we will find Puin.
aceurate ecaleulation of P, is obtained in the
following way. Taking the-smallest of the ealeul-
ated values of P as a first approximation P, of
Py, we determine ¥, from (8.12)

—1/, P2 )‘Ig

Suhstituting this approximation of ¥, into (8.14)
we find Py .- In determining P, it is useful to
have a gmd(, in choosmrr the range of Y gsuch that
it eomprises Y,.
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Axially non-symmetrical buckling. Report 8. 314 TABLE 1
Y Pal simplified formula . o Lo
class' — £ yields for P Prin P is minimal at ) P 1
I k-1 (N—-Fy | Y N YN/Y~1 N, ¥ i P Y,= N s WL
» o bty T’”la N~k TTN from gy~ O (order of E12)
Y T ol
QOW‘EIS ‘n2~1 '2‘
_4je e . . n 3 — N re— L1
II k j(vl\zy_f)m ) :\,’*_B j\Y?"’ Lo N | =ii2 no simplification from a_l};: o: Y+ A=N-F ,:a k
. 1 — > —kA+F)
- A (A—B+2F 4
no ko1 l 2 — nth(A— B+2F) stor of & 18
I 1 no simplification T . . . (N —F)? see sec. 8.2 PRI A
.Z\r»vl’ n3. k-1 ‘ N(}f_*_A_Il_:”Y) s~ -‘(Y)u
+(Y+ B+ C/Y)N . order of k12
12 2 L AT : P e - ~1fa L —1/2 -2
vk N—FRY+BA O NP Y f) Y<ioliy I’(l—-};—A Y)+ froma—Y =0: Y= — [1-_.12-;- (Cs) TRk —tizn
1\ ¢ N " : 0 A " e
(1—51_’) ¥ NYS1 ¢ 3 a2k (ACUV L2 F TR
~ "Y' " Far(t=m)+ || a—gmmaon - || FErAORL2H) " ot g
N(AY+1+F) o <y B _orvy —ntk (404 S ( r+'F)
'NY ~ + N ‘ +2F 12 B) {order of unity)
- NY 21
|-> NYa~l
N k=i
| n2~ k-t |
v 7 C <y NVl 19, n 5 1; no oP ( 1\ | (0 -Mifk~12pn~2
1t — | 10, N¥ Z1 ’ ; <0 ={1—=
NY4-(A~1a®)* ! simplification from INY o o=~ ) N (1—1/n2) 1/
1-+1n? 20, NY f 1 1 - (order of k~1/2)
\ ——— 212
N~k 41
o1

1 1 . =2 Bl
2% n="1:5 NY, from wich ¢=gm? and bucking lead -K—ZEH {column failure)

S | -

69 8



It can be shown, that

tfor C<1: (¥,) roo > (Xolr=0 {Yo)r<u;

and ‘ (8.16)

for € >1: (¥Vy) ps o < (¥y) p=0< (¥Y,) p<o.

These relations together with the relations (8.13)
have heen plotted in fig. 9. As in hireraft strue-

p - v . - , c<l
o ()  f} (%) i
F<O = F*0 = F>0
. - . c=1
© l ¢ (Y°2>o m;-o X °i"<o
Fig. 9.

Suceesgion of the buekling form parameter ¥, for the
critical loads of stiffened shells without (F=0),
with dnternal (F > 0) and with external (F < 0)
cocentricity of the stiffeners (stringors and frames).

tures usually F > 0, the range of Y, is limited
by €' en (Y,)r—y. This latter limit can easily
he ealenlated from (8.11), which is quadratic for
F=10. Usually, ¥, is very close to the limit (' ¥,
therefore, substituting ¥ = " into {8.14) we will
find a cloge approximation to P,,,, which can he
improved by caleulating ¥, from {8.15) and sub-
_ stituting it- into (8. 14)

Comparing now the results obtained for all
_ classes we observe that the classes I'and II yield
approximately the same eritical load at approxim-
ately the same wave length, though the number
of cirenmferential waves is different. The reason
is that the circumferential half-wave length I, is
large compared to 1,, since

-ll ==g'e YV, (8.17)
l()

With this type of buckling the cnergy required
for hending the frames is negligible and .the

relative bending stiffness ¢ of the frames does .

not affeet the eritical load.

Inereasing = from 0 to ~ k=" (ahout 3 or 4)
we arrive at class II, were Py, slightly deereases
below 2 by the fact that 4 — B'+ 2 F usnally will
be positive. This decrease is more distinet for
larger relalive shear weakness of skin (4), larger
relative eccentricity of stiffeners (F) and smaller
relative torsional rigidity of the stiffeners (B).

The classes IV and V give approximately the
same eritical load. They are characterized by a
small value Y, which aceording to (8.17) means
that the longitudinal wave length I, is large com-
pared to the eircumferential half-wave length 1.
With this type of bueckling the energy required
for bending the stringers is negligible. The magni-
tude of the eritical load depends primarily upon
the relative bending stiffness of the frames (().
With increasing = from 2 to k' (ahout 3 or 4)
the critical load increases.

Buckling according to elass IV or V will oceur
only if the corresponding critical load is smaller
than that for class I or II. This implies that for
C > about unity buckling according to elass IV
or V usually will not he eritical.

nt—1
The factor pr—

in class V reminds of the casc

of buckling of an isotropie shell. Its minimal value
with » =2 usually will not be realized since the
corresponding half-wave length 1is very large,

ko being of the order k—'h, In olass 1V 1, de-

T

creases, (i—“ being of the order of uwnity. With
e

these lohe waves the actual boundary conditions

may inerease the eritical load since the actual ¥

differs from ¥,.

Class III, closing the gap between the classes
II and IV, will be atfected by the stiffnesses of
primary Importanee for the classes I and V: the
hending stiffnesses of stringers and frames. The
wave length ratio I,/1, is of the order of unity.
The half-wave length 1, is of the same order as
in clags I; the number of circumferential waves
is larger than in any of the other classes (4 or
more). In this type of buckling the waves in both
directions are short, the shell is ecorrugated as

mueh as possible; thus all stiffnesses will affect

the critical load. Even the relative eccentmelty
proves to be of primary importance. Comparing
the critical load with and without eccentricity it
may he that it is reduced up to 1/ of the critical
joad for F=140.

Discussing elass V we left the ease n—=—1 out
of consideration. In. this ease the eross section of
the tube is not distorted, it moves as a whole in
just the same way as a solid seetion. The critical
load proves to be equal to the critieal eolumn. load
of a tube supported at s end.
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9  Notations.

radil;ls of skin
distanee of the eentre to the centre
of gravity of the ecomposite section
out of the stringer (index z) resp.
the frame (index ¢) together with
the effective width w.*, w. and w;
resp.
frame spacing

a

4
pA s
60—y, G¢—
fort Iy
(e, — €ap) e
€slly a?

(ap, @ —dy TESP.

ep at

radius of gyration of the composite
section of stringers or frames .
_KMU;

half longitudinal, resp. eircumferen-
tial wave length

parameter of buckling form de-
fined by (7.3) )

buckling load per unit of length‘
along the circle a,

quA(: )2

&
E t A—
ay _
skin thickness
active eross section with respect to
additional stresses per unit of
length along the ecirele a,, resp.

Gy in the longitudinal plane
active cross scetion with respect to
the buckling load p

axial displacement of an arbitrary
point &, ¢, 2, Tesp. .a point x, p, — €,
radial displacement in an arbitrary
point x, ¢ .
effective width of skin at buckling
load for stringer and frame resp.
effective width of skin with respect
to additional strain

coordinate in axial dircetion
mE/n

coordinate in radial dlreetlon dist-
ance from skin

, relative shear weakness of
the skin

B, -+ Bso, relative torsional rigidity
of stringers and frames together
Kay fmtg— 1

Kyr k25—

K, ks, relative hending stiffness

of frames

ghear load per unit of length of
e and x resp.

Young’s modulus

M

I‘Y

I

i

&
L]

il

Mz, Mo,

M

gpr Hope

N =
P

QM Qf
R., Ry, B,

S, 8y, T, T

AR

o
|

=]

N

€z, qu

E;t‘o

K:r(P ' Kpe

A =

gy 8-

F, + F,, relative eccentricity of
stringers and frames
ol
fk—
fok? .
modulus of rigidity
moment of Inertia of the cross sec-
tion of the whole eylinder
moments of inertia of stringers and
frames together with the effective
width w., wy resp., per unit of
length of & and z resp.
1/6G times torsional rigidity of
stringers and frames per unit of
length of (e and x resp.
load terms in the equations of equi-
librium
EIMA% 1
Bl yp day -
GI,? Aalagt
G, A
length of shell between its sup-
ported ecdges )
bending, resp. torsional moment in
the stringers per unit of length' of
Azp ,
bending, resp. torsional moment in
the frames per unit of length of =z
22k, buckling form parameter
¢ k's—, buckling load parameter
areg, of the eross section of a
stringer resp. a frame )
load terms in the equations of equi-
librium
additional normal forces and shear
forces due to bueckling on the radial
resp. the axial pline per unit of
length of e, resp, x

3
defined by wu,= @

““P kL
amplitude of U '
v/a
amplitude of V
symhbol for the equation of equili-
brinm in axial direetion
', buekling form parameter
value of Y at the minimal buckling
load, the eritical load
symbol for the equation of equili-
brium in radial direction .
stringer strain at buckling load
direct axial and eircumferential
strain by buekling
shear strain of the gkin

reduction factor to the modulus of
rigidity of the skin, allowing for
tension field in skin
specific twist of stringers
frames

%3}?—1 t.’l:_l (-&_3

and
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e, O-(p:Tﬁa

Txgo

b
¥ Yoy ¥p

I

872

number of half waves over the Wp s W
length of the shell .

T az—l(a¢/a) Ys P
p/ty, buekling stress 4
additional normal stress and shear v
stress due to huckling on the radial

resp. the axial plane ¥y
shear stress from strain tzy (Y
coordinate in the radial plane
eireumferential displacement of an
arbitrary point z, ¢, 2; x, ¢, — 6y )
T, ¢, ~— €y TOSP. -

glope of the element of the shell

" in the axial resp. the radial plane

symbol for the equation of equili-
brium in ecircumferential direction
.- a a¥
defined by ¢, = — ——
a dy

amplitude of ¥

~o( )

of -
o( )
o ‘ .
“oqual order of magnitude asg”

\




10 The shell between successive frames.

The shell between snceessive frames is an ortho-
tropic structure; it constitutes a particular case
of the shell eonsidered in part T by the fact that
the stiffnesses of the ecircumferential struetural
elements are equal to zero

ty=1Iop=1Ip0=0. (10.1)

The neutral axis of the infinitely weak frames
can he assumed to lie in the plane of the skin;
therefore,
6, = 0. (10.2)
From (10.1,2) it follows that
S=K¢¢=K¢m':fq,=0

and the differential equations (6.7, 8 and 6)

gimplify to
Xg_i_ g7+ U+ ¥ —f¥V =0, (103)
@ = U ' Koy — (14 fy)e] w7 —

— (rfe + Kap —[,6) V"' =0, (10.4)
— 7 = fo" " szqo w4 oV
KV + K, V=0 (10.5)

Integrating (10.4, 5) ‘twice over £ {using the
symhol 7 () for this integration) yields

=1l + [+ Kap-= {1+ [,)6] ¥ —
— (fet iy — ) VHER () + Fa(g) =0, (10.6)

— " E=fU" —Kap ¥+ 6V + KV + '
+ Hep Vo + £ (p) + G.(0) ?0. {10.7}

We climinate U and ¥ from (10.3,6,7) by the
operation :

(5

w1+

+fa:) ( )H—}—If,‘.?( )%i[?‘l‘]{x?——

_(1+ffi)ch—”¢"1+

K ‘(]+f1,)c
_‘_—,.*f]() +

o
-
+ ey — (L f)e] () --;tﬁ'wXJZ}E
‘Kx Q plC
E|:l+ v +f)CJcV
r r
— (B p— (A + f)e] eV +

lep (1 + fp)c
r r

4+ l: 1+ ]KmV” " 4

o) Rag ()7 [y = (1% £)6) Ko

- [K? SRy A=) Jo % v~

_—K-Tgo V-t If@go [4F,(¢) + Faolp}]  +
t [Kep— (1-F fy)e] 16i(p) + Gy(p) ] - =0.(10.8)

Part II. Equally spaced frames.

. Sinee ¢, K,'t, K,,‘P‘ff, fr, f» are of the same

and from (10.11)

order of magnitude whieh is negligible to unity,
(10.8) simplifies to

(V7 — oV ) + KoV 7+ Ko (V7oV} +
+ I(.r;P [éEl(?’) + Fz(@) ] Tt —

-—C r‘fgl(‘i’) + Gz(‘F) ] =0 (109)

A further simplification is obtained by consider-
ing the wave pattern. This particular investigation
is eoneerned with buekling cases having short lon-
gitudinal waves; therefore it may be confined to
the case of axially symmetrical buckling and to
the elasses I, 1T and 111 (sec. 8, table I) in which
the clrenmferential wave length is much larger
than the longitudinal one (elas I, II) or of
the same order of magnitude (class IIT). There-
fore, V- is smaller than or of the same order of -

magnitude as ¥” and (10.9) may he simplified to:

V" + K V77 + I(::(P 1/-"” e
+ Koy [EF (@) Fole) ] -

—c [£64(e) + Gu(p)] - =0,  (10.10)

- ~ Neglecting small order quantities in (10.4) we get

"o =r(U+¥—f.V)+EF (o) T F,(p)=0, (1011)
and substituting it in (16.3):

rX— b U~ £, () +H,(p) }r=10. (10.12)
Integrating twice oxl'er £ we obtain

U=1/,8["éF.(e) + Fole)] - +

+ P, (3) + F(e) (10.13)

¥ =V —U—[£F,(p) + F,(p)]. (10.14)

It appears from part I that the displacements in
the planc of the shell are small guantities of the
order k% compared to the radial displacement.
The wave length ratio I,/ heing of the order k'
in the buckling cases eonsidered here, the displace-
ment funetions U and ¥ are of the order V. Then
it follows from (10.12) that [¢F,(¢) + F,(e)]"
is of the order kV” . Theretore, the correspond-
ing term in (10.10) is necgligible. From (10.7) it
appears that [£G,(¢) + G,{¢)}] " is of the order
kV :-. Then integrating (10.10) twice over & it
simplifies to

VIV 4Ky Voo + £, () + F, () = 0. (10.15)

The equations (10.13,14,15) apply to the shell
hetween 2 successive frames. Their solution re-
quires the knowledge of the functions F, ... F,
and of the boundary conditions for V for each
hay of the shell F,...F, have to be determined
from boundary conditions as well, which apply to
the equilibrium of the frames and to the compati-
hility of the distortions of the frames and the shell.

-



11 The frames.
111 The continuity of the shell,

The slopes of the stringers at both sides of the .

frame v are equal

AV V=1, (11.1)

The displaeeincnts at both sides are equal as well:

A, =0, (11.2)
A, ¥ =0, (11.3}
A,V =0. (11.4)

112 The loads wpon the frames.

The loads upon ,the frame originate from the
stresses in the shell at both sides of the frame.
The stress resultants in the plane z = constant
have been indicated in fig. 10. They can be ex-

. Sxa,d‘p

/ngp'xdtp

M:x"x"«’s' ’

Fig. 10.

Stress resultants upon the clement d¢ of the eross seetion
' v— just in front of frame »,

pressed in the displacement funetions by the
equations (6.3}, (5.5,6,7,8,9), replacing « ¢ OY @
and putting KW:O. '

The loads upon the frames-are given hy fig. 10

as well, provided that D, is replaced by a,D,,
ete. Thus we ohtain

- _‘E‘_ ”

E'l,S.,- =~ AU,
AT, :% [(P(AU + A% — A7) —
_C(l + fP)Av‘P -*_ G.fPAyV]’ 3

1
8D =—— [[A,U"" + o +
: + K0, V77,

(11.5)

i

Avﬂf.rz = T ﬂ-Av V”,

a .
Aer“P:TKI S"(_‘*Av b4y -AVV)’.

(11.1, 2} holding fof any point » we have
AV -=A 1" =0; therefore, :
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c My = A, Megtt; — A,So0, (ep—€2)

a [
ATe= = [r—o(l+£,)] 4%,
1.,
A”.Dz - TU:A,,U' 14 Ku:A,V” r],
I - a -l‘ '
Avﬂ':?——— TKS‘PAV\P .

These stress resultants are composed to give
forces and moments with respect to the neutral
axis of the frame (fig. 11)

Fig. 11. .
The frame loads acting in the plane of the frame:

.2

G =A,8 =5 —— A U7,

. 1 ) )
Q(P:AszaﬂY &y [T_G(l +f11)] ALY,

g =4, Doty —— 'i— 2 [sz,, urr + KfEAvV” ’] )

Mg =A, Mwa@ —A4, T,aeg, =

1 '
‘——/\:a tty [f?r-i-Km —f?-c(l-’kg)] AW - L

(116)

— % 0 [(fa—1F ) AU + Kot V7).

11.3 The distortions of the frames. .

The loads ¢,, g. and m, distort the framey in -
its plane; we call them symmetrical loads. The
loads ¢, and m, give rise to distortions normal to
the plane of the frame; we Wwill call them anti-
symmetrical loads. These two groups of loads will
he considered separately. '

Fig. 12. o
The symmetrical external and internal frame loads,




TFig. 12 gives an element of the frame with its

symmetricel external and internal loads.
Eliminating the shear load D from the equations
of equilibrium we find

aq,qq,——m,,-{- a,PN-—M':O, (117)
—alpqzﬁ-m,'ﬁ—as‘,N—i—M“:O. '

The relations between the internal loads N, M
and the deformations ¢, and v follow from (4.7, 8)
after replacing 8, Mg, 1, Loy resp. by N, M,
bt bl,,. The displacement ¢, in the neutral
dxm of the frame is expressed in the dlsphcement
funetions ¥, V by

by =¥ 4 — %y (11.8)
@
¥ .

Substituting from (4.7,8), (11.8) and (11.6)
into (11.7) we obtain the conditions of eompati-
hility, as far as the symmetrical distortions are
coneerned, :
Bs[(L—foy¥-+f Ve Vei+

: 1
+ Bhge (¥ —V) +1—jf“;

+ K, 1 AY ==0

[r—e (1 £) +

(11.9)
Bs[(L—f) ¥+ f Vo + V] +
+ BRgp (— ¥ + V) fA U+ Ko V7 —

1 L
. [fo r—c (1t 1))+ Kol a ¥ =0

Recalling see. 10 we know
U~v~LkV,

Ogg O

The frame spacing is assumied to he of the same
order of magnitude as the longitudinal halt wave
length; therefore,

B AR
Neﬂlcctlng again guantitics of the order & to unity
the equations (11.9) simplify to
{Bs (¥ + f‘PV” +V)y+ra ¥’} =0, (11.10)

Bs (¥ A f Vo V) + BH Voo + fAT” —
— for ALY+ Hd VI =0, (11.11)

Fig. 13 shows an element of the frame with its
antisymmetricel external and internal loads,
Eliminating the shear load D from the equnations
of t,thbr]um we get
my+ M, — M, =0,
(11.32)
@oga+ My + M- =0.

The hending stiffness of the siringers in the
plane of the shell is assumed to be zero, sinee it
is negligible compared to the bending stiffness of
the beam formed hy two suceessive stringers and

the skin in between. In the same way the bending
stiffness of the frames in the plane of the shell

Fig. 13.
The antisymmetrical external and internal frame loads.-

is negligible, therefore M,—
comes

0. Now (11.12) be-

My + M‘P'“—-O,
. (11.13)
@y Gr— My =0,

The equation of elasticity follows from (4.11)

* after replacing M ., l(‘wU vesp. by M, bI?w. Sub-

stituting from (4.11) and (11.6) into (11.13) we
find the conditions of compatibility, as far as the
antisymmetrical deformations are econcerned,

(Fon1 p) AU + Kot V7 +

(11.14}

K,z .
+ B =0,

— (1 —~f)AU” + KA,V =0, (11.15)

Eliminating ¥ from (11.14) by means of (11.15)
and negleeting small order quantities we find:

BK g Ve {11.16)
AU+ KA V7 =0, (11.17)

+ KA V" =0,

Recalling that U” is of the order EV* it follows
from (11.17} that &, U™ is of the order kU"”. There-

fore A, U is a negliglible guantity eompared to
U” and (11.17) may be written

AU =0. (11.18)

114 The boundary conditions.
Integrating (113} and (11.10) over ¢ we find
AVY=K,, '
Bs (¥ +f,V+ V) +ray =K,

Reealling sec. 6 we may replace ¥ by ¥, =
¥ + ¥ (£), choosing ¥ such that it satisfies the
differential equation

— [ Koy — (1 + fade] ¥7 =C,(8).



8.6

Assumlnrr now the houndary conditions of ¥ to be

AY=K,,,
rAy\F’ = K2,,,
¥, will satisfy
ALY =0, (11.19)
Bs (¥ +f, V- + V) +ra¥=0. {1120
Therefore we replace (11.3, 10y by (11.19,20),
and thercafter (11.11) by
BR,V -+ AU —r AW —
—fera W'+ KpaA V7 /=0, (11.21)

The complete set of boundary conditions to the
equations (10.13, 14, 15) is (11.1, 2,4, 16, 18, 19, 20,
21). We have to consider that each bay of the
- shell has its own funetions F, ... F,; so we have
to introduce a suifix v to ¥, indicating the bay
between the frames v and » + 1. .

- Eliminating now U/ and ¥ by the use of (10.13,
14) and eonsidering that A, (¢§F) —=0.F, —gF,

we get:

from (11.21) and (112} — KA V"' =

-1

= PRop V,r + fA Py + AT, (11.22)

from (11.20) and (11.2) A F, =Bs (fV - +V —

—%—Fz--—ﬁ’4--),, (11.23)

from (11.18) AP, =pF, ", (11.24)
from (11.2) A, F,—

1

=3 (?,epl et By )u_;’ [ (11.25)

from (11.19) AVF4=-1~,82(LBF1“ +7) +

3 Sy —A1

+,e( BT, L AR, (112)

The variable ¥V ecan not be solved from the
differential equation (10.15) and the bhoundary
conditions (11.1,4) alone, since .(10.15) containg
#, and F,. The six equations (11.16,22 to 26)
are sufficient for solving F, and F;, since they
contain apart from F,, ¥, the four unknown
guantities F, o F,.

There are m frames along the length of the
eylinder; so there are m-—1 bays and m—2
intermediate frames and, eonsequently the deter-
mination of V and F in all bays requires 8 (m -—1)
houndary conditions, The boundary ~conditions
considered thus far refer to the intermediate
frames, So there are 8 (m —2) of them. 8 boun-
dary conditions more are required; they are ob-
tained by examining the econditions at the end
frames v—=1 and v=m. The stresses in the shell
at the end frames will distort these frames such
that the frames and the shell fit together. In this
way each end will provide 4 boundary conditions,
. similae 4o {11.10, 11,16, 17).

We will not give these conditions explieitly,
since we intend to deal with the eylinder of infinite
length.. Tt is to~he expected that the correct end

conditions will not appreeciably affect the buckling
load, sinee the wave length is short and by that
fact the total length of the ceylinder will compnqe
a fairly large number of waves.

12 The solution of the eguations.

121 The difference equalions.

The functions V and F should be periodieal
with ¢ == 2 7; therefore V and F are goniometric
functionts with the argument ne, n being integer.
In each separate equation the derivatives to ¢ are
all of odd or even order; therefore,

V(y)=TW(Hsinng (12.1a)
1\ aecompanied hy .
Fi(p) =F;sinng j=1,2..6 (12.1h)
and
V(& e)==W() cosny by
Pile)=Fjcosng. (122}

Changing the origin of ¢ we can transform the
solution {12.2) into (12.1); therefore, we may take
the general solution to he (12.1). Substituting
(12.1) into the partial differential equation (10.15)
it yiclds the ditferential equation of the 2nd order

(e —He )W + Koo W7 + ¢F, + F, =0,

the general solution of which is

W(g :—;EWE, + W, -+ W,sinaé +
+ Wicosalf, (12.3)
where
| T 124
=T R (124
B
We—m—
a9 ¢ — Kz {Pnz Fﬁ ?
1
Vo= - _F. 4
W, P F, (12.4)
The formulas are simplified if the constants
F,,...F, are replaced hy W, ... W,, defined hy
1
P = 7 (Ka)e W, F,= (KoY W
. 1 : o '
Fo= — K Wy, F=H,"W,.

B8

Substituting (12.1,3) in the boundary conditions,
using the known symhols 4, B,, C, F, P and the
new symbols

Q =LK, ~'estls | R==(fin)%s',
X —=aff = (PQ — B.I)", (12.5)
we get
from (11.1) (W, X+ W,), —
—(W. XeosX—W, XsinX + W), , =0, (12 6)
trom (11.4) (W+W,), —
—(WsinX 4+ WeosX+ W, +W,),_, =0, (127)




from (11.6)'
We,~—(WsinX +WoeosX), _, +

‘B R
from {11.22)
—W,,+ (WieosX—WsinX), _, +

—FR
Vo), -+ iX——A W,=0, (12.9)

from (11.28) 4, W,=(Q—FR) (W, +W,), +
FR(AW,+W,),, (12.10)

from (11.24) A W,=W, _,, (12.11)

from (11.25) A W,—— ’

R, W,AWY,_,, (1212)

AW, =

— [-— AW W) AW, W, :L_i —
_AAW,. (12.13)

from (11.26)

In these equations the structural parameters,
4, Bz, B,, C, F and @ are given, I is a huckling
paramieter depending upon the number of cireum-
ferential waves, X is the load parameter and the
stability problem is to determine those valnes of X

for whieh the 8 homogeneous linear cquations in .

W, ... W, will yield a solution different from zero.
The equations enable to caleulate the T;, if the
W;,, _, are given; they are difference eguations.

The structural parameters havé bheen chosen
such that they all are of the order of unity. The
buckling parameter R is of the order of unity as
well in_ the buckling case with short eireumferen-
tial waves (elass III) and so is the load para-
meter X, All coefficients of (12.6 to 13) being
of the order of unity the W; will be of equal

- order of magnitude.

In the buckling cases with long eireumferential
waves (n® ~ 1, elass I, and n==0, axial symme-
trical buckling) & is of the order % and X is of
the order of unity.

Examining our difference cquations we con-
clude from (12.6 to 9, and 11) that W,, W, W,
to W, have the same order of magnitude. Sub-
Stltl‘ltlnﬂ‘ AW, from (12.11} into (12.13) we find

» .
A, “r4 — ['_ ? (1/3 TV1+I'V'2) + W’31 1; (1214)
- v=

so we conclude from. (12.11) and (12.14) that W,
and W, are of the order RW,, which is negligible.

The system of differefce equdtions is simplified
now by negleeting all terms eontaining E. Blimin-
ating W, the system reduces to

(W, X+W,),—(W,XcosX— W, XsinX +W,), =0,

W, — (W sinX+ WeosX), _, =0,
' .02

AW, + ?{2 (W W), =0,

AW, —W,,_, =0,

x2=PQ. |

In these equations the only structural para-
meter is @, depending upon the flexural rigidity
of the stringers and the extensional stiffness of
the frames. This preliminary result corresponds
to what we found in part I for axially symmetrical
buckling and for elass 1. -

12.2 The general solution of the difference
equations.

The difference equation with constant cocffi-
cients is the algebraic analogue to the differential
equation with constant coefficients. The general
solution of the former will corleqpond to that of
the latter, so we put

Wi, = p® J§=1,2..8 (1215
Substituting it in (312.6 to 13) we obtain
p (o X T o) — (0,.X cos X — o, X sin X+
Fiag) =0,
p (wgt o) — (v, 800 X+ o, cos X +w,+
+"’(;) =0,
p wg — (mT sin X+ g C()S‘X) +
B?R y
+ Y7 P (0, X 4 wg) =0,
—pagt (o cos X —wgsin X+ .
CRE .
T e (o o) (12.16)
—FR .
ST p—ne =0
(p— 1)oy == (@ — FR) p (ot w,)+ S
+Rp(Aw, T o),
(p—1)oy=uy, N
{(p—Duw,=—~R ( /2 tﬂ]+m2)
(P“*l)‘*’«;u——( /:-1 wl+mz)+

+ Ao Fa, —A(p—1a,.

At a given valne of the Joad parameter "X

buckling will oeeur, or in mathematical terms: the

equations (12.16) will yield w; 50, provided that
the determinant of the system is zero.
Equating the determinant to zero we obtain

o _ Q—FRY
K=¢0C +1 'R(A R).+.R‘2..'.'._ L
B A
— -—_SX2 )
S‘alnX
1—= BE
X [S-FQ(I——QOSJL’)-—_XT sz:]
' (12.17)
— 1)
where B:ﬁp—)—
or pP— (24 9%) pt1=0. (12,18}

(12.17) gives the relation between X and 9
(or p). It is in "9 an algebraic equation ‘of the
ath degree, so to any pair of values X and B



there ate in general 4 different roots 9 satisfying
(12.17): According to (12.18) 2 roots p eorrespond
to each root 5; so there are in general 8 different
roots px. Substituting pe in (12.16) we can solve

& _
2% and we can

these equations for .the ratios

calculate the displacement funetmns (Wf,,);c cor-
responding to this root py

ka AT .

(yva)kﬂ- L
w

15

The general expression for Uhese displacement
funetions is: .
g
PEY ) ok .

ok

8§
W,‘v =

k=1

(1219}

In (12.19) the coefficient of wpx is a known
funetion of X and R. Now the 8 guantities wgy
have to be given such values that the 8 conditions
at the ends of the cylinder are satisfied. The
& boundary conditions being homogenecus cquat-
ions in the w.;, instability will only oceur if the
determinant A, that ean be formed out of the
coefficients of these 8 linear equations by means
of (12.19), is equal to zero. At a given value of K
the eondition A =10 will only be satisfied at parti-
cular values of X, which are the huckling load
parameters at these particular hboundary conditions.

Assuming the formula (12.15) for the displace-
ment funetions we are ahle to take aceount of any
type of boundary eondifions, so the assumption
{12.15) indeed gives the gencral solution of our
problem,

12.3 The infinitely long cylinder,

The buckling load of a eylinder of finite length
and arbitrary end conditions can be computed
with the method deseribed in see. 12.2, However,
its practical application requires lengthy caleul-
ations. Usually, actual eylinders will have a length
that is a multiple of the diameter. In this case
the effect of the pa1ticular end conditions upon
“the wave formation in the eentre part of the
eylinder will ‘'be very small, provided that the
end frames are not weaker than the intermediate
frames. Then a good approximation of the buckling
load will be obtained by assuming the eylinder to
be infinitely long., Usually, the end frames will
be stiffer than the normal frames, so the approxi-
mation will have the merit to he eonservative.

In general p will be complex We may put it
in the form

P == I (GOS Yk + isin Yk)-

Tt appears from (12.18) that to each root p
there will be a conjugated root p=1/p; thercfore,

pr = T (cos yx — t8in v)

and the general solution of (12.16) can be written
in the form

8

-

{

8

[
W;,= = A [ (Mg — typpm) cos vyy —
. k=n|

A . _ ]
“f'ivz 3 [(I‘kvﬂ’jk + TxYwg) cos vYE -+
=1 R

+ ) (P.}kmjku ]“k*"zjk) Sill V'}’k_] . (1220)

With the infinitely long cylinder W;, should
he of the same order of magnitude ag W;,, there-
fore Ty should be equal to unity .and:

1 .
Skzpk"" P——2=Pk+pk——2:
&

=—2{1—cosy) (12.21)
will he a negat;lve number between 0 and — 4.
0>98>—4 (12.22)

Then from (12.18) we conclude that p and p

are conjugated complex numbers and thereupon

from (12. 16) that /ey and mjk/mlk are conJug—
ated complex numbers as well
Henee we may write

@ik

= Ay (1 4 agd), = A (1 —apd), (12.23)

Wk

Wik

Ay and ay being real numbers, following from
the equations (12.16), Substituting these express-
ions in (12.20) and using Ty=—=1 we obtain
4 -
1Vj, =3 A;k l (“’ﬂc' -+ tﬂ;k) (COS vyr — i sin uyk) -+
fe=1 . .

(12.24)

In this expression «,x and e, ean be chosen
arbitrarily. Wy, should be real, therefore o; and

+ 4 (0 — o) (a5 oS vy + sin vye) .

ok should he conjugated complex numbers and
substituting this result in (12.23) w; and oy prove
to be conmjugated complex numbers as well, Thus,
we obtain from (12.24), putting w1k+n:k:Ak'
and Wk -——T:.)];c:,ukil,

(12.25) -

The houndary econditions of the infinitely long
evlinder do not impose additional requircments
upon the W,,, therefore the X and pp ean he
chosen arbitrarily. Taking all Ax and w equal .to
zero cxcept one A we obtain one elementary case
of buckling

— (aphe + ) sinovyy] .

(12.26)

The displacements are repeated after v, frame

W, == Ak (€08 vy — ase sin vy).

. 27 . .
spaeings, v,==-—— ¢ where ¢ is the smallest integer
Vi :

making v, integer. The length v,b could he eon-
sidered to bhe the wave length of the buckled
eylinder; this would be sound from the mathema-
tical point of view. Mechanically, and with the
aim’ to give a general pieture of the way in which
the eylinder buckles, it is of more interest to
define the half-wave length by

l: v;b :-l b.

TE . .

This length is something like ar average half-wave
length and v, is the average number of frames

(12.27)




comprised in this half-wave length. The relation
between S, y and v; as given by (12.21) and
(12.27) has been plotted in fig. 14,

n
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Fig. 14,

The relation between the buckling form parameters 3, y,
and the number of frames in one half-wave lemgth » i

13 The critical load.
13.1 Column failure of stringers.

The left side of (12.17) gives the magnitude of
K required for a given $ and X. The magnitude
of K is undetermined if

: B‘FR
Ssin X —2 'd (1—cosX)=0,
B,PR

3+2(1—cosX) — sin X =0,

Solving these equations for X and $ we find:

‘ B‘PR
cot X—.———?:f y
S =4, (13.1)

From (12.21,27) we conelude »,==1; the half-
wave length equals the frame spacing. The eritical
load ecorresponds to the smallest value of X satis-
fying (13.1). The relative torsional stiffness of

8 79

the {rames proving to be the only stiffness affect-
ing the eritical load, the nodal lines of the waves
coincide with the frames; the stringers fail as
columns hetween the frames, restrained by the
torsional stiffness of the frames only,

From (13.1) it follows that X > = With By

or B approaching zero X reaches its minimum

Xomn=m, {13.2)
henee by the use of
—
P $Et¢ Iz (X -+ B.R)
tollows
Ef GI,
p =it w2 (13.3)
The smallest eolumn load is ohtained from
R=mn=100
n2B .,
pmin == T ¥

being the wellknown formula for column failure.

13.2 Axially symmetrical buckh‘ﬁg.
Sinee =K =0 (12.17) simplifies to
X _ 1 sin X '
QF 3 TX[9+2(1-—eosX)]’

3.4
5 (13.4)
The only struetural parameter to be of importance
proves to be Q. We want to determine X, for
a given value of @. Baquation (134}, f (3, X) =0,
holding for any 2, we have

af  of of dX 0
ds . as X 48
- Therefore we may replace the condition E'E—:(J
by g—gr—:t}. Thus we f.i11d
2 (1 —cos X) (13.5)

S TR

..l/sinX
1+
X

The root, having the negative sign in the denomi-
nator, is real only for & < —4, so it falls outside
the range (12.22), holding for the infinitely long
eylinder. The other root yields

Q==X Vz(]—"O?X) . (1386)
1_'_l/sz
. X
_ X+ "XsnXx _ 13.7)
. 120 —cos X)

In fig. 15°P, @, S and v; have been plotted as
functions of X. For a given magnitude of § we
can, determine P and .v;, immediately. With in-
ercasing” Q, v, decreases. v; =1, corresponding to
column failure of stiffeners, occurs at Q=2
The maximum effeet, the frames ean have is that
they allow for eolumn failure of the stringers only,
the frames behaving as if they were completely
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Fig. 15.
Axially symmetrical buckling. Curves for the computation of tha minimal buckling load P and the number of frames
in ome half-wave length v,

rigid. This effcet is attained with @ =2 . There-
fore, it is of no use, as far as axially symmetrieal

buekling is concerded, to inereasc the stiffness of -

the frames over @ = 2 7. This means that in order
to prevent general axially symmetrical instability
the extensional stiffness of the frames should
satisfy .

a2
Th
From fig. 15 we conclude that the approximation
of the eritical load (Fia=2), given by the system
with uniformly distributed frames (sec. 8.1), is

o >4 I.. (13.8)

less than 1 % in error for v, > 2, Therefore, two .

frames on the half-wave length is mechanieally
aequivalent to many frames. Only for » < 1.5
the eritical load is affected appreciably (more
than 5 %) by the frame spacing.

13.3  Agzially non-symmetrical buckling.
13.3.1 Frames without torsional stiffness.

Patting Bq,z'O (12.17) simplifies to:

(Q —FR)?
_ 2 p—
K_CR%l_ﬁ(A R) =
s\A—% /) e
— 59X :
- L Ssin X (13.9)

XS+ 2(1—eos X

The right side of this equation does not contain
the structural parameters. Calling it f (9, X) this
function has heen plotted in fig. 16 for various
values of 9 hetween — 1.0 and — 4.0,

The envelope of this family of eurves, following
of
a3

it represents axially symmetrical buckling,

With a given structure 4, €, F and @ arc
known quantities, let ‘us suppose K to be known
as well. Then we are able to compute the left
side K of equation (13.9) for the value of % used
in plotting fig. 16. From fig, 16 we take X as
a function of 9 satisfying (13.9). Plotting X
against & we can determine X.;, graphieally.

- We supposed R to be known. In fact, B is un-
known and the computations should he repeated
for several values of E in order to determine the
eritical eondition.—Fortunately, it is not necessary
to consider several values of R and the whole
range of values of 9, since the system with uni-
formly distributed frames will give a reliable .
picture of the mode of buckling in the eritieal
condition. Determining N,, ¥, by the method
developed in sce. 8.2 we find the eirecumferential

from =), yields eguation (13.6); therefore,

" wave number from

1
EN,
With a tube n should be integer, so the mode of

1’{,02 =

(13.10)
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Axially non-symmetrical buckling, Diagram for computing the buckling load parameter X.

- buckling will be sueh that « is the integer most
adjacent to mu,. Thus we obtain R.

Equating the half-wave length (12.27) to the
half-wave length with uniformly distributed frames
we find

(13.11)

Then we take from fig. 14 S, which will be a

good approximation of 9. Choosing 3 values of 3

near to 2, we will eover the range in which
lies.

<tmin

13.3.2 Torsionally rigid frames.

A direct method to consider the effect.of B,

would involve very cumbersome ealeulations, since
equation (12.17) cannot he split up in a left side
not including X and a right side containing X
and & only. The following method which is very
straightforward indeed, proves to give an accurate
approximation.

According to (12.5)

Xz B.R X B,

P=%*9 = ¢t ¥

B . .
The termT” oceurs in the same way in the ex-

pression (8.6) for the buckling load with distri-
buted frames. From (8.6) it appears that B,
and B, affeet the buckling load in the same way;
so the torsional rigidity of the frames may be
added to that of the stringers. This knowledge
will be our starting point in dealing with the
critieal load of the eylinder with equally spaeced
torsionally stiftf frames. "Adding the torsional
stiffness of the frames to that of the stringers
and assuming the frames to have no torsional
stiffness, we find X,un by the method developed
in sec, 13.3.1; thereupon Puy, is determined from
X200 R
Poin = ““Q; + (B, + 1‘3?)-22—. (13.12)
This approximation, though generally less than
1% in crror, may he used to find the corrcet
result in the following way.
Indicating the first approximation hy the suffix
( }, we have
szin R
+ Bm*‘z (Pmin)‘ =
Q @ '
(szln)j B
— + (B, -I-‘B(F) i

Pmln:

from which

Xuin = (Xmin) 2= (X%); + By B. (1813)




We may expect that Xy, 18 quite close to (Xmia),;
3 values of X in this region are used to compute
the correet value,

We can represent equation (12.17) in the form

F3,X)=53+%+

+ 2,9 4+ 2,9 + 2,=0, (13.14)
where .
z, = C B*,,
2, = R* [8, — CR(A—'/, R) 8, + CR*,],
t,—R:— RE{A—3/,R) &, + [CR® +
+ (Q —FR)? 8,— CR*A -1/, R) §,,

Cy=—R(A—1/, R) + 5, + [CR*—

— (@ — FR)?] 8.,
and
8,==2 (1—cos X) —B,R sn&
: X
1 2(1—eosX)
1 sinX\
33=7f2—(1“—x“)-

Xunie and the corresponding value of 2 should
satisfy the cquation (33.14) and the condition

dX
ay =0
or (ecompare sec. 13.2)
L A S Iy g

ECE

+ g =0. (13.15)

From these two equations § can be eliminated.
We can replde-e {13.14) by an equation of the
third degree in S by the operatmn .k

4 (13.14) — S (13.15) = _
2,9 25,9 +85,9 + 4x,=0. (13.16)

From (13.15) and (13.16) we come down in a
31m11.n- way to two quadratic cquations,

ag( XY —-x.,Bz + 2.5+ 2, =0, (13.17)
where
%, = 81, — 3z.?, —-'2-7'2553:
Xy 16 xo — mlwq ,
and _
(42, —3z2,) 5 +
+ (day —2m2)0 — oz, =—0. (13.18)
From (23.17,18) we derive
4 L —
S5 T,x2 o, (4 x 3 x 2:4) . (13.19)

23’4(1‘6 $2$4) — %, (4, — 8 z:7,)

rR = 32 n? gl

S 8%

For an assumed value of-X we compute =z,
Zy... g and thereafter § from (13.19). These
values of X and 8 do not satisfy (13.14,15) since
in general the assumed value of X will not be
equal t0 Xwin. Therefore, substituting these X
and 5 in one of the equations (13.15 to 18) )they
will not satisfy them. Computing now g(X) from
(13.17) for 3 wvalues of X and plotting g(X)
against X we determine X' — Xuin from g(X) -.—O
by mterpolatlon

14 Not.a.tions.

To the notations listed in see. 9 are added the
following, apart of a few of local importance,

(X)) =z,5% 4+ 2,3 + z,

m © moment, frame load per radian

q force, "

Z4, ... Ty Tunetions of X defmed by (13.14)
Lyyeer g - N » (13.17)

F,, ... Fy, Gl, G, funetions of ¢

. 2

K =op i 9T

Q == B%—1gY  struectural parameter charac-

terizing frame spacing

buckling form parameter

W, ... Wy, (W;,) integration eonstants belong-
ing to the bay v of the eylinder

X =P — B,R, load parameter

o —-(C— x?ﬂz)lffk_I

8 =b e,

¥ argument of p, buckhng form parameter,

defined by (12.21)

) defined by (13.14) 4

3 buckling form parameter, defined hy

: {12.18)

v suffix, indicating frame humber, or bay
betwcen the frames v and v + 1

vi average number of frames per halt-wave
length

p buekling form parameter defined by
(12.15)

wj coefficient, defined by (12.15)

T modulus of p, buekling form parameter

Av' =()v+_()yﬁ
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Appendix.

Numerical example.

A cylinder, radius ¢ =150 em, frame spacing
b =40 ¢m, is stiffened by stringers with open
section and by frames with closed seetion. The
structural parameters are

A=243, B.=0, B,=079, C=476,
F.=090,-F,—224; Q=572
Koo == 0.370 X 10, sz 0.285.

Uniformly distributed frames.

Class T (see table 1) Py, =2, 1,=—53 em. This
half-wave length heing little more than the frame
spacing, this case ot huckling has to be reeon-

sidered.
Class V (see table I) Ppin—2.62, 1,=1705 cm.

Class TII As a first approximation of ¥, we
take ¥,=C'""=218. Substituting it in (8.14)
we obtaln P, =1125. The second approximation
of ¥, io]lows from (815): ¥,=255, thersafter
(8. 14) is yielding P,=1.120.

The third apprommatlon of ¥, from (8.15) is
again 2.55, so0 no further calculatlon is requlred
Pmm—112 We calculate N, from (87):"
6.15; therefore, #,=752.

However, n should he integer; the nearest in-
teger heing 5, # will be 5 and N =6.57. The cir-
cumferential wave length being increased, the
longitudinal wave length will decrease, so we con-
clude from (8.17) that ¥ will increase. We can
- determine Y, for the given value of N from (8.8},
so we would find ¥,=267 and from (8.6)
P=1125
from (8.6) for a few adjacent values of ¥. In
this way we find:

=

o o285 | 275 | 295

P 1.126 1.125 1.128

and we conclude that ¥,=2.7, vielding Puin=—

- 1.125,

From (8.17) we calenlate the half-wave length
I,=82 em.

_ KEqually spaced fromes.

Azially symmetricel buckling. For the given
value of § we take from fig. 15 X =311, P=
1.70, v =1225. So the half-wave ]ength, I==
49 em, is somewhat smaller than the half-wave
lenfrth for uniformly distributed frames and the
critical load is 15 ¢ smaller,

Arially non-symmetrical buckling.

The number of circumferential waves is known
from the system with distributed frames, n—=2>5

S 83

Tt is easier however to ecalculate P

and N ==6.57, so R:QmO.S’T and the left side

N
of (1217 is) '
8.88
K—=363 + 1_ 1.996 N 0.762 -
S 52

Approximating y by means'of (13.11) and taking
Y, =27

' y= VY ,R=153;

hence, unsing-'fig. 14 5 e=—192,

Then we détermine X for the adjacent values
of 3, 3=—17;, —2.0; —23, from fig. 186.

3 } —17 |—20 |—23
K| 798| 769 | 804
| x ‘ 936 | 9345 2.373

Plotting X against 3 we find (Xpn,), = 2.345 at
5 ==—1.96.
Caleulating P, from (13.12) we get

{Puin), = 1.083.
The half-wave length, following from $=-—196
by means of fig. 14 and (12.27), is I,=81 em

(v; =2.025).

We shall show now how to determine the exact
solution of our problem with the method developed
in see. 13.3.2.- .

From (13.13) we find (X}, =249, s0 we
make our ealeulations for X =245; 2.50; 2.55.
Computing then s, §,, 8y, Toy Xy oee By we find,
from (138.18), S and thereafter, from (18.17), g(X).

X 2.45 2.50 2.55
3 3.859 3.437 3.508
3 0.628 0.614 0.5985
3y 0.1230 0.1218 0.1201
% 1.737 1.697 1.654
x — 1.642 —1.485 | — 1.326
T, 1.030 0.714 0.376
g 2.902 2.964 3.014
%, —-1.065 ~1293 | — Lb14
x5 — 1.605 —1378 | — 1.136
% 2,085 1.972 1.904 -
$ —0.623 —2.09 — 5.00
9(X) 2.62 ~082° | —303

Interpolating graphically we find. g(X) =

for X==2495, yiclding

Pmln X2
3 Q
3==—1091 and 1=25822 em.

=1.085
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Our first approximation proves to be quite satis- ~

Tactory.

Comparing these results with those obtained
from the system with uniformly distributed frames
we conelude that this latter system yields appro-
ximately the correet wave length and a eritical
load that is about 4 % too large.

In this case v, is about 2 and the approximation
given by the system with distributed frames is
surprisingly good. We will consider a different
case, characterized by, a smaller value v;. Let us

assume the frame spacing to be 50 em instead of -

40 em, the structural parameters being the same
exeept @ which is now 8.95, The system with dis:
tributed frames is not affceted by this change; it
will yield the same results as before.
The eritical lead for column failure is, accord-
ing to (13.2),
2

P= =1.103.

Axially symmetrical buckling will not oceur since
Q > 27, Now in the casc of axially non-symme-
trical huckling E—1.36 and the approximaie cri-
tieal value of y=192, yielding $=—2.69. So
we determine X from the values of 5=—23;
- 26; —30; —34, gmving X = 2.90; 2.87;
2.865, 2.92.

The first approximation 18 (X,;,), = 2.86;
(Puin),=1.080; 3, —=—290, L, =77 em. From
(18.13) we find (Xnin),==38.04 and making the
caleulations for 3 values of X near to (Xpin), we
find X = 3.076; Ppin = 1.054; 5 = — 2.71;
v = 1.625, =811 em. ‘ _

The difference hetween the first approximation
of the critical load and its correet magnitude is
about 2% the difference hetween the eritieal
loads for uniformly distributed and equally spaced
frames is even in this casc only 6 %.
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Dlagrams of critical flutter speed for wings of
a certain standard type

by

Ir. A. I. VAN DE VOOREN and Drs. J. H. GREIDANUS

Summary.

In order to obtain a more complete knowledge of the influence of some structural parameters as wing
density, positions of flexural and inertia axes, aerodynamic aileron balance, stiffness-ratio, etc., on the cri-
tical flutter speed of wing-aileron systems, calculations were made for a large number -of cases in which
these parameters were varied systematically. This report gives a short review of the applied method, together
with diagrams, containing the results of the caleulations. In these graphs the critical flutter speed is plotted
against the stiffness ratio. A comparison of the diagrams reveals the influence of the parameters. The
principal conclusions are listed in section 4. Some of the most important are that, gererally, the critical speed
increases with dncreasing wing-density (if resonance frequencies are assumed to be constant), with increas-
ing merodynamic aileron balance (see section 22}, with increasing torsional stiffness and with increasing chord.
For the wing without aileron no flutter occurs when the flexural axis lies aft of the inertia axis, but for

a wing with a statically balanced aileron, which can be deflected freely

(antisymmetrical flutter), the cri-

tical speed nearly always decreases when the flexural axis is shifted backwards.
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1  Introduction.

The calculation of the critical flutter speed of a
wing-aileron system, as it can be performed on the
basis of the aerodynamic theory of the oscillating
aerofoil, is extremely laborious. Therefore it would
be of the greatest importance if it. were possible to
give the results of these calculations once for all
in such a systematical form, that the flutter speed
of any wing of conventional construction could
unmedlateiv be taken from ‘these results. This is,

however, impossible because the flutter speed de-
pends on too many variables, which in each case
have their special values. Such a catalogue would
show an almost unlimited extent; the compiling of it
would require an immense program of calculations.

Nevertheless it is widely known that some cha-
racteristics of the wing structure have a strong in-~
fluence on flutter speed and that in many cases it is
possible to qualify a construction as “good” or
“bad” with regard to the occurrence of flutter.

Such a qualitative judgment, which in favourable
cases thay even quantitatively not be quite unsatis-
factory, could be sharpened considerably if the re-
sults of systematic calculations of a not too con-
fined extent were available for simplified wing-
aileron models, which show a reasonable analogy
with real systems. To obtain these results a pro-
gram of investigation was composed, leading to
diagrams for the flutter speed, which will be pu-
blished in three reports.

This first report deals with the calculated flutter
characteristics of some wing and wing-aileron mo-
dels, of which the aileron can be defiected freely
{antisymmetrical oscillations). For the complete
range of investigation the reader is referred to
section 23. The second report will give the change
of the flutter speed in consequence of certain small
variations in the aileron construction, while the
third report will contain diagrams-referring to a
wing-aileron system of which the deflection of the
aileron is influenced by a spring between wing and



aileron (symmetrical oscillations). To simplify the
calculations the flexural stiffness. of the wing will
be neglected in the last report.

In what degree and with what numerical accu-
" racy this material will be useful for the examination
of a real wing is difficult to predict, because too
- many influences play a part, In particular one has

to await how far these -results, calculated for a _

wing, which is built in at the root, will agree with
the symmetrical resp. antisymmetrical oscillations
of a real geroplane. It may, however be expected
that the influence of certain structural changes in
the flutter speed can be deduced wih reasonable
accuracy from the diagrams.

The flutter speed has been calculated chiefly

according to the methods described in the N.L.L.

reports V. 1252 and V. 1304 1}, Only a first ap-~
proximation was worked ont, which means that
the modes of displacement were not improved by
an iterative process. The aerodvnamic forces were
introduced in accordance with the theory, of Kiiss-
ner and Schwarz 2).

‘2 The wing-aileron model.
21  General shape:

The calculations were performed for a tapered
wing, which' is rigidly fixed at the root. The tip
chord amounts to 1/; of the root chord. All charac-
teristic lines, i.e. the leading and trailing edges of

the wing, the Hexural] and inertia axes, the leading. -

edge of the aileron and the aileron hinge axis, are
straight and have the same point of intersection.
Thus ¢, 0, 7 and & are constant along the span
(s. fig. 1 and list of symbols, section 4). Like-
wise g, x, py and x; are constant,

GUARTER CHORD AXiS

INERTIA AXIS
LNERT

REFERENCE SECTION
{REDUCED VELRCITY \(,.i

! . \ AILERON LEADING EDGE
ROOT CHORD  * AILERON HINGE AXIS
- . MREDUCED F‘EGUENCYN] -

Fig. 1. Plan of tapered wing-aileron model. -

_ Both flexural and torsional wing® stiffness have

been supposed ‘to be directly proportional to the

third power of the chord, The aileron torsional stiff-
ness is taken as infinitely large, while the bending

of ihe aileron is determined by the fact, that the

hinge axis has been considered as part of the wing.

The aileron, which is completely statically ba-
lanced, extends from the section at y .= 14 b to
the wing tip and can be deflected freely without
interference of any spring. The critical speed has
been calculated also for a wing of the same shape

1} Published in Vol X, resp. Vol. XI of the ,Verslagen en
verhandelingen van het Nationaal Luchtvaartlaborato-
rium”, Amsterdam.

) Luftfahrtforschung Vol 17 (1940}, p. 337

but without aileron (the wing completed with the
area of the removed aileron). '

22  Aerodynamic assumptions.

The aerodynamic forces are assumed to be in
agreement with the limiting case when there is no
airflow through the gap between wing and aileron
(see Kiissner and Schwarz, loc. cit.}). As it is
known, the limiting wvalue #.—3» 0 cannot be
introduced consequently, owing to a term which
would give a logarithmic infinity. Therefore
it is necessary to assume a certain width of the
gap, which must be substituted in the term men--
tioned, while in all other terms the width of
the gap is neglected. It can be shown that the
value of the aerodynamic aileron balance at

" w=—0 depends on the supposed gap width {see

section 33). To investigate the influence of the
assumed value of the gap width, calculations were
performed for two different values of the gap
width, corresponding with two different values of
the aerodynamic aileron balance. Attention must
be paid to the fact that in this report a change
in aerodynamic aileron balance always means
that another value has been given to the width of
the gap, but that the position of the hinge axis
remains unaltered. :
The value of the air density corresponds to the

“standard value at sea level .

1
o= gkg m—* sec?,

23 Values of the varied parameters.

As basic variations the following values were
given to the parameters & ¢-+o and s

g = —0,1 0,1 0.3
cto = 01 03. 05
= 5 15 30

These values were combined-in all possible ways,
so 27 different cases were investigated. The other,
niot varied parameters had the values:

x=06, 1=025, &=0,10 and px2=0,05.

Calculations were made for two values (80 %
and 62,4 %} of the aerodynamic aileron balance.
Because ¢ is kept constant, this means that

the width of the gap between wing and aileron
has. been fixed on two dilferent values (viz.

-15s=3,048.10—* and #,=7,881.10—%}.

The critical flutter speed has been plotted as

i .. Ya\
a function of the stiffness ratio /.=(ﬁ)- For

¥a
the completeness of the diagrams, negative va-
lues of A, which result from the calculations
simultaneously with the positive values, but which
have no physical meaning, have also been in-
cluded.

24 Modes of displacement.

- These were put equal to the modes of displace-
ment of the uncoupled fundamental oscillations of
the wing in still air. They are illustrated in figs.
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2a and 2b and take the fo]lowmg values along

the span:
1 2 3 4
ol L d d kd
g sb . gb Sb—! 5
z 10| 00169 | 0,0682 | 01547 | 0,2752
@, | 0] 01490 | 03170  0.4890 | 0,6511
5 6 7
4| - —b i b
J g l 8 gb
Z | 04268 | 0,6039 | 07983 | 1
g | 07921 | 09029 | 0.9745

No chordwise oscillating motion is supposed to
occur and each fore and aft section is assumed

to move as a rigid body.

:

B T //T
A

o]

1/ F
T

P
) T b . sib

Y

¥

Fig. 2a. Fundamental

Big. 2b. FPundamental
flexural mode

torsional mode

25 Structural damping.

The structural damping . was represented by
giving a phase lead to the elastic restoring force

-in regard to the displacement. The phase leads

were assumed to be equally large for flexure and
torsion and thus damping could be introduced in
the calculations by the multiplication of all elastic
terms with the same factor 1 -+ ik, where h is the
angle of lead (in radians}. Besides the values 0
and 0,1 there were also given negative values to
h (—0,1 and —0.05}, which, especially in cases

-that are still stable for large reduced velocities Vg,

can give valuable information about the influence
of the parameters on the flutter speed. For the
significance of negative values of the damping the
reader is referred to report V.1304.

It should be born in mind that, owing to the fact
that the aileron deflection is not influenced by a
spring and that it cannot be twisted, the motion of
the aileron is not restricted by any direct damping.

3  General method of solution.
31 - The equations of motion.

For the wing these equations are obtained imme-
diately, when the two conditions of equilibrium,
mentioned hereunder, are applied to an infinitely
narrow wing strip.

10 The total of all forces, perpendicular to the
‘wing plane, is zero.

V3

20 The total of all moments about. the flexural
axis is zero.

With the usual symbols (see report V. 1304 and

list of symbols, section 4 of this paper) the equa-

tions become

m11;+m19(;t;—|—(82”)"r—*K l
m122“l“'-m2?;}; —_ ( Tq)’ ) ! =M—lf' EIK_N‘_‘EllR s

The aileron being torsionally rigid, the equation
which determines the aileron deflection is obtained

by equating to zero the total moment of the com-
plete‘aileron about its hinge axis. Hence

T

Jb

Introducing the ratio:
= (3)
all chords can be referred to the root chord
(=21), thus glvmg
muu——yi-:zgl,-'-‘
M= —psPrgld
m22='3ﬂf(xg+02)“-_:“1212“.4”9“‘"4'
m33=,u1x1"'f‘ﬂgl,-"
B =B,
T —Tp
According to report V.1304 for a sinusoidal

oscillation the aerodynamic forces {resp. moments)
can be written in the following form:

K——m;_v anz2auflip+2anfl 7!
M{4-61K — N—th—va 32aolfl z 4
+danfre+danfl? -,J€
N+£13R=mLu'932a31ff;z+
+4anfliotdanfloy!
with m;—nofel?

(4)

The ai are dimensionless, complex coefficients
of the aerodynamic forces, which depend on
w, » & and &. Their values can be taken from
the tables 1 and 2 of report V. 1304.

As it is impossible to solve the equations (1) and

{2) exactly, the usual procedure is to derive from
them approximate algebraic equations. This is done
by substituting: :

z=lique” zi(y), p=qee™ @ily). y==que’* (7)
where ¢i, g., ¢s are coefficients, which are be-

forehand unknown, while z.(y) and ¢,(y) are the
assumed modes of displacement of the wing.

This causes the appearance of errors #(y),

epq(y) and zy in the equations (1) and (2}. The
errors g (y) and ey(y), which depend on the

values, given to ¢i, g: and .. can vanish only

when the functions z; and ¢, allow the con-
struction of an exact solution.

Two of the approximate algebraic equations
are now obtained by mulitiplying ¢, and &g with
suitable ‘weightfunctions and putting the integral
(along the span} of the resulting product equal

(1)

y[maady~[ (N %-e.lR)dy (2)




to zero. The introduced weightfunctions are
respectively
3w —wt

6

The third equation for qi, g: and g¢; is obtained
by putting ey=

Thus the reduction from the equations of
motion into algebraic equations is not carried
out according to the Galerkin method, in which
z; and ¢, themselves are chosen as weightfunc-
tions. The introduction of the weightfunctions {8)
has, however, certain advantages, as it gives not
only the exact solution (v, q: g, and ¢s} when
the. real modes of displacement are ‘the same
as the assumed ones, but also when the real
modes are equal to the weightfunctions. There-
fore, when the real modes do not quite agree with
z, and ¢, and the weightfunctions show some
resemblance to the real modes, (and this is the case
for the choice (8) of the welghtfunctlons) the me-
thod used here may give a better approximation
than the Galerkin method.

and w, where w=% (8)

The terms in the algebraic equations, resulting

from the aerodynamic forces, were evaluated by
means of a development in Taylor-—semes to the
reduced frequency, which varies ‘along the span
in accordance with the variation of the chord. Only
the constant, linear and quadratic terms of these
series are considered. For reference section was
taken the fore and aft section at the middle of the

aileron (y:%b and l==%l,-).

The set of homogeneous, algebraic equations has
a solution only when its determinant is equal to
zero. As the determinant is formed by complex
elements, this conditions leads to two equations,
giving the stiffness-ratio, for which the system will
produce a critical oscillation at the given value
of V. as well as the frequency of this oscillation.
Introducing the uncoupled résonance frequencies
in still air, », and v, a solution is found in

k4 .
which -2 is a measure for the stiffness-ratio and
¥g
v .
— for the frequency. The determinant equation
¥ R
P . ' / Ya
belng quadratic in », two values for o and for
B
— are calculated, which may be complex md1ca-
'V

tmg that the system is stable. By
vcrl . ,V
r=Vo—- (9)
?’B.ii Vg )
the critical speed, also dimensionless, was calcul-
ated,

32 Divergence speed.

The divergence speed can be found ‘easily by re-
placing the instationary aerodynamic forces by the
stationary forces, which is carried out with the aid
of the following limits: .

v
y—>»0, Vo—r» oo, "’Vo——>'F.

) .
“zzpmf"—*o :
o L

2
»zp»,,e —qu, v”V02(1+§)2—+%_ (10)
the last three of which appear in the series of the
aerodynamic forces. .
For the wing without aileron the divergence-
speed becomes infinite, when the flexural axis lies
before the quarter chord axis.

33 The aerodynamic balance.

Definition. When the aerodynamic balance for
w = 0 amounts to n %, this means that the mo-
ment of the aerodynamic forces, which is caused
by a stationary aileron deflection, is (100—n) % of
the aerodynamic moment obtained for an equally
large deflection “when the aileron hinge axis is

- sghifted to the aileron nose. In both cases the wing

is assumed to show no distortion, i.e, z=0 and
p=0,
Thus the aerodynamic balance n is determined
by the equation (for the aileron considered here
is &==0,10 and n=0,25):

' 100
(N—l_ElIR)e]:O,IO ( )(N)slzo
n =025 » =025
or, with the aid of eguafion (5):

- (1 100)(""”)51—3

When the aerodynamlc balance is given, it is
possible to calculate from equation (11) the width
of the gap between wing and aileron, which has

stat.

11
stat, (11)

- to be substituted in that term of the aercdynamic

forces, showing the logarithmic singularity for
7s=0, If y, represents the ratio of this gap to
the whole chord, then it appears that:
Aerodynamic balance 80 % :7s=3,048.10—*
62,4 % :n,—7,881.10—

4  Results.
41 General,

In the diagrams the critical flutter spéed, reduced
to a dimensionless form, is plotted against the

stiffness-ratio 4. - Calculated points are speciaily

marked. Points which refer to the same damping
are connected by drawn lines, while points ob-
tained by the same values of reduced velocity V)
are connected by dotted lines. The numbers near
the dotted lines denote the reduced frequency w
at the wing root. For negative values of the dam-
ping k. both oscillations are unstable for small
values of the velocity v. This is indicated by
double-shading of the boundaiy of the area.
Single-shading means that one oscillation is un-
stable. Thus the flutter speed is given by a line,.
which is single-shaded at the upper side and not -
shaded at the lower side.

In other diagrams the flutter speed is plotted

as a function of ¢ z--0 and .

42 Influence of wing density.

When the wing density increases and the reson-
ance frequencies in still air are unvaried, the
critical speed rises in most cases (fig. 11, 18, 19).




For small values -of the wing density there exists
a minimum of critical speed. When the wing den-
sity is decreased still more, the critical speed in-
creases very quickly, '

When instead of the resonance frequencies the
stiffnesses are kept constant, the minimum critical

speed is shifted towards very large values of the.

wing density.

43 Influence of position of flexural axis.

When the flexural axis is shifted backwards,
the critical speed of the wing without aileron falls
until this axis closely approaches the inertia axis
(tig. 13). Then the critical speed increases quickly,

which ultimately leads to the complete vanishing -

of the instability. When the flexural axis lies aft
of the inertia axis, no flutter occurs” An exception
of this general rule, however, was found, namely
for large wing density, very backward position of
both axes and small stiffness-ratio {fig. 8).

44 Influence of position of inertia axis, -

For the wing without aileron the critical speed
decreases when the inertia axis is located more
backward (fig. 12). For the wing with aileron
the position of the inertia axis has no pronounced
influence on flutter speed, though a small separ-
- atiom of the flexural and inertia axes may cause
an increase of the critical speed (fig. 18, 20).

45 'Influence of aerodynamic aileron balance.

The flutter speed falls with decreasing aero-
dynamic balance (compare fig. 14, 15 with fig.
16, 17). For large values of the aerodynamic bal-
ance, the critical spéed for the wing-aileron-
system (aileron completély statically balanced) is
higher than for the wing without aileron, except in
those cases, in which the flexural and inertia axes
are almost coinciding or in which the flexural axis
lies aft of the inertia axis. :

46 Influence.of flexural stiffness,

Usually the flexural-resonance frequency », is
considerably lower than the torsional resonance
frequency vp. Therefore an increase in' flexural
stiffness gives a diminution of the difference be-
tween these frequencies. For the simple system of
a wing without aileron the lowest value of the cri-

tical speed occurs when both frequencies are -

nearly equal {fig. 3/10). Thus an increase of the
flexural stiffness of a conventional wing tends to
diminish the critical speed.

For wing-aileron systems with high aero-

dynamic balance the minimum in flutter speed

. occlrs at
v, =07 vy (fig. 14, 15).

This minimum is more pronounced for larger va-
lues of the wing density, For flexural stitfnesses
higher than the one for which the minimum occurs,
the critical speed increases rapidly. For v ,—v, the
instability has vanished. -

For wing-aileron systems with low aerodynamic
balance, the influence of the flexural stiffness de-
pends very much on the wing density (fig. 16,

*

17). For small values of the wing density, an in-
crease in flexural stiffness (when »,< »;) tends

to raise the critical speed. For large values of the
wing density there is on the conirary a consider-

able fall in the flutter speed for increasing flexural
stiffness, which brings the minimum again near to

Ya=—7Vg.

47 Influence of torsioﬁal stiffness,

It is nearly always favourable to increase the
torsional stiffness as this results in an important

rise of the flutter speed (fig. 3/10, 14/17). Though

very low values of the torsional stiffness {vg < 4)
remove also the instability for a wing with aileron
this possibility cannot be realized in practice, un-
less »,, i.e. the flexural stiffness is very large.

48 Influence of structural damping.

The structural damping always raises the cri-
tical speed because it absorbs energy from the
oscillation. It is not possible to give general indi-
cations when the influence of the damping will be
large and when small. Bu# Ior the wing-aileron
system with small aerodynamic balance (fig. 16,
17}, there are large ranges of the stiffness-ratio for
which the flutter speed raises considerably or may
even become infinite, when there is some damping
{so-called undangerous flutter). This is favoured

by a large distance between the flexural and the -

inertia axis and by a large wing density.

49 Influence of wing chord.
‘Wihen all other variables {wing density, reson-

ance frequencies etc.) are kept constant, the cri-

tical speed increases linearly with the chord.

5 List of symbols.

¥y - coordinate along the span, measured
from and perpendicular to the root
chord.

z displacement of point of flexural axis
normal to the wing (upwards positive)

@ angle of twist of the wing (positive
when trailing edge moves downwards)

y aileron deflection (downward deflec-
tion positive) :

21 chord |

2 root chord
S |

ki =1 | .
el distance of flexural axis aft of quarter
' chord axis , 7

al distance of inertia axis (wing +aileron)
aft of flexural axis

€l distance of aileron hinge axis aft of
aileron leading edge _

2l radius of gyration (wing+aileron)
about inertia axis

# 1 radius of gyration (aileron) about

aileron hinge axis
0 ratio of aileron chord to total chord




Ve

s ratio of gap between wing and aileron
to tatal chord .

0 : air density

pmol mass of wing - aileron per unit span

oo l®  mass of aileron per unit span

m;=mnol* mass of the air per unit span in the
cylinder round wing 4 aileron

b gemi-span
¥
v ~ b
B flexural stiffness of the wing )
Ba flexural stiffness of the wing at the
_ root
T torsional stiffness of the wing
7T, torsional stxffness of the wing at the
root
Ya uncoup]ed flexural resonance frequency
in still air
vy uncoupled torsional resonance frequen-
cy in still air
v frequency of critical oscillation
d=|-= stiffness-ratio
'l'B .
v, airspeed
Uecrit critical flutter speed
|4 reduced velocity (V-ﬁi—l)

Ve

reduced velocity at the reference sec- .
tion y=25
reduced frequency at the wing root

s
Vi

time .

aerodynamic balance of aileron .(in'%')'

structural damping (angle by which the

elastic flexural or torsional ‘'moments
lead the displacements)

amplitude of flexural, resp. torsional,
resp. aileron oscillation

total aerodynamic force of wmg+aﬂe—
ron per unit span (positive upwards).

total aerodynamic moment of wing+
aileron per unit span about the quarted
chord axis (positive if it tends to increase
the angle of incidence)

~ aerodynamic force of aileron per unit

span {positive upwards)

aerodynamic moment of aileron per unit
span about the aileron nose (positive
if it tends to increase the aileron de-
flection} _

errors of the equations of motion, when
the assumed modes of displacements
z; and ¢, are substituted

complex aerodynamic coefficients
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Opgemerkt zij, dat slechts beschouwd wordt ket
gedeelte van de landing véér het punt waar het
-vliegtuig den grond raakt, dus het ,afvangen”,
en wel in het bijzonder de roeruitslagen, die voor
het uitvoeren van deze beweging noodig zijn, ter-
wijl verder verondersteld wordt, dat de landing
wordt uitgevoerd van een gegeven stationnairen
vliegtoestand in zweefvlucht uit,

De gegeven benaderingsmethode is opgebouwd .

op dg veronderstelling, dat van het vliegtuig, be-
halve de belangrijkste constructiegegevens bekend

zijn : het verloop van ¢, en ¢, met den invalshoek °

en de stuurstandslijnen voor zweefvlucht, voor de
vliegtuigtoestanden (met name t.a.v. kiepstanden
en zwaartepuntsliggingen), waarvoor men de be-
‘rekeningen omtrent de landing wenscht uit te voe-~
ren. Ook wordt als gegeven beschouwd de normaal~
krachtcoéfficiént van de horizontale staartvlakken
als functie van den invalshoek van het staartvlak
en den roerhoek. Aangezien het afvangen, vooral

wat het laatste gedeelte van deze manoeuvre be-

treft, zich afspeelt op zeer geringen afstand van den
grond, is er bij het opstellen van deze methode
rekening mee gehouden, dat men den invlced daar-
van op de bovengenoemde grootheden, die als ge-
geven worden beschouwd, kan invoeren.

02 De bewegmgsvergelqkmgen.
02.1 Algemeen.

De vergelijkingen, die de symmetrische beweging
van een vliegtuig in zweefvlucht beschrijven, kun-
nen, wanneer de schroeftrek wordt verwaarioosd,
in den volgenden vorm worden geschreven:

TgG—vchm:}gv?c,F——Gcosqv (1)
giJ=—Gsinq);%gvﬂch - {2)
BE&—M. S (3)

Hierin stellen, naast de -algemeen bekende no-
taties (zie 10), voor: .

B - het traagheidsmoment van het vhegtuxg om de
dwarsas,

©® de standhoek van het vllegtulg (betrokken op
de vieugelkoorde) en

M het moment van alle luchtkrachten om de
dwarsas, positief gerekend in staartlastigen
zin,

Voor de richting waarin de verschillende hoe-
ken'positief worden gerekend, wordt verwezen
naar fig. 1. Het moment M in de 3e bewegings-
vergeh]kmg kan men zich voorstellen te zijn opge-
bouwd uit het moment van de luchtkrachten op het
geheele vliegtuig, echter zonder horizontale staart-
vlakken, en het moment van de luchtkrachten op
de. horizontale staartviakken.

Het ‘eerstgenoemde moment wordt voorgesteld
"door:

' Mv=3902Ftvcm(c1),, . (‘i}
waarin ¢, de grootste of de gemiddelde vleugel-

-

koorde voorstelt en cn{e} den momentencoéffi-
ciént van het vliegtuig zonder horizontale staart-
viakken. Het laatstgenoemde moment wordt met
goede benadering voorgesteld door:

- My=Jovetflca(anB). (5)

Hierin is vs de snelheid en «; de invalshoek
van de strooming ter plaatse van de staartvlak-
ken,

Fig. 1.

Richtingen en hoeken t.o.v. het wvliegtuig.

. De normaalkrachtcoéfficiént van de staart-
vlakken ¢, kan in het algemeen weergegeven
worden als functie van den invalshoek aan het
stabilo ax en van den roerhoek § (t.o.v. het sta-

bilo) door:
' Cn=C1(1h+C2ﬁ. 6)

waarin ¢; en c; binnen ruime grenzen van as en
f constanten zijn!). Opgemerkt wordr, aat, ge-
zien de keuze van de positieve richtingen voor
M, a en §, 'de waarden van c: en ¢, negatief
zullen zijn,

De invalshoek o van den vleugel wordt gere-
kend t.o.v. de lijn voor draagkracht nul, welke
een hoek @ maakt met de vleugelkoorde. De in-
valshoek as aan het stabilo wordt, wanneer de
vliegtoestand stationnair is, bepaald door den
instelhoek ¢ van het stabilo t.o.v. de vieugel-
koorde, door den invalshoek van den vleugel
a, door den bovengenoemden hoek @.en door
den neerstroomingshoek ¢ welke kan worden
ingevoerd door middel van den neerstroomfactor

SRELY BT

da’

ds
da en dus ook % kunnen met goede benadermg

voor een bepaald vliegtuig en bij een bepaalden
klepstand als constant worden beschouwd.

De invalshoek @, in stationnaire vlucht kan
dan weergegeven worden door (zie fig. 1}:

.ah=xaw|—o—-&._ - {(8)

De snelheid van de lucht t.o.v. de staartvlakken,
vy, zal tengevolge van beinvloeding door vleugel
en romp kleiner zijn dan de snelheid v van het vlieg-

'} Hierop wordt onder 05.4 nader teruggekomen.
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tuig t.o.v. de ongestoorde lucht; v; wordt daarom

uitgedrukt als ,
Vp==y U, - - {9)

Wanneer, zooals bij het uitvoeren van de lan-
ding het geval is, de vliegtoestand niet stationnair

is, treedt een rotatiesnelheid @ om de dwarsas
op, waarmede ook een verandering van den in-

valshoek « met snelheid o gepaard gaat. Hier-
door ontstaat een dempend moment. Verreweg het
grootste gedeelte van dit dempend moment zal op-
gewekt worden door de staartvlakken. Zooals b.v.
it /if. 1 blijkt mag men met voor het hier gestelde
doel voldoende benadering, den inviced van
vleugel en romp in het dempend moment invoeren
als een procentueele toeslag op het dempend mo-
ment van de staartvlakken. Op grond van laatst-
gencemde literatuur, waar voor het aandeel van
den vieugel in het totale dempend moment circa
10% van het dempend moment der staartvliakken
wordt opgegeven, wordt hier om het totale dem-
pend moment van vleugel en romp in te voeren,
een toeslag van 20% gelegd op het dempend mo-
ment van de staartvlakken alléén.

Laatstgenoemd moment nu kan als volgt worden
berekend.

Het dempend moment ontstaat door de ver-
grooting van den invalshoek aan de staartvlakken
t.g.v. de rotatie. Deze invalshoekvergrooting kan
worden weergegeven door:

. -1 O de-

Aday= @_l_da u( +a’ ) {10)
waarin ! de alfstand van het zwaartepunt tot het
drukpunt van de staartvlakken voorstelt.

16
De eerste term van (10) —— ontstaat, zooals

direct is in te zien, rechtstreeks door de rotatiesnel-
heid ® om de dwarsas.

De tweede term is een gevolg van de verande-
ring van de neerstrooming door de verandering
van den invalshoek. De neerstroomingshoek ter
plaatse van de staartvlakken verandert evenwel
niet onmiddellik met den invalshoek; er is een
soort traagheid in het spel. De verandering t.g.v.
een invalshoekverandering kan nu in eerste bena-
dering (zie lif 1) worden bepaald door te veronder-
stellen, dat de neerstrooming ter plaatse -van de
staartvlakken op e¢en bepaald cogenblik wordt be-
paald door den invalshoek van den vleugel toen
deze zich t.o.v. de ongestoorde lucht op de plaats
van de staartvlakken bevond, d.w.z. een tijd I/v
v6or het oogenblik, waarop men de neerstroommg
‘wil berekenern.

De invalshoek van den vleugel was op dien

. [ -
tijd een bedrag — a kleiner; de neerstroomings-
v

‘hoek ¢ is dus op het oogenblik waarvoor men
.den neerstroomingshoek aan de staartvlakken

‘berekent een bedrag j— a - kleiner dan de hoek,

die bij de waarde van « op het oogenblik van.be-
rekening behoort. De invalshoek aan de staart-

" een bedrag —( —1—

\;lakken is dus op een bepaald oogenblik in totaal

) grooter dan.die, welke

behoort bij den mvalshoek a op dat oogenblik
wanneer geen rotatie zou optreden.

De totale waarde van den invalshoek aan de
staartvlakken tijdens de niet-stationnaire beweging
wordt dus gegeven door

(11)

Het totale moment van de staartvlakken tijdens
de niet-stationnaire beweging kan, volgens (5},
(6)') en (11) nu geschreven worden als

M,=1oy u?[l[cl(xa+a—a)+caﬂ]+

+3onrorfle— (6+%—8&). (12)

De laatste term in deze uitdrukking stelt het
dempend moment der staartvlakken voor,

Zooals reeds eerder is uiteengezet, wordt nu in
het vervolg voor het dempend moment van het ge-

(x;.—ya—{—o-——a-%— (Q—I—ja )

_heele vliegtuig ingevoerd de waarde van het dem-

pend moment der staartvlakken vermeerderd met
20%. Men kan dan voor het totale moment M
van de luchtkrachten tijdens de niet-stationnaire
beweging volgens (4), (5} en {12} schrijven

M—ipuv:Ft, [Cm(a)-r’f][f ;cl(xa—i—a-—a)—{—

+1.2 1f(0+g—8&)+c25€ )

Beschouwt men nu een stationnaire vlucht met
invalshoek a*=2a dan behoort daarbij een roer-
hoek f*, welke bepaald wordt decr

(xa-}-a—&)—[—ceﬁ‘%. {14)

zoodat hiermede ‘¢n(a) uitgedrukt kan worden
als functie van « en den daarbij in stationnaire
vlucht behoorenden roerhoek S+,

Vergelijking (13) geeft met (14)

M—=jopofiizel (@+j2')+
+a(f—p3t. (15)

zoodat bewegingsvergelijking {3) geschreven kan
worden:

2B - 10 de-

Q:}”UEHU—] Zees ( +da )+

+e{f—p*) . (16)
{f~p*) stelt dus voor den ,.extra’-roeruitsiag, die
men tijdens de niet-stationnaire beweging (i.c. het
afvangen) op een bepaald oogenblik noodig heeft
boven den roeruitslag, die in stationnaire vlucht
behoort bij eenzelfden invalshoek als die, welke
op dat bepaalde oogenblik tijdens het afvangen op-
treedt.

Om dus den grootsten roeruitslag te vinden, dien
men voor het landen noodig heeft, moet men het
verschil (§— p*) als functie van « bepalen; kent -
men nu het verband f~{a)dan kan hieruit de groot-

(13)

O=cmla)-+n?
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ste absolute waarde van het verband f(a) tijdens

het landen, d.w.z. de grootste benoodigde roer- .

uitslag, worden bepaald.

02.2 Vereenvoudiging van de bewegingsverge-

lijkingen.
De in het vorengaande aangegeven bewegmgs-
vergelijkingen luiden

qu;fzégg"caFchosrp, {1).
g&:—Gsinm—:}gv?ch, (2}
en . '
2B @ de

=12ay ( tan e -)+
+e(f—F7y. (16)

Voor het.vervélg zal het noodig zijn de be-
wegingsvergelijkingen (1) en (2) te vereenvou-
digen en wel als volgt:

oi? v"fl

10 Bij het landen treden betrekkelijk kleine waar-

den van ¢ op; de baanhoek is het grootst.

bij het begin van het afvangen, doch heeft
dan in de meeste gevallen nog een zoodanige
waarde, dat cos ¢ circa 0,99 of meer be-
draagt. In de vergelijkingen (1) en (2) wordt
daarom cos @==1 en sin p=g¢ gesteld.

20 Er wordt verondersteld, dat met goede be-
nadering mag worden geschreven

;dca
 da

Weliswaar vertoont de cp,-a-kromme veela
een afwijking van lhet lineaire verband in het
gebied van de groote invaishoeken, maar de
berekeningen, die in dit rapport over het lan-
den gegeven zullen worden, strekken zich
uit over een beperkt gebied van invalshoeken,
n.l. van den invalshoek @, in de stationnaire
zweefvlucht, voorafgaande aan de landing,
welke reeds betrekkelijk groot is, tot ten
hoogste de kritische waarde ai. In dit ge-
bied kan men het verloop van ¢a. met u be-
naderen door een rechte, welke dan niet

a==Ca'a, (17)

behoeft samen te vallen met de rechte, welke

ca{a) bij de kleinere invalshoeken weergeeft.
Op deze wijze kan in het gebied ao<la<l
in vrijwel alle gevallen et voor het hier
gestelde doel voldoende benadering c. wor-
den weergegeven als een lineaire functie
van «. De invalshoek a tow. de ,draag-
kracht-nullijn” moet dan ook gemeten worden
to.v. de ,fictieve” draagkracht-nullijn, die
gevonden wordt door extrapolatie van het
lineaire verband tot ca=0. Een en ander
wordt in fig. 2 nader toegelicht.

Indien men beschikt over gegevens omtrent
den grondinviced op de c.~-waarde kan men
dezen invioed bij benadering in rekening
brengen door de c.-waarde bij den invals.
hoek op het oogenblik van landen te bepalen
en dan een lineair verlocp van c. met a aan

.te nemen tusschen deze laatste c.-waarde
en de c.-waarde (zonder grondinvloed} bij

- den invalshoek a, (toestand waarbij de af-
vangmanceuvre wordt begonnen). Een bete-
re benadering kan men verkrijgen door eerst
de berekening uit te voeren met de op de
hierboven beschreven wijze bepaalde gege-
vens. Met het hiermede verkregen baanver-
loop t.o.v. den grond, kan daarna door in
rekening brengen van den op ieder punt.-van
die baan te verwachten grondinvloed, de c.-
kromme gecorrigeerd worden en hiermede een
2e benadering worden uitgevoerd. Het is nog
van belang te vermelden, dat men, -zooals uit
het vervolg van de berekeningen blijkt, door
verwaarloozing van den grondinvloed op ¢.
in het algemeen iets te groote waarden voor
de nocdige roeruitslagen zal vinden; men re-
kent dus aan den veiligen kant.

GEBIED VAN INVALSHOEKEN
Bl HET AFVANGEN.
/

oy  of 10V VLEUGELKCORDE

Fig. 2. Vereenvoudiging van het verband ca(a) encw(a).

30 WVoorts wordt ter vereenvoudiging van de
vergelijkingen gesteld

C,p = dcwa—}-cw =c. a4+ Cu, - (18}

Hiervoor gelden dezelfde overwegingen als
hierboven voor c,(a} gegeven. In het gebied
o< @< azr kan c,{ua) met voor het hier ge-
stelde doel voldoende benadering door een
lineair verband worden voorgesteld. De waar-
de ¢, is dan de waarde, die gevonden wordt
door extrapolatie van dit lineaire verband
tot den invalshoek, waarvoor bij extrapolatie

van het lineaire verband ca.(a), ca=0 is (zie
fig. 2).

Uit het hierna onder 07 te geven uitgewerkte
voorbeeld blijkt, dat voor het gebied ao<la<lm,
de lineaire benaderingen voor c¢. en ¢, procen-
tueel slechts kleine verschillen van de werkelijke
Ca- en Cy-waarden opleveren, mede omdat in het

. beschouwde gebied c, en c,, (de laatste met name

voor het geval van geopende landingskleppen)
groot zijn. Het verdient, teneinde de benadering
beter te maken, aanbeveling voor ¢, waarden in
te voeren, die berekend zijn met inachtname van
de negatieve trekkracht van de, bij gesloten gas-
klep in stationnaire viucht werkende, schroeven.,
De invloed van de nabijheid van den grond op
de cu-waarden, kan op dezelfde wijze als hier-
boven voor de c.-waarden is aangegeven, in
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rekening worden gebracht. Zooals uit het ver-
volg van de berekening zal blijken, heeft het
verwaarloozen van den grondinvloed op de c,-
waarden ten gevolge, dat de berekende roeruit-
slagen iets te groot zullen zijn; men rekent dus
aan den veiligen kant,

N

Fig. 3. Toelichting op de notaties /et
van de hoeken «, @& en ¢.

Beschrijft men nu den stationnairen vliegtoe-
stand v&or het ,afvangen™ door de kenmerkende
grootheden a, @, v van een index 0 te voor-~
zien (zie fig. 3), dan kan men op grond van bo-
vengenoemde 3 veronderstellingen de bewegings-
vergelijkingen (1) en (2) als volgt vereenvou-
digen.

De eerste bewegingsvergelijking -

9vq;:r=§Qv‘-'c,gF—G<:osrp (1)
o - g
wordt

gvcp=‘1 eFc/via—G.
‘Wanneer men in het 2de lid voor G invoert
G=touv’Fc/a, (19)
dan ontstaat
”‘JBE%QQ{:GCJ(U"G-—%EHO). (20)

Verder kan uit,deze wierkantsvergelijking v
worden opgelost:

@é@ca"’
1 F

+Fh’ @? —|—(9ch3> voaen. (21)
G

De wortel met het negatieve teeken levert,
‘zooals een beschouwing voor het tijdstip t—0

waarvoor p==0 en a=—a, leert, een negatieve
waarde voor de spelheid ¢, zoodat deze wortel
buiten beschouwing kan blijven.

Een eenvoudige schatting, welke ook .door het
uitgewerkte voorbeeld onder 07 wordt bevestigd,
toont aan dat tijdens de geheele landingsmanoeu-

. F \*
vre @ zeer klein is t.o.v. (0 géca) vy agn, zoo-
dat {21} met goede benadering vervangen mag
worden door

—

; w
v——f — v e (22)
0g G @
De tiweede bewegingsvergelijking
gf)m——Gsintpw}ov"ch ST (2)

kan op grond van de ingevoerde vereenvoud:gm-
gen geschreven worden:

. F
v=—gp—iogrlcSatcs,)vt. (23)
In deze vergelijking wordt voor v de waarde
ingevoerd, volgens (22}, Daar echter M_Fqim

e9G ca’
klein is t.o.v. vq ]/: wordt in de uitdrukking voor

2

P

v? de term verwaarloosd.

eg G .’ u
Aldus verkrijgt men voor (23)

. F , " F o
v=—gP =g e vt —10g =Cu, 0ot — —

- 11/a
gy
Top )T (29)

Recapituleerende zijirin het bovenstaande de be-
wegingsvergelijkingen (1) en (2) door de bespro-
ken vereenvoudigingen gebracht in den vorm,
welke men , wanneer gesteld wordt

F
gG=nr. (25)
waarin ¢ de dimensie m~* heeft, kan schrijven
q; —a /(In ’
v=at | (26)
;;_ﬂ_‘gq)_é#cwruo?au_‘%ﬂcw Uo"flufl_i
Cw’ . /a; Cw
il o

Als derde bewegmgsvergeh}kmg komt hierbij
(16), terwijl de in deze drie wvergelijkingen voor-

komende grootheden . ¢ en ¢ verbonden zijn

door de betrekklng {zie fig. 1)
O—=a' ¢, (28)

-waaruit ook een overeenkomstige betrekking voor

de eerste en tweede afgeleiden van deze groothe-
den naar den tijd volgt.

03 De beraderingsmethode voor de berekening
van de vereischte roeruitslagen.

03.1 Bespreking van de methode.

In principe 'geven de bewegingsvergelijkingen-

of de daaruit door vereenvoudiging afgeleide be-~
trekkingen de mogelijkheid den benoodigden ex-
tra ‘roeruitslag {(f — p*) te berekenen, waaruit.
‘wanneer de stuurstandslijnen in stationnaire viucht
.voor het betreffende vliegtuigtype bekend zijn, de
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voor-het afvangen benoodigde roeruitslag f kan
worden bepaald.

De bewegingsvergelijkingen bevatten 5 veran-
derlijken-a, ¢, @, § en v als functie van den
tijd ¢, welke door de 4 betrekkingen (26) (27),
(28) en (16) verbondén zijn.

In het algemeen wordt bij het berekenen ‘van
vliegtuigbewegingen .witgegaan van een bepaald
verband f(¢); dat door de stuurbeweging 'van
den vlieger wordt vastgelegd, zoodat dan de 4
veranderlijken @, ¢, @ en v als functie van ¢
met behulp van de 4 vergelijkingen kunnen wor-
den bepaald.

In/ het nu beschouwde geval, waar gevraagd .

wordt het verband f(#) voor het afvangen te be-
palen, moet een der andere veranderlijken als
functie van den tijd gegeven zijn, en wel zog, dat
deze functie uitdrukt, dat ,.geland” wordt.

Men zou hiervoor b.v. het verband (¢} kun-
nen kiezen, d.w.z, wastleggen’ hoe de baanhoek
tijdens het afvangen met den tijd zou moeten ver-
anderen. In principe zou dan het verband f(¢)
bepaald kunnen worden.

Een dergelijke wijze van werken stuit echter

Op verschillende bezwaren.

Het is in de eerste plaats moeiiijk het verband
tusschen een der grootheden a, ¢ of & met den
tijd voor het landen van een bepaald vliegtuigtype
aan te geven, omdat men den totalen duur van
de afvangmanceuvre tevoren niet kan vastleggen.

‘Deze.duur wordt nl. in eerste instantie bepaald
"door de voorwaarde dat de snelheid, welke bij het

begin van het afvangen gelijk is aan de snelheid
in stationnaire zweebtviucht, aan het einde van de
afvangmanoeuvre magenoeg gelijk moet zijn aan
de minimale snelheid,

Men kan derhalve dezen t1]d niet zonder meer

‘voorschrijven; hij moet uit het probleem zelf vol-

gen.

Een tweede bezwaar, dat zich bij deze wijze van
behandelen voordoet, wordt vercorzaakt door de
moeilijkheden, waarop men bij het geven van een
oplossing, in algemeenen en voor de praktijk bruik-
baren vorm, stuit, wanneer men uitgaat van een te-
voren vastgelegde functie a{t), @(f) of@(t).

Deze bezwaren hebben er toe geleid, dat een
methode ontwikkeld is, die de gevraagde roerhoe-
ken met voldoende benadering geeft en de ge-
noemde bezwaren vermijdt; de gedachtengang, die
hieraan ten grondslag ligt. is in het volgende weer-
gegeven.

Noemt men den totalen duur van de afvang-
manoeuvre t, {f=0 is het oogenblik, waarop
tijdens de stationnaire zweefvlucht met afvan-
gen wordt begonnen en f=—¢, het oogenblik,
waarop het vliegtuig den grond raakt (zie fig. 3))
dan kan men voor verschillende grootheden tevo-
ren aangeven, welke waarden zij op het oogenblik
t=0en t=*, zullen moeten hebben. Zoo zullen
b.v. ten tlyde t="0 de grootheden «, ¢ en @ de
waarden ,, o en 6, hebben, behoorende bij de

‘stationnaire zweefviucht. Ten tijde t =t zal voor

een goede landing ¢ =0 of-nagenoceg nul zijn,
terwijl a athankelijk van het type landing {staart-
landing. of wiellanding), dat men beschouwt, b.v.

ten naasten bij de waarde «i.: zal hebben of
de waarde van @ overeenkomende met den hori-
zontalen stand op hoofdwielen en neuswiel. Men
kan nu het verband tusschen een der groothe-

- . f
den a, ¢ of & en den relatieven tijd y =1 voor-

schrijven, zoodanig dat aan de bekende begin-

‘en_eindvoorwaarden is voldaan.

Men legt op deze wijze niet den duur van de
afvangmanoeuvre vast, maar kan wel een wvoor
de landing redelijk verloop van de grootheid ge-

durende het afvangen voorschrijven. Legt men op.

de bovenbeschreven wijze nu voor twee groothe-
den het verband met y vast, dus b.v. a=a(y)

£ .
en = =¢l(y). waarin r=f dan heéft men eigen-

11)1( aangezien het geheele probleem slechts 1

.onafhankelijk veranderlijke bevat, 1 veranderlijke te

veel vastgelegd, zij het dan op een constante
t» na. Men mag dan ook niet verwachten, dat
bij invoering van de functies a(y) en @{y) {en
een bepaalde waarde van £} in de bewegings-
vergelijkingen of in de daaruit afgeleide verge-
fijkingen (26} en (27). deze voor ieder punt van
de baan’in een identiteit zuilen overgaan.

Men kan nu echter de waarde van ¢. zoo-
danig bepalen, dat bij benadering aan de bewe-
gmgsvengelukmgen wordt voldaan en wel als
volgt. - ,

Vergelijking {27) stelt bij gegeven a{y) en
@{y) in staat in een bepaald punt van de baan
(y:) de snelheid vy, te bepalen op een constante
t. na. Vergelijking (26) levert echter, bij gegeven
a(y)en @(y) — eveneens op de constante £, na —

de waarde van de snelheid vy, in datzelfde punt. .

Gelijkstelling van beide uitdrukkingen voor vy,
levert een betrekking, waaruit f, kan worden
opgelost. Kiest men voor het punt y, het einde
van de baan, dus y==1, dan beteckent de gelijk-
stelling van de beide uitdrukkingen voor vy, dat s
zoo wordt bepaald, dat 'de waarde van de snel-
heid aan het einde van de afvangmanceuvre, be-
rekend wvolgens de eerste bewegingsvergelijking
(26), gelijk is aan de waarde van de sneltheid aan
het einde van de afvangmanceuvre berekend vol-
gens de tweede bewegingsvergelijking {27). Wel-
iswaar is nu niet in ieder punt van de baan aan
de bewegingsvergelijkingen voldaan, zoodat b.v.
de snelheid vft), volgende-uit de eerste bewe-
gingsvergelijking (26), bij invoering in de tweede
(27), deze niet tot een identiteit doet overgaan.
Dit zou, bij de tevoren vastgestelde functies a{y)
en @{y) slechts mogelijk zijn, wanneer een denk-
beeldige trekkracht K (positief of negatief) in
de tweede bewegingsvergelijking wordt inge-
voerd, die van punt tot punt varieert. Echter
is, t.g.v. de boven beschreven wijze van bepaling

t
van t., [“Kdt. dus de in totaal door deze kracht

o
L]

aan het vliegtuig meegedeelde hoeveelheid van
beweging over de geheele baan gerekend, geh]k
nul.-

Wanneer de snelheid tijdens de beweging con-
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stant zou zijn, zou dit beteekenen dat ook de door
deze fictieve trekkracht verrichte arbeid, over de
geheele baan gerekend, nul zou zijn. Aangezien de
snelheid slechts betrekkelijk weinig varieert (ca,
209%) is dit dus bij benadering het geval. Een en
ander toont aan dat men op de beschreven wijze
reeds een eerste, grove benadering van de bewe-
ging tijdens de landing kan verkrijgen.

Men kan nu met de op bovenbeschreven wijze
berekende waarde van f, en de aangenomen

functies a(y) en p(y). de waarden van 6, 0ena
tijdens het afvangen in eerste benadering bere-
kenen en daarmede met behulp van (16), B(¢)
bepalen.

Er besdtaat echter nog de mogelijkheid op be-
trekkelijk eenvoudige wijze de werkelijke baan
beter te benaderen en wel als volgt. Men legt,
geheel overeenkomstig het bovenstaande, een der
groothéden, b.v. @, als functie van y vast; de
andere grootheid, b.v. ¢, schrijft men nu echter
voor als functie van y en een parameter p, dus
@(y. p). Men kan nu weer £, bepalen, door voor
het tijdstip y=1 de snelheid volgens de verge-
lijkingen (26) en (27) aan elkaar gelijk te stellen.
Men vindt dan ¢, als functie van p. Men kan
nu nog een andere voorwaarde stellen, waardoor
de parameter p wordt vastgelegd. Deze voor-
waarde kan b.v. zijn, dat ook op de helft van

de alvangmanoeuvre b.v. voor y =0.5 de waarden:

van de snelheid, die men volgens de eerste en de
tweede bewegingsvergelijking bepaalt, aan elkaar
gelijk moeten zijn. Zoodoende verkrijgt men de
tuncties a(y)-en @(p,r) alsmede de waarde van
ts zoodanig, dat zoowel aan het einde van de
afvangmanoeuvre als odk voor een bepaald ocogen-
blik tijdens het afvangen (b.v. op de helft) de
in totaal over die baangedeelten door de ge-
noemde fictieve trekkracht aan het vliegtuig mee-
gedeelde hoeveelheid van beweging nul is. Doot-
dat de variatie van de snelheid over ieder van
deze baangedeelten geringer is dan over de ge-
heele baan gerekend, is dus ook de door die
fictieve trekkracht verrichte arbeid over de beide
baangedeelten, met aanzienlijk betere benadering
dan in het eerste geval, gelijk aan nul. Men
verkrijgt derhalve een belangrijk betere benadering
van de werkelijke baan bij het gekozen. invals-
hoekverloop, zoodat men mag verwachten, dat

hiermede de waarden van &, © en a met vol-

doende benadering kunnen worden vastgesteld.

om hiermede een behoorlijke benadering van §(f)
te verkrijgen,

03.2  Uitwerking van de methode.

Wanneer y een functie van y en p is waatin

y=r
ts .
en p een parameter voorstelt, dan volgt hieruit
- d d
ylrp)=gy(rp)=g ylre) (29)
&n rty 4
j y(y)a't=f,f Yy (p)dy. (30)
0 o . )

Denkt men zich nu de Functies a(y) en p{y,py
gegeven, dan volgt uit (26) op grond van het
bovenstaande

‘ (31)

4 d / Qg
”_r_,,,uc;“(”) d—y¢(?.p)+vu] al)
terwijl (27) wordt:

. 211}
ve—gpl(y.p)—ipc’ v’a—fpucey, Py T
1 ¢ ]/ % _dp(r.p)_

taca 7) d?’
1, 1 1/ % do(rp)
S A VN A Y41 I N V)
facy © a{?)] a{y) dy (32)

De snelheid vy, op het tijdstip £ {overeen-
komende met y,) kan geschreven worden "als
{zie ook (30)):

v,,1=vo—-}-ftil;d'f=m-!—faf}jlt‘2d}'- (33)

waarin voor v de uitdrukking (32) kan worden
ingevuld. Men krijgt dan:

7.
vn=vu—ta-9f Tp(rp)dy —tadpcs vt sy —

ftaéycwuvozaofyia‘i(%+
_.C"” vollzﬂf1 dolrp) dr _
! dy  Ya(y)
Cu ‘P rp) dy
“ (34)
[ a(y)Va(y)
" Noemt men nu
?1 ’
| Ly~ [ o(r.p)dy. (35)
Y. )
M,,,=[ a(yy—1dy, (36)
-~ nde(y.p) dy :
N 1Pirpl , 37
7 f &y e (37)
ndely.p)  dy
O, — - , 38
* = sy O

dan luidt (34):
vy, = vu+ts;‘“th—{»#Uozao(cw'?’i‘i‘Cquyl)%_

Cw’ Cwu '
“Uoif(;;(E?N?1+Eoyi)- (39)

of
vy, =va+ Ty, ta— Uy, , (40)
waarin
Ty — g Ly, — o anles bco M) (41)
en -
Cw’ Cw
Uy1=vo]/0_o(c,N}'1+C_:‘Oh) (42)
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* Volgens (31) is,op het tijdstip # (overeenko~
mende met y;) '

v}'lsvo—l—vng'l/a_(a;’_)'—la"{'
11 1 (de(yp)
+f ftCa C!('}’L)( d?’ )7‘:}'1, (43)
of
¢ L .
yp==to+ Vy, + ta Wy, (44)
waarin : i . k
SRS VAT TR,
1=!J0K _ 1 . 45
4 ('(l(’}"l) s . ( )
en

- 11 de(yp)
' Wylw.fica’a(Vl)( dy . )r—h' (46)

Zooals onder 03.1 is beschreveﬁ. wordt nu ¢,
bepaald door gelijkstelling van (40} en (44) voor
het tijdstip y—1, waardoor ontstaat: -

. o 1
T},=1ta—u7=1'=v;;‘=1+aW731- . (47)

.of

Tymit— (U5 Vi) ta— W,—, —0 (48)

Men vindt in het algemeen voor het geval van
een normale landing twee reéele waarden voor
f,, waarvan er echter maar één een voor de lan-
ding practische beteekenis heeft; hierop wordt later
teruggekomen

In T, U en W komt nu de parameter p voor,
zoodat met (48) £, als functie van p is bepaald.
Deze parameter wordt nu, zooals onder 03.1 is
aangegeven, zoo gekozen, dat op het tijdstip
t,=0,5t, (y=0,5) de snelheden vy volgens (40)
en (44) aan elkaar gelijk zijn, zoodat de, volgens
(48) bepaalde, bij elkaar .behoorende waarden
van p en f, moeten voldoen aan de betrekking,

T;u=0,5 faﬂ - ( Uy=0,5 + VyZD,E) ta_ W-,'=D,ﬁ =0 (50)

‘De beide vierkantsvergelijkingen (48) en (50)
moeten dus den, voor de landing van practische
beteekenis zijnde, wortel fa—t,, gemeen hebben.

Dit levert in principe een ‘voorwaarde voor de
grootheden

T?,=1 + Ty=0,5 , (U+ V)J,-——l s
(U-J[' V)-,:o.s ' W;:=1 en Wy‘;0,5 ,

waaruit p kan worden bepaald.

Bij de hierna te behandelen keuze van de functies
a(y) en @(y, p) leidt dit echter tot een hoogere-
machtsvergelijking in p, waarvan het oplossen
groote moeilijkheden bjedt. .

Eenvoudiger kan men als volgt te werk gaan.

Noemt men dv het verschil tusschen de waarden’
van de snelheid op het tijdstip y,=0,5 volgens

vergelijking (40) en volgens (44}, dan is
. ) 1 s
5UETT~=0,5 ta—’(Uyzo,s+Vy=o,5) _f_ Wy=o,5 (51)

Men kan nu de uit (48) volgende, voor de lan-
ding van practische beteekenis zijnde en bij elkaar

behoorende waarden van f, en p invoeren in (51)
en dv grafisch weergeven als functie van p.
Door interpolatie vindt men dan de waarde van
p. waarvoor dv=0 en daarmede de gezochte
waarde van f¢,.

04 Keuze van de functies af{y) en pl(y, p).
04.1 Algemeen.

Men kan een aantal voorwaarden aangeven
waaraan de bovengenocemde functies moeten vol-
doen. Daarbij wordt, in overeenstemming met de
praktijk bij het uitvoeren van een goede landing,
uitgegaan van de veronderstelling, dat de afvang-
manceuvre zeer geleidelijk van de stationnaire
zweefvlicht uit wordf begonnen en uitgevoerd,
d.w.z. dat plotselinge stuurbewegingen ofwel knik-
ken in het verloop van de grootheden a, ¢ en &
met den tijd bij het begin of tijdens de afvang-
manoeuvre niet mogen opireden. ,

Wanneer op het tijdstip £==0 geen knikken
in de (a;f) en {@:t) krommen mogen optreden,

beteekent dit, dat op dat tijdstip a en ¢ nul

moeten zijn, dus ook _aig en : geh]k nal. In ver-

band met (28) is dan ook & gelijk nul.
Volgens (16) wordt de roerhoekverandering
t.o.v. den roerhoek in stationnaire vlucht bepaald

door GT’ O en a.

Zijn nu ten tijde =0, O en «a gelijk nul, dan
moet, om geen plotselinge stuurbewegingen op

dit tijdstip te verkrijgen, ook ®=0 zijn. Om te ver-
krijgen, dat voor =0 aan de voorwaarde =0
voldaan wordt, zullen op-dit tijdstip dus, mede
in verband met a—0 en ¢=0, ¢ en ¢ gelijk
nul moeten Zijn,

Uit het bovenstaande volgt, dat voor het tijd-
stip t—0 moet . gelden a—0 en <p 0 of dat
voor y=0 moet gelden

d?a d2g
dy dy?
De te kiezen functies a{y) en ¢ {p.y) moeten

derhalve aan de volgende voorwaarden voldoen
(zie ook fig. 3):

=0,

1° voor y=0 moet a—=a,; 2 is de invalshoek
in stationnaire zweefvlucht,

2° voor y=1 moet a=a,; a, is de invalshoek
bij het aan den grond komen; verondersteld.
wordt, dat deze bekend is, -

d
3° voor y={ moet 2% o,

dy
2u
4° voor y=0 moet — =20,
d o
5° voor y=0 moet p=p,; @, is de baanhoek
in de stationnaire zweefvlucht,
6° voor y=1 moet ¢=0; bij een goede landing
moet het vliegtuig zich op het oogenblik van
landen evenwijdig aan den grond bewegen,
de .

o _ a¥_
7° voor ¥ Qmoet a7 0,
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do
82 voor y=0 moet d;ﬂ:O'

Ten slotte moet in de functie @{y) nog een
parameter worden ingevoerd. Hiervoor is geko-
zen de helling van de (p;y) kromme bij y=1
en wel zoo, dat deze helling wordt weergegeven
door p @e.

De laatste voorwaarde luidt dus:

dy
o —_ _— =
9° voor y=1 moet dy P Po.

De te kiezen functies moeten verder vanzelf-
sprekend zoodanig zijn, dat zij in overeenstemming
zijn met het bij een normale landing te verwachten
verloop van « en ¢ met den tijd. Aangezien,
teneinde de berekeningen zoo eenvoudig mogelijk
te houden, a(y) wordt voorgeschreven en ¢(y)
door invoering van een uit de berekening vol-
genden parameter p zoo goed mogelijk aan dit
a-verloop wordt aangepast, is bovenstaande over-
weging voor de keuze van a(y) het meest van
beteekenis.

De hierboven aangegeven begin- en eindvoor-
waarden, waaraan bij een normale landing moef
worden voldaan, leggen het invalshoekverloop
reeds voor een belangrijk deel vast. Voldoende be-
trouwbare metingsresultaten omtrent het invals-
hoekverloop bij een normale landing, om hierop de
keuze van de voor te schrijven functie a(y) te ba-
seeren, staan thans niet ter beschikking. Daar bij
de ontwikkeling van de behandelde benaderings-
methode steeds wordt uitgegaan van de veronder-
stelling, dat bij een goede landing de geheele be-
weging zeer geleidelijk zal verloopen, zal men,'nagr
verwacht kan worden, het invalshoekverloop voor
een normale landing zeker voldoende goed be-
naderen, wanneer men daarvoor een functie in-
voert, die tusschen de aangegeven begin- en eind-
voorwaarden een regelmatig toenemen van den in-
valshoek weergeeft zonder snelle veranderingen
van de eerste en tweede afgeleiden met den tijd.

Het ligt voor de hand voor de functies a{y)
en ¢(y.p) rationale hoogeremachtsfuncties in te
voeren; in verband met het aantal voorwaarden,
dat gesteld wordt, zou dan a{y) een functie van
den 3den en ¢@(y.p) een functiec van den 4den
graad moeten zijn. Om echter de integralen (37)
en (38} te kunnen oplossen, is voor a(y) gekozen
een functie van den algemeenen vorm

alpy=(ay*4by*+cy4d)z. (51)

Voor ¢(y.p) is ingevoerd een functie van den
4den graad, dus van den algemeenen vorm

plyip)=ey+Fyidgr+hytk. (52)

04.2 ° Uitwerking van de gekozen [uncties.

Wanneer egn functie a(y} van den algemeenen
vorm (51) moet voldoen aan de voorwaarden
1° t/m 4°, zal zij, zooals gemakkelijk is in te zien,
luiden o '

aly)=}(Va; — Vo) +¥a{z. ~ (53)

Stelt men, zooals later gewenscht zal blijken:

3
[ Va
= =, 54
=V = 154)
dan kan (53) geschreven worden:
aly)=2 (y*+2)7. (55)

De functie ¢(y,p) van den algemeenen vorm
{52) zal in verband met de voorwaarden 5% t/m
9°, luiden ‘

¢(r.p)=g P43} —(o+4)r°+ 1. (56)
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Fig. 4. Verloop van de functie a(y) en ¢(r.p).

In fig. 4 zijn voor bepaalde waarden van a., agen
@ de krommen volgens (55) en (56) weergegeven;
de laatste voor een aantal waarden van den para-
meter p. Positieve waarden van p komen niet in
aanmerking, omdat dit zou leiden tot pasitieve
waarden van ¢ aan het einde van het afvangen,
hetgeen zou beteekenen dat het viiegtuig eenige
oogenblikken véér het aan den grond komen op
geringere hoogte zou zijn geweest dan op het
oogenblik van landen -zelf, hetgeen onmogelijk is.
Waarden van p kleiner dan ca. —5 zullen ook prak-
tisch niet bruikbaar zijn, omdat hierbij een steiler
worden van den baanhoek bij het begin van het
afvangen optreedt, hetgeen bij een normale lan-
ding niet het geval zal zijn.

Zooals uvit beschouwing van fig. 4 volgt, is het
waarschijnlijk, dat het verloop van den werke-
lijken invalshoek en baanhoek bij een normale lan-
ding met goede benadering door de beide functies
wordt weergegeven. Later zal blijken, dat het vlieg-
tuig, wanneer invalshoeken in de buurt van de
maximale bereikt worden, nog slechts een zeer ge-
ringe hoogte boven den grond heeft, zoodat even-
tucele loslating of onaangename dwarsbesturings-
cigenschappen, wanneer deze b.v. tengevolge van
remous reeds voor het aan den grond komen bij de
zeer groote invalshoeken zouden optreden, geen
ernstig bezwaar voor de veiligheid meer kunnen
opleveren. Wanneér de waarde van p<{0 is,
beteekent dit, dat het vliegtuig na het punt
y==1 weer zou gaan stijgen, echter alléén, wan-
neer, zooals in de berekening is verondersteld,
¢a met goede benadering lineair met a blijft aan-
groeien. De invalshoek bij het aan den grond ko-
men (tijdstip y = 1) zal echter in het algemeen z66
gekozen worden, dat zij ongeveer overeenkomt met
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de kritische, zoodat bij overschrijding daarvan in
belangrijke mate loslating begint op te treden. Na
het tijdstip y —1 zal het vliegtuig dan geen neiging
meer vertoonen te gaan stijgen: het voert dus een
goede driepuntslanding uit. Mocht men den in-
valshoek bij y=1 zoo wenschen te kiezen, dat de
waarde er van nog belangrijk beneden de kritische
ligt, dan moet, om aan den grond te blijven, de in-
valshoek worden verkleind, hetgeen overeenkomt
met het uitvoeren van een wiellanding.
Uit {55) volgt nog:

d 6a '

E%*—uta:‘—? (7 +2%) (57)
en

da - 6

d oS eae, (o

terwijl uit {56) volgt

d . .
ﬁ=¢f.=%34(p+3)?“~3(9+‘*)?’”2
en
d?cp_
dy?

— 0} 12(p+3)7* — 6(p+4)7{(60)

05 Uitwerking van de benaderingsmethode met
de gekozen functies ¢(y) en @(y.p).

05.1 Invoering van de gekozen functies.

Onder 03.2.is in algemeenen vorm de benade-
tingsmethode uitgewerkt. Hierin kunnen nu de
functies a(y) en @{y,p) worden ingevoerd.

aartoe worden eerst de integralen (35) t/m
{38) uitgewerkt. Aangezien dit tot vrij omslachtige
bewerkingen leidt, zal hier alleen het resultaat wor-
den weergegeven; de uvitwerking van de integralen
is uitvoerig in de appendix onder 09 behandeld.

Er blijkt, dat de intergralen, waarin de parameter
p voorkomt, nl. Ly, (35), Ny, (37) en Oy, (38)
lineaire functies van p zijn en dat alle 4 inte-
gralen ten slotte geschreven kunnen worden in den

volgenden vorm: | ‘
r =@ [pfi(?:)-Hz(w)] (61)
'Mh-=9_a'0fs(z.?n), L (e2)

'Nh=i“r’a[pf.;(z.‘m+f;(z._m'l, (63)
IR

—-—Va° (pfa(z, m+f:(z 7). (64)

' 1

fo t/m f; zijn nu functxes van .y, en z of van y
alleén.

De u1twerkmg van deze functies is onder 09
gegeven. In de figuren 13 en 14 zijn zij voor een
aantal in de praktijk voorkomende waarden van z
weergegeven en wel voor de waarden y;—1 en
ya=0,5,-welke, zooals onder 03 is.uiteengezet, in
de berekenmg verder zullen worden gebruikt. Door
gebruik van.deze grafieken worden de berekeningen
zeer vereenvoudigd. Men kan nu (61) t/m (64) in-
voeren in de ultdrukkmgen (41) en.(42) en ver-
krijgt dan: T

Tyy=—gwfip—gqf+

C"’rz
+iu Uogao(cw’}’l"i_'g-;;f?')g (65)

en

uy wvuwo(—ffs i)p+
1). (66)

Verder ontstaan, door invoering van (55) en

(59) in (45) en (46)

oom (;;:

—
Vyl——- Uo?31+z-3, (673)
Of ' .
V}'lﬁ—vufa (67)
en
_ I Po y12 (41—~ 3) 28
Wh_“ﬂca"ao{ (et P
raf{ys—13)z° '
+12—+_—(y4 o) ] (68a)
of
W:'1=—— [pfelz y1) -+ fro(z. 71} ] (68)

HCa" o

Qok de functies fs t/m [0 zijn voor y,==1 en
y2==0,5 en voor een aantal in de praktijk voor-
komende waarden van z berekend en in de figuren

‘13 en 14 weergegeven

05.2 Bepalmg van p en ta.

Zooals onder 03.2 is behandeld, bepaalt men
ta(p} als een der wortels van de vergelijking

Ty ta? = (Upts + Vi) ta— W, =0, (48)
Deze heeft in het algemeen 2 wortels- nl
y—1+ Vy=1
ta% 2 Ty—l ji . :

1 . ’! .
va—‘V( ?H1+V?'*—1) +4Wy:1T},gl.

Eén dezer wortels is echter slechts voor de landing

‘van practische beteekenis, hetgeen men als volgt

kan' inzien.

In het bijzondere geval, dat p=0. is W, -
Een der wortels van (48) wordt dan

2, =0,
terwijl o .
L Ty_‘ﬁ1 ‘ v

Gaat men echter uit van de vergeh;kmg (47},
waaruit (48) is afgeleid, dan verkrijgt men voor
dit bijzondere geval p=W,—,—=0 slechts één
oplossing voor £, nl. . \ B

¢ . ;;:1 -+' V?_-zl' +4
&y Tr_]_ N
" De Wortel t.l —0 is dus mgevoetd en is voor

het probleem niet van beteekenis. .
Is nu p3£0 ‘en dus W,.—, 540 dan zijn er
inderdaad twee waarden van f, mogelijk, die



(48) bevredigen en voor het probleem van reéele
beteekenis zijn.

Een dezer wortels (ta.,) echter is voor de waar-
den van p, die voor het probleem in aanmerking
komen (0> p >>ca. —5) belangrijk kleiner dan
de andere; deze wortel is kleiner naarmate p
grooter wordt en wordt nul voor het bijzondere
geval, dat p=0. Deze wortel nu heeft voor de
landing geen practische beteekenis; hij beschrijft
het geval dat het vliegtuig snel wordt opge-
trokken uit de stationnaire zweefvlucht tot de
invalshoek a, is bereikt op het oogenblik, dat
de baanhoek 0 is. De snelheid is daarbij dan
echter niet of zeer weinig afgenomen t.o.v. de
snelheid v Vanzelfsprekend gaan hiermede groote
roeruitslagen gepaard. Dit geval komt dus voor
de landing niet in aanmerking.

De andere wortel f.,, welke belangrijk grooter
is dan t,,, geeft op het oogenblik, dat ¢=0 en
a==a, is geworden, een waarde van de snelheid,
die zeer weinig verschilt van die welke in sta-
tionnaire viucht bij den invalshoek a, behoort.
Uit de berekeningen blijkt (zie b.v. onder 07},
dat deze wortel. welke dus voor de landing van
practische beteekenis is, bepaald wordt uit

U-::j V =1
o o) =G I
1 / .
—_— E‘Ty:;]/ (Uy=1 + Vy:l) +4 W"p:l Ty:l- (69)

T, U V en W worden gegeven door [65) t/m
{68), waarin de waarden van f, t/m i voor y,—1
zijn ingevoerd {zie fig. 14). Met (69} wordt voor
een aantal waarden van p (0 >p >—5) ¢, bere-
kend; t. wordt dan uitgezet als functie van p.

Met behulp van
duv= Tymo,a ta — (

y==10,5 ‘+' V;-=D,E) - Wy:l) 5

“ e
waarin T, U, V en W wederom worden gegeven
door (65) t/m (68) met dien verstande, dat nu de
waarden van f, t/m [y, voor y.=0,5 worden in-
gevoerd (zie fig. 15), wordt dv als functie van
t, of p berekend en grafisch weergegeven. Door
interpolatie worden de waarden van p en t, be-
paald, waarvoor dv==0. De gezochte waarde
van t. is hiermede verkregen. .

Pe vraag zal kunnen rijzen, hoe de hoogte boven
den grond tijdens de afvangmanceuvre zal ver-
loopen.

In een tijd dt is de hoogteverandering, wanneer
men, zooals hier tcelaatbaar is, sin ¢—=g¢ stelt.

dh—=guvdf.

Men kan inzien, dat hieruit de hoogte op het
tijdstip t, wordt bepaald als

=[tIQUdt-—ftaq)udtzu—f!“(pvdt,

. t
of
1
hhmwt.f gody,
V1
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Vult men hierin de waarde van v volgens (26)
in, dan verkrijgt men

——tavnlffx_of }de ey
b1 141

In het algemeen .is de tweede term klein t.o.v,
den eersten, zoodat men met goede benadering
ky, kan berekenen met

e
hh*—“faUOVaof ﬁ;—d}‘-
"1
h?’x:“tﬂvﬂva—up?l-

Hierin kan dan Py, worden voorgesteld door

pYI;(PoTVC?P [Pfu(zryl)‘{'fl’(z'?‘)] ’

1 (pdcp

ady

By,

dy. (70a)

(70b)

of

zoodat
=~ taon Lot 2.0 nler) 1. (70)

De uitwerking van f,;(z.7:) en fi:(z,y,) is onder
09 gegeven. In fig. 15 zijn zij voor een aantal
in de praktijk voorkomende waarden van z weer-
gegeven en wel voor waarden van y==0; 0,4.en
0.7. Met behulp hiervan kan het verloop van
de hoogte tijdens de landing met voldoende be-
nadering worden aangegeven.

Opmerking.

Niet voor alle mogelijke begintoestanden (ay, @)
en eindtoestanden (1, g,=0) zal op de in het
voorgaande beschreven wijze een benaderings-
oplossing kunnen worden bepaald. Het kan nl
voorkomen, dat of de wortels van (48) voor de
bruikbare waarden van p nl. 0> p > —5 com-
plex worden, of de met behulp van {51} berekende
p-waarde voor dv=0 buiten het bruikbare ge-
bied {0 > p >>ca. —5) komt. Het eerste zal in-
hoofdzaak het geval zijn, wanneer een station-
naire begintoestand is gekozen met te grooten
invalshoek en dus te lage snelheid, het laatst-
genoemde daarentegen, wanneer de stationnaire
beginsnelheid te hoog is gekozen. Een en ander
wordt door het ultgewerkte voorbeeld onder 07
toegehcht

"Wanneer zich het eerstgenoemde verschqnsel
(complexe waarde van ¢;) voordoet, beteekent
dit, dat het onmogelijk is een landing uit te
voeren, waarbij voor het gekozen invalshoekver-
loop een baanhoekverloop optreedt, dat met goede
benadering overeenstemt met het gekozen baan-
hoekverloop; men zal dan moeten verwachten,
dat het vliegtuig niet meer bij een baanhoek ¢ =0
aan den grond gebracht kan worden. Dit ver-
schijnsel treedt ook inderdaad in de praktijk op,
wanneer met een te lage snelheid wordt binnen-
gekomen.

Wanneer de berekende p-waarde buiten het
bruikbare gebied valt bv. p >0, dan wordt,
zooals reeds vroeger is opgemerkt, het met deze
benaderingsmethode bepaalde baanhoekverloop
zoodanig, dat het niet meer voor een normale
landing geschikt is. Dit verschijnsel doet zich in
het algemeen echter voor wanneer de snelheld
bij binnenkomen groot is.




In het gebied van normale snellieden voor het
binnenkomen (vo tusschen circa 1,2 en 1,3 maal
de minimale snelheid) zullen in het algemeen de
genoemde verschijnselen niet optreden.
bgl-Bl.Bepaling van de voor het landen vereischte

roerhoeken. ‘ .

Met de, op de in 05.2 beschreven wijze. be-
paalde waarden van ¢, en p kan men ©, @ena
als functie van y bepalen en daarmede met be-

hulp van (16) den roerhoek f£(y) berekenen.
{16} kan men daartoe schrijven:

2B .
ﬁ(?)=WQ(YL*
el (B 2t 4 e,
S AT
Hierin is

—1.2

e—ids
O—ato
Zooals reeds onder 04.2 is afgeleid, is

LT

(28)

ern

(58)

a(r) =i
2n . .

P =907} 12p+3)7 —6(p+4){ . (60)
terwijl | 6
—— %)

(V) —r 7% (57)
en ‘

Py = gur}4(p+3)7 =3P+ ). (59)

" Verder is. volgens {26)

1 PR T |
PN caa(y Vi o
of met (55) en (59}
e 4 (p+ 3 —3p+4)2f
U(?)= tafiCa do ‘(}ﬁ—i—z*)“-l_
23
R o DY

p* is, zooals onder 02.1 is uiteengezet, de waarde
van f, die in stationnaire zweefvlucht behoort
bij den invalshoek a(y) (bij de zwaartepunts-
ligging en den klepstand, waarvoor men den
voor het landen noodigen roeruitslag wil bere-
. kenen}.

De grootste (wegens het teeken van f§ liever
,.kleinste''} waarde van de zoo berekende roer-
vitslagen f{(y) is de gezochte, voor het landen
noodige roeruitslag, bij den vliegtuigtoestand,
waarvoor men de berekeningen. heeft uitgevoerd
{bepaald " door gewicht, zwaartepuntsligging,
traagheidsmoment, klepstand, enz.}.

Men kan de voor thet landen vereischte roer-
hoeken ook weergeven in het voor de stationnaire
zweefvlucht geldende f* — a-diagram door boven
den bij iedere u-waarde behoorenden ..station-
nairen” roerhoek p uit te zetten den ,.extra”
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roeruitslag f§ — f*, die voor het landen bij iedere
waarde van a noodig is. Dit is in" fig. 12 ge-
schied.

In- het algemeen zal de grootste (absolute)
waarde van den roerboek bereikt worden op het
tijdstip y =1 {oogenblik van landen) en meestal
zal daarbij ook de voor het landen noodige extra
roeruvitslag f — f* het grootst zijn of zeker weinig -
afwijken van de grootste waarde, die op eenig
oogenblik tijdens het afvangen optreedt. Deze
roeruitslagen (ten tijde y==1) kunnen als volgt
berekend worden. . -

De waarden ©,—,, ©,— en a,—; kunnen met
(57) t/m (60) worden berekend. :

Men verkrijgt

» 1 0

Bmsm s S (228 4 5) 4 (65 + 12)] (74)

6ymam b 1% @ 1) LRl (75)
en I

. 1 6ay

Gy = (2 1) (76)

en volgens {26), wanneer men voor y=1 den
p

index g gebruikt,
__ P %, )
_Ftayca’ag+vo ag’

Met behulp van (71) kan hieruit de hoogte-
roerhoek op het oogenblik y =1 berekend worden.
2B (e‘:g de. )

ﬂg_gvngln%, ?+d&ag +
+ B*{a}. (78)
Evenals op c. en c,, zal de nabijheid van den
grond een invloed op cn en op de neerstrooming
uitoefenen en daardoor de waarden van f* wij~
zigen. ‘ ‘
‘Wanneer men over gegevens omtrent deze he-
invloeding beschikt, doet men goed deze in réke-
ning te brengen. Dit is mogelijk, omdat men op de
onder 05.2 beschreven wijze de hoogte boven den
grond kent. Zou de nabijheid van den grond ook
de T
da .
niet noodig zijn deze verandering in rekening
te brengen, aangezien de term, waarin deze waar-
de optreedt toch slechts een geringe rol speelt

t.0.v. den term met &. De invloed van de nabijheid
van den grond op den extra-roeruitslag zal dus
hoofdzakelijk veroorzaakt worden door de veran-
deringen van c, en c,.

- Daar verder de grootste roeruitslagen zullen op-
treden bij invalshoeken, welke ongeveer gelijk zijn
aan den kritischen invalshoek, en de staartvlakken
zich t.g.v. de nabijheid van den grond zeker in de
van den vleugel (bij grooten invalshoek en uitge-
slagen kleppen) afkomende gestoorde strooming
zullen bevinden, zal men hiermede bij de keuze van
y rekening dienen te houden. Terwijl men in nor-
male zweefvlucht bij niet te groote invalshoeken
op waatden voor 5 tusschen 0,8 en 0,9 kan reke-
nen, mag men aan heét einde van de afvangmanoeu-
vre, bij zeer grooten invalshoek, in het algemeen

(77)

Vg

6, —12%t

Cq Ug

doen veranderen, dan zal het waarschijnlijk
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geen thoogere waarden voor 7 dan 0,70 verwach-
ten, misschien zelfs nog lager.

Gegevens omtrent # voor invalshoeken van 3
a 4° beneden de kritische waarde en voor uitge-
slagen kleppen vindt men b.v. in lit. 2.

05.4. Beschouwing over het geval dat c; en c»
nief als constanten mogen worden opgevat.

Zooals volgt uit {6} is vergelijking (71) afge-
leid in de veronderstelling, dat het verband tus-
schen den normaalkrachtcoiéfficiént op de staart-
vlakken en f§ en a; lineair is. Dit is voor een
staartvlak van het gebruikelijke type voor een
groot gebied van roer- en invalshoeken zeker
het geval. Bij zeer groote waarden van f§ en/of

‘as, wanneer loslating begint op te treden, ver-

toonen de c,-f en cn-ap krommen echtei een

afwijking van het lineaire verband.

Cn

|
l ' 1 4-0°

o4 ONTLEEND AAN;
g TRANSACTIONS OF THE CAHJ. MOSKOW
JRG 1936, NR. 278, P BD, FIG. 7,
P Ve
v g
03 // 4 — An-10"
P

/] »

At 5’J
o / A |

/ / [ //[ A= 20"

of i / / //V/r /// :;:g:s g
v vl

4 6 8 (o] 12 14 [13 1B 20 2 24

/

N

N

Fig. 5. Staartvlakgegevens.

Uit fig. 5 kan men, voor het model van een
bepaald staartvlak, afleiden dat voor de bij de
landing in aanmerking komende toestanden
(<0, a, >>0) het lineaire verband tusschen c,
en # met voldoende benadering geldt voor roer-
lioeken tot meer dan 20° en het lineaire verband
tusschen ¢, en a, bij groote negatieve roeruit-
slagen tot invalshoeken van ca. 18°. In de meeste
gevallen zal dan ook bij de landing nog met
goede benadering met constante waarden van
€1 en c: kunnen worden gerekend. {De tijdens
het' afvangen optredende waarden van ax kunnen
met {11) worden berekend).

Het zal ook veelal niet raadzaam .zijn met

‘hoeken a, en f te rekenen, waarbij ¢: en c» niet
meer constant zijn, aangezien men over het ge-
drag van de staartvlakken op ware-grootte bij
‘hoeken, waarbij een niet -onbelangrijke loslating
‘begint op te treden, op grond van modelmetingen
.aan staartvlakken geen betrouwbare conclusies

-

S

kan trekken. Het is echter wel mogelijk. ook
wanneer ¢, en ¢ niet als constanten mogen
worden beschouwd, dus in het algemeen voor
een willekeurig verband cn («s, 8), den roerhoek f
te berekenen, wanneer men over het ¢, (a5, 8)-dia-

gram van het staartvlak beschikt en wel als volgt.
Volgens (5} is

M.—=4ov(y)*n*flea(an f). (3)
Hierin is, in de niet-stationnaire vlucht,

.1 (6 de-
a;,=xa«{-0—ma~{—m(?-{—d—§a). (11)

Het moment van de staartvlakken in stationnai-

- re vlucht bij invalshoek a, dat gelijk is aan en te-

gengesteld gericht aan het moment van vleugel en

romp tezamen (zie {14)), kan geschreven worden

My=dov(y)*n?fl.ca(an®, f*)=—4o0v*Ft,cnla),

af=xa-t+o—a (8)
en f* bekend is uit de stuurstandslijn. De dem-
ping Mg, geleverd door de staartvlakken bij de
niet-stationnaire beweging, kan berekend worden
als het verschil van de momenten der staart-
vlakken bij de invalshoeken ax en a»*, bij de, in
de niet-stationnaire vluche optredende, waarde
van f. :

Dus ‘
Mas=lev(ry w1} cnlan ) —ealas= B){.

Zooals onder 02.1 is uiteengezet, wordt voor de
demping M., van vleugel en romp tezamen, 20%
van de demping der staartvlakken alléén ingevoerd,
zoodat

Mo=0240v(y)rp 1} calan f) — calas™. f).

Men kan dus voor het totale moment om het
zwaartepunt, tijdens de niet-stationnaire beweging
schrijven (analoog (15))

M=3}ou(y)* 9 [1} calam f) — calas®. %)+

+0,2€n((1h.ﬁ)—“O,ch(ah",ﬁ)z, (15a)
zoodat nu uit {3) volgt: o
1.2cqlan f)—0.2ca(ar* ff}=

2B6G .
=W-i-cn(ah B%), (T1a)

waarin a, gegeven is door (11), ¢4* door (8) én
p* volgt uit de stuurstandslijn,
_ Deze vergelijking treedt dus in de plaats van
{71): De waarde van £ kan het eenvoudigst wor-
den bepaald door in een grafiek uit te zetten de
waarden van [1,2¢c.(an ) — 0.2ca(as® )] (bij de
waarden van a, en ax* volgens (8) en {11)} tegen
f. De waarde van ., waarvoor deze functie ge-
lijk is aan het rechterlid van (71a), is de gezochte
roerhoek f.

Bovenbeschreven werkwijze moet worden ge-

volgd voor iedere waarde van y, waarvoor men f-

wenscht te berekenen. Wanneer men dus alleen
B, wenscht te berekenen behoeft dit alleen voor
de waarde y=1 te geschieden, a; en a,* worden
berekend met {11) en (8), waarin de bij een be-

paalde waarde y behoorende* waarden van e, @,



¢ en v volgens (53), (57), (59). {28} en (73)
worden ingevoerd, terwijl & wordt bepaald met
(28),(58) en (60).ca{an, ), calap*. f) en cq (%, §)
worden afgelezen uit het gegeven ca{an 8} -dia-
gram van de staartvlakken,

06 Bepaling van de meest voorlijke ligging van
het zwaartepunt, welke met het oog op het
landen toelaatbaar is.

Wanneer met {71) voor een bepaalde ligging
van het zwaartepunt, waarmede een bepaald ver-
band f*(a) overeenkomt, de grootste (absolute)
waarde van den voor -het landen noodigen roer-
uitslag is bepaald, kan de vraag gesteld worden,
wat nu bij een gegeven totaal beschikbaren roer-
uitslag (of -— rekening houdende met het loslaten
van de strooming bij groote roeruitslagen -— bij
de grootste bereikbare c,-waarde) de meest voor-
lifke ligging van het zwaartepunt is, waarbij nog
juist kan worden geland.

Het berekenen van deze zwaartepuntsligging kan
‘bij benadering als volgt geschieden.

Bij een zwaartepuntsligging x. (b.v. gemeten
van den neus van de'grootste vleugelkoorde af) is
volgens (71} voor het landen een roeruitslag noo-
dig, die bij een invaishoek a; haar grootste waarde
fia-bereikt. Indien de totaal beschikbare roeruit-
slag fmsx is, heeft men dus een overschot aan
roeruitslag van fmes — fa.

Wanneer men nu aanneemt, dat bij andere
zwaartepuntsliggingen de grootste (absolute)
waarde van f§ voor het landen eveneens bij dien-
zelfden invalshoek a, bereikt wordt (hetgeen niet
altijd geheel juist behoeft te zijn, t.g.v. de ver-
andering van de helling van het verband g — a bij
verandering van de zwaartepuntsligging), zal, daar
de extra-roeruitslag voor het landen onafhankelijk
is-van de zwaartepuntsligging, bij benadering het
zwaartepunt nog zoodanig naar voren mogen wor-
den verplaatst, dat bij den. invalshoek ¢, in sta-
tionnaire vliucht een roeruitslag optreedt, welke

Pmax — fa grooter is dan de roerhoek f.* in sta-

tionnaire vlucht bij den invalshoek a, en bij de
zwaartepuntsligging x.. De roeruitslag bij den
invalshoek o4 in stationnaire vlucht bij de zwaarte-
puntsligging x. wordt gegeven door (14)
1 Ft, 1
e fi 7
, ]
waarin &m, voorstelt den momentencoefh(:lent van
het leegtmg zonder staartvlakken bij de zwaar-
tepuntsligging Xe. :
, Bij een zwaartepuntsligging xs (zwaartepunts-
verplaatsing 4x positief naar, achteren) is

(79)

m, (i) —ei{way 40 —a),

- Cmy (@1} =Cm,(a:)+ Ca(ﬂx)_T (80)
en dus ' .
. 1 Fe, A xt
IS =—E;7T;7;§Cm’(a:)+c.(an) . VT
, - —a(zaitoe—a). (81),
Hieruit volgt - oo '
x . 1 Feol A ‘
P b= e @) (82)
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Wanneer x, de zwaartepuntsligging voorstelt;
waarbij nog juist voldoende roeruitslag voor het
landen beschikbaar is, moet

ﬁ‘b "—'ﬁﬂ =ﬁma.t"_/6a-
De zwaartepuntsverplaatsing Ax, die, van de
zwaartepuntsligging x. uwit, nog juist toelaatbaar
is met het cog op het landen, volgt dan uit

Ax
p Bl L B — ).

te F f,Calay) )

Wanneer de grootste roeruitslag bij het landen,
zooals in het algemeen het geval zal zijn, bereikt
wordt op het tijdstip y=1, dan wordt £, in
(83) gegeven door (78).

Zooals reeds onder 05.4 is besproken, gelden de
gegeven formules voor 8 (71) en (78) slechts
voor zoover de functie ci{a; f) als lineair mag
worden beschouwd. Hetzelfde geldt vanzelfspre-
kend voor {83}, Men moet dus fmar daarbij niet
grooter kiezen dan de waarde tot welke de functie
cnl(an ) nog met goede benadering door een
rechte lijn kan worden weergegeven; in het alge-
meen zal dit —20° tot — 25¢ zijn,

(83)

07 Uitgewerkt voorbeeld.
07.1

Ter toelichting van de berekeningsmethode en
tevens ter toetsing van de resultaten zijn voor
een vliegtuig, waarvan gegevens uit ware-grootte-
proeven ter beschikking stonden, de in het voor-
gaande behandelde berekeningen uvitgevoerd, zoo-
wel voor den toestand met geheel uitgeslagen
kleppen als voor den toestand met gesoten kleppen.

De gegevens van het vliegtuig, voor zoover die

Gegevens van het viiegtuig.

“voor de berekeningen van belang zijn, vindt men
“verzameld in tabel 1 (achterin) en in de figuur 6.

Deze figuur geeft het verband tusschen ca. coen a’,
zooals dit bij ware-grootte-proeven met het vlieg-~

- tuig werd bepaald, alsmede de benadering door

lineaire functies, welke voor de berekening nood-

zakelijk is.

Men ziet, dat, in het bij de afvangmanoceuvre

“voorkomende gebied van invalshoeken, de onnauw-

keurigheid in de ¢, en ¢, waarden, die door deze
benadering ontstaat, slechts gering is.
Opgemerkt moet nog worden, dat de c, en c.
waarden direct zijn ontleend aan metingen in sta-
tionnaire zweefvlucht met gesloten gasklep zonder
correctie voor den schroeftrek, zoodat in de ¢,
waarden is begrepen een correctie voor den in-

vloed van de negatieve trekkracht van de schroef.

welke ook bx] de landing optreedt.

In fig 6 is verder uitgezet het uit dezelfde ware-
grootteproeven afgeleide verband tusschen de stuw-
snelheid v, de roerhoek § en a’ in stationnaire
zweefvlucht. Het verband g — v is bepaald voor de
klephoeken 0 en 40° en voor 2 zwaartepuntslig-
gingen nl. op ca. 27% en 24% van de gemiddelde
koorde, doch is slechts voor de meest achterlijke
ligging weergegeven.

Tenslotte is nog uitgezet het verband tusschen
@ en a’ in standaardatmosfeer (met invloed nega-
tieve schroeftrek) voor een gewicht van 1000 kg,
afgeleid uit de ¢.— cy-krommen.

e S
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gegevens uit tabel 1 zijn onder meer aan
fig. 6 ontleend. '
De coélficignt ¢ is bepaald uit de bekende
waarde van den hoogteroercoéfficignt ks, weerge-
geven in fig. 6, die uit de stuurstandslijnen voor
verschillende zwaartepuntsliggingen kon worden
afgeleid. Uit de definitie van k; nl.

AaM

ks

TR

waarin g de stuwdruk van de ongestoorde stroo-
ming voorstelt, en 4§ (in graden) thet roerhoek-
verschi! bij denzelfden vliegtoestand en verschil-

lende zwaartepuntsliggingen, volgt, dat
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Fig. 6. Aerodynamische gegevens van het als voorbeeld -beschouwde vliegtuig bij verschillende vliegtoestanden,




kg=——ncy.

Bij de niet-extreme invalshoeken (a’ ==ca. 10°}
volgt uit de metingen bij 0 en 40° klephoek
kg—=ca. 0,010 per graad. Stelt men hierbij, zooals
mt lit, 2 volgt, dat n==0,85, dan is

“co=—10,79 per rad.

Voor de zeer groote invalshoeken aan het einde
van de afvangmanoeuvre wordt, eveneens aan de
hand van lit, 2, voor den klephoek van 40° 5 ge-
steld op 0,70 en voor den klephoek van 0° op 0,80.
De waarde van c,jcs is bepaald op grond wvan
theoretische overwegingen en modelmetingen aan
staartvlakken met dezelfde slankheid en dezelfde
verhouding tusschen stabilo- en roeropperviak.

' De waarde van het traagheidsmoment B is ge-
vonden op grond van gegevens van vliegtuigen
van overzenkomstig type, in den vorm van dimen-
sielooze coéfficiénten voor het traagheidsmoment
{zie b.v. fit. 5).

_ de |
* Voor de waarde van Ja s 0.30 aangenomen;

een meer nauwkeunge bepaling is, gezien den be-
trekkelijk geringen invloed van deze grootheud
" niet noodzakelijk. :

. Teneinde de berekeningen eenvoudig te houden,
werd de grondinviced niet in rekening gebracht.

07.2 Omuvang en uitvoering van de berekeningen.

. De berekenigen zijn in twee groepen gesplitst;
de eerste groep heeft betrekking op het bewuste
vliegtuig, de tweede op eenige denkbeeldige ver-
anderingen van de aerodynamische eigenschappen
van den vleugel met klep van dit vliegtuig, teneinde
den invloed van dergelijke veranderingen op de
extra-roeruitslagen te onderzoeken.

De eerste groep berekeningen over de ver-
eischte roeruitslagen werden uitgevoerd voor de
meest achterlijke zwaartepuntsligging bij twee klep-
hoeken, nl. =0 en ¢=40° Tencinde den in-
vioed van de keuze van den stationnairen begin-
toestand véér de afvangmanoceuvre te onderzoeken,
werden voor beide klepstanden 0 en 40° de be-
rekeningen uitgevoerd voor 3 begintoestanden a,
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b en c. Deze werden 266 ‘gekozen, dat de snel-
heid bij één dezer drie toestanden .voor elk geval
gelitk'was aan 1.2 maal de minimale snelheid be-
hoorende bij. den betreffenden klephoek. In het
algemeen mag men wel zeggen, dat een snelheid
van 1,2 vn: bij het binnenkomen als normale
waarde mag gelden. De twee andere waarden wer-
den in de nabijheid daarvan gekozen en wel voor
de hoogste ca. 1.3 vnim en voor de laagste, voor
zoaver dit in verband met het complex worden van
t. mogelijk was, kleiner dan 1,2 vu,.

Uit fig. 6 en de gemeten waarden voor de mini-
male snelheid volgt, dat de kritische waarde van
den invalshoek voor 6 =0° gelegen is bij 2’ =ca.
16,5° en voor d=40° bij a’=rca.16% Uit het
verloop van de stuurstandslijnen (f —a) in fig. 6
ziet men, dat bij &’ ca. 15° voor 6=40° en bij
a’ ca. 16° voor 6==0° de stuurstandslijnen sterk
beginnen af te buigen. Men mag dus verwach-
ten, dat bij deze invalshoeken reeds in belang-
rijke mate loslating begint op te treden. Daarom
is, voor den invalshoek, die bij het aan den grond
komen wordt bereikt, voor d=0° a,/=16° en
voor 8==40° a,’=—=15° gekozen.

De standhoek bij het aan den grond komen be-
draagt dan eveneens ca. 15° resp. 16°, terwijl stil-
staande aan den grond de standhoek van dit vlieg-
tuig ca. 12° bedroeg. Men mag dus concludeeren,
dat bij bovengencemde keuze van «, zeker ecen
goede driepuntslanding zal worden uitgevoerd,

In tabel 2 zijn nu de gegevens (afgelezen uit
tig. 6), waarvan bij de eerste groep berekeningen
is uitgegaan, verzameld.

De tweede groep berekeningen betreffen als ge-
zegd een tweetal denkbeeldige gevallen, Hieraan
ligt de volgende gedachtengang ten grondslag.

Wanneer men, zooals in fig. 6 is geschied, de
¢.~ en cp-waarden van het als voorbeeld gekozen
vliegtuig uitzet op o’, dan ziet men dat de kleppen
een matige ca-verhoogmg en een c.-verhooging

opleveren. Vergelijking van de berekende waarden

van (f— p*) voor =0 en §=40° geeft een in-
zicht in den invloed van de klepwerking op de ver-

eischte extraroeruitslagen. Teneinde nog iets dui-.

TABEL 2

J in graden 0° 40°

Umin in km/h ca. 90 ca. 80

Begintoestand a b c 2 b c.
vo inkm/h . . . . . .1 108 112 117 94 9% | 104
ve in m/fsec : 30,0 31,1 32,5 26,1 26,6 28,9
_ a0 in graden (zie 09) +1074 [+ 980 |+ 876 |4+ 988 {935 |4 748
'@ in graden (zie fig. 6) + 230 |4+ 230 |+ 230 ||+ 400 [+ 400 |4 400
ae in rad. (zie 09) . + 0228 |+ 0211 |+ 0193 |[+ 0242 |+ 0,233 |4 0,200
%o in graden . — 555 | — 555 |— 562 1— 665 |— 66 - |— 688
. o .in rad. . — 0,097 | — 0,097 | — 0,098 || — 0.1160]| — 0,1165| — 0,120
. a; in graden . 16,00 16,00 16,00 15,00 1500 | 15,00
2 in rad. . + 0320 | 4+ 0,320 [+ 0320 [+ 0332 |+ 0332 |+ 0332
z 1,76 1,63 1,52 1803 1,727 1,51
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delijker kwalitatieve gegevens omtrent denm in-,
vioed van de aerodynamische eigenschappen van
inrichtingen ter verhooging van draagkracht en
weerstand op de voor het landen noodige extra-
roeruitslagen te verkrijgen, zij nu nog voor een drie-
tal denkbeeldige gevallen van dergelijke inrich-
tingen, toegepast op het als voorbeeld gekozen
vliegtuig (tabel 1), de vereischte extra-roeruit-
slagen uvitgerekend.
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Fig. 7. Ca{a} en cw(a) voor verschillende uitvoeringen
van het vliegtuig.

Fig. 7 geelt hiervan een beeld. Hierin zijn uitge-

zet de c.-a en c,-a krommen (invalshoek t.o.v.
de draagkracht-nullijn), waarop de berekeningen
zijn gebaseerd. Hierin is geval I het gekozen
voorbeeld ronder klepuitslag. geval Il het voor-
beeld met klepuitslag 40° geval III de denk-

beeldige klepvorm, (b.v. een remklep) die geen
c.-verhooging geeft en wel een verhooging van
cw. welke in dit geval gelijk wordt gesteld aan
die voor ‘het gekozen voorbeeld bij klepuitslag
40°. Geval IV stelt voor een goede landingsklep,
die een aanzienlijke c.-verhooging en daarbij een
flinke weerstandsvermeerdering geeft.

Voor de gevallen III en IV wordt nu de extra-
roeruitstag voor het afvangen berekend, unitgaande
van de veronderstelling, dat het afvangen geschiedt
van een stationnaire-vlucht met een stuwsnelheid
1,2 Umin uit,

In tabel 3 zijn nu de voor de berekening noodige
gegevens verzameld. Opgemerkt wordt nog, dat
(# — B%) alleen is berekend voor het tijdstip y =1,
omdat hierbij'de grootste waarde optreedt.

TABEL 3.
Geval 1T v

Umia in mfsec . . 25,35 20,80
vy (1,2 vnin) in m/sec 30,4 25,0
Caox c 1,284 1,895
Cay (= 1—2"'%) 0,892 1,315
a, in graden 12,6 14,4
Cory 0,126 0172
o in rad. |, —0,141" } — 0,131
ay in graden . 18,4 21,2

z 1,687 1,675
.. 4,06 5,21
Ccu' 0,579 0,665
Cu, — 0,001 -+ 0,005
7 0,70 0,70
De overige in de berekening voorkomende waarden

volgen uit tabel 1,

07.3 Resultaten.
In tabel 4 (aan het einde van dit rapport) vindt

" men de berekening van den vereischten roeruit-

slag voor het afvangen op het ocogenblik van

.. landen, voor de klephoeken 0 en 40° en ieder voor

3 verschillende begintoestanden (zie 07.2).
In tabel 5 zijn de resultaten samengevat.

TABEL 5.

r— e
.

Zwaartepuntsligging x/t,==27%
Klephoek é in graden 0 40
Stationnaire beginsnelheid (1,2vmia) (1,3 0min) (1.2vmn) | (1.3 Umin )
vo in km/h 108 112 117 94 96 104
a;” in graden . 16 16 16 15 i5 15
f; in graden . — 6,0 — 50 — 4,6 — 56 — 4,5 — 3.2
Bs~ B* in graden — 26 — 1.7 — 1.2 - 4,8 — 38 —24
ho in m . 29,5 34,7 349 19,1 23,1 30,5
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Fig. 1. Het verloop van eenige karakteristieke grootheden tijdens de landing.

stationnaire beginsnelheid zijn uitgezet, de ver-
eischte extra-roeruitslag bij het einde van het af-
vangen (§— §*) (d.w.z. de roeruitslag die. bij den
invalshoek a, aan het einde van de afvangma-
noeuvre noodig is boven den in stationnaire viucht
bij dien invalshoek behoorenden roerhoek), de
hoogte waarop met afvangen moet worden begon-~
nen, alsmede de vereischte roeruitslag f bij het
einde van het "afvangen. voor de zwaartepunts-
ligging van 27%. . .

.Bij de berekeningen bleek, dat in beide gevallen
(8= 0° en 8 ==40°)bij beginsneltheden van 1,1 Vs
complexe waarden van t, optreden voor p < 0.
Dit wijst er dus op. dat een snelheid bij binnen-
komen van 1,1 vni, te laag is om hierbij een lan-
ding uit te voeren volgens het gekozen invals-
hoek~ en baanhoekverloop. .

Een werkelijke landing met een dergelijke kleine
beginsnelheid zal dus met dit vliegtype vermoede-
lijk niet meer op normale wijze kunnen worden
vitgevoerd. ‘

Ter illustratie van het verloop van verschillende
grootheden tijdens de afvangmanoeuvre zijn in
tabel 6 (achterin) berekend en in fig. 11 uitgezet,
als functie van y(=ft/t,): de invalshoek a, de
baanhoek ¢, de snelheid v, de hoogte A, de extra-
roeruitslag (f — f*) 'en de roeruitslag 8 voor
x/t,==27%, alles voor het geval d==40° en sta-
tionnaire beginsnelheid 96 km/h (1,2 vpin). :

Men kan ook in het diagram van stuurstands-
liinen f{a) voor de stationnaire zweefvlucht de
vereischte roeruitslagen voor het afvangen weer~
geven. Daarbij wordt de extra-roeruitslag voor het
afvangen {f—f*) uitgezet boven den stationnairen
roerhoek f* bij de bijbehoorende waarde van af
tijdens het afvangen; fig 12 geeft hiervan voor het
geval 6 —=40° v,=96 km/h een voorbeeld.

Ten slotte zijn, op dezelfde wijze als in tabel 4
‘is gevolgd, de extra-roeruitslagen f,— f* berekend,
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welke in de gevallen III en IV, waarvoor de aero- -
dynamische gegevens in fg. 7 zijn weergegeven
{uitvoerig besproken onder 07.2) noddig zijn voor
het afvangen. Met de gevallen ['en II waarvoor
de berekenigen reeds in het voorgaande behandeld
zijn, zijn de resultaten in tabel 7 vereenigd. A
Men ziet door beschouwing van de gevallen [
t/m 1V, die allen geacht kunnen worden betrekking
te hebben op landings- of remkleppen van het ge-
bruikelijke type, dat de verhooging van ¢, een
belangrijke vergrooting van den vereischten extra-
roeruitslag {vergel. I en III} met zich meebrengt,
terwijl verhooging van c, ,_  een vermindering
daarvan (vergelijk II en III) veroorzaakt. Hoe de
vereischte extra-roeruitslag bij een bepaald type
klep t.o.v. den toestand zonder klep zal zijn, hangt
dus geheel af van de ¢, ~ en c.-verhooging. Men
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Fig. 12. De voor het afvangen benoodigde extra roeruitsla
als functie van den invalshcek.



krijgt den indruk, dat de c,-verhooging wel een
zeer belangrijken invloed heeft.

De absolute grootte van den vereischten roer-
hoek voor het landen in de beschouwde gevallen,
hangt mede af van de verplaatsing. die de stuur-
standslijn ondergaat bij geopend zijn van de klep-
pen. Is deze verplaatsing zoodanig dat het vlieg~
tuig bij openen van de klep koplastig wordt, dan
wordt het verschil tusschen de totaal voor af-
vangen noodige roeruitslagen zonder en met klep
grooter dan het verschil tusschen de extra-roer-~
uitslagen in die gevallen; wordt het vliegtuig staart-
lastig dan wordt het verschil tusschen de absolute
roernitslagen kleiner dan het verschil tusschen de
extra-roeruitslagen. In jeder geval volgt uit een en
ander, dat de invloed van de verhooging vanc, .
en ¢, op de voor het landen vereischte roeruit-
slagen van dien aard is, dat hiermede bij het ont-
werp van een vliegtuig rekening moet worden ge-
houden.,

08 [Eenige beschouwingen en conclusies.

De bovenbeschreven benaderingsmethode opent
in de eerste plaats de mogelijkheid aan te geven,
. welke roeruitslag vereischt is om een bepaald vlieg-

tuig van een te voren aan te geven stationnaire
zweefvlucht uit, op normale wijze te landen.

De resulaten van de berekeningen onder 07
toonen, dat de wvereischte roeruitslag grooter is
naarmate de snelheid in de stationnaire zweef-
vlucht voorafgaande aan de landing, dus de .,snel-
heid bij het binnenkomen” kleiner is.

.. Wil men dus voor een bepaald vliegtuigtype bij
de meest voorlijke zwaartepuntsligging den maxi~
maal benoodigden roeruitslag berekenen, of, bij een
bekenden maximaal beschikbaren roeruitslag, de
uiterst toelaatbare voorlijke zwaartepuntsligging,
. dan moet men een keuze doen omtrent de laagste
waarde van de snelheid bij binnenkomen, waarmede
nog juist een goede landing zal moeten kunnen
worden uitgevoerd. ' s

In het algemeen zal een snelheid 'bij binnen-~
komen van 1,2 & 1,3 maal de minimale snelheid (in
stationnaire zweefvlucht bij den vliegtuigtoestand
waarmede geland wordt) een normaal voorko-
mende waarde zijn. Vioor belangrijk lagere waar-
den van de snelheid bij binnenkomen b.v, 1,1 vnis
zal dikwijls een landing volgens het hier gekozen,
als normaal te beschouwen, invalshoek- en baan-
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hoekverloop niet meer mogelijk zijn. Voor het
vaststellen van den bij een bepaald viiegtuigtype
noodigen roeruitslag is het echter verstandig, in
verband met het benaderende karakter van de
berekeningsmethode en het ontbreken van vol-
doende ervaringsmateriaal, een reserve op den door
berekening gevonden roerhoek te leggen.
Bovendien zal het gewenscht zijn een reserve in
den beschikbaren roeruitslag te hebben met het oog
op het uvitvoeren van landingen van een vliegtoe-
stand uit, die van den normalen stationnairen vlieg-
toestand afwijkt, zooals b.v. bij binnenkomen met
lagere snelheid dan 1,2 maal de minimale.
Volgens de beschreven berekeningsmethode be-
hoort verder bij iederen stationnairen begintoestand
een bepaalde hoogte waarop met afvangen moet
worden begonnen om op de in de berekenings-
methode aangenomen wijze te kunnen landen.
Wordt nu bij een bepaalden stationnairen toestand
te laat met afvangen begonnen, dan zal een landing
met het ingevoerde baanhoek- en invalshoekverloop
niet meer mogelijk zijn en zullen baanhoek en invals-
hoek sneller moeten veranderen dan bij afvangen
op de juiste hoogte het geval zou zijn geweest. In
vele gevallen z2al dan met den voor een normale
landing beschikbaren roeruitslag nog wel een wiel-
landing kunnen worden uitgevoerd.
- Het zou naar aanieiding van het bovenstaande
aanbeveling verdienen de hier beschreven bereke-
ningen voor een aantal bekende viiegtuigtypen met
bekende landingseigenschappen uit te voeren, ten~
einde de volgens deze methode berekende roeruit-
slagen te vergelijken met de inderdaad bij die vlieg-
tuigen beschikbare roeruitslagen en daaruit de roer-
reserve te leeren kennen, die bij toepassing van de
beschreven berekeningsmethode voor de praktijk
gewenscht is. ) L _
 Zoolang dergelijk ervaringsmateriaal nog niet ter
beschikking staat, wordt aanbevolen bij gebruik
van deze benaderingsmethode uit te gaan van
een snelheid bij binnenkomen van 1,2 maal de mi-
nimale snelheid in stationnaire zweelviucht bij den
vliegtuigtoestand waarbij geland wordt en op de
hiervoor berekende waarde van den extra-roeruit-
slag (f—p~) een toeslag van ca. 25% te leggen.
ocht in zeer bijzondere gevallen blijken, dat
gen landing volgens het aangenomen baan- en in-
valshoekverloop bij een beginsnelheid van 1.2 vmin
niet -mogelijk is (complexe waarden van ¢, voor

: 1

TABEL 7. .
Omschrijving invloed klepl {of andere inr-ichting) t.o.v. 2o - | Vereischte extra-
. : Begin- )

toestand zonder klepuitslag . Sn roeruitslag -

- Geval - snelheid Bo— Blag)*
. . . P ) . . . g M\g

\ Canex Vechoogiﬂg Co Iverl;oogmg b vérhocilging ke | kx‘n/ h in graden
: 1 geen klepuitslag 108 —~2,6.
o matig (0.3) matig {0,05) 'eas 1o 96 ~38
I ' geen matig {0,05) geen 108 . + —53
IV groot (0.6) groot (0,11) ‘ca, 3% . 90 —6,1




0> p>>ca. —5) dan moet men de laagste begin-
snelheid bepalen, waarvoor dit wel het geval is
en hiervoor op.de bovenbeschreven wijze den ver-
eischten roeruitslag berekenen. Men dient dan
echter in het oog te houden, dat in het optreden
van complexe waarden mogelijk een aanwijzing
schuilt,; dat het vliegtuig onder de desbetreffende
omstandigheden bij "een snelheid bij binnenkomen
van 1,2 v.i reeds geen goede landing meer zal
kunnen vitvoeren.

De beschreven methode geeft de mogelijkheid
binnen zekere grenzen iedere willekeurige waarde
van invalshoek (en dus ook standheek) op het
moment van landen in te voeren.

Wanneer de berekeningen op een vliegtuig met
staartwielonderstel betrekking hebben, zal men
voor het berekenen van de noodige roeruitsiagen
zonder meer een invalshoek aan den grond in-
voeren, die overeenkomt met den standhoek aan
den grond en die dus slechts weinig verschilt van
de kritische waarde, zoodat een goede driepunts-
landing kan worden verwacht.

Voor het geval een vliegtuig met neuswiel wordt
beschouwd, zou men de berekeningen kunnen uit-
voeren voor een invalshoek aan den grond, welke
ongeveer gelijk is aan den standhoek bij stilstaand
vliegtuig, dus voor een wiellanding met groote
landingssnelheid. Men zal echter ook wenschen,
dat het vliegtuig geland kan worden met een zoo
klein mogelijke landingssnelheid (staartlanding}.
Het zal daarom aanbeveling verdienen voor een
neuswielvliegtuig de berekeningen toch uit te voe-
ren voor een invalshoek aan den grond, die weinig
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verschilt van de kritische waarde; te meer daar in.

het algemeen de vereischte roeruvitslagen voor de
staartlanding grooter zullen zijn dan die voor de
wiellanding.

De vraag kan nog rijzen, hoe het met de 'noo-~
dige roeruitslagen staat, wanneer niet in zweef~
vlucht, maar in motorvlucht wordt binnengekomen
en de motoren worden afgezet op het oogenblik
dat met afvangen wordt begonnen. Hierover kan
het volgende gezegd worden. Wanneer men twee
stationnaire vliegtoestanden beschouwt, waarbij de
snelheid gelijk is, doch de eene in zweefvlucht, de
andere in motorvlucht, dan zal de invalshoek in
beide gevallen slechts weinig verschillen (enkele
graden), de baanhoek echter in motorvlucht groo-
ter zijn dan die in zweefvlucht. Zou men achter-
eenvolgens uitgaande van beide toestanden, een
landing willen maken met denzelfden toestand aan
het einde van de afvangmanoeuvre (b.v. driepunts-
landing. met-dezelfde landingssnelheid), dan zal de
standhoekveranderig “tijdens het afvangen in het
geval van de motorvlucht. kleiner zijn dan die in
het geval van de zweefvlucht. De duur van de af-
vangperiode zal voor de twee gevallen, aangezien
de snelheden gelijk zijn, weinig verschil vertoonen,
zoodat de hoeksnelheden en -versnellingen in het
geval van binnenkomen in motorviucht kleiner zul-
len zijn dan bij binnenkomen in zweefvlucht. Men
mag dus verwachten, dat de vereischte roeruit-
slagen in het geval van landing uit motorvlucht
dan ook kleiner zullen zijn dan die bij landing

uit zweefvlucht, zoodat.dus, wanneer de roeruit-
slagen berekend worden voor het binnenkomen in
zweefviucht met de normale snelheid daarvoor, in
het algemeen voldoende roeruitslag ter beschikking
zal zijn om te Janden, wanneer met werkende mo-
toren wordt binnengekomen.

Ten slotte moet nog evern de aandacht gevestigd
worden op den eventueelen invloed van den wind.
In de berekeningsmethode wordt geen rekening ge-
houden met een eventueele windsnelheid t.o.v: den
grond. De baanhoek, die ingevoerd wordt, is dan
ook alleen in het geval van windstilte de werke-
lijke baanhoek t.0.v. den grond. Wanneer een be-
paalde constante windsterkte heerscht, geldt de
geheele berekeningsmethode echter zonder meer,
alleen moet dan onder den baanhoek ¢ niet ver-
staan worden de baanhoek t.o.v. den grond, maar
de hoek t.o.v. de ongestoorde lucht. De berekenings-
resultaten zijn echter allen onverminderd geldig:
het afvangen zal zich alleen over een korteren ho-
rizontalen afstand afspelen. Slechts een tijdens het
afvangen varieerende wind zal invieed hebben op
de grootte van de noodige roeruitslagen; deze in-
vloed zal echter in het algemeen klein zijn. Boven-
dien zal bij sterk varicerenden wind (zware re-
mous) veelal met een grootere snelheid dan de
normale worden binnengekomen en geland, zoodat
daardoor de bij een bepaalden beschikbaren roer-
uitslag aanwezige roerreserve vanzelf wordt ver-
groot. '

De berekeningen waarvan onder (7.2 een over-
zicht is gegeven en waarvan de resultaten onder
07.3 zijn samengevat leeren het volgende.

19 De voor het landen vereischte ,extra”-roer-
uitslag bij een bepaalden vliegtuigtoestand
(klepstand en zwaartepuntsligging) en dus ook
de totaal vereischte roeruitslag, is grooter
naarmate de snelheid in de stationnaire zweef-
vlucht, voorafgaande aan de landing, kleiner
is.

20 Wanneer de stationnaire beginsnelheid klei-
ner is dan een bepaalde waarde, is het onmo-
gelijk volgens de gegeven methode een voor
een normale landing geschikt baanhoekver-
loop aan te geven, dat bij benadering aange-
past is aan het aan deze berekeningsmethode
ten grondslag gelegde invalshoekverloop. Daar
dit invalshoekvertoop vermoedelijk weinig van
het bij een normale landing optredende invals-
hoekverloop zal afwijken, moet men in het
genoemde geval verwachten, dat het dan ook in
het algemeen niet meer mogelijk zal zijn bij -

_een dergelijke waarde van de beginsnetheid
een normale landing uit te voeren. Onder nor-
male Janding wordt hierbij verstaan, een lan-
ding waarbij op het oogenblik van aan den
grond komen tegelijkertijd de invalshoek na-
genoeg de kritische waarde heeft, de snelheid
ongeveer gelijk is aan de minimale en de
baan horizontaal is en waarbij tijdens het af-
vangen geen plotselinge standsveranderingen
of stuurbewegingen plaats vinden.

3¢ Bij toepassing van landings- of remkleppen
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zal de voor het landen vereischte extra-roer-
uitslag zoowel door de ¢, , - als door de c,-
verhooging beinvloed worden en wel in het
algemeen zoo, dat door de c,-verhooging
de vereischte extra-roeruitslag grooter wordt,
en door de c, , -verhooging kleiner. Welke

- invloed zal overheerschen, hangt af van de

aerodynamische eigenschappen van de klep,
Bij de gebruikelijke typen van landingskleppen
zal vermoedelijk steeds de invioed van de c,-
verhooging overheerschen en een grootere
extra-roeruitslag noodig zijn voor het landen
met klepuitslag dan voor het landen zonder

klepuitslag. De invloed van de c, - en’

cw-verhooging t.g.v. landingskleppen e.d. is
in jeder geval van dien aard, dat hiermede bij

het ontwerp van een vliegtuig m.n. met het

ocog op de staartvlakken, rekening moet wor-

den gehouden,

Béschouwin-g van de vergelijkingen voor de

berekening van den duur van de afvangma-

noeuvre f, en voor den vereischten extra-
roeruitslag (f — f*) leert nog het volgende.
Beschouwt men twee vliegtuigen A en B
met -dezelfde uitwendige afmetingen en de-
zelfde aerodynamische eigenschappen, doch
met verschillend gewicht, zoodanig dat het
gewicht van B gelijk is aan n-maal het gewicht
van A (dus ook n-maal zoo groote vieugelbe-
lasting ), dan is de duur van de afvangmanoeu-
vre voor B ¥ -maal die voor A (wanneer
beide vliegtuigen geland worden van een
stationnaire zweefviucht uit met snelheid
1,2 ¢min). De snelheid zal bij vliegtuig B

" .¥a-maal zoo groot zijn als bij A. De ver-

S0

eischte extra-roeruitslag (8 — §*) ontstaat
volgens (71) uit twee termen. De term, die
afhankelijk is van ©® en « (invloed van de
demping) zal voor het vliegtuig B 1/n-maal
z00 groot zijn als die voor vliegtuig A; de
term, die afhankelijk is'van @ (invloed van
de hoekversnelling) zal. wanneer wordt aan-
genomen, dat het traagheidsmoment om de

-dwarsas van B eveneens n-maal dat van A

is, eveneens l/n-maal zoo groot zijn als die
voor A. De totale vereischte extra-roeruit-
slag zal dus voor vliegtuig B bij benadering
l/n-maal zoo, groot zijn als voor:vliegtuig A.
Samenvattend volgt dus hieruit:

-~ Wanneer bij gelijkblijvende nitwendige afme-

tmgen en aerodynamische eigenschappen de

_vleugelbelasting n-maal zoo groot wordt ge-

maakt, zal de voor het landen vereischte
extra-roeru:tslag bij benadermg 1/n- maaI 200
groot zijn.

Een bepaald vhegtung zal dus, wanneer het

-licht beladen is, voor het uitvoeren.van een
normale landing een grooteren ,extra” roer-

uitslag noodig hebben dan bij zware belading.

Het is noodzakelijk, teneinde de bruikbaar-
heid van de gegeven benaderingsmethode
‘beter te onderzoeken, voor een aantal beken-

-

de vliegtuigtypen met bekende landingseigen-
schappen de voor het landen vereischte roer-
uitslagen voor verschillende vliegtuigtoestan-
den en stationnaire begqntoestanden te bereke~
fen. :
Hieruit kan dan tevens een inzicht worden
- verkregen in de roerreserves die, bij toepas-
sing van de gegeven methode, in de praktijk
noodig zullen blijken.

" 69 Het is gewenscht, zoodra de omstandigheden

dit toelaten, door middel van vliegproeven
meer materiaal te verzamelen omtrent het
werkelijk optredende invalshoek- en baan-
hoekverloop .bij de landing, teneinde in de
. eerste plaats het aan deze methode ten grond-
slag gelegde verloop hiermede te vergelijken
-en in de tweede plaats een verdere studie
van het landen, in het bijzonder met het oog
op de eischen, die hieruit voor het ontwerp
voortvloeien, mogelijk te maken.

Afgesloten Juli 1942,

Naschrift.

“Ruim drie jaren na thet afsluiten van dit rapport,
doch vo6r het ter perse gaan, kwam den schrijver
lit. 3 in handen.

~ Hieruit blijkt in de eerste plaats dat de nabijheid
van den grond een aanzienlijken invloed op c,.
Cw en Cn {mei-staartvliakken) uitoefent. Deze
laatste invloed is voor het grootste decl afkomstig
van de beinvloeding van de neerstrooming door
den grond.

Voor zoover het de twee eerstgenoemde groot-
‘heden betreft, wordt aangetoond, dat deze invloed
met vrij goede benadering door eenige bestaande
theorieén wordt weergegeven. Genoemd worden
een theorie van Hutchinson (niet gepubliceerd) en
lit, 4.

De inviced op cn (met staartvlakken) echter
kan, man. voor het geval van geopende kleppen
nog niet. voldoende door de'theorie worden be-
schreven. De werkzaamheid van de staartvlakken
wordt door de nabijheid van den grond niet ver-
minderd, soms zelfs verbeterd.

Hieruit kan men t.a.v. de in het voorgaande ge-
geven berekenmgsmethode het volgende conclu-
deeren, .

1¢ Het is in het algemeen noodzakelijk den in-
vloed van den grond op c, en ¢, in rekening
te brengen, waarvoor in dit rapport aanwij-
zingen zijn gegeven.

2? Het is noodzakelijk de stuurstandlijnen voor
* de stationnaire -vlucht, welke bekend moeten
zijn ‘voor de berekening van de roeruitslagen
voor thet landen, te corrigeeren voor den in-
.vioed van den grond. Ook hiervoor zijn de
mogelijkheden door de beschreven bereke-
_ ningsmethode geopend. ‘Gegevens over de
.I-.+ grootte- van den invloed kunnen voorloopig
vermoedelijk alleer door windtunnelmetingen,
zooals beschreven in R. and M, 1847, worden
verkregen. Deze kunnen echter op eenvoudlge
wijze worden uitgevoerd.




30 De coélficiénten ¢y en ¢, voor de staartviak-
ken ondergaan door de nabijheid van den

grond geen veranderingen van beteekenis. De

de S
waarde van —— kan, aangezien zij toch een

da
betrekkelijk kleine rol in de berekening van
den roerhoek speelt, op grond van de resul-
taten van het beschreven modelonderzoek, nul
gesteld worden. Het is echter mogelijk uit het
onder 2¢ bedoelde modelonderzoek tevens een
de
da
wanneer het vliegtuig zith in de nabijheid
van den grond bevindt,

inzicht te krijgen in de waarden van

09 Appendix.

Uitwerking van eenige in de berekening
optredende bepaalde integralen.

Bij de uitwerking der benaderingsmethode onder
51 zijn een aantal bepaalde integralen, Ly, My,,
Ny, en Oy, naar voren gekomen, waarvan de
nadere uitwerking hier wordt gegeven.

09.1 Uitwerking van Ly,.

Ly.=["o(p.7)d7.

o
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Lj.lzg;(,?(p+3)f 4dx~(p+4)] "drﬂ‘h;

0

(35)

¢

ol (=) ]
Stelt men
Lyy=gpbi(r)+F2030)1, (61)
dan is
' ()28 2
fl(ﬂl) 5 4
en :
3y,8
.fz(yl)=—;-“71‘+?1-
09.2 Uitwerking van My.
. v, d’})
M,:f ar 36
Y ; G(}’) ( )
Substitutie van (55) hierin levert
o .d
My, == (-7
’ o (? (42
Ter oplossing hiervan stelt men’:
1 _Aj+B _ CraDp+Ey+F
(424 (r+z) (yP—2y2z2)? 7
Oplossing van A t/m F levert
2 3 2 .5 -8 6
A T T T AL T
F+=FT (2 ozt
1 32;}—{—32_'_ —2y+-3z n —-32232-[—32“ }
T OO+ e ZH—z?)’.SE"

Nu is

V 41

14

v
4+ 7

ﬁglzagl”(?—H)"’ "

0

_dr
(},;a_*_za)s 925

£ ——2)*—}—32
+.f y—zy+2

Li]

w2y+-3z
{r+2)?

dy-+

5

0

—3z —3zy+32
(7 —zr+2)

Yy

Pz
Li]

.._27
V’_

-

—In{y®— 3 by f92 4

o

vy — 327y 4320 dy% ‘

+./ =27 PP
Voor deze laatste integraal kan men stellen?)

.0

Yy _322}'+323 Q ¥
el 0 Wl P PSR . S
f(?’n—zr-l-ze)? y_zrtz| T
&
R
: pr—zy 2t

Men verkrijgt dan Q—-zy—|-z en R=1z, zoo-
dat

f1—3z”y+3z“ . zyfzt ?’J+
(rf—zy+2°)* pr—zy 42
L] [
.?1 dy
+z./ y—zytaz’
1
of .
f?‘l — 327y 4 328 2yt N
(},B_z};+z‘2)2 7}2___2}._{_22
] . Ly
2 2y —z "y
=13
+‘313bgt9 s
Derhalve is ’
N ’ d? 1 ‘,.7'1 z £
[ e R e
0 * o . o
—In{y— g1y _zrEz
_ In(p—zr+2) 53 al Tt

+2Vibgtg ZZV;—Z ?‘g.
zoodat ' R
1
M?’1=§E‘of3(z»7’l-) - (62)
waarin : ]
: zyl—l—_z’_
Ple)mzj—1 4Ly 2Ty
- 1 2zyi-2°
gnLL___
+ g +
2yi—z —l)g
Irs . _-
4213 (bgtg S bete S

1y Zie Czuber: Vorlesungen iber Differential- und In-
tegra]rechnung Teil 11, blz, 47 e.v.
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09.3 Uitwerking van Ny,.
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09.4 Uitwerking van Oy,. _
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Laatstgenoemde integraal kan als volgt bere-
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" - 10, Notaties.

Bovengenoemde grafieken bieden de mogelijk-
heid de in dit rapport beschreven berekeningen
aanmerkelijk te veréenvoudigen.

Symbolen.
B — traagheidsmoment om de’ dwarsas.
o — dce
T aa;,' .
o — dCa
4 aﬁ .
¢, = draagkrachtcoéfficiént.
c
¢’ ="
da
naderde verband c,—a in het voor de
landing in aanmerking komende gebied
van invalshoeken (zie fig. 2}.
¢m == momentencoéfficiént van het vliegtuig zon-
der staartviakken. ,
¢, = normaalkrachtcoéfficient van de horizontale
staartviakken. :
Co = weerstandscoéfficiént.
dcy .
cy == 4, ven het door een lineaire functie be-~

naderde verband c,—a in het voor de
landing in aanmerking komende gebied
van invalshoeken {zie fig. 2).

c», = door interpolatie van het lineaire verband
c¢w —a bepaalde waarde van ¢, bij den
invalshoek, waarbij de, door extra-polatie
van het lineaire verband c, —« bepaalde,
waarde van ¢, gelijk is aan 0 (zie fig. 2).

f = oppervlak horizontale staartvlakken.
F = vleugeloppervlak. ‘

g « = versnelling van de zwaartekracht.
G = totaalgewicht van het vliegtuig.

h ~— de hoogte van het vliegtuig boven den
grond tijdens de afvangmanoeuvre.

k; = hoogteroercoéfficiént, zie onder 07.1.

! = afstand drukpuat horizontale staartvlakken
tot zwaartepunt vliegtuig. -

M = totaal moment van de luchtkrachten om de
dwarsas.

M 4,— dempend moment van de staartvlakken Ibij
rotatic om de dwarsas.

M), — moment om de dwarsas van de ]uchtkrachten
op de staartvlakken.

M, — moment om de dwarsas van de luchtkrachten
op het viiegtuig zonder staartvlakken.
M,,—= démpend moment van vleugel en romp bij

rotatie om de dwarsas.

p —een-parameter in het verband ¢ —y,

t == tijd.

t, =totale tijd voor het uitvoeren van de af-
vangmanceuvre.

t, = vleugelkoorde (grootste of gemiddelde).
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v = snelheid van de ‘ongestoorde'lucht t.0.v. het

vliegtuig.
v, = snelheid van de gestoorde strooming t.p.v.

de staartvlakken t.o.v, de staartvlakken.

.x = afstand van het zwaartepunt tot den neus

van de grootste of de gemlddelde vleugel-
koorde.

Ax = verpla-atsinug van het zwaart-epun-t. :

{zie ook onder .Indices').

z|/

a = invalshoek betrokken op de, door extrapo-
latie van het lineaire verband ¢, —a be-
paalde, draagkracht-nullijn (zie fig. 1).

= invalshoek betrokken ap de vleugelkoorde.

l”ﬂ - r1!0

@ = hoek tusschen draagkracht-nullijn en vleu-
~ gelkoorde (zie fig. 1).
«, = invalshoek van de strooming t.p.v. de hori-
zontale staartvlakken.
$ = hoek van het hoogteroer t.o.v. het stabilo.
f* = hoek van het hoogteroer t.o.v. het stabilo
in stationnaire zweefvlucht,
2t
Vo= .
y1 ==een bepaalde waarde van y, overeenko-
mende met den tijd f=t,.
8 = uitslag van de landingsklep, gemeten t.o.v,
den stand bij ingetrokken klep.
.£ = neerstroomingshoek.
— U
7 -
? = standhoek  (betrokken op vleugelkoorde
(zié'fig. 1).
& | [ -
% =1-—", neerstroomfactor, !
da
F
ro=egE.
¢ = luchtdichtheid.
o = instelhoek van het stabilo, betrokken op de
.vleugelkoorde.

@ = baanhoek (t.o.v. de ongestoorde lucht).

Indices, ' :

Indices a en b duiden aan, dat de grdotheid
betrekking heeft op de zwaartepuntshggmg vast-
gelegd door x, resp. xa,

Index g duidt aan de waarde van de grootheid
op het tijdstip t=¢,, dus op het cogenblik van
aan den grond komen (zie fig. 3).

Index = duidt aan, dat bedoeld wordt de waarde
van de grootheid in stationnaire vlucht bij de-
zelfde waarde van @ als in de niet-stationnaire
vlucht.

Index y, duidt aan . de waarde van de groot-
heid op het tijdstip ¢ =y.t,

Index 0 duidt aan de waarde van de groot-
heid ten tijde ¢t=0, dus bij het begin van de
afvangmanoeuvre (zie fig. 3).
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REPORT V. 1286.

An approximative method for the determination

of the elevator deflections required for landing

an aeroplane and of the extreme forward position

of the centre of gravity, which is admissible in
view of the landing characteristics.

" Summary.

It is presumed that the landing is made from a
steady glide, The aerodynamic data on which the
calculations have to be based are the curves,of
lift and drag against angle of incidence in the lan-
ding condition {(flaps open, undercarriage exten-
ded, airscrews idling), the curve of elevator de-
flection against angle of incidence in steady FHight
for at least one position of the c¢.g., curves of lift-
coefficient of the tail surfaces against angle of inci-~
dence at the tail and elevator deflection. Further-
more the weight, wing area, horizontal tail area, tail
length, moment of inertia about the lateral axis,
etc. have to be known.

‘Methods for the determination of the ground
influence on lift, drag, downwash and pitching
moment in steady conditions, either theoretical or
experimental, are supposed to be known so that
the abovementioned aerodynamic characteristics
can be reduced in view of the ground effect, which
is gradually becoming of importance while the
landing manoeuvre is proceeding. The way in
which this effect can be taken into account is
explained in the report.

Under 02.1 the equations of motion are given
by (1), (2) and (3) ,the last one, describing the
motions around the c.g., is elaborated further inta
(16).

The damping provided by all parts of the air-
plane is supposed to be 1,2 times the damping pro-
vided by the horizontal tail surfaces alone. Fur-
thermore the symbol f* in this equation repre-
sents the elevator deflection necessary for equili-~
brium if the flight at each moment during the lan-
ding manoeuvre might be considered to be steady.
As stated before these deflections are supposed to
be known,

In 02.2 the equations for the motion of the c.g.
{1) and (2) are reduced to formulae given by

(26) and (27). This is done by assuming that the.

curves of lift and drag against incidence, between

the angle of incidence of the steady approach
glide 4 and the angle of incidence a, at the
moment 6f touching the ground, which mostly will
be chosen in connection with the attltude of the
airplane when making a ,three-point” landing,
can be approximated by linear functions (17) and
(18). This is illustrated in fig. 2 and 6. Ground
effect can be taken into account approximatively by
assuming that at the moment of initiating the Jan-
dingmanoeuvre (incidence of the steady glide)
there is no ground effect, while at the moment of
touching the ground, (incidence r,} ground effect
can be calculated as the height above the ground
is then known, The linear functions representing
lift and drag as functions of incidence are deter-
mined by those two points. If desired a check on
this approximation for intermediate values of the
angle of incidence can be obtained by recalcula-
ting the lift and drag when the height above the
ground is known by the method described hereaf-
ter. If necessary a second approxxmablon can thus
be made .

*The reduction of the equations of motion (1)
and (2) is further effected by some minor appro-
ximations which will be clear from the sequence of
formulae (20} to (24).

Under 03 the method to obtain an approximate
solution of the equations of motion is described.
There are four equations (26), (27). (16) and
(28) containing 5 variables. Normally one of
these would be chosen as a function of time and
the others evaluated by solving the equations. I
is, however, impossible to choose a function, say
a(t} or (¢}, representing a normal Ianding, as
the time £, in which the landingmanceuvre is per-
formed fis not known and has to be obtained
from the solution of the problem. It would be
possible to choose u or ¢ as functions of the
relative time, that is the time expressed in

t .
units equal to the total time f, (y=t—). in such

a way that a fair approximation of the change of
these values during the landing is obtained.

When both a{y) and ¢(y) are fixed beforehand
one variable too much is fixed and it is not possible
to obtain an exact solution of the equations of
motion. In this case it is, however, possible to ob-
tain a first rough approximation of the problem
by solving ¢, in the following way. From equation
(26} the value of the airspeed. expressed in t,,
can be calculated for the moment y=1 {end of
landing manoeuvre).

The same can be done by integration of (27)
between y=0 and y=1. By equalling both
results a relation is obtained from which ¢, can
be solved and a first rough approximative solution
is found. It would only be an exact solution if an
imaginary force K, varying with time, was intro-
duced in equation (2}. In consequence of the
procedure followed by evaluating ¢, from the
problem, the variation of K with time is such that

[ ¢t Kdt=10, which means that the total momentum
o

imparted to the aircraft by the force K during the
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landing manoeuvre is zero. If the airspeed remain-
ed constant during this period it would also mean
that the total work done by force;K would be zero.

It is,- however, possible to obtam a much better
approximation of the motion by fixing « as a func-
tion of y and ¢ as a function of y and a para-
meter p,.thus fixing the change of incidence and
giving a bundle of curves for the change of ¢,
from which the one that gives the best appro-
ximation of the real change of angle of flight-
path for the given change of angle of incidence,
is chosen by solving P from the problem, together
with ¢,.

Then it is possible to solve both p and ¢, by’

equating the values of v from (26} and (27) not
only for the end of the manoeuvre but also for an
arbitrarely chosen moment during the manoeuvre,
say' 0.5 ¢,. ‘

By this method the ‘momentum imparted by the
abovementioned imaginary force K is zero for the
period O to 0.5 ¢, and for the period 0.5 to 1,0 ¢,
As the variation of speed during each of these
periods is relatively small, it means also that in
rough approximation the total work done by this
force is zero.

It iis expected that in this way a rather good
approximative solution of the problem is obtained.
- Formulae (31) to (46) give the equations when
the functions a(y) and ¢(y. p) are introduced.
Equating both values for the airspeed v, at a
certain moment y, leads to the equations {48) and
(50), the first for the time y—=1 and the second
forthe time y=—0.,5. The easiest way to get the
values of p and ¢, is to solve (48), obtaining
t, as a function of p.

The difference dv-between the speeds at time
y=0,5 following from the first and second equa-
tion of motion can be plotted against £, resp. p;
the values of £, and p, belonging to 4v=0 can
immediately be read. Formula (51) is used for
this purpose.

To obtain a good approximation, much depends
on the choice of a(y) and ¢{y,p). which is dis-
cussed under 04. Assuming a smooth and gradual
change of incidence, attitude, flight path. and
elevator deflection for the transition from the
steady approach-glide into the landing-manceuvre
and during the latter, certain conditions for a(y)
and ¢(y, p) should be fulfilled, which are summed
up under 04.1. Purthermore the functions have
to be such that integration of (34) is possible.
This leads to the functions {55) and (56) from
which (57) to {60) are derived. With these func-
tions the values of T, U, V and W which appear
in the equations (48) and {51} become rather
. simple as is seen from {65), (66), (67) and (68).
The functions f. to fi, are functions of z only;
fixed by the chosen conditions for the incidences
at the beginning and the end of the landing,
see (54). They were evaluated once and for all
for two values of y ie. 0,5 and 1,0 and are
given in fig. 13 and 14. Thus no integrating of

complicated functions is necessary anymore and

the calculation of p and ¢, is very simple,
If desired the height' at any moment during the

landing manoceuvre including the he1ghthat which®
the manoeuvre has to be initiated is easily found by
equation (70a) and with a sufficient approximation
by (70b) which can be simplified to (70). The
functions i, and fi: also are dependent of z only
and are evaluated for the times y =0, 0.4 and
0,7 thus giving 4 points by which a good appro-
ximation of the change of height during the landing
can be obtained,

Now that ¢, is known it is pessible by the se-
quence of formulae {71), (28}, {58), (60}, (57},
(59), (72) and (73) under 05.3 to calculate the
elevator deflection as a function of time,

As in most of the cases the maximum deflection
occurring at the end of the landing is the most
interesting, formula (78) can be used.

In this casé it is necessary to take into ac-
count the groundeffect, Results of windtunnel
experiments (R, and M..1847) show that in for-
mulae (71) or (78) only the value f* (a) is se-
riously influenced. It is therefore desirable to
caiculate the elevator deflection §* necessary for
equilibrium in stationary flight taking the ground
effect into account and making use of either
theoretical or experimental data. It is possible
to introduce this influence because by (70) the
height above the ground at any moment is known,
. -As follows from (71). only p* is affected by
the c.g. position. It is therefore possible to cal-
culate the most forward position of the c.g.
for a-given maximum possible elevator deflection
fmax when the maximum required elevator deflec-
tion B, for a normal landing with an arbitrarely
chosen c.g. position is known. Formula (83) gives
the maximum possible forward shift dx with
respect to a certain c.g.-position a.

Under 07 an example is given of the calculations
for an aeroplane the characteristics of which are
given in table 1 and fig. 6. Tables 2 to 4 give the
calculations while in table 5 and 6 results are given.
Calculations were made for the cases with and
without flaps, each for three values of the speed
in the steady approach condition.

Figures for the maximum elevator deflection are
represented in fig. 10 (as a function of the ap-~
proach speed ), which also gives the height at'which
the landing manceuvre has to be intiated and the
value of (f, — f,) which 'is called the .extra”
elevator deflection, and is in a certain way
responsible for the dynamic part of the motion
during the landing manoeuvre. Attention is called
to the fact that certain limitations for the ap-
proach speed are found. In the first place it is
found that, when the approach speed is too low.
the roots of equation (48), of which only the
one with the negative sign given by (69) describes
the real landing case, become complex. This
means that a ,normal” landing as defined by
the curves a(y) and ¢(y.p)-is impossible. In
practice it is also known that a normal landing
without vertical speed at the moment of contact
with the ground is impossible when the approach
speed is too low. On the other hand, when the
approach speed is'too high, positive values of p
are found, which would mean that the aeroplane
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is chmblng at the moment the landing attitude
is reached. When in practice a landing with too
high an approach speed is attempted and the

stick is gradually pulled back in the same way’

as for a normal landing the result is also a climb

before the landing attitude and incidence are
reached. Results show that normally speeds be-
tween 1.2 and 1,3 times the stalling speed are
satisfactory for a normal landing.

Fig. 11 shows the change of the variables with
time for one case. It js seen that the conditions for
smooth and gradual change introduced in the pro-
blem are somewhat exaggerated compared with
practice. The change of most of the variables is
such that to reproduce such a landing in reality the

pilot would initiate the manoeuvre at a moment "

between 0.3 and 0,4 y. It is expected, however,
that this will not have a serious influence on
the latter part of the landing.

To conclude, some calculations were made con- ~

cerning the effect of different flaps on the required

.extra’ elevator deflection, It is shown, that by
en!ar-ging the maximum liftcoefficient the required
.extra’” deflection is reduced, while by enlarging
the dragcoefficient it is increased. The absolute
elevator deflections required in those cases depend,
however, also on the influence of the flaps on the
pitching moment, so that in general nothing can be
said about the influence of such devices on the lan-
ding characteristics,

To end, it is observed that it is necessary o
check the results of his method by flight tests,
which were impossible during the period of the oc-
cupation of the Netherlands.

Notations.

B — moment of inertia about the lateral axis.
A Cn

G = o Gh.
¢ Ca

Cs = EB—

¢, =.liftcoeflicient.

¢,/ ==slope of the straight line, giving the best
linear approximation for the relation
between liftcoefficient and angle of inci-
dence in the region of incidences occuring
during the landing (see fig. 3).

¢m = dimensionless coefficient of moment M

¢» = dimensionless coefficient of the mnormal
force on the tail surfaces,
¢, = dragcoetficient.

¢’ ==slope of the straight line giving the best
linear approximation for the relation
between dragcoefficient and angle of in-
cidence in the region of incidences occur-
ting during the landing. ‘

¢w, = value of dragcoeflicient belonging to that
angle of incidence, for which ¢, —0 (¢, and
cw extrapolated according to the linear
approx1mat10n mentioned under c¢,” and

.’ ).
[ = area of the horizontal tail surfaces.
F = wing area,

g = acceleration of gravity,

G = total weight of the aeroplane,

fi = height of the aeroplane above the ground

' during the landing manoeuvre.

ks — elevator coefficient, see section 07.]. .

! = distance of the centre of pressure of the tail
surfaces from the centre of gravity of the
aeroplane,

M = total moment of the air reactions about the

lateral axis.

M, — damping moment of the tail surfaces due to
pitching.

M, — moment of the air reactions on the tail sur-~

- faces about the lateral axis.

M, = moment about the lateral axis of the air
reactions on the aeroplane with the excep-
tion of the tail surfaces.

M, = damping moment of wing and fuselage due
to pitching.

P = parameter in @ —y relation,

t = time. '

t, = total time of the landingmanoceuvre,

t, — wing chord,

v = velocity of the centre of gravity of the
aeroplane with respect to the undisturbed
air.

vy, = velocity of the disturbed flow at tail with
respect to tail.

x —distance of the centre of gravity of the
aeroplane from the leading edge of the
wing.

- dx = shift of the centre of grawty of the aero-
p]ane

LV
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a =angle of incidence (with respect to line of
zero lift; see fig. 1).

a’" = angle of incidence (with respect to chard).

& =a—aua :

ay == angle of incidence at tall

f = elevator deflection,

f= = elevator deflection in steady flight.

_ o

y = E; (relative time).

.71 =value of y according to time ¢=—t..
= landing flap setting.

¢ =angle of downwash at tail.

no o=
v

& = inclination of chord to horizontal.

=1 —_-%i, factor of downwash.

a
“F

#o=e9G-

¢ = = density of the air,

¢ = inclination of tail chord to wing chord.

¢ =inclination of flight path to horizontal,




Suffices.

Suffix a and b indicate that the quantity re-
lates to the c.g. position x, and x» respectively.

V50

Suffix g indicates that the value of the quantity

relates to time t==f, i.e. the moment of touching

Index * means, that that value of the quantity
under consideration has to be taken, -which cor-
responds to the stationary flight at the same
angle of incidence as in the non-stationary flight.

Suffix o indicates, that the value of the guan-
tity relates to time ¢—0, ie. the beginning of

the ground. the landing manoeuvre.
TABEL 1. Gegevens van het vliegtuig.

G — 1000 kg.. ¢ = — 0,79/rad. . 5 ‘00 400
F = 194 m. “ o,
t, = 1,67 m. €2 c.’ 4.05 4.87
= 319 m d¢ _ 0,30, ¢’ 0485 | 0573
I — 538m da o, |—o0018 0
g = 981 mfsec e = 0.125 kg sec’/m, g 0.80 0.70
B — 350 kg m sec’. # = 0,0238/m.

TABEL 6. Verkorte weergave van de berekening van (7).
d=40%; v,==96 km/ﬁ (1.2 vmin)=26,65 m/sec; «0=0.233 rad; @o=—=—0.117 rad; «;=0332 rad;

z=1:727; t.=10.6 sec (zie tabel 2); p= —2,35 (zie tabel 2}.
Voor de overige gegevené wordt verwezen naar tabel 1.
y a alr) | e a(y) | @) 5(y) o(7) v{7)
Formule (55) (57) (59} (58) (60) (28) (28) (72)
0 0,2330 0 0 0 0 0 0 . 26,65
0.2 0.2340 0,00103 | 0,00194 ] 000097 | 000173 | ©,00297 { 000270 26.67
0.4 0.2395 0,00415 | 000687 0,00198 | 0,00280 | 0.01100 | 0.00480 26,51
0,6 0.2538 0.00962 |-0.01335 0,00322 | 0.00324 | 0.02298 | 0.00646 26.01
0.8 0,2820 0.01805 | 0.02012" | 0,00483 | 0.00302 | 0.03820 | 0,00786 24,82
1 0,3328 0,03060- | 0.02575 | 0,00720 | 0.002i6 | 005640 | 0.00937 22,97
| o 1 de; a L 6p| 2B 6wy | -
y 0ol dat I L2 o= | eflweopy: | Few | B | RO)
Formule tig. 6 {71} {70)
0 0 .0 0 +1.65 | +165 | 231
0,2 — 0,00002 -—0.00206 —0.00319 +1.62 | 4131
0.4 — 0,00006 , —0.00765 - 0.00576 +1.48 +0.68 10.2
0.6 — (,00014 —0.01632 —0,00802 +1,17 —0,31
0.7 1,8
0.8 — 0,00028 - —10,02840 —0,01072 +0,50 —1,90
1 —0,00052 - —0.04540 —0,01558 —0,72 —4,51 0




TABEL 4. Verkorte weergave van de berekening van f,.

S Q° 40°

V, in m/sec 30.0 31,1 32,5 26,1 26,6 28.9
z (54) 1.76 1,63 1,52 1.803 1,727 1,510
T,—, (65) —0,0475p — 0,440 | — 0,0475p — 0,420{ — 0,0481 p — 0,400 | — 0,0569 p — 0,442 | — 0,0571 p — 0.444 | — 0,0588 p — 0,435
u,—. (66) +0.0024 p+ 0,284 4 0,0032 p 4- 0.287 | + 0.0038 p + 0.295| 40,0046 p + 0,340 | — 0,0047 p -+ 0,348 | 40,0074 p + 0,378
Vs (67) — 4,62 —5,91 —7.15 - —378 — 4,32 — 6,45
W,—s {68) —3.13p —3,13p —3.18p —299p —3,01p —3.11p
£ {69) zie fig. 8 : id id fig. 9 id id
y {(65) ~—0,0086p — 0,065 — 0,0086 — 0,054 | --0,0086 p — 0.040{ —0,0103 p — 0,041 | ~ 0,0103 p — 0.044 | — 00106 p — 0,035
U,—as (66) +0,0266 p 40,115 4-0,0256 p 40,113 | 40,0250 p + 0,114{ +0,0213p 4+ 0,110 | +0.0226 p - 0.113] - 0,0243 p 4- 0,125
Vy—os (67) — 0,600 . C—0.871 — 1,105 — 0,522 — 0,610 —1.011
W,—os (68) +1,058p+622 | +1,120p 46,678 | 4+ 1.2615p +-7,360| --0.991 p+5.782| +1.024p-+6.200 | 4 1,194p+7.260
Suv (51) zie fig. 9 id id id id id '
p (fig. 9) — 3,83 —225 —0.55 —2.70. — 235 — 045
¢, in sec. {fig. 9) 13,20 16,60 17.93 8.75 10.60 14,50
Bo in m (70) 29,5 34,7 34,9 19,1 23,1 30,6
a, 0.320 0,320 0.320 0,332 0,332 0.332
v, in misec (77) 26,23 25.68 25,33 23,23 22,97 22,50
&, (74) 0.0103 0.0039 0.0009 0,0156 0,0094 0,0052"
O, (75) 0.0506 0.0347 0,0266 0.0686 0,0564 0,0346
e (76) 0,0224 0.0216 0,0236 0.0328 0.0306 0,0309
Bla,)* ingraden (fig. 6) — 3,32 — 3,32 —3,32 —0.72 — 0,72 —0.72
B, in graden (71) — 5.96 —4.98 -— 4,55 -— 5,56 —4,51 —3.15
B, — Blag)* in graden — 2,64 — 1,66 —1,23 — 4,84 —3,79 —243

1e A
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REPORT V. 1380.

The Change in Flutter Speed. due to Small Variations
| in Some Aileron Parameters

Ir. A, I. VAN DE VOOREN.

Summary.

In continuation of report V. 1297, this paper econtains diagrams showing the change in flutter
speed due to small variations in aileron statie balince, in aileron moment of inertia, in the
ratio of aileron chord to total chord and in the*position of the aileron’ hinge axis. The prin-
cipal conelusions are listed in secetion 4. The resunlts are obtained by the method deseribed
in report V. 1366, of which the first approximation has been evaluated. The resulting changes
in flutter speed are, henee, proportional to the applied variations.

Contents.

1 Introduection.

2 Range of investigation.
3 General method of caleulation.
3.1 The fundamental equations.
3.2 Composition of diagrams.
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3.4 Divergenee speed.
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42 Variation of aileron static balance.
4.3 Variation of aileron moment of inertia.
4.4 Variation of ratio of aileron chord to total
chord. o
45 Variation of position of ‘aileron hinge axis.
5 List of references.

The notations are identical to those used in
report V. 1297.

1 Introduction.

In report V. 1297 (ref. 1) diagrams have been
published giving the flutter speed of wing-aileron
systems of a certain standard type as a funection
of the stiffness ratio of the wing for various —
systematically chosen — wvalues of some of the
structural parameters. The remaining .parameters,
among others including all aileron parameters
(with the exception of the degree of aerodynamic
balance, i.e. of the assumed value of the gap width
between wing and aileron), had to be fixed as
suitable mean values to keep the computations
within reasonable limits. .

In view of the important influcnee of the

aileron parameters on the ecritical speed, addition-

al caleulations have heen made to determine the

change in flutter speed, connected with small
variations of these parameters. Use was made of
the perturbation method, deseribed in report V.
1366 (ref. 2). The results represent first ap-
proximations only, which means that terms of
seeond and higher degree in the variations have
been neglected.

2 Range of investigation.

S{lccessively, ‘the influence of small variations
in the following parameters was investigated:

{1} aileron static balance (g,o,),

(2) aileron moment of inertia {u;x?),

{3) ratio of aileron chord to total ehord (s),
{4) position of the aileron hinge axis (e,).

They were varied with regard to the original
vilues, attached to these parameters in report
V. 1297, viz

paoy =0, put=1005, =025, =010

Other important parameter values, not mention-
ed in the diagrams, are

k== 0,6, 7= 1,881.10-2,
The air density is always put equal to
p = /s kg m—* sec?.

The results obtained in V. 1297 were used as
zero-order approximations for the applied per-
turbation method. All calculations have been
restricted to the eases of 62,4 9% aileron aero-
dynamic halance and vanishing struetural damp-
ing. Moreover, only two values of the reduced
velocity have been considered, which made it pos-
sible to detetmine four points of every ecurve,
relating the flutter speed to the stiffness.ratio.



3 General method of calculation
31 The fundemental equations.

The starting point i3 formed by the eguations
of motion (ecompare with V. 1297):

m; 2+ mw-q': + mm} + (Bz”)" =K,

My z+ '”122-‘!.’ + Mg, }’ — (T ?’)’ =
=M + K —N —¢,IR,

b
fmm zdy + f My pdy -i-fm33 ydy = 1)
Yo Yo b Yab
b
_ f (N + o 1R)dy,
lab
where

My =—pn fz'rrpliz,
Myy == My, = — (p 0 — pyo,) frrplsd,
Py, == Mgy = — p,0, fmpli®,
Mop == { p{x® + 0?) — p, (k2 + 0,2 — [
_ — 20 } Prplity ¥ (2)
Mgy = My, = 0, & fimpli?, :
gy = ,u,l(xlz + 0'12) f’irpliq,
B=2B,f*
r==7,7. ' j

" In addition to the symbols of V. 1297, there
appear also

o, =distance of aileron inertia axis aft of hinge
axis, .

¢ I =distance of aileron hinge.axis aft of flexur
al axis,

while x,I — in contrast to V. 1297 — is equal to
the radius of gyration of the aileron about its
inertia axis.

The ' aerodynamie forees gnd moments can he
written in the following form

K=my* { a,2 + 2a,flie + 2a,fliy },

M4l — N —glR=
== ml v { Zaﬂlﬁzz T Aty f2 e + day,f Ly }, (3)

N+ e lR—
=mv? { 2a,,fliz + do,021% + da fH:%y

with my, = wpf2l;2,

. The au are dimensionless, complex coeffieients
of the aerodynamic forees, which depend on V,,
w, ¢.and g . Their wvalues can he faken from
table 1 of report V. 1386 (ref. 3).

The method of- solution of the egs. (1) is ex.
plained in report V. 1297, Use is made of definite
modes of d:spldeement 2 {¥), ¢.{y),1 by the as-
sumption

2= liQ13iuz: (1), ¢= Q2ei”€°1 (), ~ = Q':—:ems (4

where q,, ¢, and g, are independent of y, and
of wetght funetions, whieh are respectively
Jw? — wh Y

3 , woand 1, where.w:E—, (5)

The algehraic equations obtained have the form:
3 q(vAn —Eu) =0, k1=1,2,3. (6)
p !

The solutions for the original system are ealeul-
ated in V. 1297 and will be denoted hy +2 =
and gy=={(q;); with i=1 or 2.

~For the slightly varied systems, investigated in

this report, the coefficients Ay and Ey are sub-
jeeted to small variations, denoted by ag resp. ey .
According to eq. (5.5) of report V. 1366 the cor-
responding change in the fregueney v; is deter-
mined by

Avi? = = (7)

with

wy = % ()i (@),

I, &
zg:, = 3 ((H)i(Q}c)iﬁkl ] . (8)
k.1 :
Ag= 3 (q):(Q): A,

P

where (Qi); denote the amplitude ratios of the set -

2 Qv Ay — En) =0,
k

which is adjoint to the set of equations (6) and
therefore has the same characteristie values v;

3.2 Composition of diagrams.

In report V. 1297 for each V ,,-v;ilue two values
of the ratic

R 2H_ T Uy, Y)
A= (71;) E, Uu.

were calenlated, to which belong real values of the
frequency of the eritical oscillation. In this way
points were obtained all situated.on the curve
giving -the relation between the flutter speed and
the ratio A, To ohtain a similar curve for. the

varied system, the ratio A must be altered for eaeh”

value of ¥, in such a way that the frequency v
remains ‘real, which means that Avi# must be
real too.

The numbers at the hovizontal axis of the dia-
grams in this report denote

Ell U22

A= —— ==
Ky Uy '

)

7.,

where

refers for all eurves to the origiral,

I
e,

f D
B L
and yp? — -—% detcrmme the uncoup]ed

1) yp2 =
. ; noo 22
flexural, rvesp. torsional resomance freguencies in still air

(Uu=lim 4y, Up=1m 4.).
P Vo—p 0




non-varied system. This makes that for a varied
system, X is not ‘equal to the square of the ratio
ol the uncoupled resonance frequencies of that
system. The advantage of this method is that con-

e M y 7 E
ditions with the seme stiffness ratio (En) are
22

indicated by points on the same wvertical line.
Sinee the dimensionless value of the flutter speed

Veri d

—*_2) depends, for constant values of the para-
b 174 H ’

. . K
meters, upon the stiffness ratio F“ only, hut not

A
upon K., and E,, separately, a change of this ratio
can he assumed to bhe due to a change in &,
with FK,, constant. Henece,

E, + £19 U,
E,, U,

From (9) and (10) it follows

(10)

Ak AN =

AX £ . AA
X = B, or 511=}"11T:

where A again refers to the original system and

henee is equal to (:—A) of that system.
B

Since all ey except e, vanish, the second of
cqs. (8) becomes

:?_ii = (fh)i {(&)iey,

or, with the aid of footnote?)

B = (q0): (Q)): Uy, AN (11)

L7:]

Substitution of eq. (11) in eq. (7) yields

Ah— (L)? S (12)

vpli Ay

NER A CALE

by i A

2
The requircment ‘that A (L) must be real,
va
gives the relation hetween Al and the applied para-

meter variation, upon which «;; depends,

33 Description of wvarialions.

When one of the parameters is varied, all other

paramcters are kept constant. This has the follow-

ing consequenecs.

(1) The variation of aileron static halance p,w,
in every case consists of a variation in o,
{¢, originally vanishing), possibly aecompanied
by a variation in u,. The chordwise mass distri-
bution of the system is changed in sueh a way
that both p, o, « and ux % are fixed to the original
values. The variation of a,e,% can be negleeted.

(2) The variation of the aileron moment of
inertia pe? again is performed in such a way,
that the aileron remains statically balanced, while
for instance p and x arc also constant.

2) vg always refers to the original system,

V' 55 .

(3) A change in n alters the value of the
aileron aerodynamie balance. The gap width, how-
ever, 1s kept constant. Likewise s, and all other
parameters are unchanged,

(4) The aileron aerodynamle balance is also
influenced by a change in ¢, , but again the gap
width is kept comstant.. The new aileron too is
statically bhalanced, has the same chord and the
same moment of inertia as the original one.

34 Divergence speed.’

The divergence speed in dimensionless form
depends upon the stationary aerodynamie forces
only. Therefore, it is unaffeeted by the first two
variations. For the two other variations, the diver-
genee speed has been caleculated by evaluating the
stationary aerodynamie forees for a definite value
of the variation considered and applying the usual
formulae.

4 'Results'.

4.1 General.

The diagrams show the influence on flutter and
on divergence speed resulting from the consecutive
application of the following variations to the
original wing-aileron system:

A(pyo) == 0,015 A(px,®) == 0,01;
Ag == — (,005.

Ap—= 0,01;

Calculated points are speeially marked. Since
it is-intended primarily to show the change in
flutter speed, the values of V' corresponding to the
caleulated points have not been ineluded. They
ean, however, be obtained by comparison with the
diagrams of V. 1297, where the numbers ncar the
dbtied lines denote the reduced frequeney at the

© wing root w(=1/V,).

In the first approximation, evaluated here, all
changes are proportional to the variations applied.

42 Variation of aileron static balance.

Underbalancing of the aileron has dpparently a
very unfdvourable influence on flutter speed;
all eases investigated the flutter speed decreases
Often the instability of a wing-aileron system
vanishes again at a higher speed; by under-
balaneing this speed increases. Thus the range of
speeds where the system is unstable, is extended
to both sides. For overbalancing the opposite con-
clusions hold.

4.3 Variotion of aileron moment of inertia.

In general, an increase of the aileron moment
of inertia is unfavourable, though the reduction
of flutter speed is far less serious than that, due
to an underbalanced aileron. It is always un-
favourable to increase the aileron moment of inertia
it the flexural axis lies before the quarter ehord
axis. In the opposite case, an ingrease of the mo-
ment of inertia can, for small values of the stifi-




ness ratio, result in a, mostly very small, increase

of the flutter speed. This last situation will in

practice .perhaps arise fairly often. The speed,

where the instability again vanishes, .is always

raised by inereasing the aileron moment of inertia.

44 Varmtum of ratio of aileron chord to total
chord. '

If the flexural axig lies before the quarter chord
axis, an increase of aileron ahord results ‘in an
mcreased flutter speed. 1In the ‘more usual ease
of a flexural axis, located aft of the quarter chord
axis, the flutter speed diminishes. The speed, at
which some of the wing-aileron systems become
stable: again, shows a slight reduetion if the chord
ratio is increased. In general, this parameter has
only a slight influence. There is a small increase
in divergence spéed, whieh is, however, too small to
he visible in the diagrams.

.

45 Variation of position of aileren hinge axis.

This is a very important parameter. Shifting
the hinge axis forward, leads to a lower flutter

V. 56

speed. Only, if both flexural axis and inertia axis

have a very forward position, this géneral rule
may fail. The speed, limiting the unstable range
to the upper side, is decreased sometimes, but al-
ways substantially -less than in consequence of an
inereased chord ratio. The divergence speed is
again somewhat increased (not shown in the dia- -
grams).
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REPORT V., 1397.

Diagrams of Flutter, Divergence and Aileron
Reversal Speeds for Wings of a Certain Standard Type

by

Ir, A, I. VAN DIl VOOREN.

Summary,

In this report diagrams are given in which the flutter speed, the divergence speed and the
aileron reversal speed arc plotted against the squared ratio of the uncoupled frequencies of
aileron defleetion (resulting from the stiffness of the control cables) to the wing torsion. These
diagrams apply to several combinations of the following parameters: wing density, positions of
flexural and inerfia axes and aerodynamic aileron balance, permitting a reasonably complete
survey of their influence. To simplify the caleulations the flexural stiffness was negleeted,
which, especially for wings with a large. density, results in a slightly unconservative value for
the flutter speed, '

It appeared that in almost all eases in which the aileron is eompletely mass-balanced, the
aileron reversal speed is lower than the [lutter speed. So, if the wing torsional stiffness is
fixed by the requirement that the reversal speed exceeds the maximum attainable speed by a

“eertain amount, the system will nearly always be free of flutter.

Other important eonclusions reached are:

{i}  Increasing wing density demands an increasing torsional stiffness (though the inereasc
in stiffness need not be as large as to maintain the uncoupied frequeney constant).

(i) It is unfavourable to shift the flexural axis aft.

(iii} The most favourable position of the inertia axis is at unbout 45 % chord from .the
leading edge. More forward positions show a smaller aileron reversal speed and more
aft positions a smaller flutter speed.

(iv) TFor constrnetions with small wing density, struetural damping may have a very bene-
ficial effect.

{v) If there is some damping, the most unfavourable situation is nearly always that, in
which the ailerons can bhe defleeted freely.

Contents. 4.6 Influence of flexural stiffnecss.

1 Introduetion.

4.7 Influence
4.8 Influence

of torsional stiffness. -~ .
of elasticity of control cables.

2 The wing-aileron model. 4.9 Influence of structural damping. -
2.1 General shape,. - 5 List of symbols.
22 Elastieity assumptions. 6 List of refercnces.
2.3 The neglect of the flexural stiffness of. _
the wing. ;
24 Acrodynamic assumptions, 1 Introduction,
2.5 Values of the parameters. This paper is to be considered as a continuation
3 (ieneral method of solution. of the reports :
3.1 Flutter speed.
3.2 Divergence speed. (i) V. 1297 “Diagrams of critical flutter speed
3.3  Aileron reversal speed. for wings of a certain standard type”
Results. (ref. 1), in which the flutter speed for
41 General. wings of the same type as in this report is
42 Influence of wing density. caleulated, bhoth for the case of wings with-
43 Influence of position of flexural axis. out aileron and of wings with a freely de-
44 Influence of position of inertia axis. flected aileron (unecoupled aileron frequency
4.5 Influence of acrodynamic aileron balance, equal to zero). ‘



(ii) V. 1380 “The change in flutter speed due
to small wvariations in some aileron para-
meters” (ref. 2).

The present report contains a series of diagrams
in which "the flutter, divergence and aileron re-
versal speeds are plotted againsgt the squared ratio
of the uncoupled frequencies of aileron deflect-
ion to wing torsion for several values of some
structural wing parameters. The diagrams are
obtained from ecaleulations in which the flexural
wing stiffness is neglected. No large diffcrences
are introdueed hy this approximation, sinee for
most wings the natural fregquencics of flexure and
torsion have the ratio '/, and it is alrcady known
{see also report V. 1297) that the flutter spced is
not seriously altered if this ratio 13 changed from
/s to zero (using the same modes of displacement
in bhoth cases). The resulis arc checked by a small
number of appropriate ealculations in which the
uneoupled frequencies again have the ratio 1/,.

As in the previous reports, the modes of dis-
placement of the wing are introduced as definite
real functions i.e. not permitting’ any variations
of phase along the span.

It is expected that the diagrams of the three
reports together will give an even quantitatively
useful picture of the variation of the flutter speed
for many aeroplanes of simple construction. It
will certainly’ often be possible to conelude in
which 'sense the fluiter speed {or aileron reversal
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speed) will change as the result of eertain strue-

tural modifieations.
Though fuselage mobility is always neglected,

the dlagrams will perhaps be a little more aceurate ..

for symmetrie oscillations than for anti-symmetric
ones, since the modes of displacement used in
this report, resemble more symmetric thaii anti-
symmetric modes.

2 The wing-aileron model.
2.1 General shape.

This was already deseribed in report V. 1297
and thus may be omitted here exeept for the
following points:

{I) -Since no sweep-back effects have heen con-
sidered, the flexural axis must be perpendi-
cular to the wing root.

The aileron i3 controlled in the section
y=3/,b. Tt is statically balanced in such
a way, that the centre of gravity of every
section lies in the hinge axis.

(113

2.2 Flasticity assumptions.

The elasticity of the eontrol cables is represented
hy the symbol k.. Assuming that the control gtick
is fixed (symmetric oscillations), the aileron is
subject to a moment!)

— ko y —o (3/.0) },

1) Moments are pumtwe if they temd to mave the trailing
cdge downwarda,

while an eyually large hut opposite moment, also
in the seetion y =3/, b, is acting on the wing.

The same assumptions as in report V. 1297 arc
introduced for flexural and torsional stiffnesses of
wing and aileron, for the modes of displacement
and tor the structural damping.

23 The neglect of the flegural stiffness of the
Wiy,

The ﬁeglect of the flexural stiffness signifies in
2
fact, that terms eontaining a factor (l) are
v

omitted in the ealeulations. This will in general
he permitted for wings with statically balaneed
ailerons if v,* is small compared with »g? since
the eritieal frequency v for.such wings is of the

. L -
same order as vy . The ratio -~ is usually so small
v

B
(about 1/,) that the neglect mentioned has only
little influence on the flotter speed. It is not
necessary that v,® is also small compared with v
sinee wing flexure-aileron oscillations never become
unstable if the aileron is mass-balanced.
For three cases (13, 14, 15, see fig. 5) caleulat-

inits were performed with v, =10 and with -;-“—: ..
B

The results show only a sheht dlﬁu‘(,nct,, cven

when v, s small,

Sinee the introdueed mode of deformation has
the character of a .fundamental, the flexure ap-
pearing at the eritical osecillation must have the
same character, as otherwise the caleulation loses
its justification. This means' that in’ fact the

e N2
tlexural stiffness and also the ratio (li) must
vg /
be so large, that the uncoupled frequeney of the
first flexural overtone turns out to be sufficiently
greater than vp.
For most acroplanes the flexural stiffness satis-

" fies these reguirements. The negleet, producing

a subsfantial reduction of the computational work
without seriously influeneing the results, may he
justified sufficiently by the considerations given
ahove.

24 Aerodynamic assumplions.

The aerodynamic forees are introduced in
accordance with the theory of Kiissner and
Sechwarz (ref. 3) for the limiting case of a
scaled gap between wing and aileron. In this ease
a certain value must be assumed for the gap width.
It was shown in report V. 1297 that therc exists
a rclation between the gap width and the aero-
dynamic aileron halanee at w=0. The caleulations
are performed for two values of these parameters,
viz,

7, = 0,3048 .10, n=80% and »,=7,881.10-,
n= 62,4 %.

1t is recommended by Theodorsen and
Garriek (ref 4) fo choose for %, values between

0,025 £, and 0,20 ¢, . In the present investigation,
wheré e, == 0,10, this means that
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25107 < n, < 20.10-% 0r 57,3 % < n < 68,6 %,

which shows that the ealeunlations aith n-—=280 %
will probably agree less with reality than those
with n=624%.

When the ecaleulations were begun, the work
of Theodorsen ad (tarriek was not yet
available in Holland. The results of V, 1297,
however, did already point to a similar eoneclusion.

25 Voalues of the parameters.

These were chiefly the same as in report V. 1297,
hut may be repeated here for convenience sake

e=—01 01 03
etoe= 01 03 05
p= 3 .15 30
n= 80 624% (n,=0,304810-° resp.
h= 0 01 7,861.10-%)
cx=06 =020 =010 px2=10,05.

3  General method- of solution.

3.1 Flutter speed.

The eqﬁations of motion for the wing are:
my gt mie + (B2’ =K, |
Myt g —(T¢) — L (y—p) 8 (Y-, b)= (3.1)

=M + «lH — N —¢lR,
where 8 (y -—1v,) is a singular funetion defined by

8 (y—1) =0 1if y=£y, and
+
3]

f Sy —y)dy =1 if y- <y, <yt

i

(3.2)

The term {B2”)” vanishes in the ealculations with
zero flexural stiffness.

The equation of motion far the aileron, which
is torsionally rigid, is

b
My dy S ke { vy —¢(*/, ) } =
]
= f (N + e R)dy.

195

' f
ek

(3.3)

The method of solution is essentially the same
as that deseribed in V. 1297, The first step is to
subsfitute in the equations (3.1) and 3.3):

2=l 6" 2, (y); pe=qe" o (¥); y=g,e"", (3.4)

where ¢q,, ¢,-and ¢, are unknown coefficients,
while 2,(y) and ¢, (¥} are the assumed modes of
displacements of the wing.

The problem is now reduced to the determin-
ation of approximate values of v, q,, ¢, and g,.

and integrating the result from y=0 to y=h.
Together with (3.3) three linear homogeneous
equations are obtained, of which the determinant

- must vanish, if a non-trivial solution exists. The

flutter speed follows from this condition as a

2
funetion of the ratio (1'5-) .
vy

3.2 Divergence speed. -

The divergence speed is caleulated in quite the
same way as already was deseribed in report
V. 1297, :

3.3 Adleron reversal speed.

To caleulate the wing torsion due to aileron
defleetion the condition of equilibrium for the
moments about the flexural axis is considered.
This is the second eq. (3.1}, changing for a
stationary state into

| 1
~— (T¢")'—F, (7—¢-—;x )B(y—%b) =
| M + el — N — IR | year. (3.5)

in which yx denotes the angle over which the con-
tro} ecolumn is deflected and » a gear ratio. If the
control eables showed no elastieity, n wounld he

equal to X

Like the flutter and divergence speed, the
aileron reversal speed is only ealeulated 1n a first
approximation. This means that the wing torsion
is again assumed in agreement with the mode ¢, .
The amount of torsion, given by g,, is obtained by
multiplication of (3.5) by the weight funetion w
and successive integration over the span. The
result is a relation sbetween g, .and g, .

A, second - relation thetween, g,-and..q, ‘Tollows
from the definition -of -the .aileron reversal-speed,

whieh.says that at this speed the rolling moment

This is done by multiplying the two equations

(3.1) with weight funetions
' Jw? —us

5 and w, where wm_:;_,

due to aileron defleection vanishes. Both relations
become lineair, homogeneous equations permitting
caleulations of the speed at which their deter-
minant vanigshes. This speed is identical with the
aileron reversal speed,

4  Results.
41 General.

Flutter, divergence and aileron reversal speed,

reduced to dimensionless form, are plotted in
2

figs. 1—6 against the ratio (E) . The full lines

va

on which caleulated points are specially marked

denote the flutter speed. Points referring to the

same values of the reduced freguency are econ-

nected by dashed lines, the numbers near these

lines denoting the reduced frequency at the wing

root. The divergence and aileron reversal speeds

are represented by dash-dot lines.

It appears that in most of the cases investig-
ated, the admissible speed of the construction is
determined by the speed at which the ailerons still
funetion normally. In other words, the construe-
tion must be so torsionally rigid that no aileron



reversal oecurs, which implies practically always
freedom from flutter (for completely mass-balanced
allerons')

4.2 Influence af wing density.

All caleulated speeds rise if u increases and the
uneoupled frequencies are kept constant (fig..7).
It instead the stiffnesses remain constant, the
cifect s that all speeds decrease. Thig decrease
is greater if p, also inercases and the clasticity of
the eables remains constant (but w,x,* remains at
the value 0,03},

43 Influence of position of flexural axis.

The widespread opinion that it is favourable to
shift the flexural axis aft, is not supported hy
these investigations. If this axis is shifted aft,
it ‘has already been shown in report V. 1297 that
for a wing without alleron (or for a wing with
an atleron of which the uncoupled frequency is
infinitely, large) the flutter speed deercases until
the flekaral axis: closely approaches the inertia
axis {i.e. to a distanee of about 10 9% of the chord)
and only for still greater proximity of these axes
again beging te inereage” If, however, the aileron
frequeney falls, this last increase becomes less
definite and ultimately vanishes (figs. 4—6},

The deerease in flutter speed due to shiffing
the flexural axis aft is particularly large if
ve < vp. If the flexural axis lies in front of the
quarter chord axis, divergence occurs only for
very high speeds. Alleron reversal speed becomes
smaller if the flexural axis is shifted aft..

44 Influence of the position of the tnerfia axts,

" If the inertia axis is shifted aft, the flutter
speed in general deecreases. Only if vy << vp, the
wing density iz small and there is almost no
damping, the opposite effect can ocelir. Divergenec
and ajleron reversal speeds reach their minimum
values (keeping vy constant) if inertia and flexural
axes coincide while otherwise it is of no importance
for these two speeds, which of these axes lies fore-
most. It lIlStLﬂd of vg, the torsional stiffness is
kept constant, divergence and aileron reversal
speced become independent of the position of the
inertia axis.

Combining these conclusions it ean be said that
there is a most favourable position for the inertia
axig, namely at about 45 % chord from the leading
edge More aft positions decrease the flutter speed,
while for more, forward positions the aileron
reversal speed ' decreases (vp constant).

4.5, Influence of the cerodynamic aileron balance.

"For frecly deflecting allerons the flutter speed
for n =80 % is slightly above that for n =624 %.
For completely inelastic cables (vg=c0 ) the flutier
specd” bocomes nearly independent of . In most
cases, however, from a certain, usually rather
sinall,” value of ve the flutter speed for n=—280%
is lower ‘than that. for #==062,4 %. The differences
are not larﬂe
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The divergence speed is, especially for negative
values of e, smaller for n==80%. The aileron
reversal speed also is smaller for =280 %,

46 Influence of flezural stiffness.

The negleet of the flexural stiffness (vy==0)
tends to give unconservative values for the flutter
speed, especially if p is large. The difference
amounts to about 109% if vy =/,vz and p=15
or 30 (fig. 5). The two other speeds caleulated
are independent of the flexural stiffness.

4.7 Influence of wing lorsional stiffness.

It is wellknown. that an increase in torsional
stiffness is nearly always favourable to the pre-
vention of aero-clastie diffieultics. For construe-
tigns where the inertia axis coincides with the
flexural axis or lies in front of if, an increase in
torsional stiffness may lead to flutter, which,
however, can be suppressed by a small amount
of damping and which vanishes eompletely if the
torsional stiffness is still further inereased.

4.8 Influence of the elasticity of control cables.

The ehange in the speeds investigated ean be
read immediately from figs. 1--6. In the ab-
senee of damping there exists a minimum flutter
speed at ve ~ vg in the cases n—80% and at
ve ~ 0,8 vy if n===0624%. The minimum disap-
pears if the inertia axis is far beyond the quarter
chord; axis. Consequently, only for damped con-
struetions (though the damping need not he large)
freely defleeted ailerons form the most unfayvour-
able eondition. Divergence speed increases with ve?,
hut aileron reversal speed is unaffected by v,

4.9 Influence of structurel damping.

Struetural damping always inercases the flutter
speed. The influence of this parameter is most
pronounced for large values of p. Damping in-
creases the flutter speed less 1f the mertla axis
is shifted aft.

5 List of symbols,

The notations are the same as in veport V. 1297,
but the following symbols are added:

k. elasticity of the aileron eontrol eables
ve ., uneoupled aileron frequency
x angle of deflection of control column,
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REPORT V. 1366.

A Method to Determine the Change in Flutter Speed due
to Small Changes in the Mechanical System

Ir. A, 1. VAN DK VOOREN,

Summary.

In this paper a method is developed to evaluate the -influenee on flutter speed of small
structural changes of the aecroplane, without performing unother complete flutter caleulation.

Use is made of the results,
original state.
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1 Introduction,

The flutter speed of an aeroplane depends in
a very complicated way upon a large number of
structural parameters. Its ecaleulation requires,
even for definite values of the complete sct of
parameters, very laborious computations,
convenience 18 even more serious if large parts of
the work must he repeated many times in order

0 (V4 —E,) + q,(v*4, —E,,) +
%(Vz{izl.‘_sz) + Q‘z("zA'z_.z "_E22) +

4y (A — Buy) + qy(v* Ay — ) +

to establish the influence of changes in the aero-
plane construction or to survey the possible con-
sequences of doubtful fundamental data. In view
of the eommon occurrence of such complications,
a simplified method to evaluate corrections of a
caleculated fluiter speed, representing the effect
of small ehanges in the parameters, might be of
considerable interest,

It appears posgible to attain this object by the

application of common perturbation methods to the

This in-

obtained {from the flutter caleulation of the aeroplane in its

system of linear, homogehcous, algebraie equations
— containing definite modes of deformation -
which may he assumed to rvepresent the basis
of the original flutter caleulation (for the “im-
perturbed” state). Usually, it will be sufficient
to take into account only the first order cffects
of the applied perturbations, but theoretically the
procedure ean be continued to higher approxim-
ations, Yet, these higher approximations imply
computations, which rapidly regain an ineonvenisnt
cxtension and are, hence, of little interest.

A considerable part of the first order ealenlation
appears to be independent of the applied variation.
Consequently, the advantages of the perturbation
method are the more sensible if the influence of
several distinet variations has to be investigated.

2 The problem,

The set of lincar, homogeneous, algebraic equa-
tions, determining the characteristic values of the
frequency », and eonstituting the basis of the per-
turbation method ean be wrltten in the followmg,
general form

............... F gu(vid,, — B, =0,
............... + q,,(v2A2,, ) =20,

............... + qn(v Aym _Eml) ==0 H

or, written in a.shortened notation, which will be
retained henceforward:

S (VA —Ey) =0, Ekl=1..n (2,1)
I

The unknowns ¢; determine the amplitude ratios
hetween the assumed modes of deformation. The

generally complex elements A, depend among

v
others on the redueced velocity V, (= o where v.
b4

(i}



denotes the speed and ¢, a reference chord).
Egs. (2,1) have, for a given valne of V,,
#n independent complex solutions

2 qi==(q1)s, LWi=1..n

Any slight change in the construction of the
system will lead to small alterations of the values
of one or wmore of the coefficlents Ay, By of
egs. (2,1). Henee, the basic eguations of the
varied system may be expressed by

A + an)— (B + e ) } =0,

vi=y

S (v 2,3)

The terms with factors ey or e will, in any
cquation, be small, ecompared with at least one of
the other terms. It is just this property, which
makes, that the vesults obtained with neglect of
all terms, containing second or higher powers of
o Or ey, already have great practieal value.

-The problem shows some resemblance to a pro-
blem, dealt with by Courant and Hllbext
(ref. 1).

3 Bi-orthogonality relation,

Sinee the determinant of the set of eguations
(2,1) is not symmetrie, no orthogonality relation
exists. Considering, however, also the adjoint set,

¥ (v Ay — En) =0, E,l=1..a, (81)
&k

it is possible to derive a bi-orthogonality relation.

The egs. (2,1) and (3,1) have the same series
of characterisiie values, sinee their deferminants
are transformed into each other hy interchange of
rows and eolumns. The solution of eqs. (3,1) ean
therefore be presented by

V= Qp={(Q:):, ,k=1...n (3,2)
When one of the solutions (2,2) is substituted

in the ecqs. (2,1), the following identities are
obtained

' Ei(q:);(vf Ay — Eg)=0. (3,3)

Multiplication of the k-th relation (3,3) by

{@r): and subsequent summation over all » iden-
tities (k==1...n), yields the result

vi? 2 (g)(Qn)iAdu= 3 (q);(Qr) i Ewr .
k1 k!

In a similar way, namely hy multiplying the
identities, arisen from the substitution of the
characteristic values v;2 and the amplitudes (Qy);
in the set (3,1), by (¢;); and then summing
over I, the relation is ohtained

vi? 2 ()5 (@) Am—ﬁ (q0);{Qx) i .

From (3,4) and (3, 5) the following bi-ortho-
gonality relation ean be deduced

E (@)1(Qr) 1Ay =0=

(3,4)

(3,5)

2 (@) i(Qu)iFw , if 15547, (3, 6)
while for i==j the relation holds
i kE‘ (QE)i(ijiAkl: 2 o(q)i(Qe) i . (3,7)
: . k!
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{2,2}).

4 Transformation to normal coordinates.

The transformation of the set (2,1} to the
canonical form (i.e. with vanishing elements out-
side the main diagonal of its determinant) ean be
performed in the following way.

Introdnee new variables p;, connected with the
original q; by the linear relations

@ =2 (q)ipi, 4, 1)
S
where (g,); denotes the amplitude ratios already
defined by (2,2). Substitution of {4,1) into (2,1)
leads to

205 (V3 (@)idn — 2 (@) B} =0 (42)
J

Next, multiply these cquations by (@) and add
them together, The result is

Sp; (v E} {q1) i {Qx) idia —
J g

S (q);(Qe)iBu } =0, (4 3)
k1
where 4 may have any value from 1 to =.
Introduecing
A= 3 (q)(Qx)idu,
_ (4,4)
Bij= % (q:);(Qx)iEx,
B
(4,' 3) hcomes
5 op; (u'ﬂﬁij ——Ei;) =1 {4,9)

i

From the relations {3,6) and (3,7) it is in-
ferred that ‘

E;‘j:E{j?—-_O if @43,

- {4,6)
vit Ay =By,
Henee, eqs. (4, 3) reduce to the set
pilvi—vi?) Aiui=0, i=1..n, (47)
which possesses the canonieal form.
Ohviously the solutions of (4,7) are
Vi, pi—= (Py)a——sw’ (4, 8)
where &y denotes Kronecker’s qymbol viz.
0 if 144,
81y = i (4,9)
1 if i=4.

5 First approximation of the characteristic
values of the varied system.

When the transformation of the preceding para-
eraph is applied to the hasic equations (2,3) of
the varied system, there will ‘remain perturbation

terms outside the main diagonal of the deter-

minant, leading to the result




o { (v— Viz)zij + i}‘zz«;j —:ij 1=0, (5,1)
J

with
aij= % (q)5(Q)ieis and
kL

Ey = ’.2! (g{)f(Qk)iEk;!- {5, 2)

It will again be allowed to consider the per-

turbation terms ea; rosp. :H ag small guantities.
Consequently, the solution of (5,1) may he ex-
peeted to admit the representation

2 2 2 Av®
v? =12 -+ Av;? with e <L < 1,
Vi

p =81+ Alpy)s with Alp,) << 1 if i;&js“' %
and_A(p,-,)izO.
The last relation fixes the normalization of the
new solutions.
Substitution of the ¢-th solution (5,3) in the
i-th cquation (5,1) yields, it terms of sceond and
higher order of smaliness arc neglected '

Avit Ay + vit ey — 55 =0, (5,4)

Henece !
v —fii—‘vf;si
Avid = T-— {5, 5
PP

This relation yields the first order variation of
the charaeteristic values,

It is seen that Av;® can casily he ealeulated if
the numhers 4;;, a;; and ¢; are known. Now,
the Ai; and the produets (¢:);(Q:); appearing in
the formulae (5, 2} are independent of the assumed
variation, Hence, this part of the computation can
be earried out onee for all, irrespective of the
kind of wariation, which means that the labour
involved in the caleulation of Av;® for a seceond
variation is much Jless extensive than that for the
first variation.

6 First approximation of the amplitude values
of the varied gystem.

When the i-th system (5,3) is substituted in -

the h-th cquation (5,1), the amplitude ratios are
obtained. With the aid of (4,6) this substitution
yields, after negleet of terms of second and higher
order, -

vi® ani — e 1 A(Pn); (v — v Apy =0,

2
Epi — V" Opi

or Alpy) = M0 TR
L (vi® — vi®) A

(6,1)

For h=1, the relation
A(pi) § == 0

wus already introduced (5,3).
By means of eq. (4,1) the changes in the am-
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plitndes of the set (2,3} with regard to the .
amplitudes of the set (2,1) become

Alg)i= 2 (qu)sa(D5)i. (6,2)

The solution of the set of equations, adjoint to
{5,1) ean bhe written in the form

v =y;® + Av2 and Py =3§;; + A(P));,

: 3
with A(P;),=0. (6,3)

In the same way as A(pp): the first approxim-
ation of A(Py); hecomes equal to

(6, 4)

2
Eih T Vi Q4

APy = STV ain
’ (vi® — vi® A

and similar to {6, 2)
A(Qn) s =X (Qu); A(P5)i. (6,5)

£

7 Higher approximations of characteristic values
and amplitude ratios of the varied system.

Retaining perturbation terms of the first and
sceond order when the i-th solution (5,3) is sub-
stituted in the 4-th equation (5,1), the following
relation is obtained

3 AP e — i) +
j

4+ { Ap® .zia + (w2t Aviz)_:h‘iﬂ:ii y=0, (7,1)

with A(p;): in accordance Wwith (6,1) and (5, i}).
It is allowed to substitute the result (5,5) for,

Av;? in the term Avi®. e, sinec a; itself is small

of the first order. Thereafter Av;? can be solved,
which gives
avpp =T (1—- LB )+
Aii

ii

+ s (o0 — vi i) (;if‘*’vi-z—f;ii)’ (7,2)

i i) Audy

heing obviously the second. approximation for the
change in the charaeteristie value. The second
approximation for the amplitude ratios can be
obtained by neglecting terms of third and higher
order after substitution of the i-th solution (5,1)
in the h-th equation (5,3). Tn principle, this pro-
cedure can be continued to approximations of any
order. Such continuations are, however, of little
value in consequence of the rapidly growing ex-,
tension of the formulae invelved. Thus, there is
not much reason to proeceed beyond the results
given ahove.

8 The' change.in the flutter speed.

In report V. 1384 (ref. 2) it is shown that it
is possible to define by

Im | vi?|

AL R 1
CRe |vi?| @1

h =




a structural damping (h denotes the phase lead of
the elastic restoring foreeé in. regard to the dis-
placement), to which corresponds the flutter speed

Vorie = Voo V' Mod [vi? [ . (8,2)

_Carrying out the caleulation for several values
of the reduced velocity V,, a curve, connecting
terir with h, may be obtained.

Substituting in the formmlae {8,1) and (§,2)
w? + Av;? instead of w;®, again for a sequence of
values of V,, a similar curve is obtained, referring
to the varied system, The change of the flutter
speed at constant damping can immediately be

V., 74

deduced from the differenee of both enrves. For-
mula {8,2) alone, with v + Av;® instead of %,
gives the ehange of the flutter speed at constant
reduced veloeity.
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1

Introduction,

A large part of the work on the flutter problem,
carried out during the war by onr Institute, was
devoted to the theorctical methods of flutter analy-
sis and their application, especially to wing-aileron
gystoms. Many of the results have been published
in two veports (vef. 1 and 2) written in Duteh
and therefore aceessible to a small cirele of readers

only.

In order to promote the international ex-

change of technieal knowledge and of results of




research we have decided to compile a detailed
review in English language of our work, using the
opportunity to present the results in an improved
form, which continued investigation has made
possible,

The present paper is the first part of this
review. It must be said that the title promises
something too much, for we have not tried to reach
completeness, Remarking that the wing-aileron

-System ig at the hase of all discussions, the table
"~ of contents will give a good picture of the scope

of the work,

Use is made of a simple formal representation
of the aerodynamie forces, taking part in the
dynamies of flutter. 1t depends upon widely uscd
simplifying assumptions. No attention has been
paid to the development of this representation of
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the aevodynamie forees, sinee a separate paper

will treat the methods, used on this point in our
flutter work,
Perhaps a third and last report will deal with

* the numerical application of the theoretical methods

of flutter prediction.

2 Fundamental differential equations.

2.1 Assumptions.

In order to establish the equations, governing
the oscillations of a (fuselage-} wing-aileron syst-
em, we assume that {y being a coordinate along
a “reference axis” in the plane of the wing,
and t the time)

Fig. 1.

a. the most general deformation of the wing can
be decomposed in accordance with fig. 1 into
“flexure”, defined by Ilinear . displacements
(with respect to the plane of vanishing dis-

tortion) of the points of the referénce axis, and’

“torsion”, defined by angular displacements
(with respeet to the same plang) about the
reference axis. The flexure is represented by
the function 24 (y,f) and the torsion by the
function ¢g (y, t).

b. the most gencral deformation of the aileron
consists of “tlexure”, fitting cxactly to the de-
formation of the wing at the place of the hinge
axig, and “torsion” about the hinge axis?').

- Morcover, a “deflection”. of the aileron may

, - oeeur, to be defined by the angle between the

*J Which is ouly for simplicity identified in fig. 1 with
the leading edge of the aileron.

aileron chord and the plane of {completely)
vanishing distortion in the eross section, where
the control mechanism aets on the aileron. (The
complication, arising if this oecurs in more than
one section will not he considered). Deflection
and torsion of the aileron will be concentrated
into one single funetion ve(y, &) (see fig. 1),

¢. the elastie stiffness of wing and alleron may
he represented with suffieient accuracy by con-
tinuous functions of the coordinate y with (as
far as necessary) continuous derivatives

d. the stiffness of the control mechanism of the
aileron may be represented by a spring with-
out mass, interconnecting wing and aileron in
the cross sectlon, where the eontrol is applied
to the aileron.

¢. the fuselage and any appendages to the wing
{(e. g, the propulsion aggregate) can he treated
as rigid bodies with (compaved with the span)
negligible dimensions in the direction of the
reference axis and normal to the plane of the
wing, and with a centre of gravity, falhng in
the plane of the wmg

f- no other deformations or relative displacements
oecur, than those speecified under a and b,

g. no other paris than the wing and the aileron
- are subject to aerodynamie loadings.

h. the (varying part of the) acrodynamic forces

- on any narrow strip of the wing-aileron system
between two neighbouring ecross sections de-
pends upon the total displacements in this strip
only, the relation heing linear,

. there exists perfect symmetry with respeet to
the geometrieal plane of symmetry of the aero-
plane, N

It is thought, that none of these assumptions
will generally have -2 noticeable influence on the
aceuracy of the results. Nevertheless, it may in-
eidentally be desirable to introduce certain modi-
flcations, e. g. to retain in the idealisation of the
system an elastic support of motor masses or to
admit clastie distortions of the fuselage. It Iis,
however, eagy to establish in cases like that the
reguired modifieations in the equations, making it
unnecessary to incorporate them in the gena‘al
mVLstlgatlon

By way of excoption it may be desirable to spend some
partieular attention to assumption d, which is obviously in
disagreement with the faects, if the contrel meehanism is
not irreversible. In this case the elastic eomponent of the
mechanism is actually located in the eables, interconnecting
the port and starboard ailerons and eontaiming the eontrol
column, The admissability of the assumption rests then
upon the fact, that for symmetrie vibrations the influence
of the eﬂasumty of the cables is equivalent to the effect
of the assumed gpring, while for autuymmetnc oscillations
the influence vanmishes, & ease which is oquivalently ob-
tained by reducing the comstant of the assumed spring
to zero.

For antisymmetric oscillations an error emerges, if the
mass of the control column is not negligible. Some words
ahout thia point are to be found in appendix I.



2.2 FLocal displacements,

It is easily seen that for small vibrations the
motion of any point of the system may be eon-
sidered to econsist of “vertical” displacements
Z10c (%, %, 2} only (x == distance to the reference
axis in chordwise direction, to be counted positive
hackwards), If the function z (y,t) gives the
total dlsplaccment of the points of the reference
axis, 1. e, i

2 (’y, t) == Z1oc (0: i, t)?

PR

and it the funetion ¢ (y, ¢} gives the total angular
displacement of a chord ahout this axis, we clearly
have for any point of the system not helonging
,to the aileron

Zroo (2,9, Py ==2 (4,8) —x ¢ (y,1).

If further the function y (y,f) gives the total
angular displacements of the aileron chords out
of the neatral position (of the complete system),
we have for a point of the aileron (see fig. 2)

refecence axis

p—

A

=
Pt

Ta
X

Fig. 2.

Zoa (2,9, 8) =2 (4, £) —caw (9, 1) —
- (x"_cd} Y ('y? t):
¢4 being the distance hetween the Jhmge axis and

the refercnce axis.

It may be noted that the functions 2z, ¢ and 5

are not identieal with the triple 24, v, ya (see 2.1,

a and b), the latter determining the deformations
only and not the foful displacements?).

23 Fquations, goverming the halance of forces
ard of moments.

Calculating the resulting inertia force on a
gtrip of wunit length (in spanwise direction) of
the system we find, apart from econtributions of
concentrated loads (sce 2.1, €),

L) e ’ ..-
—my, e — fty, ¢ — My,
with
MMy, =ty + My s My, = = WSy —— MGy
My = — s, (2.1)
(Th(, significance of the parameters may be found

in the List of Symbols).
We immediately make the substitution

(Y, 1) =2o(y) . et i ely, 1) =ealy) '?‘w‘
70 8) = 7, (y) 6™ (2.2)
"} The difference follows from the motions in the plane

Y #0i i.e. from the motions of the fuselage. See eq.
(3.25

~3

-1

with eomplex amplitude funetions 2,, ¢,, v, , there-
by intmducing the eomplex representation of har-
monie variations, which will be used throughout.

The result is
"z(mn’xu 1 mey ey ay"y,) A (2.8}

The resultant acrodynamic foree may, according to
2.1, h, be put in the form _

My V(880 + gy Cpy T € y,) . 6™ (2.4)

with .

my=14 7 pe’ (2.5}

’Phe dimensionless coefficients «,, ete. depend upon
certain geometrical parameters of the strip!) and
upon the “reduced” velocity

v
ve

v

, (2.6}

wihere v s the speed of flight. There is no depend-
enee of the @, cte. upon v and v separately. We
shall give no further explanation about the strue-
ture of these coefficients, apart of the indication,
that they have complex values

The elastic restoring foree can be most gener-
ally represented by an expression

(€112, T €139, T €,57,) . e (2.7

The coefficients e, ==e,,(y), ete. are differential
operators, We may safely put

o2 o2
1123‘5}@—? “(J)d’ '

B (y) giving the flexural stiffness of the system.
If the wing behaves elastically like a beam with
definite elastic axis, the coefficient e¢,, may he
assumed to vanish, provided that the reference
axis is made to coincide with this axis, But it is
not. true, that this is the general case. It s there-
fore desirable to retain the coefficient e,, in the

[x-3

(2. 8)

expression.. A possible formula for it will be
d2 2
312'24_"&?3_ 13(J) (l 2 % (29)
depending upon an elastic “cross-stiffness” B, .

The coefficient ¢,, represents the elastic coupling
of aileron twist (or -defleetion) with flexure of
the wing. This coupling is always very small and
will he neglected .

(2. 16)

If there is no structural damping, the sum of
(2.3) and (2.4) must balance the foree (2.7). But
the resulting equation will he valid only for the
parts of the system befween concentrated loads,
This induees us to represent these (inertia) loads
by the smwular d]s‘mbutlon v

2, =0

b(a)) eivt

vi{m, (“)zu + m,,
: (2.11)

Yo) 3y —
Mo,

?0 T+ m‘ls
e=1,2,

.......

assuming that the number of loads is n, and

'} The ratio of aileron chord to wing chord, the position
of the quarter -ehord point, the aileron aerodvna.mw balanee
and possibly the gap Imtweeu wing and aileron.




that they are located in sections with coordinates

y==b"". The function §{y—wvy,) (y,: constant)
is a singular one with the properties

Sy —uyy) =0 it ys£u,,

ot
3ly—y) dy=1; ¢>0,
yr—e -
n
Sy —u) dy = (2:12)
Y —¢
y e .
=[ S(y—w) dy=14; £>0
#h

which serve for its definition.
No explanation will be needed about the deter-

mination of the constants m,,'” cte.
With the addition of (2.11) the balanee of
forces leads to the equation

v (Mg, - omga)z, + (my, + my ca,)e, T
+ (myy + M edy)y,] —

82— Byapy = 0, {2.13)

containing the new abbreviations

mup=my’ + % mp 8 (y — b
@

E—=1,2,63 {2.14)
To prevent misunderstandings we state: the range
of the variable y extends from y=——"b (tip of
the port wing) fo y=+ b (tip of the starboard
wing). All coefficients are even functiong of y
(compare 2.1, ¢).

A second bagic differential equation follows
from the balance of moments on the wing alone
ahout the reference axis, It ean be written right
down, if we keep in mind the fact, that in the
seetions y = =+ b, where the control mechanism is
commected to the aileronms, a concentrated moment
of magnitude

[ {y (b, ) —e (b 1)}

1) This equation is, strietly speaking, the result of the
elimination of the transverse force from the eonditions of
equilibrium of forces and of moments on the strip. That
it does mnot contain the moment of inertia of the strip
about its mid-chord {in reply to the rotations %L o™
of it about this chord) is a consequence of the fact, that
this contribution is small of a high order if the deform-
ation i3 suppesed.to be small of the first order. If, how-
ever, we don’t want to negleet the influence of the non-
vanishing moment of inertis of the fuseloge about its lom-
gitudinal axis, we shall have to insert on the left side
aof (2.13) an according term, which obviously will again
be singular, since the load is concentrated in the plane
y==40. It indeed assumes formally the remarkable form

—2 = _
v [ ; §(y—0) sz.,

with T = moment of inertia of the fusclage about the Jongi-
tudinal axis.
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iy exchanged between the wing and the aileron.
With
My =My -+ % mm(a) 5 (y— b{a)) H
. [
tbyy ==y,

My =My, + 3 1, ™8 (y— b @), 2.15)
a A

my, == I, + me8,® + mecd,
! )

Mgy == My + 3 my @8 (g — DY),
a

-

My, == m,8:Cq,

and

€y = (835} T+ K 8(y —0;) + E8(y + 1,);
by =—"8(y—b,) "ks(y-+ b)) (2.16)

we get without difficulty

v (Mg + myp @y )2, T (Mg + My ® iy, )9, +
t (myy + my ¢F @) v,] —

— €380~ €g:80— €370 = 0. (2.17)
It is
Co =— €y - (2.18)
For (e,,),» the simple formula
o d 4. d
(eae)vf*__—"dy 211;(21) _dy (2 198.)

(T,(¥) = torsional stiffness of the wing) is gener-
ally aceepted, but there is recason to believe, that
it often may be more accurate (oo even inevitable)
to aceept an expression like

d? dz
(922)1):“6@2—; B, (y) _@? { —

d d ]
- ?y_g T (1) Iy (2. 19b)

The thind basie equation represents the balance of
moments on the ailerons about the hinge axis.
We casily find
v (my, T mpeag )z, F (my, Fmpetag e, +
+ (mgy + mp ¢F tyy) vo—

— €980 — €370 == 0, (2.20)
with
Mgy = My," + 3 0y, D B (y — by
a .
g, ==y,
my,==m,, + Sm, P sy —b@,
3z 5 ; a2 (y ) )5 (2.21)
. My, == 'm‘zafx
Mgg === M,,” + X ms:;(a) ly—>b @ ¥
a .
iy, =1, + m,s,?
and
. d - d
Oog == 8oy § Cpp =~ — c'i-y ? Tjr(’y) _b?y_ g +
+ES(y—b) +ES(y+ b, (2.22).

(T,(y) = torsional stiffness of the ailerons when
twisted ahout the hinge axis),




2.4 Compléting remarks.

We may consider the triple (2.13), (2.17),
{2.20) of hasic equations' as a system of three
simultancous differential equations for the fune-
tions z,, ¢, and y, with » as unknown paramcter.
The range of the variable y extends from y=—15%
to ¥ =+ b for the equations (2.13) and (2.17),
while for (2.20) it falls apart in the intervals

—bh=y=—0b; bZy=b (223)

it the ends of the allerons are in the sections
y==+"b,, y==+b,. The eguation itself decom-
poses in idct into sepdrate equations, each valid in
one of the intervals (2.23). It will however be
clear, that if desired there is no objecction against
adjudging the full range — b —» + b likewise to
cquation (2.20), if only we agree to aceept

yp=—0; My, =10; ap=0; e, =0; £=1,2,3.
for

—b=Z=y<—0b; —b, <y<h,; b <y=bh
We shall generally make use of this flrtltwe

Since

Ok = €xp § M =M ; k, h==1,2,3.
The svstern of dasie equations would bhe  self-
adjoint if
Agep == oy .

This is not true. We therefore see, that the equat-

ions, governing the oscillations in stdl air are
self-adjoint, but that the ecquations, governing
oscillations én flight are not, The boundary con-
ditions (see 2.0) do not change these properties.

It may not be superfluous to repeat, that the
funetions z,, ¢o, vo are complex funections, just
as  the aerodynamic coefficients am. All other

quantities are real, perhaps with the exception of

the frequency v, whose nature may as yet remain
unspeeified.

2.5 Boundary conditions.

We must now add houndary conditions to our
basie equations. Assuming that the operators ew ;
(h, k=1,2, 3) have the special forms (2.8), (2.9},
(2.10), (2.16), (2.19), (2.22) we have

for y==b:
2 =0, (B“z(, NV (B =10,
'Pc)”:(): 'Pn - .
B, By— By, 0- ' {(2.24)
“__"B” T, Yo — Y,
for y=—==x-b,, = b,

0:0.

Apart of these boundary conditions we might establish
speeial conditions for each value of y, specifying a scction
where concentrated leads are exchanged or applied, that is
for y =0 (a=1..... n)) and for y = * b . We have,
however, in fact inserted these additional conﬂltmns at least
formally in the equations themselves by the use of the dis-
tribution function §. There is indeed no difficulty in getting
them ont again. Each simple J.symbol specifies a jump of
a maguitude, determined by ifs factor, in the derivative
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agreeing with the first indefinite iutegral of the expression:
&, 7 Grcﬁo'l' Oy Yo F=1,2,3.

The supplementary term to (2.13), mentioned in the acces.
sory footnote is likewise seen to indicate a definite jump,
this time in the derivative given by the second indefinite
integral of the cxpression e, 5 e ¢ , just as it ob-
viously should be. Mathematically the &-function is simply
a tool, making it possiblec to colleet a differential equation
and gnen conditions of discontinuity at specified poqu
of the interval into one single cxpression.

2.6 First integraols.

The basie equations are “equations of motion”
of the mechanical system. Now this system may he
regarded as a closed system with external forees
teting upon it, agreeing with the aerodynamical
loading. It must thercfore be possible to establish
“first integrais” of the equations, stating that the
resulting external torec equals the rate of change
of the resulting impuls, and that the total momen-
tum of all external forees eguals the rate of change
of the total moment of impulses. Now the result-
ing external foree is

+b

v? et my (8,2, t @ e T oay,c vs) Ay

-b

and the rate of change of the total impuls
+b

vie™ | (myy 2, + My e+ omy,y,) dy .

By

These expressions must he equal. We indeed get
the resulting equations by intervention of the
boundary conditions if we intwr’lte the first basic
Lqua‘mon over the rangt — b =% = 4+ b. We may
give it the form

4 b

{ (my, +mya,) 2+ (M, + mg,ca,,) %'-I-

—b

F (g, + M) e} dy=0. (2.25)

It is evident, that there are no components of
forces or impulses in other directions (than the
vertical).

The first integrals, correspondmw to the moment
of impulses, are expressed by twe eqguations, since
we must congider moments about the reference axis
and moments about the longitudinal axis of the
system. The first equation is formed by integrating
from — b to -+ b the sum of the second and third
basic equation, gince this sum is connected to the
moments on the complete system ahout the axis
of reference, The result clearly is

+ b

{ (Mg, + my, + myCty, T Mpeay) 2y
-
+ (my, + Py, + Mg 6P 0y, + My, 02 ay,) p, T
+ (Mg, + My, tomey P ay, +
+ my, 0% dgg) yo § dy==10. (2.26)

The last equation follows from the integral of
the product of the first basie equation by .
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+ b
f{ (m,, + myay,) 2, + (m,, + my, ca,) ¢ T

—b N
{mys + My cay,) v, ydy=0.1) (2.27)

 Two other useful relations emerge by integration
of (2.20). Summed up in one formula, they ave

ol
zﬂj{ (g, + mypcay) g, + (my, + myc?ay,) oo +

T iy .
+ (m33 + my, c* a‘33) Yo } dy +
Fh{v (b)) —g (£b) =0

(choose all signs upper or lower!). (2.28)

The equations are closely related to (2.26), they
only refer to the ailerons alone and not to the
complete system.

The triple (2.25), (2.26), (2.27) of integral relat-
ions, obtained above, permits a change-over from
displacement-functions to deformation-functions by
the introduction of separate variables, determining
the motion in the plane y=0 (motions of the
fuselage). : [

Equation (2. 28) permm a separation .of deﬂect-
ion and twist in the aileron displacements.

Transformations like that have heen used at the
root of the ecaleulations in our older work (loc. eit.).
The crucial thing is, that it seems more casy to
guess approximations to deformation funetions than
to displacements. We shall however make no use
of them here, sinee it has appeared possible to reach
the same benefits in a more satistactory way.

3 The fundamental equations in integral form.

3.1 Transformation of the differential equatwns
into integral equations.

We assume provisionally, that the wing has the

“simple elastic properties of a beam, i. e. we assume

that
=65, =10

and that for (e,,)}, the formula (2.19) holds.

Further, it will appear suitable to bring a slhight
change in the condition of the mechanical system.
This change eonsists of the introduction of elastic
restraints on displacements and rotations of the
fuselage by spring connections to the ground.
(Springs like that can actually be fitted in
resonance tests). These springs will introduce a
force k.2, (0), a moment about the reference axis
kg9, {0y and a moment about the longitudinal
axis k2, (0), acting on the system in the plane
of symmetry (y==0). The parameters k., kg, %
represent the spring constants.

It is easily seen, that these alterations may be
represented in the basic equations by addition of

the aggregate

N ’ 3 d: d 1
— k3 {y—0)a T &y N 8 (y—0) ERRL )
to the loft side of (2.13), and of the term
) _k¢ 3 (y——O) ?a

to the left side of (2.17), equation (2. 20) remain-

mg unchanged \Ve wrlte the Ivsult in the form
KA R

b 2, + k8 (y—0) zomke;@ S0 i w=loy o, (31)
€32 $o + €21 V4 + k‘u & (y—0} ¢ .‘*Lq; ) ! I (3 2)
€32 90 T €55 70 =L, (3.3)
L., L, and L, representing the load
L, =v*{ (my +mpa,) 2z, + (m, + myca,)p, + (my, + my, ¢ ®y3) Yo } s
L¢ = { (Mg M ay) 2o+ (Mg, T M €7 8y,) 0y T (M o €F ) Yo } s {(3.4)

L‘y =vi{ (my +myc Ogn) B9 T (Mgy T My, & Ayy) ¢y T (M, + My €7 @33) Yo } -

Y If we add to the left side of (2.13) the term, men-
tioned in the footnote to this equation, we must extend
the left side of (2.27) with the term :

dzy |,
_..j‘Iyd B(y—U) “'dym:——-

y==b
+

Iyd s

dy

+b

dz,, dzo
+.f Sy —0) dy = ( Ty ) _o’

¥
b

representing the mement about the longitudinal axis of the

inertia forces on the fuselage. Noté that the formal pro- -

cedure leads to the correct result.

Tneidentically, it may be noted, that the effeet of
the alterations on the integral relations (2.25),
(2.26), (2.27) consists merely of a replacement of
the zeroes on the right side by k.z, (0), %ge, (0)
and %,z (0) consceutively. .

Now, apply to (3.1) the operator

") The expression containing kg is similar to the ad-
dendum, mentioned in the footnote to cq. (2.13).




+ b

+b :
L[ci!-y+l"’fd.yy+
et oo

—b iy

[ f Bu(J) f _[ (d)* 3Ly <0

In view of (2.]2) a,nd the boundary conditions,
imposed on the funetion z,, we have

1 y
—,;;"f dy e, 2,=10; Ty

—b -b
+ b

(3.5)

ayye,z,=10

1 . .
L [ dy k-8 (¥ —0) 2,=2, (0);

—b
+b

%F[ dyy ks (y—0)2,=0
v} .

b
4 b

7
dykaé—gs(!!—

] a
) 0 gy § 2= 0;

[ v/vﬂad(( 0)—}% —yz (0)

{compare the footnote to eq. '(2.27 1)

Further the multiple integral part of the oper-
ator produces zero when applied to the second and
third term on the left side of (3.1), while applic-
ation to the first term gives, hoth for vy > 0 and
for ¥ <0 {(in view of (2.8)),

2y 2y (O) —Y 2}0' (0}

It follows that the complete result of the trans-
formation of the.left member of (3.1) is simply
. 2 (3.6)

In order to give a | suitable form to the right
side resalt, we remark

Yy Y ) i

[ fas [
0 0 '

: ¥>0
—[ dy’y ...... ’
d y <0
+» t & Tt
fdy ]dy ...... =—y] ay ...... +
) Y H
+
+ [ dyy..... ,

¥ : ’
{both signs -+ or both —),
leading to the expression
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b ' &b

1 -
% [dvrlkz(vr) %fdnvﬂx () +

-b

[[ y_Jl} (b — )L (n) dydy,; y > 0,
i .

B, (1)
— (3.7)
(y—y) (n—1,)
L. dn di 0.
j‘[ Bn(J: (73) nay,; Y <
0 m
Let now
< YU
dy, .

a
detine an integration over the range

a toy i |y—al|l<lin—u '
vy iy —el<in—al) 44

@ to g if |y—a|>|gp—al .
Then :

b b <Yy,
f[ ...... dndylﬁ[f ...... dyldq;
0

y b . —b<J'"1
[[ ...... dqdilzf[ ...... d'yldq, (38)
0 0 v 0

formulae, that eome down to an interchange of
integrals, retaining the original area of integration
in the », y,-plane.

These formulae permit a reduction of the mul-
tiple-integral part of (3.7) to

b <Y -
(y—u) (p—w) g
dyy Ly ()Y dy- for y > 0,
/% By, (1) . (n)
- b <Y
(¥ ~—,) ("7'_“.’]1) 2
: dy . dn for y < Q.
[%[ B () Ya jhe ()
Db

So, if by definition . : N

¥
. ks

1
Kn (U; "T) - k

<y,u
v—u) (n—uyy)

dy, for y > 0,%>0
By, (y4) h Y5

V]

+ 0 for y>0,1}<0(3.9)
0 - for y<<0,p >0
<y, )

(y —u,) (g —u1)
— dy, for y <0,n <0
,[ By, (y1) Y Y (A
0

the final result of the application of (3.5) to (3.1)
clearly assumes the form
+b

Ky (4, 1) Le (n) dn . (3.10)

2y (y):
b




A similar transformation of equation (3.2) can
be obtained with the help of the operator

—fdJ+
[T(J f(dJ fOI"_j>0
8

i

1 2 4 ;
[W[ (dy)? for y < 0.

0

We find, in view of (2.16) and (2.19) and the
boundary-condltlons for g, and y,,

.
S

+ (3.11)

1 .
I [dy (€25 9 + €45 Yo T kq‘, 3{y—0)e) =
(] . ]

oy (0 + 70 (= b0 -

¢
v g (Br) — o (— b)) } ey (0)
while the multiple-integtal "part of the operator,
applicd to the same expression, gives

Vos2

Pa— ¢, (0) + iz
<y, br .
d
— & { yo (br) — g, {b,) }[—f%ﬂ for ¢ > 0.
i ° |
< Y, br
+k{70(“br)“§°o—r)}[T()fOI"J<0

Adding the results and ehmlnatmv the differences
Yo (£ b)) — ¢, (£ b,) with the help of (2.28), we
O'btam the expresswn

-?0 k j L d’? —

<y, br

[L?dq./ dy
L]

T for y > 0.
0

‘b <y, br

dy
[ |

Ty
0 0

for y < 0.

\\‘
N

Apphcatlon of the operator (o the right mde of
(3.2) glves taking account of (3.8), "

-l'r
4] <Y, "
Yy

!'JTL

L dy; 4> 0.

1 <y

[ [k

Ly (Y dy 5 y <O.

. 17}
N 7oy
- by

Consequently, if we define

1
He (1) :7{* -+

@
! << Y,
dyl s :
———for y >0, >0
T, (?J'l) J 7
0 for y >0, 9 <0
+ (3.12)
0 for y <0, >0
<J’d
Y.
— for y <0, 5<0
f ('h) Y K
1 0
and
K, (y,9) = 1+
w WUym) = k(‘b
<y,£r }
. )
of’l'u(rh) for g >0, n>014_
0 for 4 >0, 7;<0,-
—Kzz(J; ):"]>0
+ 4 (3.13)
] for y <0, >0
<y)'_'br
{ @y, for vy <0 <0’=
; Ty (1) =t )

=H,, (i, b,),n <0,

the final resnlt of the transtormation appears to be

+b '
[Km(u, ) Ly (n) dy +

+ b

+ [ Koy, (4o) Ly () d (3.14)

Thirdly let us apply to .(3.‘3), the operator

Y 1 |2}
fT—(a}Tf (dy)?
- v oo

fbs (dy)* .
Yy .

¥
s
Ty (y)
by
— by

Y
[TTJ)I(J

— by

for v > b,.

for 0 <y <h,. .

(3.15)
for —b, <y <O

_—

[ (dy)?

for ¥ < b,.

T




The complete result is casily found to he (eompare

(3.8))

Yo Yo (br):
[ <y,wd.
Y1
i Ly, dg; ¥ >b,.
f ,;{ T, (yy Ly (Vs Y
<y @
_ % . .
{ f Ty _7(q)dq’,0<y<br.
(3.16)
Yo Yo (—b,.)r:
— by <y,wd
Y1 '
i Lo(n)dn; —b,<y<0.
[ | gy Y
Zb. ~b,
o —by <Y,
) dy,
Yy oy < —Db..
l f Tf (yl) ( 7 Y
—by ~by
Now, equate in (3.14) ¥ to = b, and add the

Iesultmg relation to (3.16). Then climinate the
emerging differences vy, (= b,) —e, (£ D ) with
the help of (2.28). This leads to

b?‘
1 d'yl
T T T, (1)
+0
b
dy,
+ f -
Ty (y,)
0
Ky (1, 7) :T
¢
—b,
1 dy,
T f T, (y3)
1]
+ 0
- b,
1 . ay,
..[._ T - -
k f Ty (1)
G
+ 0
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g

+0

+0

+ 0

+ 0

b

+ 0

+0

-]

+0

+0

+b

n— T [L dq—l Koy (b, ) Ly () dy +

—b
+b

[ Ea (o) Ly () dn

-
+ right side of (3.16); y > 0,
+b
Lydn= [ Ko (—brn) Iy () d +
b

1

i f

Yo I

+b
+fK23 (" br,m) L, () dn +

+ right side of (3. 16) y < 0.

Jareful eonsideration shows, that these relations
may be expressed in the characteristic form
+6

n () = [ Koy 1) Ly () o+
+b
+ f Ky (o) Ly () g, (317)
b
if we define
K32 (U}’T):-Kzg (7?5 U) (318)
and
<Y,
{ U’ for y > b >b
T yl Y 0 "
for y > b,, 0< 5 <b,.
for y > b, » <0,
<y P
U,
_ for 0 <<y < b,, 0 << by,
T, (3,) v K
for 0 <<y <by, n> by,
for 0 <y < b,, nl<0.
(3.19)
<y '
J d“'; for — b, <y <0, —b, <y < 0.
—bf' 1 N
for —b, <y <0, 7 < —by.
for —b, <y <0, >0

<Y,

i,
fOI'l <'_b-r, <—-‘br.
T, (v v !

—by
for y < —b,, —b, << 0.
for ¥ <~.—b,A, g > 0.
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The transformation of the basic differential equat-
ions (with their boundary econditions) into eom-
pletely equivalent integral-equations {without com-
plementary conditions) is herewith finighed *),

We may remark firstly, that it is immediately
vigible from (3.9), (3.12), {3.13) and (3.19) why
it was desirable to introduee spring-contraints on
motions in the y=—0-plane. If we remove them,
the kernels of the integral-equations are no longer
hounded. Secondly it will be aceepted for certain,
that equations (8.10), (3.14) and (3.17) may be
considered as a simplification, related to the as-
sumptions abhout the e;-operators, of a general set,
containing K-funetions with indices 12, 13, 21, 31
as well, and only submitted to the symmetry
property

Ku (y,9) =K (2,9); B, k=1,2,3.  (320)

The way, in which the sprmg constants k., kg
and %, enter in these general funetions may he
drawn from the special formulae (3.9), (3.12),
(3.13) and (3.19) (though generally thesc speeial
formulae will of course lose their validity if any
of the simplifications is rejected).

3.2 Elimination of spring constants k., ky, ky.

Tt is of importance to trace the effect of a sup-
Dression of the parts in the operators Km (v, n),
depending upon the spring constants k., kg K.

(This may he done by putting simply, k.e= oo,

ky=1o, kg =120 in the formulae for the kernels).

"The followmcr result will be found w1th0ut much
trouhle o I

P
2 (y) —2, (0) —y 2/ (0) =

+b

= f . (4 ) L (n) do, (3.21)
oo (1) — g 0) =
+b

= (20 1) Ly ) dn +
Z»

+b

+ f o (1, 1) Lo () do, (3.22)
- -8
Yo (U) - %0 (O) =
+b

— f E () Ly(y) dy +
b

b

+f£33 (,7) L.,, {(n) dn, (3.23)
Zs

where 2 E-symbol is used to represent the remain-
ing parts of the KH-kernels, i e.

S (1, 7])

. (3.24)

ky =, k¢_a: kg=oo

1) Another method, making use of an identification of
the K i (¥, »)-fanetions with “influence funetions”, to
establish the integral equations, has been followed in
appendix L

We must obviously come to the same Kkernels, if
we actucelly give infinite stiffness to the “fuselage
springs”, that is: if we fix the fuselage rigidly to
the ground. We indeed have under these eircum-
stances

2, (0) =0, 2/ (0) =0, ¢, (0) =0
and (3.21) reduces to (3.10), (3.22) to (3.14) and

{323) 1o (319 with 2 on the place of H.
It is of importance to remark, that if actually

k= o k¢;éw, kﬁ;éco

the triple (3.21), (3.22), (3.23) cannot be eon-
sidered as a new integral-equivalent of the fun-
damental differential equatlons (with boundary-
conditions}, sinec this triple does not determine
unambiguously the unknown functions 2,, ¢, Yo
and the parameter ». Indeed, if we put

Zao =2, — 2, () —y 2/ (0), Fdp == ¥ — Po (O)x
Yao == Yo — ¢a {0), (3.25)

a system of integral equations emerges, which may

be econsidered as inhomogeneous, the right! fside
terms containing the parameters z,(0), z,/(0),
go (0). The ambiguity disappears if wé add as
independent conditions the relations (2.25), (2.26)
and (2.27} with the right side ,zeros replaced hy

1 l

— ke 2, (0), @ ®p (0), — kg 2 (0) consceutively,

'f01 thesc equatlons join spec1a.1 values of 2z, (0),

vy (0), 27 (0) to given functions zs, ¢a, Vi
The extra Lqua,tlons can . clearly be written in
the form

fL: (n) dp=1Fk,z, (0);
- +b

f (Ly (n) -+ Iy () } dy =g 90 (0)
Zb
b

# ks (n) dy =Ty 2/ (0). (3.26)

|
a-h"“a+

3.3 Special forms for symmetrical oscillations.

If the solution z,, ¢,, v, of the basic equations
consists of even funections (symmetrical mode of
vibration}, the infegral in {3.10) is equal to

"1, () dy

. b )
9 f Koy T Ky (0, —
' 2

o

]

showing that we may write in this case

2 () = f Ko (yyn) Lo () dy (327)
0
with
2
1(118 (’U: 7}) = 7; +
ni ) (
J yl n— yl)
+f B., (0,) dy,  (328)




Under the same restrietion (3.14) and (3.17) may
he replaced by

. b
b )= [ K (0,m) Ly) iy +
0 . R
+[ KSwoL, (dy,  (329)
U

1o () = [ K8 (3,m) g () iy +

+(ES L, . (350
; |

with *

"
Koo (y, ) o j e M 33

(1)

- 2
K5 (4, 9) — . +
("

< Y, br

W __ g8 .
+,[ W—_‘ﬁ% (y} b}, (3.32)
1
2

K5 (i, 9) =
< br,y
Cdiy
= 8
+f T (J1 Kza (br:"?)

=+
k‘P

- Kzas ("]: y), (3.33)

a1 .
Ky (y,)— St +jT(Jy1)
y'
_ dy,
——; ¥ >b,, br. T
TT(UI) Y 1}>’ '
by
! 0 ;U>br,7]<br-
+ (3.34)
o ;y<br,’]>br-
<MW

dy,
— i U< by, be.
(f T () y< <

_Further, (321}, (3.22) and (3.23) reduce to
o

= [ 2.8 (,n) Le () dn,  (3.35)

0

EN (3!) — & (0)

b
oo (1) — o0 () = [ 508 (,) L) dn +
U

b
+f E?_:;S (v, 7?) L-y 7?) d"? y (336)
0 b
Ya (y)._?’a (0) = fgszs (?jl ’?) L,;p (73) d’? +
0
LRI RO NN CY
H .
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Finally we have (sce (3.26))

[ By dy =12 (0);

[ (Lg ) + L, () ) =1 Ry 00 (0). (338)
4 .
THc third relation (3.26) is fulfilled automatically.

3.4 Special forms for entisymmetrical oscillations.

If on the eontrary the solution 2., ¢,, y, con-
sigts of odd functions (antisymmetrie. mode of
vibration), the integral in (3.10) is equal to

b
9 f Ky (y,9) —‘2K11 (4, —n) L, (’T) dn,

showing that the equations may now be written
in the form

b
2, (y) = j K& (y,n) Ly (q) dn,  (3.39)
0
with
- KR
Kud (yym) =220 +
4

<”’( )
v ”U’ — Y gy (340
f 11 (Jl) Jl ( )

Similarly we deduee for this case

h
o0 )= [ K () By (1) dn +
Q
b
[ H

}

(y,7) Ly, (n) dn, (3.41)

b
vo () = [ Kux? () By () dy
V] . .

+[ Kt LG dn (342)
0 -
with
. <y, p
iy
K4 (v, ) = f T—,U(Jf) ) (3.43)
0 1
<Y, b
By, .
K?_:iA(y: ’?) = T’Eé_)— = HK,, A {y, b,), (3.44)
v 1
0
<br,‘fd B
- A,
K4 (y, ) = f — = e
T, :
/ {70}

=K, (br; 7) = HK,,A (g, 9) (34:5)
K, 4 (y,n7) =EKu8 (y,7) () (3.46)
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‘We have further

~

b

o () =y e 0= [ 24 () L () dn. (34D)
? (
#0 (9) = [ B (0, ) Lo () d +
AR
+ [ 2 ) I () dy (3.49)
0 .
Yo (9) = [ Zul () T () dy +
O’?
+ [ 2t (0 T, () dy (349)
0

The E4-functions follow from the K4-funetions by
putting %ky= o . They are in faet identical with

‘the 28 funetions, so that there is actually no reason
to use the discrimitative indices § and A in con-
nection with these functions. We shall 1ndeed drop
them in future.

It must be remarked, that for _antlsymmetmeal
vibrations an as yet unobserved complication may
arise, which needs special treatment. It cmerges
from the, fact, that in antisymmetrical distortion
the spring eonstraint on the aileron may vanish, i.e.

k=10
and consequently

K (y,n) =0

Since it iz inconvenient fo interrupt the reasoning

by considerations applying to. this' case only, we
have.shifted the treatment of it to appendix I.

4 Pundamental equations in matrix form.

41 Differential equations in malriz form.

We collect the displaeemeht funetions 2,, vs, ¥,
{whether even or odd) In a one- column or ohic-
row matrix (a vector)

; (4.1)

o =112 ¢ yoll
Yo

" {rescrving the * sign, attached to the heavy-type
symbols of matrices, to denote the transposed
matrix).

- Further, we compose an

incrtia-load : matrix
(leaving out the factor 21

My Myy Myy

M= My Ny M,y .

- (4.2)

My, My, By,

and an ‘acrodynamic-load matrix

(also without
factor v2) '

S

By BoC g0

& =mp| 0;C @07 dy,C°

{4.3)
C g € apC® Ugel?

Introducing finally the operator-matrix

611 612 613

€=l €5 €5 €y (4.4)

H

e3‘] e32 ’ 853

depending upon the clastic properties of the system
and generally containing nine non-vanishing ele-
ments, it appears possible to contract the set of
hasic dlfferentlal equations into one smo‘le matrix-
equation

ef,==v*(m+ a) fozvzufﬂ, T (45)

with

-u=m+a,. (4.6)
Indeed equations {2.13}, (2.17), (2.20) are readily
obtained if we develop (4.5) according to the
well-known rules for the addition and the multi-
plication of matrices. An intermediate result is

#

Ly
vuf,=L=| L¢ (4.7)
Ly
We have '
) m*=m, (4.8)
e*=e, (4.9)
but
a*£La, -(4.10)
ut=£tu. (4.11)

The last inequality shows in connection with (4.9),
that the set of differential equations is not self-
adjoint. - . .
To (4.5) belong houndary conditions, mentioned
in par, 2.5. -
We shall not trouble curselves with matrix repre-
sentations of these eonditions.

1

4.2 General integral equations in matriz form.
Lot
K, (y:’?) K, (y:"?) K (y,m)

Ky, )= K (r.m) Koy (r,) Ko ()] (412)
K:u (yy ’?) K32 (?J, 7]) Ksa (y3 W)
Then the matrix-equation
LB .
)= [ K@qu [OF (1) dy (413)
Zs
will represent the integral equivalent (3.10),
(3.14), (3.17) of fundamental equations (in a
(renerahs,ed form). We notice
K* (1, 7) =K (1, - (4.14)
Similarly, with
= (y! ’?) By (1, T’I) Es (Ua 7})
=1 (U; W) = 521 (y!’?) 522 (}lfﬁ "?) 523 (y: 77) s (415)
Ea (1, 77) a2 (4, 7]) = (U’A"?)




we inay represent the (generalised) set (3.21),
(3.22), (3.23) by

+b ’
fo—o,=v [ ElmuGif()dy (416)
with
¢t == 12,(0) + 52/(0) po(0) #,(0) ||, (417)

We remark again, that we must add to (£.16) the
independent relations (3.26)

43 Matriz equations for symmetrical oscillations.
Denoting hy f,, ¢ that the vector f, is supposed

to be composed of cven funections, we infer from
par. 3.3 that, for symmetrical oscillations only,

b
fos (1) =v¢ | Ks ()W (n) L5 (o) dp, (418)
0
with
I{-'I.IS K12S KIQS
Ko=|K, 5 K,5 K5 (4.19)

I8 KazS Iisas

Similarly we may contract the set (3.35), (3.36),
(3.37) to1)

fn. 8 (',U) ‘_“cn, 8=
b

= v / () u(y)fs (n)dy,  {420)
H
if
e s* =112, (0) ¢ (D) ¢ (). (421)
Let now
fd(), S*“: “ 2dy Pda Yda Z(\ (b" H 3 (422j
with
Bia =2y ——24 (0); pao = 90— 90 (0) ;
Yio == Yo — ¢0 (0); (4.23)
Zy=2, (0) ;i Po=0, (0) ’
and
ull ulz U3
¥ny Uy
W, gy =— gy U3y
Uy, Uy
Uy T Uy " Uay T+ Uy
Then
. I, |
Ly
v U, o fd:). 8= Lﬂy (425)
LZ
Lo+ Ly,

} The disemiminative appendices § and A o the E-mafrix
Lave been dropped. See par. 2.4,
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So if we introduce the maftrix

¢ 0
= 0 0
. 0 0
Kua,s= 0 0 0 E 0 , (4.26)
ke
2
0O 0 0 0 T
the equation
4
fd,,,S:-v“’j K, s Ui, m Lo, 5 dy (1.27)

0

casily appears to be equivalent to equation (4.20)
and its independent addenda (3.38). It is there-
fore another complete cquivalent of the basie
equations, specialised to symmetrie oscillations only.

4.4 Matrixz

equetions  for  antisymmetric oscil-
lations, ' -

For antisymmetrie vibrations only, we introduee
the matrix

KIIA - K12"4 IflRA

KA ji KRIA K22A K23A

I(%IA K32A KHRA

(4.28)

making it possible to contract the (generalized)
set (339), (3.41), (3.42) to

3
CAua () = [Ba ) u () foa () dy. (429)
]
Similarly, -
fo, 4 (?f) — Ly a=
: .
=v [ Bl u @, () dn, (430)
&
with ‘
C 4 =1uz (0) 0 0O}. (4.31)
Lot sy T Uy
{4.24)
Myo T Usy F Uay + Uy
If )
Uyy  Wyp Uy Ugy
Moy Upp  MUgg Uy
u(d‘ 4 = u3l u32 u:E u‘sl ! (4.32)
Wy Uy Uy Uy
and
f'fn. 4% = ” Rdo ®do Yao Y o ”
with
90= zo' (0);
2oy =2, — VY0 ; vac=v0; Vd=Ya:s (4.33)




we casily find
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We shall make use of the abbreviations. i =i

J{:z Kn (o,7) == K (y,, 7)) cte.  (436)

‘ ]
v U, g) $a0. 4= L The simplest method is to approximate the integral
A LT : in accordance with thc example (F: arbitrary

i ) . L

So a complete equivalent of (3.47), (3.48), (3.49)
and the supplement

f L. () ndy =1 kyet (0) = 3 ey 6,
y ,

is given by

Mg 4 (1) =
&

=t [ Rua (5,9) Wty (9) B () by, (438)
1]

0
; C 0 _—
K, 4= 0 (4.35)
i 0 oYY -
0 0 0 2

45 Numerical evaluation of integrals with the help
-of enlarged matrices.

funetion)
. n :
fF' ("7) d’? Q"% F(“) (170';'_7?@#1)
il : :

but a better aceuracy may be reached by the use
of some rule like Simpson’s, based on quadratie
interpolation. The integration-formula may in any
case be represented by the general formula

n

fF (n) dp=2% a, F (o),
[0}

]

the a,’s being coefficients, following from the

integration rule adopted. By the use of this for-
mula the integral equation leads to a system of
ordinary algebraie equations, which again may be
represented in the form of a single matrix equat-
ion. The faet, that the original equation is in the
case under consideration a matrix equation of its
own, does not imply essential difficultics. Omitting
the snnple intermediate ealeulatlons, we shall write
the result right down. It is

<

An integral being the limit of a sum, it is gener- fO'XF-v KX u f“’x’ X=54, @39
ally possible to approximate it by a finite sum. with (omitting the discrimination 8, 4)
It is_of interest to see, what comes out of the
equations (4.18), (4.29) %), if we introduce such K=z, (0 2, (1) ooz (v} 9o (0)
appro;umations for the integral. wo (1) iy (1) v (0) ¥ (1) oy m) |, {4:3B)
' tu, (0) 0 .0 d,{0) 0 0 auy(0) 0 ... 0 )
q “*1%1:1(1) . 0 0 aum(l) . 0 0 ayu,(l) ... O
0- 0.. a,,un(n) 0 0 anu.l;(n) 0 0 ... a-,.u&(n)
ity () 0 ¢ au,,{(0) 0 0 auu,(0) 0 o D
¥ O ﬂ:luz?(l) 0 0 aluziz(l) . O O aluz:s(l) O (4.36)
0 0 ... Aty (R) 0 0 .. (L,,uzlg(n} 0 0 .. a-ﬂuéa(n)
a‘ou:u(o) 0 0 «a uiz(o) 0 0 aausa(o) 0 e 0
(.) @ u,u(l) - 0 0 ausz(l) O 0 aug (1) ... 0
0 O anu“(n) O 0 a,.um(n) 0 0 ... a,,ue:s(n)
We devide the inferval 0 =y = b into n equal and, in a more coneise notation,
1 smal i
or uncqual small parts by the Pomts | _ K.¥ (0,7) K., X{0,7) K,X(a71)
Y=Y, Y=Yzs -ooon » Y=Yy Ky= szX (a, 7) Kzz‘x (‘75 T) K‘zaX ('71 7} ¥ 437)
and intend - to operate with the numbers K.X(o,7) KX (o,r) KX (o)
KX (g 1205 i (90) 5 20 (00)5 00 (065 Yo (15) 3 with - _ ,
. o, T = 1, 2, ...... n; X = S, A }(MX(O} 0) KMX(O? 1)'- Kka(OJ n)
only (¥, being equal to zero and ¥, to b). EuX(1,0) Ewt(1,1).. KnX(1,n)
————— ' » : . _ Kix : : {4.38)
'} We take these cquations instead of (4.13), sinee the : i i
halved range of integration implies some useful simplifie- * : . oo
ation of the resulfing -formulae. KuX(n, 0} Hu¥(n,1) .. KX (n, n)




Ii is obvious that other matrix-integral equations
may he transformed by similar proeesses. We re-
mark, that the results may be considered as almost
exact, if we restriet the investigation to a small
number of the “lowest” modes of natural vibration,
and if the subdlwsnon of the interval is not too
rough.

5  General properties of the solutions.
5.1 Biorthogonality and noermalization,
Let
g () =llw, () ¢ () By() Il (51)

be any vector of complex functions, satisfying the

houndary conditions imposed upon the functions’

Zo, 905 7o Of the vector £,. Then mtcgratlon by
parts shows immediately, that

+ b
f gt () e () £, () dy =
gy )

-3

=[trwemawa. 62
— &

This is a scaler relation. The complete development
of it is

o

/{ wWo (€128, T €159, + €1a7y)

T Po (€218, T 5500 + €507,) +

+ 8, (‘33120 + 3000 T €3370) } dy =
+

/ { 2y (e, + €rato T €128,) +
Sy
+ ¢ (60, + ...} + 7o (€00, T ...) }d'y . (53)
It we replace both f, and g, by the same veetor
real funetions, Satlsfylng the boundary conditions,
the lntegra}s (5.2), (5.3} give the potential energy,
stored in the mechanical system when distorted in
accordance with the chosen funetions, The fact,
that this energy is a homogeneous quadratic ex-
pression in #,, ¢,, ¥, and their derivatives secures
the interchangeability of the f, and g, veetors.
The symmetry (e*=e) of the e-matnx is another
aspect’ of the same thmg
Sch, the u matrix is not qsmmetrlcal we have

fgo*ufndy#ff.)*ugndy,
vl by

hut ‘
+5 +4
Jetutay= [trutgdy. (G4
s 2

Equations (5.2) and (5.4) are the basc of many
important. theorems,

AsSume that the solutions of our'basie equamon-

(5. 4) with its homogeneous boundary conditions
consist of an infinite set of “characteristic’” vectors

fuJ: fn,zx fn,31 ------ ad inf.

G, i =12 ..
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of complex functions, each belonging to a gencrally
complex characteristie number v? (1=1,2, ... o).
We shall not trouble ourselves with a mathematical
proof, that this well-known property of the real
counterpart of our problem is preserved in the
complex case.

Then, if {, ; is the characteristic veetor, be-
longing to the characteristic number »,;2,

ef, ;=vi?uf, ;. (5.5)

Liet now g, ; be the characteristic function, be-
longing to the characteristic number u;2 of the
adjoint system; i.e. (compare (4.9) and (4.11))

ego.i’z.“‘?'z u* 8o, 5 (56)

(It may he remarked, that the adjoint houndary

conditions are identical with the original ones).
Then, from (5.5)

+ & +4 )
ng, el s dy = fgo.f'“fo.ifijy- (5.7)
iy ) — 8

The left side of this relation can, by virtue of
(5.2}, he changed into :

+ 3

f fﬂ; i e-g, s dy: ' ’

-é

and this is, by (5.6}, equal to

b
P‘J‘Q f fl)- * u* g, i &
—_—0

We infer that, in view of (5.4),

+ 4

(vi® — pt) fgn *uf,idy=0.(58)

Now, imagine the antisymmetric part

3 (u—u*)

of the w-matrix to be gradually diminished in a
suitahle way. Then, in the end both u and u*
heeome equal to the matrix 4 (u + u*) of a self-
adjoint system and the sets v;2 £, i; w® 8073
o'} consist of in-pairs-identical
solutions. Tt is possible to arrange both sets in
sueh a way, that for all values of ¢ !

vit=pi?; f, i=g.: for u—u*=0.

But in this limiting case the integral in (5.8)
does not vanish for i=j From this we may
safcly conclude, that it will not vanish generally
(for ¢=j) at an arbitrary stage of the process.
Henee, p;2 must he equal to v* in order to fulfil
(5.8), i e: the original system and its adjoint
companion have the same sets of characteristic
numbers, . ‘

If t5£ j we derive from (5.8) (sinee in the case



ander eonsideration all characteristie numbers may
safely be assumed to be distinet?) )

+E

f goi*uf,; dy=0; i%] (5.9)

This is the biorthogonality relation, holding for
the functions of the sets £, ;; g, ;. It obviously
reduces to common orthogonality if the system is
self-adjoint.

To (5.9) we may add some suitable normalization
of the function pairs £, 5 5 g,, ;. We shall generally
make use of the regulation

+ 8
vi? f g, :*u fn,i
— b

a regulation, which. may he completed by some
other one-fold condition, which hy lack of mterest
may remain unspeclfled

dy =1, (510

"5.2 Ezxpansion of a.rbdtm-ry function-vector.

The properties (5.9), (5.10) are the base of the
series development of an arbitrary function-veetor
b,, built upon the system of characteristic fune-
tions of one or, the. other of our; systems of bagic
cguations, .

Indeed, assume

P (5.11)
1 ) :
then, by (5.9) and (5.10),
+ ’
/ g, } u hn d{j =
iy’ )
+
—%a f cdy= Y. (512)
1 Vi

" This formula determines the coefficients of the
expansion. It is well-known, that the series (5.11),
with (5 12), is convergent in all cases that may
be met in problems of vibration analysis.

o0, | g, | 2{eq @ flva, w1 =
dg o

T, ¢ fwg, ] 2o 1y, 0

z{‘d N N LN R PR O R PN R R ORI R LAY
q)do(‘!“\t!l‘gdo(’I 1 2{¢do(y}15W'mi Ekcpdu(y)}i‘yo'
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5.3 Relations for the kernels of integral equations.

Let

+ & .
=2 [K () u () £, () dn
e
=t [K (1,0 % () 8, () &9 (ad. ca) (513)

(the adjoint eguation containing — by virtue of

(£.14) — the same kernel as the original one).
We then know from the theory of integral equat-

ions, that the kernel permits the development

K (ym) =31 (y) &:* (n) =

K (pyy=3g. (1) * (5  (514)

itf, :, ({==1... ©),is the system of normalized (in
aeeordanee with (5:10))-characteristic functions of
the first equation of the pair (5.13), and g, i,
i:=1..m the system of characteristic functions
-of’ the second one.

It is indeed easily seen (in view of (59) and
(5.10)), that the equations
f, () =

+ &

v [ (2 80 ) gt YR i) £ () dy
5 .

g, (1) ;

+ 4

= j' (X g () £,700) YU* (1) & (o) dn

have the solutions
vie=y?, foe=1 i ovt=wd, 8 =gk

1f we apply the development (5.14) to the kerncl of equation
(4.27) wo get

Ky, s W9 = f { L. 5 @) Vi {Bap s () }ie (515)
Since we may write in sueeession fo (4.22)‘
(Tao, 8")s = || Gagdi Faphi (vihi 20 o |
(Ba0, 57 = || ()i (Yagdi Bayi Wi w4

the right side of (5.153) produces the matrix

= { zdo(y) }i\Fu 2

Zq)nftpn".

the funetions implied being the even eharacteristic funetions only. Comparing with (4 26) we conelude that

% Tdy (v) },’
343,;0 () L‘
!! Yy W }i

Z(y,n):s.
i

I § a0 };

EZNOR IR NN & (5.16)

'y With the theoretical exception that by mere accident & natural frequency of some symmetric natural vibration

would coineide exaetly with the uwatural frequemey of any

of the antisymmetric vibrations.




* or, making use of new abbreviations,

2 o) =2 (1,50 }; {85 ) )i (BID

Hence
0=z {1, 5w TN
]

O==2{f,3 ¥, i
1

: {5.18)

0=27, (8,5 ()}

t
O:z.¢ll.i{gdos* (w) }“

T .
$Z W =25z =0;
S0 d T i Ty T Y d T ’
i z

W =0; W =2 5.19
Eid’o,t miTT EI‘IJOI o,a_k_¢~ (5.19)

Bﬁt from (4.18) we infer that
E wwn=s{f 0} {8, 5 U}
o) =30(5,5 @)+
0.4
+ 1 o
0,

11 { 84,5 () };’i‘ f Wn, S Bl

By (517), (5.18), (5.19) thiz is easily seen to be re-
ducible to

2 "
e 0 0
z 2 s
K mm=z2@w+]| o Fe 7Y ‘ (3.20)
0 2 2
ko ko

This formula presents ‘the general relation between the K,

and the 2-matrices. It i3 easily seen to be confirmed by
physieal considerations (the interpretation of the clements
of the E-matrix a9 influemee functions, see appendix I).
For the antisymmetrical group we must obvicusly find

Wy
LY 0

E =2+ , o o (5.21)
0o 0 o

6 Appfoximation methods, employing series
expressions for the solutions,

6.1 Natural oscillations and solutions of the mathe-
maticel equalions.

Before we proceed to the discussion of proee-
dures for solving the equations, it is desirable to
pay some attention to the strueture of the elements
of the a-matrix (4.3), which makes part of the
load-matrix u.

It has been stated already (par. 2.3), that the
elements ay depend solely upon a number of geo-
metricul parameters of the meehunical system, and
upon a parameter ¥, the “reduced veloeity”, de-
fined by (2.6), or, admitting also complex values
of v, in faet hy

v

By the occurrence of the c¢hord ¢ and the other
geometrical parameters the matrix a generally
dépends upon the coordinate 4. ' )

Now the first thing to remark is, that it is
strietly speaking illegitimate to present the aero-
dynamic loading (assumption h of par. 2.1 being
aceepted!) in the form

viaf,. e (6.2)

(with (4.3)), unless the oseillation is sinusoidal,

that is, unless

Im (v) =0.

If, however, this condition is net fulfilled, the
convention (6.1) for the V-parameter, appearing
in the aum-elements, valid strictly for sinusoidal
oscillations only, sccures by (6.2) a sound ap-
proximation of the aerodynamie loading for slight-
Iy (exponentially) increasing or decreasing oseil-
lations too. The approximation breaks down if
fm (v} reaches the same order of magnitude as
Re (v}. But since the undamped (i.e. sinusoidal)
oseillation constitutes the transition between sta-
bility and instability, the range of (“exact or
approximate”) validity of our formulae fits exactly
to the primary puorposes of our ealeulations. This
shows that there is effcetively no objection against
the formal aceeptance of basic equations, contain-
ing .aerodynamic loadings defined by (6.2), with
{6.1). These equations define a definite mathe-
matical problem. Having solved it, we have to
restrict physical interpretation to solutions with

iRe (v) | D1 Im (v) |,

admitting that other solutions give only poor des-
eriptions of actual — but from the point of view
of change of stability: unimportant — modes of
vibration,

Secondly we must reconsider the legality of
treating »? as the parameter of echaracteristie
numbhers, aceepting for

oy
Vi= ——— : some referenee chord),
1} Cg) Re (V) ) (cl) Y )7

V=V, %z V, X a known function of y),

some consient value, in spite of the faet, that
V, depends upon the frequency,” that is upon
the characteristic number itself (which veally
means, that » enters in the cquations in a
highly complicated way). The admissability of.
the designed procedure clearly emcrges from
the fact, that V, depends also upon the para-
meter v, which may he supposed to assume
any value within a wide range of variation.
Indced, we can eclearly acquire any preseribed
value of ¥V, by combination of a frequency (that
is: of a charaeteristic number belonging to fhis
value of V) with a value of v (viz. the value
Vae, Be (v) ). This reveals that the solutions of
our mathematical equations, valid for a prescribed
value of V,, deseribe (under restrietions mention-
ed before) actual natural vibrations of the me-
chanieal system, but each c¢xemplar becoming
realised at its own speed.



Consequently, to find the natural vibrations,
realised at a prescribed speed v, it is necessary
to solve the basie equations for a series of suitable
values of V,, selecting from each set of solutions
the appropriate exemplar. Hence the mathematical
problem, explained in the preceding chapters, in-
deed constitutes the root of the flutter problem.

6.2 Construction of the eapproztmation Dasis.

Nearly all customary methods to attain ap-
proximative solutions are built upon the assump-
tion, that it will be possible to guess a restricled
number of linearly independent functionveetors

Fu.1 (), Foo (y) ooienns Fov (v}, (6.3)
permitting by suitable choice of (sets of) the
coctficients in the series

N
% gu Fou (9) (6.4)
1

& sufficiently close approximation to the required
mode (or modes) f,; () of natural osecillation.
It is the art

. to guess vectors F,n (y), admitting a satis-
factory result without unavoidable enlarge-
_ment of the number N.

b to determine (sets of) appropriate values

qH:qH,K, K-:l P N’

(¥ = number of required modes) of the
coefticients,

The neceessity to keep the number N low is a
conscquence of the extremely rapid growth of the
cxtent of the computations with increasing N, It
really demands highest carefulness with the destgn
of the functions F,, . The best thing to do is to
make use of all information available about the
required solutions f;, especially to insert in the
funections F, 4 all-known propertics of these fune-
tions. As sueh, we may refer to boundary con-
ditions and to transition eonditions in seetions with
.concentrated loads, though it would truly be ox-
aggerated to attach equal importance to all of these
conditions,

Sinee the problem is, properly speaking, a eom-
mon one in vibration-analysis, we may safely con-
centrate attention upon two typical complications,
connected with the application to the flutter pro-
blem and henee generally falling outside the field
of common experienece.

The first arises from the absence of adequate
knowledge to estimate suitable ratios hetween the
constituents of the vectors F, ..

Tt is generally solved by the use of vectors,
cach construeted from one constituent only. In
this case it is highly recommendable to split off
the motion of the fuselage (strictly the motion in
the y=~0-plane). We thus avrive at a set of
functions of the type
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Zs 2ox (U) zom (Y} 0

(U 0 ’ Q ,. ...... y d)o s

0 0 0 D,
0 0

o1 (Y} || 5 eeees ; U IFRS . (6.5)
0 Yo ()

with the important properties
0=12,: (0} = 2,1 (0), ete.; O0=1¢g,1(0), ete,

{If much aileron twist is to be expected, there is
reason to split up moreover the aileron displace-
ments into deflection and twist, e. 2. by putting

Yoa =T, (eonst.); v,x (bs) =0, K =11 T1II, ......).

It is doubtlessly true, that the guess of suitable
fanetions 2,1, ...... R SO T SO i3 relat-
ively easy, expericnee being a reliable guide. But
theoretically a hase like this may well be inferior
to a base consisting of completely filled up funection
veetors, sinee it obviously offers no room to repro-
duce any property of mutual influence of the ele-
mentary deformations, which implies a tendency
to rise the number N of funetions, necessary to
deal with the given number N’ of required modes.

It may be remarked, that the difficulty explain-
ed above may be evaded partially or fully if modes
of vibration are known, applying to “neighbouring
circumstances”, e.g.: if results of resonanee tests
in still air are available. It is then attractive to
identify the veetors F,, with measured resonance
modes, thus -obtaining probably very . effective
funetions. Yet, this possibility is seldom exploited.
The factual veason is to be seen in the inerease of
the computations, bound to the use of complete
veetors. It ig thought to constitute an immoderate
price for the presumed benefits.

The second, perhaps more serious, eomplieation
is linked to the complex constitution of even the
components of the required veetors f,; (). This
property represents the spanwise phase shift,
t'enemlly oceurring in flutter oseillations (rm
chordwise phase shift leading to complex ratios
of components only}. These phase shifts are caused
by the aetion. of the aerodynamie foreces. Little
being known heforehand in this respect, adequate
knowledge to lead a guess, pertinent to this point,
fails. Theoretically it is possible to reproduce it
with the help of complex eoefficients gy by vectors
F, . with real components, but in this case a satis-
factory result demands some minimum number of
terms in (6.4), which is actually never used. In-
deed, it we accept the (often used) only fivefold
set (mth separate reprasentatlon of motions of the
fuselage)

|

Zy 2o () 0 0 o
O LI 0 )i S| vox (3[,]| © |, (66)
0 0 @, 0 Yol (U)

heloncring to the type (6.5), no useful reproduet-
ion of the spanwxse phase shift remains possible
it the functions 2,1, ¢,1 and y,; are real,




It will appear in the next chapter, that the
lacking knowledge about the complex nature of
the eomponents of the natural vibrations may be
derived from preceding approximations, if we
extend the ecaleulation to a system of suceessive
approximation, Practically this is the only way
" out, for the alternative: a raising of the number
of vectors in the set (6.6), seems gencrally even
more unprofitable.

Now the vast majority of all flutter caleulations
ever made implies an approximation of the mode,
based on the set (6.6) containing real functions,
or, in faet, even more simple representations (the
smallest tolerable number of members in the set
(6.3) being two, since otherwise any adequate re-
presentation of choerdwise phase shifts i3 rendered
impossible too, causing the grasp on the flutter
phenomenon to break down completely). They all
owe their sensc to the faet, that the spanwise
phase shift is generally small and that it seems
to have no decisive effeet on the stability of the
vibration. 1t is actually neglected. Yet the avail-
ability of methods of suecessive approximation
impells us to make no general use of simplifications,
linked to a supposed absence of imaginary parts
in the constituents of the veetors (6.3).

6.3 Determination of coefficients and of ap-
proxzimations fo matural frequencies.

Let us introduee the approximation (6.4) into
equation (4.5). Since it is just an approximation,
we must expeet that it will be impossible to assign
such values to the coefficients g4, that the equat-
jon is satisfied throughout. Hence, write

i
2 Q'H {—e‘FD‘H + y? u F(].H} :-':d, (6.7)
1 .

d=d (y) bheing the “error vector”, depending
upon the values of the coefficients gqy. Now, all
common methods to find appropriate values of
these eoefficients come down to the reduetion to
zere of an N-fold series of linearly independent
‘mean values of the error, each mean value being
defined by a (generally eomplex) “weight vector”
G, ,* (y) (the product G, ,*d defining a scalwr).
In this way we get a system of N linear, mutually
independent, equations for the N unknowns gy

Y
San | (=Gt e Fou't
—b

+v G ulPF y}dy=0J=1,2,..N. (68)

It will be elear without detailed explanation that
we may indeed get in a way like that justificd
approximations to the modes, actually acecessible to
approximative representation on the base (6.4),
provided that the full set G,,, /J=1... N, is
ot biorthogonal (or almost biorthogonal) to any
required mode (which might provoke a mutilated
result for such a mode).

The set (6.8) ig soluble if its determinant vanish-
cs, Le if

V 93

+ b
det [ {_ Go,-lie Fn,H +
g
+v & uF ) dy=0. (6.9)

This eondition, however, secures the solubility not
only of the set (6.8), hut alse of the adjoint set

N -!-6
2oy ] {—G,*eF,,+
! —

+v G *uP, ) dy=0 H=1,2 ...N. (6.10)
The determinant of this set is equal to the trans-
posed determinant of the original set.

Now, multiply the equations (6.8) by arbttrery
(complex) numhbers v, (J=1,2,..N) and add
the results

+5

7N N
j { 21] r, G, e 5.'1' gn Fou—
g

N N
— v E oy G‘n,J‘ Uz gu Fou } dy=0. (6.11)
1 1

If a solution ]
V=1t qn=ux, J=1:.N) (612)

of the set (6.8) aetually constitutes a useful ap-
proximation to some mode of vibration, say the
pth it i permissible to put

N ©
Squr Fon="=F,, 1t Sepm £,1 {6.13)
1 R 1

with
feni| €1, (6.14)

provided that the solution is normalized in a suitable
way. We shall in fact use the freedom, implied
in the normalization, te make - ’

£gp=10. (6.15)

Likewise it is allowed to put
‘ N )
2y G =2 ¢ 8™, (6.16)
1 1

but it is not allowed to make any special assump-
tion about the coefficients g; of this development
{apart of the effect of any normalization).

Ingerting the cxpressions (6,12), (6.13) and
(6.16) in (6.11), we get by virtue of (5.5), (5.9)
and (5.10)

vi® — gt

v;2

2 gi (85 + epi) = 0.

Henece,

- - o -
W L E (1) e
1

2
Vp L v

This formula proves, that the root vk® of the
determinantal equation (6.9) (which indeed is an
algebraic equation of degree N in +?) is fo first
approximation ecqual to v? the square of the
natural frequeney of the pth mode, provided that



the ratios 7 (i=1...w ) are of unit order
g

b3
of magnitude,

are not too large, that is:

v
provided that the number p is not high?).

Sinee the first eondition is fairly innocent (it
leads to the restriction, mentioned in conncetion
with eq. (6.8)), is appears that the equations
(6.8), (6.9) furnish useful approximations to all
modes of vibration and their aceessory frequencies,
aceessible to satisfactory representation (as to the
mode) on the base (6.4), and with small ordering
number,

Up to now we have made no special assumption
- about the nature of the weight funetions @, .
It i3 natural to expect that some special choice
may lead to particular profits, Indeed: assume
that it has been possible to guess a set G,
(F=1,2,... N), permiiting by superpositions

N

5 1y G (6.18)

1 .
with appropriate coefficients, the construction of
first approximations to the adjoint modes (i.e. to
solutions of eq. e g,— v* u*g,=0), accompanying
the original modes, accessible to approximation by
(6.4). 'I‘.his means, that it is possible to choose
numhers r; , such that

N o0
E Ta.K G’U“}# = gD,P* + 2 Yri gu,ii (6]9)
1 1
with
vps € 15 yw= 0 (normalization}. (6.20)

Co'mpa.r'ing with (6.16) we infer
g5 — 3p;t vy

and therefore (6.17) reduces to

V]( _'_VI'

Z“': ). 62n)

i

)
= = ypi &pi
1 -

vpz

Hence, the error in the natural frequeney comes
down to secomd order of smallness. 8o if (and
only if) we make usc of weight funetions, allowing
the construction (by (6.18)) of a first approxim-
ation to the solution of the adjoint system, allied
with a requested mode of vibration (itself acces-
gible to approximative representation by (6.4)),
one of the roots of eq. (6.9) will agree up to
an error of second order of smallness with the
aceessory natural frequeney. It will be ‘clear, that
this property is of high value, especially in flutter
calenlations, where the complex frequency-roots
determine the stability of the oscillation.

) The solutions .2, f,; are supposed to be ordeved
according to increasing ebselute values of v 2. Tf p is

_ . 2 ‘
high, the real numbers 3’; , with i € p are generally

vi

very large.
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6.4 Construction.of weight functions. The
- Galerkin/ Lagrange-method.

Let us look at the practical consequences of the
results, achieved in the preceding paragraph.

‘The difference between the original system and
its adjoint companion is known to be caused by
the aerodynamic forces. Now it is just about the
influence of these forees, that relatively little is
known. 8o, if we look for a base to guess ap-
proximations to the solutions of the adjoint system,
we, shall generally eome back to the same points
of view, which have guided the construction of
the funetions, nsed to-approximate the requested
modes of vibration. -In faet there will eommonly
be no reason at all to suppose some set of fune-
tions to be unguitable for the approximation of
solutions of the adjoint system, if it 4s considered
satisfactory for the approximation of solutions of
the origingl system. So i will in many cases he
natural .to put

G, =

The way of treatment then reduces to a method,
whieh, if applied to self-adjoint systems, is well-
known and to which' the name of Galerkin is
connected. Indeed, the property of second-order
errors in' the caleulated frequencies is a well-
known feature of this method (when applied to
self-adjoint systems). Moreover there is in this
case equivaleney with a wethod, based on a modi-
fied econception of the underlying mechanieal
system, viz, the conception, eommonly charaeterised
by the idea of “semi-rigidity”. In this case we
consider the mechanical system as a system of
“restricted elastieity”, assuming that in some way
all distortions, not agreeing with the presupposed
scheme (6.4), are “mechanically” made impossible.
Indeed the Lagrangian set of cquations of meotion
of o system like that appears to he reducible to.
(6.8) with (6.22) (Galerkin). »

Though the identification (6.22) may be a
natural expression of lacking knowledge, it is by
no means the sole suitable proposal, It is per-
feetly permitted to guess again, with or without
relation to the issue (6.3) of the “first guess”,
and there may be some reason to prefer this pro-
cedure to (6.22). Let for instance the guess be
diffieult. Then we must face the risk of relatively
bad accuracy. A second guess gives another chance
and may thereby limit the errors in the frequencies,
though simultaneously inereasing them: somewhat,
it the result of the first guess should happen to
be very satisfactory,

It seems justified to summarize our ecnclusion
as follows:

F,, (Je=1..N). (6.22)

1°, there is one method to secure second-order
errors in the frequencies, accompanying first-
order errors in the modes. It cmploys weight
funections, appropriate to the eonstruction of
firsi-order approximations to the accessory

solutions of the adjoint system.

if no special information (e.g. from preceding
“approximations in a sequence of suceessive
approximations) is available, the Calerkin/

"

20,




Lagrange-method may be used without dis-
advantage.

the Galerkin/Liagrange-method is, however,
theoretically a bad one to apply to non-self-
adjoint systems.

3%

4" even for self-adjoint systems it may be ad-
vantageous to leave the Galerkin/Lagrange-
methed aside and to make use of an indepen-

dent or related guess for the weight functions.

it is generally dangerous to derive approxim-
ations to high modes from equations (6.8),
(6.9), since the.errors in the frequency will
soon become cxcessive. -
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It seems wise to finish with the remark, that — .

the system f,;, (i=1...w) bheing complete and
henee suitable to represent (by a series) any fune-
tion — the difference hetween the (lalerkin/La-
grange wmethod and the alternatives mentioned
ahove may he supposed to vanish, if the number N
is large and the number of requested lowest
natural vibrations small. This is however a ease,
never met in flutter analysis!

6.5 Approzimation of a number of consecutive
lowest modes and frequencies.

We have already taken into deecount the possi-
bility of approximating on a given base F,,
severel actual modes of vibration. The maximum
numher is obviously equal to the number of func-
tions in the set F,,, that is: to N.

Partienlarly attractive properties emerge, it the
sets Foy and G, , permit approximative represent-
ations of every pair of solutions f,,, g,, with
P = N. Since the solutions of equations (6.8) arc
invariant upon transformations of the type

‘?\Y
(Fu,H)new: py 1913 FD,K H
1

(GU,J) new —

- Mz

byx Gor; HJ=—1. N

in the basic sets F, », @, ,, we may in & case like
that accept at onee?) developments

(6.23)

H

Fon=30um+en)f,;, H=1...N
1 .

2

Goo==3 (8 + i) Boi, T ==1... N, (62

t

4)
with eceflicients, satisfying the conditions
e €1, enp=0 (normalization) ;
H=1..N,i=1..»,

ysi € 1. yur="0 (normalization} ;

J=1..N, i=1..0.

Substituting these developments, we get from {6.5)

'y as starting point for a theoretical discussion. The
sets may aectually permit these developments only after
suitable transformation.

pID du (Sui‘E‘
H i

2,2
L 0 ==1
v

+ zui) 8kt yxi) v ... N. (6.26)

It is obvious, that the solutions must be of the type

G = 8up 1 qup” With. gus’ € 1,

Vet P=1...N (6.26)

of the
(6.26)
seeond

the latter approximation conlaining errors
second order of smallness only. Inserting
into (6.25) and ncglecting all terms of the
order, we casily get

2
vt — vy’ vp? —vy?

2

r

0,

qur

Z o Ep
Vi . Vi

ar

’
Gup — — €pi

a result, which may be eonsidered to he valid to
first approximation. Accordingly, again up to
first approximation,

3 Qi Fu,H: b (5511'—-5.1-”} -(aﬂi"!“ sm) fn,i =
H i

=3 (SP{‘}“ Epi) f[).i. —Z Epy f[,,n-—
i i

. =
=1f,p,+ =
N+1

(6.27)

gpi fu,i .

Henee all components with ordening number = N
arc — in the solutions — reduced to second order
of smallness at least. This is apparently the typiecal
feature of the approximations to the modes, pro-
duced in the present ecircumstances (weight fune-
tions in accordance with 1° par. 6.4; applieability
of the base sets to N modes by the approximation
procedure, embodicd in the set (6.8)). It is a very
useful feature, for we infer aecordingly from
(6.28), that the errors in the .frequencics comc
out — at most with a failure of fourth order of
smallness — at

Vp2 -

2 ® e
im0
» N+ i
(p=1...N) (6.28)

(writing v, instead of vx, since we may now
assume K to be equal to p). This formula con-
2
. . L. Ve
tains ne terms with large quantities — t <<,
1

which justifies the expeetation, that the approxim-
ations, found for the frequencies, may remain
satisfactory cven for modes of relatively high
order. ‘

This result is not valid, if we make usc of
weight functions, nef permitting approximations
to the adjoints of the requested low modes of
vibration. This stresscs again the value of a care-
ful design of the weight functions.

6.6 Superfluity of o seperation of fuseluge dis-
placements and distortions.

It has been stated in par. (6.2), that we are
often forced to acecept a set like (6.5) for the
functions F, . We infer that we shall commonly



be obliged to use weight functions of a similar
strueture 1)

W, w1 (1) 0

0, 0 | yeenes | %!,

0 0 ¥,
0 0

b (D |y |0 e, (629)
0 - Box ()

w1 (0) = w1’ (0} =0, ete. ...

It is then easy to verify, that the two cquations
of the set (6.8), following from the constant
exemplars

W, 0
0| | Y
0 ¥,

in this set of weight funections, become equivalent
to the integral conditions (2.25), (2.26). Hence,
any tndependent ‘use of these conditions (e.g. com-
bined with a separation of displacements of the
fuselage and distortions in the basic equations, sec
par. 2.6, the end) is actually superfluous, since
these conditions are automatically included in the
scheme of calenlation, if only we adopt identical
points of view with respect to the constrnction of
the sets Fy 4 and G, ;. '

6.7 Approzimation melhod bused on the inlegral
equations,

The approximation methods of par. 6.3 to 6.6
are built upon the fundamental differential equat-
iong of the system. We might try to use the equi-
valent integral equation 1o the same purpose. Let

‘us therefore introduce the assumption (64) in
equation (4.13). It will again be necessary to in-
troduce simultaneously some error-vector d. Hence

2oan {(Fon {y)—
i —%-‘6
— j K (y,7) u () Fou (g) dy ) =d (1)
Zs

in perfect analogy with (6.7) (though the ecrror
veetors need not be identical). If now we equate
again to zero a number of mean values of the
error, it clearly appears to be natural to give to
the weight funetions the structure

G(].J# (y) u (y) 3 J=1...N.

The result is

+& b
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In order to find the properties of this set, put
K (ya "?) = S‘ fo.i (y) gu.i* ("J)
L3

and insert the developments

Fou=3am Tox; G r* =3 b g% . (6.31)
ok

[

Making use of the biorthogonality and the norma-
lization of the functions f,x, g,+* we get without
difficulty

- 1
55 gu {@uba. —— v* gk D -
Hk Vi i

}=0

or

2__ .2 ]
EE gy [fukb.lkv zvk —2:U,J=1...N.
HE Vi Vi

(6.32)

The same developments, substituted in the set
(6.8), lead to

z 2
Ve — v

53 qu @i by ——

Ik Vi

—0, J=1.. N,

whieh reveals a high degree of similarity of both
methods, the only difference heing the additional

factor in (6.32).

Making use of arbitrary ecoefficients #,, we
derive from (6.32)

ve— 2 1

2 * z

2 2 2 qH Oue Ty bJ};
4 HE Vi Vi

Spucial'izing to a particular sclution g, ve®
and putting

3 Qo = 8t £5 (assuming this selution to
i
approximate the pth mode of vibration),

g bp=gr (compire (6.16)),
J

the error in the frequency appears to be equal to

2 2
vES—vp

) - SR N
=3 % .. (1_ X ) . (6.33)
1

4 2
* !];a vi Vi

Vi
This is again very similar to (6.17), Under the
conditions, mentioned in eonncetion with eq.
(6.17) there is again first-order. agreement hetween

the appropriate ¢ of the determinantal equation

+b ' : '
oSl [ Gt uFwdy— [ [0 () ) K () u () Fon () dudy | =
iy ’ y

"5 =%
+5

»
1) the example refers to symmetrical vibrations. -

+

- f‘}u,ﬁ' () u(ydidy=0J=1,.., N (6.30)
-3 )




1

=,
P

+b +b b
dct% / G,* uF, . dy-v?
—4

o
-6 =5

and v2, improving to second-order agreement if
the parts G,; of the weight functions G, ,*u are
tuned to the adjoints of the requested modes. If
p =1, that is: if we {ry to find the first mode,
the error in the frequency is, according to (6.33)

(compared with (8.17), or, if_f;i —yiy, with
n
(6.21) ), because of ‘

a
[$1

;2

<, (i=2,3,...00)

appreciably smaller than previously. If ps£1,

2
the factors v_,.z with ¢ < p will tend to inercase
Vi

%
the error, but this drawback will again lose ifs
effeet if the sets F,, and G,; permit approxim-
ation at least of all modes, resp. adjoint modes,
with i = p. Hence, we may consider the method
(6.30) as definitely betier than those of preceding
paragraphs, at any rate if we restriet our attention
to a small number of lowest modes, ag it generally
is. (For if p is Righ, the risk appears that the

2

large factors V’;‘ with © ¢ p sarmount the redue-
vy
tion to second order of smallness of eomponents
with 7 < p). ) _

The method, embodied ‘in eq. (6.30) has been
initiated hy Grammel (in its simplified form,
referring to the caleulation of fundamental fre-
quencies of sclf-adjoint systems). In spite of its
attractive accuracy for the frequeney, the method
is seldom used. The principal reason for this
scems to be the increased extensiveness of the
numerical eomputation, Yet it has perhaps attract-
ed less attention than it deserves. In par. 7.6 we
shall meet a ditferent conception of the same
procedure. .

7 Methods of successive approximation.
7.1 [Iteration process for the fundamentul mode,

Liet
f" [1]

hy any veetor of funections,-defined in the range
— b=y =+ 1D, aceessible to a development

£, =% @1 £, . (7.1)
1

Submit this funetion to the transformation
+5 '

e ]'K () () £,9(5) dp=1,18 (), (7.2)
iy ) ;

i
H

i
the result heing f B, The K- and uw-matrices are
those of chapter 4. Substituting (7.1) and (5.14)
into (7.2) we get, in connection with {5.9) and
(5.10),
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[ Gt ) w w) K ) u () Fow () dndyg=0 (639

-‘r‘b
v K () w () £ () dy=

iy
-4‘-6
=3 £, (1) / goi* (1) W (9) S My () dy =
1 ._a v
=3, @,

vz

Vi
Writing

on
£, == it 121 fox
- 1. ’
we infer
2
v
g 111,
sz

2 =

(7.3)

Repeating the transformation N —1 times, we
shall obviously get
N—1
5 ) a1,

2

E

Vi
In view of the fact, that the sequence of natural
oscillations is ordered according to inereasing
values of the moduli of the (complex) frequencics,
we conclude that for ¥ — « a finite result emerges,

(1.4)

it we put v=v,. Then!)
a, Wif k=1
Iim iLk[‘v] = .
N=w ' 0 it k=1

Hence the procedure appears to lead, irrespective
of the structure of the initial funetion, to the
exact fundemental mode of vibration. Starting
with some first approximation to this mode, the
process will soon (that is for small values of )
produce a generally very effective improvement
of it.

In the samc way the transformation

+4

oy / K (y,7) 0% (3) g0 () dy =g, (y) (7.5)

ey
will change, if repeated many times, any function
g, into an effective approximation of the fun-
damental mode of the adjoint system.

<

7.2 Iterative approzimation of higher modes.

To acquire eomparable results for othér modes,
biorthogonalisation processes must be added (as
it is well-known from ordinary vibration analysis).

1y It will casily be scen, that it is actually not neeessary
to know the value of v in order to carry out the com-
putation. The factor »2 in (7.2) effects the morming, but
not the nature of the funetion, which in fact depends
ay [N]

upon the ratios a T only.




Let
by (Sik + 81};{”) fn,k ;2 (0 t+ "3215[”) fo,ks
k k

Elk[il (< 1, 5’2}‘[” <( 1, 511“]: 522“]:0; k:l e, OO

" he any pair of initial (guessed) approximations to
f,, and f,,. Submit the first funetion to an
N’fold repetition of the operation {7.2) (assum-
ing for simplicity v=v,} and the seccond one to
an N-fold repetition of the same transformation
(with v=1,). The resulting funections are

. w2 AN _
X % S enk m( " ) £

e .4

5 4 sy et (
I

Next assume

Vi

£, (NN N7

=3 i 8. + Ezkm(

k

AN
Vg
2 ) % fn’k _](-
Vi
2

N'
Ve, am

Vi

+ A% %Sﬂ,-!— el (
k

where A is a constant determined by the condition,
that (7.7) shall be biorthogonal to the AN”-fold
improved approximation

g, V=2 g 81k
k

2 AN
+ Ylk[” ( v;g ) g ok Yk << 1, Y11 =0

of the fundamental of the adjoint -system. The
equation for A is (see 5.9)

+s

] (8, (VI)* u £, NN N dy =0,

s
which by substitution of the dLvelopmmts is easily

reduced to
1 . 2 8N 2 \N
2 % 3% + Ylkl“( "12 ) }%Szk + EQR[H( "22 ) " -+
Vi Vi
1 RN ‘
‘i"AET 81k+'}’1k[“( 5 ) E %Sﬂc‘i"
— kVE Vi ,

. VE
Vz N
bt (2] o
sz

Z
k

The solution is

) w2 AN 2 NN
/\=-'—521“J( 22 ) _‘712[1]( 12 ) -+
vy Va : .
+ 2nd order quantity, (7.8)

: . .. - TR
the unspecified rest containing no faetors —27 ,
141
* which wight become wvery large when raised to
a high power,

Inserting (7.8) .in (7.7) we get

Va

v )Nf e
k2 , Ul

. |V, N*, N* T v12 N
£, 1NN :fn.z-‘_le‘1J (_*?) fu.m +

-+ 2 Ezkﬁj(
v

k=3

1 v \V = o A\
et () 5 ()

+ other second order quantities.

2 \N ) .
" ) ' ;';fu,k. (7.6)
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The unspecified rest again contains no powers of
2 .
v . . .
—*f-, as it is the case in the last but onc term,
vy

which is formally also of second order of small-
ness. Negleeting the unspemflcd terms, we get
further

) £, V. NN
lim =%, — ..

2 N 2NN
NN = (¥
1 - E"21“.] F] ) 812‘ 1 ( 2 )
v Vg

v"’z ) is 80 large that the retained

vy
second-order term gets ldrwe too ( eompared with 1),
we have yet

So if anyway (

_ _ f LV NONT
lim lim 02

=1, +

3 2NN ¢ 2 ’ 0,2
N=w NN'‘'=w 1 [f] Va [1] vy N
Eyy -3 £1a F
vy vy

« P2\
.E . Elk“} ( 12 ) ‘*fu,k

Va

2 Ah
N=w 1] vy
€12 —3

- (] 2\ N '
#lim & S g g, (79)

N'=w k=3 Fi12 V&

=f,, +

with the theoretical exception em['l =0.

We may safely conelude, that the explamed
procedure indeed converges to f,, and that it may
he used with finite N, N, N” to improve any
initial approximation f,,0-%% to this funetion,
It is remarkable, that the effective improvement
depends primarily upon the numbers N and N”
and only by intervention of a second-order term
upon N’. It is known, that generally cven for
N —=N'=N" =1 the improvement is alrcady sub-
stantial {the convengence ecommonly heing rapid).
We infer that under such circumstances it will
not deteriorate very much if we reduce N’ from 1
to zero. '

It is easy to sce, how the method should he
generalized for modes of higher order than the
:,econd

There is reason to point out, that it is in fact
commonly desirable to repeat the bhiorthogonalis-
ation acts several fimes in the course of an iter-
ative improvement of an approximation te any
mode, higher than the first, and not to put it
at the end only. For if N is high, the sccond
funetion (7.6) will {even if the initial crror &, ¥
is very small), in consequence of the very large

V22
faetor ( 2
v
1

the fundamental mode, that the numerical aceur-
acy of the computation falls short to represent the
difference satisfactorily.

N
) , have got so closcly resemblant to-




1.3 Simultaencous purification of approgimations
to o number .of higher modes.

The large number of hiorthogonalisations, in-
volved in the method of the preceding paragraph
it a number of modes i8 to be determined,. can
he concentrated into one final “purification aet”,
which evades the necessity to take into consider-
ation the solutions of the adjoint system. This
aet consists of the solving of the set (6.8) of the
preceding chapter, fitted up with the “simply
iterated” .(1.e. “unpurified”) inttial approximations
of the desired (lowest) modes of vibration, that
is: with the funections

2NN
”1) g o H=1...N.

Vi

Fon= (3us + o)

k

found by N-fold application of the transformation
{7.2) to the initial approximations

' fa,‘H M= p (Snk + Srfk) fu,k .
k

The weight funetions G, ; may eventually be left
arbitrary, but of course a closc adaption to the
solutions of the adjoint system is bencfieial.

The proof is simple and falls back on the con-
vergence of the standard-procedure of the pre-
ceding paragraphs, Sinee the solutions are in-
variant upon reeombination of the funetions F, .,
we may usc a hew set

.

N
FO.H:: 2 a‘HKFu,KZ
. K=1

N 2N
= 33 O+ o) (25) Ft (720)
. K=1k Vi

But it is known from the convergence of the
standard procedure, that it is possible to adjust
the coefficients apy to values, sceuring conver-
gence (for Ny=co, K=1... N} of the funetions

Fou, II=1._N to the solutions f, 5 (/f=1...N).
It is thercfore allowed to assume, that the differ-

enee between any of the new functions ¥, » and the
aceessory solution f , is vanishingly small for very
large 'values of Ny, S =1...N. Now, the errors
in the solutions of the set (6.8) are eontinuous
functions, vanishing for vanishing arguments, of
the crrors in the underlying system ¥, (to first
. approximation they are linear, with eoefficients,
not depending upon the numbers Ny). Henee in
the limit the final errors in the solutions of (6.8)
must vanish together with the errors, assumed te
oceur in thecfunetions (7.1G).

It will again be necessary to insert the “simul-
taneous purification” again and again after a small
number of iteration steps, to prevent undue errors,
~caused Dby the restricted level of numerical ae-
curacy, :

It may be remarked, that cyuations (6.8) gmive
(by 6.9)) also approximations to the frequencics.
The aecuraey of these approximations ean of eourse
be raised effeetively by the use of approximations
to accessory solutions of the adjoint system on the
place of the weight funetions. OGbviously, a par-
ticularly satisfactory result will emerge if we sub-
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mit ‘these weight Tunctions also- to an iterative
improvement by transformaiion. Tn this case se-
parate purifications are again superfinous.

7.4 Iteration process, using throughoul function
vectors with only one non-vanishing element.

The exceution of the attractive method of par.
7.3 in the ecase of flutter caleulations is again
troubled very mueh by the extensive growth of
the labor involved.- The principal source is to be
geen in the necessity of the use of complete fune-
tion vectors F,, in the equations (6.8), serving
as simultancous puritication system and frequeney
computator, The same difficultics have onece shared
in with others in foreing us to simplify our hasie
function vectors to something like (6.5). It is very
remarkable, that it scems sometimes allowed to sub-
mit the purification, aceompanying any iterative
analysis, to a similar simplification.

In the case of flutter caleulations our main in-
terest is generally devoted te only one of the modes
of vibration: the one mode from which at the
lowest speed instability develops. lwet this mode
be determined by an introductory ecaleulation of
the chapter 6-type and assume that the accuracy
sufficns to reach a definite econclusion on this point,
so that no improvement of the calenlation will ever
compel us to admit, that actually another mode is
the “most dangerous” one,

Suppose

Fo ¥ =2, W o By 0 (7.01)

to be the approximation of the dangerons mode,
derived by the introduetory ealenlation.

Now submit (7.11) to one single application of
the transtormation (7.2), with the result

(fn,im)’ = “ 24,1 2 Po,i 2 Yu.imu .

Next split up this result in accordance with the
scheme

(F, ) * =20 0;

(Fn,zt‘zl)# == “ 0 Pu,i @p ” >

(Fn,.'%[z])“ = 00 Tu.im H (712)
and set-up with these functions a ternary repre-
sentation of equations (6.8). The weight funections
may be left arbitrary, though it is highly probable
that the rapidity and the ‘range of convergence
will be mnch better, if we use here the result of
a similar splitting-up of a singly-improved intro-
duetory solution (with the same index i) of the
adjoint system.

‘Then it appears possible, that it will be allowed
to eonsider the solution of this ternary set, acces-
sory to the frequeney root approximating vi% as
an improved approximation to the required mode
f.i, an unlimited ftepetition of the process con-
verging to the exaet solution. Tt is clear, that the
benefit of this method is lying in the many zeros,
oecurring in the funetions (7.12).

As far as we know, the conditions of eonver-
gence have. never heen completely investigated.
They will doubtlessly be complicated, for the
method implies a mutilation of the invariance of
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the equations upon changes in the representation
of the displacements and distortions of the under-
lying mechanical system. 7The operation (7.12)
indeed implies a dependence of the proeess e.m.
upon the assumed position of the reference axis,
and hence the convergence may depend also upon
that choice. Yet, the echief properties may be
revealed in the following way.
Let

Lol =3 (8t enl) fox (7.13)
k

be the nth result, and assume it to be actually an
approximation, i.e.

et & 1
Let further
g, M =§( (8 + yu 1) Zux; vix €1 (7.14)

he the ath approximation to the accessory solution
of the similarly treated adjoint system. Submit

“these functions to the transformations (7.2), (7.5)

respectively. Let the result be represented by

o =3 (8 + a0 H1) £,
K

Gt =3 (85 + yulttM) gk, (7.15)
k ’

The relation between e+t and e, ete,, is
known, but for the moment we shall make no use
of it, intending to bring a slight change in the
presentation of the problem, which will be ox-
plained later on.

Now, split up

?u,i[’!+1] — (?o,i[“""”h +
4+ (f, b0y, + (£, ;1) (7.16)
Eo'iln-ﬂ] —_ (Ew.[n+1])1 +
(g ), - (g Yy, (TAT)
with
(E it 1) * = [ 2,510 0
(Eu,i[n+11 )1.3't - “?Uu,i[n-!-” 00 “ )
(£, 1), * =10 oo, PO
(En.i nt+11 )2* == ” it Sb(l,i[n'{-” 0 ” ,
(£, i) * =10 0 y 2+ ;
(go 1T M) * =0 0 B, lrruy.

Assume

(f0 i[n+1])xi_—‘H0'A m[n+11 f

(g, TNy # =3 ot g ®.
k

4=1,23, (7.18)

and insert these expressions .in the “simplified
purification set”

which accordingly we assume to contdin weight

funetions, derived from the (n.+ 1)th approxim-

ation to the 4th solution of the adjoint system

{diverging possibilities will not he considered).
The result is (eompare (5.9), (5.10))

2
D PR I FEPCR i I P (1_ v2 ) =
kA ' ’ Vi
—0, B=1,2 3. C(7.19)

Similarly we get for the adjoint system

V2
X oyt ey gl gy et ( 1—— ) =
kA Vi

—0, B=1,2,3. (7.20)

H <, 0 0 H'_E‘al lkfuk H

” wu. 0 0 “ *2‘ T1,ik &, K* )
“ 0 Po,i ” ’—2 U'z ik fu,k H
” 0 ﬁbn,t ” —;72 ﬂcguk f <721)

” (U Yo.i H ’:fz Us,ik fo-k*E
o o ;Bu,-i"l'lszfa.ikgu,k*,

the sum of the left sides constituting the exaet
ith golution. Then it is easy to prove that

oaalt T =3 (85 + e, FN Y oy ;
J
EPRTCE :2 (34 +';U[n+u) k-
i

Substituting these relations into (7.19), (7.20)
and taking aceount of the fact, that these cquat-
ions {because of e+ g 1 and 0+ ¢ 1)
must have a solution of the type

qurtN=1-+ 5q41Iﬂ+1]; SQAI"'HI & ],

p =1 S, S BN QLN (7999

vE—=1v;2 4+ crror of second order of
smallness,

we readily find,. if terms of sceond and higher

" orders of smallness are negleeted

L2
%Y, (1— s )5(1‘1["4'“6;1,1;; T, +
Ak Vi

. B _
3 (12 ) raieeadt =0 (7.23)
k o B=1,23,
and analogous equations for 8§r fr+11,

The set (7.23) is independent of the crrors
yiut+1. Henee the values of g it 11 depend
solely upon the errors ei!?+1 and similarly
sr, v T4 will depend upon the yg*+tUonly. We
infer from this, thai it iz dufticient to proceed
with (7.23) only, the adjoint cquation adding
nething new.

+b
3 — : —
qutan (@osln 1) 4% (e— i) (£, 00+1), dy=0; B—1,2,3,
1

-7
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The cquations (7.23), eonstituting the reduetion
of a homogeneous set, are not linearly independent.
The existing relation may be found by summation
over B, the result heing zero by virtue of the
properties

2 opik = 8ix 5 AT in = du (7.24)
B B
of the o- and r-coefficients.

The explicite representation of the solution of
(7.23) involving extensive formulae, we are invited
here to aceept a simplification. This consists of
the assumption, that 4 and B shall have ouly fwo
values {1 and 2), in other words: .that the oseil-
lations of the mechanical system are governed by
fwo fundamental differential equations, e.g. by
the absence of an aileron. "We may well hope, that
this assumption will not interfere too much with
our main object: the problem of convergence of
the iteration method for values of %, differing
from 1.

It 4 and B are bound to the values 1 and 2,
wet get from (7.23), putting 3¢g,+1=0,

vi® P TR
2 ]_—E- T1.ik Sjk[n

k Vi

thgln 1l =z — (7.25)

/- 2
. vi
3 ( 1— ——2) 01,ik Ty, ik

i Vi

With the help of this formula we are able to find
the errors e+ Min the finai (» -+ 1)th approxim-
ation

fo'i[n-r‘l] —3 qd[n 4 1] (fu.i- {n+1] )_4 —
A

=1 + 8q,[r+ 1) (Tmtnﬂl)] + (f;“_[m.u)r
We get (compare (7.18) )
(8 t el N E =

k
= (~f“'i[n+u)1 + (fn,i[ﬂ+1])2 + th[”+”.
ey :E (S - ;uc[“*"”) £+
k

+ 8q U3 E (8§ + Esj[”+1]) ok Lo
ik

Clomparing coefficients, we derive, if terms of the

second order of smallness are negleeted,
et =gt §o g 0 (7.26)

Now we might take into account the first step of
the process: the applieation of the transformation
formula (7.2). But instead of that we may equally
well consider the next step, which likewise consists
of this transformation. For we may congider the
sequence

(transf./purif./transf./purif. ...... ad inf.

equally well to be composed of groups (transt./
purif.) as of groups (purif./traust.). Choosing the
latter possibility, we must proeeed with the formula

+ 5
T, e =, / Kuf, +1dy.  (7.27)

.y

But sinee 8¢, *+1 is known and the véetor .
f,in+2 is really to be split up again, there is
no objeetion against replacing the left side hy

(Lt sgya+ 1y (£,,003), + (L0052, ~
23 (S + ettt A E - Sg U S o o
i k

The right side of (7.27) being (by par. 07.1)
equal to i

v

.2
3 v:cz (Sik + Sik[n-*' 1]) fu,k:

we get by comparison of coeffieients
_— vi? .o
S+ et 4 3q1[n+1] C':,ik:‘—'; (8, -+ Sik[n+1])_
vk

Inserting (7.26), we get further (the {erms with
8. cancelling out cach other)

:jk[" +A 4+ §g, it =

- -
- V'2 (et +1 4 3¢, 10+ 1 o )
. !

or, substituting (7.25) for 8g,fr+1,

2
_ v —
T ln 1
vk
vit —
. . 2 2 (l_‘ 2 )Tl.”lfikin-l-”
vi® h Vi
ook (1-— 5 ) - 3 .
Vi . vi
3 ( 1—— )Ul,ik Ty, ih
h Va

(7.28)

This formula presenls the relation between the
errors g+t Aand g1, or, of course, hetween
el 1 and ep™. It is somewhat simpler than
the formula, expressing gpl*+ 1 in 50, a for-
mula, which would follow from (7.26) and the
preceding transformation step. .

The relation (7.28) ean be written as follows

et til==3 T ra Pl (7.29)
h
with
.2
M=y S
ikl —= o Okh
Vi
vi? v;?
(] -_— 12 ) ik (1——— v‘2 ady ik
v
+ : ; ! . (7.30)
v
3 ( 1-- Lg ) Tyif T1,if
i Vi

Tt is a lincar transformation of the crrvors (and
should strictly he eonsidered as the first member
of a Taylor development of some complete — mnon
lincar — funetion, conneeting st with exl™).

We may now proceed along lines, drawn from
the theory of linear transformations. It then
appears to be troublesome, that the infinite
matrix Ty =({ i if, (WEk=1...... o ) 18 & com-
plex, non-hermitian matrix, This induces us to
leave aside the probably non-typical consequences
of the complex, not-self-adjoint nature of our
system and to restrict the continued investigation
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. to the case of a real, self-adjoint system. Our

wing system gets these properties, if it is nof ex-

posed to an airstream. Henee the emerging results
will anyhow be strictly applieable to a case like
that, Actually it will appear casy to extend them
to the more general original conception.

It the system is real and scli-adjoint, the fre-
quencies are real and there is no difference hetween
the cocfficients o and +.* The matrix T; hecomes a
real, symmetrical matrix, The iteration is conver-
: O‘ent if

lim- Sik[”] =10

n=c

for all values of k1).

Now in matrix representation (employing infinite
matrices and vectors)

5[""'1]—'.[' s;[”]“_T T s[”"”— ...... '—T” ;1
Henee there is convergence if

lim T;* = null-matrix,

=K
The necessary and sufficient condition for this is,
that the absolute values of all characteristic num-
hers of the matrix T; are smaller than 1 {exeept
one, which is hy'the property, mentioned in the
foregoing footnote, just equal to 1). Hence, we
come down to the equation

= unit-matrix,

or
2
det (‘;‘ A)aﬁkr
h .
v ’
(=25 (= 25 e
“+. : L =0

(i constant). (7.31)

The determinant appears to be redueible, -Omitting
intermediate results, the final result is

v;?

—A
2 2
Vi ih
ey S N
k Ql.ik i Vi A
—
Vh
’ 2
Vi 2
(,1_——- > ) g ik
Va

2
4 Vit . »
) ( 1—— ) 0y

Ji vi

Qo =

Eqguating to zero, we see lhat the infinite product
may he crossed. The romaining part is easily
reduced to

vt — vi®

A sz - Viz

{1 —2X) 5 a5 =0, (7.32)
k

1) We must add: for (07.29), with (07.30), leaves tho
normalization of the fun(}tion?“ ;] unaltered, transforming
';i_.b[nl: 0 imto s_“[ﬂ“'ﬂ =0, ’

The factor 1 —a delivers the solitary root » =1,
announced before. -

We may conclude from (7.32), that there can
be no convergenee for 12> 3 (and that there is
convergence for =1, a trivial issue). For if
1=23, the funection

1
_ 2
. Vi
fid) =S opu ————
[ A — Vi
vi®

is negative if A ig a little hit larger than 2 (> 1)

and positive if A is a ]1tt1e bit smaller than
2

Vi

vy® :

- <A<

Va V1

containing no infinity of the funetion f;, there
must at least be one root within it. This root is
larger than 1, eonsequently there is no conver-
gence. The divergenee for ¢ > 3 may be demon-
strated in a similar way. So it appears, that the
only guestionable case consists of i=2, eonnceted-
with the funetion

X 1— =z
2
fo(A) =S ot ———= . (7.33)
k 3 — Vo
vt

Carctul eonsideration shows, that the course of
this function must correspond with the graph of
fig. 3. The equation f2—0 has aceordinnly single

2
i k=3

mot:, in every interval —
Vi + 1 ?c

<A <
. v, vy
and only one root, which

no roots in the interval

- and one

1) - may fall in the interval — 1 < A < 0;
IT) may be smaller than ~—1;
2

III) may be larger than vz

81

2"

Case T is the only case of convergence. The
necessary and sufficient condition is scen to be

fZ(_l)—S‘Ulzk‘ . >0,

o (7.34)

This formula eannhot be simphtlcd anymore. Though

it looks simple, 1t 18 really still very diffieult to

find its bearing. It has been carcfully analysed
clsewhere (ref. 3) and is shown to admit the fol-
lowing remarkable explanation: :

The proeess of iteration converges for t—=2
only it the components (z,,; ¢,,) of this mode
have both a shape, which is common for flexural,
resp. torsional fundementals.

The realisation of this property demands:

Tt the elastic and inertia eouplings, represent-
ed by the clements heyond the prineipal dia-
gonal of the mutrices e and w are gradually
dlmlmshed the mode ¢ = 2 shall approach
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to the fundemental of one of the two mutually
independent, completely uneoupled systems,
defined by the prinecipal-diagonal parts of
these matrices (the mode =1 becoming iden-
- tical with the other fundamental). Moreover
the difference between the frequeney of this
uncoupled fundamental and the (higher) fre-
guency of the first overtone of the other un-
coupled system shall not be very small, com
pared with the differenee between the {requen-
cies of the uncoupled fundamentals. (If this
condition is not fulfilled, an “internal reson-
ance” exists, foreing one of the eomponents to
“overtone shape”}. Finally, there iz a con-
dition, referring to the distribution with y of
the eouplings, for it is possible to choose this
in such a way, that the effective coupling
hetween a fundamental-shaped component and
an overtone-shaped accompanying component
is very much larger than the effective coupling
with a fundamental-shaped accompanying com-
ponent, In this case the distribution of the
coupling forces one component to overtone
shape. . . .

The generalization of these conditions to the
casc of systems, governed by equations with e- and
w-matrices of higher order (3 for wing-aileron
systems) is not diffieult and needs no detailed
explanation. It is elear, that the genecral, “sum-
marizing”, formulation (referring to the shape of
the components) will remain valid.

Reviewing the situation it is seen, that the
eonvergence is indeed bound to severe restrictions.
Yet, it appears to he quite well possible, that all
conditions are fulfiiled in many flutter cases ).

1) Partienlarly if the flutter mode is antisymmetrical,
the first flexural overtone then falling commonly above the
torsional fundamental, which may not be the case with the
symmetrical vibrations,

Therefore the method may really he a valuable
tool of flutter research.

Biorthogonalisation to wmodes with wvanishing
frequency.

7.5

We have scen (chapter 3), that the basic
differential equations can be transformed into
cquivalent integral equations, provided that there
are spring-restraints on the displacements in the
iy =~0-planc. Suppose that these springs are weak.
Then the iteration proeess based on the integral-
cquations, will converge primarily (if-we do not
insert biorthogonalisations) to a mode (the funda-
mental), whieh g largely influenced by the strength
of these springs and which is of little importance,
sinee there are actually no springs at all.

Let us assume therefore that the strength of
the springs is (one for one) steadily decreased.
Obviously if any of the constants k., k,, %y reaches
zere, one of the natural frequencies gets zero ‘too.
But the limiting shape of the mode and of the
aceessory adjoint mode is also known. It indeed
approaches for baeth to N

2 0r W, ||
¢ OF gy = 0 for £, =10;
“yor B, 0 '
0 | Y g
=1 g for k¢ =0; = 0 for k; =0,
AL ’ 0

(am y oz y Qg COTISt.)

If kz:I% :IkQ:O.wc have to consider the
right sides of these expressions as cowmnciding {nde-
pendent modes. Let ng see what becomes of the
hiorthogonality conditions, which any higher mode
must fulfil. We find
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+5
[n 6y O 0 ufy; dy=0
hay

+ b
f I 0 an oge | WE, dy =0
s ]

I
.

+ &
[uyam 0 0| uf,, dy=0
1_,5_

+ b e

b
% qu / G ,FulF,,dy— v* 2 qy / / G..*
H ! H S

iy

The first equation is readily seen to be identical
with (2.25), the second with (2.26) and the third
with (2.27). Henece: if there are no spring res-
traints on displacements of the mechanical system
as a whole, the integral-expression (4.16) instead
of (4.13) may be uscd to approximate the solutions
it eqs. (2.25), (2.26) and (2.27) are added to
determine the matrix ¢, between every step of a
transformation sequence. To find higher modes,
at the end biorthogonality to all lower modes with
non-vanishing frequeney should be demanded.

7.6 Use of one-fold improved weight functéons.

it has been stated, that the approximations for
the frequencies, delivered by the methods of par.
062 to par 06.6 inel. are generally partieularly
. satisfactory, if the weight-functions permit close
approximations to modes of the adjoint system.
Now if
E rue Gouw, P=1.... N

represent these approximations {assuming that they’

are possible for all modes with order up to N3, the
transformations

+8
% [ K (5,0) 0% () Gour () dy
2
and therefore the funections

&
[E@mut () G () dy=
a3

+é ’
—_ j G, n* (g)u () K* (y,9) dn
Y

will permit even more aecurate representations.
Let us use them as weight funetions. Egs. (6.8)
then assume the form (eompare {4.14))

+ 4 1 .
Sgn [ [ Gt )UK (0) (e () —
' —r b

—vu(y) ) Fou (y) dydy =0,
J=1... N.

But

14 .
[ R (,0) € (1) Fow () dy =Fon ()

wt

- 1
for
+b

/'dyK (py) and e

"

iy J

are rveciproeal operators, their “produet” being
equal to the unit-matrix. Henee

(D) w{9) K (1) 0 () Fou (9) dydg=0; (7.35)

These equations are seen to be identical with
eq. (6.30). We obviously have diseovered here an
alternative eonception of the G ram m e l-method.
Thé new point of view reveals more clearly, why
the ( ramm el-method gives approximations of
improved accuracy for the frequencies. Moreover,
we sce that the method may — if desired — replace
the set (6.8} everywhere, for instance to obtain a
simultaneous purification of a number of modes,
submitted to iterated transformation. Finally, we
may conelude, that the G rammelmethod is a
most efficient one if we are mainly interested in fre-
quencies and a one-fold improvement of dne of the
sets Fon; G, promises satisfactory aecuraey,

77 Pure malriz methods.

The mathematics of our approximation methods
involve many integrations, which commonly must
be carried out numerically, and it may even be
necessary (because of the matrix e€) to evaluate
derivatives by numerical methods (this is generally
superfluous if it is possible to use analytical basic
sets Fun, Gps). The use of these numerical methods
really comes down to a reduction of analytical pro-
cesses to algebraical processes. This suggests that
it. might be possible to evade analytical operations
right from the start and to treat the problem on
a purely algebraical base. There exists indeed even
a physical eonception of the mechanical system,
which suits this purpose: suppose the elasticity to
be eoncentrated in springs without mass and sup-
pose the mass to be concentrated into- rigid ele-
ments, interconnected by the springs. In this way
we may construct a model of the system, which

" reproduces the inferesting features with an aceur-

acy, which by refinement of the partition, can be
made to meet any condition,

Yet this method is not so attractive as might
scem. The analytical presentation is more concise
and adaptable then the arithmetieal one. It reveals
directly the significanee and hearing of any ap-
proximation. Making use of a spring-rigid mass
system, the pursue of an optimal reduction of the
computation desires a erude partition. The pro-
blem, how far to go in this respect and how to
derive effective values for the spring constants and
the clementary masses from their actually con-
tinnous distributions, is related to the prohlem,
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how to evaluate integrals and differentials with
arithmetical means on a base of large intervals in
the range of the variables. The latter problem is
a purcly mathematical one. It has been carefully
investigated and admits well-known solutions.

A e[oser investigation shows, that there is in-
deed little to he won (and more to be lost) by
going straight back to a spring-mass reconstruction
of the mechanical system, but that indeed part of
the mathematies may assume — from the compu-
tational point of view — an attractive and
appropriate form if the reduction from analysis
to algehra is carried out explicitly.

The parts in question arc connceted with the
We assume the Ky and

u-matriees to he known (which for the Kgmatrix
may imply a separate numerieal evaluation of
integrals).

Then the transformation formula (7.2) takes
the form (compare 4.34)

matrices of par. 4.5

Tt =K, uf  m; ¥Y=84  (7.36)

without integral.

This formula ecan be used straight away for the
suecessive approximation of the fundamental meode.
The computational procedure appears to he very
simple. Having once determined the matrix

ﬁ){ — ﬁx E
(algehraical proeess!), we must appavently exceute
repeatedly the algehraieal operation
(B, 6+ 1)y =By (1,1 ). (77)

until we reaech satisfactory proportionality hetween
consceutive f-approximations. Similarly, a repeat-
cd exeention of the instruetion

(g, 0+ My =E* (g, 1) x

will produce the first adjoint mode.

To find a higher mode, we must add biortho-
gonalisations to the transformations. These oper-
ations are agaiu, if based on (4.34) of a purely
algebraical type:

(7.38)

g, AUt =0t js£k (index X omitted). (7.39)

To ohtain a simultancous purification of a number
ot modes, tfogether with approximations to the
frequencies, we need cgs. (6.8) or (7.35), of eourse
preferably again in a purely algebraical formul-
ation, employihg matrices of 3 n-order. The set
(6.30) can (starting with (4.34) ) immediately be
changed over to the desired form, the result ob-
viously being (again with indices X omitted, a
--simplification to he continued in this paragraph)

~ .~

E Gy { GO,J' u FO.H -
—v G uKuF,)=0j=1..8 (740

If we want to make use of the set (06 8), we

need a suitable 8 n-order representation e of the
e-matrix. Now,

H

e and ’ﬂ dq K (y,7)
]

are reciproeal, so that

=K. (7.41)
This is obviously a roundabout way to this matrix.
The direect way will come down to a substitution
of finite differences for the differentials in the

exact representation of the e-matrix.

With the help of the e-matrix we may represent
the set (6.8) by

2 qu {G'n,-f*el € F 0.k _f’
H

— ¥t ~(|,J* u -f‘n.rr =0, J=1..N. (742)

7.8 Eliminating iteration method for higher modes,

There exists a promising iteration method for
natural vibrations higher than the fundamental,
which is manifestly different from the “orthodox”
iterationsbiorthogonalisation procedures, It does
not make the preliminary caleulation of lower
modes superfluous, but it avoids the necessity of
repeatedly intervening bilorthogonalisations, The
idea is to suppress the reappearance of lower
methods by eliminating them from the equations,
placed at the hagis of the iteration process. The
method rests upon the development (5.14) for the
kernels of the matrix integral equation.

Assume that the second original and adjoint
modes are requested. Then, let the first modes he
determined with high aceuracy by the method of
par. 7.1, with the result |

l
FOnll GOvl
and the aceessory frequency v, (hearly equal to v,).
These funections can aceordingly be assumed to
fulfil the normalization

+&

) f G'#"-l n an dy: 1,
)

Then, hy (5.14),

K(y,p) —F,, (1) G*, (n)=
~ 3 £, () g% () =Ko, (0,7)

el

and this new kernel will admit the approximation
of f,., &,. by unaltered application of the simple
procedure of par. 7.1, The result will of course
show some crror, caused by the inaceuracies left
in the fundamentals, but yet the method converges
to the requested modes in this sense, that these
modes can he obtained with any preseribed exacti-
tude. The proot is not diffieult and may be omit-
ted here, The generalisation to-the ealeulation of
3rd, 4th, cte. modes is ohvious and needs no ex-
planation, It may be remarked that the degeneracy
of the kernels K, (y, 7} ete, causes no trouble.
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SQupposing that the set F,, actually permits a
satisfactory representation of the N lowest modes,
let the vibration-problem he sdlved w1th the hclp
of eq . (6.8), the solutions being

qquH,K,V = vy ,II,I).ZI.N (81)

Now 'let any slight ehange hé brought in the
construetion of the meehanieal system. This change
will eause small alterations in the matrices e and w.
Representing these ﬂ!teratmnb by [12%) and fg]
we have

[s] € e

(k] € W (8.2)
The amplified inequalities state, that homogolous
clements in the matrices at both sides of the

sien differ at least one order of magnitude.
Our objeet is to find a simplified mcth@d per-
mitting the caleulation of the eonsequences of the
alterations.
To start with, let the adjoint cquations in their
original version be solved also, with the result

rr=ro, (=vg?); JJE=1...N. (83)

-These solutions may or may not lead to approxim-
ations of the actual adjoint modes.

The solutions (8.1) and (8.3) fulfil a “hiortho-
gonality-condition” of their own. Indeed, substi-
tuting any solution (8.1) in the original equations
and any solution (8.3) in their adjoint companions,
we get

e et (el

u->u -t [u];

S By Qu K = v U Qi ;

S Emrre=vitUy a1 (8.4)
with the abbreviations
+o
E;ju= / G,.* e Fon dy;
23
+b
Upn — / G.*uF,, dy (85)
oy

Multiplying the first set (8.4) by 7, and summing
over J, and wmultiplying the second set by gux
and summing over H; the left sides hecome iden-
tieal and we infer by subtraction

52 ry U quie =0 if K=£ L (8.6)
JH

This is the biorthogenality-property. If

2 q-‘-"-'\' F(l," =?0.!\'} 2 ?.J,L GmJ :E'n.r, (87)
H

an cquivalent version is

1) A more complete deseription of these methods may be
found in ref. 4, The basic idea is drawn from Couvant-
MWilbert: “Methoden der mathematisehen Physik’ (Berlin,
Jul. Springer). Bee: Volume I, § 5 of Chapter T (2nd Fd.),
Variterte Systeme.

2} We have alveady. u&cd the = awd {z]-symbols for other
purposes, Yet there wiil in this chapter be no ambiguity
as to the meaning of the [:]-symhol, employed ltere, Greck
letters botween square hrackots vepresent veetors or matrices,
like all heavy-type symhbols,

/

b

jgu T, dy=0; K==L  (58)

The relation is apparently -identical with the bhi-
orthogonality-relation of the exact solutions. (This
is at the same time a convincing proof of the
purification properties of the set (6.8), formed
with welght funetions permitiing satisfactory ap-
proximations to-the adjoint modes).

. Now set up, with the matrices (8.2), a new ver-
sion of equations (8.4), using the funections (8.7)
at the base!). We shall assume here (at variance
with rules used hitherto) that these funetions are
normalized in accordance with

e
/ E;.K* u E),K dy:l

g

8.9

The resnlt is (we now write v? instead of »2)

ro
iq,,fEn.J*{e—uzw (e} — 1) } o dy =0,
J=1...N
But

1B
[.go.-!* ¢ {0 dy =" fgn,.r*'“ o0 dy=vit 8.
iy 5

Henee the cquations reduce to

% gn % {wi? —-":2) SJH._F
T

+ [ Es® (el =7 D) Ty { =0,

J=1..N,
Putting .
+ &
f_gn,.r* [£] -f—n.H dy == E—m5

- &
+ &

jgw [ fo,,du_—um (8.10)

we may equivalently write
3, 71:1 { (V112 - Vz) 31!;'+ ?lm *—;2U.m } = 0,'
H :
J=1...N. (8.11)

b
Tt is clear that the solutions must be of the type

Qu==8ux -+ Q—Hi(’; [amc' | €1;
= 3_11;{2 € vg?

v? 2 + 8 'Vg\ H
(==“exact” Kth frequency).

1} It will he allowed to assume, that the small changes
in the copstruction of the system will not stop the set (8.7),
that is in fact: the set ¥, 1 G, trom heing saiisfactory.
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Substituting these expressions, we get
2 (8ux + qui”) { (vi® —VK * S vg®) 8an t
+EJH_,_(VK2+8VK U}H}—'—O J—l N
or - .
— 8 VT{2 8 E.u{— (VK2 + § VKZ) Un{“‘}'
+ 7},}5, (V‘;2 —_— Vh‘z —_— 8 V};2) '+
+ EH,K’ {EJH — {vg?+ 8 ;x'z)ljm } =10,
J=1 .. N. {8.12)
Considering the coefficients Esn and Uy to be

small of the first order, crossing of all terms of
at least sceond order of ‘\md”ﬂCSb leaves bohmd

3 “;1\2 Syp EJK_VK U.nf + QJ & (VJ - VKZ) “"":0;
J=1.. N, o

The solutions are

3_1—’1«’2 = —Emr — g™ UKK H aKK'z 0 1} H

‘qJ,,gz-“E“‘j"" Ui I;/:K (8.13)

Vi - Vg

They represent first approximations to the actual

~variations. Subsequent approximations may casily.

he determined by the restrietion of negleetions to
quantities of the third, fourth, ¢te. order of small-
ness at least. A partial result is i

(3 sz)2 (I—Unx) (EAK_VKQUAA) +
+ 2 (EKH_VK UKH) (Ey;c—VK UHK)
HAK vg' — vy
: K=1..N. (814

t

The second approximation for EH,K_’ ig already com-

. plicated, and any. higher approximations demand

even more extensive formulae. This means that the
benefits of the method are gradually going lost.
The formulae, that have just been developed ex-
plieitly, constitute, however, a powerful tool of
vibration analysis and-especially of flutter analy-
sis, for they permit the extension of a particular
flutter calenlation with well-founded estimates of
the influenee (particularly: on the critical speed,
by intermediary of the formulac for the variation
of the complex frequencies!) of small changes in
the construetion of the mechanieal system. With-
out the use of: perturbation-methods a similar resanlt
would demand terrible computation.

Another nice application of the perturbation
procedure will he given in the next chapter.

9  Vibrfations in still air;
9.1 Introduction.

If a wing oscillates in still air, the major part
of the aerodynamie loading vanishes. The remain-
ing parts constitute the well-known “aerodynamic
additions” to the inertia of the system. It is in-

.- 1) . This particular value nny he “ehosen to retain a
suitable normmg T . . .

deed possible to include this effeet in the mass
distribution (par. 2.3). Assuming that the accord-
ing corrections on these coefficients have been
applied, we may cross the part a of the u-matrix
(see par. 4.1) and write m instead of u everywhere.
The cquations are then self-adjoint, which leads to
a substantial simplification of the theory. It is
obviously unnecessary to add further explanation,
nor .will it be nceessary to explain the applieation
of the theory to the determination of resonanee
modes in still air (masses and stiffnesses heing
given).

The natural vibrations of the wing in still air

.are of thé interest, sinee they aré more or less

narrowly rclated to the-vibrations, eneounfered in
tlight. They constitute a most suitable souree of
information for the preparation of fluttercaleul-
ations. 'l‘yplctll data, preferably derived from
resonance tests or from vibration ealeulations refer-

. ring to still air, are modes, suiting’ the approxim-

ation by series development of the eritical mode,
and parameters representing the elastie properties
of the system. For instanee: it we build up a
flutter ecaleulation with the methods of par. 6.2
to 6.6 inel., making use of a base like (6.6), it
often dgsen cs recommcndatlon to identify 2, (y)
with the measured or caleulated flexural component
of the “flexural fundamental”, the funetion ¢, (¥)
with the torsional component of the *“‘torsional
fundamental” and the funetion v, (y) (if it is
not reduced to a constant) with aileron deflection
and twist in the “aileron fundamental” of the still-
air modes, '

9.2 Vibrations of « fuselage-wing-aileron system
with small couplings,

- For wings of simple construction we may at-
tempt an interesting application of the perturbation
method of the preceding chapter to the ealeulation
of the resonanee modes in still air. This application
makes use of the assumption, that it shall be allow-
ed to eonsider all elastic and intertia coupllng;; to
he small. " This “condition” is actually seldom ful-

filled in every respect. Yet it commonly holds for

a good part and may lead to results, which give
a very reasonable insight in the structure of the
complicated “coupled” modes. The errors are in-
deed often no undue pay for the appreciable redue-
tion of eomputation work. .

In accordance with these indications the wn-
varied system is defined by the matrices

e, 0 0 m, 0 O
e=| 0 ¢, 0 [; m=]0 my, 0 (. (9.1}
e 0 e, |- 0 .0 mg 7

The variations arc

0 0 0 0 my, My,

[el==l 0 0 ey |ls (gl =lmy, 0 myll. (9.2)

0 ¢ O Mgy Mgy 0
The basie equations

ef,=»mf; oo (9
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reduce to three mutually independent equations.
A suitable séries of lowest solutions may be sup-
posed to he obtained with the help of the well-
known, relatively simple methods for the ecaleul-
afion of flexural and torsional vibrations of rods,
{Matrix methods of the par. 7.7-type are generally
particularly ecfficient in a case like this),

Restricting the treatment to the sub-group of
symmetrical vibrations only (the transfer to anti-
symmetrie vibrations encounters no difficulties),
the (satisfactorily accurate) solutions may be
represented by

v=y, =10 s L * =112, 0

V=v2:0 ;

J =

[

V="Vg = Ve,kr ;

"We evidently intend to negle-ct atleron twist. All
funetions are supposed to be normalized in aecord-
-ance with (8.9). They have orthogonality propertics
of the type (8.8) (it is of eourse appropriate to
replace g, ,* by £,,* in these formulae):

We must now caleulate the coefficients

UJ.’I* [f()J .u u” dJ’

EJ,,#[fu, (] Tow dy. (9.5)

By development of the matrix-produet we get
without difficulty, making use of (9.2),

U,=U, =24,9, [ ﬂl’lzdy =m,,";
i
. s ,
U= Usg =&, /‘ My o2, Ay = Mm%

- " 7 - ! e
Usyy—1= Uni—t2=2, / My2y, 5 dY =m0,

0
U1N1 1—‘UN1—11-—0
UgNl'——Ule—o
3

Ui N= U'Nl 1= 7y / Moy, Y = ," 5

....................................

0 ; Z,: const.,
£ *=10 &, 0| ; &, const,
ok =126 0 0; £=3,4,...,
v=vg = vprn; fox® =1 0 g O|; K=N, N, +1,..,

v=yy—=vr ; Tpu¥*=1 0 0 I,|l; T, const.

Uo vt =Uy_1:=0,

1
Iy (1 A
Ui v—ei=Uxy-11=2%, [ Nty 290, wly = mmo s
: 0

Uﬁ N == U;V'Z == (DUI‘O [ ngd?f == 7"’2300:

N 1; K =1,2,.., ;- 3=N, L (9.4)
N—1; K"=1,2, ..., N-—N,=N",
2
Ui N=UN‘I =ZUT0 { ml.ady'::m'wm;
]

Un=0; 3=J <N, 31 <N,;
UJH‘ZO; N =J<N, N,=H<N,

UNN == 0,.
? .
/ Zo,ae Mg Qo 10 dy - ﬂ"lﬁlf'u-u >
i R
S<J<N, ,NN=EH<N,'=1...N,
H'=1.. N

U.m' - UHJ ==

L

UJN= UNJ:PD / ZD,J'mlrs dy:"nn'j‘o;
: 0
2_<J<N1, J=1,2 .. N,
K
UJN =UNJ:P0 /
0
N =J <N, J'=1, 2, ... N,
and, assuming {compare (2.16))
62:«32-332 — k3§ (y—0by),
=—F &, = ¢,,"; Eiv=CEns=
=—k Po, I (br) Ty= 8y ‘0,
N=J <N, J'=1.. Nr,
all other Euu's vanishing,

Substituting the l“f.,Slllt’i in the formulac (8.13),
the first one gives

(8 VK ) 1u approx.=0, K:]-N (96)
Hence the eouplings do not change, to first ap-
proximation, the natural frequencies.

The seeond formula (8.13) constitutes the
normalization .

N — Jll‘u .
Po,ir Myt = Mgy 7

Ez ¥ — EN2

o s L
i1 == qzn = +veennns =gry' =0.

The third formula demands some special eare be-

cause of the vanishing of both v, and v . Yet, the

following result is readily verified: all q,,,K vanish
with the exeeption of

(IR
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Gon = 2 ’
Iy
2 N
— . Vo 1" My
I -1, - 2 ] )
V“P,‘l — Vg N
- ' — Yo w Y
fvm-1, N1 = ’
ytp, JV”2 — ¥z, 1V’2
. 2 ND
E , V[- fm13
M -1 N ==
! Vrz - yz,N'2 !

- — g

— V:'.N'2 mi2N‘N“ )

- ,
gV -1, m-1 = Vo — 7 2
y H
N 2 “
- ;™ = vp? myV0
Iv-1n = vp? -— vy i
L

— 2 4y 10
V‘p,,l ?}123

Pl 2 N0
Ty Y, N
MNN=-1 =
y‘p' N"2 - Vr2

For the sake of elearness we summarize hercunder the non-vanishing terms of the “coupled” solutions

{with non-vanishing frequenecies).

— — _ N—1 _ — —
(fo,s) coupled = fn.s + qg,s’ fn,g + 3 qH,z’ fn.h' + q!\’,x’ fn,n\" ’
N
- _ . _ VT N=1_ . - ’ =
p— r

(fu, N’,_--‘l)coupled —fo,Nl-i + qy, A'1~1-f(|,2 + E qH,1V1—1 fu,” + quNl—'l vaN!
. Ny

_ _ -, Ny=1 _ = — -

(fu.N])uuupled —fu,Nl + q4.5, fu,1 2 qu,x, fo,H + g, fu,N ,

_ —_ i )= M—=1_ ) v _ =

(fu,N—i)éouplcd =fo,N—1 + G,y -1 fl,,l + ] g, x=1 fo,u + ¥y —1 fo,N r -

_ MN—1_ _ N=1__ —_

(£0.3) couptea =1, 5 + ¢4 1o,

+ rq_'z.N’tTo.z + 23 QH,N’ fu,n -+ EQH,N’ fo.H
1

The typieal item is apparently, that - to. first
approximation — the couplings do not change the
original “major” component of any mode, and that
“aecompanying” components emerge with ampli-
tudes, proportional to the particular coupling in-
tegrals Esn, vi® Usw (defining couplings between
pairs of originally uncoupled modes) and inversely
proportional to the square-frequency differences
v —vy®. Hence, “internal resonanecs”, that is:

¢lose neighboorhood of pairs of uneoupled natural
frequeneics, have a characteristie effect wpon the
form of the coupled modes, eonsisting of an un-
common increase of a generally small “accompa-
nying component”, moreover giving to this com-
ponent the shape of the “resonating” uncoupled
mode. It will be clear, that the aceuracy of the
formulae ceases to be satisfactory in such a case.

These results throw new light upon-eertain con-
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clusions, conneceted with the convergence of the
approximation method of par. T4,

Finally, the cvaluation of the sccond-order
variation of the frequencies given by (8.14) leads
to the result

(8 Vz,Kr)zﬁndappr = Vg, 1‘1’12 (m] K‘O)z +

A r ",
-.-}— 2 Vo, K0 (W"‘l KtH! ) Vz..ﬁ'r2 (?nmﬁ{!)z

H=1, :.',K). - Vgp,H“ 2 - Vz,}ivz — 'Urz

(8 V@,KI:)and appr, = V@,Kﬂz (7”_120!{-’_‘)2 +

bl Y ;an (nllgH"‘.")2
+ ¥ A
H =1 ﬂ@,]{u — Vi
(£ po,xn (BT, + VK : My frnye

2

Vgkit —Vp

@ vr)z'z“d appr. = vrz '(7"'13‘)0)2 + Vrg (Tﬂ»zaw)z +

Novp® (g HY)?
v — e

(k Po.He (bf) FD + FF‘Z 7)123H"0)2

9.8
Vrz-—"v¢,yn2 ( )
Let vk, “and Vit be any couple of nearly equal

frequencies. Then the first and second equation
obviously eontain one relatively large term, which

is ecasily seen to reduee the smaller frequency and -

to enlarge the larger one. Hence, the eouplings
tend to enlarge “the gaps between neighbouring
uncoupled frequencies. Sinee an incident like
this again involves relatively large variations, the
aceuraey of the perturbation formulae must hecome
less satisfactory.

[

9.3 " Derivation of infegruls of clustic forces from

resonance tests.

It the cstablishment of equations (6.8), used a
starting point of a flutter caleulation, can he

related with measurements of rosonanee tests with
the aeroplane, it may be po&;mble to dbducc th(,

“clastie parameters”

v 48

-—b

from the test data. This would be a good thing,
for in this way we may not only cseape from the
partially intricate problem to analyse accurately
the eclastic properties of the system, but we

. may also avold the neceessity of using unpleasant

numerical approximations for the derivatives, con-

tained in the expression eF ..

Obviously, the determination of the constants
{9.9) encounters no diffieulty if we employ a set
F. ., consisting of complete “measured” modes
trom the test, simultancously putting

GO,J — FO!J

(that 1is: spceia]izing to the Galerkin/La-
grange -method), ~ Indeed, we then have

EJH—.‘ (V.‘l )res SJH - (910)

[G(a,J & Fo " d y=Eu (9.9)

if the norming of the functions agrees with
Té .
/ F..*mF ndy=1 _ (9.11)

!
The frequencies (vi)rs are the meagured reson-
ance frequencies. (Formula (9.10) rests upon
the fact, that the “aerodynamic forces do mnot
change the e-matrix).’

- It is, however, known, that it is commonly im-
practicable to use functions F,, like that. Com-
pare e.g. the frequently used assumption (6.5),
In such a case there is only one suitable method
to reach the desired result.

Again assuming that the Galerkin/La-
grangecemethod is used, start with eq. (6.8),
applying to vibrations in still air.

SEmqu=nv*3s Myyqu;J=1..N;
T
M= [ F,*mF,,dy. (9.11)
. ib

Assuming that the funetions F .t are still normed
in accordance with (9.11) and that the solutions

qu=gquy, v:=v/; [=1..N
arc normed by the preseription
qun=1 (9.12)

we have, in agrecment with (8.6),

52 qraMen gy =28
K L

Multiplying

J we get

S by B A s s g WIS 0 (913)
J vy Vi J KL

But if we regard the right sides of (9.11} as
Enown constants, we may solve?!)

[ =—v ZFM*EMKL Qm

t L

En(f

Vhrab e .-

minor of K in det L‘,H .
det E 5 )

Inserting here the I golution, we find

q[':’ =3 2-151K+ﬁfxb dr,u .
vy KL

Comparing this formula.with (9.13), we infer

Ent=3 q”q’“, o (914)
_ ; .

VJ

a usult which is easily secen to be andIOtrous to
the dwelopment (5.14) of the kernel of an integral
cquation (the apparent difference emerging fI‘(JII_l
the different normings employed). o

‘1) Note that E;, = E, ; E t=E/ %
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Formula (914) makes the desired reduction

possible. It indeed shows that
minor of ¥, Mﬂi‘_ in det 2 _.ql,i%ifi
¥
Bon= Lt e (9.15)

det %, qr.n Q‘K,L

Z
L v

The result may be summarized as follows:

1t the set F,y admits, by the Galerkin/
Lagrange equations
+8
San [ Fos® (e—’
H “

Zs

mJ FU‘H dy - O)-

-

the construction of epproximafions to modes of
vibration in still air, each solution of this equation
thus being linked to a particular resenance mode,

11

+o :
Eu= [ Fo*eFoudy

[

- b

" may be determined with the help of (9.15) -from

prescribed shapes of these approstmalions and pre-
scribed resonance frequencies. The same constants
may thercupon hbe used in the Galerkin/La-
grange set

‘ +s
3 By qu==v*Z qn j Fo,u“= u Fo,H dU
H H

appropriate to the analysis of flutter phenomena,

If we usc weight funections, differing from the
Galerkin/lbagrange adoption, a similar
result can be reached if these weight-funetion
equally permit the construction of approximations
to the measured resonance modes. The neeessary
slight genceralization of formula (9.15) need. not

the elastic constants be explained.

10 List of fundamental symbols.

2
.
port startoard .
x

Yig. 4.
Y, & coordinates, defined by fig. 4
i time
v : frequency

g (U, ) =24, () £ 2 . ‘ . N
wa (4, 1) = o, (1) 0¥t distortions, defined by fig. 1 -

va (3, ) == yay () o™t '
z{y,t) =2, (y) et g

translational and angular displacements, out of the neutral position, of the

o (y,8) =9, (y) eint reference axis, about this axis and about the aileron hinge axis (sce fig. 2)

y (11, 1) =y, (4} oint
7z :ZO givt =z, (0) givt
=3, eivt =4, (O) vl

=20, ¢ivt= ( dz, (J)) eivt
gy

X == Xo &M rotafion, out of the neutral position, of the control column of the ailerons
b semispan
xb, xb, outer and inner cdges of the ailerons .
* b, y-coordinate of the seetion, containing the connection of controls to the
/ ailerons, ) ‘
b y-coordinate of seetions containing point-loads
¢ (y) chord of wing -+ aileron
€y - reference chord
Cd ' a-coordinate of the hinge axis (sce fig. 2)
Sy ) a-coordinate of the centre of gravity of the wing without aileron
L distanee behind the hinge axis of the centre of gravity of the aileron
My (i) masgs per unit of span of wing without aileron
me (y) mass per unit of span of aileron
1y (U) moment of inertia, per unit of span, .ahout spanwise axis-through the local
. centre of gravity, of the wing withou! aileron
I, (y) moment of inertia per unit of span, of the aileron, about the hinge axis
11(J} BIE('/) Bzz(J): . . '
e (1), T y) stiffnesses
k, k;, ke, ke, K, spring constants

eix (¥) =i (y) operator-ecefficients of the stiffness-distribution. See eqs. (2.8), (2. 9) (2.10),

(2.16), (219 andh), (2. 22) and Appendix I, eqs. (3) and ()
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mi” (i) =i’ (¥);

mik‘“? == mki(“) H
g () = Mg ()

eoefficients of mass-distribution, See cqgs, (2.1), {2.21). The
mix ' define- contributions of coneentrated loads

g () coclficients of the aerodynamie loading

Py, ’ mass per unit of span of the surrounding eylinder of air - - -

Ko {y, n) influence functions

(2.14), (2.15),

Wi (1) coefficients of the distribution of the resulting loading (inertia loading +
aerodynamic loading) : '

vV reduced veloeity (eq. {6.1))

V, redueed veloeity, adjoint te referenee chord

48 indices, referring to antisymmetrieal, resp. symmietrical oscillations

£, (1) «.veetor of amplitude funetions (Bq. 4.1)

£,.: () mades of vibrations

g, () characteristic functions of the adjoint equations

m () matrix of inertia-loads divided by v* (eq. 4.2)

a {y) matrix of acrodynamic loads divided by v* (eq. 4.3)

u () matrix of total load divided by +* (eq..4.6) ,

e {y) operator matrix of elastic forecs. (eq. 4.4)

L () load vector (eq. 4.7) '

K (y,9) kernel matrix .

C, vector of amplitudes of the fuselage

f,, u, K matriees of par. 4.5

Wy, i (y): ';’nvi (y)y B(l,i (U) elements of the vector 8o.i (U)

Fou, H=1...N approximation base for a restricted number of modes of vlblatlon

G,., J=1..N system of weight vectors

gy cocfficients in thc approximations of modes of vibration

Ty : coefficienis in the approximations of adjoint modes.
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Appendix I. The accurate representation of the
principal features of a reversible control
mechanism of the aileroms.

‘We have already mentioned the fact that — at
variance with assumption d of par, 2.1 — the
mechanism of eontrol of the ailerons actually con-
stitutes an interconnection of the port and star-
board aileron. If we want to take due account
of this fact, we might assume this mechanism to
be econstructed of interconneeting elastic cables
without mass and of a massive membher, eonnected
to these cables in the y = O-plane and representing
the eontrol wheel. This eonception obviously intro-
duces another dependent variable in the eguations,
namely the rotation-angle x of the control wheel.
Simultancously, the triple of basic equations will
be cxtended with one equation.

It 18 easy to see that the conesntrated moment,
exchanged in the section ¥y = &= b, hetween wing
and aileron and previously equal to

|k{7(ibr)_?’(ibr)}l

Completed: July 1946,
must now he changed into

{y (£b) —p (£0) Fx} (1)

Henee, the original fundamental (differential)
cquations hecome '

v (1, 2, + uyy 0, Uy Yo) — €41 8 —

1, 9o — U

(u’u B T Uy gy T Uy vy) — 65y B — (2)
€2 Po— fay Yo — €23 xo = 0,
VP (U 20+ Uy 00 F Uy ve) —
o Eup Yo By Xo = 0:

with

o=k {8 (4 —b) —8(y + b)) }; ‘
buy=—"hk{8(y—0b)—58w+b)} (3)
the original coefticients retaining their significance.
The completing (fourth) equation is effectively
an ordinary algebraical one.
Making use of an appropriate inertia parameter
Iy, we may obviously write it in the form
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L ZFR{—2xF y (D) —¢ (b)) —
y(—=b) +e(=0)}=0
or
(Ix vE—2k) Xo + k{'}’u (br) —— Yu (—
%o () — o (— &) }ZO

b)) —

or, again,
+4

/ [ vimy, Xo €42 ¥o — €42 Yo C1a Xo Ydy =0, {4)
s :
with

Coo == Bay; G4p ™= Coyy My =TIy 8 (?[—0);
ey =k{3(y—0) +3{yt+b)} = (5

The alternative (4) reveals the harmony with (2),

We might add here the remark, that the exten-
sion diseussed ahove properly refers to a relatively
simple case only. The construetion of the control
mechanism may give rise to several complications.
et for instance the control wheel be replaced by
a eontrol column or wheel with axis of rotation
parallel to the longitudinal axis. Then the mass
of it will, strietly, conple the eontrel mechanism,
with rotations 2z, (0} of the fuselage, and indeed
many other small couplings may arise from other
partieularities of the consiruction. Nobody will
ever ponder about them, unless any sueh deviee
has purposely heen introduced to influence the
vibration eharaeteristies.

It is of coursec again possible to convert the

differential-equations into pure integral cquations,

To determine the result, we again aceept the sim-
plifications, explained in par. 3.1. Instead of the
analytical method, used in par. 3.1, we shall now
employ a more physical one, based on the faet,
that the integral-kernels are “influence” funetions,

Applying a foree of unit magnitude to the point
y=x5 (> 0) of the clastic axis, the displacements

2, (y) of the points of this axis will — in the
state of equilibrium — have grown to infinity,
unless

@ the displacements 2z, (0) and z,” (0) are given
b the displacements 2z, (0) and 2z’ (0) are re-
duced to finite values by virtue of spring-
constraints. — k.2, (0) —ky 2/ (0) in the
plane y=0. ,
In this case the displacement of the point
Yy (>0 of the clastic axis amounts to

2, (0} + y 2, (0) : .

1 yn +
E_'_ kg
<y )

(4 — yl)_ ("? “—'.UJ)
By, (1)

+

0

dy, , (6)

while the displacement, shifted to the port wing
(y < 0), is cqual to

2 (0) T y2/ (0

| 7
1 yn (M
k. feg

These formulac must be equivalent to the Z,, and
K,-influence [unetions, and indeed it is scen im-
mediately that the result agrees with the corre-
sponding formulae of chapter 31).

Sinee there is no elastie coupling hetween flexure

and wing twist, aileron deflection or twist and
control-wheel rotation, =,,, 5,,, &,,, K,;, K,; and
K,, must wvanish (again in agreement with
chapter 3). .
- Applying a moment of unit magnitude ahout
the elastic axis on the wing, in the eross seetion
i =1n {>0), there will emerge no flexure. Wing
twist will grow to infinity, unless

a the displacement ¢, (0) is given;

b the displacement g, (0) is reduced to a finite
value hy a spring constraint —k?ga(, (0.

Tn these eases, the unit moment will force an
amount of twist, equal to

v (0) ) v
o) =1 1 ok [ 2 (> 0,5 >0), ()
’ 71? 6 » (U1) ] .
while we shall find at the port wing
Fo (0)
fa (U) = L ;A (U < Or n > 0) (9)
kg

There will eonsequently emerge displacements
#o (be), v, (— b} in the seetions of the aileron
control. They will, however, not lead to strains in
the aileron springs if only

Yo (br) =@, (b'!‘) s Yo ("_' b’) =% (— Ab‘")’
ie. if
< br,4
dy,

Ty (y) ’

20 (0 2 :
L)

Yo (¥) = (y >0, (10

(% (0)
vo () = 1

Under these conditions there will be no displace-
ment x,. We infer: formulac (8}, (9) are acqui-
valent to =, (y,n); K, (3, 9), formulae (10) and
(11) to E;;z (U} 7?).- I(;z- (y: 7’7) aud E-jzr KJE vanish.
The results for E,,, K,,, E.,, K, will be seen to
he in agreement with chapter 3.

Let, thirdly, the unit moment be applied in the
seetion to the aileron. *The conditions for finite
displacements are then C

, (y <0). (11}

@ the displacements ¢, {0} and x, are given;

b the displacements ¢, (0) and y, arc limited
by means of springs. kq; and k.

1y In ease @ the lond eauses displacements z, () —
2o (0) —y 24 (0), henee the terms gz, (0), vy &' (1) caunot
muke part of the kernel and have to be shifted to the
left side. In case b, the full displacement is immediately

determimed hy the load, amd ki,-;‘:l thus make part of
T A

the kernels,




Vili4

The spring % apparently eonstitutes a new element
in the construction of the system. It tries to keep
the control column in the plane of symmetry.
Assuming y and 5 to be larger than b, the
amount of aileron iorsion hecomes equal to

U
Y1
Yy — b,) = ] .
YO (J) Yn ( ) Tr (yl)
b

The deflection y(, (b)) — ¢ (bs) obviously. grows
until : -

k { Yo ( (be) —py (b,) } =1,

whence
o _ 1
vo (I} = ¢a (0:) + xo + -

In case b we must add
1
Xo = Tix .

The angular displacement g, (b,“) 1s obvipusly
eqnal to

by O)

dJ o (
1 1 3. 12
jT(m z; (12)

We thus gct, summarizing and completing,

s fo (0) + Xo
11 (2
A vl
{4 kx 0
v {¥) =
0 (0) — o
1 1
—fs‘; _ Iﬂx
%% Q) <ub
1 +' Y
| Fs Uj 7o (1)
¢o () == :
S ¢a (0)
A
I Icq,
Xo
1
ky
Xo =
— XO
. 1
Ty

Formula (12) is aequivalent to 2,,, K., formula
(13) to EH,, K,y and formula (14) {6 K,,,
(=, ==0). Comparing with the results in chapter 3
we must first put x,=10 or ky==0, which appa-
rently leads to compléte agreement.

Finally, applying a unit moment to the spring. -

constrained control column, we shall get

1
5 ','U>0,
1 kx
Xo = 575 Yo—™— Y- - (16)
Tx 1
= 3 ¥y <0,
ky

leading to K,, and K,,. The complete expressions
for these elements obviously are

K¢4i _‘3; Ka4=K4a:

— ‘ . (17)
— =3y >0, 9 <0

;¥ < 0,9 <0

by <Y,

dy, dy,
T 3y >0,
nm)J T () 7

(13)

y <0,

y >0,

(14)

y <0,

y >0

.

(15)

oy <O

1t will be clear — but may be written out fully
for the sake of clearness — that the integral
-equatmns, contra,cted to one matrix equation, have
the form (without spemhcatlon of independent
variables)

A gl



Z, 0 K, 0 0 0
o — 0 KH,, K,, 0
Yo 0 K3z K33 Ifaq
Xo it ¢ 0 K, K,

All equations are now cqually well applicable
to antisymmetric and symmetric oscillations. There
is no reason to make k=20 in the first case. The
aequivalent of k=0 (chapter 3) is aetually

7”’-;4:0: kx=0, k= (18)

In this case the representation contalning £y
is no longer usable. The representation, contain-
ing y, remains applicable. Yet, we must add some
additional equation to determine the appropriate
value of this parameter, This additional equation
is actnally given by equation (4); leading (for
statie equilibrium) by means of (18} to

xo=3{ 70 (b:) — o (B) — 7, (— b2} +
+ Yo (_ bf) } ' (]9‘

This must be substituted into (13), e in =,
and K,,. The values. of ¢, (b;) and ¢, (—b;)
follow from (8). Thereupon vy, (b,) and vy, (— b,)
‘may be solved in advence from (13) (by putting
y==b,), leaving back this equation without
unknown parameters and hence right down applie-
able for the ecaleulation of the eomplete funetion

o ().

Appendix II. Structural damping.

In this report we did not take any account of
damping forces, having their origin in the strue-
tural parts of the mechanieal system. It is well-
known, that this omission can casily be made
good. We might e g introduce velocity-propor-
tional damping terms, or — and this is a more
simple and not less aceurate method — introduce
complex stiffness parameters, giving to the nega-
tive clastic restoring forees a phase lead with
respect to the distortion (hysteresis).

Actually, damping is often neglected in flutter
caleulations. There are, however, two important
objections against this praxis, Firstly, damping
may have (in certain cases) a very appreciable
" influence upon the stability, i.e. upon the eritieal
veloeity, and secondly we loose in this way a sound
base to estimate the degree of danger, implied in
any instability !).

Yet it is true, that reliable values for the strue-
tural damping arc seldom available and that only
exceptionally special damping-deviees are used to
suppress instabilitics (which might lead to ealeul-
ations, in which due account of these damping
forees hecomes of fundamental importanee).

There is, however, a simple method to incorpor-
ate some damping in flutter calculations. Let

det (Epm—v2Uy) =0 (1)
1) It is often effeetively possible, to distinguish eases

of “relatively ionocent” flutter and ‘““acufely dangerous”
flatter.

Uy g Uy O l %o
Uzy Upy Uy D %o d
) 0 . dx.
gy gy Ugg Yo
0 0 0 my, Xo

be the frequency equation, making: part of any -
mathematical investigation of flutter. The econ-
stants E,y depend gpon the parameters, represent-
ing the stiffness. We assume these parameters to
be originally real and thus to imply no struetural
damping. The constants U,y depend upon the
acrodynamie and inertia loading.’ For itself both
Emy and Uy may be complex, the E,, through
complex representations of the modes. The con-
stants U,, ave functions of the standard reduced
veloeity ¥, The roots of (1) will generally
i.e. for an arbitrary value of V, — be complex. .
Selecting the root which rcpresents, or threatens

to develop, the instability, we may write

v22Vf;2 &' sy r=uvg e%“’v ;

vy real and positive, ¢ real, (2)
for it. We assume

lo, | € = - (3)

~and infer aceordingly that

vavg (l-+4ia,). (4)

. Henece
Ty
vt — vﬂ't iont
eMxe 20 e (5)

showing that the oscillation is unstable if a ,< 0.
Now (2) iz a solution of (1), so

dEt { EJH —'Vﬂz Girlv UJH } — 0,

1\-’[ulltip'lying every element of the determinant by
ey we get

det { By e~y v Uy }=0.
Hence the equation "
det (B’ — v2 Usn) =0 (6)
with
By =By . 0™ (7
will have a real root
vi=pt

and will theretore represent formally a transition
hetween stability and instability.

Now the transformation (7) ig really aequivalent
— provided that «, is negative — to the intro-

duction of a speeial form of struetural hysteresis
damping, the partieularity consisting of a similar
affection of all elastic properties, occurring in the
caleulation {(all elastic forces assuming the same
angles of lead). This partieularity, however, is not
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an unsatisfactory one, if no. details about the actual
damping are known, or at least, if’ there is ne
reason to compile,the effect of sueh details.

These considerations Tead to the following sug:
gestion for the performance: of flutter ealculations:

BEstablish equations, governing the flutter oscil-
lations, witheut explieit representation of struetural
damping: Den’t. use stability eriteria, built. upon
“the geefficients: of the resulting; frequeney equation,
but. solve. this eguation: completely for a sequenee
of . values, of ¥,. Then each couple

Vn., Vi, [l — |5Vi-.|

defines a critical veloeity, i.e. a transition state
between stability and instability (or conversely),
accessory to the angle of lead

LR R

P— Jp— .2
3 . oy T Gy = — a0g uy

due to generalized structural damping, These
results permit the construetion of a complete
graph of ., against ¢ (= generalized structural
damping).

If «; is negofive, the generalized damping. in
facts: converts to a physieally infeasible form of
generation of oscillations. Yet, even this part. of
the Yerip: e-plane is not compietely useless, singe
it may bring to light secmingly stable (indeed
almost unstable). siates, which change over to in-
stability if the system is slightly changed. Such
changes may even fall withim the range @f aeeuraey

.of -the parameters, Whlehn mathematieally define

the. system.

»
' PR RIXESEN
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The Treatment of a Tab in Flutter Calculations Including
a Complete Account of Aerodynamic Coefficients

by

Ir. A, I VAN DB VOOREN,

Summary.

In this paper the equations of motion for a wing-aileron-tab system, expressing the equi- -
Llibrium of inertia, elastic and aerodynamic forees, are deduced. Kxplicit formulae permitting
the immediate computation of these forces from the constructional data of the system arc also
given, The elastic forces of the control- mechanism, which appear to depend upon the type
of tab considered, are derived for all common tab designs (spring tab, trim tab, balance. tab
ete.). The aerodynamic forces are obtained by strip-theory from the results of the well-known
aerodynamic theory of an oscillating airfoil in two-dimensional flow (ref. 2—7). All aero-
dynamie funections and cocfficients are made suitable for immediate use in flutter ealeulations
by the addition of extensive tables at the end of the paper. These tahles include also the
numerical material, necessary for the evaluation of T ay lor-series (to the spanwise coordinate)
of the aerodynamic coefficicnts, -which series have been introduced inh order to facilitate the
computation of the aerodynamie integrals, appearing in the approximative solutions of the

equations of motion. Throughout the whole report eompressihility effects are negleeted.
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1 Introduction').

The main ohject of this paper is twofold. In
the first place it'is intended to extend the methods
of ealeulation for the flutter speed of wing-aileron
systems, given in previously published reports (ref.
1, 8, 9) to wing-aileron-tab systems, In view of
the inecreasing application of tabs and, during the
last few years, of spring tabs in particular, this
extension seems very desirable. It is facilitated by
the fact that the mathematical representation of -
the aerodynamie forees of a wing-aileron-tab system
in a two-dimensional, incompressible flow has al-
ready heen developed by the fundamental work
hoth of Kiissner and Schwarz and of
Theodorsen, :

In the second place this report forms an indis-
pensable supplement to ref. 1, since it contains a
detailed description of the treatment of the aero-
dynamte forees in flutter ecaleulations. This was
intentionally omitted from that report, since it
was preferred to deal with this subject when con-
sidering the more complete system of aerodynamie
forces acting on a wing-aileron-tab combination.

') This investigation has heen performed hy order of the
“ Rijksluchtyanrtdienst . N
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2  The mechanical system.

2.1 Representation of displacements,

The most general deformation of the wing-aileron-
tab systoem accounted for, consists of

(1) wing flexure, determined by the dlbplaec-
ment z of the reference axis, which is usu-
ally chosen coinciding with ﬁhe flexural axis,

(2) wing torsion, determined by the rotation ¢
of the wing chord,

{3) aileron deflection + torsion, determined by
the rotation y of the aileron chord,

(4) tabh deflection + torsion, determined by the
rotation e of the tab chord.

All displacements are defined relative to the
nentral position of the system. Henee, the angle
hetween aileron and wing is equal to

’ Yr=y—¢ (2.1)
and the angle between tab and aileron to
&r—E-—7. (2.2)

Though in general all displacements are fune-
tions of the spanwise coordinate y, it will nearly
always be permitted to neglect torsion of the tab,
thus assuming e constant along the whole tab.
The same approximation may often hold for the
aileron, especially when antisymmetric oscillations
arc considered.

Aileron flexure is assumed to be determined by
the deformation of the wing at the hinge axis,
making a scparate representation superflucus. In
the same way the tab hinge axis is considered to
move with the aileron, thus determining the flexure
of the tab,

For the treatment of the acrodynamie forces it
will appear donvenient to introduce two more dis-
placement funetions, viz.

(1) the displacement ¢ of the aileron leading
edge relative to the wing trailing edge,

(2) the displacement y of the tab leading edge
relative to the aileron trailing edge.

They are conneeted with the displacements, pre-
viously -introduced, by the relations

"Lt ciiyr=0 and x + Cese,=20, (2.3)

¢y Tesp. c.. representing the distances of the
aileron resp. tab hinge axis aft of the correspond-
ing leading cdge.

For harmoenie oseillations — the only meotion to
be econsidered in this paper — the eoordmates
vary with time aceording to

2= z,6M ete., (2.4)

z, representing the amplitude of the oscillation
{(for wing flexure).
Finally it must be stated that all digplacements

and all forees are positive when directed upwards,
while rotations and moments are positive when
they are tailheavy,

f

2.2 The egquations of wmotion.

These equations are obtained when the conditions
of cquilibrium, mentiored hereunder, are applied
to an infinitely narrow strip of.the system:

(1) the total of all forces perpendicular to the
wing plane is zero,

(2) the total of all moments about the reference
axis and acting on the wing (without aileron)
is zero,

(3) the total of all moments about the aileron
hinge axig and acting on the alleron (with-
out tab) is zero,

{4) the total of all moments about the tab hinge
axis and acting on the tab is zero.

The eyuations ean be brought in the following
wellknown form, applying onlv to harmonie oseil-
lations, i.e. using eq. (2.4),

(VP —ey) 2t (P, —e) ¢+
(v —e,) y + (vPm, —e6,) e + K, =10,
(_V2mz1 —6y) 2T (VMg 8y,) ¢ T
.(v2’m23‘- 823) Y + (V2m24 — 324)'8 + .ML _ 0,

‘(VZMISI‘F €51) 2+ (VMg — ) ¢ +
(v211133 - 32%) ¥ + (Vz'mm — 334) e+ N,=1,
(vPmy, — e, ) 2+ (FPmg—e,) ¢+
(v27n43 643) Y + (vzfm’u - 644) £t QL - 0:

(2.5)

where wy determine the inertia, ey the, elastic and
K, ete. the aerodynamic forees resp. moments of
the system,

Using matrices, the equations take the following
form

ef —*mf + A, (2.6)
where
My Wy Moy My, €1, €42 G4y €y,
gy Mhyy My, Ny, o €31 Ga2 €3 €2,
m = Y =
My Mgy My Mg, €y1 Cyy Gy gy’
My Mgy Myz My, ' O Eup Ciz €4y
Z K,
¥ . M,
% H NI, ( )
£ Q.

2.3 The inertia coefficients my,.

It is convenient to arrange that the inertia forces
and hence the coefficients my shall include the
part of the aerodynamie forces, constituting the
well-known “aerodynamic inertias”. The contri-
bution due to this effeet will be denoted in the
formulae by certain coefficients «(), the values

.of which will be given in table 2.1.

x
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From simple eonsiderations (vef. 1) it is found

: . d d
Ny = W > ?nu(‘” 8 (.?)' _*b('”} _'IL 8 {U— 0} — Wy (0),
| dy ! dy

Myp == My = -—m8§ + M5, + Sm, "8 (¥ — 0D + mpe a'®,

i . .
Wy, = Wy == — M8, + W8, T 20, D8 (y — D) + mye e,

L .
My == Mgy = — M8y + 2 my, D8 (y — b9) + myc e,

. g . . “
Wy, ==1 + ms? — I, —m,82—2m5,60 + I, D3 (g —bD) + ;0% 0, P,

. T ‘ ‘
Mgy, == Mgy = (M8, —— My, ) 6 T Z ity @ § (3 — DU} + 106”0, ), "

i .
Moy == Wy = My¥yCq T 2 My, D 8 (y — D) 4 Mp0® o, O,

J . o
My, =T, + m,8,2 —J, — m,8,2 — 2,86, S, D8 (y — D) + mipe? a0,

. i
My, == M, == Mo8yCe + T amg, W8 (y — D) + e oy, (O,
] -
Wy =T, + omys,t S D8 (y— D) + et e,
J
where
m=m, + M, + m,,

My + My (Gt 8,) 4 My (Ca + Co T+ 8)

S =
My + My + M,
Mesy + My (e T+ 84)

My =M, + M, §—=——— T
! T T Wy Bl

b

1

My §5
A

My, = Nty , 5=
£

I +mst=1,+ mp,* + I + m, (cat $)° +
+ I+ ms (eq + co + 8,05
i +ms2=1I+ms2+ 1, + m, (c. + 8,)%

[, + my8,2 =1 + m,s,®

and
my,="7,7 pe? {(p=airdensity). (2.10)

The distanecs are shown in fig, 2.1, where they
possess positive values, like the displacements and
the angles of rotation. For instance, ¢, is positive
when the reference axis lies hefore the quarter
chord axis.

COther symbols are coxplained by the list of
notations (scetion 5).

The terms with mu® § (y — b)) refer to con-
centrated masses, § (y— b)) helng a singular
funetion, defined hy:

lrading edge
reference axis

guarier_chord axis

inertia axis of the wing

aileron_inertia_axis

(2.8)
|
§{y—0@)y =0 for y=£bhh
5+
and / 8 (4 — Db dy =1 when b— < bW < b+,

B

The coefficients my ' are formed in the same
way as the eorresponding cocfficients of the conti-
nuons mass distribution. For instanee, m,, @ de-
noteg the static moment about the aileron hinge
axis of the concentrated masses, fixed at the section
y =0 to .aileron or tab, diminished with the
static moment about the tab hinge axis of the
masses fixed at the seetion ¥ == 64! to the tab.

24 The elastic coefficients ¢y .

The elastie forees in the system are due to the
flexural stittness of the wing (B), to the torsional
stiffness of wing (7,), aileron (7,) and tab (T,)
and to the clastieity of the control meehanism.
Those due to the flexural and torsional stiffnesses
are, if the flexural axis of the wing is taken as
reference axis '), determined by the following eu-
operators

) Tt is agsumed here that a flexural axis is present.
The complications, arigsing if it does not exist (e.g. appear-
ance of an eoperator), are mentioned in ref. 1.

aileron leading_edge

aleron hinge axis

tab hinge axis

tab_inecta aw)s

trailing _edge

Cv.

.

€r

I 3

Fig. 2.1 General position of the wing-aileron-tah system.
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(o ot )i edo=— 2 (1)

d d
(333)0=‘_ ‘dg (Tr @) )

(644)n=~%(1’3—%) : §2'.11)

When T, or T, are infinitely large, the terms

€.,y and e, e in the equations of motion (2.5)
become indefinite. For practical use the equations
containing these terms must at first be integrated
along the whole span of the tab and aileron.
The elastic forees due to the elasticity of the
control meehanism depend on its design, making it
impossible to give formulae valuable for all sorts of

tabs. At first the most complicated tab eonstruetion:

in use until now, i. e, the spring tah, will be dis-
cussed and from the results obtained for this tab,
the clastic forces conneeted with more orthodox
tvpes will be dedueed. Then the last step appears
to be very simple indeed,

Fig. 2.2 shows the schematized construction of

" together kg 2

){onb-d stick
Iig., 22 Spring tab.

the spring tab. The mass of the control mechanism
will be entirely negleeted, The elasticity of the
cables from the control stick to the arm BE is
determined by k,, where '/, k, denotes the forece
in each eahle necessary for unit strain (positive in
one and negative in the other eable). Likewise,
1, ks \tdnds for the foree producing unit strain
in the eables BD and EF. The torsion spring at
A has as strength k,, indicating the moment re-
guired for a torsion of one radian.

‘When the control stick is not moved, as in the
casc of symmetrie vibrations, the force in each of
the ecables from the stick to B or E, amounts to

e anjfz ka (Yr + a),
while the foree in the cables B and EF is:
A, K=, by (bey + ao).

Both forees give moments about the point A4,
. tending to rotate the lever BE against the aetion
of the spring k,. Sinece the mass of the lever is
neglected, the elastic moments must ba]ane(, cach
other, leading to the relation

(Kot K)ya+ ko=0,
whenee

_ kafy, + kl(Lbe,-
O o AN

' (212)

Successively the moments acting on the ta,b tho
aileron and the wing will be examined.

”

(1) Tab. The forces K, cause an elastic moment
Eoofy— (ka2 + k,) be,
(kg + k) a? I ks

together with a resultant foree at the hinge axis
C equal to

—Eb=kb

(2.13)

¢+ b

— K, A0 (2.14) .
(2) Aileron. The aileron is subject to a moment
kyo=— (K, K))a

~and to a second moment due to the resultant ~
foree at € (2.14). This moment is

K, (a+b),

making the total moment acting on the aileron
equal to
—Ko+Hb=
Bt {ina(atb) +k, )} y—k b {ka?(a-+b) +Ebe,
- (ko + ket +k, !

(2.15)

Besides this moment, there is again a resultant
foree at 4 amounting to

¢—c
AP
(3 Wing The forces K, ecause a moment
-+ K., while the vertical forees in the points
A and P give a second moment K, (¢ —¢). Thig

makes the total moment independent of the dis-
tanee ¢ and equal to

(kya?+ky) yo— Eytber
otk ya* Tk,

—K,. (2.16)

Kpo=—Fkun* (217)

F'rom the obtained elastic moments, which are
only present in the section ¢y =—b,, where the con-
trol meehanism operates, the values for the e
coefficients can he deduced. Inecluding the values
of eq. (2.11) they hecome for a spring tab:

d2 d?2
o= (B 7w ),

Crp == €13 = 0y, == €y = €y == & =0,
€y, =—_{;j7— (T,,'rd%—) -+
+ kurﬁ@% § (g —by),

€oq = Cgp = — kt® %3 {y —bs), _
.«324§=e“:konﬁU;(]—_Fk‘lﬁ;%_l?ﬂ2 8 (y— b, (15)
o f(nd)
+k0k1a-2(a?}{i):;l);;(zﬁfr;:jlc,bﬁ) 5 (y— ),
€py =€y =

= — kb Fiatlatd) bhb (r —0,),

{k,TED e+ Ry



d . d
044:_71‘7(1& Ty—) +
2
+ hgpr a0t

Tt e e, O Wb

(2.18)
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~

In general, k&, will be very much larger than %, .

With the approximation k, - o, (2.12) leads to
: b

og=—=—— &,

the same relation following from the condition
that the forece K, must remain finite. The clastie
coeffieients then become

d2? d?
ey = dy2 (B W):

€l == €15 == €3, == €y = ¢, = ¢, =),
. d i .
[ — @ (Tﬁ I ) + ko® 8 (yy — b)),
€y =y = —kott (@ + b} 8 (y —1y),
324=942*_Jkna‘b Sd(’.'f—br):
G = — 3 ( T, ‘@) + (2.19)

-+ ? ]l: ((I + b)2 +- k th t 8 (lj—b )
Q . 2z ag . Th
Gu} = 343 b—

o

= A @By 0+ k20 5 (g,
¢ a?

L, 4 d
Cig = Ey_ (T.g @) "f—' "
+ (r.;nb2+ k, ?) 5 (yy — b,).

" For a servo tab (fig. 2.3) the lever DF is dircet-
ly conneeted with the control stick. Hence, k,=0

Fig, 23 Bervo tab,

must be substituted in equations (2.18) to obtain
the elastic coefficients for the servo tab. With the

abbreviation

TR denoting the strength

of the whole eable, it is found:
a2 dz

=g (B gz )

€1p == 613 = 0;, == 6y = 8y, = ¢, — {,

_ d (. d A
922_——0@- (Tu ;E—) + kut s (y—b.),
€23 = €y :-kra’ (ﬂ- + b) 8 (U_ b"):

€y == €, == kyath § (y — b,),
d d

eda____.@(Trd_y)—l—

‘ , + ke (0 + 5} 8 (y — by,
=t =—Fk, (a+ )b (y—b,),

o d s
e“%_@(n@) + kb2 8 (Y —be).

(2.20)

In these formulae ¢ denotes the distance of the
aileron hinge axis to the cables in the neutral
position, :

For a balanee tab (fig. 2.4) the lever CD is
connected with a fixed point of the wing. This

£
together kg

Fig. 2.4 Balance tab.

gives thc same moments as if it were conneeted
with the eontrol stick. The total clastic forces are
obtained from the superposition of the two follow-
ing cases: ’

(1) "the system of the servo tah, but b replaced
by —b, since the cables do not cross ecach
other, a replaced by o; and &, by k,,

(2) the system of common aileron control, ob-
tained by taking in the spring tab con-
struction ky=%k,, &,=0 and k,= 0.

Then it is found:

d? d?
611-_— dyz (B dy2 )!
€10 == Oy == 61y = €y == 0, — ¢, =0,
d ¢, d
Oy = @ (11; d_y) -+
+ (ke + kw?) 8 (y —b,),
€p= €= —{ksat; (0,—b) + ea®) } 8 (y—b.),

€y = 0, —— ke, b 8.(-_1}:_])1_)’ (2.21)
d d
633:——@ (T,-E) 4

oy () 2+ By02) 8 (y—by),
8y =y =F, (0, —b) b8 (y —b,),

A AN e
.644—~—d—y(T8?)+hsb 5 (y—b).

For a rigid conneetion hetween wing and tab,
e ks = it follows from the condition that the
elastic forees must remain finite that

(2.22)

When the tab is torsionnally rigid, it is possible
to eliminate in flutter ealenlations the deform-
ation e,

A trim tab is a device (fig. 2.5) producing a,
constant angle hetween aileron and tabh. The
elastie forees are obtained hy superposition of:

Gy, + be, = 0.

Fig. 25 Trim tab
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(1) tab conirol, following from the formulae of,

the spring tab by taking k=0, k= »
and e=uw,,

(2} aileron control, putting now L‘,_L,, k =0
and k, = oo,

In total

611=%;§(B§;T), ) l

C1a =815 = €1y = Oy =8y =— 64.1 =0,

. d d
622-.;*(-147(11 & ) T has (g =),
Ooy = gy == — k,a* § (J —b,), )
baq == 0, =1, » (2.23)

Ay, d
633——_5‘;(1’ (i."y) +

+ (Ba® + ke b%) 8 (y—D,),
€y =—k, 0% 8 (y —b,),
d

d
e“:_gy_(m@_) FEDES (y— D).

- For a rigid connection between alleron and {ab,
i.e. k= cc, the tab ean not perform any osul-
lation Ielative to the aileron. Ii the tab itself is
also rigid (T,=w ), it is again possible to elimin-
ate e in flutter calculations.

The foregoing holds when the control stick itself
does not move. For anti-symmetric vibrations this
does not apply. Neglecting the mass of the whole
control mechanism including the control stick and
also neglecting friction, no forees exist resisting a
motion of the stiek in phase with that of the aller-
ons. The result is that no strain arises in the
eables leading to the control stick which leads to
the following changes in the formulac: k,==0 in
(218) and (2 19); kr=0 in (2.20), (2.21) and
(2.23). For the horizontal tail surfaces tho same
phenomenon oceurs for symmetrie vibrations.

3 The aerodynamic forces.
31 Genergl ‘

The aerodynamic forces acting on a harmeonically
oscillating wing-aileron-tah system’ can he ealeul-
ated to first approximation — which means that
expressions depending to the seeond or higher
degree upon the perturhation of the field of flow

are neglected — under the following conditions:
(1} the air is an incompressible and inviseid
fluid,

(2) the flow is two-dimensional,
(3) the wing thickness is negligible.

‘With the aid of these assumptions the acro-
dynamic forees are evaluated by Kiissner (ref.
2 and 3), Ciecala (rvef. 4), Dictze (ref. 5)
and Theodorsen (ref. 6 and 7).

For a finite wing the aerodynamic forees can
be approximated by the “strip-theory”. Aceording
to this theorv the forees on an mflmtely narrow,
chordwise wing strip are identified with the forecs,
acting on it if the flow were two-dimensional. rl‘hls

significs the complete negleet of the consequences

. of variations in strength of the spanwise vortices.

It is indeed possible to take into account the in-
fluence of vortices parallel to the chord, but the
theories in question are not fully satisfying and
give rise to serions extensions of the computation,
It is thought that at the moment the profits.do
not balance these objections. Henee, no such treat-
ment has been given in this paper.

32 Open and sealed gap.

A speeial difficulty arigses from -the negleet
of the wing thickness when the aileron is aero-
dynamieally balaneed. In this ease a deflection of.
the aileron causes an airflow through the opening
hetween wing and aileron. This flow, however,
exists in reality only for an aileron, which has a
vertical displacement in regard to the wing (as
in the ecase of some Junk crs colmtruetmnq)
Usually, the wing thickness prevents the flow
through the opening almost entirely.

This choke-effect cannot be adequately represent-
¢d in the mathematical theory. Therefore the as-
sumption must be made that the flow through the
gap {C’C in fig. 2.1 and 3.1) is either completely
unimpeded or completely barred, while in addition
only the limiting ease of a vanishing gap width
(i.c. in the limit the point ¢’ coineides with the
aileron leading cdge €) is considered. In the case
of the free flow (fig. 3.1a), the simplified system,
: ' [

Fi )

ﬁxnll:s\\\
smooth break _‘_—h—_
2

——

Fig. 310 No flow
through the gap,

T
'
L

cf—'f—'———

sharp break

Fig. 31a TFree flow
through the gap.

determining the pressure distribution and henee
the forces and moments aecting on the system,
consists of one flat plate with a discontinuity at
the point ¢, Only at the trailing edge of the whole
system the eondition of smooth flow has to bhe ful-
filled (ref. 3).

The gap can be gealed by stretehing a flat plate
from the trailing edge of the aerofoil to the lead-
ing edge of the aileron. Aceordingly this plate is
placed under a very large angle of ineidence {ef.
fig. 3.1b, smooth break). The transition of vanish-
ing gap width (fig. 3.1b, sharp break) involves no
diffieulties except in the expression for the aileron
fovee, where a term log, (“C appears, which tends
to intinity for vanishing gap. Indeed, the theory
is only valid for small angles of incidenee and the
transgression of this condition hrings about the
logarithmic singularity. To keep the aileron force
finite, a certain gap width must he retained in the
corresponding term (in all other terms the gap
width is neglected). The fixing of this value will
be diseussed in section 34. \

For an aerodynamically balanced tah the same
question arises, but there heing introduced no new
aspeets, this point can be left aside.
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3.3 The ;\br'mulcw for the werodynamic forces und

HLOMenis.

Continuing the work of ref. 8 and 9 (ef. equation
(269) of ref. 8) it is possible to write for the
foreces and moments, provided that the motion is
harmonie and restricted to small amplitudes

H=mp* (k2 + Kgpc + hyd + a’c,yy,c +
+ kx ik ge.0),

M: mpvic (mz, + My pC +mgl +

T4 My 0 mox + W,eeC),

B os=mp? (raze + reec + rel + 1, yeC =+
+ 7yx + 1.},

N =mprie (2 + RpeC + Npl + 1, y,C +
-+ nx'x + n,e.c),

(3.1}

=y (Date T pyee T pl T pyye +
+ Pux + p.e.c),

Q) —mpv®c (q.2s 1 ggye + gl + qp vt -
+ g% + qgerc)a

with my given by cy. (2.10). The other symbols
are explained in seetion 5.

Between the displacements 2, and z cexists the
simple relation

Ce=2 t o (3.2)

The dimensionless coetficients k. ... g, are fune-
tions of the reduced velocity V (—-: %) They
v .

depend also on 5 and #/, indieating resp. the
ratios of aileron + tab chord to total chord and
of the tab chord to the total chord. They are
connected with the coefficients k,...q; used in
ref. 3 by the following relations:

ky=—4V%k,, kp=2V%, j
ky=—4V%hy, k,=2Vk., |
hy=—4Vik,, k, =2V,

S, =2 V?*m,, M= — Vimy,
My =2 Vimg, m, =— V.,
m,=2Vm;, m,=-—"Vim,
ra=—4Vr,, r,=2Vn,
rp=— 4 Ve, r y=2Vr,
Ty =— 4V, 1, =2V?,,

=2V, ny=-—"V2u, (3.3)
n;=:2 Ving, y:—sznc,

N, ==2Vny, n, =V,
p:=—4Vp,, pp=2V?py, -

pe=—24Vpa, p,=2V,,

Py=—d4 Ve, p, =2V,
=2V, qp—=—Viq,

qy = 2 quff ’ g, =— quc '

7:=2Vq, ¢g.=—V¢.

" k:...q, are obtained as funetions of V, 5 and ¢
by substituting the values for k....q;, given in
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ref. 3 in the equations (3.3) and at the same time
replacing ;—w by ¥V and 1+ T by 2P, The two

cases of open and sealed gap hetween wing and

aileron or between aileron and tab have to he

distinguished throughout. The open gap is denoted

by the addition + and the sealed gap by —. With

corresponding sutfix £ it refers to the gap between

wing and aileron and with suffix yx to the gap

between aileron and tab. It may happen, of course,

that one gap has to be considered as open and the

other as scaled. '
The relations obtained arc:

ko==1—44PV

kp=—1/, + 4 PV* 4 44PV .3/,

ket (g) =@, () —4iPV. 2, (y)

mhy () =, () —4PV2.20,, () —
— 4PV ., () —iV .28, (9)

wh, () =—",2, () + 4PV>. @, (n) +
1+ 4¢PV .Y/, @, (n) + iV . &, ()

- J'.Tx+ () =2, () —4iPV . @, (")

wh,~ (y) =%, () —4PV2. 20, (y) —
—4iPV. 3, (v) —1iV .26, (v)

wk,(v') =1, 2 () +4PVE. & () +
+ 44iPV .Y, @, (4') + iV . &, (y)

m,=—"1/,

Me="2/,—iV.Y/,

7":m‘§'+ ("]) :“_1/5“1)(‘. (77) + %V(I”, (77) :

ame= (g) =—=/s & (g} + V2. 26 (4) +
+iV .24, (y)

mm, (n) =1/, ®; (g) — V. @5 (q) —
—iV. Y, &, (n)

mm, T () == (¢) + iV .9, ()

wm e (o= — Y B,0) VA 28,0) +
+ V.29, (4) )
™M, (71’) — 1/1n.¢’7 (7}’) — V. b, ("?’) -
— V. 0, ()
w7 (n) =&, (n) —4iPV . &, {y)
Ty (n) :,—1/5 , (3) T 4PV2D, (9) +
+ 4PV .1/, D, ('r]) + iV, &y, ()
772"{'+ ("]) =P, () — 4PV .9, (y) ®,.(7)—
— V.28, (y)
T"2r§'_ ("I) = &, ("?) -
—4PV? 2@, ("?) b, (W) —
— 44PV %, (77) @, (77) -
— V2 {4d, (n) + 8logey, } —
— V.28, () .
772"7/ () =——"/4®s (n) +
4PVE @ () &, (9) +
$iPV .Y/, @, (")) @ () +
+ V2.2, (y) + i P ()
Tr21'x +("?: 77’) .=X14 ("]"r ’?) -
_'451PVX1 (7]’:7]') ——?’V2X; (71'7 Tf)
71'2?';6- (??: "J’) =X14 ("J’a 71) -
—4PVE.2X,, (v, %) —
48PV . X, (o, ) —
— V= 4X‘m("}’y 7) — iV .2 b (’T’r ’?)

(3.4)




r, (9, 7'} :_1/2‘1{5 (?7’1 7) +
+4PV2 X, (y,) +
+ 44PV .Y/, X, (v, ) +
+ V22X, (5,9 +
S+ AV X, (4, g)
TR (q) =—1/, P, (7]) + 4:iPV-1/4¢5(7?)
Ny () =1 () — 2 PVE. Y/ @) —
—'41:PV'1/S¢8 (W)‘_iv-l/t;q’s ("7)
gt () =y By (1) +
+ 4'£PV-1/4¢'1 (7?) 2 ('I) _+
+ iV.@m (q)
() = — /4 8y () +
+4PV2. Y, 8 (9) @y () +
F 4PV 2/, 8, () 8, ()
+ V220, () + iV . @, ()
Trzn'}’('?) =" %2 () —
— 4PV Y @ (g) &, (g) —
— 4PV 0, () B () —
—Vi. e, ("?) —iV .1/, %, ("7)

Trznx+(7]: 7)==, X (0ym) +
+4iPV ./, X, (0, g) + V. X, (o )
11'2??:%*(?3, 11') =1 sz ("T’: TI) +

+4PVE. X, (o) +
+ 4PV Y, X (o) +
-+ Ve, QX”J (T)’ T]) + 1'V X['r (77’1 77)
n (g, 9)=,. X, (9, 7) —
—-4PV2.1/2X|( ] )_
— 4PV ., X, (o ) —
— Ve, Xg (7]’1 7]) — iV, 1/2 XD (n’.v U)
7D (1;') =&, (q’) — 4Py, ®., (7]’)
7 Ppln )= —1/, ®.(y") + 4PV2.&,(y)+
4 4PV . 1/2 ®,, ("J’) + V. Dy, ("I’)
ﬂ,ng»+(?7’ "T’) == Xu (’]: 77') -
— 4PV . X, (a, 7]',) —iV.2X, ("]‘a 1)
ooy (mn) =Xy (p9") —
—4PV2-2X11 (")s']’)_ A
-—-4%PV . (T], 1)’)*— Ve, 4X12 (’?: 71’)_'
—V .2 XIE ("?: "7’)
sz,y (T], 77’) e 1/2 Xﬁ (7]: ’7’). +
+ 4PV X, (q,9) +
+ 4PV .Y/, X, (g, 9") +
+ V22X, (g, +iV.X, (7))
w0 (1) = oy ) —
—41PV . &, (y") @31(77’_)-—1:17 -2@,.(y)
Py () =& (%) —
—4FPV?.26,; (v) By, (v) —
— 4PV .3, (v') &, (7)) —
— P2 { 43, ("7’) + 8 10g¢"7’8 } -
— iV .28, (#))
7P ("?’) =1/, ("?’) +
+4PV2-¢'1(")")¢'31(77’)+' BER
+ 4PV Y/, @, () @y, (o) +
+ VZ .2 @35 ('l?’) + ?:V . ‘I)al; (7]’) -
7= ("]") = 1/4 &, ("]") +44iPV. 1/4 'I’s("l’)

(3.4)
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g, ) =X () =

Ty (7)) =11 ¥ (13')—-
— 4 PVe. 1/ @, (1]) _4 1PV, 1/ q,s(,q)_..
—_QV Yy By (’?)

Tt (n, ') = —1/, Xy (3, 7') 1
+ 4PV .Y, X, (g, 9") V. X, (4,7)

g (m ) =—1, Xy (5,9) +
+ 4PVE X (%) +
+ 44PV ., X, (g, ) +
+V2X,, (7]7 71’) +
+iV. X (7 )

— 4PV M X () — :
— 4PV .Y X () —
— V. X ("71 )"—%V /2Y (17:"?)
2(] (') =— /4‘1’37(77)
+41PV e (g 2, () +
+'EV.¢’10 (1]') :
R () = — 2, B () +
+‘l‘l',Vrz-l/-.’(I’ss ("?)‘1’13(7?)
+ 4PV .Y/, ¢, (o) &, (1;)-{-
+ V.20, () + V.2, (v)
g, (7') ="/1s ¥ (n) —
PV, 9 () 0 () —
— 4PV Y3, () 05 () —
— V2%, (%) —iV-1/4 ?, (W’)

\ (34)

7s and 5, denote the values, assigned to the gap

width (wing-aileron, resp. aileron-tah)

in the

divergent logarithmic terms, divided by the total

chord (ef. fig. 2.1 % resp. %)

34 The aerodynamic coefficients wy .

The aerodynamie forees and momerits K,..
appearing in the formulae {2.5) are given by

K,=K,

M, —M—c,,K N —caR,
NL—N+CdrR Q—ng .
QL—Q+668

Q.

r

(3.5)

Since in the formulae (2.5) the displacements
2, ¢, v and ¢ are used, it is desirable to.cxpress
the aerodynamic forces hy the same displacements.
This can be done by substituting for y. and e
the values given by (2.1) and (2.2) and by climin-
ating £ and y with the aid of the eguations (2.3).

The result can be brought in the form:

Ky = myp? (a2 a,00Fa,,0v+a,ce),

My=mu? (@02t a,,0%+ a‘zaczY + (1’24025 ) s

Np = mpv® (621 @5,0% + 05,67y + a,,¢%)

Qo = M (@, 02+ @ ,ce a0ty T a, L),
cor A=»iiaf,

(3.6)

where A and f are given by (2.7), while a is

ecqual to
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i 0 360 G0

€ @858° @507 4,07
50 G0 @07 g, CP
B Gl @,,0%  @,,0?

a = Hty,

(3.7)

After some ealeulations the following expressions
are obtained for the coefficients ay
o, =k;,

Ay, = kp‘ -— G’vk: —_ k,y — C’drkg s

Uy == k"y + C’drk{ - ks - c’ﬂﬂkx y

mu,: ks + G’NI{J%,

Gyy == My — Coliy — Mg — g, -

fyy = (Mg — kg —ng — gy }—
— &y (M — ¢k — Ny — ) —
— (m, — c’vky — Ty~ c’d,.ry) —

S

— iy (my — oy —ny— Carty),

oy == (m? — ek, — M, — c’.;,'r.r) +
-+ C’d.r (mz — chphy — ﬂf:— c’drrc) —
— {mh, — ek, — 1, — ) —
— e (mZ —_ C’vkx — nz — C’dr'rx);

Uy = (M, — "ok, — N, — gr,) +
e (m;x — ey — 1y —arry),

Wy =Ny gt — Ge— Ceas,

Uy = (ﬂp + c’drr(P — Q(p — c’expp) —_ (38)
=&y (e F e — G — o) —
—-n, + ey — @y — Cap,) —
_|c’d" (n; + C’d,-‘rz—— qt —_— c’ﬂpz),
== (n,, + at, — g, — 'ep,) +
+ C’,if (n: =+ C’dﬂ“: —-qéa "'“'C’espé’) _—
- (nc + C’d"rs* q:.— C’N‘pg) -
— e (gt Far, — g, — eipy),
ty, = (n, + cat, — g, — cup,) +
T e ()t dary —q — eap,),
gy = (s e, B
gy = (Q:p + c’cspga) — 'y (qe + Ceals) —
- (Q'-y + Ceapy) — Car (gr + Ceapy),
= (Qy + C'esp-y) T C"dr (Q§ + c’es'pf) s
- (qs + C”esps) - c'es (qx + c’npx):
ey = (Qg + G’M'D;) + Ces (qx -+ C’espx),
with- ¢, = &’—, o= Lar , o= Ler . (B39
C c [

Wihen the expressions (3.4) arc substituted in
the formulae (3.8), the coefficients n;; are obtained
cxplicitly as functions of V, 4 and »'. It is easily
scen that every coefficient assumes the form

Ui =— aikw) + au;(’) 43PV + txik(‘Z) 4 PVe:
+ ag®V? + 0@V (3.10)

where the a; appear in table 2.1, which contains
-the eomplete result.

Ingtead of the functions ® and X used in for-
mulae (34), new functions E and T have been
introduced. Some of these are, like the aw and
like k. ... q,. different for open and sealed gap.
They are again distinguished by the signs +,
resp. -—~, For the R-functions this sign is deter-

-mined hy the argument of the funetion, i c. wlhen

the argument is n, the gap between wing and
aileron fixes the sign and when the argument is
9, the sign iz given by the gap between aileron
and tab. For the T-funetions the sign is always
determined by the first-mentioned variable. If,
for instance, the gap between wing and aileron is
sealed, but that between aileron and tab is open,
the ealeulatiori should be performed with

Bim{n), Bt {y), Tv(ny) and Tt (y,9).

“The funetions £ and T are derived from & and X
a8 follows:

@
B, =1——1 .
! 7
o,
R, =1,— =
/s 4
.
B o=1——n
£, + =10
R; - — 2 ¢1:‘
iy
R, +t==0
Bo- 2,
6 i
Lo2]
R, = 2
m
K
R, = ¢
8 47
&,
kR, = -2
m
¢
Bo = 4o
. ¢31 -
By = — ) (311
_ &, ®, P,
E, = 4 4 2
% 3,0,
B, = 8w 16 »*
&, L+
Ru = — — 120
- 7
_ b, D, 1 ¢,
By = 47 + 4 o 2 47
1 i b,
By = 45— ir dx
R‘T+ — 4).}1 - ¢)]‘plﬂ.
v 77'2
R — Qij . (bJQE] — ®B‘l'l}
L7 T w? 2 ?
d o, P Lo o
R]s.'_—__ 31 . 2531 . 1*8
2 4 72 4 7*
RIB ——R13+
29,
Bt —=— w; ‘
2d,. 2@, 2¢
e




B+ — Dy, ®yq Ei Py,
20 T 2 T 2
R - b,y i 2o, Do
20 T w2 =
k21+ — Py B
R T
Ry~=R,*+ )
&, D,
R22+ = ;25-1
R = Ryt
Byt =0
2d,.4,
By = 220
R, +=0
Bo- — 4&, 8 logens
w3 2
2d,,
R25+ - 17;\
2o,
st — ‘"21(‘
- &, &,
Rzﬁ = g
L
B, — 1%
16 =2
b, LT
R —_ 11 [
= 4 o2 4
o b
R20+ — 1 23t
k1
R~ — P, b by,
a ol 2 2
: &P &b
Ryt = —2 :;1 4 %%
4 4 2
By =R+
o, & $
Bt = Tr: : 4 1,:2“
®,, 28, @
B B 20 0
L]
By — 7:20
R, o— 2u _ %
34 4: _'72 -
Ryt = 2%
y 72
R 2 ¢)13 :)‘ (pss
88 ? wt
R + — q)32 . ‘I"ac . q’lu
g - Py -2
N (I'"z By D9
By =— % ——0
P. & B
R+ — 210 1a
37 e w?
&, (i
B o ol 56
a7 i + i
Py
Ry = 4 =2

> (3.11)

B =
Bo = ?9,3_2_ % .14(231;2
D, )
e = gy
R, = 2%
Ui
Bu =15, _%
i = ;):2— 8¢; |
B = 1?;2
Ro = 3%

1 , -

Ts (77; 7]’) = 27r€ ‘.‘Ys ("?: 7 ) = ! > (311)
. ; |
f = WXIS (7, 1)
. 1 .

Ti (’3: 71’) == ;{ XS ("]1 71’)

1
T, (pv)= 57 X, (9, 7') et

A 1 v

TG (T?r "?l) = ‘:1_‘;2_ X‘ll) (7]: 77") - Tr, ("7'} 77)
T, + (9, 7') =0

4 .
T, - (g "7') = ey X, {9, ’?’)
T+ ("?! 7}’) = T, ("?r "I’)

oy :
Ts_ (71'5 W’)3?X1;! ("‘71 ’7,) -
, 1 r .

Ty () =—5 Lulmn} =1, (¢, )
Tlu+ ("7: 77’) =

2
T ("?, ’?’) = ? X (7]: 77')
Tu+ (771 7?’) =T, (7?: "?’}

1 ,
To ()= =y Xz (g ) )

. The B and T {functions have been tabulated in
tables 3.1 and 3.2. Only 7, and T, are symmetric
it the two variables.y and 7.

Special attention has to be drawn to the faet,
that not all E; functions are equal to zero when
7=>0. Some even hecome infinite, hut thesc are,
secording to the agp-table, multiplied with ca..
Since ¢z vahishes for 5— 0 they give products
0.0, to which the value 0 must he credited. For
those "F-funetions tending to infinity for 5, — 0,
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the same holds. The funetions R,, R,, F,, B,
R, R, and B, arc neither zero nor infinite for
n=>0. As they uappear without a factor ¢ in
the a;-table, they give a non-vanishing contribution
to the aerodynamic cocfficients, whieh must not be
“OVerseen, .

The part eu® of wy, which is independent of
the reduced vélocity V) leads, when substituted in
the equations (3.6) to forces and moments, which
can he considered as due to the inertia of the sur-
rounding air {acrodynamie inertia). This is allow-
od since the coefficients a; ' satisfy the relation

aiy® = ae) ™ (312)

making the matrix [«} @ just like the mass matrix m
symmetrie, The forees.due to ™ are usually
accounted for by ineluding them in the (mass)
inertia forees and omitting them from the acro-
dynamic forees, in aceordance with eq. (2.8).

3.0 The divergence speed.

Sometimes it is desirable to caleulate the diver-
genee speed, which makes it necessary to know the
stationary forces too. These can be most easily
derived from the instationary forces by the follow-
ing limits '

S vV—>——g—, VL 4iPT S 0,
2
v2.4pvz_>4%~. (3.13)

3.6 Th,(e values of 9, and ny'.

- It 18! still necessary to give some information
concerning the value of the gap width as it appears
in the terms logey, and log.n,’. These terms enter in-
to the equations (2.5) in the combinations ¥ +¢4.R
and Q -+ ¢.ef”. Therefore the behaviour of N +
carf, when n, is varied, will he examined consider-
ing for the moment an aileron without tah. Further
the wing is assumed not to he subjeet to any de-
formations, i.e. 2=0 and ¢—=0. For the steady
cise, that is with the limits (8.13), we obtain

N+ Cardlt =— .
= pt?e%y { (- Ryt By ¢/ar — Ryy~c'a®)+ (3.14)
+ /. (— Bt By ce — B,76%) }

With =025, (3.14) is plotted in fig. 32
against ¢’z for some values of 5,. It is shown in
this fig. that within the limits 5, —= 0,05 ¢y and
1. = 0,40 ¢4, the ordinate is fairly independent of
7s . 11 18 therefore recommended in ref. 7 to accept
1, =028 ¢’y as a presumably adequate average
value, ’

For the combination @ + ¢..P similar reasoning
holds, hut now 2=10, y =0 and y=0 must he
inserted. The same expression (3.14) appears,
with y replaced by ¢ and ¢y by .., while the R’s
are functions of /. A similar figure -eould he
drawn, taking for o/ a smaller value than in
fig. 3.2 for y '

Kig. 3.2 allows also the immediate estimation of
the degree of the steady-state acrodynamic balance

{w=0). Acrodynamie balance = % means that
the moment due to a stationary defleetion of the
alleron amounts to (100—n)% of the moment
wihich would arise if the hinge axis of the aileron
were shifted to the nose, while again it is assumed
that the wing is not deformed. In fig. 3.2 the

+O0!
N+Cqcfl
Tpvicty,
Tig=001 Clar
N =C05C, /
. N5 =025 C'yr ;
P
|/ s
N5 =040 Clyr ann
) .
o 0CS / Clar [<ile]
B8O A
g
/n n K,
&80
40 ’

-ool

" Pig. 3.2  Acrodynamic moment about aileron hinge axis

ordinate for the existing configuration divided by

the ordinate for ¢ — 0 is equal to 1 — %0—, giving -

at once the value of =,
Conversely, the measnred aerodynamie balance
ean theoretically bhe used to determine 7.

4 ' Further treatment of the equé.t.iox_:s of motion.

4.1 Mcthod of solution.

To optain approximate solutions of the set of
differential equations (2.6), which after elimin-
ation of A with the aid of (3.6) takes the form

ef == (m+ a)f, (4.1)

the deformation matrix £ is usually supposed to
admit with satisfactory aceuracy a development

N
f=3quFy - (4.2)
e 1
into a finite {and actually very small) number of
deformation matrices Fy, eonstrueted in advance.
A good result will obviously be favoured by the
insertion into the matrices ¥y of all known pro-
perties of the required solution, e g. by adaption
to given houndary conditions. In this way the
problem s redueed to the defermination of ap-
proximate valucs of the frequeneics v and the
cocflicients g,. Suobstitution of (4.2) in (4.1)
gives :
~

Squ{eFy—»* (m+a)F) =[], (43)
) .

]

where in the right side an crror-vector [¢] appears,
LN

due to the fact that for a finite number N, s quFuy
1




“in general can not exactly represent a true so-
lution f.

iq. (4.3) is now sucecessively pre-multiplied by
N suitably ‘chosen “weighting veetors” G, and
integrated from ¥ = 0 to ¥ = b. The sign *
denotes that the vector consists of one horizontal
row, At the right side of each equation the mean
value of the error {¢] multiplied with the weighting
veetor (" appears. The ¥ resulting (scalar) mean
values of the error are equated to zero, thus pro-
.ducing a set of N homogeneous, algebraic equations
for thé coefficlents gn with the frequeney v as
parameter (suseeptible of characteristic values).

It is proved in ref. 1 that it is rceommendable
to adapt the veetors @&, as much as possible to
the adjoint companions of the required solutions,
i.e. to solutions. of eq {41) with transposcd
matrices.

When the tab is qupposcd to he torslonallv rigid,
not only = but also the corresponding solution of
the adjoint system is independent of y. In build-

ing up [ @, « dy, the horizontal row of (4.1) ex-

pressmg the tab equation is being multiplied with a
constant and then integrated. The formal ditfieulty
due to the fact that-the product e,e in the equa-
tions of motion is indefinite if T, is infinite, thus
happens to vanish automatically,

4.2 The integrals involving acrodynamic coeffi:
cients,

The obtained algebraic equations contain the
aerodynamie coefficients in- the form of integrals
of the type :

]

f my G fungo v dy: H,J =1 N, (44)
0 |

where the exponent = is given by

n=10 when i=1, kF=-1,
n=1

n=2 , 171 and ks£1

fur Tesp. g, denotes the kth, resp. the ith element
of the vectors Fy resp. G;.

Evaluation of these integrals at first e¢ncounters
the inconvenience that the eoefficients a; are, due
_ to the expressions 4PV ete. (see cq. (3. 10)),
functions of the reduced velocity, which itself is
dependent upon the coordinate y7. This makes that
the computation generally demands unpleasant
interpolations in the tables of the P-funetion.
These inconveniences cancel if we replace the
funetions 4:PV and 4 PV?2 by Tavlor-develop-
ments, referring to some hasic value ¥, which is
the reduced velocity at the reference chord c,.
In order that the successive terms of these deve-
lopments decrease quickly, it is advantageous to
choose for ¢, a chord somewhere at the middle
of the aileron.

For the fonetion f{V) Tavlor’s development

runs as follows:

V) =f(Vy) + (V =V (V) +
V=V (Vo) + .. (4.6)

1£1, k=1 ori=1, k1, (4.5)

With
o e—oly)  V{y)—V,
| () =y - V. (4.7)
this becomes
F(V) =F(V,) + V1V +
Ve EVEVY + .., (4.8)

and applied to the functions 4PV and 4 PV it
is obtained that

LiPV =43PV, 1V, (d“(4’PV))
¥

av
d2(4iPV) )
ave

=V,

+y, 872 + ..

V=V, (4.9)

. _ d(4 PV?)
spv=ar e + v, (Co )V“ o

d2(4 PV?)
+ 1/2 521702 (___W_)
It i3 usually not necessary to include terms of the
3
third and higher oxd(,r( d )

B
S V=V

dVs
" Writing for the complex P-function
P(Vy=9(V) —iB(V) (4.10)

where A and B are real and positive throughout,
the equations (4.9) can be brought in the form

4iPV =p,, + Pt + P+ ... +

+ (P, + PaE+ LT L), 2

4PVI=p, + Db + P + ... — S
— (P T P né +PRE Y,

with {omitting the suffix 0, attached to V. ):

(4.11)

P, =4 BV, pL=4AV,
=4 AVE P, =4 BV,
S SRS S
po=V L pr21;v LER (412)
A e A T
Fﬁﬂﬂﬁ, pa=r, v Eln

With the aid of the differential equation of the
P-function 1) .

dP

T =— P—1— 2I,2(2;4’_1), (4.13)

it is possible to write the last 8 relations without
differential-quotients.

1) In ref. 10 this equation is given as an equation for T,
where 2P ==1+4-T.
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It is easily derived that

p, =(2—4BV) (2A—1) - 4RV,
p,,=B (4 BV —4) —4 AV (A —2),
Py, =12 AV~ 4{42— B*) V24 BV,
P =12 BV?— 8 ABV2 + 44V -2V,
z = P { (A‘_1)2_B2}J+
+2p . {(Ad—1}YB +
1
+ “Tf {3/2 (p’u ‘_'p’m) + 4B—V }:-
p’m:p’m { (A_1)2H32 } -
—2p, (A=1)B +
1
+ 7 (Rlzpm“l) (2A‘”']):
Dy '———1/4 Pia (pm__'z) +
+ p'nV(l_A.-) + pzna
p’zz_:puv(l*A) -
_1/4 p’u (1‘310—’2) -+ V(pm—l)- . ]
The functions p,,...p",, are tabulated with
small intervals in table 41. Finally it is possible

to ‘replace the functions V?(y) and V(y) them-
sclves, appearing in (3.10) by (ecompare (4.7) ):

VE=V,2 (1+£)% and V=V, (1+£) (4.15)

Inserting the relation (3.10) in the integrals

(4.14)

(4.4) (Without the term o heing already in-.

cluded in the integrals eontaining my), we obtain
the following new integrals:

b ]
(P OF Py) / Mmpaixt " fung icndy,
i
(p,, or p’n)[mmm(”fnk.(hsﬂnéd'?},

b

(p12 or p’w) / Lot fHngicn‘fzd‘ys
0
b

(Pao O — P’y / mraw® fungsichdy,
Co ' (4.16)

(py, or ——P'5) j e g ctédy,
F .
nb
(Dye OF — pyy) f mpen® find et dy,
i
1b .
V2 / e fingaict (1 -+ £)2dy;

0

b
v, [ Mo ® frag et (1 + £) dy.
]

The integrals, which ecan be caleulated by
means of Simpson’'s rule, are independent of
the reduced velocity V,. This makes. the evalu-
ation, espeecially if it has to be ecarried our for
a long sequence of values of V,, comparatively
coneise, since the same integrals need then only
to be multiplied with different factors.

5 Notations.

K=K,

M

M

Ca
Cr

Car

Ce

Ca

displacement of the refercnee axis

" displacement of the gquarter-chord

axis

rotation of the wing chord

rotation of the aileron chord (with
regard to the neutral position)
rotation of the aileron chord relative
to the wing chord

rotation of the tab chord (with re-
gard to the ncutral position)
rotation of the tab ehord relative to
the aileron chord

displacement of the aileron leading

cdge relative to the wing trailing edge -

displacement of the tab leading edge
relative to the aileron trailing edge
aeradynamic force of wing 4+ ailéron
+ tab per unit span

acrodynamic moment of wing +
aileron + tab per unit span about
the quarter-chord axis

aerodynamic moment of wing per
unit -span about the reference axis
acrodynamic forece of aileron -+ tab
per unit span

aerodynamic moment of aileron
tab per unit span about the aileron
leading edge

acrodynamic moment of aileron per.

unit span ahout the aileron hinge
axig

aerodynamic force of tab per unit
span

aerodynamic moment of tab per unit
span about the tab leading edge
aercdynamie moment of tab per unit
span about the tab hinge axis

total chord (wing +- aileron + tah)
distanee of quarter chord axis aft of

. £
reference axis (c’,,:—;—)
distance of aileron hinge axis aft of
reference axis
distanec of aileron lcading edge aft
of reference axis

distance of aileron hinge axis aft of

) . ¢
aileron leading edge (c’,uz ;’)

distance of tab hinge axis aft of
aileron hinge axis
distance of tab Jeading edge aft of
aileron hinge axis
distance of tab hinge axis aft of tah

leading edge (c'“\: _(_}Z_‘L)

distanee of the.centre of gravity of
wing + aileron + tab aft of the
reference axis

distance of the centre of gravity of
aileron + tab aft of the aileron hinge
axis ’

distance of the centre of gravity of
the tah aft of the tab hinge axis
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Sz
wm

m'
mY’ =m 3
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My
my,

i

b

Y

b,
L
Mg

Eik
i

(2)

V 130

distance of the centre of gravity of
the aileron aft of the aileron hinge
axis

distance of the centre of gravity of
the wing aft of the referenee axis
mass of wing <+ aileron + tab per
unit span :

mass of aileron + tab per unit span
mass of tab per unit span

mass of aileron per unit spah

mass of wing per unit span

mass of air per unit span in the cy-
linder surrcunding wing + aileron
+ tab (eq. (2.10))
moment of inertia of wing + aileron
+ tab about the corresponding inertia
axis per unit span

moment of inertia of aileron + tab
ahout the corresponding inertia axis
per unit span

moment of inertia of the tab about
its inertia axis per unit span
moment of inertia of the aileron ahout
its incrtia axis per unit span
moment of inertia of the wing about
its inertia axis per unit span
moment of inertia of the fuselage
about the longitudinal axis

flexural stiffness of the wing
torsional stiffness of the wing
torsional stiifness of the aileron
torsional stiffness of the tah

total spring constant of the cables
connecting the aileron with the con-
trol stick in the case of a spring tah
gystem

total spring constant of the cables or
rods connecting the tab with the
aileron {spring tab and trim tah)
constant of the torsion spring be-
tween the lever BE (fig. 2.2) and
the aileron

total spring eonstant of the cables

connecting the conirol stick with the
aileron (in the ease of a balance or

a trim tab) or with the tab (in the

case of a servo tah)

total spring constant of the cables or
rods connecting the tab with the wing
{halance tah)

angle of deformation of the torsion
spring k,, positive if it tends to in-
Crease yy

distance of the aileron hinge axis to
the control cables .
distance of the tab hinge axis to the
eables or rods controlling -the tab
semispan

spanwise coordinate

y-eoordinate of the section, where the

control mechanism operates
y-coordinate of the seetion contain-
ing the concentrated mass m,, ¥
inertia eocefficients

clastie eoetficients

acrodynamié eoefficients

a

0 aerodynamic inertia coefficients

ap, j=1...4 parts of the acredynamic eoeffi-

cienst defined by (3.10)

m mass matrix

e clastic matrix

a aerodynamie matrix

A column matrix of acrodynamic forecs

f deformation matrix

F, matrix consisting of speeial defor-
mation funetions fup

G, matrix eonsisting of weighting fune-
tions g4

le] error matrix

Gu eocfiicients appearing in the develop-
ment of f to the matrices Fy

» frequency

@ reduced frequency (: ve )

: 2y,
)

14 reduced veloeity (:—7-;)

¥, reduced veloeity at reference chord

P=A 1B fundamental function of instationary
aerodynamic forees

v gneed

i time

P air density

7 degrec of acrodynamie balance {cf.

‘ seetion 3.0)

7 ratio of aileron chord to total chord

7 .ratio of tab chord to total chord

Vs ratio of gap width between wing and
aileron to total chord

iy ratio of gap width between aileron
and tab to tetal chord

f= o":C , where ¢, is the reference chord

v

Displacements and forees are positive if direeted
upwards, moments if they are tailheavy and rota-
tions if they are duc to a positive moment. The
index 0 added to displacements or rotations denote
their amplitude.

6

\
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The functions B (4)

Report V. 1386.

TABLE 3.1.

R, R, ’ E, } R+ R— R, R,~ ‘ R, l R, R, R.. R.. ‘ E,, ‘ B, R, B, R.. R+ B, Ry t=R,,—
| | - | - ,
0,60 0,124027 | 0,131031 | 0,373531 0 0,519800 0 1,247514 | 0,875973 | 0,368969 0 626469 | 0,055732 | 0,252216 | 0,006912 | 0,007303 | 0,186572 | — 0,048940 | 0075299 | 0,031281 | 0,002313 | - 0,015771
0,55 0,151401 | 0,174158 | 0436445 0 0,575840 0 1,266855 | 0,848598 | 0,325842 563555 | 0.044063 | 0.215171 | 0006671 | 0,007674 | 0.223707 | — 0,076007 | 0,130095 | 0,032577 | 0.007284 | + 0.000082
0,50 0,181689 | 0,215843 | 0,500000 0 0,636620 0 1,273240 | 0,818311 | 0,284157 0,.)00000 0.034155 | 0181691 | 0.006206 | 0007373 | 0260476 | --0,107918 | 0,181688 '| 0,033011 | 0,011267 0,011268
0,45 0,215168 | 0,255936 | 0,5640556 0 0,703809 0 1266855 | 0784832 | 0244064 | 0436444 | 0,025841 | 0151401 | 0.005560 | 0,006614 | 0.295641 || — 0144232 | 0,230095 | 0,032577 | 0,014389 0,018468
0,40 0,252217 | 0294267 | 0,626470 0 0,779694 0 1247514 | 0747783 | 0.205733 | 0,373530 | 0.018967 | 0.124026 | 0,004784 | 0,005582 | 0,327839 || — 0,184349 | 0275300 | 0,031281 | 0,016494 0,022315
0,35 0,203339 | 0,330648 | 0,688082 0 0,867567 0 1214595 | 0706661 | 0,169352 | 0,311918 | 0,013392 | 0009364 | 0,003928 | 0,004428 | 0,355520 | —0,227513 | 0,317256 | 0,029147 | 0,017529 0,023391
0,30 0,339255 | 0,364835 | 0,747685 0 0,972456 0 1766944 - | 0660745 | 0135145 | 0.252315 | 0,008987 | 0.077273 | 0003049 | 0003279 | 0376868 || — 0,272796 | 0.355868 | 0,026215 | 0,017476 0,022256
0,25 0,391003 | 0,396626 | 0,804500 0 1,102658 0 1102658 | 0608997 | 0,103374 | 0,195500 | 0,005624 | 0.057668 | 0,002199 | 0,002231 | 0.389651 || — 0,319085 | 0,391002 | 0,022548 | 0,016347 0,019448
0,20 0450183 | 0,425632 | 0,857620 0 1,273240 0 1,018592 | 0549817 | 0,074368 | 0,142380 | 0,003179 | 0,040521 | 0,001431 | 0,001354 | 0,390928 || — 0,365032 | 0,422453 | 0,018242 | 0,014194 0,015500
0,15 0,519498 | 0,451439 | 0,905939 0 - 1,515461 0 0,909278 | 0,480502 | 0,048561 | 0,094061 | 0,001530 | 0025866 | 0,000795 | 0,000691 | 0,376446 || —0,408978 | 0,449909 | 0,013437 | 0,011118 0,010942
0.10 0,604182 | 0473429 | 0,947956 0 1,909860 0 0,763944 | 0,395818 | 0,026571 | 0,052044 | 0.000549 | 0,013846- | 0,000332 | 0,000260 ! 0,339015 || —0,448790 | 0472880 | 0,008366 | 0,007317 0,006338
0,09 0,623837 | 0,477290 | 0,955421 0 2,024324 0 0,728758 | 0,376163 | 0,022710 | 0,044579 | 0,000421 | 0,011784 | 0,000263 | 0,000201 | 0,327676 | —0,456013 | 0476869 | 0,007351 | 0,006499 0.005466
0,08 . | 0,644734 | 0480948 | 0962522 0 2,158887 0 0,690841 | 0,355266 | 0,019052 | 0,037478 | 0,000313 | 0,009845 | 0,000202 | 0,000151 | 0314659 || — 0462924 | 0,480635 | 0,006347 | 0,005671 0,004624
0,07 0,667105 | 0,484390 | 0,969229 0 2,320454 0 0649728 | 0,332895 | 0,015610 | 0,030771 | 0,000224 | 0008031 | 0,000149 | 0,000109 | 0,299697 || — 0469485 | 0,484166 | 0,005358 | 0,004838 0,003816
0,06 0,691268 | 0,487600 | 0975503 0 2.519812 0 0.604757 | 0,308732 | 0,012400 | 0,024497 | 0,000152 | 0,006353 | 0,000105 | 0,000074 | 0,282429 || — 0475656 | 0,487448 | 0,004392 | 0,004009 0,003051
0,05 0,717684 | 0,490557 | 0,981306 0 2774963 0 0554993 | 0282316 | 0,000443 | 0,018694 | 0000096 | 0,004819 | 0,000069 | 0,000047 | 0262350 || —0481388 | 0,490461 | 0003459 | 0,003193 0,002337
0,04 0,747061 | 0493237 | 0,986583 0 3,118788 0 0,499008 | 0,252939 | 0,006763 | 0,013417 | 0,000055 | 0,003438 | 0,000041 | 0,000027 | 0,238697 i — 0,486619 | 0493182 | 0.002568 | 0,002396 0,001682
0,03 0,780576 | 0,495603 | 0,991259 0 3,619973 0 0.434398 | 0.219424 | 0,004397 | 0,008741 | 0000026 | 0,002225 | 0,000020 | 0,000013 | 0,210211 || -—0,491271 | 0,495577 | 0.001733 | 0,001639 0,001094
0,02 0,820540 | 0,497604 | 0,995229 0 4,456339 "0 0.356507 | 0179460 | 0,002396 | 0.004771 | 0,000010 | 0,001206 | 0.000008 | 0,000005 | 0.174479 || — 0,495228 | 0.497594 1 0.000993 | 0,000951 0,000600
0,01 0,872889 | 0,499152 | 0,998310 0 6,334285 0 0.253375 | 0127111 | 0,000848 | 0,001690 | 0.000002 | 0.000427 | 0,000002 | 0.000001 | 0.125366 || — 0.498308 | 0.499150 | 0,000373 | 0,060360 0.000213
0,00 1,000000 | 0500000 | 1,000000 0 73 0 0,000000 | 0,000000 | 0,000000 | 0,000000 | 0,000000 | 0,000000 | 0,000000 | 0,000000 | 0, 000000 || —-0,500000 | 0,500000 | 0,000000 | 0,000000 0,000000
| 8 log. ’ -
n Bt B Rgn+ Iy B, t=Rk,—| Ryy*=FK,— Byt B i e Ko — :_)? L Byt By — R, k.. Y N Ryt . B,y By t=R,— Bt
\
- I
0,60 —0,389073 | —0,738716 | 0373624 | 0490670 | 1,128189 | 0,220934 0 0,131102 . 0 —0,129027 | 0,389073 | 1,092791 | 0.048820 | 0,020563 | —0,181893 | 0,220934 | 0,249903 | 0,141880 0,627106
0,55 — 0401231 | —0,742944 | 0423111 | 0590998 | 1,063770 | 0,182504 0 0,123903 0 —0,072911 | 0401231 | 1,075056 | 0,037392 | 0,014358 | —0.202667 | 0,182594 | 0,207967 | 0,107503 0,488831
0,50 — 0405284 | —0,723594 | 0466991 | 0,683980 | 1,000000 | 0,148680 0 0,115667 0 0,000000 | 0405284 | 1,041906 | 0,027949 | 0,009705 [ —0,214029 | 0,148680 | 0,170424 | 0,079577 0,351320
0,45 —0,401231 | —0,678420 | 0503631 | 0,766536 | 0936233 | 0,118825 0 0106557 0 0.089203 | 0401231 | 0,994268 | 0,020281 | 0,006307 | —0,216220 | 0,118825 | 0,137012 | 0,057232 0,217857
0,40 —0,380073 | —0,604334 | 0,531398 | 0835575 | 0871809 | 0,092745 0 0.096703 0 0,195200 | 0,389073 | 0,932871 | 0,014183 ; 0,003902 || —0,209721 | 0,092745 | 0,107533 | 0,039699 | + 0,091637
0,35 | —0,368809 | —0,496951 | 0,548592 | 0,887844 | 0,806025 | 0,070217 0 0,086205 0 0,319615 | 0.368809 | 0,858305 | 0,009464 | 0,002268 I —0,195242 | 0,070217 | 0,081835 , 0,026291 | — 0,024119
0,30 — 0340439 | —0,349684 | 0,553412 | 0,919794 | 0,738018 | 0,051058 0 0,075145 { 0 0465554 | 0340439 | 0771052 | 0,005938 | 0,001215 {| —0,173745 | 0,051058 | 0,059797 | 0,016381 | — 0,126055
0,25 —0,303963 | —0,151981 | 0,543832 | 0,927282 | 0,666667 | 0,035120 0 0,063588 0 0,638469 | 0,303963 | 0,671516 | 0,003425 | 0,000581 | — 0146457 | 0,035120 | 0,041321 | 0,009386 . — 0,210498
0.20 — 0259382 | + 0,114638 | 0,517390 | 0,905079 | 0,590338 | 0,022279 0 . 0,051593 0 0,848086 | 0,259382 | 0,560036 | 0,001748 | 0,000236 || — 0,114925 | 0,022279 | 0,026327 | 0,004761 | -—0,273151
0,15 — 0,206695 0487157 | 0470732 | 0845786 |, 0506368 | 0,012429 0 ,039199 0 1,113191. | 0,206695 | 0,436309 | 0,000735 | 0,000074 || —0,081106 | 0,012429 | 0,014748 | 0,001991 | — 0,308477
0,10 — 0,145902 1,057098 | 0.398297 | 0,736892 | 0,409664 | 0,005480 0 0,026444 ' 0 1476573 | 0145902 | 0,302383 .| 0,000217 | 0.000015 | — 0047557 | 0.005480 | 0,006529 | 0,000585 | - 0,303056
0,09 —0,132771 1,213914 | 0,379850 | 0,707220 | 0,387947 | 0,004433 0 0.023855 0. 1569229 | 00132771 | 0.274130 | 0,000158 | 0.000010 || —0.041172 | 0,004433 | 0.005285 | 0.000426 | — 0,302478
0,08 — 0119316, 1,393028 | 0.359765 | 0674210 | 0,365111 | 0,003498 0 0,021254 0 1672053 | 0119316 | 0.245432 | 0.000111 | 0,000006 || — 0,034973 | 0,003498 | 0,004174 | 0,000299 | — 0,294655
0,07 — 0,105536 1,604539 | 0,337823 | 0,637376 | 0,340025 | 0,002673 0 0,018636 ! 0 1,787738 | 0,105536 | 0,216290 | 0,000075 | 0,000003 [ — 0,029005 | 0,002673 | 0,003193 | 0,000200 | — 0,284309
0,06 —0,091432 1,857178 | 0,313709 | 0596047 | 0315085 | 0,001961 0 0,016008 0 1.92022¢ | 0091432 | 0186706 | 0.000047 | 0.000002 | -—0.023314 | 0,001961 . 0002344 | 0,000126 | — 0,271071
0,05 — 0077004 2170773 | 0286992 | 0549290 | 0287125 | 0,001360 0 0,013373 0 2075648 | 0,077004 | 0,156683 | 0,000027 | 0,000001 || — 0,017957 | 0,001360 | 0001626 | 0,000073 |— 0,254426
0,04 —0,062252 2579650 | 0.237003 | 0495672 | 0.256377 | 0,000870 0 0,010722 o 2964252 | 0,062252 | 0,126218 | 0,000014 | 0,000000 | —0,013005 | 0,000870 | 0,001042 { 0,000037 | — 0,233603
0,03 —0,047175 3,154901 | 0222592 | 0432792 | 0221649 | 0,000487 0 0008036 0 2505251 | 0,047175 | 0,095317 | 0,000006 | 0,000000 | —0,008545 | 0,000487 | 0,000581 | 0,000016 | — 0,207332
0,02 - | —0,031774 4,078999 | 0,181530 | 0.356005 | 0,180666 | 0,000217 0 0,005392 0 2841804 | 0,031774 | 0,063980 | 0,000002 | 0000000 [ -—0,004705 | 0,000217 | 0,000259 | 0,000005 | — 0,173193
0,01 —0,016049 6,070306 | 0,128003 | 0,253370 | 0,127538 | 0,000054 0 0,002705 0 . 3411631 | 0,016049 | 0,032206 | 0,000000 | 0000000 [ —0,001680 | 0,000054 1 0,000067 | 0,000001 | — 0,125043
0,00 0,000000 - w 0,000000 | 0,000000 | 0,000000 | 0,000000 0 0,000000 0 o 0,000000 | 0,000000 | 0,000000 | 0000000 0,000000 | 0,000000 | 0.000000 | 0.000000 |  0,000000
— A —— e
B i ) R;u Ryt Bo— Rt N B~ I{RT+{ By R Ry R, Ry, B, R, R B, B, R
: - J
0,60 0510060 | 0,062928 | —.0,038021 | 0,38%073 | 0,010996 | 0,124124 | —0,008330 | 0876606 | 1,009060 | 0,231146 | 0087551 | 0162449 | 0,012338 | 0,146979 | 0,485841 | 0,019975 0,059540 | 0,041462 | 0,266060
0,55 0,320941 | 0,061333 | —0,037697 | 0,401231 | 0.051931 | 0,138071 | -+ 0,020918 | 0,773871 0.891024 | 0,183629 | 0.117305" | 0,132695 | 0,020508 | 0,177835 | 0416899 | 0,021804 | + 0,015313 | 0,029634 | 0,208461
0,50 +0,134331 | 0,037834 | —0,0353976 | 0405284 | 0,086974 | 0,148681 0047360 | 0669620 | 0770951 | 0,142077 | 0,143896 | 0,106104 | 0,029926 | 0,196951 | 0,351320 | 0,021673 | —0,018898 | 0,020478 | 0,159155
0,45 —0,045048 | 0,052746 | — 0,033028 | 0,401231 | 0115370 | 0,155244 0069762 | 0566244 | 0651726 | 0,106520 | 0167306 | 0,082694 | 0,040017 | 0,204942 | 0,289788 | 0,020073 | —0,043572 | 0013586 | 0,117798
0,40 —0,212540 | 0,046417 | —0,029083 | 0,389073 | 0,136514 | 0,157142- 0,087063 | 0465893 | 0,535972 .| 0,076847 | 0,187551 | 0,062449 | 0,050248- | 0202637 | 0,232902 | 0,017465 | — 0,059353 | 0,008573 ; 0,083931
0,35 —0,363371 | 0,039223 | ——0,024421 | 0,368809 | 0,149923 ' | 0,153849 0098358 | 0.370624 | 0426115 | 0,052824 | 0,204681 | 0,045319 | 0,060127 | 0,191065 | 0,181198 | 0,014273 | —0,067032 | 0,005077 | 0057001
0,30 — 0492437 | 0,031562 | -—0,019360 | 0,340439 | 0,155190 | 0,144982 0102934 | 0282375 | 0324423 | 0034099 | 0.218777 | 0.031223 | 0,069221 | 0,171477 | 0,135155 | 0,010881 | —0,067555 | 0,002768 | 0,036367
0,25 ~-0,593948 | 0023846 | — 0,014248 | 0303963 | 0,151981 | 0130335 0,100288 | 0,202999 0.233046 | 0020210 | 0.229959 | 0020041 | 0077166 | 0145358 | 0,095213 | 0,007618 | —0,062025 | 0,001348 0,021309
0,20 —-0.:660840 | 0016509 | — 0.000454 | 0259382 | 0140010 | 0.109953 0.090205 | 0,134286 | 0,154034 | 0,010589 | 0,238389 | 0,011611 | 0,083677 | 0,114473 | 0,061772 '| 0,004758 | —0,051716 | 0,000557 | 0,011041
0,15 - 0,683531 | 0009995 | —0.005348 | 0.206695 | 0119026 | 0,084291 0072904 | 0.077964 | 0.089351 | 0,004568 | 0,244277 | 0,005723*| 0,088569 | 0,080963 | 0,035201 | 0,002502 | -—0,038126 | 0,000178 | 0,004711
0,10 0646651 | 0,004760 | — 0,002270 | 0145902 | 0,088818 | 0054522 0.049342 | 0035719 | 0.040899 | 0,001383 | 0,247899 | 0,002101 | 0,091774 | 0,047529 | 0,015840 | 0,000971 | —0,023059 | 0,000035 | 0,001411
0,09 —0.620848 | 0003008 | — 0001803 | 0132771 | 0,081652 | 0,048266 0.044052 | 0029106 | 0,033320 | 0,001012 | 0248382 | 0,001618 | 0,092217 | 0,041153 | 0,012862 | 0,000755 | — 0,020061 | 0,000023 | 0,001031
0,08 —0,609100 | 0,003129 | —0,001389 | 0,119316 | 0,074111 | 0,041977 0.038634 | 0,023133 | 0,026476 | 0.000714 | 0,248792 | 0,001208 | 0,092598 | 0,034961 | 0.010186 | 0,000569 ' — 0,017118 0.000015 | 0,000726
0,07 —0.583862 | 0,002427 | —0,001030 | 0.105536 | 0,066187 | 0,035699 0033128 | 0.017815 | 0020386 | 0.000480 | 0.249133 | 0.000867 | 0,092918 | 0.028998 | 0,007817 | 0,000412 | —0,014256 | 0,000009. | 0.000487
0,06 — 0,553409 | 0,001806 | —0,000726 | 0,091432 | 0,057883 | 0,029474 0027577 | 0013164 | 0015061 | 0000304 | 0.249409 | 0000591 | 0.093179 | 0.023310 | 0,005757 | 0,000283 | —0,011501 | 0,000005 | 0.000308
0,05 — 0516724 | 0,001271 | -—-0,000478 | 0,077004 | 0,049193 .| 0,023371" 0.022048 | 0,009195 | 0010518 | 0,000177 | 0249624 | 0,000376 | 0,093384 | 0,017956 | 0,004007 | 0,000182 "| — 0,008889 0.000002 | 0,000178
0,04 — 0472272 | 0,000823 | —0,000285 | 0,062252 | 0,040130 | 0,017483 0.016632 | 0,005917 | 0.006768 | 0,000091 | 0,249784 | 0,000216 | 0,09353% | 0,013004 | 0,002571 | 0,000105 | —0.006456 | 0,000001 { 0,000092
0,03 —— 0417532 | 0,000469 | —0,000145 |. 0047175 | 0,030675 | 0,011912 0011432 | 0,003348 | 0003828 | 0,000039 | 0249895 | 0,000105 | 0,093646 | 0,008545 | 0,001449 0.000052 | — 0.004253 | 0,000000 | 0,000039
0,02 —0,347668 | 0,000211 | —0,000056 | 0,031774 | 0,020834 | 0,006840 0,006625 | 0.001497 | 0001712 | 0,000011 | 0,249962 { 0,000038 | 0,093712 | 0004704 | 0,000645 0.000019 | —0,002346 | 0.000000 | 0,000012
0,01 —0,250410. | 0,000054. | —0,000010 | 0,016049 | 0,010612 | 0.002583 0,002530 | 0.000377 | 0.000430 | 0,000002 | 0,249993 | 0,000007 | 0,093743 | 0,001680 | 0,000162 | 0,000003 | — 0,000839 | 0,000000 | 0,000002
0,00 _0.000000 | 0,000000 0,000000 | £,000000 | 0,000000 | 0000000 0.000000 | 0,000000 | 0,000000 | 0,000000 | 0,250000 | 0,000000 | 0,093750 | 0,000000 | 0,000000 | 0,000000 0,000000 | 0,000000 | 0,000000






The functions 7 (5, %) and T (v, 3).

Report V. 1386.

TABLE 3.2.

T, (5, 7)

n,\ 0,60 0,55 0,50 0,45 0,40 0,35 0,30 0,25 0,20 0,15 0,10
0,10 0,011946 0,014941 0,018432 0,022538 0,027426 | 0,033361 0,040778 | 0,050470 | 0,064079 0,086054 0,145902
0,09 0,010126 0,012659 0,015612 0,019075 0,023192 0,028179 0,034390 | 0,042456 | 0,053668 0,071328 0,110511
0,08 0,008426 0,010529 0,012979 0,015849 0,019253 | 0,023369 0,028477 0,035075 0,044160 0,058183 0,086654
0,07 0,006847 0,008556 0,010539 0,012862 0,015614 | 0,018933 0,023038 0,028315 0,035521 0,046450 | 0,067370
0,06 | 0,005396 0,006740 0,008298 0,010122 0,012280 | 0,014874 | 0,018076 0,022173 0,027723 0,036018 0,051216
0,05 0,004077 0,005090 0,006266 0,007638 0,009259 0,011206 |- 0,013599 0,016651 0,020757 0,026812 0,037533
0,04 0,002898 0,003617 0,004450 0,005421 0,006568 0,007942 0,009628 0,011765 0,014627 0,018797 0,025979

-~ 0,03 0,001870 0,002332 0,002869 0,003494 | 0,004229 0,005111 0,006189 |- 0,007550 | 0,009362 0,011976 0,016373
0,02 0,001011 0,001260 0,001550 0,001887 0,002284 | 0,002756 0,003333 | 0,004061 0,005023 0,006399 0,008671
0,01 0,000355 0,000444 0,000545 0,000663 0,000800 | 0,000967 0,001167 0,001421 | 0,001753 0,002223 0,002989
0,00 0,000000. | 0,000000 0,000000 0,000000 0000000 | 0,000000 | 0,000000 | 0,000000 | 0.000000 0,000000 0,000000

Tl (7]’: "7)

X\ 0,60 0,55 0,50 0,45 0,40 0,35 0,30 0,25 0,20 0,15 0,10
0,10 0,464569 0,468962 0,467908 0,461365 0,449089 0,430580 | 0,404960 | 0,370715 | 0,324993 0,261264 | 0,145902
0,09 0,444441 0,448953 0,448329 0442540 | 0431374 | 0414391 | 0,390817 0,359327 0,317485 0258992 | 0,167852
0,08 0,422492 | 0,427068 0,426825 0,421751 0,411663 0,396177 0,374610 0,345807 0,307684 | 0,255900 0,177229
0,07 0,398423 | 0,403000 | 0,403089 0,398692 0,389656 0,375644 0,356058 0,329897 0,295383 0,248940 | 0,180805
0,06 0.371824 | 0,376328 0,376699 0,372946 0,364940 0,352390 0,334781 0,311246 0,280276 0,238927 | 0,179784
0,05 0,342102 | 0.346457 0,347053 0,343910 0,336921 0,325838 0,310223 0,289332 0,261899 0,225508 | 0,174459
0,04 0,308360 | 0,312468 | 0,313228 | 0,310662 . | 0,304690 0295101 | 0.281529 0,263349 0,239515 0,208069 0,164626

- 0,03 0,269088 0,272827 0,273676 | 0.271666 0,266728 0,258697 0,247270 | 0,231944 0211874 | 0,185517 | 0,149554
0,02 0221362 | 0,224560 | 0225400 | 0,223934 0,220089 | 0,213749 0,204677 0,192490 0,176544 0,155682 | 0127504
0,01 0,157686 0,160049 0,160756 0,159830 0,157242 0,152906 | 0,146668 0,138271 0,127290 0,112969 0,093793
0,00 0,600000 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000
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Report i V. 1386.

TABLE 3.2 (continued)

- Ty (9, 9)

N 0,60 0,55 0,50 0,45 0,40 0,35 0,30 0,25 0,20 0,15 0,10
0,10 0,081566 | 0,079355 | 0,076810 | 0,073888 | 0,070527 | 0,066644 | 0,062127 | 0,056802. | 0,050382 | 0,042313 | 0,030959
0,09 0,070001 | 0,068122 | 0065964 | 0,063486 | 0,060637 | 0,057351 | 0053532 | 0,049039 | 0,043642 | 0,036903 | 0,027679
0,08 0,058962 | 0,057396 | 0055599 | 0,053536 | 0,051166 | 0,048435 | 0,045266 | 0,041545 | 0,037088 | 0,031554 | 0,024121
0,07 0,048501 | 0,047228 | 0,045766 | 0,044088 | 0,042163 | 0,039946 | 0,037376 | 0,034365 | 0,030767 | 0,026325 | 0,020442
0,06 0,038679 | 0037674 | 0,036521 | 0,035199 | 0,033682 | 0,031937 | 0,029917 | 0,027552 | 0,024735 | 0.021274 | 0,016741
0,05 0,029570 | 0,028809 | 0,027936 | 0,026937 .| 0,025791 | 0,024474 | 0,022951 | 0,021172 | 0,019056 | 0,016468 | 0,013111
0,04 0,021261 | 0,020719 | 0,020099 | 0,019388 | 0,018574 | 0,017639 | 0,016559 | 0,015298 | 0013804 | 0,011982 | 0,009639
0,03 -} 0,013876 | 0,013526 -|~0,013125 |~ 0,012666- |—0,012141 -| 0,011538 - —0,010843 -| 0,010033 i~ 0,009073 | 0,007908 == 0,006421
0,02 0,007589 | 0,007399 | 0007183 | 0,006934 | 0,006651 | 0,006324 | 0,005950 | 0,005513 | 0,004996 | 0,004372 | 0,003579
0,01 0,002696 | 0,002629 | 0002553 | 0,002466 | 0,002366 | 0,002251 | 0,002120 | 0,001967 | 0001786 | 0,001568 | 0,001294
0,00 0,000000 | 0,000000 | 0,000000° | 0,000000 | 0,000000 | 0,000000 | 0,000000 | 0,000000 = 0,000000 | 0,000000 | 0,000000

T, (o', )

X] 0,60 0,55 - 0,50 0,45 0,40 0,35 0,30 0,25 0,20 0,15 0,10
0,10 0,077115 | 0,076662 | 0074278 | 0,072051 | 0,069244 | 0,065792 | 0061599 | 0,056507 | 0,050245 | 0,042269 | 0,030959
0,09 0,066139 | 0,064916 | 0,063756 | 0,061880 | 0,059510 | 0,056597 | 0,053061 | 0,048773 | 0,043514 | 0,036859 | 0,027676
0,08 0,055676 | 0,054666 | 0,053711 | (,052158 | 0,050195 | 0,047782 | 0,04485¢ | 0041309 | 0036971 | 0031511 | 0024114
0,07 0,045772 | 0,044956 | 0,044190 | 0,042934 | 0,041346 | 0,039394 | 0,037025 | 0,034160 | 0030864 | 0026285 | 0,020433
0,06 0,036482 | 0,035844 | 0,035247 = 0,034263 | 0,033016 | 0,031484 | 0020627 | 0027382 | 0024648 | 0,021238 | 0,016733
0,05 10,027873 | 0,027395 | 0,026949 | 0,026210 | 0,025272 | 0,024119 | 0,022722 | 0,021035 | 0,018986 | 0,016437 | 0,013103
0,04 0,020030 | 0,019693 | 0,019380 | 0,018857 | 0,018194 | 0,017378 | 0,016390 | 0,015197 | 0013749 | 0,011958 | 0,009632
0,03 0,013085 |. 0,012850. -|: -0,012650 -+ 0,012315 | -0,011888~ {--0,011364 | 0,010729 | 0,009964 | 0,009036 | 0,007892 | 0,006415 -
0,02 0,007142 | 0,007026 | 00006919 | 0,006739 | 0,006510 | 0,006227 | 0,005886 | 0,005473 | 0,004975 : 0004362 | 0,003576
0,01 0,002536 | 0,002496 | 0,002458 | 0,002395 | 0,002315 | 0,002216 | 0002096 | 0,001952 | 0001778 | 0,001565 | 0,001293
0,00 0,000000 | 0,000000 | 0,000000 | 0,000000 | 0,000000 | 0,000000 | 0,000000 | 0,000000 | 0,000000 | 0,000000 | 0,000000

PET. A
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Report V. 1386. TABLE 3.2 (continued)

Ts (5'?’ ’?’)

0,60 0,55 0,50 0,45 0,40 0,35 0,30 0,25 0,20 0,15 0,10

LoLoooo2e

OO0 0
[a-F - N an Jos R il on Y] et

o

B‘
)

0,017720 0,015501 0,013364 0,011318 0,009371 0,007537 0,005828 0,004262 0,002861 0,001658 0,000706
0,015304 | - 0,013401 0,011568 0,009811 0,008139 0,006563 0,005092 0,003742 0,002532 0,001487 0,000651
0,012972 0,011371 0,009827 0,008347 0,006938 0,005608 0,004366 0,003224 0,002198 0,001308 0,000589
0,010738 0,009422 0,008152 0,006934 | 0,000774 0,004679 0,003655 0,002712 0,001863 0,001123 0,000520
0,008618 0,007569 0,006557 |- 0,005585 0,604659 0,003784 0,002966 0,002211 .| 0001528 0,000934 0,000444
0,006629 0,005328 0,005054 0,004312 0,003604 0,002933 0,002306 0,001727 (,001203 0,000744 0,000363
0.,004797 0,004221 0,003664 0.,003130 | 0002621 0,002138 0,001687 0,001269 0,000890 0,000557 0,000279
0,003150 0,002774 0,002411 0,002063 0,001730 0,001415 0.001119 0,000846 0.000597 0,000377 0,000194
0,001734 0,001528 0,001330 0,001139 0,000957 0,000784 0,000622 0,000472 0,000335 0,000215 0,000112
0,000620 0,000547 0,000476 0,000408 0,000344 0,000282 0,000225 0,000171 0,000123 0,000079 0,000043
0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,0006000 0,000000 0,000000 0,000000

T, (7]’: 7)

0,60 0,55 0,50 0,45 040 0,35 0,30 0,25 0,20 0,15° 0,10

~.

coooooooeD
SEERESESRES

OO Oo S

0,001827 0,001766 0,001699 0,001624 0,001541 ,001448 0,001344 0,001225 0,001087 0,000522 0,000706
0,001408 0,001362 0,001310 0,001253 0,001189 0,001118 0,001039 0,000948 0,000843 0,000717 0,000556
0,001052 0,001018 0,000979 0,000937 0,000890 0,000837 0,000778 0,000711 0,000634 0,000541 0,000423
0,000756 0,000731 0,000704 0,000673 0,000640 0,000602 0,000560 0,000513 0,000458 0,000392 0,000310
0,000516 0,000499 0,000480 0,000460 0,000437 0,000412 0,000384 0,000351 0,000314 L. 0,000270 0,000215
0,000328 0,000317 (,000305 0,000293 0,000278 0,600262 0,000244 0,000224 0,000201 0,000173 0,000139
.. 0,000188 0,000182 0,000175 ..0,000168 _ ! 0,000160 0,000151 0,000141 0,000129 0,000118 0.000100 0,000081

0,000092 0,000089 0,000036 0,000082 0,000078 0,000074 0,000069 0,000063 0,000057 0,000049 0,000040
0.000033 0,000032 0,000031 0,000030 0,000028 0.000027 -1 0,000025 0,000023 0,000021 0,000018 0,000015
0,000006 .| 0,000006 0,000006 (,000005 ,000005 0,000005 0,000005 0,000004 0,000004 0,000003 0,000003
0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 | 0,000000 0,000000 0,000000 0,000000 0,000000
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Report V. 1386.

TABLE 3.2 (continued)

Ty (o 7')

T | o0 0,55 0,50 0,45 0,40 0.35 0,30 0,25 0,20 0,15 0,10
010 | 0000468 | 0000586 | 0000721 | 0,000879 | 0001069 | 0001206 | 0001578 | 0,001940 | 0002438 | 0,003200 | 0,004760
009 | 0000358 | 0000447 | 0000551 | 0,000672 | C000816 | 0000989 | 0001203 | 0001476 | 0001850 | 0002414 | 0003499
008 | 0000265 | 0000331 | 0000408 | 0000497 | 0000604 | 0000732 | 0000889 | 0,001089 | 0001362 | 0001768 | 0,002518
007 | 0000189 | 0,000236 | 0,000201 | 0000355 | 0000430 | 0.000520 | 0000631 | 0000773 | 0000964 | 0001246 | 0.001751
006 | 0000128 | 0000160 | 0000197 | 0000239 | 0.000291 | 0000352 | 0000426 | 0.000521 | 0000648 | 0000835 | 0001160
0.05. | 0000081 | 0000100 | 0000124 | 0000151 | 0000183 | 0000221 | 0000267 | 0000327 | 0,000406 | 0000522 | 0.000718
004 | 0000046 |- 0,000058 |. 0000071 | 0000086 | 0000104 | 0000126 | 0000152 | 0000185 | 0,000230 | 0,000295 | 0,000402
003 | 0000022 | 0000027 | 0,000084 | 0,000042 | 0.000051 | 0,000061 | 0000074 | 0000080 | 0000111 | 0000142 | ©0,000191
502 | 0000008 | 0000010 | 0000012 | 0,000015 | 0000018 | 0,000022 | 0000026 | 0000032 | 0.000040 | 0000051 | 0,000068
001 | 0000001 | 0,000002 | 0000002 | 0000003 | 0000003 | 0000004 | 0,000005 | 0.000006 | 0.000007 | 0,000009 | 0.000012
000 | 0000000 | 0,000000 | 0,000000 | 0000000 | 000000 | 0000000 | 0000000 | 0.000000 | ©,000000 | 0000000 | 0000000

T-.a ("?’J "7)
T o0 0,55 0,50 0,45 0,40 035 0,30 0,25 0,20 0,15, 0,10
T I .
010 | 0202848 | 0179486 | 0156041 | 0132787 | 0110001 | 0087981 | 0067061 | 0047629 | 0030179 | 0015423 | 0,004760
009 | 0196963 | 0174606 | 0152153 | 0128859 | 0107988 | 0086819 | 0066630 | 0047868 | 0030897 | 0016377 | 0005431
008 | 0189998 | 07168739 | 0147372 | 0126138 | 0105281 | 0085061 | 0065763 | 0047720 | 0031338 | 0017176 | 0006172
007 | 0181782 | 0161728 | 0141557 | 0121493 | 07101765 | 0082610 | 0064293 | 0047114 | 0031442 | 0017772 | 0,006896
006 | 0172081 | 0133359 | 0134517 | OL15758 | 0007292 | 0079338 | 0062138 | 0045860 | 0,031136 | 0018103 | 0007531
005 | 07160567 | 0143333 | 0125085 | 0,108694 | 0091657 | 0075071 | 0035149 | 0044136 | 0030324 | 0018094 | 0008011

004 | 0146752 | 0131217 | 0115561 | 0099950 | 0084551 | 0069541 | 0055107 | 0041465 | 0028866 | 0017639 | 0,008256
003 | 0129828 | 07116267 | 0102593 | 0088048 | 0075475 | 0062326 | 0049661 | 0037664 | 0026346 | 0016580 | 0.00815]
002 | 0108254 | 0097096 | 0085837 | 0074504 | 0063484 | 0052626 | 0042154 | 0032211 | 0022967 | 0014638 | 0,007510
001 | 0078150 | 0070199 | 0062173 | 0,054151 | 0046218 | 0038456 | 0030039 | 0023826 | 0,017174 | 0011151 | 0.005958
000 * | 0000000 | 0000000 | 0000000 | 0000000 | 0.000000 | 0000000 | 0,000000 | 0000000 | 0.000000 | 0000000 | 0.000000

981 A




Report V. 1386.

TABLE 3.2 (continued)

0,000000

T, ("7: "?’)
n\] 0,60 0,55 0,50 0.45 0,40 0,35 0,30 0,25 0,20 0,15 010

0,10 0,003310 0,003223 0,003123 0,003008 0,002877 0,002725 0,002549 0,002343 0,002096 0,001791 0,001383

0,09 0,002553 0,002486 0,002409 0,002322 G,002221 0,002105 0,001971 0,001814 0,001626 0,001395 0,001089

0,08 0,001908 0,001859 0,001802 0,001737 0,001662 0,001577 0,001477 0,001361 0,001223 0,001053 0,000830

0,07 0,001371 0,001336 0,001296 0,001249 0,001196 0,001135 0,001064 0,000982 0,000884 0,000763 0,000607

0,06 0,000936 0,000912 0,000885 0,000854 0,000818 0,000776 0,000729 (,000673 0,000606 0,000526 0,000421.

0,05 0,000595 0.0005681 0,000563 0,000543 0,000521 0,000494 0,000465 0,000430 0,000388 0,000337 0,000272

0,04 0,000342 0,000333 0,000324 0,000312 0,000299 0,000285 0,000267 0,000247 0,000224 0,000195 0,000159

0,03 0,000167 0,000163 0,000158 0,000153 0,000146 0,000139 0,000131 0,000122 0,000110 0,000096 0,000079

0,02 (,000061 0,000059 0,000068 0,000056 0,000053 0,000051 0,000048 0,0060045 0.000040 0,000035 0,000029

0,01, 0,000011 0,000011 0,000010 0,000010 0,000010 0,000008 0,000009 0,000008 0,000007 0,000006 0,000005

0,00 0,000000 0000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000

o i "J)

N! 0,60 0.55 0,50 0.45 0,40 0,35 0,30 J 0,25 0,20 l 015 10,10

0,10 0,032539 0,028710 0,024951 0,021291 0,017756 0,014377 0,011189 F 0,008232 0.005558 0,003236 0,001383

0,09 0,028123 0,024338 0,021613 0,018470 0,015433 0.012528 0,009784 0,007234 0,004922 0,002506 0,001277 -
0,08 0,023855 0,021030 0,018374 0,015725 0,0013164 0,010713 0,008395 (,006238 0,004277 0.,002559 0,001157 —
0.07 0019762 | 0017488 | 0015254 | 0013074 | 0010966 | 0008945 | 0007033 | 0005251 | 0003627 l 0002199 | 0001023 =
0,06 ! 0,015871 0,014058 0,012276 0,010537 0,008854 0,007240 0,005711 0,004284 0,002981 0,001830 0,000875

0,05 0,012217 0,010832 0,008470 0,008140 0,006852 0,005616 0,004444 0,003349 0,002347 l 0,001459 0,000716

0,04 0,008845 0,00785( 0,006871 0,005914 0,004987 0,004097 0,003252 0,002462 0.001737 0,001093 0,000550

0,03 ,005813 0005163 0,004525 (,003900 0,003294 0,002713 0,002160 0.001642 - | 0001166 0,000742 0,000382

0,02 0003201 0,002846 0,002497 0,002155 0,001823 0,001505 0,001202 0,000917 0,000656 0,000422 0,000222

0.01 0,001145 0,001019 0,000805 0,060773 0,000656 0,000642 0,000434 0,000333 0,000240 0,000156 0,G00084,

0,00 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,0000QO 0,600000 0,000000

T(:’ (7?.' 7?’) - Tn (7?’_; 7])

o ?-?\_\ l 0,60 0,55 0,50 0,45 0,40 0,35 0,30 0,25 0,20 0,15 0,10

0,10 0,000732 0,000642 0,600556 0,000473 0,000394 0,000319 0,000249 |7 0,000185 0,000127 0,000076 0,000035

0,09 0,000567 0,000498 0,000431 0,000367 0,000306 0,000248 0,000194 0,000145 0,000100 0,000061 0,000029

0,08 0,000426 0,000374 0,000324 0,000276 0,000231 4,000187 0,000147 0,000110 0,000076 0,000047 0,000023 |
0,07 0,000308 0,000270 0,000235 0,000200 0,000167 0.000136 0,000107 0,000080 (,000056 0,000034 0,000017

0,06 0,000211 0,000185 0,000161 0,000138 0,000115 0,000094 0,000074 0,000055 0,006039 (,000024 0,000012

0,05 0,000135 0,000119 0,000103 0,000088 0,000074 0.000060 0,000048 (,000036 0,000025 0,000016 0,000008

0,04 0,000078 0,000068 4,000060) 0,000051 0,000043 0,000035 0,000028 0,000021 0,000015 0,0600009 0,000005

0,03 0,000038 0,000034 0,000029 0,000025 0,000021 0.000017 0,000014 (,000010 0,000007 0000005 0,000003

0,02 0,000014 0,000012 0,000011 0,000009 0,000008 0,000006 0,000005 (,000004 (,000003 0,000002 0,000001,

0,01 0,000003 0,000002 0,000002 0.000002 0,000001. 0,000001 0,000001 0,000001 0,660001 0,000000 0,000000

0,00 0,000000 i 0,000000 | 0,000000 0,000000 0,000000 0,000000 | 0,000000 £,000000 0,000000 0,000000



Report V. 1386. TABLE 3.2 (continued)

T~ (3 7
n\‘ 0,60 0,55 0,50 0,45 0,40 ~ 0,35 0,30 0,25 0,20 0,15 0,10
‘ T - ,
0,10 — 0,055528 | — 0,064554 | — 0,075501 | — 0,089228 | — 0,107133 | — 0,131669 | -—0,167557 | —0,225116 | —0,331880 | —0,594387 | — =
0,09 —0,046993 | — 0054584 | — 0,063763 | — 0,075241 | — 0,090152 | — 0,110473 | — 0,139961 | — 0,186658 | — 0,271294 | — 0,467812 1 —1,475335
0,08 —0.039041 | — 0045311 | — 0,052869 | — 0,062296 | -— 0,074495 | — 0,091031 | — 0,114854 | — 0,152152 | — 0,218404 | — 0,365332 | — 0,944950
0,07 —0,031685 | — 0036739 | — 0,042826 { — 0,050389 | — 0,060140 | — 0,073304 | — 0,092129 | — 0,121306 | — 0,172214 | — 0,280931 | — 0,649708
0,06 ——0,024933 | - 0,028889 | — 0,033639 | — 0,039527 | — 0,047094 | — 0,057259 | — 0,071707 | — 0,093884. | -—0,131981 ) — 0,210801 | — 0,452116
0,05 —- 0018813 | — 0,021780 | -— 0,025334 | — 0,029732 | — 0,035365 | — 0,042895 | — 0,053542 | — 0,069737 | —- 0097171 | — 0,152420 | — 0,309285
0,04 — 0,013350 | — 0,015445 | — 0,017950 | — 0,021042 | — 0,024986 | — 0,030242 | — 0,087627 | — 0,048776 | —- 0,067423 | — 0,104110 | — 0,202367
0.03 | — 0,008604 | -— 0,009946 | — 0,011547 | — 0,013520 | - 0,016029 | — 0,019360 | — 0,024017 ;| — 0,030996 | — 0,042535 | — 0,064781 | —— 0,121646
0,02 ——0.,004645 | — 0,005366 | — 0,006225 | — 0,007283 | — 0,008620 | — 0,010392 | — 0,012856 | — 0,016523 | — 0,022522 | — 0,033886 | — 0,061838
0,01 —0,001629 | — 0,001881 | — 0,002180 | - 0,002549 | — 0,003011 | — 0,003623 | — 0,004470 | — 0,005727 | — 0,007757 | — 0,011543 | — 0,020564
0,00 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 | 0,000000 0,000000
T— (4, 9

X[ 0,60 ~ 0,55 0,50 0,45 0,40 0,35 0,30 0,25 020 -~ 0,15 0,10
0,10 1,920955 1,915053 1,869867 1,792624 1,679805 1,525262 1,318242 1,038437 0,640804 | -—0,015522| — =
0,09 2,099575 2,090294 2,049741 1,976380 1,867014 1,716013 | 1,513630 1,241911 0,862783 | + 0,268453 | — 1,320686
0,08 2,295101 2,291870 2,256100 2,136480 2,080097 1,931779 1,732630 1,466593 | 1,101005 0550742 | — 0,615097
0,07 2525388 2,528804 2,498039 2,432010 2.328066 2,181422 1,983878 | 1,720933 | 1,364124 0,844367 | — 0,117901
0,06 2,804224 2,815114 2, 789690 2,727086 2,624885 | 2,478626 2,280676 2017772 1,664684 -1,163922 | + 0,317881
0,05 3,154511 3174115 3,154540 3,095141 2,993719 2,846061 2,644979 2378131 2,022745 1,529716 0,750673
0,04 3,618004 3.648266 3,635338 3,5783817 | .3,476677 | 3,324897 3,116561 2,839950 2,473997 1,975505 |  -1,227179
0,03 49281573 | 4,325903 4,321003 4,266739 4,161243 4,000568 3,777856 3,481605 3,091652 2,568461 1,814173
0,02 5,369394 5,434888 5,440805 5,387352 5,272762 5,092953 4,840756 4,504192 4,062751 3,4T7880 2,661677
0,01 7,768791 7876860 7,901586 7,843768 7,701558 7470144 7,140895 6699446 6,121696 5,364093 4,334572
0,00 o o o0 oo o0 w0 0 ] [e's] : oo o
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TABLE 3.2 (continued)

BST A

Tem (9 47 -
LS e ]
TSI 060 0,55 0,50 0,45 0,40 0,35 0,30 025 020 . 015 0,10
010 | 0041167 | 0047424 | 0054497 | 0062616 | 0072124 | 0083539 | 0007716 | 0116207 | 0142265 | 0.184696 | 0,302382
009 | 0034954 | 0040240 | 0046227 | 0053078 | 0061084 | 0070671 | 0082532 | 0,097906 | 0,119338 | 0153370 | 0.230023
008 | 0029132 | 0,033531 | 0038400 | 0044168 | 0050788 | 0058695 | 0068442 | G,081004 | 0098346 | 0125316 | 0180328
007 | 0023717 | 002728 | 0031304 | 0035900 | 0041248 | 0047621 | 0055449 | 0065486 | 0079221 | 0100202 | 0140877
006 | 0018720 | 0021529 | 0024688 | 0028295 | 0,03248 | 0037466 | 0,043366 | 0051349 | 0061917 | 0077810 | 010725
005 | 0014167 | 0016284 | 0018665 | 0,021379 | 0024528 | 0028262 | 0,032822 | 0038613 | 0046419 | 0058004 | 0078749
004 | 0010083 | 0011587 | 0013275 | 001519 | 0017423 | 0020058 | 0023265 | 0027322 | 0032755 | 0040719 | 0.054584
003 | 0006517 | 0007486 | 0008572 | 0,009808 | 0011236 | 0012925 | 0,014973 | 0017555 | 0020990 | 0025075 | 0034447
002 | 0003530 | 0004053 | 0004638 | 0,005303 | 0,006073 | 0006979 | 0.008077 | 0009455 | 0011279 | 0,013899 | 0018264
001 | 0001242 | 0001425 | 0001631 | 0001864 | 0002132 | 0002448 | 0,002831 | 0003309 | 0.003937 | 0004535 | 0006302
0,00 | 0,000000 | 0000000 | 0,000000 | 0,000000 | 0000000 | 0.000000 | 0,000000 | 0000000 | 0,000000 | ©,000000 | 0,000000
T o, 0
| 0o 0,55 0,50 0,45 040 0,35 0,30 025 02 | 015 0,10
010 | 1121816 | 102302 | 1,074617 | 1088392 | 0992930 | 0937067 | 0868953 | 0785485 | 0,680938 | 0542286 | 0302382
009 | 1072683 | 1054715 | 1020065 | 0995414 | 0053135 | 0901196 | 0837949 | 0760682 | 0664498 | 0,533833 | 0345798
008 | 1019221 | 1002786 | 0979168 | 0948095 | 0,009009 | 0360997 | 0)802602 | 0731453 | 0643358 | 0529670 | 0,364022
007 | 0960716 | 0945801 | 0924226 | 0895755 | 0859807 | 0815847 | 0762323 | 0/697263 | 017091 | 0514684 | 0.370610
006 | 0896174 | 0;882784 | 0,863277 | 0)837453 | 0804886 | 0764872 | 0716295 | 0,657369 | 05585056 | 0,493496 | 0.367941
005 | 0824181 | 0812331 | 0794042 | 0771845 | 0742677 | 0706823 | 0.663330 | 0610670 | 0546288 | 0465371 | 0356599
004 | 0742578° | 0732306 | 0717118 | 0,696876 | 0671270 | 0639787 | 0601616 | 0555476 | 0499249 | 0420046 | 0336163
003 | 0647737 | 0639121 | 0,626277 | 0,609099 | 0587334 | 0560558 | 0528107 | 0488941 | .0441350 | 0389270 | 0305122
002 | 0532680 | 0525830 | 0515592 | 0501345 | 0484397 | 0462921 | 0436904 | 0405541 | 0367532 | 0320584 | 0259947
001 | 0379277 | 0374616 | 0367548 | 035802 | 0345908 | 0330987 | 0.312916 | 0291154 | 0264843 | 0232489 | 0,191083
0,00 | 0000000 | 0,000000 | 0000000 | 0,000000 | 0,000000 | 000000 | ©0.006000 | 0,000000 | 0.000000 | 0,600000 .| 0,000000-
Ty (9,0 ) =T, (4, 9) N
5L | a0 0,55 0,50 0,45 0,40 0,35 0,30 0,25 0,20 0,15 0,10
_. 010 | 0045120 | 0043579 | 0041867 | 0039966 | 0037849 | 0035482 | 0032810 | 0020754 | 0026177 | 0021807 |" 0015840
=7 0,00 7| 003391 | 0037381 | 0035928 | 0034314 | 0032519 | 0030513 | 0028252 | 0025672 | 0,022660 | 015006 | 0,014146
008 | 0032365 | 0,031472 | 0030261 | 0,028916 | 0097422 | 0025753 | 0023875 | 0.02073¢ | 0019245 | 0016241 | 0.012317
007 | 0026766 | 0025877 | 0024801 | 0023796 | 0022581 | 0021226 | 001702 | 0017967 | 0015955 | 0,013541 | 0010430
006 | 0021330 | 0020628 | 0019849 | 0018986 | 0018028 | 0,016959 | 0015759 | 0014398 | 0,012820 | 0010936 | 0,008536
005 | 0016293 | 0015763 | 0015173 | 0,014519 | 0013796 | 0012983 | 0,01208¢ | 0011057 | 0.009872 | 0,008460 | 0,006681
0,04 | 0011707 | 0011329 | 0010908 | 0010444 | 0009929 | 0,009356 | 0,008713 | 0007985 | 0007147 | 0006152 | 0004909
003 [ 0007635 | 0007390 | 0007119 | 0006813 ( 0006487 | 0006117 | 0005702 | 0,005234 | 0,004695 | 0,004059 | 0.003268
002 | 0004172 | 0004040 | 0,003893 | 0,003731 | 0003551 | 0003351 | 0,003127 | 0002874 | 00002585 | 0.002242 | 0001821
001 | 0001481 | 0001435 | 0001383 | 0,001325 | 0,001262 | 0001193 | 0001114 | 0001025 | 0000924 | 0.000804 | 0,000658
0,00 | 0.000000 | 0000000 | 0,000000 | 0,000000 | 0000000 | 0,000000 | 0,000000 | 0000000 | 0,000000 | 0,000000 | 0.000000
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TABLE 3.2 {continued)

Ty (7]; 7')
i

X I 0,60 0,55 0,50 0,45 0,40 0,35 0,30 0,25 0,20 0,15 0,10

=+-0,10 -|-—0,002168 | — 0,002515 | — 0,002932 | —0,003451 | — 0,004120 | — 0,005028 | — 0,006326--— 0,008351 , ——0,011919 | — 0,019774 | — 0,057084:
0,09 — 0,001656 | — 0,001919 | — 0,002235 | — 0,002628 | — 0,003135 ; — 0,003818-| — 0,004790 | — 0,006296 | — (,008912 | — (,014485 | — 0,034374
0,08 —0,001226 | — 0,001421 | — 0,001654 | — 0,001941 | — 0,002314 | —0,002811 | — 0,003520 | — 0,004604 ) — 0,006468 | — 0,010337 | -— 0,022597 -~
0,07 — 0,000873 | — 6,001011 | — 0,001175 | — 0,001380 | — 0,001641 | — 0,001992 | — 0,002486 | — 0,003240 | — 0,004521 | -— 0,007119 | —0,014736
0,06 — 0,000590 | — 3,000683 | — 0,000794 | — 0,000930 | — 0,001106 | — 0,001339 | — 0,001670 | — 0,002166 | — 0,003005 | — 0,004671 | — 0,009285
0,05 — 0,000373 | — 0,000430 | — 0,000501 | — 0,000586 | — 0,000695 | — 0,000841 | — (,001044 | — 0,001352 | -— 0,001862 } -— Q,002863 | -—0,005514
0,04 — 0,000211 | — 0,000245 1 — 0,000284 | — 0,000332 | — 0,000395 | — 0,000476 | — 0,000590 | — 0,000762 | — 0,001044 | — 0,001589 | — 0,002981
0,03 —0,000103 | — 0,000118 | — 0,000138 | — 0.000160 | — 0,000190 | — 0,000229 | — 0,000284 | — 0,000365 | — 0,000498 | — 0,000752 | — 0,001380
0,02 — 0,000036 | — 0,000043 | — 0,000049 | — 0,000059 | — 0,000069 | — 0,000083 | — 0,000101 | — 0,000132 | — 0,000178 | — 0,000265 | -— 0,000478
0,01 — 0,000006 | — 0,000008 | — 0,000008 | — 0,000010 | — 0,000012 | — 0,000014 | — 0,000018 | — 0,000022 | -— 0,000030 | — 0,000047 | — 0,000081
0,00 0,000000 (,000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,000000 0,000600 0,000000

Ty (7', 7)

TS| om0 0,55 10,50 0,45 0,40 0,35 0,30 0,25 0,20 0,15 0,10
0,10 0,5639220 0,442971 0,348220 0,256518 0,169549 0,089231 0,017893 | —0,041392 | — 0,084023 | — 0,101382 | — 0,0567084
0,09 0,639931 0,535066 0,431423 0,330629 0,234384 0,144620 0,063636 | — 0,005597 | — 0,068795 | — 0,088433 | — 0,072590
0,08 0,755741 (,640932 0,527096 0415886 (,308059 0,208573 0,116726 -+ 0,036417 | — 0,028297 | — 0,070704 | — 0,074436
0,07 0,891398 0,764901 0,639086 0,515685 0,396518 0,283587 0,179221 0,086283 | + 0,008673 | — 0,047483 | — 0,062038
0,06 1,054233 0,913599 0,773326 0,635250 0,501278 0,373494 0,254275 0,146504 0,053986 | — 0,017555 | — 0,05T017
0,05 1,256348 1,097967 0,939588 0,783177 0,630774 0,484576 0,347057 0,221170 0110707 | + 0,021150 1 — 0,037722
0,04 1,519606 1,337770 1,155499 0,974961 0,798379 0,628121 0,466830 0,317599 (,184313 0,072378 | — 0,009222
0,03 1,889152 1,673758 1,457381 1,242481 1,031561 0,827276 4,632537 0,450712 0,285930 0,143742 | + 0,032830
0,02 2,480478 2,210121 1,937983 1,667030 1,400266 1,140840 0,892176 0,658167 0,443496 0,254261 0,099483
0,01 3,746642 3,355150 2,960346 2,566368 2177376 1,797698 1,431990 1,085474 0,764309 0,476282 0,232359
0,00 oo e sl e ® o0 0 o0 ) e &0 w0
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TABLYE 3.2 (continued)

T (n, "?’)
l re————————————————————————

X \ 0,60 0,55 0,50 [ 0,45 0,40 0,35 0,30 0,25 0,20 0,15 ’ J 0,10
010 0,001621 0,001365 0,002141 0,002455 0,002822 0,003258 0,003795 0,004486 0,005435 0.006898 ] 0,009940
0,09 0,001241 0,001428 0,001627 0,001877 0,002156 0,002488 0,002846 0,003417 0,004128 0,005211 0,007318
0,08 0,000921 0,001059 0,001215 0,001391 0,001598 0,001842 0,002141 0,002523 0,003042 0,003820 0,005275
0,07 0,000658 0,000756 -0,000866 | 0,000992 0,001138 0,601311 0,001523 0,001792 0,002155 0,002695 0,003672
0,06 0,000445 0,000512 0,000587 0,000672 0,000770 0,000887 0,001028 0,001209 (,001451 0,001807 0,002436
0,05 0,000282 0,000323 0,000370 0,000424 0,000485 0,0G0558 0,000647 0,000760 0,0000911 0,001130 0,001510
0,04 0,000160 0,000184 0,000211 0,000241 0,000277 (,000318 0,000369 0,000432 0,000516 0,000638 0,000846
0,03 0,000078 0.000089 0,000102 0,000117 0,000134 0,000154 0,000178 0,000209 0,000245 0,000307 0,000404
0,02 0,000028 0,000032 0,000037 (0.000043 0,000049 0,000056 (,000064 0,000075 0,600089 0,000110 0,000144
0,01 0,000005 0000006 -0,000006 0,000007 0,000008 0,000010G 0,600011 0.000013 0,000015 0,000019 0,000025
0,00 0.000000 0.000000 (,000000 0,000000 (.000000 0,000000 (,000000 0,000000 0,000000 0,000000 0,000000

T~ (’?’, )

n’x 0,60 0,55 0,50 045 0,40 0,35 l 0,30 0,25 0,20 0,15 0,10
0,10 0,448270 0,392634 0,338176 0,285314 0,234490 0,186195 0,140987 0,099553 0,062787 0,032015 0,009940
0,09 0,434539 0,381324 0,329196 0,278550 0,229793 0,183397 0,139867 0,099835 0,064111 (,033868 0,011261
0,08 0,418498 0,367919 0,318339 3,270126 0,223663 0,179374 0,137736 0,099325 0,064871 0,035409 0,012725
0,07 0.399774 0,352083 0,305304 0,259776 0,215852 0,173923 0,134425 0,097881 0,064949 0,036538 0,014147
0,06 0,377865 0,333365 0,289688 0,247143 0,206056 0,166778 0,129710 0,095321 0,064195 0,037132 0,015395
0,05 0.352065 0,311129 0,270924 0,231730 0,193840 0,157573 0,123285 0,091393 0,062413 0,037037 0,016328
0,04 0,321314 0,284422 0,248166 0,212794 0,178567 0145764 0,114699 0,085736 0,059319 0,036042 0,016785
0,03 0,283864 0,251675 0,220023 0,189120 0,159188 0,130469 0,103228 0,077770 0,054473 0,033825 0,016542
0,02 0,236377 0,209901 0183851 0,158400 | 0,133729 0,116028 0,087511 0,066426 0,047068 0,029821 0,015234
0,01 0,170421 0,151564 0,132999 0,1148459 0,097240 0,080306 0,064194 0,049076 0,035154 0,022691 0,012054
0,00 0,000000 0,000000 0,000000 0,000000 0.00GG00 0,060060 0.000000 0.000000 0,000000 0,000000 0,000000

' I
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Report V. 1386. TABLE 4.1.
Functions of the reduced velocity determining the aerodynamic forces '
of an oscillating wing.

i

i / Vo 1:2V, Pia Pa ‘ Do l P20 P P Pan P C P P Do P22
0,00000 o 0,00000 | ©,00000 0,00000 0,00000 | 0,00000 0,00000 0,00000 ] 0,00000 |  0,00000 | 0,00000 0,00000 |  0,00000
0,05000 10,00 0,00249 | 0,10012 0,00501 0,06012 | 0,00496 0,1G036 0,01003 0,00037 | 0,00238 | 0,00036 0,00504 | 0,00037
0,10000 - . 5,00 0,00984 | 0,20096 0,02010 0,00098 | 0,01938 0,20281 0,04038 i 0,00292 [ 0,00911| 0,00265 0,02055 |  0,00285
0,12500 4,00 0,01525 | 0,25184 0,03148 0,00191 | 0,02982 0,25532 0,06339 0,00564 |  0,01372| 0,00487 0,03252| 0,00544

‘ 0,16667 3,00 0,02667 | 0,33753 0,05626 0,00445 | 0,05145 0,34523 0,11380 001303  0,02252| 0,01045 0,05928 | 0,01232
0,20000 2,50 0,03784 | 0,40700 0,08140 | 000757 | 0,07215 0,41954 0,16531 0,02200 |  0,03013| 0,01659 0,08723 | 0,02046
0,25000 2,00 0,05769 | 0,51295 0,12824 0,01442 | 0,10802 0,53534 0,26208 0,04143 | 0,04203 | 0,02854 0,14097 |  0,03753
0,33333 1,50 0,09808 | 0,69468 | - (,23156 0,03269 | 0,17801 0,74038 0,47835 0,09203 |  0,06146| 0,05500 0,26513 | 0,07982
0,41667 1,20 0,14618 | 0,88327 0,36803 0,06091 | 025725 0,96043 0,76821 | 016810 |  0,07813| 0,08815 0,43691 | 013974
0,45455 1,10 0,17019 | 0,97129 0,44149 0,07736 | 0,29540 1,06521 0,92567 0,21163 0,08441 | 0,10494 053188 |  0,17264

‘ 0,50000 1,00 0,20055 | 1,07887 0,53943 0,10027 | 0,34247 1,19478 1,13682 0,27151 0,09078 | 0,12624 0,66050 | 0,21663

’ 0,51020 0,98 020757 | 1,10330 0,56290 0,10590 | 0,35319 1,22440 1,18759 0,28610 | 0,00201| 0,13116 0,69160 | 022714

TN 0,53191 0,94 022276 | 1,15563 0,61469 0,11849 | 0,37615 1,28810 1,29984 031857 | ° 0,094411 0,14179 - 076057 | 0,25030

: 0,55556 0,90 0,23967 | 1,21318 0,67400 0,13315 | 040187 1,35850 1,42873 |1 035614 |  0.09664 | 0,15359 0.84006 |  0,27669
0,58140 0,86 0,25854 | 1,27670 0,74227 0,15032 | 0,42912 1,43658 1,57750 | 0,39981 0,09870 | 0,16671 0,93215|  0,30688
0,60976 0,82 027970 | 1,34717 0,82145 0,17055 | 045977 1,52362 1,75049 1 045090 |  0,10039 | 0,18133 103961  0,34156
0,62500 0,80 0,29126 1,38537 0,36585 0,18204 | 0,47630 1,57097 1,84770 047973 0,10108 | 0,18927 110014 | 0,36086
0,64103 0,78 0,30354 | 1,42578 0,91397 0,19458 | 0,49372 1,62117 -1,95319 4 051167 0,10158  0,19768 1,16594 |  0,38162
065789 0,76 0,31659 | 1,46856 0,96615 0,20828 | 0,51206 1,67444 2,06775 [t 054516,  0,10197| 0,20656 1,23749 | 0,40396
0,67568 0,74 0,33051 | 1,51399 1,02297 0,22332 | 0,53142 1,73115 219267 || 058239 0,10216| 0,21599 1,31564 0,42810
0,69444 0,72 0,34535 | 1,56222 1,08487 0,23982 | 0,55186 1,79148 2,32894 0,62305 | 010213 0,22596 1.40095 | 045415
071429 0,70 0,36120 1,61361 1,15258 0,25800 | 057346 | 1,80590 247823 | 066761 0,10183 | 0.23655 1,49461 | 0,48236
0,73529 0,68 0,37815 | 1,66836 1,22674 0,27805 | 0,59629 1,92470 2,64196 *l 071650 | 0,10122| 0,24777 159740 | 0,51289
0,75758 0,66 0,39631 1,72695 1,30830 0,30024 | 0,62047 1,99843 2,82227 |, 097030  0,30031 ] 0.25970 1710711 0,54605
0,78125 0,64 0,41580 | 1,78964 1,39816 0,32484 | 0,64610 2,07748 . 3,02119 [} 0,82960) . 0,09897 | 0,27236 1.83582|  0,58207
0.80645 0,62 043674 | 1,85694 1,49753 0,35221 | 067326 2,16250 3.24148 0,89516 |  0,09715| 0,28582 1,97445 |  0,62130
0,83333 0,60 0,45928 | 1,92933 1,60777 0,38273 | 0,70210 2,25410 3.48618 |1 0.,96781 0,09478 | 0,30012 212852 | 0,66407
0,86207 0,58 0,48360 | 2,00742 1,73054 0,41690 | 0.73275 2,35306 3,75904 |« 1,04858 0,09180 | 0,31535 2.30036 | 0,71082
0.89286 0,56 0,50989 | 2,09187 1.86774 0,45526 | 0,76536 2,46021 4,06436 1,13862 | 008807, 0.33154 2,49264 | 0,76200
0,92593 0,54 0,53835 1 2,18344 2,02171 0,49848 | 0,80006 2,57652 4,40739 123928 | 0,08350 | 0.34877 270862 | 0,81812
0,96154 0,52 0,56924 | 2,28304 2,19523 0,54735 | 0,83705 2,70313 4,79440 1,35221 0,07793 | 0.36711 2952151 0,87979
1,00000 0,50 0,60284 | 239174 2,39174 0,60284 | 087650 2,84139 523313 |1 1.47934 " 0,07121| 038662 322800 | 094771
1,04167 0.48 0,63948 | 2,51081 2,61543 0,66612 | 091864 2,99287 573302 I 162304 |  0,06316| 040737 354193 1,02271
1,08696 0,46 0.67953 | 264170 2,87142 0,73862 { 0,96366 3,15938 6.30553 1| 1,78608 |  0.05355 | 0,42943 3,90088 | 1,10566
1,13636 0,44 0,72343 | 2.78616 3,16608 0,82207 | 1,01183 3,34304 6,96498 197187 | 0.04211| 0,45285 4313501  1,19765
1,19048 0,42 077170 | 294639 3,50761 0,91869 | 106339 3,54657 7.72973 2,18463 0,02855 | 047770 479080 |  1,29993
1.25000 0,40 0,82492 | 3,12488 3,90610 1,03115 | 1,11863 3,77295 8,62228 2429441 001251 050398 534618 0 1,41391
1,31579 0,38 0,88381 | 3,32483 4,37478 1,16291 | 1,17785 402602 | , 9.67218 271271 | — 0,00644 | 0,53173 599704 | 1,54133
1,38889 0,36 0,94921 | 355011 4,93072 1,31835 | 1,24137 4,31038 1091736 |1 3,04248 | — 0,02878 | 0.56090 6,76568 | 1.68416
1.47059 0,34 1,02211 3,80557 5,59643 1,50310 | 1,30950 463171 | 1240777 |' 342884 | — 0,05509 | 0.59141 7.68106 | 1,84473
1.56250 0,32 1,10371 | 4.09730 6,40204 1,72454 | 1,38258 4,99707 14,20997 |, 3,88482 1 —0,08606 | 0.62310 878153 2.02582
1,66667 0,30 1,19546 443315 7,38860 1,99244 | 1.46091 5,41548 16414471 1§ 442729 —0,12246 | 065571 1011867 | 2,23076
1,78571 0,28 1,29914 | 4,82320 8.61283 | 231990 | 1,54479 5,89830 1914549 1} 507845 | — 016524 | 0.68880 11,76265 |  2,46349
1,92308 0,26 141696 | 5,28087 10,15554 2,72492 | 1.63445 6,46055 22 57967 5868101 — 0,21548 1 0.72174 13,812121  2,72888
2.08333 0,24 1,55161 5,82406 12,13343 3,23252 | 172997 7,12188 26,97065 6.83662 | — 0.27424 | 0.75358 1640716 |  3,03277
297973 0,22 1,706568 | 647747 14,72155 3,87859 | 1,83130 7,90908 32,69675 |1 8.04064 | —0.34208 | 0.78298 19.75471| 3.38254
-2.50000 0,20 1,88624 | 7.27580 18,18950 4,71561 | 1.93802 8,85917 40,33742 9.56066 | — 0,42304 | 0.80800 24 16791 |  3,78744
277778 0,18 209637 | 8,26953 2297093 582324 | 204929 10,02524 50.81884 |1 1151572 | — 0516791 0.82595 3014218 | 4,25975
3.12500 0,16 234457 | 953465 29,79578 7,32679 | 216348 11,48603 65,68063 |} 14.08767 | — 0,62230 | 0,83306 38.49722 | 4,81621
3.57143 0,14 2,64129 | 11,19103 39,96797 943319 | 227784 13,36411 87,69695 [{ 1756834 [ — 0,74301 | 0,82421 5067258 | 5,48149
416667 0,12 3,00121 | 13,43880 5599504 | 12,50507 | 2.38781 15.86168 | 122.08541 || 2245429 | — 0.87700| 0,79254 69.39257 | 6,29508
5.00000 0,10 3,44604 | 16,63848 83,19241 | 17,23022 | 248600 19,33956 | 179.85021 |i 29,66067 | — 1,02040 | 0.72918 | -100,34385| 17,32797
6.25000 0,08 401005 | 21,51080 | 13444247 |~ 25,06283 | 256108 9451463 | 287.65891 | 41.06958 { — 1.16461( 0,62354 15711362 8,72790
8.33333 0,06 475314 | 2973464 | 24778861 | 3960952 | 259446 | 33,05218 | 523,22337 || 61,23001| —1,29114 | 046506 | 279,31020| 10,86104
12.50000 0,04 580007 | 46,33509 | 57918863 | 7250081 | 255708 49,94017 | 1203,44073 [1104,46431 | —1,36513 ! 024978 | 62737445 | 14,89958
25.00000 0,02 7,52079 | 9637253 | 2409,31325 | 188,01975 | 240053 | 10013323 | 4912,64410 |{248,03300| — 1,32078 | 0,00416 |2503,43557 | 26,99204
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