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Preface, seventh line from bottom: resarch should read research. 

Report A.lO1l, p.AI0, left-hand column, ninth line of ‘section 3: nl should read nI3. 
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P R E F A C E .  

In  introducing this first post-war volume of the .,Verslagen en Verhandelingen”, a brief review 
of the research organization and of the publication policy of the ,,Nationad Luchtvaartlaboratorium” 
to date will be appropriate. 

The four scientific departments existing at the end of the war were organized as largely self- 
contained units, each having its ‘own personnel for all its activities. This separation of the depart- 
mental activities was hardly practicable in several cases. So, some more or less radical changes were 
made in 1945 and 1946, aiming at a better internal cooperation, prevention of duplication of work, 
and an improvement of the efficiency. 

All academically-graded research personnel are now comprised in one Main Division, whereas the 
lower-grade technical personnel and other assistants are grouped over a number of Subdivisions, whose 
services are, in principle, a t  the disposition of all members of the Main -Division. 

The Main Division, being too extensive for one-head supervision, is split up in five Sections, 
each headed by a Chief of Section, viz. Aerodynamics (A), Flight (V), Flutter and Theoretical 
Aerodynamics (F), Materials (M) and Structures (S). The Scientific Director, the Chief Engineer 
in General Service, also ,acting as a deputy for the Scientific Director, and the Chiefs of Section 
form the ,,Scientific Staff’. 

The Subdivisions are partly of a general character (Calculating Bureau, Library, Electronics Lab., 
Shops and Services), partly for the special assistance . of a particular Section (Windtunnel Dept., 
Exp. Flight Dept., Materials Lab., Structures Lab.). Each Subdivision, except the Shops and Services, 
is supervised by the most qualified Chief of Section. The Shops and Services, including a 
temporary Building Development Bureau and the Design and Drawing Office, are separated from 
the Main Division and headed by a chief of the same status as the chiefs of the sections. 

The results of scientific investigations are usually issued in the form of reports. These 
reports are indicated by the letter A, F, M, S or V,, corresponding to the section by which they 
were prepared, and a number. The reports concerning visits and study tours form an exception, 
being all indicated by the letters RB.. Reports dealing with research work of a general character 
and with the development of basic testing and measuring apparatus and instruments are usually 
released for publication. 

The publications are issued partly in printed form, partly in typescript. Until 1945, the printed 
reports were published collected in volumes of ,,Verslagen en Verhandelingen” (Reports and 
Transactions) and written in Dutch with English and German summaries. These volumes contained, 
in general, the more important reports prepared since the foregoing collection was published. 
Twelve have appeared at irregular intervals, Vol. I in 1921 and Vol. XI1 in 1943. After the volume 
was issued, separate copies of reports were available. 

The reports in typescript were and will be issued separately as soon as completed. A list 
of such reports, covering the period from November 1942 to November 1947. is given on the following 
pages. A complete list of publications is available upon application. 

In order to improve their accessibility, it was decided after the war to write all reports for 
the Verslagen en Verhandelingen entirely in English, with some exceptions during the period 
of transition, and apart from special issues such as theses. It was further decided to distribute 
preprints of reports prepared for a volume as soon as they are available, identical copies being 
later obtainable as reprints. The purpose of these preprints will be to present advance information 
to resarch workers who are actively engaged in the field of aeronautical science to which the report relates. 

Unfortunately, the latter scheme could not yet be employed to full advantage during the prepara- 
tion of the present volume, because considerable delay in printing was experienced due to the post- 
war difficulties. Many of the reports contained in this volume have, consequently, been prepared 
several years ago. Still, it is hoped that they have retained most of their utility and that they will 
give an impression on the nature of the research work carried out by this institute during the 
latter years. 

Amsterdam, December 1947. C. KONI.NG 

Scientific Director. 
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REPORT A. 950 

Drag and Pressure Measurements with Plaster Spheres in Wind- 
tunnel 3 and 4 of the National Aeronautical Research Institute 

by 

Ir. S. I. WISELIUS 

Summary. 
Drag and pressure measurements with two plaster spheres in the closed working section of windtunnel 3 and 
the open working section of windtunnel 4, carried out to determine the turbulence of airflow, are discussed 
in this report. A description of the plaster spheres and of the attention paid to the suspension of the 
spheres in the windtunnels is given. It is concluded that the turbulence of airflow in windtunnel 3 is 
rather low. 

Contents. 
1 Introduction. . 
2 Purpose and extent of the investigation. 
3 Description of the spheres. 
4 Method of suspension and measurement; reduction of 

the test results. 
4.1 Suspension. 
4.2 Drag measurements. 
4.3 Pressure measurements. 

5.1 General. 
5.2 Drag measurements. 
5.3 ,Pressure measurements. 

6 Conclusions. 
Tables 1-2. 
Figures 1-8. 

1 Introduction, 

5 Results. 

The measurements described in this report form 
part of a series of experiments, carried out to 
determine a measure for the turbulence of the 
airflow in windtunnels. In the unpublished Reports 
A. 777, A. 813 and A. 814 results are given of 
drag and pressure measurements with two metal 
spheres (diameter 99 mm and 200 mm respectively) 
carried out in the windtunnels 1, 3 l) and 4 z ,  

I) Report A. 795: The large windtunnel of the N.L.L. 
Verslagen en Verhandelingen van het N.L.L. Volume XI, 
(1942), p. A 1. 

*) Reoort A. 802: The small windtunnel of the N.L.L. 
Verslagen en Verhandelingen van het N.L.L. Volume XI, 
(1942), p. A 19. 

of the N.L.L. In this report the results of similar 
measurements with two lacquered and polished 
plaster spheres, diameter 150 mm (6") and 200 mm 
(8"), are given. These measurements were carried 
out in the closed working section of windtunnel 3 
and the open working section of windtuinel 4. 
Special attention was given to the vibrationless 
suspension of the spheres. Afterwards the in- 
fluence of the thickness of the supporting spindle 
and the influence of the tension in the suspension 
wires (by varying the tightening loads) on the 
results were determined. 

2 Purpose and extent of t h e  investigation. 

The purpose of the. investigation, carried out 
with two lacquered and polished plaster spheres 
in windtunnel 3 and windtunnel 4 of the N.L.L., 
was: 
a. determination of a measure tor the turbulence 

of the airflow in windtunnel 3. and 4. Com- 
parison with the results obtained from earlier 
investigations was of no use because of the 
inaccurate finish of the surface of the metal 
sphere (diameter 200 mm) which was 'used 
in those investigations. 

b. determination of the influence of the sphere 
diameter on the critical Reynolds number. 

c. determination of the influence of the supporting 
spindle diameter. 
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d.  determination of the influence of the tension 
in the suspension wires on the results. 

Drag- and pressure measurements have been 
carried out both in windtunnel ‘ 3  (closed jet) 
and 4, (open jet). The influence of the supporting 

. spindle diameter and the wire tension was deter- 
mined in wiridtunnel 4 (drag measurements). 

3 Description of the spheres (fig. 1). 

I The spheres, which were made in the workshops 
of. the N.L.L., had diameters of 150 mm and 
200 mm respectively and were of similar con- 
struction. The frame of the spheres consisted of 
three circular plates of galvanized iron sheet 
which were (perpendicular to each other) fixed 
to a hollow shaft as shown in fig. Ib.  The support 
for the plaster covering of the sphere was formed ‘ 
by spherical sectors. of galvanized iron sheet 
attached to the frame. 

The outer surface consisted of a layer of plaster 
of Paris, about 5 mm thick. By means of a circular 
mould a clean spherical surface‘ was -obtained. 
The required smooth finish was obtained by 
scraping, lacquering and polishing. The hollow 
shaft (fig. la) was attached to a short solid shaft 

containing a pressure hole, which ended at the 
front of the sphere. In this shaft the supporting 
spindle which contained ‘two pressure holes, was 
screwed. One of these holes was in communication 
with the pressure hole in the solid shaft, the 
other one ended in the hollow shaft. Through 
grooves between the supporting spindle and the 
hollow shaft the pressure. in the latter hole 
corresponded with the pressure at the back of 
the sphere. In this way the pressure of airflow at 
the front and at the back of the sphere could be 
measured. 

The diameter of the supporting spindle was 
12 mm (4”). ‘To determine the influence of the 
spindle diameter on the drag measurements and 
so on the critical Reynolds number, it was possible 
to.mount successively two cylinders with diameters 
19 mm (9”)  and 28,7 mm (- 1s”) around the 
supporting spindle. 

4 Method of suspension and  measurement; 
reduction of the test results. 

4.1 Suspension. 

In order to determine the critical Reynolds 
number drag and pressure measurements were 
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FIGURE 2a. 
Arrangement in windtunnel 3 for drag and pressure 

measurements. 

carried out with the spheres described in section 
3 (see section 4.2 and 4.3). The spheres were 
mounted in the centre of the working section of 
the windtunnels. In windtunnel 3 the front of 
the spheres was about 2000 mm (6' 7") behind 
the inlet cone - total length of the closed jet 
4000 mm (13' 2 7 ,  fig. 2a -, in windtunnel 4 
about 1000 mm (3' 3k") - total length of the 
open jet 2100 mm (6' ll"), fig. 2b. With the 
suspension method described in section 3 it is 
possible to carry out both drag and pressure 
measurements in succession. It was desirable to 
get a vibrationless mounting of the spheres. For 
this reason it was necessary to attach the sus- 
pension wires to the supporting spindle in'such 
a manner, that no free moments might occur. 
In fig. IC the often used incorrect wire mounting 
is shown. As may be seen the force K, which 
acts in the case of. unsymmetrical airflow around 
the sphere, gives a free moment M = K x I at 
the wire junction at distance 1 from the shaft 
centre. As the aerodynamic forces are variable 
both in magnitude and'direction, the moment .M 
is variable and causes undesirable vibrations. The 
correct wire attachment is shown in fig. la, 
Section A-A. 

Another source of vibrations is the elasticity of 
the suspension wires. As these steel wires. are 
rather long. it appeared to be desirable to use a 
diameter of 1 mm (0,04") and to apply large 
loads (10, 25 or 50 kg) to tighten the wires. The 
influence of these loads was determined in wind- 
tunnel 4 by reducing the loads in the front 
suspension point from 50 to 25 kg (see section 5.2). 

To avoid vibrations, caused by the drag of 
the pressure tubes, special provisions were made 
with the pressure measurements. In the closed 
working section of windtunnel 3 (fig. 2a) a vertical 
strut was mounted behind the spindle to conduct 
the tubes downwards. In windtunnel 4 a support 

fixed by wire bracing was used for this purpose 
(fig. 26). Special attention was paid to the rigidity 
of the whole arrangement. 

4.2 Drag measurements. 

During the drag measurements in the closed 
jet of windtunnel 3 the. spheres were mounted 
to the balance-frame as shown in fig. 2a  (full 
lines), in the open jet of windtunnel 4 as shown 
in fig. 26 (full lines).' The measured values of 
the drag were corrected for the drag of the 
suspension wires. This drag was determined with 
the same arrangement, the sphere, however, being 
removed from the 'supporting spindle and mounted 
in front of the spindle on a separate shaft. The 
drag, corrected in this way, was reduced to a 
dimensionless coefficient as follows: 

D 
C d = - ,  

where 

c d  = drag coefficient, 

D = drag in kg, 

q = dynamic pressure in kg/m2, 

A = - d2, the projected area of the sphere in m2. 

Before the sphere measurements were carried 
out the dynamic pressure q was measured with 
a Pitot-static tube mounted in the same position 
as the spheres. 

li 

4 

4.3. Pressure measurements. 

During the pressure measurements in the closed 
jet of windtunnel 3 the spheres were mounted 
as shown in fig. 2a  with the extra strut for the 

FIGURE 2b. 
Arrangement in windtunnel 4 f o r  drag and pressure 

measurements. 



pressure tubes in position (dotted lines). In the 
open jet of windtunnel 4 the spheres were mounted 
as shown in fig. 2b with the extra.supporc and 
wire-bracing (dotted lines). 

The pressuie difference p j  and p b  was reduced 
to a dimensionless coefficient as follows: 

Pf-Pb  AP - 
c p = 7 - - 9  4 

where: 

cp = pressure ccefficient, 
p f  = pressure in front of the sphere in kg/m2, 
p b  = pressure at the back of the sphere in 

q = dynamic pressure in kg/m2. 

Before the pressure measurements were carried 
out, the dynamic pressure was measured with a 
Pitot-static tube mounted in the same position 
as the spheres. 

kg/m2, 

5 Results. 

5.1 General. 

The results of the drag and pressure measure- 
ments, carried out in the closed jet of windtunnel 3, 
are plotted as a function of the Reynolds number 
Re in figs. 3 and 7. 

The results of the corresponding measurements 
in the open jet of windtunnel 4 are given in 
figs. 4, 5, 6 and 8. 

The Reynolds number is calculated from the 
formula: 

- 

1.8 2.0 22  2A 2.6 2.6 3.0 1 2  34 5 6  3.8 4.0 42 

R..IO-' 

FIGURE 3.  
Windtunnel 3 

Drag coeficienf of two spheres in terps of Reynolds number. 

Re lo" 

FIGURE 4. 
Windtunnel.4 

Drag coeficient of two spheres in terms of Reynolds number. 

Vd 
Re = 4- 

where: 

' V = airspeed in m/sec, 
d = sphere diameter in m, 
9 = kinematic viscosity in m2/sec, 

The value of the critical Reynolds number 
Rek, generally regarded as a convenient criterion 
of the turbulence of airflow, is taken to be the 
value of Re at which the dragcoefficient cd is 
0,30 (drag measurements) and the pressure 
coefficient cp is 1,22 (pressure measurements). 
In table 1 these values are collected for the case 
of the most favourable conditions such as the 
smallest spindle diameter and the largest tightening 
loads. In table 2 similar values, obtained with 
'different spindle diameters and tightening loads, 
are summarized. 

'5.2 Drag .measurements. 

The drag measuremznts in windtunnel 3 and 4 
show that the curves obtained have no discontinuity, 
as often happens, but the transition is shown by. 
a steep decline of the curve. Both fig. 3 (wind- 
tunnel 3) and 4 (windtunnel 4) show that Rek 
decreases when ' the sphere diameter increases. 
The influence of the sphere diameter on Rek is 
a well-known effect. Measurements carried out 
by DRMEN~) showed that the intensity of the 
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FIGURE 5. 
Windtunnel 4 

The influence of the spindle diameter 
on the drag coeficient of two spheres. 

(tightening loads in tunnel 4 :  50 and 10 kg) 

turbulence in the windtunnel concerned was not 
affected by changing the airvelocities. As however' 
the value of. Rek decreases with increasing sphere 
diameter this effect is to be ascribed to the in- 
fluence of the scale of the turbulence on Rek. 
According to the above mentioned investigations, 
Rek varies inversely proportional to dOt20. 

When the values of Rek, obtained in wind- 

tunnel 3 are compared with those obtained in 
windtunnel 4, it is evident, that the turbulence 
in windtunnel 3 is lower than that in windtunnel 4. 
The value of Rek of the smaller sphere in wind- 
tunnel 3 is Rek = 3,52 x lo', in windtunnel 4 
Rek = 3,15 x lo5. Correspondmg values obtained 
with the larger sphere are Rek = 3,31 x lo5 in 
windtunnel 3 and Rek =2,86 x lo5 in wind- 
tunnel 4. 

The influence of the sphere diameter is derived 
by comparing the results of the 150 mm sphere 
with those of the 200 mm sphere, both in tunnel 
3 and 4. In windtunnel 3 Rek varies inversely 
proportional to do,*', in windtuxinel 4 to do,%. 
The result of the measurements in tunnel 3 con- 
firm the experiments of DRMEN, for tunnel 4 
the exponent is somewhat higher. It may be 
possible however, that this difference is caused 
by variation of turbulence in tunnel 4, due to 
the different airspeeds at which Rek for both 
spheres occurs. 

The influence of the diameter of the supporting 
spindle, determined in windtunnel 4 (fig. 5), 
gives no appreciable difference in the value of Rek. 

As described in section 4.1, the influence of the 
tightening loads on the values of cd has been 
determined by decreasing the load in the front 
suspension point from 50 kg to 25 kg. The iii- 
fluence of decreasing the tightening loads deter- 
mined f r o h  measurements with the two spheres 

FIGURE 6. 
Windtunnel 4 

The influence of the tightening' load on the drag coefficient of the spheres for spindle diameters 12 mm, 19 mm and 28,7 mm. 

, _  , 

. .  1 
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and different shaftdiameters, results in most cases 
in lower values of cd (fig. 6). In the region of 
Rei, however, the effect is almost negligible. 

In table 2 the values of R e k ,  obtained with 
various spindle -.diameters and tightening loads, 
are given. The maximum differences of R e k  
from the values obtained in the standard con- 
ditions (spindle diameter 12 mm, tightening 
loads in front suspension point 50 kg) are 
-0,03 x lo5 and t 0,02 x lo5. 

5.3 Pressure measurements. 

The curves obtained in windtunnel 3 and 4 
show a steep decline which resembles that of 
the curves obtained from the drag measurements. 
The values of R e k ,  obtained from the pressure 
measurements, differ only slightly from those 
obtained from the drag measurements. The value 
of R e k  for the smaller sphere in windtunnel 3 
is R e k  =3,5 x lo5, in windtunnel 4 R e k  = 
3,11 x lo5. These values are for the larger sphere 
in windtunnel 3 R e k  =3,34 x lo5, in wind- 
tunnel 4 R e k  = 2,81 x lo5. As shown in table 1 
these values are a little lower than those obtained 
by drag measurements except the value obtained 
with the larger sphere in the closed jet of wind- 
tunnel 3, which is slightly higher. 

6 Conclusions. 

a. The critical Reynolds number, derived from 
the drag measurements with spheres, is nearly 
equal to that, derived from the pressure 
measurements. 

1.4 
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FIGURE 7. 
Windtunnel 3 

Pressure coeficient of two spheres in terms of Reynolds number. 
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FIGURE 8. 
Windtunnel 4 

Pressure coeficient of two spheres in terms of Reynolds number. 

b. The curves obtained from drag and pressure 
measurements show a steep decline in the 
region of R e k .  In general no .discontinuity 
occurs in the curves. 

c; The values of R e k  obtained with the smaller 
sphere (diameter 150 mm) are higher than 
those obtained ' with the larger sphere (dia- 
meter 200 mm). As DRYDEN has pointed out 
this phenomenon is due to the influence of 
the scale of turbulence. In windtunnel 3 
R e k  determined from drag measurements varies 
inversely proportional to. d W 1 ,  in windtunnel 
4 to dOr34. The result for tunnel 3 confirms 
the experiments of DRYDEN ( R e k  :: 1/do,20), 
for tunnel 4 the somewhat higher exponent 
may be caused by a slight variation of turbulence 
at different airspeeds. 

d. The airflow in the closed jet of windtunnel 3, 
ai determined by drag and pressure measure- 
ments, has' a critical Reynolds number of 
about: 

3 3  x IO5 with sphere diameter 150 mm 
3,3 x lo5 with sphere diameter 200 mm 

e. The airflow in the open jet of windtunnel 4, 
as determined by drag and pressure measure- 
ments, has a critical Reynolds number of 
about: 

3,1 x lo5 with sphere diameter' 150 mm 
2,8 x lo5 with sphere diameter 200 mm 

f. The airflow in the closed jet of windtunnel 3 
is less turbulent than the airflow in the open 
jet of windtunnel 4. . .  . .  
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g. Although no qualitative data of the turbulence of the critical Reynolds number is almost 
of airflow were determined, it may be con- 
cluded from a comparison with the results 
of sphere measurements in similar tunnels, 
that the turbulence in tunnel 3 is rather low. 

h. The diameter of the supporting spindle affects 
the drag-curves somewhat, although the value 

unalterid. 

Decreasing the tightening loads has about the 
same effect as increasing the diameter of the 
supporting spindle. 

z. 

Completed: May 1946. 
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TABLE 1. 

Reh in windtunnel 3 and 4, determined from 
pressure and zg measurements with two spheres (supporting 
spindle 12 mm, tightening loads in tunnel 4, 50 kg and 10 kg) .  

Windtunnel 4 

Re. 10-5 

Windtunnel 3 
Sphere 
diam. Re. 10-5 Re. 10-5 1 ( c p =  1,22) 1 (w= 0,30) 1 (cp = 1,22) 1 (EL k:;O) 

150 mm 3.50 3.52 3.11 3.15 I I 200 mm I 3.34 I 3.31 I 2.81 1 2.86 

TABLE 2. 
Windtunnel 4. 

The influence of the diameter of the supporting spindle and 
the tightening loads on the value of Reh. 

Diameter of 
supporting 

spindle 

12 mm 
12 mm 
19 mm 
19 mm 
28.7 mm 
28.7 mm 

Sphere diameter 

.Tightening 
loads 

~ 

25 kg and 10 kg 
50 kg and 10 kg 
25 kg and 10 kg 
50 kg and 10 kg 
25 kg and 10 kg 
50 kg and 10 kg 

150 mm 

Re. 10-5 

(cd = 0,30) 

3.12 
3.15 
3.14 
3.15 
3.14 
3.14 

- 
200 mm 

Re. 10-5 

(Cd = 0,30) 
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Some Remarks ' about High-Frequency ' Rotary-Current Electric 
Motors for Driving  model^ .Propellers 

by 

.. . Ir. J. G. SLOTBOOM 

Summary. 
The requirements to be met by electric motors for driving model propellen can be expressed in a simple 
condition. Starting from the formula giving the power required as a function of the propeller diameter, the 
number of revolutions and the torque coefficient, a relation is derived which represents the power for all 
motors as a function of the revolutions per min. only. This is evident after having been shown that the 
possibility of carrying out useful measurements at a reasonable wind speed - especially measurements 

concerning the stability at minimum speed - requiles a value of a of about 100 mjsec. It is not necessary 

to choose higher values. 
Furthermore, a few requirements about the dimensions of the motors and the number of poles (with regards 
to an economical use of the alternator) are given. 

nD 

Contents. 
1 Introduction. 
2 Thrust &d torque coefficient of the propeller. Dimen- 

sions of the nacelle. 
3 Power and speed. 
4 The number of poles. 
5 List of symbols. 

1 Introduction. 

As a consequence of the experience of the 
National Aeronautical Research Institute, obtained 
by the use of fast-running rotary-current electric 
motors for driving model propellers, the necessity 
of a clear formulation of the requirements to be 
met by those motors has been felt for some time. 

Judged by their dimensions and maximum 
speeds the smaller ones especially appeared to be 
lacking in power and, therefore, to be less suited 
'for carrying out useful measurements at reasonable 
airspeeds than the bigger ones, which seem to 
have better performances. For manufacturers of 
this type of high-speed electric motors as well 
as for laboratories using them it will be of great 
interest to know the maximum and minimum 
requirements concerning dimensions, power and 
speed, to be expected in the near future. They 
are given in this paper in graphical form. 

2 Thrust  and torque' coefficients of the  
propeller. Dimensions of the nacelle. 

For correctly estimating the behaviour of an 
aeroplane with operating engines from the results 
of measurements on a model in a wind channel, 
the velocity field around the model should be 
similar to that around the original aeroplane. At 
the same time the scale of the model propeller 
diameter must be the same as that of the model, 

Y 
while - , K, and KQ must have identical 

values for model and full-scale propeller. 
I n, D 

K, and KQ are defined by . 
T 

KT = ___ pnlZD4 ' 

(2 ) 
. Q  
pn12D5 . .  

and KQ = __ . ' 
Without scale effect, pure geometrical similarity 

V 
and the same value - for model and full- n,D 
:scale. propeller are sufficient to obtain similar 
velocity fields. There will, however, always be 
some scale effect and in order to avoid its influence 
.becoming excessive, it is necessary, to carry out 
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the measurements at reasonable wind speeds. 
Neglecting the scale effect we can write: 

K, (model) = K, (full scale). 

A mean value of K, for modern propellers is 
about 0,015. The calculation of the power required 
to drive model propellers is based on this value. 

Of great importance is the requirement con- 
cerning the motor diameter. The diameter should 
be such that the entire motor can be placed inside 
the model nacelle. Therefore, the. maximum 
diameter of the motor is not allowed to-exceed 
t of the propeller diameter. When in the future 
piston engines are replaced by gas turbines, it 
is likely that this maximum motor diameter should 
be decreased still further. The maximum length 
of the motor should not exceed 2 to 2% times 
its diameter. 

3 Power and speed. 

The power N,  required to drive a propeller is 
equal to 2 nnlQ or with formula (2) and using 
metric units: . .  

(3) n,sD5 hp . 
75 N =  

Now the problem is to find those combinations 
of n, and D, for which all conditions of flight 
can be simulated in the model tests. D being 
constant, the required power is proportional to 
nl, as appears from formula (3). On the other 
hand, in the case of a rotary-current electric 
motor, the available power is roughly proportional 
to n,. Hence, the requirements to be put to 
electric motors driving propellers, are to be based 
on the highest value of n,, expected at a given D. 
In flight modern airscrews operate at tip speeds 
up to about 1,l times the velocity of sound. At 
minimum flight velocity the tip speed of the 
propeller still is 310 to 320 mjsec. That minimum 
velocity is about the same as the wind speed at 
which the measurements in a windtunnel of 
medium size and speed can be carried out 
comfortably. The stability of an aeroplane at 
minimum flying speed being of great importance, 
it is necessary also to fulfil the corresponding con- 
ditions when testing the model in a wind channel. 
These considerations lead to the conclusion that 
the model propeller should be able to operate 
at tip speeds of about 310 m/sec or at n,D = 

= - -  100. Normally a higher value of nlD 

is not to be expected. A lower value may for 

310 
x 

instance give trouble with respect to the stability 
tests in the minimum, speed condition. 

Substituting n,D = 100; KO = 0,015 and 
p = 0,125 in (3) we obtain the required power 
as a function of the speed n, (revolutions/sec) 
or n = 60 ni (revjmin). The heavy curve in fig. 1 
represents this function. Figure 1 also shows. a 
few N-n C U N e S  for some higher values of n,D, 
on which it is, however, not necessary to base 
requirements. 

The dotted c u r b  in fig. 1 represent N as a 
function of n for several values of the maximum 
motor diameter dmar (= $ D). 

The requirements to be met by electric motors 
driving model propellers now can be formulated 
as follows: 
' 

The'point given by Nmax and nmax should be 
nD 

located on the N-n curve for - = 100 in fig. 1. 60 
Combinations of Nm, and nmX in the region 
above the given curve, in general are of no practical 
use. The motor diameter should not be greater 
than that belonging to the dotted curve going 
through the given point for Nmar and nmax and 
the length should not exceed 2 or 2,5 times the 
diameter. 

Fig. 1 is very useful for determining the required 
maximum motor power and speed for a given 
diameter D of the model propeller; The point 
where the dotted curve for dmar = a D and the 
heavy curve intersect indicates the req&red values. 

made independent of the wind channel in which 
the measurements are carried out. 

For a large number of model motors used at 
present for wind tunnel research, the values 'of 
N m a x ,  n and d,, do not correspond to the 
given curve. In some cases the number of revo- 
lutions is unnecessarily high and mostly the 
diameter is more or less excessive. Specially for 
the smaller motors, the demands concerning the 
dimensions seem to be rather exacting. It is 
possible, of course, to formulate other require- 
ments than those given in this report, but it is 
believed that this closer examination of the problem 
will give a lead to the right requirements for this 
type of motors. 

In applying the requirements to geared motors 
the curves mentioned above are valid only for 
motor and gear box together. 

Obviously, the general requirements' can be ' 

4 The number of poles. 

The power available to drive the model propellers 



will often be dependent on the power which can 
be delivered by the high-frequency alternator. 
In section 3 of this paper we learned, that the 
fast-running motors are the smallest. A fast- 
running motor means an alternator running at 
high speed and, in consequence, having much 
power available. The big motors run relatively 
slow and when they .have two poles only, the 
high-frequency alternator also runs slow and has 
a small power output, under certain circumstances 
even too small. To get more power the use of a 
larger alternator is required, but it will be simpler 
to make use of a motor with four or six poles, 
in order to run the alternator at twice or three 
times the speed of the motor. 

For alternators running at a maximum frequency 
of 500 cycles, the desirable number of poles is: 

A 11 

for motors with 

rima = 15000-30000 rev/min, two, 
nmax = 10000-15000 revjmin four, . 
nmaX = 7500-10000 revjmin six, 
nmru = 6000- 7500 rev/min eight. 

5 List of symbols. 

. D = diameter of the propeller (or model 
propeller) 

nl = number of revolutions per sec. 
Q = torque of the propeller (or model propeller) 
T = thrust of the propeller (or model propeller) 
V = airspeed 
p = density of the air. 

Completed: July 1946. 

FIGURE 1. 

N QS Q junction o j  n jor  various values of - and dmax or D. nD 
60 
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Calculation of the Deformation of Two-Spar Wings 
with Shear-Resistant Skin 

by 

Ir. F. J. PLANTEMA and Prof. Dr. Ir. A. VAN DER NEUT 

Summary. 
The equations giving the relation between the internal loads and the deformations of two-spar wings with 
shear-resistant skin, are derived by applying a modified version of CASTIGLIANO'S theorem, stating that the 
energy F = A- A, - Aq = Min., to an arbitrary part of the wing located between an arbitrary pair of 
consecutive ribs. The deformation of the wing can be completely described by five functions ut, up, $, 0, and On 
The five equations of equilibrium (3.19) to (3.23) incl., which are necessary for the computation of the energy Aq, 
are derived in art. 3, whereupon the elastic energy A (4.15), the work of the boundary forces A, (4.7) and the 
work of the virtual loads Aq (4.8, 14), are computed in art. 4. The solution of the variational problem F = Min., 
given in art. 5, yields five differential equations which, together with the appropriate boundary conditions, 
determine the five deformation functions. These equations can yet be simplified by introducin new variables 
y,, y. instead of 0,. 0,; thus, eqs. (5.12) to (5.15) incl., which do not contain the function 8,  are obtained. 
The boundary conditions at the-'ribs and in the plane of symmetry of the wing are derived in art. 6. Finally, 
a numerical method for solving the equations is indicated in art. 7. 

.. - 
. 

Contents. 
1 Introduction. 
2 
3 The equations of equilibrium. 

CASTIGLIANO'S theorem and its application. 

3.1 Introduction of the virtual loads. 
3.2 The equilibrium of the skin. 
3.3 The equilibrium of the spars. 
3.4 The final equations. 

4 Computation of A,, A,,, and A. 
5 The load-deformation equations. 
6 The boundary conditions. 
7 The solution of the equations. 
8 Notations. 
9 References. 

1 Introduction. 
The computation of the stress distribution in 

two-spar wings with shear-resistant skin has been 
dealt with in two papers in Vol. XI1 of the Reports 
and Transactions of the National Aeronautical 
Research Institute (Nationaal Luchtvaartlabora- 
torium) (ref. 1 and 2). However, in several investig- 
ations it is necessary also to'compute the defor- 
mations of the wing. The solution of the latter 
problem, assuming the internal loads to be known, 
is given in this report. 2, 

It is to be expected, that the derivation of the 
formulae based solely on geometrical considera- 

This report is an abbreviated translation 0f'N:L.L.- 
Report S. 297, March 1945 (written in Dutch with an 
English summary). 

tions, would be very complicated. Therefore, no 
attempt has been made to do so; instead the energy 
method, starting from CASTIGLIANO'S theorem, has 
been used. With the rules of the calculus of varia- 
tions the equations giving the relation between the 
internal loads and the deformations, can be derived 
very elegantly. Some relatively simple examples 
have been given by TREFFTZ (ref. 3) and MAR- 
GUERRE (ref. 4). In view of the complexity of the 
wing problem it appeared desirable to start from 
a modified statement of CASTIGLIANO'S theorem, 
which can also appropriately be called the theorem 
of virtual loads. This modified statement and its 
application are being discussed in art. 2. The 
differential equations of the wing problem, holding 
for each part of the wing between two consecutive 
ribs, are derived in art. 3 , 4  and 5. Their boundary 
conditions at the ribs, and at the plane of symmetry 
of the wing are given in irt. 6 and the solution 
of the equations is discussed in art. 7. 

The wing scheme is equal to that mentioned in 
ref. 1 and 2 and also the same notations have been 
used as far as possible (see art. 8). 

I 

a )  I n  principle it is possible to compute simultaneously 
the internal loads and the deformations, independent of 
ref. 1 and 2. This method has been developed for the 
relatively simple case of a wing with pacallel spars; see 
ref. 8. However, pending the execution of the complete 
numerical calculations, it is expected that no important 
gain in time can be obtained, whereas the possibility of 
making errors would definitely increase, 
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2 CASTIGLIANO'S theorem and its application. 
Usually the theorem is stated as follows (see a.0. 

ref. 5 and 6): Of all stress systems that satisfy the 
equations of equilibrium in a body and balance 
the specified loads at the boundary, but need not 
satisfy the specified boundary conditions for the 
displacements and rotations, the actually occurring 
system minimizes the expression A-Ar, where A 
is the elastic energy expressed in the stresses or 
loads and A r  is the work, done by the unknown 
boundary forces at the specified displacements. 

In order to compute certain displacements (or 
rotations) these are formally considered to be given 
quantities. As the equations of equilibrium can 
then no longer be satisfied, this can only be done 
by introducing certain virtual loads q. If the 
equations of equilibrium in the body and at that 
part of its boundary where the loads are given ' 

are symbolically denoted by E (0, T) = 0, the 
virtual loads must now satisfy the equations 
E (0, T) + q = 0. The virtual forces may be con- 
sidered as unknown boundary forces at points, 
where the displacements are specified. Denoting 
the work of the virtual forces at their corresponding 
displacements by Aq,  the modified theorem may 
be expressed as 

F = A - A r  - Aq = Min. (2.1) 
The solution of this' variational problem yields 

the eouations. which enable the comoutation of 

MtM'dx Mc tJ 
D dx D+ D'dx 

.y,v 

FIGURE 2.1.. 
Example. 

, 

1 the deiormatidns. A very simple illustradve example 
may be given'here, namely the calculation of the 
deflexions v of the beam in fig. 2.1. The elastic 
energy is 

' (  M 2  M'  2 J + Tz -' F = A - A r - A q  = 

0 

1 
- v (M"  - p )  dx = Min. 1 

0 The variation 6F at a variation of M must. 
be zero, 

The specified displacements are the deflections 
at both ends and the slope at the built-in end; as 1 

M' 
SS 

they are. all zero the work A r  = 0. 
B M + -  6M'- v 6M" 

The equations of equilibrium are 
1M'+D=O,  (2.2) 0 

D + p = o ,  (2.3) . I  

M M" v") 6M dx' + Mx = = 0. (2.4) 
Considering the deflexions v as given quantities 

means, that eq. (2;3) can not be satisfied; virtual 
forces q must be introduced such, that 

= / ( %  - - - ss 
0 

D ' + p + q = O  or q = - ( ( D ' + p ) = M " - p .  

The work A ,  is therefore given by 
Bearing in mind that v = 0 at x = 0 and 

I 1 Y = 1. SM = 0 at x = 1 and substitutine ea. ~~ 

(2.2), ' the following differential equation -ana 
boundary condition at x = O'follow from the 
requirement that SF = 0 at any arbitrary.variation A * =  v q dx =/ v ( M " - p )  dx. 

0 0 of the bending moments M: 

D 
; v ' =  - a t x = O .  

M D' The variational problem (2.1) IS expressed in = - + - 
this case by S b  ss SS 



For a complex problem, where the develop- 
ment of the final equations of equilibrium contains 
various eliminations and other operations, it is 
essential, in -order to avoid errors, to introduce 
the virtual loads before the equations of equilibrium 
are derived and to eliminate them immediately 
before proceeding with the variational problem 
BF = 0. 

3 The equations of equilibrium. 
3.1 Introduction of the virtual loads. 

A cross section of the schematized wing is 
given in fig. 4.1; the shaded portions are con- 
sidered to be infinitely rigid. The deformation 
of the wing in the YZ-plane is completely deter- 
mined by the displacements vi and uz of the 
shear centres of the spars and the rotation of 

s 3  

plane), where H is the distance to the wing plane 
of the intersection of the resultant of .the shear 
loads t in the skin,. indicated in fig. 3.1 or 3.3 
in cross section x ,  with the plane z = '/z b. From 
the equation of equilibrium of the force compo- 
nents parallel to the X-axis together with that of 
the moments about'the Y-axis, neglecting terms 
of higher order, follow the identities 

-xib = Xzb =' t b .  (3.1) 
The equilibrium of the force components 

-parallel to the Y-axis and that of the force com- 
ponents parallel to the Z-axis yield 

Y i b  + Y z b  - f b  ( H c i  - Hcz)  

r b  + Z i b  $- Zzb (fbb)'  = 0. 
From the equilibrium of the moments about the 

X-axis follows 

- T b  Hb - &b H c i  - Z2b Hcz + Yzbb  - 

= 0, (3.2) 

(3.3) 
i , 1 '  

. -  2 ( t b  O b i ) '  - f b  ( H c i  - Hcz)  tg ai = 0, 
(3.4) 

where abl'is defined according to fig. 3.2. 

FIGURE 3.1. 
The equilibrium of a strip of the lop skin. 

one spar, e.g. +l (see fig. 4.2). However, it 
appears to be more convenient to introduce the 

quantity'+ = *' + *' as the third ,,dis-. 2 (hc l  - h c d  
placement" instead of The deformation in 
the XY-plane is determined by the displacements 
u1 and u2 and the rotations 0, and.0,  of the 
cross sections of both spars in the XY-plane. 
The deformation of the wing can therefore be 
completely described (excepting the displacement 
in Z-direction)' by the five functions vi, u2, +, 

and 02. In order to enable the computation 
of these functions by means of the modified 
theorem of CASTIGLIANO the virtual running loads 
41, q2. T, mi and mi are introduced (see fig. 4.3). 

3.2 The equilibrium of the skin. 
We first consider the equilibrium of a strip of 

the top skin of a width dx (fig. 3.1). The running 
loads acting on this strip are indicated in fig.'3.1; 
the forces X ,  Y and Z are transferred from the skin 
(including the rigid formers) to the spars. Pending 
the formal proof, that the virtual loads on the top 
and ,bottom skins are equal, a suffix has been. 
'added to the symbol T, The virtual. load T acts 
at a distance H,' parallel to the wing plane (XZ- - 

FIGURE 3.2. 
The definition of ab,, so,, Obn and soz. 

The equilibrium of a strip of the bottom skin 
(fig. 3.3) yields, in precisely the same way, the 
equations " 

- xi0 = XZO = t o ,  (3.5) 

Y l o  -t Yzo + t o  (Hcl  - gCz) 1' = 0, (3.6) ! 
- T O  i- Zio  + Z z o  + ( t o  6)' = 0, (3.7) 

- 7 0  Ho f Zio  H c i  f 2 2 0  HCZ + Y z o  b , +  

+ 2 ( t o  001)' + to  ( H c i  -Hcz )  tg ~i 0. (3.8) 
- 

3.3 The equilibrium of the spars. 

An element of the front spar with the loads 
acting on it is given in fig. 3.4. q, is a virtual force 
acting in the shear centre of the front spar, mi a 

,virtual moment in the XY-plane. From the 
equilibrium of the forces in X-direction we find 

Xib + xi0 = 0; (3.9) 
hence, from (3.1) and (3.5) . .  

f b  = - t o  = t .  (3.10) 
. .  
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FIGURE 3.3. 

The equilibrium of a strip of the bottom skin. 

This equality has already been used in fig. 3.4. 
The equilibrium of the forces parallel to the Y- and 
Z-axes and of the moments about the X- and 
Z-axes. gives, again neglecting terms of higher 
order, the following four equations 

- Y1b - YIO .C D'SI + D g l  + PI + 91 + 
+ It (hc l  - hi)] '  = 0, (3.1 1)  

Zib + ZIO = 0, (3.12) 

(DSI el)' - tg a, M'1 + D S l  + Dgl + t ( h c 1  - 

- h,) I 4 (pI + ql )  el - Z l b  H c l  -1- 210 HCI = 0, 
(3.13) 

m, t DSI  f Dgi -t t ( h c i  - h d  + JJ'1 + 
+ x 1 b  H c l -  X 1 o  H c l  = 0. (3.14) 

For an element of the rear spar we find in 
exactly the same way 

! 

~ 

X z b  f x z o  = 0, 
- y z b  - Y z o  + D'SZ f D g a  + Pz + q z  - 
- f t  (hcz  - h)]' = 0, (3.15) 

FIGURE 3.4. 
The equilibrium of an element of the front spar. 

s 4  

Z z b  f ZZO = 0, (3.16) 

(Dsa ez)' - tg a, M', f D,SZ + Dgz - t (hcz  - 

- h,) 1 + ( p ,  + qz) e2 + Tab H c z  -zz0 gc2 = 0, 

m2 C DSz  + Dgz - t (hcz  - h,) + M', + 

1 
(3.17) 

C X z b  H c z  - X z o  H c z  = 0. (3.18) 
The first of these equations is dependent upon 

(3.1, 5 and 9). Further, from (3.3 and 7), we find 
that 7 b  = 7 0  = T. ' , 

3.4 The'final equations. . 
With the identities - x ~ b  = X z b  = X l o  = 

(3.19) 
(3.20) 

= - XZO = t we obtain from (3.14 and 18) 

ml + M', + D s l  + Dg,  - th, = 0, 
m2 4- AT3 + D s z  + Dgz  + th, = 0. 

. .  . .  

FIGURE 3.5. 
The equilibrium of an element of the rear spar. 

WithZIb = - Z l o = Z 1 a n d Z z b = - z z o = Z a  
from (3.12) and (3.16) we obtain from (3.13) and 
(3.17), also substituting (3.19) and (3.20), 

Z1 ~ C I  = (DSI el)' + p ,  e ,  - thcl tg a, + 
+ ml tg al + q1 e,, 

- 2, hcz = ( D S Z  ez)' + p z  ez + thcz tg a2 + 
+ m2 tg az + qz e,. 

Substituting these expressions in (3.3) or (3.71, 
as well as tg a, + tg az = - b', the following 
equation is found 



s 5  

b 
Y i b  + Yl0 = - (DSI el)' f ( D S z  ez)' - 

I, 

FIGURE 3.6. * 
The definition of 0,. 

Substituting the expressions for Z, and Zz in 
(3.4) we get 

Hcz H c i  
hci  hcz (Ds i '  el)' - __ ( D S Z  el)' + b Y z b  = ~ 

p z  e, + t H c z  b' + P, el - ~ 
+ -  
+ 2 ( t  Ob, ) '  + T Hb 4- mi tg a1 - 

q2 ea i 

Hci  Hcz 
hcz hci 

H c i  

Hcz Hcz 
hca hci C Z  

q1 el - m2 tg a2 + ~ 

Hci  - _ _  

similarly from (3.8) 
- - 

( D S Z  4' + ( D S L  el)' - __ Hcz H c i  
hci  hcz 

bYzo  = ~ 

- - 

p a  e2 + t b' + H c i  
hci  + -  P i  e1 - hca 

+ 2 (601)' + T Ho + 
- 

mi tg a i -  

and by addition, with h = Hb + H o ,  

Y z b  + Yz0 = 

+ pi e, - p a  e2 + the$ b' + 2 t ( 6 b i  + 
+ Ool)  1' + Th + mi tg El - ma tg a2 + q1 el - 

- qz e2 . 

( D s i  el)' - ( D S Z  ez)' + 
b 

[ 

I 
From (3.2) and (3.6) , 

Yib + Y1o = 2 (hc i  - h c z )  - ( Y z b  + Yzo). I I! 
Substituting in the right side of this equation 

obi + 601 + 3 bhcs = 6 b a  + 60, + 4 bhci, 
we obtain 

- 

-plel+pzez--thc~b'-2 i t ( O b z d  

- T h - mi tg ai + mz tg a2 - 41 el + q2 e, . 
1' - 

1 
The equations of equilibrium (3.11) and (3.15) 

of the spar can now be written 

(b  + el) q1 -ez qz + 7 h + ml tg al-mztgaz + 
+ (b + el) D S i  + el' Dsi - (e2 Dsz) '  + 
+ b D g i  + (b + e,) pi - e z p z  + 2 t' Oz + 
+ t (2  Oz'  + b' hi) = 0, (3.22) 

- e l .  q1 + (b  + ea) q2  - T h - mi tg a, + 
+ mz tg a2 - (el Dsi) '  + ( b  + ez) D S Z  + 
+ e'z D S Z  + b D'ga - e, P I  + (b  + ez) PZ- 
- 2 t' O1 - t (2 O 1  + b' h,) = 0, (3.23) 

where O1 is the shaded area in fig. 3.6 and 0, is 
defined similarly. 

Omitting the virtual loads, the equations (3.19, 
20 and 21) are identical with equations (4 a, b) 
and (14) -of ref. 1, that have been derived in a 
different way; equations (3.22 and 23) replace 
equations (3 a, b) of ref. 1. 

From the definition of Dg (see ref. 1, art. 03.2) 
we further have the equations of equilibrium 

Dgl + Mi h'llh, = 0, 

Dgz + Mz h'z/hz = 0. 

Finally, for wings with torsionally rigid spars 
(ref. 2), we have 

Y1 = Yii ,  Yz = Y z i  (3.26) 

where Y ,  and Yz are the torsional moments in the 
torsion tubes, that occur in the wing scheme. 

4 Computation of A r ,  A4 a n d  A. 
The modified theorem of CASTICLIANO will be 

applied to an arbitrary part of the wing located 
between an arbitrary pair of consecutive ribs. 

U b 
b 

FIGURE 4.1. 
The boundary loads. 

, 



The forces, acting on the boundaries of this 
part are given in fig. 4.1 and the specified dis- 
placements vir u,, +, 0, and 0, in fig. 4.2 (see 
also art. 3.1). The work A r ,  done by the boundary 
forces, is therefore expressed by 

A r  = [ Dsi + Dsz vz + Dgi + t (hci  - 

yz + 
+ t (Hcz - Hci) y b  + t (RCZ - Bci) yo + 
+ t b  (ub + u o )  + MI @I + Mz @ z  + (MI g a l -  

f 
Dgz - t ( ~ C Z  - hz) ! 

- YJ $1 + (Mz tg a2 + Yz) +? 
L 

The displacements vi, VZ, y ~ , y , , y b ,  YO,  ub and 
u o are interdependent due to the given kinematical 
assembly of the wing cross section (fig. 4.1). 
Their interrelation is expressed by the following 
equations, which will not be derived here, 

FIGURE 4.2. 
The dirp[acements and rotations. 

Substitution of (4.1 to 6 incl.) in the expression 
for A r  and simultaneous elimination of Dgl and 
Dgz by means of (3.24,25) leads to 3, 

+ Dsi VI + Dsz vz + t Hi (1 -.A) - 
a 

ez (1--) - 
a a a 

a 

(4.7) 
R 

The virtual loads, that have been introduced in 
art. 3.1, are indicated in fig. 4.3. The work A ,  can 
be written 

A Q  = I R  A'Q ' dx, where 
L 

The virtual loads will now be expressed in the 
internal loads Mi, M,, Dsl, D S z  and t by means 
of (3.19 to 25 .incl.). Thus 

i t  (4.9) mi = - M I  + Ml 2 - D s l  + th h 
hi 
h mz = - M ,  + M z  - Dsz - th2,  (4.10) 
hz 

For reasons of compactness + I  and +n have also been 
retained as separate functions. .' . 



The functions qol,  qoz and TO are defined in 
art. 8. Substituting (4.6, 11, 12 and 13) in (4.8) 
we obtain 

ahci 

. ,  

h 

The elastic energy A is given in art. 05 of ref. 1 
and art. 05 of ref. 2 

R I  

t Mz + _ _ ~  sbz COS8 U2 

+ t Z b ( -  't D'si Dzsz 
SSl COSUl  + ssz COSUz Gb db 

+ 

5 The load-deformation equations. 
The equations giving the relation between the 

deformation functions vl ,  up,  O,, O,, $ and the 
internal loads result from the solution of the 
variatonal problem (2.1). Successively, the variation 
of F is determined at a variation of D s l ,  DSz ,  
M,, Mz and t ;  thus, five differential equations are 
obtained which are necessary and sufficient for the 
computation of the five unknowns. The first 
variation of F at a variation of D s l  can be written 
in the form 

- SF=SA-SAr-8Aq = - v1SDy1 
R I,"+ 

+. 1 (AI S D ' S I  + B1 S D s l )  dx, 

where A, and B, are certain expressions obtained 
directly from the variation of (4.14) and (4.15). 
By partial integration we obtain 

L '. 

R 

(A, - vi) SDsi 1: + J' (-A',+ 

L 

b J 

FIGURE 4.3. 
.The virtual loads. 

The first variation SF can only be zero 'at  any 
arbitrary variation of Ds1 if vi = A, and -A' ,  + 
.B1 = 0. After some rearrangement of the expres- 
sion Ai it appears, that the first condition is an 
identity. The second .condition can be reduced, 
after reduction of the expression B,, to 

Dsi  +@,~v',-Q,(e',---tgu,)= 0. (5.1) 
S S l  cos Ul 

At a variation of D S Z  we obtain in the same way 

~~ Dsz + O , - V ' ~ - $ ~  (e',-tguz)= 0. (5.2) 
Ssz COSU, 

At a.variation of MI, we find ' 

R 

L 

whereas S A g  can be given in the form 

... 
R 

SAq = iC, SAT1 + Dl 8 M d  dx = 
J 
L 

R 

L 

The first variation 8 F can only be zero at m y  
variation of M ,  if 

h'l h' 
hi hi  

O l - v l  - , + + 1  (tgu,-el 2) + C, = 0 

+ Bi) S D s i  dx. , and 



S 8  

Again, it appears that the first condition is 
satisfied identically, whereas the second condition 
can be reduced to 

h' 1 0, - J,, (el - - 
s b i  COS3u, hi 
Mi hl 

,-  tgal) I]' = 0. (5.3) 

At a variation of M, we obtain in the same way 

h'z 0, - +, (e,  - - 
s b z  cos3 a, hz 

- tgaz) I]' = 0. (5.4) 

At a variation of t we get 

R 

" 

,L .. . 

a 
el e2 + uz (Hi '- - Hz (1 - -) - a a 

whereas 6 A ,  can be given in the form 

R 

S A @ =  ( E l S t ' + E z 6 t ) d x =  J 
L 

R 

+ [ (- E', + E,) 8 t dx. 
J 
L 

The first variation SF can only be zero at any 
variation of t if 

a 
e2 - Hz (1 - -) - + + (Hl  e ,  r ,  - 
a 

- HZ e, rz + bs) + E, = 0 
and I , . .  

) + E',-E,=O. + -  tb (- 
Gb d b  Go d o  

1 1 

As before, the first condition can be shown to be 
an identity. By means of (4.3, 4, 6 )  El can also 
be expressed as 

E1 = - HI y, + Hz YZ 7 bu. 
By substitution of this expression and reduction 
of E, we obtain from the second condition 

) - Hi y'i + HZ Y'Z - + -  tb (m Go do 
1 '  1 

- h c l  h c z  [ (hcl  + h c 2 ' - 2 h )  b' + 2 b U ]  4 + h 
bh' + (hcl + h c z  b' + - ) u - bu' = 0. (5.5) 2 'h . . h  

Note: It can be shown, that the abovementioned ,,first 
conditions" must necessarily be identities. Thus, they 
provide a check on the validity of the precedng work. 

The five differential equations (5.1 to 5 incl), 
holding for any part of the wing between two 
successive ribs, together with the appropriate 
boundary conditions, determine the five defor- 
mation functions ul, u, a,, 0, and J,. For a wing 
with two parallel spars (b' = a, 7 a, = 0) and 
e, = e, = 0 the equations (5.1 to 4 incl.) reduce to 

+ 0, - u', = 0, - v', = 0, __ 
(5.67) 

Dsz & 
S S l  Ssa + 

M I + - - -  Dsl  ', @', = 0, (5.8) 
s b i  S S I  hi 

The function J ,  has disappeared and the dis- 
placements and rotations of the front and the rear 
spar can be computed from separate pairs of 
equations, respectively (5.6,8) and (5.7,9). These 
equations have formerly been derived from geo- 
metrical considerations (ref. 7). 

Also for the general case, equations (5.1 to 
5 incl.), it is possible to simplify the computation 
of the deformations by .eliminating the function Q 
from the first four equations. In order to attain 
this, new variables 'p, and 'p,, being the rotations 
of a cross section of the front resp. rear spar in 
the plane through the shear centres parallel to the 
Y-axis, are introduced instead of 0, and 0,. (The 
positive direction of 'p is the same as that of y'). 
The angles p1 and p, between these vertical planes 
through the shear centres and the X-axis (p has 
the same positive direction as e') are obtained from 

tg p1 = e', - tg ai; tg pz = e', - tg a,. 

By means of the relations 

'pi = 0, cos p, - 4, sin pi, 
ya = 0, cos Pa - 4, sin p,, 

(5.10) 
(5.11) 

, .  



and of equation ( a )  from the appendix to ref. 1 
we obtain from (5.1 to 4 incl.), successively, 

(5.12) Dsi 'p1 

VI1 = S S l  cos a, + -  

(5.13) Ds2 'pz 
+ cos; V I 2  = 

SSZ cos a2 

(?A),.= ____ M1 h1 + (hr1 vl)', (5.14) 
cos P1 sbl cos3 a, 

From equation (5.5) 0, and 0, can be eliminated 
by replacing 

- hl (01 + *1 tga,) + h2 ( 0 2  + 4% 
with 

- v1 hllcos P1 + 'p2 h21cos P2 -e' ,  hl llil + e'z hz $2. 

Thus we have obtained a system of five equations 
of which only the last contains $; this last equation 
can be written as a differential equation of the 
first order in vl, v2, 'pl, 'p2 and + by means of 
(4.1 to 6 incl.). 

6 The boundary conditions; 
The boundary conditions a t  the ribs can most 

easily be derived geometrically. The continuity of 
the displacements of the spar booms at a rib 
requires 

0 ,  = 0-' 0 = 0- p * (6.1, 2) 
I f  1 

The quantities 0, 'p and + at a rib are interre- 
lated as follows 

'p, = 0 ,  cos P, - +, sin P,; 
' p y  = 0, cos p; - $, sin P y ,  (6.3) 

' p 2  = 0, cos P, - sin P,; 
'pi  = 0, cos p i  - $s sin pi, 

+, = 4; = - v , / n e , ;  
+ %  = +; = - a v,/a e , .  

(6.4) 

(6.5, 6) 

From (6.3 and 5) and (6.4 and 6) follow the 
boundary conditions 

- 
/--- _---- 

~ 

__--- _______- ------- w .g 
I 

1 
I -------__________ I 

'FIGURE 6.1. 
Centre part of a rib. 
undistoned, - - - - - distorted. 

or 

and similarly 

If we assume rib i built in at the front spar, 
we obtain, keeping in mind that the rib caps are 
considered to be infinitely rigid (fig. 6.1) 

W 
*1 + *2 = - ~ (hb2- hb i ) ,  (6.9) 

bhbz 
where w is the displacement of the rear spar 
relative to the front spar. The difference between 
the actual spar displacements y1andyZ (fig. 4.2) is 

whereas, from (4.3) and (6.5), 
~ 2 - ~ 1 =  + i b . + w ,  

a v1 
Yi = VI .+ e, +1 = v1 - el __ a e1 

and similarly 
a v2 
n e2 

y z  = v, - e, ~ ~ 

Thus 

By elimination of +1, +2 and A v2 /A e2 resp. 
A v1 /A e, from these equations and (6.3,4,7) we 
obtain 

a v1 v1 - v2 e2. hbz - h b i  W 

a e, a hb2 b a ). - ~- + (1 +- - 

(6.10) 
resp. 

v1 - vz + (- '1 .+ - a v2 

a e2 a 

b + el hb2 - h b l  w 
b a 

) - . (6.11) ' + -  
hbz 

The magnitude of w is obtained considering the 
elastic energy stored in the centre part of the rib. 
If the shear force and the bending moment in the 
rib cross section immediately in front of the rear 
spar are denoted by D and W, this elastic energy 
is (fig. 6.1) 

Ai = 4 DW - 4 W ($1 + $2) = I 1 i  

hbz - hbi = &  [ w ( D + . W  
bhbz ) ]  I . =  
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where Dsi2 is the part of the shear force resisted 
by shear stresses in the web, according to equation 
(9) of ref. 1. According to equations (10) and (17d) 
of ref. 1 we may also write 

Therefore 
. .  

w i = '  [ kD* ahb2 ] . (6.12) 
ha1 ha2  i 

Substituting (6.12) in (6.10,ll) we obtain the 
boundary conditions 

- V? kD* or - _ _ _ _ -  a V I  

a el a h a i  
-- - 

- kD* '2 - A V + -- , (6.13) 
v,+ 0- a e ,  h a i  

a - Ael  
a Le1 

I 
from -~ which vi and v2 can be computed. If Oy,  O,, 
v l  , u s  and +- (immediately inside a rib) are 
known, 0,, O,, vl, u, and + can be computed 
successively from (6.1), (6.2), (6.13 and 14), and 
from + = +-; further 'pl and 'p, follow from (6.3,4, 
7 and 8). v1 and v2 are continuous at a rib if 
ne, and a e2 are zero, 'pl and 'p2 are con- 
tinuous if a pi and A p, are zero. 

Note: The boundary conditions at the ribs can also be 
derived from CASTIGLIANO'S theorem, if this theorem is 
applied to half of the wing. In tlus case additional virtual 
forces are introduced at each rib at the front and rear 
spars. The variational problem 8 F = 0 (F for the half 
wing) then yields the boundary conditions ,as well as the 
load-deformation equations. Also some addihonal equations 
are supplied, such that the complete system of equations 
is .sufficient for the simultaneous computation of the 
internal loads and the deformations (see footnote Z), art. 1). 
Only if this simultaneous calculation is dsired;the energy 
method of deriving the boundary conditions is preferable 

The boundary conditions in the plane of symmetry 
of the wing still remain to be determined. As any 
loading can be divided into a symmetric and an 
antisymmetric loading, we can restrict the inves- 
tigation to these two loading conditions. 

With symmetric loading the boundary conditions 
for 0, and 0, are 

Gin = 02, = 0. (6.15, 6.16) 
denerally, the magnitudes of v1 and v 2  are 

prescribed at the wing-fuselage fittings. However, 
without restriction to the generality of the solution, 
we can assume provisionally 

VIO = V z o  = 0. (6.17, 6.18) 
These boundary conditions do not influence the 

curvatures and shearing deformations; they only 

' to the geometrical method (see ref. 8). 

define the position of the wing as a whole. There- 
fore, satisfying the actual boundary conditions 
means only, that a rigid body movement has to be 
added to the computed deflexions. The boundary 
condition for Q is supplied by equation (6.9) for 
rib 1; substituting (6.12) we obtain 

(6.19) 
a k D *  ha1 --be 

(*)I = ,[2 bhai ha2 h c i  - hcz  

With antisymmetric loading equations (6.17 to 
19 incl.) also hold. The antisymmetry further 
requires, that 

(+)o = 0. (6.20) 
To define the position of the wing as a whole 

we can provisionally, without restricting the 
generality of the solution, specify a,,, or a,,, e.g. 
by means of (6.15). 

7 The solution of the equations. 
If we are satisfied with the knowledge of the 

most important displacements vi and v, we need 
not consider the complicated equation (5.5). We 
can restrict ourselves .to the solution of equations 
(5.12 to.5.15 incl.), with the corresponding boun- 
dary conditions (6.7, 8, 13 and 14) at the ribs 
and (6.15 to 19 incl.), where 0 must be replaced 
with 'p, in ' the plane of symmetry. 

To find the numerical solution we divide the 
distance between two consecutive ribs into a 
certain number of intervals. Assuming vlk, vzk, 
'pplk and 'ppzk. at the beginning of the k-th interval 
to be known we compute their first derivatives 
successively from (5.12, 13,- 14 and 15). Then, 
we compute the values of the four functions at the 
centre of the k-th interval from 

1 = Vik  + 4 V'ik ak X, etC, '1, k + z  
and the first derivatives at this station again from 
(5.12) etc:At the end of the interval we then 
obtain 

V i ,  k + ,  = Vlk f Vi', k + :  A k X ,  etC. 

In the same. way. we deal with all successive 
intervals. If there is a rib between two intervals 
where e and/or p are discontinuous, we must use 
the boundary conditions to find the values outside 
the rib; if e and p are continuous v and 'p are 
also continuous. ' 

Both for symmetric and for antisymmetric 
loading we start the calculations at x =, 0. With 
symmetric .loading vlo, vZo, 'pin and pzo are all 
prescribed by the boundary conditions. With anti- 
symmetric loading 'pz0 is not prescribed. We can 
determine the deformations for the part 0 2 x 2 x 1  
of the wing by combining the solution of the non- 
homogeneous equations, starting from an arbitrary 
value 'p,,,, with c times the solution of the homo- 
geneous equations, also starting from an arbitrary 
value pzo f 0, computing ($)I for both solutions 

.from equations (6.5,6, 13 and 14), and determining 
the proper value of c such that equation (6.19) 
is satisfied. 
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From the solutions for 'u and 'p we can compute 
the values of 0 and + at the ribs by means of 
equations (6.3 to 6 incl.), (6.13) and (6.14). 
However, if we want to know all deformation 
functions completely we have also to solve equa- 
tion (5.5). The solution of the complete set of 
equations does not present any difficulty; it is 
found completely similarly as has been described 
heretofore. 

8 Notations. 
distance between the shear centres of the 
spars parallel to the Z-axis; 
distance between the spar planes parallel 
to the Z-axis; 

2 

- hbi - - a 2 0  I ha., 'h - 
hai haz 

- -) hi - - e2 (I - "j]; 
hbi b . . hbz 

thickness of a spar web (dl, dz), a rib 
web (di) or the skin ( d b ,  d o ) ;  
distance from the shear centre of the front 
resp. rear spar in front of resp. behind 
the spar plane, parallel to the Z-axis; 

distance between the centres of area of 
the front resp. rear spar booms; 

Hb +Ha; 

hai, haz h i1  = hbi + e! (hbi - hbz) /b ,  
haz = hbz - e2 (hbi - hbz) lb ;  

.s 11 

hci, hcz distance between the top and bottom skins 
at the front resp. rear spar booms; 

mi, m, virtual moments in the XY-plane, see 
art. 3.3; 

R number of ribs per half wing; also notation 
of end rib; 

0 as a suffix denotes the bottom skin; 
pi, p z  external running load'on the front resp. 

rear spar per unit of length in X-direction, 
statically distributed between the shear 
centres of the spars; 
virtual running loads in the shear centres 
of the spars (art. 3.3); 

ql, q2 

- - 2 h c i h c a  
QO1 as 

ub ,  uo see fig. 4.2; 
ult uz displacement parallel to the Y-axis of the 

shear centre of the front resp. rear spar 
(fig. 4.2); 

X coordinate in the direction normal to the 
plane of symmetry of the wing; 

Y coordinate normal to the wing plane 
(XZ-plane); 

y,, yz  displacement parallel to the Y-axis of 
the centre of gravity of the front resp. 
rear spar (fig. 4.2); 

y b ,  yo displacement parallel to the Y-axis of 
the centre of a skin former (fig. 4.2); 

z coordinate normal to the XY-plane; 
A elastic energy; 
A ,  work done by the virtual loads; 
A T  work done by the boundary forces over 

the specified displacements; 
Dgi, Dga shear force resisted by the booms of the 

front resp. rear spar; 
D S I ,  Dsa shear force resisted by the web of the 

front resp. rear spar; 
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1 
h a i  

1 - 
~ ~ 1 ’  ne, 1 + E [w, + M, ( n t g  a, - 

- - e2 7) .Ah‘, - D S Z  Ae,] +.b* A t  + 
h2 . .  

ny1 I a Y, . + -  
modulus of elasticity of the boom material; 
energy that is to be minimized; 
shear modulus of the web or skin material; 
= 4. (hci + hca) - h,; 
= 4. ( h c l  + h c z )  - hz; 

ha1 haz  ’ 

<:I I . .  

‘p,, ye rotation of a front resp. rear spar cross 
section in the plane through the shear - 
centres of that spar parallel to the Y-axis; 

rotation of a front resp. rear spar cross 
section in the XZ-plane (fig. 4.2); 

- . virtual shear flow in the skin (art. 3.2); 

+ = ($1 + JI2)/2 ( h c l - h c z ) ;  
$z 

- 
I ( - - - )  = ( . - - ) i -  ( - - - ) .  1 ;  

0,, 0, rotation bf a front resp. rear spar cross 
section in the XY-plane (fig. 4.2): - 

Hb, H o  defined in art. 3.2 (see also fig. 4.2); ( - - - )  I value of the function ( - - - ) immediately 

( - - - ) i value of the function ( - - - ) immediately 
outboard of rib i or at rib i; 

inboard of rib i; 

H c l ,  Hca parts of h c l  and hcz  above the wing - 
plane (fig. 3.1); 

plane (fig. 3.3); 

I - - 
H c l ,  H c z  parts of h c l  and hcz  below the wing 

,Il, I ,  moment of inertia of a cross section of 
the front resp. rear spar normal to the 
spar plane; 

MI, Mz 2-component of the bending moment in 
the front resp. rear spar; 

0 = 0, + & e, hl + 4 (b + e,) h,; 
0, defined by fig. 3.6; 0, = 0, - 4 b (hl-hz); 
Ob,, Go,, Obz ,  60, .defined by fig. 3.2; 

Ob, t , 0 0 2  = 0 2  - d e, (h1 - ha); 
Sbl, Sba bending stiffness of the front resp. rear 

- 

Obl + OOl  = 0, + d e, (h, - h z ) ;  

spar, 

Ssl, S s i  shear stiffness of the front resp. rear 
spar 
Ssi = GI d, hi t Ssz 5 G, d, h, ; 

Swl,  SWZ torsional stiffness of the front resp. ‘rear 
spar; 

Y,, Y? torsional moment in the front resp. ,rear 
spar; see also art. 3 for other significance 
of Y; 
angle between the front resp. rear spar 
plane and the XY-plane (fig. 3.1, 3); 
angle between the XY-plane and the plane 
through the shear centres of the front 
resp. rear spars parallel to the Y-axis 
(art. 5); 

ai, a2 

p,, pz 

8 (-- - ) first variation of the function ( - - ); 
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Supplement to the Method of Wing Analysis Developed in 
Reports S,  251 and S+ 279 (Vol. XII) 

Summary. 
The particular case of a wing where the top or bottom skin is entirely absent between the'two spars and 
two ribs is discussed in section 1 .  A revised method of solution of the moment equations is discussed in 
section 2. 

Contents. 
1 
2 Revised method of solution. 
3 References. 

Table 1 .  

Wings with the skin partly absent. 

Wjngs with the skin partly absent. 

1 

The procedure for calculating the distribution 
of the stresses in two-spar wings with shear- 
resistant skin, developed 'in refs. 1, 2 and 3, can 
not be applied without some revision to wings, 
where the top and/or bottom skin is absent over 
part of the span between the spars. An attempt 
to apply the method as given in these reports 
fails due to the fact that the functions B, T ,  V, 
A and r become infinite or indefinite. This is 
caused by the presence of the quantities d b  and 
d o ,  the thicknesses of the top and bottom skin 
between the s'pars, in the denominator of certain 
tetms. In general, these terms become infinitely 
large; in the special case that h = 0 most of them 
are indefinite, as A occurs in their numerator. 

Now, it is easy to show that in itself this 
difficulty is only apparent, because the absence 
of part of the top or bottom skin means that the 
corresponding. terms in the strain energy, ref. 2 
eq. (17c), must simply be omitted. It can be 
proved that the troublesome terms of B, T, V,  
A and r over the iegion where the skin is absent, 
must equally be omitted. 

In this way, the difficulties in computing the 
coefficient u, when the top or bottom skin is 
missing between x = 0 and rib 1, are disposed 
of. However, if the skin is missing elsewhere, 

e.g. between ribs j and j + 1, an essential revision 
has still to be made. I t  is caused by the fact that 
if the skin between the spars at top or bottom is 
missing, there is a statically determinate relation 
between X j  and X j  + This relation is supplied 
by eq. (8a) of ref. 2, with t = 0 between x j  and 
x j + In solving this equation it is satisfactory 
to use the approximation A =  0, that is also 
the base of the fundamental equations (16a) of 
ref. 2. The solution is then simply 

xj = 

Consequently, in the variational problem SA = 0, 
eq. (21) of ref. 2 or eq. (5.3) of ref. 3, 8 X j  = 

BXj  
do not vanish separately, but only their sum 
vanishes. This leads immediately to the conclusion 
that in the set of five-moment equations (33) of 
ref.  2 the equations for i = j and i = j + 1 are 
to be replaced by one equation, viz. 

and the coefficients of SXj and BXj  

u j ,  j . . z X j - z + ( u j ,  j - I + u j + i ,  j - i ) X j - l +  
+ ( u j j + u j .  j + i + u j + i ,  j + u j + i ,  j + i )  
X j  + (u j ,  j + a +  u j + i ,  j + z )  X j + z +  u j + t ,  j + a  
X j + 3 =  U j +  U j  + I ,  

which results from the addition of the said fwo 
equations. 

It is to be noted that the moment equation 
for i =  j -  1 now only contains four unknowns, 
as X j  = X j  + similarly, the moment equation 
for i = j + 2 contains only four unknowns. 

The consequence is that the method of solution, 
described in section LO of ref. 2, can not be 
applied. When choosing arbitrary values for Xl  
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and X,, the moment equations for i = j - 2 and u13 
Next, we add the equations ( 3 )  -- (1) - i = j - 1 are in general incompatible and, more- Ul ,  .. 

(7) = (8), which does not contain Xl and X ,  . -- 
b2z 

The following step leads to the elimination of 
X, by the 

over, the next equation contains the two new b23 
unknowns X j  + , and X j  +. 3 .  The solution of 
this complication is dealt with in section 2. 

The revision to the equations (6.1) to (6.4) 
incl. of ref. 3 is obtained in the same way by 

u14 u 21 c34 
.-(4) - - (1) - - (7) - - (8) = (9), simply adding the two equations (6.1) for i_=.j, I .. . . 

and i = j + 1. Also, similar difficulties ' occur u11 b zz c33 

when, applying the method of solution after 
section 08 of ref. 3 .  

2 Revised method of solution. 

. .  
, .  

The calculations after the manual (ref. 1) have 
been carried out for a numerical example, which 
did not contain the ' peculiarity, discussed in 
sec. 1. I) In principle, the method of solution 
of the 'moment equationYafter section 10.1 of 
ref. 2 should therefore be applicable. However, 
when the solutions of the non-homogeneous 
equations and of two sets of homogeneous 
equations had been calculated, the two equations 
for determining rl and r2 proved to. be so nearly 
dependent that it was impossible to compute 
r, and r, with anything like the required accuracy 
by means of a normal calculating machine. This 
difficulty is caused 0.a. by U i i '  and Ui, i + 1 

being large compared to .ui, i + , . 
It may well be that it also resulted from an 

unfortunate choice of the stiffness and the load 
distributions, but it is desirable to use a standard 
method-of solution which does not lead to such 
difficulties. Several other procedures were tried 
and it was concluded that the GAUSSIAN method 
of solving a set of simultaneous linear equations 
seems to be most adequate. It is also applicable 
to the set of equations discussed in the foregoing 

.section. The equations derived in ref. 2 are 
restated in table 1, where absence of the top 
or bottom skin between the spars from rib 4 
to rib 5 is assumed, so that 

a3& = u3, + uJ5 ; A4 = U4 + U s ;  
a,, = u , ~  +' 2ua5 + u,, ; a46 = ug6 + use. 

It may be noted that the set of equations remains 
symmetrical with respect to the principal diagonal. 
The method of solution is then'as follows. 

u12 

ull 
We multiply the first equation by - -and 

add the result to the second equation, .thus 
obtaining eq. (7) which does not contain X,. 

1) A report on this numerical example is being prepared. 

and proceeding in exactly the same way we 
finally have eliminated X ,  to. X ,  - , incl. ..and 
obtain X ,  - ( X ,  and X n  + , in the last two 
equations are equal to zero). 

The application of this method of solution ') 
in the above-mentioned case did not lead to 
computational difficulties and was also advant- 
ageous because it cost less time than the method 
after ref. 2 .  The application to the set of equations 
after ref.'3 will of course be more involved, but 
presents no inherent difficulties. 

If the stress analysis of a wing has to be carried 
through for several loading conditions, it is doubtful 
whether the method after GAUSZ will retain the 
advantage of a saving of time as compared with 
the method after ref. 2, because in the latter caje 
only the non-homogeneous equations need be 
solved anew. 

For the case discussed in section 1, the latter 
method can be modified by assuming arbitrary 
values for X j  and X j  + ,, instead of for X I  and 
X,. X,' to X j  + incl. can then be solved from 
the first j equations, e.g. after GAUSZ, and X j  + 

to X ,  + incl. follow from the remaining equations. 
However, the risk remains that the equations 
for solving r, and r, will not permit'a sufficiently 
accurate solution. 

3 References. 
1. VAN DER NEUT, A. Handleiding voor de uitvoering der 

sterkteberekening van vrijdragende vleugels van het 
twdigger type (Manual for the stress analysis of 

. two-spar wings with shear-resistant skin). N.L.L.- 
report S .  250 (1941) Dutch. 

2. VAN DFX NEUT, A. De spanningsverdeeling in vleugels 
met twee niet-evenwijdige liggers, verbonden door 
elastisch vervormbare ribben en bekleeding. (The 
stres distribution in cantilever wings with two non- 
parallel spars interconnected by elatically deformable 
ribs and skin), Dutch, with English and German 
summary. 
N.L.L.-report S. 251. Verslagen en Verhandelingen 
N.L.L. Val. XI1 p. S. 15-32 (1943). 

, 

2)  Acknowledgement for drawing our attention.to this 
method is made to mr. H. F. MICHIELSEN, of the Fokker 
Aeroplane Comp. 



S 15 
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hare rihhen en hekleeding. (The stress distribution 

Completed: December 1947. in wings with two non-parallel torslonally rigid spars, 
N.L.L. Vol. XII, p. S. 33-41 (1943). 

= u2 

= B2 

= u3 

etc. 





REPORT S. 280 

Collapsing Stresses of Circular Cylinders and Round Tubes 

Ir. F. J..PLANTEMA 

Summary. 
Based on a critical investigation of the data, given in the literature, and on some supplementary considerations, 
proposals are made for determining the collapsing stresses of circular thin-walled cylinders and round tubes 
under compression, bending, torsion or shear, or under a combination of two or more of these loads. 
The proposals are given in the form of non-dimensional diagrams or formulae. The coordinates of the diagrams 
follow from theoretical considerations; the diagrams themselves are then determined from experimental data. 

Contents. 

1 Introduction. 
2 Pure compression. 

2.1 The non-dimensional diagram for flexural buckling. 
2.2 Application of non-dimensional diagrams. 
2.3 Experiments with flexural buckling. 
2.4 Local buckling. 

2.4.1 Thin-walled cylinders. 
2.4.2 Thick-walled tubes. 

2.5 The. critical buckling stress. 

3.1 Thin-walled cylinders. 
3.2 Thick-walled tubes. 

4.1 Thin-walled 'cylinders. 

3 Pure bending. 

4 Pure torsion. 

. 4.1.'1 Theory. 
4.1.2 Experiments. 

4.2 Thick-walled tubes. 
4.2.1 Theoretical considerations. 
4.2.2 Experiments. 

5 Pure sliear. 
6 Combined loading. 

6.1 Bending and compression. 
6.2 Compression (local buckling), bending and torsion. 

6.2.1 Thin-walled cylinders. 
6.2.2 Thick-walled tubes. 

6.3 Bending with transverse load. 
6.3.1 Thin-walled cylinders. 
6.3.2 Thick-walled tubes. 

6.4 Bending with transverse load and torsion. 
6.5 Formulae for the transition region. 

7.1 Pure compression. 
7.2 Pure bending. 
7.3 Pure torsion. 

7 Recapitulation. 

7.3.1 Long tubes. 
7.3.2 Shorter tubes. 

7.4 .Pure shear. 
7.5 Combined loading. 

7.5.1 Thin-walled cylinders. 
7.5.2 Thick-walled ,tubes. 

8 Notations. 
9 References. 

1 Introduction. 

In three earlier reports of the National Aero- 
nautical Research Institute (N.L.L.) *) the results 
of a critical study of the available literature o,n 
the collapsing stresses of circular or elliptical 
thin-walled cylinders and of thick-walled round 
tubes are given. Thin-walled cylinders are defined 

. as cylinders, collapsing by elastic local instability. 
Of these, only cylinders stiffenea by frames, 
spaced at a distance of the 'order of the-diameter 
of the cylinder, have been considered, whereas 
the problem of general instability has been 
excluded. 

Thick-walled tubes are defined as tubes in 
which local instability will only occur in the 
plastic region. The buckling stress will depend 
largely on the. shape of the stress-strain curve 
beyond the proportional limit. 

In this report the results obtained for thin- 
walled cylinders and thick-walled tubes of circular 
cross section are summarized. 

Formulae and curves are given for the com- 
putation of the -buckling stresses with coni- 

'1 .Reports S. 94, S. 176 and S. 261. 



pression, bending, torsion, shear or a combination 
of these loads. 

The proposed values are to be considered as 
the minimum values occurring with properly 
fabricated tubes. However, the proposals made 
for thin-walled cylinders under compressive and 
bending loads may be too conservative. They are 
mainly based on test results of smal1,sized 
specimens (ref. 8, 10 and 30) for which the initial 
deviations from the true cylindrical shape; which 
have. a large influence on. the buckling stress, may 
be relatively larger than in actual aeroplane 
structures, 

Furthermore, the results given in this report 
have been based entirely on the reduced-modulus 
theory, as originally developed by VON KARMAN. 
Recently, the somewhat simpler tangent-modulus 
theory, due to ENGBSSER, has been widely adopted 
for'compressive loads, as it is considered to agree 
better with test results. No theoretical explanation, 
supporting the tangent-modulus theory, has as 
yet been published. It is only pointed out here 
that adoption of the tangent-modulus theory 
instead of the reduced-modulus theory would not 
affect the results obtained, in this report. 

2 Pure compression. 
The non-dimensional diagram for  flexural 
buckling. 

The buckling stress of a 'thick-walled tube in 
the elastic range is given by .the well-known 
EULER formula. In the plastic range we can use 
the same formula, if YOUNG'S modulus E is replaced 
with the reduced modulus E ,  (ref. 1, art. 29), 
so that 

2.1 

(2.la) 

where Fc is the critical compressive stress and A 
the effective slenderness ratio. 

For round tubes the reduced modulus is only 

slightly affected by the ratio - . A satisfactory 

approximation is obtained from 

d 
t 

do 
where - is the tangent modulus, i.e. the slope de 
of the tangent to the stress-strain curve at the 
stress F c .  

When the a-e diagram IS known, we can 
plot the Fc-A diagram from (2.la) and (2.2). 

In the elastic range this is the EULER curve. In 
the plastic range different a--E curves will give 
different Fc-A curves. However, a special case 
exists if we consider materials having affinely 
related a-e curves, where affine relationship is 
defined as the relationship between the curves 
4 (a, e )  = o and 4 (pa,  qe) = 0, p and q being 
constants. If a material property is defined (fig. 2.1) 

FIGURE 2.1. 
The-a--E diagram and the definition of s. 

as the intersection a = S of the a--E curve with 
a straight line through the origin having a slope 

kE (0 < k < I), all - - curves coincide, 

provided that k has the same value for all materials. 

Consequently, the - - - curves also coin- 

4 EE 

> S 

5 E r  
S E  

cide and, writing (2.la) in the form 

- _  F c  S - E  E. (+l/%)', (2.lb) 

it appears that the - - - curves, i.e. 
S X  E 

the non-dimensional buckling-stress diagrams, are 
identical for materials with affinely related. a--E 
curves. 

2.2 Application of non-dimensional diagrams. 
It will be shown that also ia other loading 

conditions non-dimensional diagrams can be plotted 
,which coincide for materials with affinely related 
a-E curves. The main significance of these non- 
dimensional diagrams is that scatter of test results 
due to scatter of the material properties is largtly 
eliminated. The explanation is that the a-E curves 
of teqt specimens of the same material, though 
not being identical, will be very nearly affinely 
related if the scatter is not to3 large. 

The material property S should preferably be 
chosen SO as to represent an already well-known 
stress. OSCOOD (ref. 2 and 6 )  has chosen k such 
that in a tensile test St is equal to the 0,2 76 
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3. stainless steel.. .............. 135000 
4. heat-treated Cr-Mo steel ..... I 150000 

4.2 

Fc 
SC 
- 

0.8 

Ok 
EULER CURVE 

a 

- 0,827 26,3 5 P 4 )  
1,1209 I 30,O 517 175000 

FIGURE 2.2. 
Critical compressive stresses with flexural buckling according 
io tests of ref. 2. For the material properties see table 2.1 

and fig. 2.3. 

yield stress Yt, if the material complies with 
the minimum specified values of the material 
properties; thus 

i 

(2.3) 
Yt min. 

Yt min. + 0,002 E ' k =  

Usually, the material actually used will have 
a higher 0,2 yo stress Y. The stress S, determined 
from (2.3), will then exceed Y; the deviation 
will increase with the difference between Y and 
Ymin and with the slope of the c-c curve at 
the stress Y (fig. 2.1). 

Therefore, to determine S accurately, we must 
know the complete c-c curve for every test 

specimen. However, these curves are only given 
in ref. 2 and 6.  With all other tests only Y was 
determined. Therefore, evaluating these tests, it 
has been assumed that S = Y. The error made 
in doing so probably is less than the test scatter 
if all tests relate to one particular material,. (See 
ref. 19, tables V and VI, which show that the 
difference between S and Y is very small). 

2.3 Experiments with flexural buckling. 

In ref. 2 it has been assumed that all a--E curves 
of a particular material are affinely related and 

FIGURE 2.3. 
Typical C--E curves from compression iesis. For ,no. 1 4  

see table 2.1. 

the k-method has been applied in order to correct 
.for scatter in material properties. 

F c  1 It actually appeared that the - - ; I/s 
S E 

diagrams showed considerably less scatter than 

TABLE 2.1 

Material properties, belongingzto fig. 2.2 and 2.3 

M A T E R I A L  

I )  Mean values from tests. 
*) From ref. 6 S c / S t =  0,864 and E= 10,61 x lo" p.s.i.  
3, In ref. 2 it is recommended to use the minimum value 0,99. 
') From (2.3) follows k =  0,72. Working out the tests of ref. 2, however, h =  was used. Though this value 

is smaller than the one from (2.3), Sc yet agrees fairly well with the 0.2 yo stress, as S c / S t  is considerably 
less then 1,O. 

") From ref. 26. 
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the F ,  - h diagrams. The plastic regions of 

the - diagrams of the four materials 

investigated (three steels and duralumin) differed 
very. much. The empirical non-dimensional dia- 
grams, proposed by OSCOOD, and corresponding 
.typical a-E curves in compression are given in 
figs. 2.2 and 2.3. Table 2.1 summarizes the 
properties of the materials investigated. 

With the tests of ref. 2 the 'tubes were loaded 
as centrically as possible. It clearly appears that 
under these circumstances the character of the 
U-c curve beyond the proportional limit has a 
systematical influence on the shape of the non- 
dimensional diagram. If the material has a pro- 

FC nounced yield stress (curve .4) the values of - 
s c  

in the plastic range are large at large slenderness 
ratios and small at' small slenderness ratios; the 
reverse is true if the a-c curve has a gradual 
transition from the elastic to the plastic range 
(compare curves 3 and 4). 

Computing the non-dimensional diagrams from 
the' O--E curves by means of (2.lb) and (2.2), 
their shapes are ̂ predicted fairly well; however, 
the computed buckling stresses exceed the experi- 
mental buckling stresses by 10 to 30 yo, for 
medium slenderness ratios approximately by 15 %. 

For a material, the U-E curve of which is 
affinely related with one of those given in fig. 2.3, 
the corresponding diagram from fig. 2.2 can be 
used, provided that S, is determined as the 
intersection of the U-E curve with a line through' 
the origin having a slope kE, where k has the 
appropiate value from table 2.1. In general it is 
not permissible, as in the case of correcting for 
scatter in the material properties, to assume 
Sc = Y,, except for materials having a pronounced 
yield stress; where the choice of k does not 
influence the value found for SC. 

Fc h f l .  
s x  E 

2.4 ' Local buckling. 
2.4.1 Thin-wajled cylinders. 

From the classical theory of instability the 
buckling stress of cylinders with moderate ratios 
of frame spacing to diameter follows 'from 

-0,5 2 t t - ._ ._ 1,21 2 (2.4) F c  
E - = 13 (1-VZ) 1 

as a good approximation (see a.0. ref.. 1 and 3). 
By a large number of experiments (ref. 3, 5 

and 7 to 12 incl.), where 180 2 ; 2 8000 and 
d 

. .  

1 
L 
d -  0,015 5 - 5 16, it has been confirmed that F ,  

is independent of - , except for very short cylin- 

ders (- < 0,35; see ref. 12). However, the actual 

buckling stress is much smaller than the theoretical 
value according to (2.4); it is only 0,12 to 0,7 times 
the theoretical value.'T& fact has been ascribed 
by several authors to the influence of initial 
eccentricities from the true cylindrical shape and 
a satisfactory explanation has been given, by 
cox (ref. lo), VON KARMAN (ref. 11) and in 
particular by KOITER (ref. 34). Notwithstanding 
large experimental scatter it clearly appears that 
the ratio of the experimental to the theoretical 

stress decreases if - increases. This may be 

explained by observing that the eccentricity as 

a fraction of t will increase with increasing - . 
The following proposed formulae approximately 

correspond to the minimum values of F, from 
the tests of ref. 8 and 9; they hold for 0,35 2 
L 
- 5 16. As most of those tests were made on 
d -  

small-sized specimens some reserve must be made. 
It is not improbable that the initial eccentricities, 
as a fraction of t ,  will necessarily increase with 
decreasing size of the specimens, so that the 
proposals made here might be too conservative 
for actual factory-made constructions. However, 
only very few results of'  tests with such con- 
structions are available. For the time being, 
therefore, more favourable proposals are unwar-. 
ranted and the following formulae are recommended 

L 
d 

L 
d 

d 
t 

d 
t 

t d - _  F C  - 0,34 2 - 0,00006 when 500 < T < 2330, 

(2.5a) 
E 

-d 
when 2330 <; < 8000. 

(2.5b) 

d '  F E  d 
When - < 500 'the value of - - increases t E t  

fairly rapidly, as long 'as elastic buckling occurs. 

2.4.2 Thick-walled tubes. 

A theoretical determination of the buckling 
stress in the plastic range has been given by 
TIMOSHENKO (ref. 1, art. 81) and by GECKELER 
(ref. 4), assuming that the buckled 'cylinder .. is . . ~ .. 
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a body of revolution and that during buckling 
the bending stiffness of the wall in axial direction 
is computed with E, ,  whereas in- tangential 
direction it\ is computed with. E.  The latter 
assumption is disputable, as the addition of an 
infinitesimal tangential tensile stress causes an 
increase of the first order in both the maximum 
shear stress (GUEST) and the energy of deformation 
(HUBER-HENCKY). This addition will. therefore 
also be accompanied by plastic deformation; 
However, data on the plastic behaviour of materials, 
on which a satisfactory theory should be based, 
are missing. The results, obtained by both authors, 
can be written as 

= 2 - - -1 . (2.6) F c  
S 

' Assuming all CS-c diagrams of a particular 
material to be affinely related and v to be a 
material constant, it can be shown that the non- 

dimensional - - - - diagram is not affected 

by scatter of the material properties (sec. 2.1.) 
Experiments are mentioned in ref. 5, 6, 7 and 

13. The experiments of ref. 6 have been made 
with tubes of chromium-'molybdenum steel 

D 
(15,5 < - < 100) and 17 ST aluminium alloy 

t 
D L 

(13,5 < t < 100); -varied between 4 and 5. D 
The above-mentioned non-dimensional diagrams 
have been determined and it appeared that the 
experimental results showed little scatter. For the 
steel tubes S has been'taken equal to Yt, as it 
was impossible to determine Sc with the k-method 
on account of local buckling. For the duralumin 
tubes Sc has been determined according to the 
k-method with k ' =  g. The proposals made in 

ref. 6 for duralumin, which hold for - - > 2,5, 

and for chromium-molybdenum steel holding 

for - - > 5, are represented in fig. 2.4. In the 

region of thin-walled cylinders, - > 500, FC 

follows from (2.5). In. drawing the diagrams' of 

fig. 2.4 it has been assumed, that - = 300. 

Little is known about the parts of the .curves 
between the elastic buckling region and the 
region axered by the tests of ref. 6. For duralumin 

1 E r  O S  
d t E l  S . 3 (I - v') E 

- 

Fc E t  
S S d  

E t  
Sc d 

E t  
S d  

. .  d 
t 

E 
sc 

As for this material St = Sc (table 2.1), no distinction 
between St and S, need be made. 

1.5- 

.. . 
FIGURE 2.4. 

Non-dimensional diagrams for local buckling under com- 
pression. For material properties see table 2.1 and fin. 2.3. 

(2.5a) is retained up to - - = 1 and a straight 

transition line has been drawn for 1 2 - - < 2 5 

Referring to the results of the tests mentioned in 
art. 2.4.1, this procedure may be assumed to be 
conservative. For Cr-Mo steel the proposed 
transition line is a broken line consisting of an 
extension of the elastic buckling line and the 
tangent to the curve from ref. 6. 

The non-dimensional diagram for 17 ST may 
also be used for other aluminium alloys which 
do not differ much from 17 ST in their material 

properties (Y and'--; the latter ratio determines 

the general shape of the stress-strain diagram). 3, 
Tests with mild steel, Cr-Ni steel and alloy 

steel tubing are reported in ref. 5, 7 and 13. 
These materials all have a pronounced yield 
stress. The evaluation of the tests, assuming 

Sc = Y, yielded minimum values of - as 

represented in fig. 2.4. The maximum values of 
F c  E t  
- for 2,5 < - - < 20 are approximately 20 % S S d  
larger, so the scatter is 'not large. Considerably 

larger values of - occurred with s 2 >20, 

namely between 1,0 and 1,94. However, in this 

region, where - < 45, flexural buckling will 

almost always be critical; these results may there- 

fore be ignored. The magnitude of -' , varying 

The diagram does not hold for a material such as 

E t  
s c  d 

E t  
s, a =  ' *  

F t  
Y 

Fc 
S 

FC E t  
S 

d 
t 

E 
Y 

51 S T  aluminium alloy; see section 4.2.2.2. 



between 160 and 474, appears to have no influence 
on the plastic region of the non-dimensional 
diagram. As the choice of k in this case is un- 
important (c.f. the last sentence of sec. 2.3), this 
phenomenon could have been expected before- 
hand. Consequently, the diagrams given in fig. 2.4 
may be applied to every isotropic material having 
a pronounced yield stress, taking Sc = Yc. 

As far as the buckled configuration of the 
tubes has been reported, it is the same as has 
been assumed in the theory, except with 4 tests 
reported in ref.  5..Here, also in tangential direction 
a fairly large number of waves occurred; otherwise 
the results of these tests do not show special 
features. 

' 

2.5 The critical buckling stress. 
d 

Tubes with a moderate ratio 7 can be critical 

either in flexural or in local buckling, dependent 
upon their length. No indication exists that 'these 
two modes of buckling interact upon each other. 
Therefore, in every particular case, the critical 
buckling. stress can be determined as the smallest 
of the stresses following from fig. 2.2 and fig. 2.4. 

3 Pure bending. 
3.1 Thin- walled cylinders.. 

The buckling stress of thin-walled cylinders 
under combined axial and bending loads has been 
determined formally by FLUGGE (ref. 3). It appears 
that it differs from the buckling stress under 
pure compression only by a constant factor. 
A numerical example for the case of pure bending 
yields a factor of about 1,3. The buckling pattern 
shows several waves, both in axial and tangential 
direction, at the compression side of the tube. 

The buckling of infinitely long tubes .under 
bending has been investigated by BRAZIER (ref. 14) 
and CHWALLA (ref. 15). In this case the tube 
cross section gradually flattens to an oval shape, 
until it suddenly flattens totally when.the buckling 
stress. is reached. The virtual buckling stress 
(i.e. the maximum bending stress computed from 
the formula for .the unflattened tube) is given by 

= cb'- 1 (3.1) 
t F b  

E d 
- 

BRAZIER obtains Cb = 0,66 and CHWALLA 4, 

Cb = 0,756 for v = 0,3. This mode of buckling, 

The actual maximum bending stress follows from 
(3.1) with Cb = 1,02. For an infinitely long tube under 
axial compression (3.2) holds with C, = 0,726 (ref. 1, 

~ _ _  
4, 

- art. 85). 

~~ ~ 
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however, never ociurs with cylinders of finite 
lengths. Formula (3.1) also holds for the buckling 
pattern investigated by FLUGGE; 'then Cb is much 
larger; about 1,3 x 1,21 = 1,57 in the example 
evaluated' by FLUGGE. 

Experiments have been reported in ref. 8, 14, 
L 

16, .I7 and 30. Here, - ranged from 0,125 to d 

22,5 and - from 150 to 3000. The experiments 

mentioned in ref. 33 can approximately be regarded 
as pure bending tests too, though here a small 
transverse load was 'applied as well. The experi- 
mental results show the same characteristic features 
as those of the compression tests (sec. 2.4.1); 
Cb ranges from 0,22 to 1,11. Under the, same 
reserve as mentioned in' sec. 2.4.1, the following 
formula' is proposed for thin-walled 'kylinders, 
where L and d are of the same order of magnitude. 

d 
t 

t -5  d 
when 350 < 7 < 3000. Fb 

- = 0,4 -- 5.10 E d 
(3.2) 

This formula approximately represents the 
minimum values from ref. 8 and 30. The values 
from ref. 17 mostly are still lower, however, the 
tubes with which these tests were made, probably 
were not fabricated as accurately as is common 
in aircraft manufacturing. 

3.2 Thickzwalled tubes. 

Theoretical treatises on buckling of tubes in 
the plastic region' are not known. According to 
TIMOSHENKO (ref. 1, art. 86) the buckling mode 
investigated by BRAZIER and CHWALLA occurs 
with thick-walled tubes, loaded above the yield 
stress. 
On account of the close similarity to buckling 

under compressive loads,. which also appears.from 
the results .given in sec. 3.1 for the elastic region, 
it is reasonable to assume, for bending in the 
plastic region, a formula analogous to (2.6). Then, 

the .s - - -' diagram will be identical for 

materials with affinely related c-c' curves; for a 
particular material it will only be slightly .affected 
by scatter of the material properties. 

Based on this assumption the four-point bending 
tests with 17 ST-duralumin and chromium- 

molybdenum steel tubing (15,5 < - < ' 100 

and x, > 5) have been . .  worked out i n  ref. 6 (for 

further particulars see sec. 2.4.2):Fig. 3.l.contains 

F b  E t  
S d  

' D  
t 

L 
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a 
5c 
t.5 

0.5 

FIGURE' 3.1. 
Non-d;mensional diagrams for bending. Far material properties 

see table 2.1 and fig: 2.3. 

OSCOOD'S proposals for duralumin tubing with 

- _  > 2.5 and for chromium-molybdenum steel 
Sc d 

tubing with - - > 5. For the elastic region (3.2) 

holds and for the transition region the proposals 
of fig. 3.l:are analogous to those for compression 
(fig. 214). Ref. 16. gives the results of tests of 
IMPERIAL and BERGSTROM with duralumin tubing; 
however, only Fb is communicated but not E 

and Sc. Assuming typical values, - = 300 and 

S, = 36000 p.s.i. these tests (0,47< - - < 13,3) 

agree very satisfactorily with the curve for dura- 
lumin of fig. 3.1. 

Tests with materials having a pronounced 
yield stress are mentioned in ref. 17 and 18. 
In- ref. 17 the yield stress is not communicated; 
ref. 18 onlyreveals that Fb = (1,2 to 1,3) F ,  and 

that - varied from 60 to 120. Besides, experiments 

(ref. 13 and unpublished reports) are known 
with steel tubing loaded partly in pure bending 
and for 'the other part in bending with a small 
transverse load (bending moment = 9D to 120  
times shear force). However, on account of the 
considerable scatter it is impossible to draw 
conclusions from these tests. As both for thin- 
walled and for thick-walled duralumin and Cr-Mo 
steel tubing F b  :: 1,2 F c ,  and ref. 18 also mentions 
this ratio, the curve proposed in fig. 3.1 for 
materials with a pronounced yield stress will be 
a reasonable proposal. 

E t  

E t  
S .  d 

E 
s c  

E t .  
Sc d 

D 
t 

4 . Pure torsion. 

D 4.4 Thin-walled cylinders. 
4.1.1 Theory. 

The buckling of circular cylinders has been 
investigated theoretically by several authors. The 
shear stress at which buckling occurs, appears to 

d l  L2t 
depend upon the parameters 7 ,. ;I and - d3 * 

If - Is large, two possible modes of buckling 

exist. With the first.mode the cross section remains 
undistorted and the tube axis distorts into a 
helical line; the buckling stress is obtained from 
(see a.0. ref. 1, arts. 31 and 90) 

L2t ' 

d 3 ~  

x d 
2 .  1 F - -  E - .  (4.1 ) 

This mode will hereafter be called helical 
buckling. With the second mode the tube axis 
remains straight and the distortion of every 
cross section consists of two complete waves 
around its circumference, the nodal lines being 
helical lines on the surface of the cylinder. The 
corresponding buckling stress is (see a.0. ref.  1, 
art. 90) 

:: 0,715 E (:)'I5 . (4.2) 

From (4.1) and (4.2) the second mode appears 
to be critical if 

0,75 d 1.5 .. 
( t )  '- ' 

I - 
d < 0,75 n (1 - v') 

I: 2,2 ( 3 1 . 5  . (4.3) 

With thin-walled cylinders this condition will 
always be satisfied. 

L't 
d3  With small or moderate values of - helical 

buckling can also be disregarded. For the remaining 
case, where the axis of the buckled cylinder is 
straight, DONNELL has, after introducing several 
simplifications, derived the relation between the 
quantities A and H (ref. 20). This relation can be 
approximated by the following formulae 

A = 4,6 f 1,292 (4'67 + H ) 

for clamped edges and 

(4.4) 
1,5 0,5 
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(4.5) 
1,5 0,5 A = 2,8 + 1,183 (1,86 + H ) 

for hinged~ edges and 

O S  LZt 
- < 5,5 (1 - .v2) :: 5,25. 
da 

Let 
d3  For larger values of - DONNELL obtains a 

formula analogous to (4.2) but with a factor 0,77 
instead of 8, thus yielding values of F ,  that 
are 15 % too large. The error probably is a con- 
sequence of the simplications made. It is possible 
that (4.4) and (4.5) contain errors of the same 
order. 

4.1.2 Experiments. 
Many test data can be found in ref. 9, 19, 20, 

21 and 24. All tested cylinders had.no intermediate 
frames ( I  = L )  and the edges can be considered 

clamped. All cylinders where - > 1,45 had 

moderate ratios - , viz. 495 5 T Z 168. For 

these cylinders F ,  ranges from 1,OO to 1,35 
times the theoretical stress from (4.2), with three 
exceptions which can be considered abnormal. 
No explanation has been given of\.this rather 
surprising phenomenon; it may be that collaps 
of the cylinder does not occur simultaneously 
with buckling. The theoretical buckling stress 
will be a conservative estimate 'of. the collapsing 

stress in this range of - values, as long as elastic 

instability occurs. This conclusion will also hold 

LZt 
d3 

d d 
t 

d 
t 

. .  

FIG- 4.1. 
Verification of the proposed formula (4.6.). 

x tests with L't/d3 < 9, (F& from (4.6). 
@ Tests with L't/a" > 9, (Fr)th from (4.2.) 

L2t 
d3  for cylinders having smaller values of - . As- 

suming that (4.4) is correct but for a multiplying 
factor, this factor can be determined either from 
the condition that the minimum test results agree 
with the theoretical values, or from an empirical 

limiting value of - below which this parameter 

influences the magnitude of F,. In the latter 
case the values of F ,  from (4.2) and from the 
corrected equation (4.4) must be equal at the 

L2t 
d3  

LZt 
limiting value of - d3 * 

Experimental evidence on elastic buckling is 
too limited to yield a conclusive result. From the 
tests with thick-walled tubes (sec. 4.2.2) it may 
be concluded that the said limiting value 'there 
is about 9. Retaining the same value for the 
elastic buckling region, the multiplying factor is 
0,903 5); ' (4.4) is then replaced with 

A = 4,15 + 1,167 (4,67 + H 'I5 ) OJ5 
. .  

(4.6) 

LZt 
dS for clamped edges and - < 9. 

Computing the theoretical values (F,) th from 
(4.2) or (4.6), as appropiate, the ratios of the 
experimental and the theoretical stresses in the 

d 
range.of - values between 49 and 168 are as t 
represented in fig. 4.1. The test results of the 

category - < 9 'scatter in the same region as 

those of the category 7 > 9, equation (4.6) 

is therefore acceptable. This formula has also 
been used in the evaluation of the tests with 
d , L2t 
- > 200, where 7 < 9 without exception. t 
The test results scatter within the region bounded 
by the dotted lines in fig. 4.2. The drawn line 

which, represents the proposed values of __ 
(Fr ) th 

in combination with (4.2) or (4.6); as appropiate, 
will yield a conservative estimate of the collapsing 
stress. For the case of hinged edges it is proposed 

Lat 
d3 . 
. .  LZt 

d .  

F T  

6 )  When = ,  9 the only significant term is 

1,292 H0'75 ; then we obtain from'(4.4): Fr = 1,372 E 

Three abnormal results have been omitted. 
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FIGURE 4.2. 
Ratio of the experimental and theoretical values of F ,  for  

_ _ _ _  scatter region of the tests. 
1 , , elastic buckling. (F,),h from (4.2) or from (4.6, 7 ) .  

I 
- proposal for the computation of F,. 

and 'to compute FT to use the same values of ~ 

( F r )  th 
(FT)th from (4.5) multiplied by the correction 
factor 0,903, obtained with clamped edges, 

1,5 0,5 A = 2,5 + 1,068 (1,86 + H ) , (4.7) 

L2t 
da for hinged edges and - i 6 3  t 

L2t 
d3 or from (4.2) if - 2 6,3 . 

4.2 Thick-wailed tubes. 
4.2.1 Theoretical considerations. 

According to TIMOSHENKO it is reasonable to 
assume that the mechanical properties of a plate, 
loaded in shear beyond the proportional limit, 
will be reduced in the same ratio regardless of 
the direction considered, ix. that the plate remiins 
isotropic. Consequently, in the formulae for 
elastic instability YOUNG'S modulus must be 
replaced with the reduced modulus E r .  

The same will be true for twisted tubes (ref. 1, 
art. 71, p. 390. However, this assumption probably 
underestimates the buckling stress, as the addition 
of an infinitesimal normal stress only causes a 
change of the second order of the equivalent 
principal stress from GUEST'S and HUBER-HENCKY'S 
formulae. Therefore, TIMOSHENKO'S assumption 
will underestimate the bending stiffness of the 
wall). 

The relation between the stress-strain diagrams 
in tension (a - E diagram) and torsion (7 - y 
diagram) is"discussed in ref. 19 for Cr-Mo steel 
and duralumin. ') It is shown, that these diagrams 
are affinely related with good approximation. 

Consequently, the non-dimensional - - - and? 
a EE 

St St 

7 Gy. 
- -- diagrams will coincide, and it may be 

assumed that in a torsion test the value of 2 

is determined exclusively by the magnitude of 

2 and that in different tests equal values of - 

correspond to equal values of - , provided that 

all a--E ,diagrams 'are affinely related. Again 
assuming that all a-E diagrams of a particular 

s, material are affinely related and also that - 
St 

is a material constant, we conclude from the 
generalized formula (4.2) for plastic buckling, 

S T  s, 
E 
E "  

7 

S T  S, 
E r  
E . .  

E r  
T E '  = 0,715 u - (4.8) - 0,715- - FT 

St  
- _  

FT 
S t  

that the - - ur diagram is not affected by 

scatter of the material properties. Thus, this 
diagram will be used in evaluating the tests on 
long tubes complying with (4.3), which condition 
is nearly always satisfied in practice. 

For short or moderately long tubes we obtain 
an analogous diagram from the formulae obtained 
from (4.4) to (4.7) incl. by replacing E with E , .  
We can assume H = 00 in these formulae for all 
practical purposes. @) Then, they all have the form 

. 

' (4.9) 

where the magnitude of c ,  (resp. 1,372; 1,256; 
1,238 and 1,133) depends upon the limiting value 

L2t 
of - , at which the formula yields the same 

d3  
result as (4.8). From (4.9) we conclude.that for 
this category of tubes 'we must plot the test results 

in an - - P r  diagram. 

4.2.2 Experiments. 

F, 
St 

4.2.2.1 Tests with duralumin tubes have been 
reported in ref. 19, 23 and 24; tests with steel 

Only torsion tests have been considered where no 
buckling occurred. 

St has been chosen instead of S, because the 
latter will in general be unknown; it has only been given 
in ref. 19. 

Doing this, the error is only 5 % when H= 300 
L d (e. g. - = 5 and - = 12). d t 

____ 
') 

O )  
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FIGURE 4.3. 
Torsion tests'of duralumin tubes; d/t i ZOO, Laf/ds  z 5. 

tubes in ref. 19, 22 and 23. With all tubes I = L 
and the edges can be considered clamped. Evaluating 
the tests FT has been defined as the average shear 
stress at failure 

t 
1 - -  

- . (4.10) MTd 2 MT D 
2 I p  n D 2 t  t a 

F _ _ _ _ _ _  - 
1 - 2 - f 2  (+) D 

With the tests of ref. 19 St has been determined 
with the values of k 'from table 2.1; from table VI 
of ref. 19 St I: Yt .  With all. other tests. St has 
been assumed equal to Y t .  The results obtained 
from ref. 24 are averages of two or three identical 
tests; the same applies to part of the results from 
ref. 19. Further, the tests mentioned in ref. 19 
have been made on pairs of tubes differing only 

in length. If both tubes had - > 9 no syste- 

matical influence of L can be established; as a 
rule only the average of both results is given here. 

L2t 
a 3  

'4.2.2.2 The results of the te&s with d;rdumin 
d .  

tubes (7,4 '< - < 138) are summarized in t 
figs. 4.3 and 4.4. 

In order to determine the limiting value of 
L2t 

(sec. 4.1.1) the tests have been divided into d3 
L2t L2t 

three groups, viz. (1) - > 9, (2) 7 < 5 and 
a 3  

(3) 5 < 7 < 9. In accordance with sec. 4.2.1 

fig. 4.3 represents - as a function of aT for 

groups (1) and (3) and fig. 4.4 - as afunction 

of Pr for  groups. (2) and (3). Fig. 4.3 shows that 
elastic buckling occurs up to ar :: 0,6;. the tests 
in this region have already been 'discussed in 
sec. 4.1.2 (fig. 4.1). In the region aT > 0,6 the 
scatter is not large, excepting the ,tests from 
ref. 23, which, dating from before 1924, may 

- 

L2t 

F T  

st 
F T  

st 



probably be considered obsolete. The collapsing 
stresses may be computed from the proposal, 
represented by the uninterrupted line in fig. 4.3, 
which corresponds to (4.2) up to ar = 0,63 and to 

FT - = 0,4 + 0,08 ar  when 0,63 Z ar < 5. (4.11) 
St 

In general the results of group (3) lie at the 
upper boundary of the regionof scatter of group (l), 

thus indicating a small influence of - for the 

tests of group (3). It may be concluded that the 

limiting value of , beyond which L does not 

influence Fr, will be approximately 9 for tubes 
with clamped edges. Accepting this value, the 

L2t 
proposals (4.2) and (4.11), holding for - dS 2 9 

yield . the following 'formulae for the region 
L2t 
a 3  

FT 
st 

st 

L 
d 

L2t ' 

d3 

< 9: - 

(4.12) - _  - 1,24 P r  when p r  5 0,363, 

- _  FT .- 0,4 + 0,1386 P r  when 0,363 S P r  2 2,9. 

(4.13) 

reference 
material 

s 27. 

22 23 

3 6,s 
61,5 33,6 

, carbon steel Nickel steel 

Fig. 4.4 shows that the test results agree well 
with these proposals, excepting the failures in 
the plastic region from ref. 24, where eq. (4.13) 
is unconservative. ' The explanation of this dis- 
crepancy is that with the material of these tubes 

1,71 ' 

8,77 

0,55 
0.61 
0,59 

0,60 
1,58 

FIGURE 4:4. 
Torsion tests of duralumin tubes; dlt < 200, LZt/d3 < 9. 

11,9 
289 

0,53 
0,64 
0,585 

0,99 
8,12 

TABLE 4.1 
Torsion tests on steel tubes 

0,80 
8,27 

0.55 
O,& 
0,59 

10,7 
65,5 

0,52 
0,64 
0,58 

group 

St from +t 1 till 
from 
till 

from 
till 

from 
till 
mean 

till . 
from 

1 

0,59 
0.79 

' 501 
1200 

23 
2140 

see fig. 4.5 0.51 a) 0.49 
0.70 0,62 
0.61 %) 0,54 

2,45 1 3  
- I -  

70;l 25,O I 783 12,o 

2 

0.75 
0,90 

386 
832 

9.6 
4500 

3 

0.87 
0,97 

336 
518 

16 
2500 

- 

0,84 
0,98 

205 
276 

11,l 
151 

19 
Cr-Mo steel 

10,9 
73,5 

4 2  

0,60 
0,78 

207 
423 

3 1 4  

') For group 1 and.3 of ref. 19 the limits of pT, for allother tests the limits of ar  are mentioned. 
') The abnormal result FT/S t  = 0,221 for ar = 7,48 'is omitted. 
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is considerably st (51 ST aluminium alloy) - 
F t  

larger'than with the material of the tubes according, 
to ref. 19. Therefore, the a-;'curve will possess 
a much more pronounced knee and so will the 

pr  diagram (c.f. the .dotted curves in F r  
S t  
fig. 4.4). The proposals (4.11) and (4.13) will 
only hold for duralumin having approximately 
the same material properties as in ref. 19 (c.f. 
fig. 4.4). It should be noted that the curves.of 

figs. 4.3 and 4.4 will coincide if - = 9;  for 

design purposes they may be combined to one 
curve in a diagram with two different horizontal 
scales. 

- _  

L2t 
d3 

4.2.2.3 The important results of the tests on 
steel tubes, collapsing by plastic buckling, are 
collected in table 4.1. For the'tests of ref. 22 and 
23 E = 30 x lo6 p s i .  has been assumed. On 
account of the large scatter of the material pro- 
perties the tests of ref. 22 have been divided 
into three, more or less arbitrarily chosen, groups. 
The tests of ref. 19 have first been. arranged in 

order of the magnitude of - and then sub- S t  
. F t  

L2t L2t 
d3  < 9 and - > 10. divided into groups 

The results of the tests of ref. 19 and 23 and of 
group 3 from ref. 22 do not indicate an influence 

of either - or - on FT;  the scatter is fairly 

large (c.f. table 4.1) l o )  The average- of all test' 

results is - = 0,585. Excepting two obviously 

abnormally small values, the test results of groups 
1 and 2 from ref. 22 (aT < 21) cover the area 
indicated by the dotted lines in fig. 4.5; besides, 

7 tests with uT >. 21 yield 0,655 Z - 2 1,14. 

No separation of the results of these two groups 
can be made. 

From a survey of the test results no definite 

d L2t 
t d3 

F T  ' 
S t  

F T  

St  

") Ref. 19 shows that the scatter is not due to scatter 

of . ST 
t 

'l) With the tests of ref. 19 the average values . 

FT st F T  
S t  ST ST 

= 0,586, - = 1,Oand - = 1,73 show a good - 

FT - 
S 
W L .  - 1  I , , J ------->*- v-  

E L A S T I C  BUCKLING 
FROM EO (42) OR (412) 

C 5 1c E L2t 
3 

K 7  If 7 > 3  -~ 
- '1.732,+ If % < 9 '  - 

FIGURE 4.5. 
Proposais for  the determination of FT for steel tubes with 

clamped edges: 
1 proposal for  0,6 5 St/Ft 2 0,75. 
2 proposal for St/Ft 2 0,85. 

_ - - -  region of scatter for groups 1 and ' 2  of ref. 22. 

conclusion appears to be possible. No indication 
st exists that with equal E and decreasing - 
F t  

the transition from the elastic to the plastic range 
F T  of the - - (aT or P r ) ,  diagram is becoming 
S t  

more gradual, as'could have been expected. The 

tendency of - to decrease with increasing St 

(E and - remaining unchanged) which is esta- 

blished by a .  comparison of the results from 
ref. 22  with those from ref. 19 and 23, is even 
contrary to the theoretical conclusion, assuming 
affinely related a-s curves. 12) The following 
provisional proposals, therefore, should be verified 
by further tests. 

S t  
For 0,6 2 - 2 0,75 it is recommended to 

F t  
use curve 1 of fig. 4.5, based on the tests from 

groups 1 and 2 of ref. 22. If - 2 0,85 curve 2 

of fig. 4.5 may be used; this proposal is based 
on the tests from group 3 of ref. '9  and from 

S t  
ref.' 19 and 23. For intermediate values of - 

F t  
a linear interpolation with this variable is reasonable. 

FT 
St 

St  
F t  

S t  
F t  

l2) The theoretical conclusion follows from the con- 

siderations that would not change if St had been 

determined from the k-method, and that actually St 
has k e n  assumed equal to Yt. 

FT 

t 

mutual agreement. 
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4.2.2.4 In the case of hinged edges the limiting 

value of - can be assumed to be 6,3 as in 

sec. 4.1.2. Then curves 1 and 2 of fig. 4.5 remain 
valid, provided that ar  is taken as abscissa for 

w- - > 6,3 and p r  6,3 = 1,584 P r  is taken 
LZt 
d3  

L2t 
as abscissa for - < 6,3. The curve of,fig. 4.3 d3  

remains valid for - > 6,3; that of fig. 4.4 for 

L2t 
- < 6,3, provided that the abscissa represents 

dS 
0,915 pT instead of p r .  

L2t 
. d3  

L2t 
d3  

4.2.2.5 As far as the mode of buckling is com- 

mutiicated the tubes with - > 125 collapsed 

by local buckling while the axis of ,the tube 

remained straight. Of the tubes with - < 12,5 

some collapsed in the same way, some without 
noticeable buckling distortions, but most of these 
tubes showed the helical buckling described in 
sec. 4.1.1 or a combination of local and helical 
buckling. Plotting the results of these latter tests 
in the non-dimensional diagram for helical buck- 

ling ( -  - yr diagram), it appears that the 

test results of the duralumin tubes (3,3 2 y r  5 20) 

scatter around - = 0,875 with deviations less 

than 7 %. For the steel tubes there are only two 
measurements; for these tubes the least value 
of yr z 3 and the corresponding value of 
F T  
- = 0,715. Comparing these results with figs. 4.3 
S t  
to 4.5 incl., we may conclude that helical buckling 
will not be critical if y r  > 3. 

d 
.t 

d 
t 

F r  
St 

F r  
St 

' . ,  

4.2.3 Comparison .with other proposals. 13) 
Ref. 26 gives diagrams of F ,  as a function of 

D L - for 17 ST and 24 ST duralumin. AIS 5 does 

not occur, these diagrams obviously apply to 
long tubes, they can be compared with fig. 4.3. 
This comparison is illustrated in fig. 4.6. Curve 2, 
applying to the material of ref. 19 is in good 

t 

") For compression and bending the comparison with 
the proposals of ref. 26 is omitted. The latter are con- 
servative. 

0.. = r2 4 
S t  d 

.FIGURE 4.6. 
Comparison of the proposal of f ig .  4.3 with the' curves of 

ANC-5 (ref. 26). fig. 5-7. 

E 
agreement with fig. 4.3. From the values of - 

St 
St  . and - it might be expected, that curves 1, 3 
Ft 

and 4 slightly exceed 2 or 5, but the actual 
difference is unreasonably large, the more so, 

because the values of - and - for 2, 3 and 4 

are between the limits noted on fig. 4.3. It is recom- 
mended to use figs. 4.3,4 for all these materials, 
except for 51 ST duralumin (see sec. 4.2.2.2). 

.In ref. 26 a proposal is made for 1025 
E St  

steel (- = 778; - = 0,655). From ar  = 4 
St F t  

F T  
on, this proposal yields values for - which 

St 
considerably exceed the maxima of the test results, 
discussed in sec. 4.2.2.3; therefore, this proposal 

is not acceptable. For alloy steel (- = 176 to 645; 

St F r  
- = 0,69 to 0,92) ref. 26 gives a diagram of - Ft F t  

D L 
as a function of - with - as a parameter. For t D 

heat-treated chromium-molybdenum steel (-- 160 

St F r  
to 320; - z 0,9) ref. 25 gives a diagram of - Ft F t  

as a function of - with - as a parameter. Taking 

LZt 
d3  

experiments discussed in this section indicate that 
these diagrams should be similar to figs. .4.7a 

E St 
St Ft 

E 
St 

E 
st- 

L D 
D t 

- -  - 9 as a limiting value, the theory and 
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, .. ~ 6 Combined loadings. .. . . 

FT 
6.1 Compression and bending. \ 24,O I I I I 

. In this article only tubes which show flexurai 
buckling .under compressive loads .alone, 'are 
considered; i.e. rather thick-walled tubes. The 

ments for Aircraft of 1929 and 1935 (see e.g. 
Ref. 28 figs. 71 and 72, and Ref. 31, fig. 4) are 
unsatisfactory, as they give combinations of com- 

graphs given in the U.S. Civil Strength Require- 
20.6 

I I I .  I pressive stress and 'primary' bending stress. 14) 

1 1  I I I 

I I  I , I  I 

I 

0 10 20 33.3 50 66,7 0 

FIGURE 4.7. 
Schematical diagrams for F,. 

and b. Yet, the deviations are so large, that these 
diagrams have presumably been established without 
a sufficiently critical investigation of the data 
available. 

5 Pure shear. 

Ref. 32 recommends to use F S  = 1,25 F ,  
for thin-walled cylinders. This result is based 
on tests with short cylinders, whose ends were 
rigidly clamped; thus preventing at the ends the 
displacements normal to the plane of the cross 
section (warping) corresponding to the assumed 
SAINT VENANT stress distribution. Consequently, 
the shear stress distribution will have been more 
uniform and the maximum shear stress will have 
been reduced. The actual shear stress causing 
buckling, therefore, will be smaller then 1,25 F p  
A conservative recommendation will be 

F ,  = F,. (5.1) 

No data at all are available on the critical shear 
stress of thick-walled tubes. For the time being 
(5.1) is recommended as a probably conservative 
approximation. 

They are only valid for the type of bending load 
obtained in a four point bending test. 

Experiments are mentioned in ref. 13, 27, 28 
and 29. Ref. 27 and ref. 28 refer to 'the same 
experiments and the data given are complementary 
to each other. 

In ref; 13 several assumptions are made in 
evaluating the experiments, which do not conform 
to the actual conditions. Therefore, the unreason- 
able conclusion,, that f b '  + f, = S except that 

readily be ignored. The experiments mentioned 
in ref. 29 must be ignored because neither the 
material properties nor'Fb and F, are communi- 
cated. So, only the experiments with duralumin 
and chromium-molybdenum steel tubes 'given in 
ref.' 27 and 28 are useful. In evaluating these 
experiments the assumption has been made that 
the critical combination of compression stress and 
actual bending stress 'does not depend on the 
variation of the bending loads along the. tube. 

From the data in ref. 27 and 28 the maximum 
bending -moments, and from these the fihitious 
bending stresses, have. been computed, using the 
formulae for the elastic range. The stress f b  is 
not the actual stress, for the distribution of the 
bending stresses no longer is linear beyond the 
proportional limit and the actual moment is not 
equal to.the .moment following from the formulae. 
Therefore, when applying the graphs, obtained 
for the critical combinations of f b  and f c ,  one 
must use the same method of analysis. 

Even then the fact, that the actual moment 
differs from the computed moment is accounted 
for only in a rough approximation. The way in 
which the moment at the critical section increases 
due to plastic deformation, not only depends on 
the plastic deformation at this section, but also 
on the plastic deformation at other points of the 
tube. The latter deformations depend to a large 
extent upon the shape of the bending moment 
diagram of the tube. 

for f c  = 0, f b  7 Fb and for f a  = 0 f c  = F c ,  Can 

- '\ 

This is the bending stress which would occur. in 
the absence of the compressive load. 
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- 
Fco 

FIGURE 6.1. 
Results of the tests on.duralumin tubes, from rtf .  27 und 28. 

With the chromium-molybdenum steel tubes li.) 
with h = 75 and A = 100 and the duralumin 
tubes the computations have been based on the 
mean values of fc and F b  from ref. 27 and 28 
for all tubes with the same A. For the shorter 
steel tubes it has been assumed that tubes with 
the same dimensions also had the same material 
properties. The values of E have been computed 
from the EULER range of the Fc - h curves. 

f b  
In figs. 6.1 and 6.2' the computed values of - 

, Fco being the are plotted as a function of - 
value of F ,  at h = 0. By means of the curves 
on fig. 2.2 Fco has been computed from the 
experimental values of Fc at h = 30 (or h = 50). 
It appears that the test points coincide fairly 
well with the broken lines, the right parts of 
which connect .the point fc = 0,4 Fc on the 
line h = 0 with the point fc = Fc on the horizontal 
axis. In some cases the deviations are fairly large, 
but. this was to be expected in view of the 
assumptions made in evaluating the tests. The 
critical combinations of fc and fb represented 
by the .broken lines can be .accepted as .long as 
more reliable data are not available. As they 
agree reasonably well with the test results both 
of the duralumin and of the chromium molyb- 
denum steel tubes it is proposed to use the same 

F b  
fc 

F C O  

Is) Only the experiments with 2" tubes have been 
evaluated, because only for these tubes Fb is given. 

criteria also for other materials. The proposals 
made, expressed in formulae are: 

fC 

. F c  
- 1 for, - 2 0,4 , + - -  fc fb 

F b  Fco 
- 

6.2 

6.2.1 Thin-walled cylinders. 

Compression (local buckling), bending and 
torsion. 

Only the combination of compression or tension 
with torsion has been investigated experimentally, 
the experiments are discussed in ref. 9 and 30. 
In both publications it is recommended to use 
the following formula for compression and torsion 

with n = 2 (ref. 9 )  or n = 3 (ref. 30). The value 
n = 3 agrees with the average results of ref. 30; 
for the minimum values n = (1 to 15) .  An 
additional uncertainty is caused by the large 
scatter, especially in the neighbourhood of fc = Fc. 
Therefore, it is recommended to take n = 1 5  
F c  is to be computed from (2.5) and F ,  from 
fig. 7. 

The average results of the experiments with 

FIGURE 6.2. 
Results of' the tests on chromium-molybdenum steel tubes, 

from ref. 27 and 28. 



tension and torsion are,' according to. ref. ,9, 
represented by 

(6.3) 

with m = 0,5. In ref. 30 it is'recommended to 
use formula (6.2) with n = 3; Here f c  is negative 

and thus - > 1. .The results from ref. 30 can 

also be approximated satisfactorily by a linear 
relation; the minimum values in ref. 9 yield 
m = 1/3, those in ref. 30 m = ' io.  for^ the present 
it is recommended to take m = 0,2. 

Because of the similarity between compression 
and bending it seems reasonable to use a formula 
analogous to' (6.2) in the case of bending and 
torsion 

f r  
F r  

whereas for bending and compression we may 
assume 

where Fb is computed from (3.2). The critical 
combinations of f c ,  f b  and f r  will follow from 

= 1 .  (6.6) fc f b  

6.2.2 Thick-walled tubes. 

Only the combination of bending and torsion 
has been experimentally investigated. The results 
of experiments with steel tubes are given in ref. 
31, fig. 2. From this graph it follows that the 
critical combinations are obtained from 

This formula is confirmed by unpublished 

experiments with steel tubes (15 < - < 30) 

and duralumin tubes (- =I 110), which collapsed 

in the plastic range when loaded in pure torsion 
or.pure bending. 

Formula (6.7) th& applies to steel as well 
as to duralumin tubes; Fb follows from fig. 3.1 
and Fr from fig, 43, 4.4 or 4.5 (see. sec. 4.2.2). 

represented by (6.5); then F ,  is taken from 
fig. 2.4. When compression, bending and torsion 
occur, we may compute the critical combinations 
from 

d 
t .  

d 
t 

The case of compression and bending is 
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6.3 Bending with tramverse load. 
6.3.1 Thin-walled cylinders. 

LUNDQUIST (ref. 32) assumes that at the critical 
" 

point of the cross section - + = 1. The 

critical point is defined as the point in which 
this sum is a maximum. The result can be 
written> as: 

Fb Fs 

A number of experiments (ref. 32) with 0,25 < 
L d 
- < 1 and 646 <' - < 2910 showed satis- d t 
factory agreement with (6.9); f b  is taken as the 
largest bending stress, occurring in the part of 
the cylinder considered. 

. . . .  6.3.2 Thick-walled tubes. 

It is impossible to draw a conclusion from .the 
available experiments (ref. 17 and unpublished 
data). It may be deemed reasonable to take 
formula (6.9). But we could'just as well define 

the critical point as the point .in' which 

+ (&)2, is. maximal, based on (6.7), and then 

compute the critical combination of f b  and f x  
from the condition that this'sum is unity. In 
this way it appears that the transverse load and 
the bending moment do not interact. In ref. 31 
the actual situation is presumed to lie between 
these two possibilities and it is proposed to use 

(&I2 + 

1 

(6.10) 

For the present this proposal is t a h  over. 

6.4 Bending with transverse load and torsion. 

No experiments are known. At the point where 
the shear stress is maximum, the hending stress 
is zero; one condition to be satisfied is therefore 

(6.11) 

From (6.9) or (6.10) the critical bending stress 
f b s  in the absence of torsion can be found. As 
a. second condition it is proposed to apply the 
criteria. 
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analogous to (6.4), for thin-walled cylinders; 

analogous to (6.7), for thick-walled tubes. 

walled cylinders 
After substitution of f b s  we obtain for thin- 

f b  f E  2 
Fb 
- 1 1  - ( E )  1 +, Z 1 ,  (6.12) 

and for thick-walled tubes 

6.5 Formulae f o r  the transition region. 

The formulae proposed in sec. 6.2 to 6.4 were, 
as far as they were checked experimentally, 
deduced from experiments where, under each of 
the separate components of the loading, the tube 
would have failed either in the elastic or in the 
plastic region. The formulae obtained for these 
two cases appear to be different. The available 
experimental evidence does not allow to make 
proposals for intermediate cases, where under 
one or more separate components elastic failure 
and under the remaining separate components 
plastic failure would occur. For the time being 
it is recommended to use the formulae for thin- 
walled cylinders, when none of the separate 
components would cause failure in the plastic 

E t  
region, i.e. when - - i 2,5 and when FT follows 

Se d 
from (4.2J or from (4.6), (4.7) resp. (4.12). In 
all other cases it is recommended to use the 
formulae for thick-walled tubes, unless it is to 
be expected that these formulae would give too 
optimistic results. For instance in the case of a 

d L E 
t D S 

duralumin tube with - = 110, - = 35, - = 280 

SC E t  
and - = 0,9, and therefore,- - = 2,55 and 

st S c  d 
'aT = 0,22, the use of (6.7) will not be permitted, 
so that (6.4) must be preferred. 

7 Recapitulation. 

Based on a study and further elaboration of 
the data, given in the literature,. proposais are 
made, giving the minimum collapsing stresses of 
accurately manufactured round tubes under 
different types of loading. 

For thin-walled cylinders, 16) which are defined 
as cylinders, collapsing by elastic local instability, 
the buckling stresses are dependent upon the 
elastic material properties (E, v )  and upon the 

I '  . d  L 
dimensions of the cylinder '(- -). The proposals t' d 
for compression. and for bending are only valid 

for cylinders, having a ratio - -  between 0,3 and 
L 
d 

approximately 15. They are .based mainly on 
experiments with small-sized. test. pieces .and may 
be unre'asonably conservative for actual structures, 
due to scale effects, caused by the large influence 
of initial deviations from. the true cylindrical 
shape, which are probably relatively larger with 
decreasing dimensions of the test piece. 

For thick-walled tubes, la) which are defined 
as tubes, collapsing locally in the plastic region, 
non-dimensional diagrams are given from which 
the collapsing stresses can be ,determined. 

The coordinates of these diagrams follow from 
theoretical considerations; the diagram itself is 
then determined from available experimental data. 
The quantity S, occurring in the coordinates, is 
defined as the intersection of the stress-strain 
curve with a straight line through the origin 
having a slope kE (fig. 2.1). As a rule k is defined 
by eq. (2.3), sec. 2.2 (c.f. table 2.1), in which 
case S is approximately equal to the 0,2 %-yield 
stress (ref. 19, table V, VI). In the same loading 
case different non-dimensional diagrams are found 
for different materials, depending upon the shape 
of the stress-strain curve of the material. However, 
for materials with affinely .related a--E curves, 
the diagrams are identical if for all these materials 
k has the same value. As a rule, S can then for 
one of these materials only be chosen equal to 
the 0,2 %-yield stress. 
i For cases of combined loading the critical 

stress combinations are expressed in the collapsing 
stresses with a single type of loading by means of 
non-dimensional equations. 

7.1 Pure compression. 

For thin-walled cylinders (sec. 2.4.1) Fc is 
given by (2.5). For thick-walled tubes (sec. 2.3, 
2.4.2, 2.5) Fc is the smallest of both values, 
following from figs. 2.2 and 2.4. Typical 5 - E 

curves for the materials are given in fig. 2.3; 
further material properties (E, k) in table 2.1. 

le). It may be pointed out that the same tube can be 
either thin-walled or thick-walled, depending, upon the 
type of loading. 
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.. I . 7.2 Pure bending. . >  

For thin-walled.cylinden (sec. 3.1) Fb is given 
by (3.2). and for thick-walled tubes (sec. 3.2) 
by fig. 3.1. 

I 

I 7.3 Pure torsion. 
Long and shorter tubes must be considered 

separately. Long tubes are defined as tubes, 

where - exceeds a certain limiting value; for 

these tubes F ,  is not influenced by the distance L 
between the bulkheads. With the shorter tubes, 

where - is smaller than the limiting' value 

mentioned above, F ,  depends also upon L. The 
experimental evidence shows, that .for tubes, whose 
edges are clamped at the bulkheads, the limiting 

.value may be put equal to - ='9 ;  for tubes, 

whose edges are hinged at the bulkheads, the 

limiting value is chosen at - = 6,3. The proposals 

for thick-walled tubes apply to the case, that 
d 
- < 200 and yT > 3. t 

7.3.1 Long tubes. 

LZt 
d3  

L2t 
d3  

L2t 
d3 

L2t 
d3  

! 
. . , 

For thin-walled cylinders F ,  follows from. the 
uninterrupted line, drawn in fig. 4!2, if the 
theoretical value (F,)  th is computed from (4.2), 
sec. 4.1. For thick-walled duralumin tubes F, 
follows from the line drawn in fig. 4.3 and for 
steel tubes from lines 1 .or 2 in fig. 4.5 if x r  
is taken as abscissa. In thebtter case linear inter- 

polation is recommended if 0,75. < F < 0,85. 
S t  

f 

7.3.2 Shorter tubes. 
For thin-walled cylinders F, follows from the 

uninterrupted line in fig. 4.2 if the theoretical 
value ( F , ) t h  is computed from (4.6) (clamped 
edges) resp. (4.7) (hinged edges). For thick- 
walled 'tubes with clamped edges F ,  follows 
from fig. 4.4 if the material is duralumin; for 
steel tubes from fig. 4.5 if 1,732 f i r  is taken as 
abscissa. With hinged edges pT in fig. 4.4 must 
be replaced with 0,915 p, and in fig. 4.5, 1,584 PT 
should be taken as,abscissa (- < 6,3). 

LZt 
d3 

7.4 Pure shear. 
Both for thin-walled cylinders and for thick- 

walled tubes it is conservatively recommended 
to take F s  = F,. 

7.5 Combined loading., 
The following proposals apply to tubes, which 

collaps under each of. the component types of 
loading either by elastic or by plastic instability. 
For intermediate cases the proposals, made for 
the second class of tubes, will usually be sufficiently 
accurate. (c.f. sect 6.5). 

7.5.1 Thin-walled cylinders. 

.The critical stress combinations with a com- 
bination of compression, bending and. torsion 
follow from (6.6); with a combination of bending 
and shear from (6.9) and with bending, shear 
and torsion they must satisfy both (6.11) and 
(6.12). 

7.5.2 Thick-walled tubes. 

The strength of a strut with bending load 
may be computed from (6.1) if Fc and Fco are 
taken from fig. 2.2. The critical stress combinations 
with compression (causing local instability, when 
acting alone), bending and torsion follow from 
(6.8) if Fc is taken from fig. 2.4; with bending 
and shear from (6.10) and with bending, shear 
and torsion they must satisfy both (6.11) and 
(6.13). 

8 Notations. 

d = D - t mean diameter of the tube; 

f b  maximum bending stress at critical com- 
bined loading; 

fc compression stress at critical combined 
1 o a d i n g ; 

fr mean torsional shear stress at critical 
combined loading; 

maximum shear stress by transverse load 
at critical combined loading; 

k constant, used to determine the yield 
stress (sec. 2.2, fig. 2.1); 

1 length of the tube; 

t 

. 

f S  

wall thickness of the tube; 

F ,  L2 A = (1 - vz) - -* 
E t 2 '  

D outer diameter of tube; 

E YOUNG'S modulus; 

E r  reduced modulus in the plastic range, 
sec. 2.2; 
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Fb 

F ,  

F,, 

F ,  

F t  ultimate tensile stress; 

F t  mm specified minimum ultimate tensile stress; 

F T  ultimate mean shear stress in pure torsion, 
see eq. (4.10); 

ultimate stress in pure bending; 

ultimate stress in pure compression; 

value of F ,  when h = 0 (see fig. 2.2); 

ultimate stress in pure shear; 

(Fr)th theoretical value of F r  in the case of 
elastic instability; 

G modulus of rigidity; 

0 5 g .  
td ’ H = (1 - v’) ’ 

polar moment of inertia of tube cross 
section; 

distance between frames; 

moment causing failure in pure torsion; 

yield stress from k-method (sec. 2.2) in 
compression, may as a rule be assumed 
equal to the 0,2 yo stress (exception 
sec. 2.3); 

ditto in tension; 

ditto in torsion; 

0,2 yo yield stress; 

Yt specified minimum 0,2 yo *stress in ten- 
sion; 

E d  
Y r  5 7 ;  
Y angle of shear; 

E axial strain; 

v = 0.3 POISSON’S ratio; 

0 normal stress; 

T shear stress. 

I 
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The Elastic Stability of Flat Sandwich Plates 
I by 

Dr. Ir. A. VAN WIJNGAARDEN 

Summary. 
The investigation is concerned with the elastic stability of flat sandwich plates, having an isotropk core, 
under a combination of compressive'and shear loads. In contzast to earlier work (refs. 1 and 2), where the 
core was replaced by a simplified mechanical structure, the core is treated as a three-dimensional elastic 
body, thus leaving open the possibilini of investigating cases of symmetrical buckling (not yet dealt with 
in this report).' The conditions of stability of the faces, derived in chapter 2, contain boundary stresses which 
can be related to the properties of the core [chapter 3); the final equations of stability and their boundary 
conditions are given in chapter 4. 
In principle, exact solutions for the case of antisymmetrical buckling, both without and with shear load 
(in the latter case only for infinitely long plates), are given (sections 5.1 and 6.1). The numerical solutions 
have, been confined to infinitely long plates. For the numerical solution of the case of shear-free loading only 
minor simplifications are introduced (sections 5.2 and 6.5). For the cases of loading with shear, however, 
the numerical solutions have so far only been computed for a greatly simplified wave pattern (sections 6.2 to 
6.4 incl.). Consequently, the results for the case of pure shear loading are not yet satisfactory (chapter 7). The 
numerical results of the-calculations are presented in figs. 6.2 to 6.4 inc!. and figs. 6.7 to 6.12 incl.; an 
example of their use is given in appendix 2. 
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Appendices 1 and 2. 

1 Introduction. 

stability of a flat plate, loaded in its plane; that 
is built up according to the so-called sandwich 
principle, which means that the plate consists of 
two thin but stiff faces connected by a relatively 
thick but light and weak core. The faces, for 
instance, can be made from metal, plywood or 
plastic sheets. The core can be more or less 
continuous if it is made from balsa wood or an 
artificial spongy material, or it can be a structure 
itself, e.g. a corrugated sheet,'a number of thin 
strips, a honeycomb structure, etc. The function 
of the core consists of keeping the faces at the 
proper distance and, moreover, to connect them 
in such a way that they behave more ,or less as 

We shall develop a theory concerning t h e .  . 
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if they were the extreme layers of a single thick 
plate. More especially in bending, the core must 
prevent the faces frpm bending separately, and 
it must be able to exert such shearing forces 
on the faces as to keep one sheet in compression 
and the other in tension. It is obvious that under 
this condition the stiffness of the plate is con- 
siderably higher than that of the two faces working 
separately. Accordingly, the stress at which buckling 
occurs if the plate is loaded in its own plane by 
compressive and shearing forces, is high as com- 
pared with that of the single faces, a most useful 
property for application to aircraft structures. 

Several authors have already paid attention to 
the underlying problem. Mostly they confine 
themselves,' however, to the buckling of' struts 
instead of plates which are also supported at the 
lateral edges. The problem is then a two-dimen- 
sional stability problem and is already a rather 
complicated one; the work done on this problem 
at the N.L.L. is summarized in report S. 284 
(ref. 1). The three-dimensional plate problem has 
also been dealt with by VAN DER NEUT in ref. 2. 
Although the equations were set up in a general 
form they were only solve8 for the case of shear- 
free loading. Moreover, to avoid the difficulties 
connected with the three-dimensional deformation 
of the core,' the latter was replaced by a mechanical 
structure which is equivalent to a core with infinite 
stiffness in the direction normal to the surface of 
the plate. Although this assumption rather well 
accounts for the 'antisymmetric' type of buckling, 
i.e. a type of buckling in which the plate buckles 
as a whole in a series of waves with appreciably 
constant distance between the faces, it 'fails 
completely to describe the 'symmetric' type of 
buckling, which is a type of buckling in which 
the middle surface of the plate remains plane 
whereas the distance between the faces varies 
in a series of waves. 

Early in 1946, an extension of the investigation 
reported in S. 286 to the case of a combination 
of normal and shear,loads in the plane of the 
plate was, started, retaining the basic assumption 
with regard to the ccre structure. In the course 
of the investigation it proved to be possible to 
develop a theory, in which the three-dimensiona: 
deformation of the core is exactly accounted for. 
This theory will be presented hereafter. For the 
sake of simplicity it has so far been restricted to 
the case of an isotropic core, but that of an 
aeolotropic 'Lore could be dealt with by means 
of the same methods as used here, without many 
fundamental changes, except a considerable in- 
crease in complexity. 

2 The equilibrium of the faces. 

2.1 The stresses in the faces. (fig. 2.1). 

As to the deformation of the faces we shall 
make the two ordinary assumptions of the theory 
of bending of thin plates, viz. that points situated 
in the undistorted state on a straight line normal 
to the middle surface, lie in the distorted state 

X. 
FIGURE 2.1. 

Forces and stresses at  an element of the face. 

on a straight line normal to the deflected middle 
surface, and that the normal stresses on planes 
that are parallel to the middle surface are negligible. 

The second assumption infers: 

" z f  '= Ef . (EL + v f  .j = 0. (2.1) 1 + Y f  bz 1-2 Vf 

From. this it follows that 

and, therefore, 

e f  = . e'f 
1-2 Vf 

1 --Lf (2.3) 

So, we find for the stresses normal to the 
Z-axis the expressions ' I 

(2.4) 
Ef buf b*f ) 

" x f  = 1--v2f (x + " f  - 6Y , 

e 
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ryxf  & + 1- Ef ("' t "') - T*/. (2.7) + Vf  bY b X  

Formulae (2.6) and (2.7) might cause some 
surprise as. different values are given for. rxyf 

and T~,... They consist of a common part that 
is responsible for the shear deformation of the 
element dxdy, and of a second part i- T* that 
causes no deformation but is not, like the first 
part, in equilibrium, and has to be opposed by 
'a 'body couple', as will' be intrcduced afterwards. 
As we shall introduce the resultant of these couples' 
acting on a normal to the middle surface as a 
single twisting couple in the middle surface, 
it follows that T* is distributed symmetrically 
with respect to the middle surface and will, 
therefore, not result in couples around lines in 
the middle surface. 

The shearing stresses T~~ and rYz are not 
found in this way, but this does not matter as 
their resultant forces Sxz and Syz can be eliminated 
afterwards. 

From the first assumption, mentioned in the 
beginning of this section, we derive 

8 Wm 
Uf = ~m - (zf - Z m )  - 

b X  (2.8) 

By substituting this in eqs. (2.4) - (2.7) we 
obtain the stresses, expressed in the deformations 
of the middle surface: 

(2.12) 

By integrating these stresses over the thickness 
s of the faces, we find the resultant forces and 
couples (cf. fig. 2.1) 

12 
(2.14) 

b2Wm b2Wm 
M x Y = - D ( ~ + v f - ) ,  bY = (2.17) 

b2wm b2wm 

My: = D (if ~ bX2 + hy') (2.18) 

2.2 The external loads, due to buckling. 
As it was assumed that the loads in the'faces 

act in the plane of the faces, they cannot exert 
bending or twisting couples if the faces remain 
plane. In general, the core will exert some forces 
on the faces even if they remain plane. If e.g. 
a compressive load is lead into the plate by 
compression of the .faces, shear stresses at the 
boundary plane between. the face and the core 
must act to transfer a small part of the compressive 
force into the core, as, of course, the strains of 
face and core must be equal. These shearing 
stresses, however, are small, and only restricted 
to the neighbourhood of the loaded edges, and 
finally, they act tangentially to the face, so that 
their influence can be neglected. Also, normal 
stresses at the boundary plane will arise if the 
distance between the faces is kept constant at the 
edges, as the core, being in longitudinal compression, 
is hampered in its lateral expansion. We shall 
also neglect this phenomenon, if need be by 
assuming that the distance between the faces is left 
free at the edges of the plate, but point out that 
under actual conditions it might give rise to 
bulging of the faces symmetrically with respect 
to the middle surface of the plate, so that under 
certain circumstances the symmetrical buckling 
of the plate might be favoured above the anti- 
symmetrical type of buckling. 

According to this, the stresses- azb, T ~ X ~  and 
r z y b  that the core exerts on the faces will only 
begin to act as soon as buckling occurs and are, 
therefore, of the first order of the buckling 
amplitude. The same holds for the bending and 
twisting moments that result from the loads in 
the plate. Those loads are not altered in the 
first instance but are no longer in equilibrium 
after buckling has occurred. The loads acting 

' 



I 

FIGURE 2.2. 
The origin of the buckling moments. 

on the element dx dy when the plate buckles 
are denoted by Pxx, Pxy and Pyy  (cf. fig. 2.2), 
which are for convenience taken positive as com- 
pressive forces or shearing forces of the opposite 
direction than usually. After buckling they give 
rise to body forces and couples in the middle 
surface as indicated in fig. 2.1. From fig. 2.2, 
where the middle surface element dxdy is con- 
sidered, the values of these forces and couples . &mediately follow: 

F x  = Fy  = Fz = 0, ’ 

bw, bwm 
w x  = P y y  ay + p x y  f 

h n  Xwm 
bX 
- PXY - , ~ W Y  = - P x x  ~ 

- PYY ’’ w, = Pxx - 

bY 

- 6 vm hum 
b X  

- pxy  (bum - 2) . 
b X  

2.3 Equations of equilibrium. 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

B M x x  b M y x  - + -  + s,, + wx - 
kt bY 

S -- Tzyb = 0 9 (2.26) 

! 

$. ‘zxb = 0 t (2.27) I 

b M x y  b M y y  - + -  - s x z  + w y  + 
BX XY I 

S 

S x y  - syx + w, = 0.. (2.28) 

With the aid of eqs. (2.13) - (2.22) and. 
, (2.26) - (2.28) we can calculate’ the boundary 
stresses from eqs. (2.23) - (2.25). 

60 Tzxb = 2 3 + Pxy .$- 
s2 ’ . P U m  PU, 

xay . i  

b2Um + ( 1 - V j - p y ~ )  -w + (1 + Yf + 
b2vm b2Vm 

byZ 4 P x x )  E y  - Pxy ~ t (2i29) 

(2.30) 

In  the important case of constant pxx ,  pxY and 
p y y  we can simplify these expressions by passing 
from the horizontal displacements um and vm to 
the equivalent dilatation 

bum bum 
and moments acting at the 5lement of the face bx by 

hum . xvm 
we obtain the equations of equilibrium: . by , 6x 

B S X X  b S y x  

XX bY 

b S x y  bSYY 

By equating to zero the resultants of the forces , 

in fig. 2.1 in the three directions of the axes, 

e,m = - + - and the (minus double) rotation 

f;ll = - - - of the middle surface. Actually 

we find: 

62 f F x  - Tzxb = 0 , .+ ~ 
(2.23) __ 

PXY bX2 + 
. .  

x-2 1 (2.24) + -  f F y  - Tzyb = 0 1 ,  
_- 

b X  b y .  . . $- @xx - PYY) bxay - 
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(2.32) 

62  

12 
h2 + 2 p x y -  . (2.34) 

As the stresses exerted by the core depend 
rather on . the displacements of the boundary 
plane than on those of the middle surface of the 
faces, we shall replace e',,,, fm and w, by the cor- 
responding quantities of the boundary plane e'b, 
f b  and wb. By means of (2.2), (2.8) and (2.9) 
we find, keeping in mind that for the boundary 

plane zb - z, = - * 
2 '  
S - 

(2.35) 

(2.36) 

S2 
e', + - A' wm 8 

and hence 

e'b = e" i - a. w, , (2.38) 

f ' b  = f". (2.39) 

As both w ,  and A'w, appear in these relations, 
the introduction of the quantities e'b, f'b and wb 
instead of e',, f', and w, requires also some 
differential operations. The result .is: 

S 

2 

S 
- - a ' a ' W b  , (2.41) 2 

(2.42) 

These three equations represent the conditions 
under which the face is in equilibrium in a buckled 
state. It remains to express the stresses that the 
core exerts on the face in terms of the displacements 
of the boundary surface. 

3 The elastic reactions of the core. . 
3.1 The stresses ut the boundary surface. 

We assume that the core is rigidly connected 
to the faces. Then the displacements of the face 
at the boundary surface will be the same as those 
of the core at that surface. As the core material 
is assumed to be isotropic we can express the 
stresses in terms of the displacements as follows: 

1 - v  2). 
+ 1 - 2 v  bz 

From this it follows that 

(3.3) 

3.2 The equilibrium of the core. 
The terms in eqs. (3.3), (3.4) and (3.5) that 

involve differentiations with respect to z are 
brought into relation with the other ones by the 
equations of equilibrium. . These conditions of 

\ *  
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equilibrium, expressed in terms of the displace- 
ments, are as follows 

be 
bX 

be 

(1-2 v)  AU + - 5 0 

(1-2 v) Au t - = 0 ,  

(1-2 v) AW + - = 0 .  

(3.6) 

(3.7) 

(3.8) 

bY 
be 
bz 

By differentiating (3.6) with respect to x, (3.7) 
with respect to j ,  (3.8) ,with respect to z, and 
adding, it appears that e is harmonic, Ae = 0, or 

( b  
Ae’ + - Aw =. 0 . (3.9) bz 

Furthermore, (3.8) may be written as follows 

Equations (3.9) and (3.10) can be used. to 
eliminate e’b from the equations (2.41) and (2.42). 
Therefore we rewrite (3.10) as 

4 The equations of stability. 

4.1 The equations .of stability when the faces 
do not remain plane. 

If we insert in (2.41) and (2.42) the expressions 
(3.3) and (3.4) for the boundary stresses and, 
moreover, eliminate the terms involving e’b by 
means of .(3.11), (3.13) and (3.14) we obtain 
the following two’ equations of stability: 

#-=-- 

nu 
b a 

FIGURE 4.1. 
Antisymmetric (a) and symmetric ( b )  type of buckling. 

- * ( l - - . - A ’  S 1-vf Vf s2 8 ) ivl‘Aw.dz - 

From this it follows that 

b 2e‘ b b3W 
(1-2 v) . -. Aw - - 

bz2 bz bz3 
(3.12j - -  _ -  

and again from (3.9) 

, bZe’ b3w b 
A e ’  = Ae’ - - - 2v - - A w .  (3.13) 

bz2 bz3 bz 

The term e’ itself may be written according to 
(3.11) as 

- (1 - 2 v) Aw.dz, (3.14) lZ 
20 

where z,, is some value of z for which e‘ should 
be known. 

By differentiating (3.6) with respect to y and 
(3.7) with respect to x and subtracting we find 

A f ’ = O .  , (3.15) 

By the fact that e is harmonic it follows from 
(3.8) that w is biharmonic: 

, A A w =  0 . .  (3.16) 

ZO 

. 1 (1 - 2 v)j  Aw.hz + bW - 

The displacement w that appears in both 
, equations has to fulfil the condition (3.16), and, 

moreover, some boundary conditions to be 
specified later on. These boundary conditions ’ 
will be such that they are certainly satisfied by 
w G 0. As (3.16), (4.1) and (4.2) are also satisfied 
then (if, at least, e‘, ~ zo vanishes) w G 0 is 
always a solution. Other solutions are only possible 
if p x x ,  p x y  and p y y ,  appearing in (4.2), have 
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certain values that are, of course, just the values 
we are looking for. For all solutions w 0 we 
find the buckling forces from the above-mentioned 
equations, where no use is made of the first of 
the three equations .of equilibrium, viz. eq. (2.40). 
The reason why this equation can be suppressed 
will be explained in the next section. 

4.2 The equation of stability when the faces 

We now turn to equation (2.40). Again, we 
eliminate the boundary stresses, by means of 
eqs. (3.4) and (3.5), and, moreover, e' by means 
of (3.11). Then we obtain 

remain plane. 

+ (1-VYf-Pyy)-2 Kf ' ;  Z = Z b  . (4.3) 
by ,b2 1 

If buckling occurs with w 0, then equation 
(4.3) only supplies the corresponding f 'b, and is 
therefore not very interesting. It might, however, 
have importance, in the case of w E 0, in so far 
as another type of buckling might be revealed, 
wliere the faces remain plane but rotations in 
that plane occur. In that case (4.3) apparently 
reduces to 

We can easily verify that non-vanishing solutions 
of this equation can only occur if at least one of 
the quantities p x x ,  p x y ,  pyY is of the order unity. 
This means stresses of the order of YOUNG'S 
modulus, and is therefore completely beyond the 
scope of our theory. It is, therefore, no use to 
pay any attention at all to equation (4.3), and we 
can restrict ourselves' to the equations (4.1) and 
(4.2). 

4.3 The boundary conditions. 

The problems that are, from a technical point 
of view, by far the most important ones, are those 
in relation to rectangular panels. The edges of 
the panels, that can be chosen parallel to the 
X- and Y-axes respectively, are, in general, 

elastically supported, which means that the supports 
undergo linear and angular deflections and exert 
restoring forces and moments on the plate. From 
a theoretical point of view, some limiting cases 
'are important, for instance that of the simply 
supported plate, and that of the clamped one. 
In both cases'we have the boundary condition 

(4.5) 
In the case of the simply supported plate, tbe 

supports are supposed.to he unable to exert any 
bending- moments along the edges. In view of 
(2.'17), (2.18) and (4.5) this requires: 

P W  

bX2 

b2w 
- = 0 along the edges parallel to the X-axis. 
bY 

w = 0 along all edges. 

= 0 along the edges parallel to the Y-axis, - 

(4.6) 

(4.7) 
As to the core, it might be interesting, from a 

geophysical point of view, to consider the semi- 
infinite core. For our investigation of the sandwich 
construction, we shall restrict ourselves to the 
core of finite thickness c with two equal faces at 
both sides with thickness s. 

Two typical forms of buckling are that of 
antisymmetric buckling, where both faces buckle 
in the same direction, and that of symmetric 
buckling, where the faces buckle in opposite 
directions (cf. fig. 4.1). It is convenient to take 
the middle surface of the core as the X-Y plane. 
Then, in the case of antisymmetric buckling, 
w is an even function of z, whereas in the case 
of symmetric buckling w is, an odd function of Z. 

5 Antisymmetric buckling of a simply sup- 
ported panel, compressed in  two perpen- 
dicular directions. 
5.1 The complete expression for the buckling 

We consider a panel, having a length a in the 
X-direction and a width b ' in  the Y-direction 
(6. fig, 5.1). We introduce nondimensional 

stress. 

FIGURE 5.1. 
The rectangular panel under consideration. 

. .  



X Y 
coordinates by putting 5 = a - i q = P - f 

C c '  

(m and n integer) and 4 y2 = a' + @". For the 
boundary plane between core and face <b = y. 

The displacement w must satisfy (3.16), (4.6) 
and (4.7) (simply supported panel) and must be 
an even function of '2' (antisymmetric buckling). 
These requirements can be satisfied by taking: 

w =  (w* cosh 5 + w** C sinh <) sin [.sin 7 .  .(5.1) 

Before substituting this in' eqs. (4.1) and (4.2) 

we must consider the term 

(4.2). Conveniently we take zo = 0 so that the 
treatment of both faces becomes identical. For 

zo =,O evidently - = 0. At first sight also the 

term e' appears to vanish, because the anti- 
symmetrical character of the buckling infers that 
u and IJ, and therefore e' are odd functions of Z. 

, But this is only true if we neglect the fact that, 
due to the compressive stresses in the core, a pat- 
tern of constant compressive strain is to be super- 
imposed over this odd pattern. Therefore, e' does 
not vanish at z = 0, but has a constant value there 
(that means, independent of x and y) ,  which can 
easily be expressed in p x x  and p y y .  However, we 
can add to w as defined by (5.1) a third term 
w***< which corresponds to a uniform thickening 
of the panel. This term gives only a contribution 
to the left hand side of (4.2), and by choosing the 
correct value of w***, it just cancels the term 
with e' there. At the right hand side the presence 
of e' is of no consequence because of the 
differential operator that is in front of the square 
brackets. Therefore the whole question of e' can be 
left out and then we can use equation (5.1) for w. 

If we substitute (5.1) in (4.1) and (4.2) we get 
two homogeneous linear equations in the. two 
unknowns w* and w**. Introducing 

e' + - ( 3 z = z o  in 

6W 

xz 

. 

S 4 4  

") . Yf - azye . 2  , d = l - -  
1 - V Y f )  2 

we have: w* 1; + my tanh y-  

By2] + w** 1; (2 -2 v + y tanh y) + 

(3 - 4 v) y tanh y + y2 - I 

- By3 tanh y = 0 , (5.2) I 
w *  [ 4 < y ( t a n h y + B y ) +  (:. - S"p-p , ,  a%- 

vf By tanh y) 1 i 
+ w** 14;y (1-2 v) tanh y + y f 

+ 6y (2-2 v + y tanh y) + y - - I c 
) I  - pxxa2 - pyyp2 tanh y + 

Y f  6 [ ( 3 4  v) tanh y + y] = 0. (5.3) + -  ti 1 - v j  

These equations yield only non-vanishing values 
for w* and w** if the determinant vanishes. We 
introduce the function x 
2 (1-v) x= (1 -2 v) tanh-r + y-y tanhey (5.4) 

and the function P 
I .  

- 
E (tanh y - x )  + wy (tanh2 y + Syx) + 

P = V  
~ 

E (1-- Yf Syx) + Oy (tanh y + 1) + 
1 -vYf 

(5.5) 
+ By2. ( B Y  + x) 
+- 'f S2y3 (tanh 'i + x) 

1 - v j  

Then we find by evaluating the determinant, 
the value of the buckling stress p ,  where pxX = 
xyx . . p and p y y  = xYy p : 

5.2 Approximate expressions for the buckling 

The function P that appears in eq. (5.6) is, 
according to (5.4) and (5.5), a rather complicated 
one. Fortunately, y, 6 and E are all small quan- 
tities. .Of these three B is the most simple one. 
To have an idea; for the moment, of the order 
of magnitude it may be assumed to be something 
like 0,05. The quantity E can vary considerably, 
but a reasonable value is 0,Ol. For y it is very 
difficult to state beforehand a, certain value, as 
here the wave length of the buckles comes in. 
For the moment, we shall simply assume that 
y is small and afterwards we shall prove that y 

is small indeed. Replacing tanh y by y - - y3 

stress. 

- 

- 

1 
3 I 
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in (5.4) and (5.5) and neglecting terms of higher 
order we find the following approximate expression 
for P: 

2 E 

( 1 t V - T  Y'+3 (1-") 
(5.7) - P = u " .  

E + 2 y '  

The value of the critical stress. is therefore 

4y4 8' 

2- E 

E i - 2  y' (5.8) + E  

To find the minimum value of p we must 

determine the value y* of y for which - = 0. 

As, of course, the value of p in the neighbourhood 
of the minimum does not vary appreciably with y, 
we 'can, at least for the determination of y*, 
neglect the small terms 6, y' and E against 1. 
The value of y*, which is found in this way, is 
generally not such that the number of half waves 
is integer over the length and width of the plate, 
but in a given case, we 'must .take the, nearest 
integer numbers of half waves and take that for 
which the critical stress is the lowest. For a panel 

' with infinite length a, our value of y* is directly 
the correct one. , 

A difficulty is still that both a and P play a 
role in (5.8). To keep the results surveyable, we 
shall first confine ourselves to the case of a panel 
only compressed in the X-direction. Then xyv = 0 
and without loss of generality we can take nxx = 1. 
The lowest critical stress is then obtained with 
one half wave in the Y-direction, and P is there- 

fore known beforehand, viz. P = x -  . 

dP 
dy 

C 

b 
Carrying out the differentiation, we obtain the 

condition: 

2 

-3(;) = o .  (5.9) 

. I  E 
If 9 ,l, the first two terms are of no im- 

portance and we find immediately - = pz, that 
Y* 1 
P 

is stiff enough, then the panel buckles as a whole 
(without appreciable shear deformation of the 
core), and it is a well-known result of the theory 
of the buckling of plates that the square wave 
requires the lowest buckling stress. 

E 
If - is not so large but still preponderating 

o;er 1 the first two terms of (5.9) are still 

of minor importance, and we see that - = 

P' 

Y* 
5 

1 1/ > - . -Apparently y increases 4P'  
2 E p  - 1 vi 

with decreasing E, which means that the wave 
length in the X-direction decreases. The core 
begins to act as an elastic support of the faces. 
This phenomenon becomes still more important 

with still smaller E .  If - decreases toward - the 

relative importance of the first term increases 

sharply and if - = - only the first and the last 

E 1 
P' 2 

E 1  

P' 2 

terms are present. Then 

b c  

small. If E decreases still further the coie .begins 
to lose its grip on the faces, and the wave,length 
in the X-direction reaches a minimum, and 
accordingly y* a maximum. This maximum ,value 
y** is found easily enough by 'considering (5.9) 

as a quadratic equation in the unknown -. From 

E Y* this, - can be calculated for given 6 and -, if, 
PA P 

of course, y* does not exceed y**. Therefore, by 
equating to zero the discriminant of (5.9) in its 

- _ ~  - = 20 we find y* = 0,288, 'which is,still 
c s  

E 

P2 

new form, we can calculate y**, which appears to 

y** 1 J " j  . The maximum of y* be- = 
B 

3 
86 + 8  

E 1  
appears at - - - For the same .values of @ 

and 6 as used 'before, we find y** = 0,340. 
If E decreases still further the faces begin more 

and more to buckle each for themselves, and in 
the limiting case of vanishing E, we see. from 

which is equation (5.9) that again 

obvious, as now again the theory of the simple 
plate hold& 

We see that y is actually small throughout the 
whole range of possible E; and the simplication 
of (5.5) to (5.7) is quite satisfactory. 

p' 4 * 

1 
= F~ , 

Y* 



If some compression in the Y-direction is also 
present (xyy > .O), things are even better. For, 
if only one half wave in the Y-direction appears, 
we have only to .replace p from the foregoing 

r-- 
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analysis by p 1/ 1 -.w . So all the critical 
X Y I  .... 

values of y decrease with increasing xyy. 
Finally, comparing eq. (5.8) with the result 

obtained by V ~ N  DER NEUT in ref. 2 ,  eq. (27 ) ,  it 
appears that the latter equation differs from (5.8) 
in that the numerator of the last fraction is 
( l + S ) z +  z ( 1 + Q 3 / 3 ( 1 - v ) a n d  the deno- 
minator is E + 2yZ (l+X). 

Observing that S and yz are of the same order 
of magnitude, we find that the differences be- 
tween the results obtained from the two equations 
will also be of the order S. We may conclude that 
the mechanical structure of the core, assumed in 
ref. 2 ,  is indeed quite satisfactory for calculating 
antisymmetrical buckling loads. The stiffness of 
the core in a direction normal to the surface of 
the plate will not influence these loads to any 
appreciable extent. 

6 Antisymmetric buckling of a simply sup- 
ported, infinitely long panel, compressed 
in  two perpendicular directions and  loaded, 
moreover, by  shearing forces. 

6.1 The rigorous treatment. - 
We shall now introduce also the extern$ shearing 

load xxy.  To prei-ent, however, great difficulties 
we shall only consider the case of an infinitely 
long panel (a  = a). We choose the X-axis, this 
time: halfway between the two infinitely long 
edges. 

A solution of (3.16) that is suited, for our 
purpose is: 

P 

4 

j = l  
w = C ( w * j  cosh < j  + 

+ w** j  t j  sinh t j )  cos ([+ q j )  , (6.1) 

where again 4 = a - . qj = P j  - and t j  = 

2 y j  ; , whereas 4 yzj  = az + Pzj. For the 

middle surface of the plate, therefore, 

. 

X Y 
c '  c' 

1 

z 

4 

j = 1  
W O  = X w * j  COS (5 + r j )  . (6.2) ' 

For this middle surface we can satisfy the 

boundary conditions (4.5) and (4.7) for y = z t  - . 
After substituting (6 .2)  in (4.5) and (4.7) we 

find the following set of conditions ( A  = b) : 

b 
2 

C 

Pi c w * j  cos - = 0 , 
j = 1  2h 

4 '  

4 R .  
Y J  

j = 1  2h C w * j  sin - = 0 ,  

Pi w * j  p j  cos - = 0, 
i = l  2h 

4 

Pi 
i = l  2h 

2: 4 w * j  p*j sin - = 0 . 

(6.3) 

Obviously, non-vanishing . values of w* can 
only satisfy these four equations, if their' deter- 
minant vanishes. Therefore 

P4 P Z  P3 sin - P1 s i n 5  s i n x  

P1 P z '  2 P3 Pa P f  cos- p: cos- p3 cos- p i  cos- 

sin 
=O. (6.7) 2A 

2h 2h 2h 2h 

Evaluating the determinant, we find that (6.7) 
can be rewritten as 

Tis4  t, TIX* + TI, ,  0 Y (6.8) 

FIGURE 6.1. 
The p -% curve, if xyy = 0. 
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- tan .2A t a n k )  2A . 
Next, we insert (6.1) into the conditions of 

stability (4.1) and (4.2). Because of the linear 
character. both equations have to be satisfied by 
the four components of w separately. The result 
is four pairs of equations analogous to (5.2) 
and (5.3), and the same way of reasoning as 
applied there, gives the conditions: 

4 
~ P y 4 j  + 
3 

+ E j P j l ;  ( i = 1 , 2 , 3 , 4 . ) ,  (6.10) 

where the suffix j at E and P means that for y 
should be read y , .  For P either the rigorous 
formula (5.5) or the approximate one (5.7) can 
be 'used; 

In a given'case the problem is to determine 
the lowest value of p for which (6.8) and (6.10) 
yield a set of values for a and p j .  (one should 
keep in mind that y j  is known when a and p j  are 
known). As for a, there is still the condition that 
it is real, as the buckling pattern should be 
periodical with respect to x.  For. p j  this does 
not hold. As a matter of fact, complex roots p j  
have to be. taken into account. 

-It is, however, practically impossible to carry 
.out the calculations required for a single case. 
Another way of solving a whole program of cases 
is to start from fixed values of 6 and E (defining 
the properties of the sandwich as a material) 
and then to choose values for both p and a. Then 
(6.10) can be solved for p j ,  and when these have 
been found, (6.8) can be solved for A. By repeating 
this process for a number of other values of p 
and a we can by interpolation find corresponding 
values of p and a for given values of A. The 
minimum value of'p for a given A is the critical 
stress belonging to the specified values of 6, 
E and A. 

1 '  P = xxxa2 + 2 xxyap j + xyYpzj 
- 

- 

6.2 An approximate treatment. 

Even if we use the approximate expression (5.7) 
for P ,  the rigorous solution of the foregoing 
section requires a considerable amount of cal- 
culating. Therefore, we make a, though rather 
crude, 'approximation by confining ourselves to 
the first two components of the sum in formula 
(6.1), and moreover we take w*% = - w * ~  There- 
fore, for the middle surface of the plate we assume 

WO = w * ~  {COS (5 + ql) - cos (5 + qz)[ : (6.11) 

We choose the X-axis again, as in section 5, 
along one of the edges of the plate. 

The geometrical meaning of these approxi- 
imations becomes evident, if we rewrite (6.11) 
in the form 

12--'1 w0=2w*,.sin ( (+-- '2 i. '1) i sin . (6.12) ,- 

Now we see clearly that the nodal lines of the 
buckling pattern consist of two sets of straight 
lines, viz. T , ~  - 2 n'n 
(n and n' integer). The first set consists of lines 
parallel to the X-axis, and two of them must . 
coincide with the edges of the plate. As due to 
the absence of edges parallel to the Y-axis, the 
buckling always occurs with one half wave in 
the Y-direction, we immediately find the boundary 
condition: 

p1 - pz = 2 hx . p (6.13) 

This 'is, therefore, the analogue of eq. (6.7) 
or (6.8). Attention is drawn to the fact that we 

8 can no longer ensure freedom of bending moments 
along the edges of the plate. 

The second set of nodal lines consists of 
straight lines at a certain angle with the X-axis, 
whereas in the exact treatment they appear as 
curved lines. 

The stability conditions are again eqs. (6.10), 
now, of course, only for j =  1 and 2. 

It is, of course, wholly meaningless to use 
the rigorous expression (5.5) for P ,  after having 
already made such far more drastic simplifications. 
Therefore, we use the expression (5.7), which is 
further simplified by retaining only the term 
(1 + ~ 3 ) ~  in the numerator of the fraction. The 
error, thus introduced, does not exceed a few 
per cent. We shall follow a somewhat different 
line of attack than used in the foregoing,number. 

3 ( l f ' ~ ? ) ~  ' Therefore, we introduce a* = - 1 S* = 

= 2 nx, and 25 + q1 + 

a2 6 2  

2E ' 
P j .  

(1 + W a Z '  a and.9j = -. Then, the con- 4P . p  = 

dition.of stability (6.10) can be written as 

(1 + 9 .2 j )2  

.xxx + 2 x x y s j  + xyys2j 
P =  

; ( j =  1,2) . (6.14) 
+ 1 + a* (1 + V j )  

From the discussion of the buckling pattern it 
appears that only real values of 9j come into 
consideration. They have, of course, to satisfy 
(6.13), which can be rewritten as 

9, - s2 = 2 hx /a .  (6.15) 

. 
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The course of the calculation is as follows. 
We start from given values of 6 and c/A2; then, 

6* is known. We now assume a value for a*. 
Using the boundary condition (6.15) we easily 
derive the relation 

Therefore is known. Solving eq. (6.14) 
for 9 as a function of p we can then determine 
the value of p corresponding to the known value 
of 3,-SZ (see also sections 6.3 to 6.5 incl.). 
The buckling load parameter p follows, according 
to the definition of p and eq. (6.15), from 

(6.17) 

In order to solve the buckling problem we 
have. only to repeat this procedure for several 
values of a* and to determine the minimum 
value of pi(&, - 9# as a function of. a*. 

us to keep A out of thC given data, and we need 
only give beforehand the two -parameters 6'and 
s/A2. This is only possible, because of the con- 
siderable simplification in the boundary conditions 
that are reduced from the transcendental relation 
(6.7) or (6.8) to the simple relation (6.13) or 
(6.15). 

This simplification is. urgently needed, as we 
have already a number of parameters in the 
problem from the external load system, viz. xXX, 
xxy  and xyy. 

We shall investigate in detail. the following 
three cases of loading. The first is that of shear 
and longitudinal compression (xyy = 0), the 
secohd that of shear and lateral compression 
(xxX = 0), and the third that of longitudinal and 
lateral compression without shear (xxy = 0). 

We see that this method of solution enables ,; 

6.3 Shear and longitudinal compression. 
In this case xyy = 0 and we shall take xxy = +. 

Then equation (6.14) becomes: 

+ ; ( j =  1,Z) . (6.18) I + a* (1 + ~ j )  

If we plot a curve of Sagainst p, we get something 
as illustrated in fig. 6.1. For large values of 8j 

we have approximately p = - a3. For$='-x,, , 

the curve shows a horizontal asymptote. For 

6* 
xxx 

values of 8 < - xxx, p becomes. negative, and 
is, therefore, of no interest. For convenience, we 
take Sl to be the largest of .the two roots 'of S 
for a given p.' Then 9,-SZ is a one-valued 
increasing (from 0 to m) monotonic function 
of p, and there is no difficulty in determining p 
at given 9,-SZ to any desired accuracy. 
For ixx >> 1 nothing particular happens. As 

now a large compressive force acts on the panel, 
this will chiefly determine the buckling process 
and the magnitude of the buckling force will be 
essentially the same as if no shear was present. 
In the limiting case of large zxx we can therefore 
immediately take the value for a panel' that is 
under longitudinal compression only, which will 
be dealt with in section 6.5 as a.special case. 

If xxX < - 1, however, the panel is under a 
large tension, which is a stabilizing factor' and the 
shear cannot be neglected, but is, on the contrary, 
the only thing that causes the panel, to buckle. 
As calculations with decreasing xxx < - 1 show 
that Sl increases almost linearly with I xXx 1 , 
we shall try to find an asymptotic solution, valid 
for xxx - 1, by assuming ,Sl = xxx p, where 
p is some negative fixed quantity (that does not 
depend on xxx). When >) 1, p is large and 
therefore 8% must be close to its asymptotic value. 
Therefore 9, 2 - xxx.  From (6.16) the (variable) 
value of a* follows, and after inserting these 
results in (6.18) we find the quantity p/(9, - a$, , 

that 'governs the magnitude of the buckling load, 
from 

J 

' 

Now' p has to be determined in such a way 
that the expression takes its mininium value. It 
is obvious that this value does not depend on 
xxX, and therefore it is. the correct asymptotic 
value of 9, that we have chosen'. Equating to 
zero the derivative of (6.19) with respect to p 
we find the condition for p: 

c1c3 . k5 + (4 c1c3 f 4 c1) p4 +' (13. CI + 
+ 4 Cz + 5 CzCd p3 + (6 C1 + 20 C z  + 
+ 2 C,C3) p2 + 17 Cz p + 4 C2 = 0, (6.20) 

where we have written for abbreviation: 

Equation (6.20) is an algebraic equation of the 
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, FIGURES 6.2, 6.3, 6.4. 
Buckling of an infinitely long plate under shear and longifudinal compression; 

xxy = 45.  
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fifth degree with one real root that can he cal- 
culated without difficulty. 

y e  have actually calculated the minima of the 
buckling force for three values of S*, viz. 3.10"; 

A2 ' 
3.10'4 and 3.10-5, and for seven values of z, 
viz. 0, lo-', lo-', 1, 10,102 and m, for a number 
of values of xxx. The results are plotted in 
figs. 6.2, 6.3 en 6.4.. 

6.4 Shear and lateral compression. 

In this case x x x  = 0 and we shall again take 
xxy = +. Equation (6.14) becomes: 

+ ; ( j  = 1,2) (6.21) I + a* (1 + ~ j )  

If we again plot a curve of 9 against p (cf. figs. 6.5 
and 6.6), we must distinguish between the case 
of positive xyY and that of negative xyY. In the 
case of positive xYY (lateral compression) the 
curve consists (for positive e )  of two separate 
branches, one above the horizontal asymptote 
9 =  0 and one below the horizontal asymptote 
9 = - l/xyy. If, however, xyy is negative 
(lateral tension) for positive p only one branch is 
present between the upper horizontal asymptote 
9 = - l/nYy and the lower one H = 0. 

If xyy > 0 there are, for values of p above 
a certain value, four roots of 9 instead of two. 
Therefore, it is not obvious which two roots 
should be taken, hut from (6.17) it fyllows that 
always two roots should be combined such that, 
with given - a2 (and a*), the corresponding p 
has the lowest value. If xyy is small, the asymp- 
totes are far from another and we have only to 

i 8 

FIGURE 6.5. 
The F -8 curve, if xxx= 0 and xyy > 0. 

9 

FIGURE 6.6. 
rhe p -9 curve. if xxx = 0 and xyy < 0. 

deal with the left part of the upper half of the 
curve, therefore with a situation that is essentially 
the same as in the case of fig. 6.1 with xxx = 0 
(pure shear). If, however, x increases above a 
critical value xYY crit a situation arises in which 
it is necessary to combine roots from the two 
branches, and, of course, one from the upper 
half of the upper branch and another from the 
lower half of the lower branch, as in this way p 
is minimum. Then, however, it appears that we 
mus't take a* = 0 and consequently p and a1 - S2 
infinite to obtain the minimum of p/@, - 9J2. 
This minimum follows to be: 

YY 

We must, therefore, calculate the quantity 
p/(8,  - Q2, as derived from the upper branch 
of the curve only, for increasing values of xyy,  
and as soon as this quantity exceeds the value 
given by (6.22), we ,must then use that value. 
From (6.15) it.  appears that above xYy crit we 
have a =0, which means that the wave length 
of the buckles in the X-direction is infinite. The 
plate therefore buckles in the shape of a cylindrical 
surface, just as it would do if no shear was present. 
This, phenomenon was already known for the 
simple plate and it appears also to exist for the 
sandwich panel. Only the value of xYy &t cannot 
be given beforehand, hut must result from the 
calc'ulations. 

If xyy < 0 (lateral tension) there are always 
two roots of 9 for each value of p. 
. As in the foregoing section, the lateral 

tension acts as a stabilizing factor, and the force 
needed for buckling is high. For large negative 
values of xyY,  we can again make a n  asymptotic 
calculation. As and 8, are intermediate between 
the . asymptotes 9 = 0 and 9 = - l/xYy, and 
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< - 1, S1 and 9, are both small, and XYY 
therefore 

1 + S* + a*s* 
1 Jr a* 

1 .. (j = 1,2). 

(6.23) 
* 9 j  (1 + nyy, Si)' P =  

Apparently 

91 (1  + xyy 91) = $2 (1 + xyy *J. 
From this we may infer that 

(6.24) 

and from (6.16) we obtain 

(6.25) 

(6.26) . 
If we insert these values in (6.23), we find 

where 9 = n2h2n2yy/2 E. Now F~ has still to be 
varied so as to minimize the expression (6.27). By 
equating to zero the derivative with respect to 
p2, we find the condition for p2: 

c, p@ + c, p4 + c, p* + c, = 0 , (6.28) 

where C4 = - 8 (1  + S * ) ;  C, = 1 + S* - 4 'p. 

(1 + 4 S* ) ;  C, = - 2  8* 'p (4 'p- 1) and 
C, = F* 'pz. Equation (6.28) is an algebraic 
equation of the third degree, which yields 'one 
positive root for p2i This time, this value depends 
also on xyy, as 'p depends on xYp 

= 0, also 'p=O, and the root of (6.28) 
is easily calculated to be p2 = -8. The corresponding 
value of ~ / ( 9 ~ - 9 ~ ) ~  = - 16 x3yy (1 + a*). If 
'p >> 1 which is the case if A2/€ )> 1, and also for 
every other value of A2/s if only .. I xyy 1 is large 
.enough, the root of (6.28) is also p 2 =  4, but 
now the corresponding value p/(Sl - = 

Therefore, with decreasing zyy (<< - I), the 
value of p/(Sl-S2)2 tends to - 16 xSyy. S* for 
every value of A=/E, except for A2/e = 0, when it 
is - 16 ~~~y (1  + S*). It is obvious that the 
limiting value of p/(Si-8.J2 is much quicker 
reached (i.e. with smaller I xyy 1 ) if A2/z is large 
than if it is small. 

We have again calculated the minima of the 
buckling force for the same values of !* and 
A2/2= as mentioned before, for a number of values 
of zyy. The results have been plotted in figs. 6.7, 
6.8 and 6.9. " 

If h 

-- - 16 x3yy . S*. 

, 
6.5 Longitudinal and lateral compression 

without shear. 

If no shear is present, the buckling formula 
(6.11) or (6.12) is exact, as the panel buckles 
in rectangular waves. Obviously p1= - p2, and 
therefore also a1 = - a2. This is also evident from 
(6.14), for this is an equation in 9 2 j  if the term 
xxyS, vanishes. In chapter' 5 we already gave a 
discussion of some features of the problem,' but 
we now give a more fully detailed description in 
our new formulas. 

We shall take xxx + ,1, which is, of course, no 
restriction. 

As now SI= -Sa the awkward term,Sl-92 
can be replaced by 29 simply. 

After some intermediate calculations, we there- 
fore find 

P ___ - - 
(*1- *d2 

(1  + 8 2 ) 2  6* (*-1)+(1+ S * * ) 8 2  - - 
4 a2 *-1+Jxyy(*-1)+*~9~+xyy*8* ' 

(6.29) 
where Q = 1 + x2h2/2 E. 

Now, 9.' has still to be chosen so as to make 
this expression minimum. Equating to zero the 
derivative with respect to 92 ,  we obtain for 8 2  

an. algebraic equation of the third degree (the 
coefficient of 9, vanishes) 

cas@. + c,s4 + Cl0S2 + c,, = 0 , (6.30)' 

where C, ,= + + S*$% - xyy (1 + + + 2S* ; 
c, = - 2 + (1 --2 S * )  Q + smQ2 + nyy {I - 
- (1,- 4 S*)  .j, - 4 S*2$2i; Clo = S* (1  - 4') -. 

- xyy 2 S* (1 - *)2 and .Cll = - S* (1 - +)". 

Apart from the values of a2, given by (6.30), 

there is stil1;from the vanishing of the coefficient 
of P, a minimum for infinite value of S2. This. 
follows to be: 

For all xyy above a critical value nyy crit this. 
is 'indeed the minimum value. This time the 
value of xyy' &it can be easily calculated before- 
hand, as the transition requires that for xyy = 
nyy CFit, equation (6.30) also has an infinite root, 
and therefore that C, should vanish. Therefore 

. * +  S * Q 2  

+ * + 2  S**2 , 
nyy crit = (6.32) I 

Above the critical value of xyy, the plate again.' 
buckles in. a cylindrical shape. 
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FIGURES 6.10, 6.11, 6.12. 
Buckling of on infinitely long plate under biaxial compression; 

xxx = 1. 
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FIGURES 6.10, 6.11, 6.12. 
Buckling of an infinitely long plate under biaxial compression; 

nxx= 1 . .  
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2E Foi the same values of S* and of - as 

mentioned before, the .minimum values of the 
buckling force have been calculated for a number 
of values of xYy. The results have been plotted 
in figs. 6.10, 6.11 and. 6.12; an example of the 
use of these graphs is given in appendix 2. 

7 Discussion of the results. 
As has already been stated ‘before, the results 

obtained for the cases of shear-free loading are 
exact, apart from the simplifications introduced 
in deriving the formulas (5.8) or (6.14) or 
(6.29). This can easily be checked by applying 
these formulas to the case ,E = 0, which corresponds 
to the buckling of a simple plate. 

In this case (5.6) or (5.8) reduces to 

(7.1) 

With xXx = 1 and xyy =.O we obtain for the 
X V  X Z D  

minimum value pmin = 7 or P X X  = 4 - 36 b2 

at a = p,’ i.e. square waves. The same result is 
obtained from (6.29) with E = 0 and nyY = 0. 
’ 

With xrX = 0 and x y y  = 1 we obtain p,,,in = ,, 
X2S2 X 2 D  _ _ _  - 12 b2 or Pyy = 7 at a = 0, i.e. cylindrical 

buckling. 
Both results are, indeed, the well-known exact 

solutions of the simple plate. Unfortunately, the 
result obtained for the case of pure shear is far 
from exact. With E = 0 and nXx = 0 we obtain 
from figs. 6.2 to 6.4 incl. p / (SI - SZ)’ = 3,39 S*, 

X % Z  
which can be rewritten as p = 1,13 - or bZ 

P x y  = 6,78 - . The exact solution for the 

simple plate is P x y  = 5,35 - (ref. 3) so that 

.the buckling load obtained from wave form 
(6.12) is 27 % too large.  an^ independent check 
on the validity of the numerical computations (see 
Appendix 1) confirmed this result. This unsatis- 
factory feature was not anticipated because the 
energy method, starting from the same wave 
form, leads to a buckling’ load which is only 
6 yo too large. 

The Gost urgent extension of this investigation 
will, therefore, be an attempt to obtain a satis- 
factory solution for the case. of pure shear. If 
this attempt is successful, a satisfactory correction 
of the interaction curves for combined loadings 
will present no difficulties. 

x 2 D  
bZ 

X Z D  

b2 

8 Notations. 

The suffix b means boundary plane between 
face and core 

c 

f means face 

m means middle surface of the face 

o means middle surface of the plate 

No suffix is used for quantities related to-the 
core. 

a 

b 

C 

c,, c, . 
e 

e‘ 

f’ 

m, n 

Length of panel in X-direction 

Width of panel in Y-direction 

Thickness of the core 

. Several constants defined in the text 

bu bv bw + - + -  _ -  
~ xx by 62  

bu bv + -  _ -  - 
bx by 

bu bv _ -  - 
~ - 

by bx 

integers 

P Quantity defining the magnitude of the 
P x x  PXY Pyy buckling load; p = - - - - - 
Xxx X x y  Xyy 

- - 

52 
Pxxt  p x y ,  Pyy = KO’ ( P X X ?  Pxy .  P Y Y )  

S thickness of the face 

u, v ,  w displacements in X, Y, Z-direction 

x, y, 2 Cartesian coordinates 

. 
Ej.P 

- - 
D 12 (1 - V f 2 )  

E YOUNG’S modulus , 

M,,, . . Elastic bending moments in the faces, 
defined in fig. 2.1 

Function defined by (5.5) or (5.7). P 
P x w ,  PxY, Pyy External normal and shearing 

S,., . . Elastic forces in the faces, defined in 
fig. 2.1 

Parameters defining the wave length of 
the buckles in X- and Y-direction: 

forces on one face per unit of width 

a, p 
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U* = a2/2 E Acknowledgement. 

6 = SIC 

E (l-vzf) c ' -__-- - E Ef (1i-v) 2 s  

E* = 2 8c 

r = 2 yz/c 

7 = PYIC 

9 = Pi@. 
?. = c,/b 

V POISSON'S ratio 

I 4  = ax/c 

x x x t  xxy9 xyy  = P X X I P !  PXYIP? PYYIP 

P (1 + S)? c.2 

. ' p  = X2A2rr2yy /2  E 

+ = 1 + X 2 A 2 / 2 E  

4 P  - ~- - 

l 0, T normal and'shear stresses 

Vf w 
0 =I--- 

X function, defined by (5.4) 

A 

l - v f  2 

x 2  x 2  x 2  +-+- - _  - 
'XX2 by2 xzz 

The original issue of this report in the form 
of preprints contained a slight error in the 
derivation of eq. (5.2), the correction of which 
also necessitated some changes in subsequent 
formulae and definitions. The author is indebted 
to mews F. J. PLANTEMA and A. C. DE KOCK for 
pointing out this error and making the necessary 
revisions, as well as for preparing the appendices 
to the. report. 
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Appendix I .  
Approximate calculation or the buckling load of 

a simply supported infinitely long plate under pure 
shear. 

'In order to verify the results obtained in 
section 6 the buckling load of a simple plate 
was independently computed, assuming the wave 
form (6.12), which can be rewritten as 

x , -  ZY 
w = w, sin - sin - ( x  + ny) , b 1 

where 1 is the wave length in X-direction and 
account has been taken of the boundary condition 
(6.13). 

Substituting (1) into the differential equation 

we obtain an expression of the form 

xy  ' .x, 
Aw+ Bw, cos - cos - ( x +  ny)  = 0 . b Z 

- 
(3) 

This condition can only be satisfied for every 
arbitrary combination of x and y if A = 0 and 
E = 0. Thus, we obtain two equations 

- 
2 P,, x z  n . .  + 4 nzb2l2 1 = 7 7 , (4) 

9 References. - ~ 

x4 n n - 2 Pxy Tiz + 4 - (Z2 + nzb2) = - (5) 1. VAN DER NEUT, A., Die Stahilitat geschichteter Streifen 4 - (The stahilitv of sandwich striosl. Reuort S. 284 of 13b I W  I D lb ' . ,  
the National 'Luchtvaartlahoratorium (National Aero- 
nautical Research Institute), Amsterdam, 1943. Elimination of P x y  from (4) and (5) leads to ." ' 

1" - 
2. VAN DER'NEUT, A., Die Stahilitat geschichteter Platten 

(The stability of sandwich plates) Report S. 286 of the 
a quadratic equation in - and n2, giving b2 

National Luchtvaartlahoratorium (National Aeronau- 12 ___ 
tical Research Institute), Amsterdam, 1943. - b2 = - @ + 1 ) + 2 i / n '  @ +  1 ) .  (6) 

' 3. TIMOSHENKO, S., Theory of elastic stability. McGraw- 
Hill, 1936. Eliminating Z/b from (5) with the aid of (6) and 
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minimizing - the resulting expression for Pxy with 
respect to nd we obtain the final solution 

- 1 +D 
n2 = 1,154 ; = 0,999 ; Pxy = 6,78 7. (7) b 

Starting from the same wave form, the energy 
method (ref. 3) yields the much better results 

. This may be explained by the fact that the 
, energy method leaves us free to minimize P x y  

both with respect to 116 and to i. 

Appendix 2. 
Numerical example of the use of the graphs. 
We consider a plate loaded only by compres- 

sive forces in the X-direction. Therefore nxy = 
xyy = 0 and we may take xxx = 1. 
We take b = 30 cm, c = 1 cm, s = 0,05 cm, 

f =  E = 700 kg/cm2, E f  = 700 000 kg/cm2, v = v 
= 0,3. 

From these data we'conpute 

c 1  
b - 3 0 '  

= 7,55. 10-4, A - - - 

E (1-v2f) 1 A2 

' , E f  ( l + V )  26 2 E  
E = - - -  = 0,00700, - = 0,0794 = 

- - 10-1.100 

From the appropriate graphs, figs. 6.10, 6.11' 
and 6.12 we read that for- xyy = 0 and 
log A2/2E = - 1,100 

0,50 for S* = 3.10-3 ; 

- 0,50 for 8" = 3.10-4, and - 0,50 for 8% = 
= 3.10-5. This is most accurately done by cross- 

~- - _ -  P 
log (S1.-$~)~ 

P plotting in each figure log ____ against 
($1 - 

h2 

2E 
log - for the required value of zyy. 

P By interpolation we obtain log -__ - 
($1 -w : 

P 
= - 0,50 for 8" = 755. so that 

(S1-a2)2 = 

- P 
($1 -ad2 - 

=0,316. From (6.17)p=x2A2(1 + S)% 

= 0,00382 , and from the ,definitions of Pxx  and 

1 2 0  1 2 0  EfS 
pxx:  p x x  = - s2 =xxp= 7 P=" P =  

= 147'kgjcm. The buckling load on the plate is 
therefore 2 x 147 x 30 = 8820'kg. 
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The General Instability of Stiffened Cylindrical Shells 
under Axial Compression 

by 

Prof.  Ilr. Ir. A. VAN ilEX NEUT. 

. Summary. 
.~ 

This paper is mainly concerned with the bending strength of large fuselage shells, 
stiffened hy striugers and frames. Apart  from the usual t,ype of failure, due to instability of 
the stringers between the frames at the compression side of tlie fuselage, the structure may 
fail due to. “general ilstahiiity”. I n  this type of failure’ the wliole structure, including the 
frames, is being distorted. Obviously, this type of failure is not-critical with structures having 
very stiff frames. With smaller aircraft the rclat.ivc st iffnmes of stringers and frames are 
usually such that columri, failure or local h i lu re  of the stringers will prevail. IIowcver, i t  
appears that with larger aircraft bodies the frames arc liecoming more flcxihle and the 
liuekling load from general instability may be crit.ica1. 

This paper considers instability by axial compression, whereas , i t  aims at giving inform- 
ation on instability in-bending. This has been done in order to reduce mathematical difficul- 
ties, since i t  is known that even with the ordinary cylindrical shell bending is more difficult 
to deal with than compression. 

From the fact that the circumferential half wave length comprises only something like 
half a radian i t  is apparent that the critical stress in hending will not hc so much in execss 
of the critical stress in compression; tlie lstter is giving a somewhat eonscrvative estimate  of^ 
the former. 

Literature known to  the author is almost cntircly confined to theorctical sttcyks upon the 
problem; all of them replacing the shell with stringers and frames hy an orthotropic shell 
having constant stiflnosses per unit of lcngth. I! 1 ii g g c (ref. 1) incorporates all stiffnesses 
that may occur in stiffened shells; however, his results need further evaluatioii. D s e h o u ’ s  
(ref. 2) corsiderations arc f a r  form clear and presumably they arc not correct. Il s e h  o u 
and T a y l o r  (ref. 3, 4) are dealing with a simplified system in n ~ l e c t i n g  the eccentricity 
nf stringers and frames with respect to the skin, which this paper proves to be a eireum- 
statice of primary importance. 
. Like all former investigations part I of this paper is dealing with the orthotropic shell, ,a 
system allowing for straightforward methods to solve tlic problem. This sinrplification is 
olJviously justified, if one half wave length of the huckkd shell comprises scveral (3 or marc) 
stringers and frames. It appears that  there arc no cascs of buckling in which the eircum- 
fcrential waves are so short, that there can be any doubt 011 the allowability of distributing 
tlie. stiffness of the stringeis uniformly over the eontonr of tlic shell with shells having tlie 
nsual iik-row stringer spacing. With respect to tlie action of tlie frames conditions are 
diiffcrent; longitudinal half wave length m d  frame spacing may he almost equal. So part 11 
of this paper is dealing with shells having uniformly d is t r ibu td  stringers but equally 
spaced frames. 

Further details of the’ el&e systems are: t,hc skin is assumed to carry shear stresses 
only, a.s far as it is capable of carrying longitudinal and cireumlcrcntial strcsses the aequivalcnt 
stiffness has been included in the’stiffness of the stringers and frames. As far’  as the ortho- 
tropic shell is concerned this is all right. Howver ,  this assumption may affcet the results of 
part  I1 in t.hosc eases, where the longitudinal half wave length is ihelow 1.5 times the frame 
spacing. An extgnsion of the theory in this rcspeet has t o ,  meet corisiderable mathematical 
difficulties. The stringers and frames are allowed to have torsional stiffness as well as bending 
and extensional stiffness; they are connected to the skin and they are interconnected such 
that the elements of the mat,erial situatcd upon the common normal to the neutral axes of 
stringers and frames will stay upon ‘this normal after distortion. The. neutral axes have some 
distance to the skin. 



Part I. Uniformly distributed frames. 

All strains and stresses can be expressed as usual in 3 displacement functions u, $ and w 
(see. 3,4). The derivation of the equations of equilibrium of the buckled shell is preceded h ~ '  
a ,general discussion of what terms containing the initial stresses are negligible in the equat- 
ions of equilibrium for problems of stability (see. 5 ) .  Proceeding in the usual way the buckling 
load is obtained as a function of the longitudinal and circumferential ivavc length and as a 
matter of fact of the structural parameters too. This formal result (eq. 7.4) is too compliea.ted 
to be conclusive. A disewion  of ' the parameters (sa. 7.2) reveals what terms hare the same 
order of magnitude as those t e r m  of the equatiom of equilibrium which arc being neglected' 
in general. Introducing new' structural and loajd parameters, all of ~ h i c h  are of the order of 
unity, the iiegligiblc terms are being separated and the expression for the buckling load is ' 
greatly simplified (eq., 7.7) .  These parameters a re :  structural parameters A,  B, C, R, the load 
parameter P a,nd the wave form parameters N and Y (see notations sec. 9). These latter para- 
meters have no definite order of magnitude. llcpcnding upon the order of magnitude of Y 
several classes of buckling tees ,have been considered (see. 8), for each of which the buckling 
load. forniula is simplified further by neglckting the small order quantities. 

There prove to be three main groups of buckling cases (see table I) : 
lo. Short longitudinal waves and long circumferential. waves. This group comprises axially 

symmetrical buckling (see. 8.1) and axially non-symmetrical buckling with a small (up to 
about 3) number of waves over the ent.ire circumference (table I, clam I and 11). The 
load parameter is P = 2 and decreasing ivith increasing number of circumferential waves 
(n). The longitudinal wave length is small compared to the radius of the cylinder. 

Z 0 .  Long waves in both directions and especially longitudinally (table I, e l m  IV and V). 
This group compriss as a particular case the classical column failure of the cylinder as 
a whole ( n = l ) .  I n  this case the cross section is not distorted. The case n-2  yields 
the minimal buckling load in this group: P=6/6C112;  the longitudinal half Wave length 
is larger than the radius. With increasing n the critical 1,oad increases and 'the maw 
length decreases, remaining however in the order of magnitude of the radius. 

All structu;al parameters prove to 
,be important for the critical load, so the minimal buckling load cannot he expressed 
explicitly in a formula. In a given nunierical case, however, the critical load can be 
determined quite rapidly from the equat,ion,s (8.14, 15) 'by. successive approximations 
(see Appendix). 

- 

.. 

3O.. ' Short waves in both directions (table I, class 111). 

Part 11. Equally spaced frames. 

The shell between successive frames is a particular case of the orthotropic .shell, dealt. 
with in part I, by the fact that this is a shell without frames. So the equations of eqni- 
librium are less complicated. Advantage is taken of the circumstance that this particular in- 
vestigation is confined to buckling with short longitudinal waves. From part  I i t  appearv that, 
cases to be cousidered are:  axially symmetrical buckling and buckling in cases I, I1 and 111. 
The preliminary knowledge of these types of buckling, obtained from t,he system with distri- 
buted frames sews to give a judgement of what. terms in the differential equations may be 
neglected. Thus it proves to ,be possible to simplify these equations so much that they can 
readily be iut.cgrated"leaving to be determined 8 integration constants for. each 'bay v (shell 
between 2 successive frames v and Y + 1) of the cylinder (see. 10 and 12.1); The integration 
c,onstants of two successive bays a re  linked up  1137 S conditions of compatihility of, fhe distorted 
shell to each side of the frame and of the distorted frame itself (see. 11). These equations 
(12.6 to 12.13) are difference equations in the integration constaiits. With a cylinder having 
k frames there are m-1  bays, 8 (vi-1) integration constants and 8 ( w -  2 )  difference 
equations 1 resulting from the compatibility of the distortions a t  the intermediate frames. The 
compatibility of 'the distortions or the stresses a t  the end frames y ie lds~8 boundary conditions, 
mxking the system of linear equations complete. The coefficients of the difference equations 
contain the structural p a r q e t e r s  in t rodukd in part  I :  A,  B,, Bpi, C ,  P and in addition t,he 
parameter' Q ;  characterizing the frame spacing; the buckling form parameter R, determined hy 
the number of circumferential wa&, therefore replacing N ;  the load parameter X ,  replacing P .  

The solution of the system of 8 (?IC - 2) difference equations is awn" to be given by 
eq. (12.15). I n  this way the system of difference equatiom is being replaced by 8 thomogcneons 
linear equati,ons in the coefficients w, (eq. 12.16). Equa t ing i t s  determinant to zero the ex, 
pression (12.17) is obtained, linking up  the parameters R, X and the buckling form para- 
met.er p. I h e  to the fact that (12.17) is of the 8th degree in p there are 8 solutions of the type 
(12 .15)  to each set of parameters R , X  So each set of houudary conditions ca,n be satisfied 
by summing these 8 solutions. This means that (12.15) gives the general solution of the system 
of difference equations. 

.. 

I 
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The critical load of cylinders having some length will not he affected very much by the 
conditions a t  the end frames, provided that the end frames are not weaker than the inter- 
mediate frames: A good approximation will be obtained by assuming the cylinder to be in- 
finitely long. The infinitely long cylinder is analyzed further (see. 12.3).  From the condition 
that the displacements along the whole length of the cylinder are of equal order of magni- 
tude, i t  follows that the parameter 3, replacing p and defined by eq. (12.18), is between the 
limits 0 and - 4 .  and that the disdacemcnts of the frames are harmonic functions of the 
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axial coordinate. ’Thus tlie b n ~ k h g  form can be characterized again by a longitudinal balf- 
wave length, defined iby eq. (12.27).  The relation between the parameter 3. and the average 
number of frames ( V I )  comprised in a half wave length has been plotted in fig. 14. 

From equation (12.17) the value of 2, giving t,hc minimal lhuckling load, should be deter. 
mined. This equation is being discussed in see. 13. The ease 2 =- 4, = 1 corresponds to  
column failure of ‘the stringers with the frames bchaving as if they were rigid supports, hence 
the critical stress equals the column strength of the stringers. 

I n  the case of axially symmetrical buckling (II = 0) the only stmctnral parameter affect- 

parameter P and the number of framcs in a half-wave length Y , .  With increasing Q . v I  
decreascs. Increasing the extensional stiffness of the frames till i t  corresponds to Q = 2 71 the 
half-wave length decreases till i t  is equal to  the frame spacing. Thus, by making the frames 
so stiff, that Q exceeds 2 ?i (condition 13.8) axially symmetrical general instability mill not 
occur; the strength of the shell equals the column st,rength of the stringers. 

For Q < 2.5 the load parameter P is less than 1 pet smaller than tlie value P,, .=2, 
obtained from the orthotropic shell of part  I. Ovir this range of Q ,  Y, > 2. Therefore, 2 frames 
on the half-wave length should be mechanically appreciated to be “many” frames. Only for 
v 1  < 1.5 the critical load is affected more than 5 pet hy the finiteness of f rame spacing. 

Tlic critical .load for axially non-symmetrical buckling can be determined by means of 
fig. 16. I n  order to have some idea of the critical”&ave forni N ,  and I’, are determined 
assuming tlic uniformly distributed frame system. From cy. (13.10) the circumferential wave 
number n, being’the nearest integer to no,  is calculated, then R is known. The longitudinal 
wave length parameter yo  is computed from eq. (13.11); tlhe corresponding parameter 2, is 
taken from fig. 14. Then K ,  being the left side of equation. (12..17), is computed for  the 
said value of 11 and three values of 3 mentioned in fig. 16 and in  the vicinity of 3,. Thus, 
we find 3 numbers K (3) and taking from the curves of fig. 16 the corresponding X we can 
plot X against 2. P,,, is calculated from (13.12).  This solution is correct only for strnc- 
tures having torsionally weak frames. For B? # 0 this method gives an approximation, that  
umally will be less than 1 pet in error. However; it is possible to  calculate the correct value 
of the critical load; the method how to do it has been given in see. 13.3.2. 

Comparing the results obtained with distributed and with spaced framcs it is concluded, 
that cases, having v ,  > 2 ( y o  < ?i/2), may be appreciated to.be cases having “many” frames 
in one Iialfwavc length; the approximation given .hy thc d is t r ihu td  frame system hcing only 
a few percents in error. 

The a ~ p c n d i x  to this paper illustrates by a numerical example I I O N  t o  calculate the 
criticiil load from gimri striictural parameters. 

ing the biickling load is Q. Fig. 15 shows what relation exists between Q, the critical load l 
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Appendix : Nnmerical example. 

1 Introduction. 

I n  order to  provide suf fknt  bending strength 
thc thin skin of fuselage shclls is usually reinforced 
by a large number of equally spaced longitudinal 
stiffeners (stringers). A second system of stiffc- 
iiers is given by the frames,. the spacing of which 
is uniform as well, By these frames the correct 
shape of the cross section is maintained; local 
loads will he transmitted by them to the skin and 
last not least the frames provide support to the 
stringers in such a way that the stringers under 
compressive loads will fail as columns rigidly 
supported a t  the frames. It is not self-evident that  
this latter purpose will be realized by any systcm 
of frames. It may be that the structure will fail 
by “general instability“, a type of instability in 
which the buckling of the stringers is accompanied 
by distortions of the frames. Obviously this typc 
of failure is more likely to occur with frames that 
are more flcxihlc in their plane. Therefore, the 
flcxural ri,gi,dity of the frames should be such that 
general. instability will ‘occur at stresses that are 
cqual to or larger than the stresses that will induce 
“column failure”, Usually, the frames of smaller 
aircraft satisfy this requirement j with increasing 
body sizes, however, the frames tend to be relati-. 
vcly weaker and general instability may be the 
critical condition. 

General instability of stiffened shells corresponds 
to  local buckling in the case of tlie unstiffened 
shell; the wave length . is circumfercntially and 
longitudinally small compared to the diameter of 
the shell. On the other hand tlie longitudinal half- 
wave length will ibc larger than thc frame spacing, 
since smaller wave lengths would raise the critical 
load over tlie buckling load corresponding to 
column failure. The circumferential wave length 
will be o f ,  the same order of magnitude. The 
stringer spacing kcing much morc close than the 
frame spacing, each circuinferential half-wave will 
comprise scveral stringers e.g. more than 3. This 
means Wiat the system of stringers may be rcpre- 
scntcd by a uniformly distributcd system. This 
scheme is adopted in this report giving a theoretical 
investigation of the problem of.  general elastic 
instability. The first approach to the solution 

. (pa r t  I) assumes the.frames to be uniformly dis- 
tributed as well. This solution will be reliable 
provided t,hat tlie longitudinal half-wave length 
comprises several frames. I n  order to cover con- 
ditions in which bhe ratio of half-wave length 
and frame spacing approachm unity par t  I1 of 
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.this report deals with the.system, i n ’  which tho 
f r a m a  a r e  eqnally spaced. 

Though the phenomenon of g6ncral instability 
of fuselages will be due to bending of the fusclagc, 
this report considers uniform axial compression, 
iince bhis h a d  system is mathematically easicr to 
deal with, as known from the problem of the un- 
stiffciicd cylindrical shell. Tlhe allowable compres- 
sive stress is of course somcwhat smaller than the 
allowal)le bending stress. 

2 The elastic scheme *). 

2.1 The skin. 
Gcneral instability should occur only at high 

stresscis in the stringer. The tliin skin (thickness t ,  
radius a )  will .be loaded f a r  beyond its buckling 
stress and tlic ability of the skin to carry additional 
loads due to additional strain will be grcatly 
reduced. As f a r  as tho s t i f fncs  with respect to 
longitudinal and circumferential strain is con- 
ccrned, the action of the skin may be represented 
liy an  “effective width” of skin, .acting together 
with tlie stringer, resp. the frame. This width 
of skin is considered to be included ,in the stringer 
or the frame section. Thus, bhc skin panel between 
two successive stringcrs and fraincs will act as a 
“shear panel”, carrying shear only. The skin 
being buckled by primary loads, tlie shear rigidity 
is assumed to be 7 G,  7 being a number smaller - 

‘ than .  unity, depending upon tlic strain ratio I 

, .  , , ,  , .  . 

. .  

t b  - 
tieing the strain at which thc panel will buckle. 

9 The st.iffncss of the skin against inextensional 
distortioru is small compared to the corresponding 
Stiffnmds of stringers ‘and frames ; therefore, this 
stiffness is assumed to be negligible. 

The way in which the “effective width” is to 
he defined nccds some fnrther consideration. A t  
the critical load the average stress in the skin 
panel is uoy , whereas the stringer stress is i.. The 
cffcctivc width of skin c n r r y i ~ g  th,e Zoid is 

(2.1) u I , = w T .  . 

The distortions connected \vith general insta- 
liility will induce a change of strain at t,hc edge 
of the skin panel; the edge stress changes with 
tlic amonnt AT. The average stresv in 1.11~ skin 
panel changes with Auov and the increment of load 
carricd by the panel w Auae can he represented 
by the effective width 

Sa” 

U 

(2.2) A uov w . * = w - .  
A m  

This effective mi’dth reprcscnts the st i f fness of 
the panel in comgression a t  tlie critical load. wet I 

is smaller than w,; the .former can be expresscd 
in the latter hy 

1 wef=wr [I+ - 1 - e  d Ule - , (2.3) 

IOe d E 

1) Notations, not explninOnt in the text; arc being defined 
in soe. 9. 



The effective width of skin operating with l:lic 
frames ( w I )  is aswmed to ,lie small eompard  to 
t,hc frame spacing ( b ) .  Ilefleetion of the st.ringcrs 
will m t l s e  extensional deformation of the skin. 
Small deflectioGs, hoixever, may. be taken by the 
skin without cxtcmidnal deformation since the 
curved skin panel can lie flattened hy hending 
moments allowing for a radial displacement w2/24a 
a t  t.hc edges. Therefore, smdl  deflections of the 
stringers are resisted hy the skin only due to i ts  
liending stiffness whicll' is very small indeed com- 
pared to the other stiffncssm 

The classical bhcory of elastic stahility considers 
t,lie possibility of infinitesimal mistable deform- 
;it,ions, so, invest,igating this type o f  instahilky it 
seemed to he sound to ncglcet the strcsses in t,hc 
skin' ,hy radial deflections for those positions of 
the skin irliich arc situated a t  some distance from 
the frames. The active portion near the frame is 
included in tu,. 

Larger dcflcct,ioiis are counteracted liy extension- 
;11 s h i n s  of t.he skin. I n  order to  get some i'dca 
of the magnitude of t,hc deflections a t  which the 
extensional strains will be important we take t,he 
example n 200 em, to = 15 em. The radial dis- 
placement, a t  mhich the skin betmeen the stringers 

- 15' 
is completely flat  is =0.05 cm. Actual 

24 x 200 
failure will oceiir at, larger deflect,ions, so the 
exteiisional strains must be eonsidcred to he of 
pract,ical importance. The correct consideration 
of the esteiisional strains is thwarted by  10 the 
h c t ,  t,liat inward deflections may occur' mitliout 
cstcirsional strain; Z0 the fact, that the skin is 
not  cylindrical, Iiut, by 1oca.l '%uckling of the skin, 
tlhc distort,ions dnc t,o instahiIity of the structure 
:rpply to a eorru,gnted skin. These cireumstonces 
need further inycstigation. 

As f a r  'as pa.*, I is concerned the assnmption 
of a small cffeitive width W ,  is of no hasie im: 
portanec. Jiist by assuming the correct numerical 
valiie of tu, t h e  theory yields the correct critical 
load. Pa r t  TI however mould he a.ffeetcc1 mnre 
hy a difl'crcnt hehavioilr of t,lic skin. Since all 
I:itcral support hy the skin is assumed to he 
eonfiiiod to a narrow region near the frames; 
the stringers hetiwen the frames arc free to 
deflect, t,hc forecs exerted liy. the skin and trans- 
mit,tcd to the stringers being shear st,rr!scs only. 
Tntrodnetion of t.hc tangential strewcs of the skin 
1vo111d r~xiilt i n  a serious iiicrcasc of mnthematical 
difficiiltics, wliich is avoided here. These diffi- 
cultics have to lie met if there would he cxperi- 
mental evidence thnt, this effect oC tlic skin ean- 
not lie expressed Iiy an  effective width. 

. .  

2.2 7'ke gr id  of stringers nnd frames 

Stringers i n d  frames hotli are assumed to be 
i:oiincetcd to the skin. After distortion their cross 
sections remain plane and they arc normal to tlic 
respective neutral axes. stringers and f rames  a.re 
int,erconncetcd sneh that the elements, situated on 
the common normal t o  hoth neutral axes, stay 
upon bliis noimal after distortion. 
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St.riiigcis ;itid franics have finite stiffnesses 
a.gainst extension, hending and torque. The latter 
stiffness is being introdneed in order to account 
for  closed stringer and frame sections. 

The. load ?, is applied to a cylinder with rad,ius 
or,, , this radius Iicing defined by the centre of 
gravity of tlic stringer sect,ioii together- n i th ' t he  
cffcct,ive width of skin w C .  The ncntral axis for 
hickling lies in tlie centre of gravit,y of the 
stringer section together with the effective width 
weE ; its radius is n, . The load (1)) and the e r m  

scction of stringers plus cfCcctivc width (&, t.) 
is given per unit of length of the circle with 
radius a, by 

a Q. + w J  
= - 

W 
(2.4) 

~ 

2) = v t,, . (2.6) 

l'lic nciitral axis 01: flie f r ame  phis effective width . 
w I  lies oii a cylinder n4tli radius q, and its cross 

,.section (t,) is givcli per unit of length of the 
axis of z by 

Part I. Uniformly distributed frames. 

3 The distortions. 

I b r  the clastic scheme descrihed in see. 2 the 
displaetlmcnt of any 'iioint can be calculated from 
tlic following displacements : 
1, the axial displacement ?co of the point with 

equal x and Q upon the cylinder (A,; 

2, the angular displaeemciit +o in the direction 
of p of the point with equal 3: and Q upon the 
cylinder a(, ; 



3, the radial displacement w, that is equal for all 
points with equal z and 'p. 
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Fig. 2. 

Detrimieztion of tho add &+placemefit 21 

a ( ( 6  + Z )  + 
+-E-- a h  v 

E -  
' + - a ( a + z ) p  a + ~  a, 

z + eQ a% 11 ~+ - (3.4) -__ __ 
. a ' t z  apa$ a + z '  

The shear strain of bhc .skin ( a  = 0) is 

(3.5) 

The slopc oI of the neutral axis of the frame 
in z, Q is (see fig. 3) 

av 
o,=p+ $ ' -  

a* 2% - a+, 
ax ax ~ ~ a d ,  

a, a, ' 

The specil'ic twist of the stringer is (see fig. 4) 

+- . (3.6) XSQ =-- 

The disl ecments u axid + of ail arbitrary point 
x, Q, z ($=distance to the skin) are (see fig. 2 
and 3) : 

(3.1) 
au 
ax u=uo- ( z  + e.) -, 

The direct strains in  the point a of the stringcr, 
resp. the frame' are 

Fig. 4. 

Detmnin.ation of the specific twist of the stringem. 



The slope of the neutral axis of the stringer 
1)cing (;e? fig. 2) 

au 
~ -_- 

Q -  as 1 

thc specific twist of the frame is (see fig. 5 )  

fig. 5. 

Ijotexninatioii uf tlw .qeoifie twist, of thc ffiunes. 

4 The stresses upon an element of the shell. 

Fig. G pivm bhe strciss resultant? on the faces 
of the element a%, &o of the sliell; induced lis 
huckling. Wc mill give them the name: additional 

... ~ . Fig. 6. 

The st,ress resultante q u n  &n denrent, over the entire 
thiakacss of the shell. 

stresses. T'lie initial 1oa.d p has not hecii repro- 
dueod. The forces S, and D. and the moments 
MSs and #Is, refer to the unit of length along the 
circle with radius ( i r :  the shear load T ,  refers to 
the unit of length of the circle u ;  the forces A?,, 
T ,  and DQ and hhc moments AI,, and I f v z  refer 
t,o the unit of length along the axis of z. 

The additional stresses 8, T, Mac and .ifvQ can 
lie compnted from the stress-atrain relations 

~ 

U z = E E s ,  

uQ = E  e,, 

rZv = q G eIQ 

(4.1.) i 
Iiy means of 

8, lLn a+? = / us at, ~ 

lu,, <Ic a+o =- /" os ( z  + e.) at,, 

T, (C a p  = Ts tu a?, 

s, as= S U P  " Q  

IfPQ ax = ~ /" uQ (z + 8, )  a tQ,  

I$ ax = TQ t ax. 

The centre of gravity of the cross section of the 
Fmmc is being defined by 

2: + e ,  
arp 1 n+z atQ = 0. (4.2) 

In this way it represents the centre of gravity 
of the elementary are'as multiplied hy nQlu  + z.  
Nevertheless, 

Defining I, and /pQ by 

it follows from the formnles givcii ahove that 

The shear st,resses 1s and T~ are unequal (see 
see. 5) ; their difference, however, is of the order 
c ~ ' .  Terms of this order may he neglected in bhe 
relations between huckling streses and buckling 
deformation (see see. 5 )  ; therefore it is arhitrarp 
which of these stresses is assinned to he equal 
to T " ~ .  We assume 

r p = T z q l ,  

from which it Eollo\vs bhat 

- 

Iiidieat,ing the torsionti1 ri,gidities of stringers 
and frames, mit,h respect to the unit of length 
along t,lie circle a, and the Rxis of z rcsp. with 
G rr, and R I,, , i t  follows 

. (4.11) 

The forces T,, D, and D Q  cannot he expressed 
111 the displacements u,, $ o ,  u by direct stress- 
qtrain relations. 

azv 
O p a x a Q  

I I Q . = G I Q . ~ p , = G I Q , - - -  



6 The equilibrium. 

5.1 A general r-cniark on. probl-cnis of $ability. 

The equations, of cquihbrium for an element 
dx, d.p of the shell at the critical load may he 
written as 

Z additional stresses =-external load 

The terms form,ing.;the left side of this equation 
are identical to ,  those occurring in the linear 
equations of equilihrium of the common problem 
of elasticity, formally written : S'. The right side 
is characteristic for stability problems; it is eom- 
pmed of t.erms of tlie sha.pe: critical load times 
linear function of the additional displacements, 
firmally written .pu. If thc right side vanishcs 
the homogeneous cqnations allow for  the solntion 
u= 0 only. The pmihili ty of hnekling, therefore 
of additional strcsses, requires p + 0. 

If bhe right side contains terms of the shape 
p times strain ( E  o r  x )  its order of magnitndc is 

.I ' . p c =  E S. In this case the right side ~ v o u l d  he 
of t,he order E small compared to each tcrm of tllc 
left hand side. This implies that the initial load p 
will he able to distort the structure only if 2 
approaches unity. This case hovever is of no 
technical importance; we are interested only in 
instabilities with small E .  The latter instabilities 
will m e w  only if the right side contains terms 
pu, in which the functions of TL arc of a larger 
order of magnitude than the st,mins. The other 
terms, of th,e order p e ,  may he neglected; they 
are not essential. These larger functions of u arc 
represented hy the rotations o, Though these 
rotations originate from the strains, they can have 
a higher order of magnitude by the fact,, that. 
th'ey are being huilt up hy integrating. strains 
along. the' lcngth of the structure. This is the 
hasic reason f o r  the fact that instnhility a t  strains 
in the. technically important region will acenr only 
with slender structures, in which the length is 
much larger than one of the cross sizes. 

We have found that the essential terms of thc 
right side have the shape P O ,  whereas the terms 
p E =;S arc negligihlc. This conclusions implies : 

1.  that the relations (4.1) for additional strcss 
and s t r i in  a re  correct, (It is not csscntial'to 
compute the additional stre.kes from the strains 
that ,according to E1 o o k e's law refer to the  
sizes of the nnloaded structnre. E. g. tlie strain 
E. had to he replaced by E @  ( 1 - e )  in the ex- 
pression os - F: E= .) ; 

- 

- 

~ 

- 
. .  

* l i  

2. that for the stability of shells the pwtcrms 
referring to the rotations in planes normal to 
the shell are essential; 

3. that for th,c stahility of shells the. pu - t e rm 
referring to tlie rotation parallel to r,he shell 
arc essential only, if the wave length of the 
buckled shell is much larger than the circnm- 
fercntial size of the shell. 

.~[, , . 
5.2 l'li-c cquutions of equilibritini. 

atcly : 
According to soc. 5.1 we may determine scpar- 

1 .  T.he terms const.iiuted hy the additiona.1 stres- 
s ~ ,  which refer t.o the unhucklcd element of 
the shell; 

2.  the terms depending upon the injtial load p ,  
which represent .the external load uf the ele- 
ment and refer to the element distorted by 
hnckling. 

In determining tlic first group of teims we must 
intmduet? the second group by assuming external 
loads E , ,  R Q ,  I& in the direction of z, 'p and z 
and external moments J ,  , J Q ,  J i .  The additional 
forccs and the additional moments arc given in 

( o . . ~ d " l . . a v  

Fig. 76. 
T L  cxtcrml land <,f thc,,distortod elmcnt of the shell. 

fig. 7a, h rcspcct,ivcly. The equa.tions of equili- 
brium are 

.,. 

as, aTQ 
as-+ - t R,=O, ax ' 

' (5.1) 

+ J ,  =o, (5.5) 

- M,. - aT, + aTQ + J ,  = 0. (5.6) 
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Tlic external load is givcii in fig. 8 ;  it consisls 
of the pair of forces p a d +  acting upon the radial 
faces z and x + ds of the cylindcr with radius G ~ .  
These two forces arc equal and parallel to the axis 
of s; their points of application are shifted normal 
to the axis of x. Thcrcfore, the external loads of 

I 

i Id. 

Fig. 8. 

Tho cxtemnl load af the distorted domont of the shell. 

the elcmenk consist of moments ahont t,hc axis 
of p and z. 

(5.7) 
au J - p -  

p -  a x ’  

$n is thc tangential displacement upon the ey- 
hider with radius a,, 

The other componcrits of the external load arc 

(5.10) 

equal to  zero. 

R,= R ,  = Rz= J,= 0. 

6 The differential equations in the displace- 

Suhstituting from (4.5/11) into (5.1/6) the 
equations of equilibrium will hc cxprcsscd in tlic 
displseemcirt fiinetions u,, $ o ,  t i ,  except for tlie 
additional strcssrs D , ,  D ,  and T, . El imina t in~  
these latter quantitifs by 

ments. 

1 a ( 5 . 2 )  +$ (5.4) + - (5.6) =0 ,  . (6.1) 

(6.2) 

ax 
i a  a 
a a? ax - (5.3) -- - (5.4) + - (5.5) =0 ,  

we will obtaiii 3 diffcrcntial equations in u,,, $,,, .u. 
We do not, give thwc equations explicitly, since 
wc want to give them in a simplified and non- 
dimcnsional form. We introduce the non-dimen- 
sional coordinate < instcad of x, the quantity h 
and thc non-dimensional parameters . c, f, , f V ,  

cribe the elastic system, and the non-dimensional 
displacemeit funetions U ,  y, V (sce notations, 
see. 9 ) .  Tlie way in which U and Y’ have been 
dcfined is’ somewhat, artificial;, howcvcr, , i n  this 
way thc differential equations will have a more 
regular structure since all partial differential 
quotients of thc same cqnation will he simnltane- 
ously of odd or evcn order. Finally we in t rduce  
the symbols 

f ,  f,, r, s, K , ,  KV9 , K,, , K9=’,  K ,  which des- 

With tlicse symbols the additional stress rcsul- 
tants given in  (4.5/11) arc 

r -(/I + Y - f V ) ”  n, 1’ - 9- 
(R  flIp)II) h 

(6.3) 

Tlicii the cq~~at ions  of cql~ilihrium (5.1) (6.1,2) 
e m  he writtcn 

Integrat,ing (6.4) ovcr and ( 6 . 5 )  O Y C ~  Y 
we get 

X=C,(p) and * = C 2 ( t ) .  
Diic to the way in which U and Y lrwe l)ce11 

dcfincd, these functions thcmsclvcs have 110 phy- 
sica.1 scnse, only their dcrivativm 71’ and Y ‘ ’ 
Therefore, if U and Y’ satisfy, thc functions 
Ii ,=U+ e(,) and Y , = Y + F ( f )  will satisfy 
as well. 

Choosing u and such that 



U, and '+J will satisfy the equation X = @ = 0. 
Therefore without restriction of the physical 
sense of U and Y' we may replace the equations 
(6.4,5) by 

I 
7. Q x=- (1-f ) u ' ' + U , . + Y .  

@ = r U" + [r + I f a q  - (1 + f,)c] Y" + 
- (rf + K-fpc)V"-Kw V..=0. 

The solution of the  equations. 

-fV..=O, . (6.7) 

+ [s(l-f,) + K w ] Y . . + s ( l - f q ) V -  
(6.8) 

7 

7.2 The determinant. 
For suitable boundary conditions, as arc present 

with the infinitely long cylinder, the solution 
will be 

r n1* 

- f z  ni" 

[ r  + K.? - ( I  + f,)c]~n* + [s('l -f,) + Rpppln2 s(S-ff,) + K w  n2 + 
+ (rf + K-ff,e)mz 
s-cms-.sf fi2 + *' 

+ K,,nP + Km2nz + 
+ Kwn4 

nZ[s + K,,mz - (,sf, - K,, ! d l  Q 

U Y V 
-=__- - ---=cosm[cosn+ ! (7.1) 
--uo -Yo -v, 

= o  
' 

So the differcntial equations (6.6, 7,  8) yield 
3 linear homogeneour e q i d o n s  in U,,  Y o ,  V,,. 
lhekl ing  oeculs if t.he determinant of this system 
of equations is equal t o  zero. T,hus, we. obtain the 
following condition for calculating the critical load 
parameter c from the structiiral parameters and 
the buckling parameters m and m: 

1 I ;- (1 - f r p )  J>lZ f' TLz W 2  

f 1 
r 

r!Y 

- O-f,) !I + 1 1 
S 

[r + (1 f fo)cl 11 f 8 (l-ffp) f Kw 3 ( l - f y )  + 
+ (rf-+ K - f,c) y + Kw 

8 G S _-- 8 
- fd' 3 + K = y ~ - s f ,  + Kp .r ,n2 y -  sf*+ 

+ K,yz + + K w  

S 86 

= 0  

(7.4) 

7.2 Discussion of the puranieters. 

t ,  t, a.nd t9 reprcwit  areas of crass sections per 
unit of length; therefore T and s are of the order 
of unity. 

arc of the order izt, where 
i is the radiiis of gyration of the stringer or the 
frame section. Therefore K,, K,,, Kc?, K,, and 

K arc of the order (-,) . The strain E at which 

general instability will occiir is of the order - ,  
as will appear later in this report. Therefore the 
K's  will he of the order 2. 

e The parameters f and g are of tlic order - a 
and as e and i are of the same order of magnitiide 
the f's and g arc of the order E .  The load para- 
meter c is of the order e .  

T,he parameter 11. gives the number of wavcs over 
the circumference of the cylinder; thercl'ore it can 
Iic any integer. 

The parameter 1~ is cqnal to the square of the 
wave length ratio lougitudinally and circumfercn- 
tially. With infinitely long cylindciv it can have 
any positive valiie; there are 3 classa to he COII- 

sidered: y (( 1; 1~ =1; IJ )) 1. 
We now introduce new structural paranictcrs 

I , ,  I,,, la:v and lv 

i 2  - 

a .  
i 
a. I 

- 

- 
- 
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orders of magnitude. Quantities of tbc order E 

are renresented bv the numher k ,  which served 
8 Discussion of the various cases of buckling. 

to transform our- original parametem into the 
parameters of the order of unity. The determinant 
(1.4) written in the new parameters is 

8 1 Aziallg symmetrical buckling. 

According to (7.3) the critical load is 

1 + AY-  (AF, Y ) k  1 F 
Y / A  1 + Y/A- ( F ?  + P Y ) ~  + ( C  + B , Y - F ~ Y ) ~ ~  N + FYIA 4 

+ (-HPp + 
- PTY) k 
+ C + B Y -  

N Z  - N P ,  ,+ C + - bTcI.l N - P P ,  f (C+B,Y)I;  
+ B Y  + Y Z - N P Y  

7.3 Ewhatiola of the deternrin,a.?it. 

Evaluating the determinant (7.5) simultaneously 
t.aking t,ogether leims with equal powers of IC, N 
and Y, we f ind :  

3 2 &  
r, 2 2 y i , j , L k i A r J Y ' = O  . (7.6) 

i = ~  j = o  r = n  

Owing to the m y  in which the struetnral i i i ra  
ineters have been chosen Y ; , ~ , ]  is of the order of 
unity. Therefore y i + , , ; ,  I l c f + ' A ' j Y r  will 'he small 
of t,he order k (or E )  compared to y;. j .  I 1; X j  Y'. 
Neglecting E to unity, as we have done hefore in 
deducing the equations of equilibrium, we may 
neglect all terms yi, i ; I  k " Y '  of higher order in 
k than k i ,  provi,ded that yi ,  ;. 1 is unequal t,o zero. 
So the evaluation of (7.5) resnlts i n :  

~ 

~~ 

(Yo00 + h Y ' +  yon>y* + Y O O T  + YO,,Y') + 
+ N ( Y " , J  + Y 0 l J Z  + Y o l m  '+ 

f yO2.N2PZ + k 1 y l , , N  + y lnN2Y I + kZy,,,N2= OI 

or expressed in the parameters 

(N-R')'Y* + (7' t AY + 1) (P't RY + 17) - 
-PNY ( Y 2 +  AY + ])-IC (PArzY + 2 C N )  + 

+ k~C" = 0 . 

Solving for the load parameter t1 we ohtain, 
1 replacing kN by -n 

n2 ' 

Y t B +  C/Y +--- 
N (  Y +A+ 1/Y) A' 

- ( 2 - l / n Z ) - ,  C ]:(I+ N I  w2(I"+AY+I) 

We conclude from (7.7) that the critical load 
depends upon trhe struetnral parameters A,  K, C, P 
and 7; and upon the wave form parametem N and Y. 

(7.5) I 

(8.1) I 

T,he first solution corresponds to critical strains 
of the order of unity, therefore it is of no real 
siguificance. . 

Tho second solribion is of tlic order of k for 
7 n z  + I l k .  

The critical load is 

c ",," =2s'"k or  P, , , ,=2  a.t mo=s'"k-'''. (8.2~~) 
The half-wave length 1, is, neglecting ternis of 

t.hc order k to unity, 

l,=71s-.'l.p & a ,  (8.2h) 

thhcrefore, it is of the order k',' small in cam. 
parison to u s .  

8.2 Aziully ?w~~~g,mmetricaZ bzlck~iny. 

Eqoation (7.7) yields m 2  buckling loads: one 
Iinekling load .for each pair  of N and Y-values 
that is consistent xvith the boundary conditions. 

The series of possible values of N and Y are 

where 

T L = 1 ,  2, 3, ..._....,, 
,L = the numher of half waves over the length L 

of the cylinder, which is supported in some par- 
ticular way at i& edges. 

The minimum buckling load, the critical load, 
is determined by assuming that A' and Y are con- 
tinnous. Thase values of N and Y which yield the 
critical load Trill correspond in general to values 
of TI and p (no :  po) that are not integer. To get 
a more accurate value of the critical load the 
buckling load is to he calculated for  th,c adjacent 
integers n., , n,, pLr. Therefore the calculation 
starts with determining the minimum of P as a 
cont,innous function of N and Y .  TVc will not d o ,  



that from '(7.7) directly, h u t  in  ordcr to simplify 
the analysis wc will split up  the whole range of 
possihle values of Y in 5 partial rangcs, for  each 
of which the formula (7.7) reduces to a less com- 
plicatod shapc. owiiig. to the' fact that quantities 
of thc order IC should be neglcctcd to unity. 

The various classes of Y are:  Y of the order 
k- i  , k- '", I ,  k'b, IC respectively. Tablc I gives a 
snrvey of the results ohtairicd for thesc classes 
cxccpt for  class Y c 1 and thc way in wliioh they 
are obtained. I n  order to give a more detailed 
description of the method we will deal with the 
class Y c kl. 

According to the limit of exactness of our 
solutions k is ncgligiblc to 1, and 1 is negligible 
to ,Y. Hencc, (7.7 )reduces to  . .  

I n  order to q m "  that the buckling stress is 
in the elastic range, P should not bc larcer than - 

( N - F ) Z  Y 
thc ordcr of unity; therefore NY and - 

iv _.  
hoth should not bc larger than thc-oidcr of unity. 
( N - F ) *  N 2F F2 N - _ - _  + -< 1 implies -<1. 

Y Y N Y -  Y -  NY - 
1- 

Y 

N -  Together with -< l ' t h c  former result yields _. 
N 
-+ 1 ;  thcrcfore N c IC-' and from (8.1) nz+ I. 
Y 

Neglcctin,g now P to N (8.4) rcduees to 
. .I  

which is minimum for N/Y=I .  

in tahlc I have bccn obtained, 
I n  basically the same manner all results listed 

The chss  Y z 1. 
With Y - 1 P can he of the ordcr of unity 

only if N - 1, therefore (7.7) reduces to 

( N - F ) Z  1 + - (Y+B+C/Y).  (8.6) N (  Y + A +  l /Y)  N 
P =  

ai' - = 0 a t  N = N o ,  satisfying : 
aN 

N,2 -FPZ= (Y+A'+l /Y)  ( Y + D + C / Y ) .  (8.7) 

_ _  - 0 a t  Y = Y o ,  satisfying ap 
aY 

We have to detcrmine N o ,  Yo, satisfying both 
equations. 

(8.7) : (8.8) yields 
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'i 

(8.5) 

. .  (8.8) + (8.9) yie1d.s ' 

Y,z-C 
N " = - (  2 --j'"[ YnZ-C , (Y ,+A+I/Y, )  Y,,2 - 1 + I Y,2--1 

+P,+B+CIY, '3 , . (8.10) 

and (8.8) - (8.9) yields'the equation of the 4th 
degree in P, 

( A - B ) Y , 2 + ~ 2 ( 1 - C ) Y o f  ( B - A C )  + 
+ 2 F [  (Y,2-1) ( Y , ' - C ) ] ' h = O ,  (8.11) 

the positivc r ia l  roots of which in thc range 
k'h (( Y (( k-'1% give the solution to our problem. 
Snlmtituting N o - F  from (8.8) am1 N o  from 
(8.10) into (8.6) we find the critical load 

Y ? - C  P * " i " = 2 ( Y 2 - l  )'". " (S.12) 

azP a'p (8.12) gives P,,,,, provided that -and - ap2 are aN2 
a 2 p  pusitive. Obviously this is true as far as - 
aNZ 

is concerned, since 

a z p  2 
aiVz 
-= 

N ( Y  + A ' +  l / Y )  

may he ncgativc. €'nx,n #being a mal positive numhcr 
between 0 and 2 i t  follows from (8.12) that 

for C < 1: Y,Z < C ,  

and for C > 1: Yo* > C .  
(8.13) 

Henec we conclude that (Yo2 - C) (Yoz- 1)  and 

will hc positive are pwitive, and - c-I av> 
Y,,2 - 1 ayz 
as wcll. 

An ohjcction against applying (8.11,12) is t h a t  
(8.11) is rather tEdious to solve. Wc thcrcforc 
prefcr a graphical method of dealing with the 
condition W/aY = 0. 

Suhstituting N ,  from (8.7) into (8.6) we find 

( ~ + B + C / Y ) l + P Z ] ' f 3 - P }  , (8.14) 

which is t.o hc calculated for a few valiies of Y .  
Plotking P against Y we will find A more 
accurate calculat.ion of Pmi. is obtained in the 
following way. Taking the.smallest of the calcul- 
ated values of P as a first, approximation P, of 
P",,", wc determinc Y ,  from (8.12) 

Snhslituting this approximation of Y,> into (8.14) 
me f ind P,,,, . I n  determining it is useful to 
have a guide in choosing thc range of Y such that 
it comprises Yo. 



k - 112 

1 

k 112 

k 

~ 

( N - - F ) S  Y + R  
V ( Y +  A )  + 7 

no simplification 

N-F)Z Y +B+A c+ 

C 
AT Y NY+(1-1/+)2 - 

1 + 1 / 1 1 2  

P-1 ~ 

yields 
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A‘ Y-  1 
I 10,  N Y  (1 

simplified formula 
for P 

1v I’ 
p+,, 

no simplification 

(N  - F)’ 
fl( I’+A+l/ Y )  + 

1 

C 3 

\7 I,( 1 - -A Y)+ 11 

+pi? (1 - 2 )  + 
B 
1V + - - 2 F Y 

lo, n # 1 ;  no 
simpli6catiou 

. .  

P,i” P is minimal at 

dP Y, = iv 
= 0: d ( i V j Y )  

see sec. 8.2 

2P from - = O :  >Y 

ap from- 3NY O; 

I I 

t .* k ( A  CI12 + .2 p’) 

1 1 ,2 E. NX from wich c= 3 01.2 and bucking load 7 20, n= 1 : 

9 - 114 k 112 

nr  
2 1 - - - - k ( A f F )  

order of I; 112 

order of k l l ?  

(ca) -114 k -112 n- 2 

1 
1- -+ 27lP 

(order of unity) 

r (cs) -414 k-112~-2 

(l-l/n*) It’ 
(order of k - W )  

olumn failure) 
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It can be shown, that 

(8.16) 
for c < 1: (Yo) F > O  > ( Y o ) F = O >  ( y o ) F C U ;  
and 
for C > 1: ( Y o )  F,D < ( Y , ) F = ~ <  (Y0)p<o. 

These relatioils together with the relations (8.13) 
have been plotted in fig. 9. As in aircraft stme- 

Fig. 9. 
Surcnuion of *he hackling form parameter Y .  for the 
critical loads of atiffrmed shells without (F= 0), 
with internal (E' > 0) mid with external ( R  < 0) 
wmutlicity of t.he stiffmers (stringccrs and frames). 

tures usually P > 0, the range of Yo  is limit& 
1 ~ 9  C ' *  en This la.tter limit can easily 
he calculated from (8.11), which is quadratic for 
P=0. Usually, Y ,  is very close to the limit C ' I s ;  
therefore, subst.ituting Y - C'J? into (8.14) we will 
find a close approximation to P,,, , which ca.11 he 
improved by calculat.ing Y ,  from (8.15) and sub- 
stituting i t .  into (8.14). 

Camparing now t.he results obtained for all 
classes we observe tha.t the classes I 'and I1 yield 
approximately the same critical load a.t approxim- 
ately the same wave length, bhough the number 
o f '  circumferential waves is different. The reason 
is that the circumferential half-wave length 2, is 
large compared to Z, ,  since 

(8.17) 

With this type of buckling the energy required 
for bending the frames is negligible and  the 
relative hending stiffness C of the frames does . 
riot affect the critical load. 

Increasing n from 0 to .- k - %  (about 3 or 4) 
we arrive at class 11, were P,,, sli,glitly decreases 
helow 2 ,hy the fact that .4 - B 'f 2 E' usually will 
he pmitive. This decrease is more distinct for 
larger relalive shear mcakncss of skin ( A ) ,  larger 
relative eccentricity of stiffeners ( P )  and smaller 
rclat.ive torsional rigidity of the stiffeners ( B ) .  

1" -=s'/, Y'k. 
20 

The c l w e s  IV and V give approximately the 
same critical load. They are characterized by a 
small value Y, which according to (8.17) means 
that the longitudinal wave length 1 ,  is large com- 
pared to the circumferential half-wave length 2,. 
With this type of huckling the energy required 
for bending the stringem is negligible. The magni- 
tude of the eritica.1 load depends primarily upon 
the relatitire h i d i n g  stiffness of the frames (C). 
With increasing n from 2 to k - %  (ahout 3 or 4) 
the ~ critical load increases. 

Buckling according to class I V  or V will occur 
only if the corrq)onding critical load is smaller 
than that for class I or 11. This implies Lhat for 
C > a h i t  unity hnckkling according to class IV 
or T7 u w d l y  will not he critical. 

3%'- 1 , 
The factor ~ in  class V reminds of the easc 

3L2 + 1 
of huckling of a n  isotropic shell. I ts  minimal valnc 
with ?t. = 2 usually d l  not he realized since the 
corresponding half-ware length is very large, 

- 'being of the order k - l h .  In c l a s  IV 7, de- 
n, 

creases, LL k i n g  of the order of unity. Wit,h 

t,hese long wwes the actual houndary conditions 
may increase the critical 1oa.d since the actual Y 
differs from Yo. 

Clasq 111, closing the gap between the classcs 
I1 and TV, will be affected by the stiffnesses of 
primary importance for the classes I and V :  the 
liending stiffnesses of stringers and f r amm Thc 
wa,ve length ratio Z,,/Zo is of the order of unity. 
The half-wave length 1, is of the Fame order as 
in clasr, I; the numher of circumferrntial waves 
is larger than in any of the other elasscs (4 or 
more). In this type of buckling the waves in both 
directions ai? short, the shell is corrugated as 
.much as paqible; thus all stiffnesses W$ affect 
the critical loa'd. Even the relative eccentricity 
proves to be of prima.ry importance. Comparing 
the critical load with and without eccentricity i t  
may he that it is reduced up  to of the critical 
load for P=O. 

Discusing class V we left the case n = l  out 
o i  consideration. In this ease the cross section of 
t,hc tuhe is not distorted, it moves a.q a whale in 
just t,hc .%me way m a solid section. The critical 
load proves to be equal to the critical column. load 
of' a tuhe supported at its end. 

10 

I 
I?, 
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9 Notations. 

(1 radius of skin 
a,, a,,, i fQ distance of the centre to the centre 

of gravity of the composite section 
out of the stringer (index z) resp. 
the frame (index Q )  together with 
the effective width w,", w p  and w, 
rap.  

7) frame spacing 

= f . + f ,  
- - ( e Q  -em,Jit -I 

P - - e,aq a-' 
= e,, a-l 

radius of gyration of the composite 
section of stringers or frames. 

= Knm''' 
half loneitudinal. resu. circumferen- 
tial wave length 
parameter of buckling form de- 
fined iby (7.1) 
buckling load per unit of length' 
along the circle a, 

skin thickness 
active cross sectioii vith rcspeet to 
additional strcssm per unit of 
length along the circle I & ,  resp. 
a,,, in the longitudinal plane 
active crow section with respcet to  
the buckling load p 
axial displacemelit of ai1 arh i t ruy  
point z, Q, e, res)). .a point z, Q, - or 
radial displacemelit in an arbitrary 
point x,(p 
effective width of skin a t  buckling 
load for stringer and frame rap .  
effective width of skin with respect 
to adcitional strain 
coordinate in axial direction 

ooordinate in  radial direction, dist- 
ance from skin 

- - r l s ' J* ,  relative shear weakness of 
the skin 

= B, + B, ,  relative torsional rigidit). 
of stringers 'and frames together - - jy p s - I I *  

= E,,, I I; -2s - V n  
- - K yp I;-2 s 1 , relative bending st,if fnem 

= mz/nz 

of frames 
shear load per unit of length of 
a@ m d  x resp. 
Y o n  n g's modulus 

P = Fz + F ( ,  , relative eccentricity of 
stringers and frames 

p, = fJr= 
Fz = f,k-1 
F Q  
G 
I 

'TS3 I Q Q  

- f k-1 
modulus of rigidity 
moment of inertia of the cross sec- 
tion of the whole eyliri'der 
moments of inertia of stringers and 
f r h ,  ,together with the effective 
width W., w, resp., per unit of 
length of % and z resp. 

IZP, IQ* 1/C times torsional rigidity of 
stringers and frames per unit of 
length of 0.8 and 5 resp. 
load terms in the equations of equi- 
librium 

J,, J Q 5  .I, 

K,, = El,& (, 2a-1nza 
KrpQ = El,, hap  -2 

K*9 
K , ,  

= GI,,  ha-laG-' 
= CIyJa,-z 

length of shell between its sup- 
ported edges 
hending, r a p .  torsional moment in 
the st,ringers per unit of lcngth'of 
%Q 

H, , jY9 hendiug, resp. torsional moment in 
the frames per unit of length of z 

N = ?~-~k-', b u c k h g  form parameter 
P = .c k-'s - ' h ,  buckling load parameter 
Qs, &I area of the cross section of a 

stringer resp. a frame 
E,, E ? ,  R, load terms in the equations of equi- 

li'brium 
8, , S,  , T, , T ildditiona.1 normal forces and shear 

forces diic to buckling on the radial 
resp. the axial plane per unit of ~ 

length of %Q, resp. z 

L 

I fzQ 

~1 au 
u . ~  ax 

defincd by uo=- - 

amplitude of U 

amplitude of V 
symbol for the equation of equili- 
brium in axial direction 

value of Y a t  the minimal buckling 
load, the critical load 
symbol for  the equation of equili- 
hrium in  radial direction 
striuger strain at hackling load 
direct axial and circumferential 
strain by buckling 
shear strain of the skin 
reduction factor t o  the niodulus of 

= v/a 

- -. y s - ' 1 2 ,  Iiirekling form parameter 

rigidity of the skin, allowing for 
tension field in skin 

*ZQ 2 X Q Z  specific twist of stringers and 
frames 

x = ( L z 3 f l - l t z - 3 c ~ 3  
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number of ,half waves over the a q ,  os 
length of the shcll 

. .  P 

t = z us-* (a ?/U) ‘” * - 
(I = p/t,, buckling stress 
us, uq I .A, rip additional noma1 stress and shear 

strcss due to buckling on the radial 
resp. thc axial plane yo 
shear stms from strain eZV 

coordinate in the radial plane 
eircumfcrcntial displaeemcnt of an  
arbitrary point z, p, a ;  2, ?, -eg ;  
z, ‘P, - ezp rcsp., 

y 

( 1; 

( ) .  

T Z Q  

‘P 
*2 $ 0 3  *P 

/ 

Y 

defined by $,,= 

amplitude of ’? 
ac ) 

~ 

slope of the element of the shell 
in the axial rap.  the radial plane 
symbol for thc equation of equili- 
brium i n  eireumfcrcntial direction 

, .  - 
at 

at I .  ~, __ 

“cqnal order of 

u a ; u  

Up aQ 
_ _  

magnitnde as’’ 
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Part 11. Equally spaced frames. 

10 The shell between successive frames. 

The shell hctmen successive frames is an ortho- 
tropic st,ruct,nre; i t  constitutes n particular ease 
of the shell considered in part, 1 by the fact that 
t,he stiffnesscs of the circumfclcnt ial structural 
i:lcmcnts a re  equal to zero 

t ,  F Iqp = I ,  = 0. (10.1) 

The neutral axis of the infinitely weak frames 
can l i e  asi1med to lie in the plane iii’ 1.hc skin; 
illemfore, 

0, =n.  (10.2) 

E’wm (mi, 2 )  it follows that  

aud the differential cquatioils (6.7, 8 and 6) 
simplify to 

Integrating (10.4, 5 )  twice over t (using the 
symliol ” ( ) for this integration) yields 

Wc cliininate U a i d  Y from (10.3, 6, 7)  liy tlic 
operation 

- [Ir, , - ( 1  + f,) e ]  CT’  . . + 

Since e ,  K2:j:, Kap”*,  fs, f r  are of the same 
order of magnitude whieh is ncgligihlc to unity, 
(10.8) simplifies to 

12 fnrtlicr simplification is obtained hy comider- 
ing the wave pattern. This particular investigation 
is concerned with hickling cases having short lon- 
gitudinal W~LI’CS; therefore i’t may he confined to 
the case of axially symmetrical liuckling and to 
the classes I, I1 and I11 (see. 8, table I) in which 
the circumferential wave leiigth is muell larger 
t,lian the longi,tudiii;il one (elas I, 11) or of 
the same order of magnitude (cia&? 111). There- 
fore, V . .  is smaller t,hnn or of the same order of 
magnitude a s  I:” und (10.9) may he simplified to:  

Xe:.lecting small order quantities in (10.4) we get 

”* E I.( u+ Y - fZT7) +<I.;, (9) +P,( p)= 0, (10.11) 

and sulistituting it in (10.3) : 

r,V - ”,I, . . E U ”  - { (9) f P H ’ ,  ( y )  ). .= 0. (10.1 2) 

Jiitcgratiug twice over [ we obtain 

It appears from part  I that the displacements in 
tlic plane of the shell are small qnantitics of the 
order k‘k compared t.o the radial displacement. 
The wave length ratio Z,Jo Iieing of the order k ‘1% 
in  the buckling cases considered here, the displace- 
ment functions I /  ;i,nd Y arc of the order kV. Then 
it follows from (10.12) that [@‘,(,) + P2(p)1“” 
is of the order kV””.  Therefore, the eorrcspond- 
ing term in (10.10) is ncgli,gihle. From (10.7) it 
appears that [[G.,,(p) + G,(p ) ] . .  is of the order 
kT7 ”. Then integrating (10.10) twice over t it 
simplifies to 
cV+If,V”+ Ifz, L‘. ’ + ( y )  +P,; ( y )  - 0. (10.15) 

The equations (10.13, 14, 15) apply to t.lie shell 
lietween 2 suee+ve frames. Their solution re- 
quires tlie knoivledge of the functions B’l ... p, 
a.nd of the boundary conditions for V for each 
hay of the shell. .._ Fc havc to be determined 
from boundary conditions as well, which apply to 
the cqnilihrimn of the frames and t.o the e0mpat.i- 
Iiility of the distoltionn of the frames and the shell. 
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11 The frames. 

11.1 The continuity of the shell. 

The slopes of the stringers at both sides of the 
frame Y are equal 

A ,  V’=O. (11.1) 

Tlic displacements at hot,h sides are equal as well: 

A ,  U’=O, (11.2) 

A,  V = O .  (11.4) 
A, Y” = 0, (11.3) 

11.2 The ,loads upon the frames. 

The lwds upon .the frame originate from the 
strases in the shell at both sides of the frame. 
The s t r w  resultants in the plane z=eonstant 
have been indicated in fig. 10. They can hc ex. 

Fie. 10. 
Strew resultants upon thc eloment d p  of tho c r w  section 

Y- just in fmnt of frame V .  

pressed in thc displacement functions by the 
equations (6.3),  (5 .5 ,6 ,  7,8,9) ,  replacing a by a 
and putting K,.=O. 

The loads upon the f r m e s ’ a r e  given hy fig. 10 
as well, proviscled that 11, is replaced hy a,D,,  
etc. Thus we ohtain 

a, A,T,=- Aa [ r - c ( l + f p ) ]  A , Y ” . ,  

A , D , = - -  LfzA,U”’ + K,A,V”’], 

a 
A,M, p =  - - &,A,  V. ‘. , h 

These strm resultants are composed to give 
forces and moments with respect to the neutral 
axis of thc frame (fig. 11) 

1 
h 

\ 

Fig. 11. 
The frame lo&& mting in the p h c  of t he  frame: 

I 
qz = A D& = - - a, [fzA, U” ’ + K,A,V“ ’1, 
nis = 4 .$fey az - A, Tfie . Q -  

A. - - (11.6) 
1 
h, 

1 

a a, [ f p r  + KCp -f , G (1 + 011 A;+”., - 
?av =AvMz&-A&ia (ep--!) = 

=- *. a,* [ ( fm-f , )  A,U” f K,,A,V”]. 

11.3 The dGtortions of the frames. - ’ . )  
The loads q p ,  q. and mb dis’brt the frame\ in 

its plane; wc call them symmetrical loads. The 
loads q. and m p  give rise to distortions normal to 
the plane of the frame; we will call them anti- 
symmetrical loads. These two groups of loads will 
he considered separately. 

rr, 
ACL 
- c ( l  + fp )A,%’  t- c’fA,V]’ , 

A,?’,=’- [ r (A ,U f A,V’-ffp,V) - 

1 
A 

A , D z = - -  IfzA,U”’ + cA,V‘ + 
+ K,,A, v” ’1 , 

A& = 5 K,,A, V”, 
A 
a 

Avh’cp=-&p(-AvY’ + A,V)’ h 

(11.1, 2) holding for any point p, we have 
A, V’ . = A ,  C” = 0 ;  t,hercfore, 

. .  
Fig. IC. 

Tlic s.vmmetrkal external a”,d i,aternnl. fmme I?&. : 
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Fig. 12 gives an element of the frame with its 

Eliminating the shcar load I) from thc equations 

1 (11.7) 

The relations b e t k e n  the internal loa& N ,  ill 
and the deformations +o and v follow from (4.7,8) 
after replacing S,, MyV, I ? ,  resp. hy N ,  $1, 
bt?,  bIYp. The displacement +o in the neutral 
axis of the frame is cxprrssed i n  t,lic displacement 
fnnctioM Y ,  V by 

s!]mmetricul external and internal loa’ds. 

of quilihrium we find 

a q - m m , + a  N.-fil.=O, 
Q Y  ‘p 

- G ‘pqt + m; + ( c ?  N + If.. = 0. 

Substihting from (4.7, a ) ,  (11.8) and (11.6) 
inlo (11.7) we ohtain the conditions of oompati- 
hility, as f a r  a s  the synrmet,rical distnrtioiis, are 
concerned, 

Recalling see. 10 we know 

u c Y z kV ,  

The frame spacing is assunied to he of the same 
order of magnitude as the longitudinal half wave 
length; therefore, 

P C  1.5 ( 1 .  
Neglecting again qaantities of t.he order 7; to unity 
the equations (11.9) simplify to 

( p ~ ( . ~ - . . + f , v . . + ~ )  + T A , Y ’ )  = n ,  ( i m )  

ps(Y. .  +f,V..+ V) + ~ K ’ p ? V . . ~ . + f z A v U ” ’ -  
- J’? r-AvY’. .  f &A,V”’=O. (11.11) 

Fig. 13 shows an element of the frame with its 

Eliminating the shear load D from the equations 
axdis!jmnictricnl extcrnal sild internal loads. 

of  cquilihrium we get . . 

W L ~ +  H ’ p . - - d z , - n ,  

aP~f2~ i , .+ i l l ; . . =n .  
(11.12) 

The hending stiffness of the stringers in thc 
plane of the shell is assumed to be zero, since i t  
is negligible compared to the bending stiffness’ of 
the beam formed ‘by two niccmivc stringers and 

the skin in  hetween. I n  the same way tlie bending 
qtiffness of the frames in the plane of the shell 

Fig. 13. 
’Chc mtispmelrieal  ext,enisl , nnd internd frame los*i. 

is negligihle, therefore M,= 0. Now (11.12) he- 
come8 

w~~ + iw,.=n, 
(11.13) 

Tlic eqnation of elasticity follows from (4.11) 
after rcplacing MPz, IPS rap .  by My, b I P z  Sub- 
stituting from (4.11) and (11.6). into (11.13) we 
find the conditions of compatibility, as f a r  as t,hc 
antisymmetrical deformations are concerned, 

(f. - f ) A,U” + K,A V” + 

. ~ ~ q . - m ~ = 0 .  

KV.% 
l - f q  

t-p-17‘ . = o ,  (11.14) 

- ( ~ - ~ J A , T I ”  + LA,V”=O. (11.15) 
Eliminating U from (11.14) by means of (11.15) 

and neglecting small order quantities we f ind :  

PK7,V’” + K,,A,l’”=O, (11.16) 

- A UT‘ + ~4~ VI? = 0. (11.17) 

Recalling that U” is of the order kl”’ i t  follows 
from (11.17) that A b  U” is of the order kU”. There- 
fore A,U” is a ncgliglihk quantity compared to 
U” and (11.17) may be written 

A,U”=O.  (11.18) 

11.4 T h e  boicildnrg conditions. 

Intograting (11.3) and (11.10) over ? we find 

A v Y = K , v ,  

, 8 s ( Y ~ . ’ .  + f V v , . + V )  +rA,Y”=&,. 

Rccalling see. 6 we may replace Y by Y ,  = 
(0, choosing ?such that i t  satisfies the Y ,+ 

differential equation 
- 

- [~+Kzq-- ( l+fJ~]  Y”=C,(E).  



Asstiming now the boundary conditions of to be 
- 

A,'? =I<,*, 
rA,'Yy' = IC2,, 
- 

'Yl mill satisfy 
A , ' Y = O ,  (11.19) 

ps ('Y . '  + f, V ' . +  v )  + r A V Y ' c  0 .  (11.20) 

Thcreforb we replace (11.3, 10) hy (11.19,20), 
and thercafter (11.11) by 

p z r , , ~  ....f f&,U"'-?'A,'Y'- 
- j , r A a , + " ' .  + KssA,V"'-O. (11.21) 

The complete set of houndary conditions to the 
cquat,ions (10.13, 14, 15) is (11.1,2, 4, 16, 18,19, 20, 
21) .  We have to considcr that each bay of the 
shell bas its omi functions P, __. P o ;  so wc have 
to  introduce a suffix Y to P, indicating the .hay 
between the frames v and .  I, + 1. 

Eliminating now U and '9 by the use of (10.13, 
14) and considering'thnt A, ((P) = 0 .  Py -pP,  -, 
n'e get:  

from (11.21) arid (11.2) -KK,,~,V"'= 

I h m  (11.20) and (11.2) A , F ,  = p s  (fV" f V -  

P, ' ' - ' .), , (11.23) 

A ,  8';' = @ly'll, ( 11.24) 

=Pl iPPV,""+fA,P; '+A, l" , ,  (11.22) 

1 
r 

_ _  

from (11.18) 

from (11.2) A , F , =  

1 
v - - l  r + p ( + ~ E T 1  4- F8) ~- - A a , F , .  (11.26) 

The variahlc V can riot be solved from the 
Ziffercntial equation (10.15) and the houndary 
conditions (11.1,4) alone, since ,(10,15) contains 
E'? and' PG. The six equations (11.16, 22 to 26) 
are sufficicnt for solving F5 and P,, since t,liey 
contain apart from E', , the four unknown 
quantities P, to F+.  

There are m frames along the length of the 
cylinder; so there are 7%-1 bays and m-2 
intermediate frames and, consequently, the dctcr- 
mination of V and P it1 a11 bays rcqnires 8 (711 - 1) 
houndary conditions. The boundary ' conditions 
considcrcd thus f a r  refer to  thc intermediate 
Crtwms. So Dlicre are 8 (na-2) of them. 8 boun- 
dary conditions more are required; they are ob- 
taincd by examining the conditions a t  the cnd 
fnimes v - I  and v = m .  The stresses in the shell 
at the end framw will distort them frames such 
that the frames and thc shell f i t  togctlicr. In this 
m y  each end will providc 4 boundary conditions, 

.similar .to ( l l . l0 ,11 ,  16,17). 
W e  will not give thcse conditions cxplicitly, 

sincc we intend to deal with the cylinder of infinite 
length.. It is to'.hc expected that thc correct, end 

coiiditio~ls will not appreciably affect the buckling 
load, sincc the wave length is sllort and by that 
fact the total length of the cylinder will comprise 
a fairly large number of waves. 

12 The solution of the equations. 

12.1 ~ 2'715 difference equations. 
Tlic functions V and P should be periodical 

with = 2 n ; thcreforc V and P are goniometric 
functions with t,hc argument, w, 1~ being integer. 
I n  each separat.e equation the  derivatives to p arc 
all of odd or even order; thcrefore, 

V (6, v) = TV (6) sin n 9 (12.la) 

is accompanied by 

Pi(,) -Fjsinnip j = 1 , 2  ... 6 (12.1h) 

E n d  

V(i, P) = I.V(t) cos 11. (P by 
Pi(?) = P j  cos u p  (12.2) 

Changing the origin of yl me can transform the 
solutiorl (12.2) into (12.1) ; theref,ore, we may take 
t,he general solution to he (12.1). Substituting 
(12.1) into the gartial differential equation (10.15) 
i t  yicld,s the 'differential equation of  t.he 2nd order 

(c - !r,,n2) IV + rLGw + f F,' + F~ = 0, 

the general solntion of which is 

1 
P 

W(t) =-lW, + W, + lV7 sin a + 
+ 147, COS a t, (12.3) 

where 

Ti', = - c - K, ,n2 P6, 

Thc formulas arc siniplified if the  constants 
P ,  , . . _ E ' ,  are replaced tip W, , ... ll', , defined by 

1 F, = - (KT&"Vj'19W,, 

P:: = - Kzz'l~ ll', , 

F z =  (Kdj ' I*  IV,, 
P 

P 
1 I", E Iirz'h lV4 , 

Suhstituting (12.1, 3) in thc boiiiidary conditions, 
using tlic knowii sym.liols 8, B,, C ,  P, P and t,hn 
new syn~hols 

Q = p I C , - ' h s ' h ,  E =  (/3n)*s'/r, 

(TV,XlF TV,) I -' 

X -  = (PQ - / j , I l )  '12 , (12.5) - 
I f C  gct 

from (11.1) 

from (11.4) (1V,+m,).- 
-( V',XcosX-TV,XsinX+ W 5 ) v  1, = 0, (12.6) 

- (1V,sinX+Ti ' ,c~~f~VV,+~VV,;) ,_ ,  =0, (12.7) 
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from (11.6) 
W8?-( lV,sinX+lV,cosX) + 

B p K  (12.8) + - (lV,X+~VV,),=O, 
22 

from (11.22) 
-W, + (W,cosX-W,sinX) - -t 

CRZ Q-FR 
X ?  + -  (1J’,+Jl’,),+ x8 A, TI’, = 0, (12.9) 

from (11.23) A ”  lvl=(Q-IU2) (W,+W,), + 
+R(AW,+lI‘,) , ,  (12.10) 

from (11.24) a,lVS- 1lrlu.-, , (12.11) 

- II lV,+W,) ” _  [ ,  (12.12) 
from (11.25) A ~ ~ V ~ = -  

from (11.26) A, 117, = 

=[-% ’ (‘/a I~~+l~ ’ , )+~411r ,+ l l r ,  I.-,- 
-AA,TV,. ’ (12.13) 

In these equatioiw the structural parameters, 
A, / I , ,  B q ,  C ,  P and Q are giren, R is a huckling 
paramcter depending upon the numlm of circum- 
ferential w a ~ ~ ,  X is the load parameter and the 
stahility prolilcm is t o  determine those wlnes of X 
for which the 8 homogeneons linear equations in 
W, ... 1V, will yiel,d a solution different from zero. 
The equations enable to calculate the lVjy if the 
lVj ,y_ ,  a.re given; they are difference equations. 

The structural pa.rameters have been chosen 
such that bhey all are of the ordcr of unity. The 
bnekling paramcter R is of the order of unity as 
well in .  the buckling case with short cirenmferen- 
tial warcs (class 111) and so is the load para- 
meter X .  -411 coefficients of (12.6 to 13) heing 
of the order of unity the Wj will be of q u a l  
order of magnitude. 

In the buckling cases with long circumferential 
wavm (n’ ,- 1, c l a s  I, and 1 ~ =  0, axial symme- 
trical buqkling) R is of fihe ordcr li and X is of 
the order of unity. 

Examining our diffcmnec cquations we COII- 

elude from (12.6 to 9, and 11) that IP, , TI‘, , II‘, 
t o  711, ‘have the same oi-der of ma.gnitude. Sub- 
stituting A V W z  from (12.11) into (12.13) K C  find 

so we conclnde from (12.11) and (12.14) that ll’, 
and  W, a.rc of tile ordcr /<W, , which is negligible. 

The system of difference equations is simplified 
now by ncglect,ing all terms containing E .  IClimin- 
ating IV, the system reduces to 

( Il’,X+ WJ-( 1I’,XcosX-TI’,~~sinX+ WJ-,= 0, 

11’8” 

4v1J‘s 

&lV6 - lV6”-; = 0,  

-( TV,sinX+ Il’,cmX) ’” - I = 0, 

+- Q’ :(TV,+lV,;)., = 0; P 

X’ = PQ, 

In these eqnations the only structural para- 
meter is Q, depending upon the flexural rigidity 
of the stringers and the extensional stiffness of 
bhc frames. This preliminary result corresponds 
to  what we found in part I for axially symmetrical 
hek l ing  and for class I. 

12.2 The geiicrul solution’ of i / i e  difference 
EqUa.tki?hS. 

Thc difference equation with constant cocffi- 
eicnt.5 is the algebraic analogue to the differential 
cquat,ion with constant coefficicnk. The general 
solution of thc former will correspond .to bhat of 
the latter, so we pu t  

1 V j ”  = 0, p” j = 1;2 ... 8. (12.15) 

Snbstitut.ing it, in (12.6 to 13) we obtain 

p ( w , X + m , ) , -  (w,ScosX-wo,KsinX+ 

~ ( o ~ + o , ~ )  - ( ~ , s i n X + ~ , e n s X + ~ ~ +  

p wg - ( u7 sin X+ os cos-X) + 

‘+I u,) c 0, 

+%I - 0, 
- p w,+ (u, cos X -  sir1 X )  + ’ 

CB.1 
. x3 

Q - PI1 (p-1) w,=o, 

+ - p ( m a + w a )  f 
. .  

xx 
(12.16) 

A t  a given value’ of the load paramctcr , X  
buckling will occur, or in mathematical terms: the 
equatioils (12.16) will yidd w j  # 0, providcd that 
tbc determinant of the system is zero. 

Eqnat,ing the determinant to zero we obtain 

. .  

.~ 

- (Q - FR)Z 

1- - ( A - - 1  +.- .II R , .m..- , li E CIIz  f 

3 6 9 2  

.- 3x2 

x 
- - 

R K  ” 
3 sili x - 2 ( 1  2 cos X )  

1 3 + 2 ( 1  -ccosX) - B,H sin .-3 s 
(12.17) 

3=  (p--l)* 

[ 
mhcrc 

or ,,- (2+3)  p+ i=n .  (12.18). 

(12.17) gives bhe relation between X and 3 
(or ‘ p ) ,  It is in .> an  algebraic eqnation ‘of the 
4th degree, so to any pnir of viilucs X and R 

P 
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there are in general 4 different roots 3 satisfying 
(12.17): According to (12.18) 2 roots p correspond 
to each root 3 ;  so there are in general 8 different 
roots pn.  Substituting p k  in (12.16) we can solve 

ehmc equations for .the ratios - and we can 

calculate the displacement functions ( W j u ) k  cor- 
responding to this root pk 

U j k  

The general expression fo r  bhhese displacement 
functions is: 

I n  (12.19) thc coefficient of w,x is a known 
function of X and R. Now the 8 quantities ark 
have to be given such values that the 8 conditions 
a t  the ends of the cylinder are satisfied. The 
8 boundary conditions heing homogmeous equat- 
ions in thc U l k ,  instability will only occur if the 
determinant A, that can be formed out of the 
coefficients of these 8 linear equations ,119 meaix 
of (12,19), is equal to zero. A t  a given value of B 
the condition A = 0 will only he satisfied a t  parti- 
cular values of X ,  which ilre bhc huekling load 
parameters a t  these particular boundary conditions. 

Assuming the formula (12.15) for the displace- 
ment functions we are ahle to take account of any 
type ‘of ‘boundary conditions, so the assumption 
(12.15) indeed gives the gencral solnt.ion of our 
problem. 

12.3 The infinitely long cylinrler. 

The buckling load of a cylinder of finite length 
and arbitrary end conditions can he computed 
with t h e  method ,described in see. 12.2. However, 
its practical application requires lengt,hy cnlcul- 
ations. Usually, actual c y h d e r s  will have a length 
t.hat is a multiple of the diameter. In  this ease 
t,he effect of bhe particular end con’ditions upon 
‘the wave formation in the ecgtrc part. of the 
cylinder will ‘he very .mall, provided that the 
end frames are not weaker than the intermediate 
frames. ’Then a good approximation of the buckling 
load will he obtained by aswming thc cylinder to 
he infinitely long. Usually, the end frames will 
he stiffer than the normal frames, so the a,pproxi- 
mation will have the merit to be conservative. 

I n  general pk will he complex. We may put i t  
in the form 

PX = r, (cos y h  + i s in  y h ) .  

It appears from (12.18) that to each rwt 
-t,here will be a eonjugateh.root p =  l / p ;  therefore, 

pk = rk-I (cos 71 - i sin y ~ )  

and the general solution of (12.1.6) can hc written 
i n  the form 

.- 

- 

... - d 

k = l  
1\’jyZ= >: [ ( r k ” W j k  f r k - ” W j h )  cos V y k  I- , 

- + i (T’nojk - rk-vwjx) sin V ~ r J .  (12.20) 
. .. ‘ . 

With the infinitely long cylinder W j ,  should 
lie of t,he same order of magnitude as llij,, there- 
f o ~  r h  should be equal to uni ty .  and * 

~~ 1 

P% 
, .  >x=p,+ - - 2 = p , + p h - 2 =  

=-2 ( l - e e c h s y k )  (12.21) 

0 > 9 > - 4 .  (12.22) 

%ill he negative number hetween 0 and - 4 ,  

- 
Then from (12.18) we conelndo that p ,  ‘and  pk 

are eonjngat,ed complex nnmher! and thereupon 
from (12.16) that wjk/u,* and o ~ ~ / ~ , ~  are ,conjug- 
ated complex numhcm as well. 

. .  - _  

Henec we may write 

- _  --Ajn (1 + a & ) , . = = A j k  (l-cjki), (12.23). 
W aik 

A j h  and ajh being real nnmhers, following from 
tihc equations (12.16). Substituting t h s c  express- 
ions in (12.20) and nsing r, c 1 we obtain 

- 6 

k = i  
’ lVj ,  = t Ai, 1 (0,i + o,*) (cos v y ~  - n . j k  sin v y k )  + 

.- + ( C d , h - w , k )  ( a . j k C o s  Y y h  + Sill V y k )  ] . (12.24) 
- 

In this expression O,X and can be ahosen 
whitrarily. W,, shoiild be real, therefore U,k and 

u,n should he conjugated complex numbers and 
siubstituting this result in (12.23) and O ~ X  prove 
to he conjugated complex numhcrs as well. T.hiis, 
me obtain from (12.24), putting o,i + O,h = X r  

- 
., ,  , - 

- 
- 

;111d w,k - a , k  = p h i ,  

1, 

1;- I 
IVj ,  = X A j k  [ ( A n  - ~ j r w n )  COS vyn - 

- ( ~ ~ x X X  + P h )  sin V Y ~  . (12.25) 

The houndary conditions of the infinitely long 
cylinder do not impme additional rcqnircments 
upon the W j , ,  thereforc the Xr and p h  can be 
ehoscn arbitrtirily. Taking all A k  and wk equal to 
zero except one X we obtain one elementary case 
of Inckling 

lVj, =Ajrhk(cmvyk-ajxsin ~ y ~ ) .  (13.26) 
The  displacement.^ are repeated after yo  frame 

spacclngs, y o  C- [, whcre 5 is the smalle3t-integer 

milking y o  integer. The length ,v,$ could he c c m -  
sidered to he the wave length of thc buckled 
cylinder; this would be sound from the mat,hema- 
tical point of view. Mechanically, and with the 
a im to give a general picture of the way in which 
t:he cylinder hnckles, i t  is of more interest to 
define the .half-wave length by 

. I  

2 T  
Y k  

(12.27) T z=”lb=--zl. -.  
Y k  

This length is something like an average half-wave 
length and V L  is the average number of frames 
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comprised in this half-wave length. The relation 
hctween 3, y and v L  as given by (12.21) and 
(12.27) has been plottod in fig. 14. 

Fig. 14. 
' I b  mkrtiun botwnn t k  buckling form p+rmoters 5, y,  
and the mmul,or of f l smcs  in onc hdf-\\avo Icngth Y , .  

13 The critical load, 

13.1 Colunun f a i l w e  of stringers 

Thc left side of (12.17) gives tlic magnitudc of 
li rcqiiirod for a given 3 and X. The magnitude 
of K is undetermined if 

3 s i n X - 2  B Q R  (1-ccosX) =0,  
.I 

BQR 3 + 2 (1-eosX) --ssinX=O. 
X 

Solving thcse equations for X and 3 we find: 

From (12.21, 27) ive conclude = 1;  the half- 
wave length equals the framc spacing. The critical 
load corresponds to the smallest value of X satis- 
fying (13.1). lJhe relative 'torsional s t i f f n m  of 

the framcs provmg to hc the only stiffness affccG 
ing the critical load, the nodal lines of the waves 
coincidc with the frames; the stringers fail as 
columns hetween the frames, restrained by the 
torsional stiffness of the frames only. 

From (13.1) it follows that X 1 li. With B 9  
or R approaching zero X reaches its minimum 

X d "  = 71, (13.2) 

Iience hy tho use of 

kZ 
P' 

p = E t ,  - (X* + B,R) 

follows 

The smallest column load is ohtaincd €rom 
R=?L=O 

bcing the wellJknown formula for column failnre. 

13.2 Azially synainetn'cnl buckling, 

Sincc n=H= 0 (12.17) simplifies to  

(73.4) X2 1 sin X . 

Q' 
_=-- 

3 + X [ 3  + 2 (1-cosX) I 
The only structural parameter to  he of importance 
proves to he Q.  WE want to determine X,,,, for  
a given value of &. Equation (13.4), f (3 ,  X )  =0,  
holding for any 9, wc have 

af - af af ax 
a3 a 3  ax a3 
-_- +- -=o. 

ax 
a3 TiliercCore we may rccplace the condition -= 0 

by - = 0. Thus wc find af 
as 

The root, having the negative sign in the denomi- 
imtor, is real only for 3 < -4, so it falls outsidc 
tlic range (12.22), holding for the infinitcly long 
cylinder. The other root yields 

(13.6) VZ ( I - e m X )  
Q = X  

sin X 
x .  

(13.7) 9 + I/x sin X P= 
v2 ( I - cmX)  . 

In fig. 15 P ,  Q ,  3 and v1  have hccri plotted as 
functions of X .  For a given magnitude of Q we 
can. determine E and v l ,  immediately. With in- 
creasing- Q, vi decreases. .;-= 1, corresponding to  
column failnre of stiffeners, occuls at Q = 2  rr. 

The maximum effoct the frames can have is that 
they allow for column failure of the stringers only, 
the frames behaving as if they were completely 



fig. 15. 

lxinlly q m m e t r i d  buckling. Cuivea for the computation of tlav lluiiiiunhil buckling lmd P sud the numhr of frmtg 
in uno half-wwc Iciugth v , .  

rigid. This effcct is attained with Q = 2 T. Thcre- 
fore, it is of no use, a5 fa r  as axially symmetrical 
buckling is concerned, to increase the stiffness of 
the frames ovcr Q = 2 ?i. This means that in order 
to prevent general axially symmetrical instability 
the extensiondl stiffness of the frames should 
satisfy 

t ? /  '4xz T I " .  (13.8) 

From fig. 15 wc coneludc that the approximation 
of the critical load ( P m i , = 2 ) ,  givcn by the system 
with uniformly distribnted frames (see. 8.1),, is 
l k s  than 1 % in error for vi > 2. Therefore, two 
frames on the half-wave length is mechanically 
aequivalent to many frames. Only for < 1.5 
t,he critical load is affected appreciably (more 
t.han 5 %) 119 t,hc frame spacing. 

13.3 AshZl?, non-.sty"trieaZ bucklillg, 

13.3.1 Pmnies without torsional stiffness. 

Pntting B y  ='0 (12.17) simplifies t.0: 

. .  az 

- 9 9 2  - - (13.9) 9 sin X 
1- X 19 + 2 ( l - c m X ) ]  

The right sidc of this equation does not contain 
the structnral parameters. Calling i t  f (3, X) this 
fimction has been plotted in fig. 16 for various 
values of 9 between - 1.0 and - 4.0. 

The envelope of this family of curves, following 

from ' - af =0, yields equation (13.6) ; thcreforc, 

it represents axially symmetrical buckling. 
With a given strncture A, C, P and Q arc 

known quantities, let 'us suppase R to be known 
as well. Then we are ablc to compute the left 
side K of equation (13.9) for the value of 9 used 
i n  plotting fig. 16. From fig. 16 me take X as 
a function of 9 satisfying (13.9).  Plotting X 
agaimt 9 we can determine Xmi, graphically. 

. We supposed R to be known. In fact, R is un- 
knolvn and the eomputatiom should be repeated 
for several values of R in order to determine the 
cri~t~ieal condition.-.Fortunately, i t  is not necessary 
to consider several values of R and the whole 
range of values of 3, s i n e  the system with uni- 
formly distributed frames will gim a reliable 
picture of the mode of tbnckling in the eritieal 
condition. Determining No., Y,, by the method 
developed in see. 8.2 wc find the circumferential 
wave number from 

a3 

1 
nuz = __ (13.10) k N o '  

With a t i h e  n should be integer, so the mode of 
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buckling will he such that ?L is the integer most 
adjacent to no.  Thus we obtain R.  

Equating the half-wave length (12.27) to the 
half-wwe length with uniformly distribnted frames 
we find 

(13.11) 

Then we take from fig, 14 9, which will be a 
good approximation of 9. Choceing 3 values of 9 
near to 3, wc will cover the range in which 
X, , ,  lies. 

13.3.2 l'orsionully vigid frcmes. 

A direct. method to consider the effect.,.of B ,  
would involve very cumbersome calculations, since 
equation (12.17) cannot he split up in a left side 
not including X and a right side containing X 
and 9 only. The following method which is very 
straightforward indeed, proves to give an accurate 
approximation. 

Y Q. Y"Z = 2 
N" 

According t o  (12.5) 

prcssion (8.6) for the huekling load wikh dktr i -  
buted frames. 'From (8.6) i t  appears that  B, 
and B ,  affect the buckling load in the same wily; 
so the torsional rigidity of tlie frames may be 
added to that of the stringers. This knowledge 
will he our starting point in dealing with the 
critical load of the cylinder with equally spaced 
torsionally stiff frames. .Ad'ding tlie torsional 
stiffncss of the frames to that of the stringers 
and assuming the frames to have no torsional 
stiffne.%, we find h y  khe method developed 
in see. 13.3.1; thereupon P,,, is determined from 

This approximation, though generally less than 
1 o/. in error, may be used to find the correct 
result in the following way. 

Indicating the first approximation by the snffix 
( we Ihave 

Q 
X2." I n R 

Q + B, - = (F,%dL = PInLn=- 

K. 
N 

The term- oceiir's in the same way in the ex- 
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We may expect that Xmt. is quite clase to ( X m d 2 ;  
3 values of X in this region are used to eomputc 
t.he correct value. 

We can represent equation (12.17) in the form 

+ x,32 + 2,3 + x,= 0, (13.14) 
f (3 ,Xj  E 3' + 2,33 + 

where 

x 0  = C R'S, , 
x ~ = R ~ [ S , - C R ( A - - ' / , R )  S,+ CR*S,], 
x , = R ~ - R ( A - ~ / , R )  S I +  [ C R Z +  

r : , = - R ( A - ' / , R )  + S, + [CR'- 

and 

+ (Q-B'R)2]  S 2 - C R t ( A - 1 / c R )  S a ,  

- (& - " R 1  8 3 %  

sin X 
S,=2 ( l - c o s X ) - B ' P R  ~ 

X '  

X,,,, and t,he corresponding value of 3 should 
satisfy the equation (13.14) and the condition 

dX 
- =o, d3 

or (compare scc. 13.2) 

-- af - 433 + 3 s,3* + 2 2 9  + 
as - 

. . '  + z1 = 0. (13.15) 

From thcse two equations 3 can he eliminated. 
We can replace (13.14) by an equation of 'uhe 
third degree in 3 by the operation . : 

4 (13.14) - 3 (13.15) 3 
x,>~+ 2 2,3' + 3 x,3 + 4 zo = 0. (13.16) 

From (13.15) and (13.16) we come down i n  a 
similar way to  two quadratic equations, 

(I(X)'E2+32 + 2,3 + x,=O, (13.17) 
where 

qr = 8'2, - 32,*, 2, = 12 5, - 2 2,2, , 
xo = 16 xo - x,x, , 

and 
(4 zi - 3 2,2,)32 + 

+ ( 4 S 6 - 2 i Z , ~ , ) 3 - ~ , ~ , = 0 .  (13.18) 

From (13.17,18) we derive 
. .  ,... 

z,x,2 + X 6  (4 x5 - 3 2+*) 3= . (13.19) 
2 2,(& - .. 2,x.) ",(4 xi - 3 5+,) 

For an assumed value o f - X  we compute xl, 
z2... 5, and thereafter 3 from (13.19). These 
values of X and 3 do not satisfy (13.14,15) since 
in gencral the arsumed value of X will not be 
equal to  X,,,. Therefore, substituting these X 
and 3 in one of the equations (13.15 to 18) )they 
will not satisfy them. Computing now g(X)  from 
(13.17) for 3 values of X and plotting g ( X )  
against X we determine X=Xmi. from g(X)  = O  
lip interpolation. 

14 Notations. 

following, apart of a few of lwal importance, 

g ( X j  =z43* + 2,3 + 2, 
111 moment, frame load per radian 
4 force, 1 ,  I ,  

zo, ... 5, functions of X defined hy (13.14) 
z* , . . . xe> 3 3 , )  ,, ,, (13.17) 
P I ,  ... F 6 ,  GI, G, functions of 'P 

K = C R Z + -  R 
3 

To the notations listed in sec. 9 are added the 

( Q - F W  
€28 

1- - ( A - l / o R ) + -  3 2  

Q =P2k1s ' i r ,  structural purameter charac- 

fll - p' nz s'I. , buckling form parameter 
terizing frame spacing 

W l v  ... W,, (Wj") integration constants helong- 

X = PQ - B,R, load parameter 

argument of p, buckling form parameter, 
P 
Y 

defined ,by (12.21) 
S defined 'by (13.14) 
3 buckling form parameter, defined 'by 

(12.18) . 
between the frames and Y + 1 
avcrage number of frames per half-wave 
lengbb 

ing to the bay Y of the cylinder 

c( = (c- K.,+, nZ) ' ln  k-' 
= b a d  r\ 

Y suffix, indicating frame number; or hay 

" I  

P hueitling form parameter, defined by 
(12.1N 
% ~--, 

oi coefficient, defincd by (12.15) 
r modulus of p, ,buckling form parameter 
4. = (  ) v + - (  1 " -  

. ,. 
15 References. 
1 F 1 ii g g e, W.: 
- Ingwieur-Amliiv, Rb 3 (1932), 9. 4 9 7 4 0 1 .  

LIio StnbiLitiit der Kreiszylindemhale 

2 D s c h o u ,  D j i - D j i i t i n :  Die nruekfestigkeit v e ~  
shifter %ylirudrischon SeMm . - Luftfahrtfodung, 
Bd. 11 (1%.4), S. 22-34, 

3 T a y l o r ,  J. L.: TuIe stwbility of a monocque in 
cmnpreaion - Am. Res. oa" Rnports and Memo- 
rand@ Nr. 1,679 (19%). 

4 T a  y 1 0  I, J. L.: 
Aimwft &lginoeriIw, Val. 11 (1939), pg. 349, 350. 

Monmoque stability in mnprwion- 

Completed : October 1946. ._  . .  
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Appendix. 

2.45 

3.359 
0.628 

1.737 
- 1.642 

1.030 
2.902 

--.1.065 
- 1.605 

2.035 
- 0.623 

2.62 

0.1230 , 

Numerical example. 

A cylinder, radius a=150 em, frame spacing 
0 = 40 cm, is stiffened by stringers with open 
sect,ion and ,hy frames wit,h closed section. The 
st,ruct,ural parametin are.  

A z 2 . 4 3 ,  B,=O, B9=0.79, C=4.76, 
E', = 0.90, , Pp= 2.24; Q = 5.72, .- . 

K ,  = 0.370 X l P ,  s = 0.235. 

U n i f o n n l ~ ~  distributed frames. 

C l i m  I (see table, I) P,;.=2, 1,=53 em. This 
half-ware length hcing little move than the frame 
spachg, this case of huekling has to he recon- 
s i d e d .  

Clms V (see' table I) P,i, = 2.62, 1, = 1705 em. 

C l a s  I I I  As a first approximation of Yo we 
take Y, -C 'h  =2.18. Substituting it in (8.14) 
we obtain P, =1.125. The second approximation 
of Yo follows from (8.15): Y,=2.55, thereafter 
(8.14) is yielding P, = 1.120. 

The third approximation of Yo from (8.15) is 
again 2.55, so no Further calculation is required 
P,i.=1.12. We calculate N ,  from (8.7) : ' N o -  
6.15; therefore, n, = 5.2. 

However, a should be integer; the nearest in- 
teger heing 5, n will be 5, and N = 6.57. The cir- 
cumferential wave length being increased, the 
longitudinal wave length will decrease, so we COII- 
elude from (8.17) that Y will increase. We can 
determine P, for the given r d u e  of N from (8.8),  
so we would find Y,=2.67 and from (8.6) 
E'= 1.125. It is easier however to calculate P 
from (8.6) for a few adjacent values of Y. I n  
this wa.y we find : 

2.50 2.55 

3.437 3.508 
0.614 0.5985 
0.1218 0.1201 
1.697 1.654 

- 1.485 - 1.326 
0.714 0.376 
2.964 3.014 

-1,293 - 1.514 
- 1.378 - 1.136 

1.972 1.904 
- 2.09 - 5.00 
- 0.82 - 30.3 

I' 

P 

and we conclude that Y,=2.7 ,  yielding P,;,= 
1.125. 

2.55 2.75 ' 2.95 

1.126 1 1.125 I 1.128 

. .  

From (8.17) we calenlate the half-wive length 
l,, = 82 em. 

fi:qually spnced frames. 

Axially symmetrical buckling. For the 6' w e n  
value of Q we take from fig. 15 X-3.11, P =  
1.70, -1.225. So the half-wave length, l e  
49 em, is somewhat smaller than the half-wave 
length for uniformly distributed frames and the 
critical load is 15 % smaller. 

Axicinllv non-symmetrical buckling. 

The numher of circumferential waves is known 
from the system with distributed framcs, n = 5 

Q and N - 6.57, so R = - - 0.87 and the left side N -  
of (12.17 is) 

8.88 

1-- +- 
K = 3.63 + 

1.996 0.762 ' 

9 9 2  

Approximating y by means'of (13.11) and taking 
Yo=  2.7 

-~ 
y =  VY,R=1.53; 

hence, using. fisg. 14 9 - - 1.92. 

of 3, 9=--1.7; -2.0; -2.3, from fig. 16. 
Then we determine X for the adjacent values 

3 I - 1.7 1-2.0 I - 2.3 

I 

Plotting X against 3 we find (X,,,j,,)l =2.345 at  
9 = - 1.96. 

&lculating Pm," from (13.12) we get - 1.083. 
The half-wave leneth. followine fram 3=--1.96 ' 

hy means of fig. -14' a n d  (E%), is I ,  = 81 em 
( v i  = 2.025). 

.We shalfshow now how to determine the exact 
solution of our prohlem with the method developed 
in see. 13.3.2. 

From (13.13) we f ind  (Xml.),=2.49, so we 
make our ealpulations for  X r 2 . 4 5 ;  2.50; 2.55. 
Computing then S,, S , ,  S , ,  zo, x, ... x,, we find, 
from (13.191, 3 and thereafter, from (13.17), g ( X ) .  

Interpolating graphically we find g ( X )  = 
for X =  2.495, yielding 

X' 
9 Q 
~- - - =1.085 p m , .  



o i r  first approximation proves to be quite satis- 
factory. 

Comparing these results with those ohta.ined 
from bhe system with uniformly distributed frames 
we conclude that this latter system yields appro- 
ximately the correct wave length and a critical 
load that is about 4 % too large. 

is about 2 and the approximation 
given 'by the system with distributed frames is 
surprisingly good. We will consider a dil'ferent 
casc, characterized by,a smallcr d u e  V I .  Let UEI 
amlime the fra.nrc spacing to be 50 em instead of 
40 em, the structural parameters 'hciiig the same 
except Q whic,h is now 6.95. The system with dis: 
trihnted frames is not affected by this ohange; it 
will yield the same results as before. 

Ttlie critical load for column failure is, aceord- 
ing to (13.2), 

In this case 

7% P z ~ = 1.103. 
Q 

S 64 

Axially symmetriea.1 buckling will not occur since 
Q > 2 T. Now in the c u e  of axially non-symme- 
trical buckling II = 1.36 and the approximate cri- 
l.ieal value of y = 1.92, yielding 9 - - 2.69. So 
we determine X from the values of 9 =-2.3; 
-2.6; -3.0; -3.4, giving X = 2.90; 2.87; 
2.865, 2.92. 

The first approximation is (Xmt,Jl = 2.86; 
(P,,,.)l=1.035; >,=-2.90, 2,=77 em. From 
(13.13) we find (Xmt,),=3.01 and making the 
calculations for 3 values of X near to (XLnt,L)z we 
find Xmi, c 3.076; Pmcn = 1.054; 3 F - 2.71; 

= 1.625, 1 = 81.1 em. 
The 'difference hctmem the first, approximation 

of the critical load and its correct ma,giiitude is 
a.hout 2 % ; the ,differtrice hetween the critical 
load3 for uniformly distributed and equally spaced 
frames is even in this casc only 6 %. 

I 

. . ,  
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Diagrams of critical flutter speed for wings of 
a certain standard type 

Ir. A. 1. VAN DE VOOREN and Drs. J .  H. GREIDANUS 

Summary. 
In order to obtain a more complete knowledge of the influence of some structural parameters as wing 
density, positions of flexural and inertia axes. aerodynamic aileron balance, stiffness-ratio, etc., on the cri- 
tical flutter speed of wing-aileron systems, calculetions were made for a large nwnbcr -of cases in which 
these parameters we& varied systematically. This report gives a short review of the applied method, together 
with diagrams, containing the results of the cdculations. In these graphs the critical flutter speed i s  plotted 
against the stiffness ratio. A comparison of the diagrams reveals the infiuence of the parameters. T h e  
principal conclusions are listed in section 4. Some of the mast important are that, generally. the critical speed 
increases with increasing wimpdensity (if remna?ce frequencies are a m "  to be constant). with increas- 
ing aerodynamic aileron balance (see section 22). with increasing torsional stiffness and with increasing chord. 
For the wing wichhout aileron no flutter occurs when ('he flexural axis lies aft of the inertia axis, but for 
a wing with a statically balanced aileron. which can be deflected freely (antisymmetrical flutter). the cri- 
t ied speed nearly always decreases when the' flexural axis is shifted baakwards. 

Contents. 
1 Introduction. 
2 T h e  win'g-aileron model 

21 General shape. 
22 Aerodynamic assumptions. 
23 Values of the varied parametm.  
24 Modes of displacement. 
25 Structural damping. 

3 General method of solution. 
31 T h e  equations of motion. 
32 Divergence speed. 
33 T h e  aefodynamic &lance. 

41 General: 
42 Influence of wing density. 
43 Influence of position of flexural axis. 
44 Influence of pasition of inertia axis. 
45 Influence of aerodynamic aileron balance. 
46 In5Iuence of flexur-.! stiffness. 
47 Influence of torsional stiffness. 
48 Influencp of structura'l damping. 
49 Influence of wing chord. 

5 List of symbols. 
Figures 1-21. 

4 ' Results. 

1 Introduction. 
T,he calculation of the critical flutter speed of a 

wing-aileron system. as it can be performed on the 
basis of the aerodynamic theory of the oscillating 
aerofoil, is extremely laborious. Therefore i t  would 
he of the greatest importance if it were possible to 
give the results of these calculations once for all 
in such a systematical form, that the flutter speed 
of any wing of conventional construction could 
immediately be taken from 'these results. This is, 

however, impossible because the flutter speed de- 
pends on tm many variables.which in each case 
have their special values. Such a catalogue would 
show an almost unlimited extent: the compiling of i t  
would require an immense program of calculations. 

Nevertheless it is widely known that some cha- 
racteristics of the wing structure 'have a strong in- 
fluence on flutter speed and bhat in many cases it is 
possible to qualify a construction as "good" or 
"bad" wibh regard to the occurrence of flutter. 

Such a qualitative judgment, which in favourable 
cases may even quantitatively not be quite unsatis- 
factory, could be sharpened considerably if the re- 
sults of systematic calculations of a not too con- 
fined extent yere  available for simplified wing- 
aileron models. .which show a reasonable analogy 
with real systems. T o  obtain these results a pro- 
gram of investigation was composed, leading to 
diagrams for the flutter speed, which will be pu- 
blished in three reports. 

Tshis first report deals with the calculated flutter 
characteristics of some wing and wing-aileron mo- 
dek. of which the aileron can be deflected freely 
(antisymmetrical oscillations). For the complete 
range of investigation the reader is referred to 
section 23. T h e  second report will give the change 
of the flutter speed in consequence of certain small 
variations in the aileron construction, while the 
third report will contain diagrams. referring to a 
wing-aileron system of which the deflection of bhe 
aileron is influenced by a spring between wing and 
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aileron (symmetrical oscillations). To simplify the 
calculations the flexural stiffness. of the wing will 
be neglected in the last report. 

In what degree and with what numerical accu- 
racy this material will be useful for the examination 
of a real wing is difficult to predict, because too 
many influences play a part. In particular one has 
to await how far these-results, calculated for a 
wing. which is built in at the root. will agree with 
the symmetrical resp. antisymmetrical oscillations 
of a real aeroplane. It may, 'however be ex,pected 
that the influence of certain structural changes in 
the flutter speed can be deduced wih reasonable 
accuracy from the diagrams. . 

The flutter speed has been calculated chiefly 
according to the methods described in the N.L.L. 
reports V. 1252 and V. 1304 1 ) .  Only a first ap- 
proximation was worked out. which means that 
the modes of displacement were not improved by 
an iterative process. The  aerodynamic forces were 
introduced in accordance with the theory of Kuss- 
ner and Schwarz 2 ) .  

2 The wing,aileron model. 
21 General shape; 

The calculations were performed for a tapered 
wing, which, is rigidly fixed at the root. The tip 
chord amounts to of the root chord. All charac- 
teristic lines, i.e. the leading and trailing edges of 
the wing, the flexural and inertia axes, fihe leading 
edge of the aileron and the aileron hinge axis, are 
straight and have tlhe same point of intersection. 
Thus  E ,  a, 7 and E, are constant along the span 
( s .  fig. 1 and list of symbo1s;section 4 ) .  Like- 
wise ti. ic. ,iii and xi are constant 

Fig. I. Plan OF tapered wing-aileron model. I 

Both flexural and torsional wing. stiffness have 
been supposed .to be directly proportioiial to the 
third power of the chord. The aileron torsional stiff- 
ness is taken as infinitely large, whi1.e the bending 
of the aileron is determined by the fact, that the 
hinge axis has been con,sidered a's part of the wing. 

The aileron, which is completely statically ba- 
lanced, extencds from the section a t  y.= 6 to 
the wing tip and can 'be deflected freely without 
interference of any spring. The critical sbeed has 
,been calculated also for a wing of the same shape 

1) Published in V d  X,' resp: Vol. XI81 of the ..Verslagen en 
verhandelingcn van het Nationaal Luchtvaartlaborata- 
rium", Amsterdam. 

') Luitfahrttorschuag Val. 17 (1940), p.  337. 

but without aileron (,the wing completed with the 
area of the removed aileron). 

22 Aerodynamic assumptions. 
The aerodynamic forces are assumed to be in 

agreement wibh the limiting case wthen, h e r e  is no 
airflow through the gap Ijehveen wing and aileron 
(see Kiissner and Schwarz. loc. cit.). As it is 
known, the limiting value i i .--tO cannot be 
introduced consequently, owing to a term which 
would give a logarithmic infinity. Therefore 
it is necessary to assume a certain width of the 
gap, which must be substituted in the term men- 
tioned, while in all other terms the width of 
the gap is neglected. I t  can be shown that the 
value of the aerodynamic aileron balance a t  
o = O  depends on the supposed gap width (see 
section 33). To investigate ,the influence of the 
assumed value of the gap width, calculations were 
performed for two differem values of tke gap 
width, corresponding with two different values of 
the aerodynamic aileron balance. Attention must 
be paitd eo the fact that in 'this report a chanige 
in aerodynamic aileron balance always means 
that another value has 'been given to ,the width of 
the gap, hut that the position of the !hinge' axis 
remains unaltered. 

The value of the air density corresponds to the 
standard value a t  sea level , 

1 
8 

e=-kg  m-'sec?. 

23 Values of the varied parameters. 

given to the parameters E .  ~ + a  and : I :  

As basic variations the follc~wing va'lues were, 

F = -0.1 0,1 0,3 
:.+o = 0.1 0.3 . 0,5 

,u = 5 15 .30 

These values weie combined in all possible ways, 
so 27 different cases were investigated. The other. 
not varied parameters had the values: 

% = 0 , 6 ,  .i]=0,25, ~ ~ = 0 , 1 0  and &%?=0,05. 
C~lculations were made for two values (80'% 

and 62,4 %) of the aerodynamic aileron balance. 
Because E ,  is kept constant, this means that 
the width of the gap between wing and aileron 
has bken fixed on two different values (viz .  
7). =3,048.10-" and 17,=7,881 .IO-'). 

The  critical flutter speed has been plotted as 

a function of the stiffness ratio L =  - For 

the completeness of the diagrams, negative va- 
lues of 1,. which result f rom the calculations 
simultaneously with the positive values, but which 
have no physical meaning, have also been in- 
cluded. 

24 Modes of displacement. 
These were put  equal to the modes of displace- 

ment of the uncoulpled fundamental *oscillations of 
the wing in still ,air. They are illustrated in fi'gs. 

(1) 
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2a and 2lb and take the following values along 
the span: 

zI 0.4268 0,6039 0.7983 1 
$o, ~ 0,7921 1 0,9029 1 0.9745 I 1 

No chordwise oscillating motion is supposed to 
occur and each fore and af t  section is assumed 
to move as a rigid body. . 

Fig. Za. Fundamental Fig. Zb. Fundamental 
flexural mode torsional mode 

25 Structural damping. 
T'he structural 'dampin,g ,,was represented by 

giiving a ,phase lead to 'the elastic restoning force 
.in regard to the displacement. The phase leads 
were assumed (to 'be equally large for flexure and 
torsion and thus damping could be introduced in 
the calculations by the multiplication of all elastic 
terms with tthe same factor 1 + ih, wh,ere k is the 
a n g k  of lead (in radians). Besides the values 0 
and 0,l there were also given negative values to 
h (-0.1 and -0.05). which, especially in cases 
that are still s tabkfor  large reduced velocities V,. 
can give valuable information about the influence 
of the parameters on the flutter speed. For the 
significance of negative values.of the damping the 
reader is referred to report V.1304. 

It  sh'ould !be :born in, mind ohat, owing to #he fact 
that the aileron deflmection is not influenced by  a 
.spring and that it cannot .be bwisted. ohe motion of 
the aileron is not restricted by any direct damping. 

3 General method of solution. 
31 . The equations of motion. 

For the wing thes,e equations are obtained imme- 
diately, when the two conditions of equilibrium, 
mentioned hereunder, are applied to an infinitely 
narrow wing strip. 
lo The total of all forces, perpendicular to the 

wing plane, is zero. 

20 The  total of all moments about. the flexural 

With the usual symbols (see report V. 1304 and 
list of sy,mbols, section 4 of this paper) the equa- 
tions become 

m , , i +  m,? P, + ( B Z " )  'I= K 

axis is zero. 

. ,  

(1): 
m,,i+,m,,G - ( TVO'  = M + E I K - - N - - ~ J R  \ 

The aileron being torsionally rigid, the equation 
which determin'es the aileron deflection is obtained 
by equabing 'to zero bhe total 'moment of ?he com- 
plete .aileron about its hinge axis. Hence 

Introducing the ratio: 

(3 )  
1 
-= f 
ii 

all chords can be referred to the root chord 
( = Z i t ) ,  thus giving: 

m,, =pf ' ze /p  
mla  = - j i n f ' n  g 1;' 
m,, = j,~(.?+ 02) - / r ,  x , ? ! p n ~  
mi3= p , x , ? f * z e  1," 
B = B o p  
T = T o p  

( 4 )  \ 

According to report V. 1304 for a sinusoydal 
oscillation the aerodynamic forces fresp. moments) 
can be written in the following form: 
K =  m,vg{ a l lz  + 2aIl f lip + Za,,f/iy ( 
M+ i l K  - N -  r,,lR = m,+) 2 a9,f liz + 

N+ e ,  iR= tn,v*{ 2 aal f L z  + 
with m L = z g p i p  

The  a i k  are dimensionless, complex coefficients 
of the aerodynamic forces, which depend on 
w ,  7?, E and e,. Their values can be taken from 
the tables 1 and 2 of report V. 1304. 

As it is impossible to solve the equations ( 1 )  and 
( 2 )  exactly, the usual procedure is to derive from 
them approximate algdbraic equations. This is done 
by substituting: . , 

z=ijq,  e""z, ( y ) ,  p= p,ejVz p, (y), >,= q3e'"' ( 7 )  
where q,, q?. q3 are coefficients, which are be- 
forehand unknown, while z,(y) and p i ( y )  are the 
assumed modes of displacement of the wing., 
This  causes the appearance of errors -ex(y). 
~ , + , ( y )  and zN in the equations ( 1 )  and ( 2 ) .  T h e  
errors +(y) and e M ( y ) ,  which depend on the 
values, given to pi, q2 and q8, can vanish only 
when the functions 2% and $ol allow the con- 
struction of an.  exact solution. 

Two of the approximate algebraic equations 
are now obtained by multiplying -eK and E,+, with 
suitable 'weightfunctions and putting the integral 
(along the span) of the resulting product equal 

\ 

+4a, , f ' i i ?g?+4a , , f? i i '~ I  

+ 4 a,,Pi;z p + 4 a,,fs l ?  11 ( 
(5 )  



t o  zero. The  introduced weightfunctions are 
respectively 

and w ,  where tu=- ( 8 )  

The  third equation, for qt, q8 and q. is obtained 
by putting E ~ = O .  

Th.us the reduction from the equations of 
motion into algebraic equ'ations is not carried 
out according to the Galerkin method, in which 
rt and 9~ themselves are chosen as  weightfunc- 
tions. T h e  introduction of the weightfunctions (8)  
has, however, certain advantages, as it gives not 
only the exact solution ( v ,  qt q. and 4.) when 
the. real modes of displacement are .the same 
as the assumed ones, but also when the real 
modes are equal to the weightfunctions. There- 
fore, when the real modes do  not quite agree with 
ZL and pi and the weightfunctions show some 
resemblance to the real modes, (and this is the case 
for. th,e choice (8)  of the weightfunFtions) the me- 
th,od used here may give a better approximation 
dhan bhe IGalerlkin mesthod. 

The ter,ms in the' algebraic equations, resulting 
from rhe aerodynamic horces, were evaluated by 
means of a development in Taylor-series' to the 
reduced frequency, which varies 'along the. span 
in accordance with the variation of the chord. Only 
the constant, linear and quadratic terms of th'ese 
series are considered. For reference section was 
taken the fore and aft section at the middle of the 

aileron ( y = l b  and 1 = - [ ;  . 
?he set of homogeneous, algebraic equations has 

a solution only when its determinant is equal to 
zero. As th'e determinant is formed by complex 
elements, tbis 'conditions 'leads to tw,o equations. 
giving the stiffness-ratio, for which the system will 
produce a critical oscillation at the given value 
of V,, as well as the frequency of this oscil1,at'ion. 
Introducing the uncoupled resonance frequencies 
in still air, .vA and vB, a solution is found in 

which - IS a measure for the stiffness-ratio and 
' 8  

- for the frequency. T h e  determinant equation 
Y B  

being quadratic in Y, two values for - and for 
V B  

- are calculated, which may be complex indica- 
' B  ' 

ting that the system is stable. By 

I , 3w2-w7 
6 b 

a 

4 2 I )  

' A  . 
Y 

I ' A  

V 

( 9 )  

the critical speed. also dimensionless, was calcul- 
ated. 

32 Divergence speed. . ' 

The divergence speed can be found easily by re- 
placing the instationary aerodynamic forces by th'e 
stationary forces, which is carried out with the aid 
of the following limits: 

v 2  

li 0 
v 3 0 .  v,---+co. vVo--+-. v * C P , . f " - ~ O  

v 4  

the last three of which appear in the series of the 
aerodynamic forces. 

For the wing without aileron the divergence 
speed 'becomes infinite, when, the flexural axis lies 
before the quarter chord axis. 

33 The aerodynamic balance. 
Definition. W.h,en the aerodynamic balance for 
= 0 amounts to n %, this means thatsthe mo- 

ment of the aerodynam,ic forces, which is caused 
by a stationary aileron d,eflection, is (100-n). % of 
ehe aero'dynamic ,moment ebtaNined for an equally 
large deflecti,on *when th,e aileron hinge axis is 
shifted to the aileron nose. In both cases the wing 
is assumed to show no distortion, Le. r = O  and 
p=O. 

Thus the aerodynamic balance n is determined 
by the equation (for the aileron considered here 
is ~ ~ = 0 , 1 0  and n=0.25):  

or, with the aid of equation (5): 

W,hen the aerodynamic balance is given, it is 
possible to calculate from equation ('I 1 )  the width 
of the gap between wing and aileron. which has 

- to be substituted in that term of the aerodynamic 
forces, s'hawing the d'ogarithmic sinrgularity for 
vs=O,  If ti. represents the ratio of this gap to 
the whole chord, then it appears that: 

Aerodynamic balance 80 % : v,=3.048.10-" 
*, ,, 62.4 % :l l ,=7,8xi.~o-3 

4 Results. 
41 General. 

In the diagrams the critical flutter speed, reduced 
to a dimensionless form, is plotted against Uhe 
'stif fness-ratio 1. Calculated points are specially 
marked. Points which refer to the same damping 
are connected by drawn lines, while points ob- 
tained by fhe same values of reduced velocity Vn 
are connected by dotted lines. The numbers near 
the dotkd lines denote 8he reduced frequency w 
at the wing root. For negative values of the dam- 
ping h. both oscillations are unstable for small 
values of the velocity u. This is in,dicated by 
double-shading o'f Uhe boundary of the area. 
Sin,gle-shading ,means that one oscillation is un- 
s,table. Thus tlhe flutter speed is given by a line.. 
&ich is single-shaded at ehe upper side and not 
shaded at the lower side. 

In other diagrams ,the flutter speed is plotted 
as  a function of E ,  E + O  and p. 

42 Influence of wing density. 
When the wi,ng density increases and the reson- 

ance frequencies in still air are unvaried the 
criti,cal speed rises in most cases (fig. 1 1 .  18, 19). 



17) .  For small values of the wing density, an in-, 
crease in flexural stiffness (when v A < v E )  tends 
to raise the critical speed. For large values of the 
win'g (density tihere is on bhe conLrary a consider- 
able :fall in the flutter speed Hor increasing flexural 
stiffness, which bringqthe minimum again near to 
V* = Y 6  

47 Influence of torsional stiffness. 
It is nearly always favourable to increase the 

torsional stiffness as this results in an important 
rise of the flutter speed. (fig. 3/10, 14/17). Though 
very low values of the torsional stiffness ( va < y n )  

remove also the instability for a.wing with aileron 
this possibility cannot be realized in practice, un- 
less vn. i.e. the flexural stiffness is very large. 

48 Influence of structural damping. 
Tah'e structural damping always raises the cri- 

tical, speed 'because it absor:bs energy from the 
oscillation. It is not possible to give general indi- 
cations 'when the influence o,f the damping will be 
large and wihen, small. )Bur far the wing-aileron 
system with small aerodynamic balance (fig. 16. 
17), there ,are .large xanges of the sti,ffness-ratio for 
which the flutter speed raises considerably or may 
even become infinite, when there is same damping 
(so-called undangerous flutter). This is favoured 
by a large distance between the flexural and tlhe 
inermtia axis and by a large win'g 'density. 

49 Influence of wing chord. 
Wihen all other variables (wing density. reslon- 

ance ,frequenoies etc.) are kept constant, hhe cri-' 
tical speed increases linearly wjth the chord. 

5 List of symbols. 

For small values of ,the wing density there exists 
a minimum of critical speed. W,hen the wing den- 
sity is decreased still more, the critical speed in- 
creases very quickly. 

When instead of ,the resonance frequencies the 
stiffnesses are kept constant, the minimum critical 
speed is shifted towards very large values of the. 
wing density. 

43 
When the flexural axis is shifted backwards, 

t,he critical speed of the wing without aileron falls 
until this axis closely approaches the inertia axis 
(fig. 13). Then the critical speed increases quickly. 
which ultimately leads to  the complete vanishing 
of the instability. When the flexural axis lies aft 
of h e  inertia axis. no flutter occurs:An exception 
df tbis 'general rule, however. was f,ound. namely 
for large wing density. very backward position of 
both axes and small stiffness-ratio (fig. 8) .  

44 
For the wing without aileron the critical speed 

decreases when the inertia axis is located more 
backward (fig. 1 2 ) .  For the wing with aileron 
the position of the inertia axis has no pronounced 
influence ,on 'flutter s,peed. though .a small separ- 
ationi of the 'flexural and inertia axes .may cause 
an increase of the critical speed (fig. 18, 20). 

45 'Influence of aerodynamic aileron balance. 
The flutter speed falls with decreasing aer& 

dynamic balance (compare fig. 14, 15 with fig. 
16, 17). For ,large values of the aerodynamic ba,l- 
ance, the critical speed for the win,g-aileron- 
system (aileron completely statically balanced) is 
'higher than for tbe wing without aileron, except in 
those cases, in wihich the flexural and inertia axes 
are almost coinciding or in which tlhe flexural axis 
lies aft of the inertia axis. 

46 Influence .of flexural stiffness. 
Usually the flexural-resonance frequency vn is 

considerably lower bhan the torsional resonance 
frequency vg. Therefore an increase in '  flexural 
stiffness gives a .dimin,uti,on of the difference be- 
tween these frequencies. For ohe simple system of 
a wing without aileron the lowest value of the cri- 
tical speed occurs when both frequencies are 
nearly equal (fig. 3/10). T h u s  an increase of the 
flexural stiffness of a conventional wing tends to 
diminish the critical speed. 

For .wing-aileron systems, widh high aero- 
dynamic iba~lance the mini,mum in 'flutter s8peed 
occurs at 

Influence of position of flexural axis. 

Influence of position of inertia axis. 

Y ~ = = O . ~ Y ~  (fig. 14, 1 5 ) .  
Tmhis minimum is more pronounced for larger va- 
lues of the wing density. For flexural stiffnesses 
higher than the one for which the minimum occurs, 
the critical speed ,increases rapidly. For vA=vB the 
instability has vanished. 

For wing-aileron systems with low aerodynamic 
balance, the influence of the flexural stiffness de- 
pends very much on 'the wing density (fig. 16, 

Y 

z 

cp 

Y 

2 1  
2 1, 

f 
E l  

a 1  

E1 1 

x l  

x i 1  

'I 

coordinate along the span, measured 
from and perpendicular to the root 
chord. 
displacement of point of flexural axis 
normal to the wing (upwards positive) 
angle of twist of the wing (positive 
when trailing edge moves downwards) 
aileron deflection (downward deflec- 
tion positive) 
chord . 
root chord : 

1 
l i  

=- 

,distance of flexural axis aft of quarter 
chord axis 
distance of inertia axis (wing +aileron) 
aft of flexural axis 
distance of aileron hinge axis abt of 
aileron leading edge 
radius of gyration (wingtaileron) 
about inertia axis 
radius of gyration (aileron) about 
aileron hinge axis 
ratio of aileron chord to total chbrd 
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V 6  

7 s  ratio of gap .between wing and aileron 
to total chord 

e air density 
p n e I? mass ,of wing + aileron per unit span 
pt z e 11 mass of aileron per unit span 
m , = x p P  mass of the air 'per  unit span in the 

cylinder round wing + aileron 
.b semi-span 

Y 
- b  
- _  W 

- B  
BO 

T 
T" 

'd 

V 

flexural stiffness of the wing 
flexural stiffness of *the wing at the 
root 
torsional stiffness of the wing 
torsional stiffness .of the wing a t  hhe 
root 
uncoupled flexural resonance frequency 
in still air 
,uncoupled torsional resonance frequen- 
cy in still air 
frequency of critical oscillamtion 

stiitness-ratio 

v .  airspeed 
Ucrit  critical flutter speed 

VO 

0 

T 

n 
h 

4s 

K 

M 

R 

N 

reduced velocity at the reference sec- 
tion y - t b  
reduced ,frequency at the wing root 
I 1 1  

E ~ .  E,,,. cN errors of the equations of motion, when 
the assumed modes of displacements 
z1 and pt are substituted 

a i k  complex aerodynamic coefficients 

time 
aerodynamic balance of aileron . ( in%).  
structural damping (angle by which dhe 
elastic flexural or torsional :moments 
lead the displacements) 
amplitude of flexural, resp. torsional, 
resp. aileron oscillation 
total aerodynamic force of wing + aile- 
ron per unit span (positive upwards) 
total aerodynamic moment of wing+ 
aileron per uni t  span about the quarted 
chord axis (positive if it tends to increase 
the angle of incidence) 
aerodynamic force of aileron per unit 
span (.positive upwards) 
aerodynamic moment of aileron per unit 
span about the aileron nose (positive 
if it tends to increase the aileron de- 
flection) 
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Opgemerkt zij. dat slechts beschouwd wordt ,&et 
gedeelte van de landing voor het punt waar het 
vliegtuig den grond raakt. dus het .,afvangen”, 
en we1 in het bijzonder de roeruitslagen, die voor 

koorde voorstelt en c m ( u )  den momentencoeffi- 
cient van het vliegtuig zonder horizontale staart- 
vlakken. Het laatstgenoemde moment wordt met 
goede benadering voorgesteld door: 

Mh==*g V h z f l C n  (ah,B).  ( 5 )  het uitvoeren.van deze beweging noodig zijn, ter- 
wijl verder verondersteld wordt. dat de landing 
wordt uitgevoerd van een gegeven stationnairen 
vliegtoestand in zweefvlucht uit. 

Hierin is Oh de snelheid en ( l h  de  invalshoek 
van de strooming ter plaatse van de staartvlak- 

De gegeven benaderingsmebhode is opgebouwd . 
op de, veronderstelling. dat van het vliegtuig, be- 
halve de belangrijkste constructiegegevens beken:d 
ziin : het verlooo van c. en c,,, met‘den invalshoek ’’ . .  e; de stuurstanhslijnen voor zweefvlucht, voor de 
vliegtuigtoestanden (met name t.a.v. klepstanden 
en zwaartepuntsliggingen). waarvoor men de be- 
.rekeningen omtrent de landin,g wenscht uit te voe- 
ren. Ook wordt als gegeven beschouwd de normaal- 
krachtc&fficient van de horizontale staartvlakken 
als functie van den invalshoek van $et staartvlak 
en den roerhoek. Aangezien het afvangen, vooral 
wat het laatste gedeelte van deze manoeuvre be- 
treft, zich afspeelt op zeer geringen afstand van den 
grond, is er bij her opstellen van deze methode 
rekening mee gehouden, dat men den invloed daar- 
van op de bovengenoemde grootheden, die als ge- 
geven worden ‘beschouwd. kan invoeren. 

. 

02 De bewegingsvergelijkingen. 
02.1 Algemeen. 

De vergelijkingen, die de symmetrische beweging 
van een vliegtuig in zweefvlucht beschrijven, kun- 
nen, wanneer d,e schroeftrek wordt verwaarloosd, 
in den volgenden vorm worden geschreven: 

( 1 )  
G .  
- v p = +  g V’C.  F - Gcos p, 
f7 

BCJ-M.  (3)  
Hierin stellen. naast de .algemeen beken.de no- 

taties (zie IO), voor: 
B ~ het.traagheidsmoment van ,bet vliegtuig om de 

dwarsas, 
0 de standhoek van het vliegtuig ‘(betrokken op 

de vleugelkoorde) en 
M ,bet moment van alle luchtkrachten om de 

,dwarsas. positief gerekend in staartlastigen 
zin. 

Voor de richting waarin de verschillende hoe: 
ken positief worden gerekend. wordt verwezen 
naar fig. 1. Het moment M in de  3e hewegings- 
vergelijking kan, men zich voorstellen te zijn opge- 
bouwd uit het moment van de luchtkrachten op het 
geheele vliegtuig, echter zonder horizontale staart- 
vlakken. en het moment van de luchtkrachten op 
d e .  horizontale staartvlakken. 

Het kerstgenoemde moment wordt voorgesteld 
.door: 

waarin t ,  de grootste of de gemiddelde vleugel- 

. .  

M ,  = 4 g v’F t , ~ ,  ( ( 1 )  , , (4) 

Fig. 1. Richtingen en hoeken t.0.v. het vliegtllig 

I De normaalkrachtcoefficient van de staart- 
vlakken c.  kan in het algemeen weergegeven 
worden als functie van den invalshoek aan het 
stabilo uh en van den roerhoek ,4 (t.0.v. her sta- 
bile) door: 

waarin c,  en c2 binnen ruime grenzen van Oh en 
p’ constanten zijn I ) .  Opgemerkt wordt, aa t ,  ge- 
zien de keufe van de  positieve richtingen voor 
M ,  u en p. de waarden van c, en c1 negatief 
zullen zijn. 

De invalshoek a van den vleugel wordt gere- 
kend t.0.v. de  lijn voor draagkracht nul, welke 
een hoek & maakt met de vleugelkoorde. De in- 
valshoek Oh aan het stabilo wordt, wanneer de 
vliegtoestand stationnair is, bepaald door den 
instelhoek a van het stabilo t.0.v. de  vleugel- 
koorde. door den invalshoek van den vleugel 
a,  door den bovengenoemden hoek & . e n  door 
den neerstroomingshoek E ,  welke kan worden 
ingevoerd door middel van den neerstroomfactor 

d a  
- en dus ook x kunnen met goede benadering d a  ,. 
voor een bepaald vliegtuig en bij een bepaalden 
klepstand als constant worden beschouwd. 

De invalshoek ah in stationnaire vlucht kan 
dan weergegeven worden door (zie fig. 1): 

(8 )  a h =  x a + a  - ti. 
De snelheid van de lucht t.0.v. de staartvlakken, 

u,,. zal tengevolge van beinvloeding door vleugel 
en romp kleiner zijn dan de snelheid u van ,bet vlieg- 

’) Hierop wordt onder 05.4 nader teruggckomen. 
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tuig t.0.v. de ongestoorde lucht: V h  wordt daarom 
uitgedrukt als 

vh= '1 v .  ( 9 )  
Wanneer, zooals bij het uitvoeren van de lan- 

ding het geval is. de vliegtoestand niet stationnair 
is, treedt een rotatiesnelheid 6 om de dwarsas 
op. waarmede ook een verandering van den in- 
valshoek a met snelheid u gepaard gaat. Hier- 
d,mr ontstaat een ,dempend moment. Verreweg het 
grootste gedeelte van dit dempend moment zal op- 
gewekt worden door de staartvlakken. Zooals b.v. 
uit lit. 1 blijkt mag men met voor chet hier gestelde 
doe1 voldoende benadering. den invloed van 
v1,eugel en romp in het dempend moment invoeren 
als een procentueele toeslag op het dempend mo- 
ment van de staartvlakken. O p  grond van laatst- 
genoemde literatuur, waar voor het aandeel van 
den vleugel in het totale dempend moment circa 
10% van her dempend moment der staartvlakken 
wordt opgegeven, wordt hier om het totale dem- 
pend moment van vleugel en romp in te voeren, 
een toeslag van 20% gelegd op het dempend mo- 
ment van de staartvlakken allken. 

Laatstgenoemd moment nu kan als volgt wprden 
berekend. 

Het ,dempen,d moment ontstaat door de ver- 
grwting van den invalshoek aan de staartvlakken 
t.g.v. de rotatie. Deze invalshoekvergrooting kan 
worden weergegeven door: 

waarin l de ,afstand van het zwaartepunt tot het 
drukpunt van de staartvlakken voorstelt. 

l d  De eerste term van ( I O )  - ontstaat. zooals 

direct is in te zien, rechtstreeks door de rotatiesnel- 
heid 6 om de dwarsas. 

De tweede term is een gevolg van de  verande- 
ring van de neerstrooming door de verandering 
van den invaldhoek. De neerstroomingshoek ter 
plaatse van de  staartvlakken veran'dert evenwel 
niet onmiddellijk met den invalshoek: er is een 
soort t1aaghei.d in het spel. De verandering t.g.v. 
-een invalvhoekveran,dering kan nu in eerste bena- 
dering (zie lit 1 ) worden bepaald door te veronder- 
stellen. dat de neerstrooming ter plaatse'van de 
staartvlakken op een bepaald oogenblik word't be- 
paald door den invalshoek van den vleugel toen 
deze zich t.0.v. de ongestoorde lucht op de plaats 
van de  staartvlakken mbevond, d.w.z. een tijd I / v  
v66r het oogenhlik. waarop men de neerstrooming 
wil berekenen. 

De invalshoek van den vleugel was op dien 

.tijd een bedrag - (I kleiner: d e  neerstroomings- 

.hock e is dus op het oogenblik waarvoor men 

.den neerstroomingshoek aan de staartvlakken 

:berekent een bedrag - u - kleiner dan de hoek. 

.die bij de waarde van a op het oogenblik van .  be- 

.rekening behoort. De invalshoek aan de staart- 

11 v 

I .  
v 

d e .  I 
d a  v 

vlakken is dus op een bepaald oogenblik in totaal 

een bedrag - (; + dJ; a) grooter dan ,  die, welke 

behoort bij den invalshoek a op dat oogenblik 
wanneer Been rotatie zou optreden. 

De totale waarde van den invalshoek aan de 
staartvlakken tijdens de niet-stationnaire beweging 
wordt dus gegeven door 

I 6  d r .  

Het totale moment van de staartvlakken tijdens 
de niet-stationnaire beweging kan. volgens ( 5 ) .  
(6)') en ( 1  1 ) nu geschreven worden als 

M h =  4 ? T I *  v'f I [c,(x a + a - E )  +cap]  + 
V 

De laatste term in deze uitdrukking stelt het 
dempend moment der staartvlakken voor. 

Zwa l s  reeds eerder is uiteengezet, wordt nu in 
het vervolg voor het dempend moment van het ge- 
heele vliegtuig ingevoerd de waarde van het dem- 
pend moment der staartvlakken vermeerderd met 
20%. Men kan dan voor het totale moment M 
van de luchtkrachten tijdens de niet-stationnaire 
beweging volgens (4) .  (5) en (12) schrijven 

M = i 0 V ?  F t ,  C,(CI) fl_'c,(xa + 0- a )  + I F t " )  

Beschouwt men nu een stationnaire vlucht met 
invalshoek a x = a  dan behoort daarbij een roer- 
hoek ir., welke bepaald wordt door 

O=c,( a )  4.112- f l  c,( x a  +(I - E )  + c a p  I. (14)  
F t , ,  

zoodat hiermede L ( u )  uitgedrukt kan worden 
als functie van n en den daarbij in stationnaire 
vlucht behoorenden roerhoek p. 

Vergelijking (13) geeft met (14)  

zoodat bewegingsvergelijking (3)  geschreven kan 
worden: 

(fl-p) stelt dus voor den ,,extra"-roeruitslag, die 
men tijdens de niet-stationnaire beweging (i.c. het 
afvangen) op een bepaald oogenblik noodig 'heeft 
boven den roeruitslag, die in stationnaire vlucht 
behoort bij eenzelfden invalshoek als die. welke 
op dat bepaalde oogenhlik tijdens het afvangen op- 
treedt. 

O m  dus den grootsten roeruitslag te vinden, dien 
men voor her landen noodig heeft, moet men 'het 
verschil ( B - 8 ' )  als functie van a bepalen: kent . 
men nu het verband p ( a ) d a n  kan hieruit de groot- 
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, te nemen tusschen deze laatste c.-waarde 
en de c..waarde (zonder grondinvloed) bij 

. . den invalshoek a. (toestand waarbij de af- 
vangmanoeuvre wordt begonneo) . Een bete- 
re benadering kan men verkrijgen door eerst 
de berekenin’g ui t  te voeren met de op de 
hierboven bcschreven wijze bepaalde gege- 
vens. !Met het hiermede verkregen baanver- 
loop t.0.V. .den grond. kan daarna door in 
rekening Nbren’gen van den op  ieder punt.van 
die baan te verwachten grondinvloed, de c.- 
kromme gecorrigeerd w,orden en hiermede een 
2e benadering worden uitgevoerd. ,Het is nog 
van ‘belang te vermelden, ,dat men. zooals uit 
het vervolg van de berekeningen blijkt, door 
verwaarloozing van den grondinvloed op c. 
in het algemeen iets te groote waarden voor 
de noodige .roeruitslagen zal vinden: men re- 
kent dus aan den veiligen kant. 

x 

ste absolute waarde van het yerband D ( n )  tijdens 
het landen, d.w.2. de grootste benoodigde roer- 
uitslag. worden bepaald. 

02.2 Vereenvoudiging van de bewegingsverge- 
lqkingen. 

De in her vorengaande aangegeven bewegings- 
vergelijkingen luiden 

en 

- .  . 
. .  + c * ( P - P ) .  (16) 

Voor het vervolg zal het noodig zijn de be- 
wegingsvergelijkingen ( I )  en ( 2 )  te vereenvou- 
digen en we1 als volgt: 

l o  Bij het landen treden betrekkelijk kleine waar- 
den van q op; de baanhoek IS het grootst 
bij het begin van het afvangen. doch heeft 
dan in de meeste gevallen nog een zoodanige 
waarde. dat cos p circa 0.99 of meer be- 
draagt. In de vergelijkingen ( 1 )  en (2)  wordt 
daarom cos q = l  en sin p=q gesteld. 

20 Er wordt verondersteld, dat met gwde  be- 
nadening mag worden geschreven 

I Weliswaar vertoont de  c.-a-kromme veela 
een, afwijking van lhet lineaire verband in het 
gebied van de groote invalshocken, imaar de 
berekeningen, d,ie in dit rapport over het lan- 
den gegeven zullen wonden. strehken zich 
uit over een beperkt gebied van invalshoeken, 
n.1. van den invalshoek aa in de stationnaire 
zweefvluc.ht, voorafgaande aan de  landing, 
wdke  reeds betrekkelijk groot is. tot ten 
hoogste de kritische waarde ak,. In dit ge- 
bied kan men het verloop van ca met n be- 
naderen door een rechte, welke dan niet 
behoeft samen te vallen met de  rechte, welke 
c.(u) bij de kleinere invalshoeken weergeeft. 
Op deze wijze kan in het gebied a,<u<u,, 
in vrijwel alle gevallen met voor het hier 
gestelde doel voldoende benadering ca war- 
den weergegeven als een lineaire functie 
van a. De invalshoek ‘1 t.0.v. de ,,draag- 
kracht-nullijn” moet dan ook gemeten worden 
t.0.v. de ..fictieve” draagkracht-nullijn, die 
gevonden wordt door extrapolatie van het 
lineaire verband tot c.=O. Een en ander 
wordt in fig. 2 nader toegelicht. 

. . hd ien  men ‘beschikt over gegevens omtrent 
den grondinvloed op de c.-waarde kan men 
dezen invloed ,lbij lbenadering in rekening 
brengen door de  c,-waarde bij den invals- 
hoek op het oogenlblik van landen te bepalen 
en dan een lineair verlocp van c, met  a aan 

I 

: c, 

Fig. 2. Vereenvoudiging van het verband ~ ( a )  enc,(a). 

30 Voorts wocdt ter vereenvoudiging van de  
vergelijkingen gesteld 

c - - - a + ~ , ~ = c ~ ’ a + ~ m , .  d c, (18) 
“ - d a  

Hiervoor gelden dezelfde overwegingen a l s  
hierboven voor c.(u) gegeven. In het gebied 
u,<u<ak, kan cm(n)  met voor het hier ge- 
stelde doel voldoende benadering door een 
lineair verband worden voorgesteld. De waar- 
de cw, is dan de waarde, die gevonden wordt 
door extrapolatie van dit lineaire verband 
tot den invalshoek, waarvoor bij extrapolatie 
van het lineaire verband & ( a ) .  c.=0 is (zie 
fig. 2) .  

Uit het hierna onder 07 te geven uitgewerkte 
voorbeeld blijkt, dat  voor het gebied uo<a<ak, 
de lineaire benaderingen voor ca en c, procen- 
tueel slechts kleine verschillen van de werkelijke 
ca- en c,-waarden opleveren. mede omdat in het 
beschouwde gebied C. en c, (de  laatste met name 
voor het geval van geopende landingskleppen) 
groot zijn. Het verdient, teneinde de benadering 
beter te maken, aanbeveling voor cw waarden in 
te voeren. die berekend zijn met inachtname van 
de  negatieve trekkracht van de, bij gesloten gas- 
klep in stationnaire vlucht werkende, schroeven. 
De invloed van de nabijheid van den grond op  
de c,-waarden, kan op dezelfde wijze als hier- 
boven voor de c.-waarden is aangegeven, in 



rekening worden gebracht. Zooals uit het ver- 
volg van d e  berekening zal blijken. heeft het 
verwaarloozen van den grondinvloed op de cw- 
waarden ten gevolge, dat  de  herekende roeruit- 
slagen iets te groot zullen zijn: men rekent dus 
aan den veiligen kant. 

- n  ps" 

Fig. 3. Taelichting o p  de notaties ./&- 
van de hoeken (1, @ en q. 

Beschrijft men nu den stationnairen vliegtoe- 
stand voor fhet ,.afvangen" door de kenmerkende 
grootheden a, q, v van een index 0 te voor- 
zien (zie fig. 3 ) .  dan 'kan men op grond van bo- 
vengenoemde 3, verontderstellingen de bewegings- 
vergelijkingen ( 1 )  en ( 2 )  als volgt vereenvou- 
di'gen. 

De eerste 'bewegingsvergelijking 

G .  
- v q  = 4 ,o F cs' v2n - G , 
B 

Wanneer  men in het 2de 'lid voor G invoert 

G=+,ov02Fc. 'n, ,  ( 1 9 )  
.dan ontstaat 

F 
G vcp =;f pg - ca'( v?a - uo3 <I , ) .  ( 2 0 )  

Verder kan uit , deze vierkantsvergelijking u 
worden opgelost: 

1 F a  
+ F  ~l/+ + (e  scca,) v 0 ~ i l o n  . (21  ) 

e g  c., a 

De woctel met het negatieve teeken levert, 
looals een beschouwing voor het tijdstip t = O  
.waarvoor q = O  en a = a o  leert. een negatieve 
.waarde voor de  snelheid v ,  zoodat deze wortel 
buiten beschouwing kan blijven. 

Een eenvoudige schatting, wel,ke ook .door het 
uitgewerkte voorbeeld onder 07 wordt bevestigd. 
toont aan dat tijdens de geheele landingsmanoeu- 

vre q2 zeer klein is t.0.v. pg-c.' vogaon,  zoo- 

dat (21)  met goede benadering vervangen mag 
worden door  

i : Y 

De t,weede bewegingsvergelijking 
- 
ti. 
B 
- v = -  G sin pi-+ ,ovlc,F ( 2 )  

kan op grond van de ingevoerde vereenvoudigin- 
gen geschreven worden: 

F 
u =-gcp -1 Q g c ( c w ' n  + C " , u ) . ~ z  . (23)  

In deze vergelijking wordt voor u de  waarde 

ingevoerd, volgens (22 ) .  Daar echter 
r .  e g c  ca' a 

wordt in'de uitdrukking voor klein is t.0.v. uo 
n 

v' de term ( )? verwaarloosd. 
e g G c e ' a  

Aldus verkrijgt men voor (23) 

F F a0 

G G ,I 
v =  - g q - 4 Q g - C C . ( V o ' n o  - 4 pg - CWu v 2 -  - 

Recapituleerende zijn in het bovenstaande 'de be- 
wegingsvergelitkingen ( 1 )  en ( 2 )  door de 'bespro- 
ken vereenvondigingen gebradht in den vorm. 
welke men . wanneer gesteld n w d t  

waarin / I  de dimensie m-I heeft, kan schrijven: 

AIS derde bewegingsvergelijking .komt hierbij 
(16), terwijl de in deze drie Svergelivkingen voor- 
komende grootheden 0. a en q verbonden zijn 
door de 'betrekking (zie ,fig. 1 )  

waaruit ook een overeemkomstige betrekking voor 
de eerste en tweede afgeleiden van,deze groothe- 
den naar d,en, tijd volgt. 

0 = a ' + p ; .  (28) 

03 

03.1 Bespreking van de methode. 
In principe lgeven de 'bewegimgsvergelijkingen 

of de .daaruit ,door vereenvoudiging afgeleide be- 
trekkingen de mogelijkheid den henoodigden ex- 
tra 'roeruitslag (! - p)  te berekenen, waaruit. 
wanneer de stuurstandslijnen in stationnaire vludht 
.voor het betreffende viiegtuigtype bekend zijn. de 

D e  benaderingsmethode voor de berekening 
van de vereischte roeruitslagen. 
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voor-bet afvangen benoodigde roeruitslag p kan 
worden bepaald. 

De bewegingsvergelijkingen bevatten 5 veran- 
derlijken. a. cp* 0 ,  0 en u als functie van den 
tijd t ,  welke door de.4 betrekkingen (26) .  (27) .  
(28) en (16)  verbonden zijn. 

In! het algemeen wordt bij het berekenen 'van 
vliegtuiglbewegingen .u'itgega,an wan een bepaald 
verband 0 ( t ) ; .  dat door de stuurbeweging 'van 
den vlieger wordt vastgelegd. zoodat dan de 4 
veranderlijken u.  p. 0 en u als functie van t 
met behulp van de 4 vergelitkingen kunnen wor- 
den bepaald. 

$1. het nu besch,ou:wde geval, waar ' gev raqd  
wordt het ver'band p ( t )  voor het afvangen te%e- 
palen, moet een der andere veranderlijken, als 
functie van ,den tijd, gegeven zijn. en we1 'zoo, dat 
deze functie uitdrukt. da t  .,gelan'd" wordt. 

,Men IOU 'hiervoor b.v. het verband p ( t )  kun- 
nen ,kiezen, a.w.z. wastleggen' hoe de baanhoek 
tijdens het afvangen met 'den tijd zou moeten ver- 
anderen. In principe zou dan het verband B ( t )  
bepaald kunnen worden. 

Een dergelijke wijze van 'werken stuit echter 
op verschillen,de bezwaren. 

.Het is in de .eerste 'plaats ,moeilijk bet venband 
tusschen een der grootheden a. 9' of 0 met den 
tijd vmr het landen van een bepaald vliegtuigtype 
aan te geven, omdat )men .den totalen .duur van 
de afvangmanoeuvre tevoren niet kan vastleggen. 
'Deze.duur wordt n.1. in eerste instantie bepaald 
door de voorwaarde d\at de snelheid. welkeibij het 
begin van het afvangen gelijk is aan de snelheid 
in stationnaire zweefvlucht. aan lhet einde van de  
afvangmano,euvre nagenoeg gelijk ,meet zijn aan 
de minimale snelsheid. 

Men ,kan* ,derhalv,e dezen tijld niet zonder meer 
'voorschrijven: hij moet uit het prdleem zel'f vol- 
gen. 

Een tweede bezwaar. dat zich bij deze wijze van 
behandelen voordoet. wordt veroorzaakt door de 
moeilijkheden, waarop men bij het geven van een 
oplossing, in algemeenen en voor de praktijk bruck- 
,baren vorm, stuit; wanneer men uitgaat van een te- 
voren vastgelegde functie a ( t ) ,  p(t) of@(t). 

Deze bezwaren Jhebben er toe geleid, dsat een 
methode ontwikke1.d is, die 'de geG;aagde roerhoe- 
ken met vol,doende b,enadering geeft en de age- 
noemde bezwaren ,vermijdt; de gedachtengang, die 
hieraan ten grondslag ligt. is in bet volgende weer- 
g egeven . 

Noemt men den totalen duur van de afvang- 
manoeuvre t .  ( t = O  is het oogenblik. waarop 
tijdens de stationnaire zweefvlucht met afvan- 
gen wordt begonnen en t - t a  het oogenblik. 
waarop het vliegtuig den grond raakt (zie fig. 3 )  ) 
dan kan ,men voor verschillende groobheden tevo- 
ren aangeven. welke waar,den zij op het oogenblik 
t = 0 en t =  t. zullen moeten hebben. Zoo zullen 
b.v. ten tijde t = O  de grootheden (1, p en 0 d e  
waarden uo:po en  0, hebben, behoorende bij de  
-stationnaire zweefvlucht. Ten  tijde t = t .  aal voor 
een goede landing q = O  of-nagenoeg nul'zijn. 
terwijl u afhankelijk van het type landing (staart- 
1anding:of wiellanding), dat men beschouwt. b.v. 

ten naasten bij de waarde utiil zal hebben of 
de waarde van a overeenkomende met den hori- 
zontaleu stand op hoofdwielen en neuswiel. Men 
kan nu het verband tusschen een der groothe- 

den u, 9' of Q en den relatieven tijd y = - voor- 

schrijven. zoodanig dat  aan  de bekende begin- 
en eindvoorwaarden is voldaan. 

Men legt op deze wijze n.iet den, duur van de 
af,vangmanoeuvre vast, maar kan we1 een voor 
de landing redelijk verloop 'van de grootheid ge- 
durende :het afvangen voorschrijven. Legt men op  
de ,bovenlhesdhreven wijze nu voor twee groorihe- 
den het verband met y vast. dus b.v. a s a ( p )  

en p ~ q ( y ) .  waarin y = - ,  dan heeftmeneigen- 

lijk, aangezien het geheele probleem slechts 1 
.onafhankelijk veranderlijke ,bevat. 1 veranderlijke te 
veel vastgelegd. zij het dan  op een constante 
t .  na. Men mag dan ook niet verwachten, dat  
bij invoering van de functies u ( y )  en ~ ( y )  (en 
een bepaalde waarde van t.) in de bewegings- 
vergelijkingen of in de  daaruit afgeleide verge- 
lijkingen (26) en (27) .  deze voor ieder punt  van 
de  baan.in een identiteit zullen, overgaan. 

Men kan nu echter de waarde van t .  zoo- 
dauig 'bepalen, dat bij benadering aan de bewe- 
gingsvergelijkingen wordt voldaan en we1 als 

Vergelijking (27) stelt bij gegeven u ( p )  en 
p ( y )  in staat in een bepaald punt'van de baan 
( y , )  de snelheid vy,, te bepalen op een constante 
t .  na. Vergelijking (26)  levert echter. bij gegeven 
~ ( y )  en 9 ( y )  - eveneens op  de constante t .  na - 
de waarde van de snelheid uy, in datzelfde punt. 
Gelijkstelling van beide uitdrukkingen voor .vi,l 
levert een betrekking, waaruit t .  kan worden 
opgelost. Kiest men voor het punt y ,  het einde 
van de baan, dus y =  1 ,  d a n  beteekent de gelijk- 
stelling van de beide uitdrukkingen voor uy,,dat t ,  
LOO wordt bepa,ald, dat 'de waarde van de snel- 
heid aan het einde van de afvangmanoeuvre. be- 
rek,end vol'gens de eerste bewegingsvergelijking 
(26),.,gelijk is aan de mwaarde van 'de snelheid aan 
het ein,de van de afvangmanoeuvre berekend vol- 
gens de tweede 'bewegingsvergelijking (27). Wel- 
iswaar is nu niet .in ieder punt van de 'baan aan  
de bewegingsvergelijNkkingen voldaan, zoodat 8b.v. 
de  snel'hei'd v( ' t ) ,  volgende 'uit de eerste bewe- 
gingsvergelijking (26), sbij invoehng in ,de t.weede 
(27) .  deze niet tot een identiteit doet overgaan. 
Dit zou. bij de tevoren vastgestelde functies u ( y )  
en q ( y )  slechts mogelijk zijn, wanneer een denkr 
beeldige trekkracht K (positief 'of negatief) in 
de tweede bewegingsvergelij king wordt inge- 
voerd. die van punt tot punt varieert. Echter 
is. t.g.v. de boven beschreven wijze van bepaling 

van t.. TKdt.  dus de in totaal door deze kracht 

aan bet vliegtuig meegedeelde hoeveelheid van 
beweging over de  geheele. baan gerekend. gelijk 

Wanneer de snelheid tijdens de ,beweging ,con- 

t 
t .  

t 
,. = t .  

volgt. - 

nul. 
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stant zou zijn. zou dit beteekenen dat ook de door 
deze fictieve trekkracht verrichte arbeid, over de 
geheele baan gerekend. nul zou zijn. Aangezien de 
snelheid slechts betrekkelijk weinig varieert (ca. 
20% ) is dit 'dus bij ,benadering ihet geval. Een en 
ander toont aan dat men op de  beschceven wijze 
reeds een eerste, grove benadering van de bewe- 
ging tijdens de  landing kan verkrijgen. 

Men kan nu met de op bovenbeschreven wijze 
berekende waarde van t, en de aangenomen 
functies 'a(?) en ~ ( 7 ) .  d e  waarden van 6, &J en h 
tijdens het afvangen in eerste benadering bere- 
kenen en  daarmede met behulp van (16).  P.(t) 
bepalen. 

Er beStaat echter nog de mogelijkheid op he- 
ltrekkeliik eenvoudiae wiize de  werkeliike baan " 
beter te benaderen en we1 ais volgt. Men legt. 
geheel overeenkomstig het bovenstaande, een der 
grootheden, b.v. a, als functie van y vast: de 
andeLe grootheid, b.v. 93. schrijft men nu echter 
voor als functie van y en een parameter p.  dus 
q( y ,  p ) .  Men kan nu weer .t. bepalen. door voor 
het tijdstip y = l  de  snelheid volgens' de verge- 
lijkingen (26)  en (27 )  aan elkaar gelijk te stellen. 
Men vindt dan f a  als functie van p .  Men kan 
nu nog een andere voorwaarde stellen, waardoor 
de parameter p wordt vastgelegd. Deze voor- 
waarde kan b.v. zijn. dat  oak op de heAft van 
de afvangmanoeuvre b.v. voor y=O.5 de waarden. 
van de snelheid, die men volgens de eerste en de 
tweede bewegingsvergelijking bepaalt. aan elkaar 
gelijk moeten zijn. Zoodoende verkrijgt men de 
functies a (I.), en p( p ,  y ) alsmede de waarde van 
t. zoodanig. dat zoowel aan het einde van de 
afvangmanoeuvre als obk voor een bepaald oogen- 
blik tijdens het afvangen (b.v. op de helft) de 
in totaal over die baangedeelten door de ge- 
noemde fictieve trekkracht aan het vliegtuig mee- 
gedeelde hoeveelheid van beweging nul is. Door- 
,dat de variatie van de snelheid over ieder van 
deze baangedeelten geringer is dan over de ge- 
heele baan gerekend. is dus ook de door die 
fictieve trekkracht verrichte arbeid over de beide 
baangedeelten. met aanzienlijk betere benadering 
.dan in het eerste geval. gelijk aan nul. Men 
verkrijgt derhalve een belangrijk betere benadering 
van de werkelijke baan bij het gekozen invals- 
hoekverloop. zoodat men mag verwachten, dat 
hiermede de waarden van &. k en k met vol- 
doende benadering kunnen worden vastgesteld. 
.om hiermede een behoorlijke benadering van P ( t )  
.te verkrijgen, 

03.2 Uitwerking van de methode. 
Wanneer  y een functie van y en p is waarin 

t 
y - t .  ~" 

en p een parameter voorstelt. dan volgt hieruit 

Denkt men zich nu de functies a ( y )  en p ( y , p ) .  
gegeven. dan volgt uit ( 2 6 )  op grond van het 
bovenstaande 

tenvijl (27) wordt: 

De snelheid hyL op het tijdstip tl (overeen- 
komende met yl) kan geschreven worden 'als 
(zieook ( 3 0 ) ) :  

= vo + / ' i d  t = vo + t.J" i d  y . (33) 

waarin voor b de uitdrukking (32 )  kan worden 
ingevuld. Men krijgt dan: 

J 

dan luidt (34) :  



v 
Volgens ( 3 1 )  IS, op het tijdstip t ,  (overeenko- 

mende met y t )  

of 

(44)  
1 
t .  uy, = un+ v,, + ~ WY> , 

waarin 

Zooals onder 03.1 is beschreven. wordt nu t .  
bepaald, dooi gelijkstelling van (40)  en ( 4 4 )  voor 
het tijdstip y = l ,  waardoor ontstaat: ' ,  

1 '  
t .  

T,=, t .  (I,=, = vi=, + - W,=, , (47)  

of 
Ty=tta%-(  (I,$t+V,=,)t, - W,=l=O (48)  

Men vindt in het algemeen voor het ,geval van 
een normale .landing twee reeele waarden voor 
t , ,  waarvan er echter maar ken een -voor de lan- 
ding practische beteekenis heeft; ,hierop wordt later 
teruggekomen. 

In T ,  U en W komt nu de parameter p voor. 
zoodat met (48)  t .  als functie van p is bepaald. 
Deze parameter wordt nu,  zooals onder 03.1 is . aangegeven. zoo gekozen. dat  op het tijdstip 
tL=0.5t. ( y=0 .5 )  de snelheden uY, volgens (40)  
en ( 4 4 )  aan elkaar gelijk zijn. zoodat de, volgens 
( 4 8 )  bepaalde, bij elkaar . behoorende waarden 
van p en t.. moeten voldoen aan de betrekking: 
Ty=a,5ta2 -(U,=o,,+V,=o,,)t.- W,,n,,=O(50) 

-De beide vierkantsvergelijkingen (48)  en (50) 
moeten dus den, voor de landing van practische 
beteekenis zijnde. wortel t.= t., gemeen hebben. 

Dit levert in principe een .voonvaarde voor de 
grootheden 

T,=, . T,=o,, . ((I+ V),=, * 
( U +  V),=,,, . W,=, en W,=,,, . 

waaruit p kan warden bepaal'd. 
Bij de hierna te behandelen keuze van. de functies 

u ( y )  en q ( y , p )  leidt dit echter tot een hoogere- 
madhtsvergelijking in p .  waarvan het oplossen 
groote. moeilijkhedsen biedt. 

Eenvoudiger kan men als volgt te werk gaan. 
Noemf men Bo het verschil tusschen de waarden' 
van de  snelheid op het tijdstip y,=O,5 volgens 
vergelijking ( 4 0 )  en volgens ( 4 4 ) .  dan is 

1 
t .  

sv=T,=0,5t*-(Uy=0..6+Vy=0,~) -- Wy=,,, ( 5 1  ) 
Men ,kan nu de uit (48)  volgende, voor de  lan- 

ding van practische beteekenis zijnde en bij elkaar 
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behoorende waarden van t ,  en p invoeren in (51 ) 
en d o  grafisch weergeven ais functie van p. 
Door interpolatie vindt men dan  de  waarde van 
p ,  waarvoor So=O en daarmede de gezochte 
waarde van t,. 

04 Keuzh,van de functies o ( y )  en p(7.p). , 

04.1 Algemeen. 
Men kan een aantal voorwaarden aangeven 

waaraan de bovengenoemde functies moeten vol- 
doen. Daarbij wordt,, in overeenstemming met de 
praktijk bij ,bet uitvoeren van een goede landing, 
uitgegaan van de  veronderstelling. ,dat de afvang- 
manoeuvre zeer geleid'elijk van de  stationnaire 
,zweefvlucht 'uit wordt 'begonnen en uitgevoerd. 
d.w.2. dat plotselinge stuurbewegingen ofwel knik- 
ken in het verloop van de grootheden n, p en 0 
met den tijd bij het begin of tijdens de afvang- 
manoeuvre niet mogen optreden., 

Wanneer op het tijdstip t = O  geen kni,kken 
in de ( n : t )  en ( p : t )  krommen mogen optreden. 
beteekent dit, dat op dat tijdstip I, en 6 nul 

d n  dp, moeten zijn, dus ook - en - gelijk-nul. In ver-' 
dY dY 

band met (28)  is dan oak 6 gelijk nul. 
Volgens (16)  wordt de roerhoekverandering 

t;o.v. den roerhoek in stationnaire vlucht bepaald 
door &, 6 en d. 
Zijn nu ten tijde t = O ,  0 en gelijk nul, dan 
moet, om geen plotselinge stuurbewegingen op 
dit tijdstip te verkrijgen, ook O=O zijn. O m  te ver- 
krijgen. dat voor t = O  aan de voorwaarde @= 0 
voldaan wordt. rullen op-dit tijdstip dus, mede 
in verband met n = O  en p = O ,  (1 en 'p gelijk 
nul moeten zijn. 

Uit het bovenstaande volgt, dat voor het tijd- 
stip t = O  moet.gelden n = O  en  p=O of dat 
voor y = O  moet gelden 

d? p 
0 en -=O. dZ u 

rr;.= dy? 
' De te kieien functies n ( y )  en  9 ( p . y )  moeten 

derhalve aan de volgende voorwaarden voldoen 
(zie ook fig. 3 ) :  

1' voor ) '=O moet n=n,: no is de  invalshoek 
in stationnaire zweefvlucht. 

2' voor y -  1 moet n = a g ;  no is de  invalshoek 
bij het aan den grond komen; verondersteld 
wordt. dat deze bekend is, 

1 
dY 1 
d n  3' voor y = O  moet -=O, 

dZ n 4' voor y = O  moet =>=O, 

I 5' voor y = O  moet p,=po: qo is de baanhoek 
in de stationnaire zweefvlucht. 

6' voor y =  1 moet p=O: bij eexgoede'landing 
moet het vliegtuig zich op het oogenblik van 
landen evenwijdig aan den grond bewegen. 

dp, 
7O voor y=O moet - = O .  

dY 
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d* v 
d Y  

8' voor y - 0  moet y = O .  

Ten slotte moet in de  functie ~ ( y )  nog een 
parameter worden ingevoerd. Hiervoor is geko- 
zen de  helling van de  ( p : y )  kromme bij y = l  
en we1 zoo. dat deze hellins wordt weergegeven . 
door p PO. 

De laatste voonvaarde Iuidt dus: 

dV 
dY 

9" voor y = l  moet -==pq% 

De te kiezen functies moeten verder vanzelf- 
sprekcnd zwdanig zijn, dat zij in overeenstemming 
zijn met het bij een normale landing te verwachten 
verloop van (1 en y met den tijd. Aangezien, 
teneinde de berekeningen zoo eenvoudig mogelijk 
te houden. " (7 )  wordt voorgeschreven en p ( y )  
door invoering van een uit de  berekening vol- 
genden parameter p zoo goed mogelijk aan dit 
a-verloop wordt aangepast. is bovenstaande over- 
weging voor de keuze van a ( ? )  het meest van 
beteekenis. 

De hierboven aangegeven begin- en eindvoor- 
waarden: waaraan bij een normale landing moec 
worden voldaan, leggen het invalshoekverlmp 
reeds voor een belangrijk deel vast. Voldoende be- 
trouwbare metingsresultaten omtrent het invals- 
hoekverloop bij een normale landing, om hierop de 
keuze van de voor te schrijven functie n ( y )  te ba- 
seeren, staan thans niet ter Beschikking. Daar bij 
de ontwikkeling van de behandelde knaderings- 
methode steeds wordt uitgegaan van de veronder- 
stelling, dat bij een goede landing de geheele be- 
weging zeer geleidelijk zal verloopen. zal men:naar 
verwacht kan worden. het invalshoekverloop v w r  
een normale landing zeker vol'doende ,geed be- 
naderen, wanneer men daarvoor een functie in- 
voert. die tusschen de aangegeven begin- en eind- 
voonvaarden een regelmatig toenemen van den in- 
valshoek weergeeft zonder snelle veranderingen 
van de eerste en tweede afgeleiden met den tijd. 

Het ligt voor de hand voor de  functies ~ ( y )  
e n  p( y , p )  rationale boogeremachtsfuncties in te 
voeren: in verband met het aantal voorwaarden. 
dat gesteld wordt, zou dan a ( y )  een functie van 
den  3den en p (y ,p )  een functie van den 4den 
graad moeten zijn. O m  echter de integralen (37 )  
en  (38)  te kunnen oplossen. is voor n ( y )  gekozen 
een functie van den algemeenen vorm 

a ( 7 )  = ( a  y3  + b y" + c Y + 4 *. (51) 

V ( Y : P ) =  ey4 + f y 3 +  B y *  + h Y + k . (52)  

Voor p(7.p) is ingevoerd een functie van den 
4den graad, dus van den algemeenen vorm 

04.2 ' Uitwerking van de gekozen [uncties. 
Wanneer  een functie a( y )  van den algemeenen 

vorm (51) moet voldoen aan de voorwaarden 
1 t/m 4'. zal zij, zooals ,gemakkelijk is in te zien. 
luiden . ,  

r ( 2 .  . '(53) u ( y ) = ) ( i a u  - I ~ ) ~ ~ + ~ I ~ ~ ,  ,-. ' '  
Stelt men, zoo& later gewenscht zal blijken: 

z =  pr G&,-G' ,154 ) 

dan kan (53)  geschreven worden: ' .  ~ 

a ( y ) = $  ( y 3 + f 3 ) ' .  ( 5 5 )  

De functie p( y , p )  van den algemeenen vorm 
(52) zal in verband met de voowaarden 5" t/m 
9". luiden 

p ( r . ~ ) = 9 7 ~ ~ ( ~ t 3 ) r ~ - ( ~ + 4 ) ~ ~ f I I .  (56)  

Fig. 4. 

In fig.4 zijn voor bepaalde waardenvan uu. au en 
tpo de krommen volgens (55) en (56) .weergegeven: 
,de laatste voor een aantal waarden van den para- 
meter p. Positieve waarden van p komen niet in 
aanmerking. omdat dit zou leiden tot positieve 
waarden van tp aan het eindevan het afvangen. 
hetgeen zou beteekenen dat het vliegtuig eenige 
oogenblikken v66r het aan den grond komen op 
geringere lhoogte zou zijn geweest dan  op het 
oogenblik van landen zelf, hetgeen onmogelijk is. 
Waarden van p kleiner dan ca. -5 zullen ook prak- 
tisch niet bruikbaar zijn, omdat hierbij een steiler 
worden van den baanhoek bij $et begin van het 
afvangen optreedt. hetgeen bij een normale lan- 
ding niet het geval zal zijn. 

Zooals uit beschouwing van fig. 4 volgt, is het 
waarschijnlijk, dat het verloop van den werke- 
lijken invalshoek en  ,baanhoek bij een normale lan- 
ding met goede benadering door de beide functies 
wordt weergegeven. Later zal blijken., d a t  het vlieg- 
,tuig. wanneer invalshoeken in de buurt van de 
maximale bereikt worden. nog slechts een zeer ge- 
ringe .hoogte boven d,en grond heeft. zoodat even- 
tueele loslatin,g of onaangename dwarsbesturings- 
eigenschappen. wanneer deze b.v. tengevolge van 
remous reeds voor ,bet aan den grond komen bij de 
zeer groote invalshoeken louden optreden, geen 
ernstig bezwaar voor de  veiligheid meer kunnen 
opleveren. Wanneer  de waarde van p < O  is. 
beteekent dit, dat het vliegtuig na het punt 
y= 1 weer zou gaan stijgen. echter allekn, wan- 
neer. zooals in de berekening 'is verondersteld, 
ca met goede benadering lineair met n blijft aan- 
groeien. De invalshoek bij het aan den grpnd ko- 
men (tijdstip y = 1 ) zal echter in het algemeen 266 
gekozen worden. dat zij ongeveer overeenkomt met 

Verloop van de functie a ( y )  en p(y,p) 



de kritische, zoodat bij overschrijding daarvan in 
belangrijke mate loslating begint op te treden. Na 
het tijdstip y = 1 zal het.vliegtuig dan geen neiging 
meer vertoonen te gaan stijgen: ,bet voert dus een 
goede driepuntslanding uit. Mocht men den in- 
valshoek bij y =  1 zoo wenschen te kiezen. dat  de 
waarde er van nog belan,grijk beneden de kritische 
ligt, dan moet, om aan den grond te blijven, de in- 
valshoek worden verkleind, hetgeen overeenkomt 
met her uitvoeren van een wiellanding. 

Uit (55) volgt nog: 
d a  . 6ao ' dy= a f,'= i. y 2 (  ys + z3) (57)  

en 

terwijl ui,t (56).voIgt 

d p  &= ,t.=%j 4 (P + 3 ) Y 3  - 3 (P + 4)Y2 ( 5 9 )  
en 

-= 9, fa2 = qo 1 12 ( p  + 3) y' - 6 (p  + 4 )  y I (  60)  
d Y' 

05 

05.1 
Onder 03.2. is in .algemeenen vorm de  benade- 

ringsmethode uitgewerkt. Hierin kunnen nu de  
functies a ( y )  en p(y,p) worden ingevoerd. 

Daartoe worden eerst de integralen (35) t/m 
(38) uitgewerkt. Aangezien dit tot vrij omslachtige 

bewerkingen leidt. zal hier alleen het resultaat WOK- 
den weergegeven: de uitwerking van de integralen 
is uitvoerig in de appendix onder 09 behandeld. 

Er  blijkt, dat d'e intergralen, waarin de parameter 
p'voorkomt, nl. Ly, (35) ,  Ny, (37) en OyL (38) 
lineaire functies van p zijn e n ' d a t  alle 4 inte- 
gralen ten slotte geschreven kunnen worden in den 

Uitwerking van de benaderingsmethode met 
de gekozen functies a ( y )  en p(y.p). 

lnvoering van de gekozen functies. 

I volgendenvorm: , ' .. 
LYl=.d r ; d L ( i d + f d y l ) I  ; . , (61)  

1 
. . ' (62) 

N,, = 5 iG [p  fa (z. '?~ ) + f; (z.yt  f 1 .. (63) 

' ~ 0 , , , = ~ ~ ~ [ p f ~ ( ~ , Y ~ ) + f ~ ( z . y ~ ) ] .  (64)  

f. tlm f. zijn nu functies van y, en z of van y 
allekn. 

De uitwerking van deze functies is onder 09 
gegeven. In de figuren 1 3  en 14 zijn zij voor een 
aantal in de praktijk voorkomende waarden van z 
weergegeven en we1 voor de waarden y l = l  en 
y1=0,5;welke, zooals onder 03 is .uiteengezet, in 
de berekening verder .zullen worden gebruikt. Door 
gebruik van.deze grafieken worden de berekeningen 
zeer vereenvoudigd. Men kan nu (61) t/m (64) in- 
voeren in de uitdrukkingen: (41) en. (42), en ver; 
krijgt dan: 

. .  
, .  My1 = eo f. (2 ,  yr ) ; 

. .  . .  . 
, .  . .  

. . , '  1 .  . .  . en  

3 .  1 

en 

Verder ontstaan, door invoering van (55) en 
( 5 9 )  in (45) en (46) 

of 

en 
' . Vy,=--v.fa 

of 

Ook de functies f8 t/m f , o  zijn voor y , =  1 en 
y,-O,5 en voor een aantal in de praktijk voor- 
komende waarden van z Nberekend en in de figuren 
.13 en 14 weergegeven. , 

05.2 Bepaling'van p en 't.. 

t ; ( p )  als een der wortels van de vergelijking 
Zooals onder 03.2 is behandeld. bepaalt men 

T,=,f.*-(U,=-,+V,=,)t.-.W,=,=O. (48)  

Deze heeft 'in, het algemeen 2 wortels~ nl. 
u,=,+.v,=, . . . .  

,' 
, ,  f. = 

2 T,=,  1 . I . . .  

Een dezer wortels is echter slechts voor de landing 
.van practische 'beteekenis, hetgeen men als volgt 
kan, inzien. 

In het bijzondere geval.'dat p = O ,  is W,=,-O. 
Een der wortels van (48) viordt dan 

terwijl 
fa, = 0 . 

TyLt  

, .  u,=,*+v,, ' 

1 . I  
fa, = , .  

Gaat men echter uit van' de vergelijking .(47), 
waaruit (48)  is afgeleid, dan verkrijgt men vmx 
dit bijzondere geval p -  W,=,=O slechts een 
oplossing voor f; nl. . 

u,=, $- v,,, .: 
t., = . .  T,=,  

De wortel t.,=O is dus ingevoerd en  is voor 
het probleem niet van beteekenis. . 

Is nu p + O  'en dus W,,,#O dan zijn er 
inderdaad twee waarden van f a  mogelijk, die 

, 

, .  , I  



(48 )  bevredigen en voor het probleem van reeele 
beteekenis zijn. 

Een dezer wortels ( f a 2 )  echter is voor de waar- 
den van p .  die voor het probleem in aanmerking 
komen (0 > p > ca. - 5)  belangrijk kleiner dan 
de andere; deze wortel is kleiner naarmate p 
grooter wordt en wordt nul voor het hijzondere 
geval. dat p=O. Deze wortel nu heeft voor de  
landing geen practische beteekenis : hij beschrijft 
het geval. dat  het vliegtuig snel wordt opge- 
trokken Lit de  stationnaire zweefvlucht tot d e  
invalshoek ag is bereikt .op het oogenblik. dat  
de baanhoek 0 is. De snelheid is daarbij dan 
echter niet of  zeer weinig afgenomen t.0.v. de 
snelheid vo. Vanzelfsprekend gaan hiermede groote 
roeruitslagen gepaard. Dit geval komt dus voor 
de landing niet in aanmerking. 

De andere wortel tat,  welke belangrijk grooter 
is dan fa%, geeft op het oogenblik. dat  p=O en 
a - a g  is geworden. een waarde van de  snelheid, 
die zeer weinig verschilt van die welke in sta- 
tionnaire vlucht bij den invalshoek U~ behoort. 
Uit de berekeningen blijkt (zie b.v. onder 07).  
dat  deze wortel, welke dus voor de landing van 
practische beteekenis is, bepaald wordt uit 

1 1  _ _ _  I/ (U,=,+V,=1)'+4 W1.=iTv=t. (69) 

T ,  U ,  V en W worden gegeven door (65) t/m 
, ( 6 8 ) ,  waarin de waarden van f l  t/m f l o  voor y , = l  
zijn ingevoerd, (zie fig. 14). Met ( 6 9 )  wordt voor 
een aantal waarden van p (O>p > - 5 )  fa bere- 
kend : t. wordt dan uitgezet als functie van p .  

2T,,, 

Met behulp van 
1 

.du= T,,,,, t. - (U7=%5 + V,=,.,) -- w,=.., * 

' ( 5 1 )  
waarin T, U, V en W wederom worden gegeven 
door (65) t/m (68)  met dien verstande, dat nu de 
waarden van f, t/m f,,. voor yL=0.5 worden in- 
.gevoerd (zie fig. 15) .  wordt d u  als functie van 
t ,  of p berekend en grafisch weergegeven. Door 
interpolatie worden de waarden van p en t .  be- 
paald, waarvoor S v - 0 .  De gezochte waarde 
van t .  is hiermede verkregen. 

De vraag ral kunnen rijzen.'hoe de hoogte hoven 
den grond tijdens de afvangmanoeuvre zal ver- 
loopen. 

In een tijd dt is de hoogteverandering. wanneer 
men, zooals hier toelaatbaar is. sin p = p  stelt. 

Men kan inzien. dat hieruit de hoogte op het 
d h = p u d t .  

:tijdstip t t  wordt bepaald als 

h,, = ('I p ud f - (la p v d t - - ('' p v d t , 

Vult men 'hierin de waarde van u volgens ( 2 6 )  
in. dan verkrijgt men 

In het algemeen is de tweede term klein t.0.v. 
den eersten, zoodat men met goede benadering 
h,, kan berekenen met 

71 
of 

hy,=-taVol/b-,P;I, .  
Hierin kan dan Py, worden voorgesteld door 

P Y , ~ ~ ~ [ P f , ~ ( z . y l ) + f * ~ ( z , y * ) l ,  no . 

zoodat 
hyl= - t a  V O ~ O  [pf,, (2. y t ) + f i s ( z , y i )  1. (70)  

De uitwerking van fIl(z.y,) en f,.(z.Y,) is onder 
09 gegeven. In fig. 15 zijn zij voor een aantal 
in de praktijk voorkomende waarden van z weer- 
gegeven en we1 voor waarden van y -0; 0.4 .en 
0.7. Met behulp hiervan kan het verloop van 
de  hoogte tijdens de landing met voldoende be- 
nadering worden aangegeven. 

Opmerking. 
Niet voor alle mogelijke begintoestanden ( a 0 .  qo) 

en eindtoestanden (og. p e = O )  zal op  d e  in het 
voorgaande beschreven wijze een benaderings- 
oplossing kunnen worden bepaald. Het  kan nl. 
voorkomen. dat of de wortels van ( 4 8 )  voor de  
bruikbare waarden van p nl. O > p >  -5 com- 
plex worden, of de  met behulp van (51 ) berekende 
p-waarde voor Bu=O buiten het bruikbare ge- 
bied (0  > p > ca. - 5) komt. Net eerste zal in 
hoofdzaak het geval zijn. wanneer een station- 
naire begintoestand is gekozen met te  grooten 
invalshoek en dus te lage snelheid. he! laatst- 
genoemde daarentegen. wanneer de stationnaire 
beginsnelheid te hoog is gekozen. Een en ander 
wordt door het uitgewerkte voorbeeld onder 07 
toegelicht. 
' 'Wanneer  zich het eerstgenoemde verschijnsel 
(complexe waarde van f a )  voordoet. beteekent 
dit, dat het onmogelijk is een landing u i t  te 
voeren, waarbij voor het gekozen invalshoekver- 
loop een baanhoekverloop optreedt. dat  met goede 
benadering overeenstemt met het gekozen baan- 
hoekverloop; men zal dan moeten verwachten. 
dat  het vliegtuig niet meer bij een baanhoek p-0 
aan den grond gebracht kan worden. Dit ver- 
schijnsel treedt ook inderdaad in de praktijk op. 
wanneer met een te lage snelheid wordt binnen- 
gekomen. 

Wannecr  de berekende p-waarde buiten het 
bruikbare gebied valt b.v. p > O .  dan wordt. 
zooals reeds.vroeger is opgemerkt. het met deze 
benaderingsmethode bepaalde baanhoekverloop 
zoodanig. dat het niet meer voor een normale 
landing geschikt is. Dit verschijnsel doet zich in 
het algemeen echter voor wanneer de  snelheid 
bij binnenkomen groot is. 

. .  
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In het gebied van normale snelh'eden voor het 
binnenkomen ( v o  tusschen circa 1.2 en 1,3 maal 
de minimale snelheid) zullen in het algemeen de  
genoemde verschijnselen niet optreden. 

05.3 -'Bepaling van de  voor hef landen vereischte 

Met 'de, op de in 05.2 beschreven wijze, be- 
paalde waarden van f. en p kan men 0, 0 en a 
als functie van' y bepalen en daarmede met be- 
hulp van ( 1 6 )  den roerhoek p ( y )  berekenen. 

. .. 
I -a. . .. . 

roerhdeken. . .  

.. . 

(16) kan men daartoe scbrijven: 

.. .. Hierin is 
6 = a + p  

en  O=a+q 

Zooals reeds onder 04.2 is afgeleid. is 

. . .  

of met ( 5 5 )  en  (59) 

( 7 3 )  
2 3  

+v"(y"z2"). 
,&is, zooals onder 02.1 is uiteengezet, de waarde 

van @. die in stationnaire zweefvlucht behaort 
bij den invalshoek a ( y )  (bij de zwaartepunts- 
ligging en den klepstand. waarvoor men den 
voor het landen noodigen roeruitslag wil bere- 
kenen 1. 

De grootste (wegens het teeken van @ liever 
,,kleinste") waarde van de zoo berekende roer- 
uitslagen p ( y )  is de gezochte. voor het landen 
noodige roeruitslag. bij den vliegtuigtoestand, 
waarvoor men de berekeningen. heeft uitgevoerd 
(bepaald ' door gewicht. zwaartepuntsligging. 
traagheidsmoment. klepstand. enz.). 

Men ,kan. de voor lhet landen vereischte roer- 
hoeken ook weergmen in 'het ,voor de stationnaire 
zweefvlucht geldende - a-diagram door boven 
den bij iedere a-waarde behoorenden ,,station- 
nairen" roerhoek ,&. uit te zetten den ,,extra" 

I roeruitslag p - p ' ,  die voor het landen bij iedere 
waarde van (1 noodig is.. Dit is.in'.fig. 12 ge- 
schied. 
In. het algemeen ,zal de grootste (absolute) 

waarde van den roerhoek bereikt worden op  het 
tijdstip y= 1 (oogenblik van landen) en meestal 
zal daarbij ook de voor het landen noodige extra 
roeruitslag p -  p" het grootst zijn of zeker weinig 
afwijken van de grootste waarde, die op eenig 
oogenblik tijdens het afvangen optreedt. Deze 
roeruitslagen (ten tijde y =  1 )  kunnen als volgt 
berekend worden. 

De waarden e,,=, en a?=,. kunnen met 

Men verkrijgt 
( 5 7 )  t/m ( 6 0 )  worden berekend. 

, (  

( 7 5 )  

en volgens ( 2 6 ) .  wanneer men voor ? = I  den 
index g qebruikt, 

v - - - - + v v ,  # -  P To p . ( 7 7 )  
t .  p ca' a, a9 

Met behulp van (71) kan hieruit de hoogte- 
roerhoek op het oogenblik y - 1 berekend worden. 

+ p w .  ( 7 8 1  
Evenals op ca en c,, zal de  'nabijheid .van den 

grond een invloed op cm en  op de neerstrooming 
uitoefenen en daardoor de waarden van p wij- 
zigen. 

Wanneer men over gegevens omtrent deze be- 
indoeding ,besahikt, doet men ,geed deze in reke- 
ning te ibrengen. Dit is mogelijlk, omdat men op de  
onder 05.2 'beschreven wijze de hoogte boven den 
grond kent. Zou de nabijheid van den grond ook 
d e  
-- doen veranderen, dan zal het waarschijnlijk do 
niet noodig zijn deze verandering in rekening 
te brengen, aangezien de term, waarin deze waar- 
de optreedt toch slechts een geninge rol speelt 
t.0.v. den term met 6,. De invloed van de  nahijheid 
van den grond op den extra-roeruitslag zal dus 
hoofdzakelijk verwrzaakt worden door de veran- 
deringen van cs en c,. 

IDaar verder .de grootste roeruitslagen zullen op 
treden bij invalshoeken, welke. ongeveer gelijk zijn 
aan den kritischen invalshoek. en de staartvlakken 
'zich t.g.v. de nabijheid van den grond zeker in de  
van den vleugel (jbij grooten invalshoek en oitge; 
slagen kleppen) af'komende gestoorde strooming 
zullen bevinden, zal .men 'hiermede bijde keuze van 
7 rekening dienen te houden. Terwijl men in nor- 
male zweefvlucht sbij niet te groote invalshoeken 
op waarden voor 7 tusschen 0,a en 0.9 kan reke- 
nen. mag men aan het einde van de afvangmanoeu- 
vre. bij zeer grwten invalshoek, in het algemeen 

. . .  . .  

: 
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geen lhoogere waarden voor '1 dan 0,70 verwach- 
ten. .misschien zel'fs nog lager. 

Gegevens omtrent 71 voor invalshoeken van 3 
2 4' ,beneden de kritisahe waarde en voor uitge- 
slagen kleppen vindt men b.v. in lit. 2. 

05.4. Beschouwing over hef geval daf c, en c2 
nief als constanfen mogen worden opgcvaf. 

Zooals volgt uit ( 6 )  is vergelijkin'g (71) afge- 
leid ,in de verondersteMin,g. dat !het verband tus- 
schen den normaalkrachtcoefficient op de staart- 
vlakken en P en a h  h e a i r  is. Dit is voor een 
staartvlak van het gebruikelijke type voor een 
groot gebied van roer- en invalshoeken zeker 
het geval. Bij zeer groote waarden van P en/of 

, a h ,  wanneer loslating begint op te treden. ver- 
toonen de c,,-P en c.-ah krommen echter een 
.afwijking van het lineaire verband. 

Fig. 5. Staartvlakgegevens 

Uit fig. 5 kan men, voor het model van een 
'bepaald staartvlak, afleiden dat voor de bij de  
landing in aanmerking komende toestanden 
( P < O ,  a h > O )  het lineaire verband tnsschen c, 
,en p met voldoende benadering geldt voor roer- 
lioeken tot meer dan 20° en het lineaire verband 
tusschen cn en Oh bij groote negatieve roeruit- 
.slagen tot invalshoeken van ca. 18'. In de meeste 
gevallen zal dan ook bij de landing nog met 
goede benadering met constante waarden van 
.c, en c2 kunnen worden gerekend. (De  tijdens 
het' afvangen optredende waarden van a h  kunnen 
met (11)  worden berekend). 
' Net zal ook veelal niet raadzaam .zijn met 
:hoeken ah en ,6 te rekenen, waarbij c, en cz niet 
meer  constant tijn. aangezien men over het ge- 
drag van de staartvlakken op ware-grootte bij 
.'hoeken, waarbij een niet ,onbelangrijke loslating 
~begint op te treden, op grond van modelmetingen 
.aan staartvlakken geen betrouwbare conclusies 

kan trekken. Het is echter we1 mogelijk. ook 
wanneer c, en c2 niet als constanten mogen 
worden beschouwd, dus in het algemeen voor 
een willekeurig verband c, ((lh.!), den roerhoek P 
te berekenen. wanneer men over het c.(ah.,B)-dia- 
gram van het staartvlak beschikt en we1 als volgt. 

(5)  
Volgens (5 )  is 

Hierin is, in de niet-stationnaire vlucht. 
Mh = 4 CI 0 ( y )' f / ' f  IC. (ah.P). 

Het moment van de staartvlakken in stationnai- 
re vlucht bij invalshoek a. dat gelijik is aan en te- 
gengesteld gericht aan het moment van vleugel en 
romp tezamen (zie ( 1 4 ) ) .  kan geschreven worden 

Mhx= 4 Q V (  y ) ' 7 f f / .  C.( n h X . p ) = -  4 0 u?Ft.c,(a), 
waarin 

en ,P bekend is ui t  d e  stuurstandslijn. De dem- 
ping Md,. geleverd door de staartvlakken bij de 
niet-stationnaire beweging, kan berekend worden 
als het verschiI van de momenten der staart- 
vlakken bij de  invalshoeken ah en ahx. bij de, in 
de niet-stationnaire vlucht optredende. waarde 
van p. 

Dus 
M d s  = $ @ V ( Y ) ' ? ' / !  { C. ( a h .  b )  - Cn ( a h x .  p ) )  . 

Zooals onder 02.1 is uiteengezet. wordt voor de 
demping Mu. van vleugel en romp tezamen. 20% 
van de ,demping der staartvlakken al lSn ingevoerd. 
zoodat 

M,,=0.2 1 @ V ( y ) 2 7 1 2 f [  C.( O h . @ )  - C. ( O h x . P )  

Men kan dus voor 'het totale moment om het 
zwaartepunt. tijdens de  niet-stationnaire beweging 
schrijven (analoog (15)  ) 

M = 4 ,o Y ( y ) ?  i / ' f I )  cn ( a h ,  P )  - cn ( a h x , B ' )  + 
zoodat nu uit (3 )  volgt: 

-1- 0,2Cn(CZh, P )  -0,2cn( ( l h * . P ) (  * ( 1 5 4  

1.2 C n ( 0 h . P )  - 0.2 cn( a h x ,  p ) =  

waarin ah gegeven is door ( 11  ) ,  OhX door (8)  6n 
,P volgt uit de stuurstandslijn. 
. Deze vergelijking treedt dus in de plaats van 
(71 ) : De waarde van ,8 kan het eenvoudigst wor- 
den bepaald door in een grafiek uit te zetten de  
waarden van [ 1 , 2 ~ " ( ~ h . P ) - 0 , 2 C n ( ~ h ' . P ) ]  (bij ,de  
waarden van a h  en nh* volgens (8)  en ( 1 I ) ) tegen 
p. De waarde van .@. waarvoor deze functie ge- 
lijk is aan het rechterlid van (71a) ,  is. de  gezochte 
roerhoek P. 

Bovenbeschreven werkwijze moet worden ge- 
volgd voor iedere waarde van y. waarvoor men p 
wenscht te herekenen. Wanneer  men dus alleen 
PB wenscht te berekenen behoeft dit alleen voor 
d e  waarde y =  1 te geschieden. uh en any worden 
berekend met ( 1  1 ) en (8) .  waarin de bij een be- 
paalde waarde y behoorende.waarden van a, 6 ,  
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en v volgens (55). ( 5 7 ) .  (59). (28)  en (73 )  
worden ingevoerd, terwijl 6 wordt bepaald met 
( 2 8 ) .  (58 ) en ( 60 ) . C n ( a h , $ ) ' ,  cI (ah'. 1) en cn ( W, p )  
warden afgelezen uit het gegeven c,(ah.'P)-dia- 
gram van de  staartvlakken. 

06 Bepaling van de m e a t  voorlijke ligging van 
bet zwaartepunt, welke met het w g  op het 
landen toelaatbaar is. 

Wanneer met (71) voor een bepaalde ligging 
van het zwaartepunt, waarmede een bepaald ver- 
band p ( a )  overeenkomt. de grootste (absolute) 
waarde van den. voor -'bet land.en noodigen roer- 
uitslag is bepaald, kan de vraag gesteld, warden, 
wat nu bij een gegeven totaal 'beschikbaren roer- 
.uitslag (of - rekening houdende met het loslaten 
yan de  .strooming bij groote roeruitslagen - bij 
de grmtste bereikbare c.-waarde) de meest voor- 
lijke ligging van bet zwaartepunt is, waarbij nag 
juist kan warden geland. 

Het 'berekenen van deze zwaartepuntsligging kan 
.bij benadering als volgt geschieden. 

Bij een zwaartepuntsligging X .  ( b h .  gemeten 
van den neus van dedgrootste vleugelkoorde af) is 
volgens (71 ) voor het' landen een roeruitslag noo- 
dig, die bij een invalshoek n, haar grootste waarde 
pa- bereikt. Indien de totaal beschikbare roeruit- 
slag is, heeft men dus een overschot aan 
roeruitslag van /Imar - p.. 

Wanneer men nu aanneemt, dat bij andere 
zwaartepuntsliggingen de grootste (absolute) 
waarde van p voor het landen eveneens bij dienr 
zelfden invalshoek a, .bereikt wordt (hetgeen niet 
altifd geheel juist behoeft te zijn, t.g.v. de ver- 
andering van de helling van het verbandp-abij 
verandering van d,e zwaartepuntsligging ) .' zal, 'daar 
de exttra-meruitslag voor het landen onafhankelijk 
is .van de zwaartepuntsligging, bij benadering het 
nvaartepunt nog zoodanig naar voren mogen wor- 
den verplaatst. dat bij den invalshoek a, in sta- 
tionnaire vlucht een roeruitslag optreedt, welke 
Bml,-P. grooter is dan de roerhoek pax in sta- 
tionnaire vlucht bij den invalshoek (2% en bij de 
zwaartepuntsligging xa. De roeruitslag bij den 
invalshoek aI in stationnaire vlucht bij de zwaarte- 
puntsligging xn wordt gegeven door (14)  

waarin cma voorstelt den momentencoefficient van 
het vliegtuig zonder staartvlakken bij de zwaar- 
tepuntsligging x.. 
, Bij een zwaartepuntsligging Xb (zwaartepunts- 

verplaatsing Ax positief naar, achteren) is 

(80 )  
Ax 

cmb(aI) = cm*(aL) + c.(a,) t, 
en dus 

I .  

- c , ( x a l  + (r - a ) .  (81 ) 
Hieruit volqt 

Wanneer x g  de zwaartepuntsligging voorstelt; 
waarbij nag juist voldoende roeruitslag voor het 
landen beschikbaar is, moet 

fib'-fia(=&"ba. ' 

De zwaartepuntsverplaatsing A x .  die, van de  
zwaartepuntsligging X. uit, nog juist toelaatbaar 
is met het oog op het landen. volgt dan ui t  

Wanneer de grootste roerui,tslag bij het landen. 
zooals in het algemeen het geval zal zijn, sbereikt 
wordt op het tijdstip y = l ,  dan wordt 1. in 
(83)  gegeven door (78) .  

Zwals  reeds on'der 05.4 is besproken, gelden de 
gegeven formules voor B (71)  en (78)  slechts 
voor zoover de functie cn(ah,'P) als lineair mag 
worden beschouwd. Hetzelfde geldt vanzelfspre- 
kend voor ( 8 3 ) .  Men moet dus Pmar daarbij niet 
grooter kiezen dan de waarde tot welke de functie 
cn(nh.,8) nag met goede benadering door een 
rechte lijn kan warden weergegeven; in het alge- 
meen zal dit -20' tot - 2 9  zijn. 

07 Uitgewerkt vwrheeld. 
07.1 Gegevens van het vliegtuig, 

Te r  toelichting van de berekeningsmethode en 
tevens ter toetsing van de resultaten zijn voor 
een vliegtuig. waarvan, gegevens uit ware-grmtte- 
proeven ter beschikking stonden. de in het voor- 
gaande behandelde berekeningen uitgevoecd, zoo- 
we1 voor den toestand met geheel uitgeslagen 
kleppen als voor den toestand met gesoten kleppen. 

De gegevens van het vl'iegtuig; voor zoover die 
voor de berekeningen van belang zijn, vindt men 
verzameld in tabel 1 (achterin) en in de figuur 6. 
Deze figuur geeft het verband tusschen c.. c, en a'. 
sooals dit bij ware-grootte-proeven met het vlieg- 
tuig werd bepaald. alsmede de benedering door 
lineaire functies. welke voor de berekening nood- 
zakelijk is. 

Men ziet, dat, in het 'bij de afvangmanoeuvre 
voorkmomende gebied van invalshoeken. de  onnauw- 
keucigheid in de C. en c, waarden, die door deze 
benadering ontstaat, slechts gering is. 

Opgemerkt moet nag worden. dat de c. en c, 
waarden direct zijn ontleend aan metingen in sta- 
tionnaire zweefvlucht met ,gesloten ,gasklep zonder 
correctie voor den schroeftrek, zwdat  in de c, 
waarden is begrepen een correctie voor den in- 
vloed van de negatieve trekkracht van de sdhroef. 
welke oak bij de landing optreedt. 

In fig 6 is verder yitgezet ,bet uit dezelfde ware- 
grootteproeven afgeleide verband tusschen de stuw- 
snelheid v .  de roerhoek p en  a"in stationnaire 
zweefvlucht. Het verband B - v is bepaald voor de  
klephoeken 0 en 40' en v w r  2 zwaartepuntslig- 
gingen nl. op ca. 27% en 24% van de gemiddelde 
koorde, doch is slechts voor de meest achterlijke 
ligging weergegeven. 

Tenslotte is nog uitgezet ,bet verband tusschen 
9 'en n' in standaardatmosfeer ('met invloed nega- 
tieve schroeftrek) v w r  een gewicht van lo00 kg, 

, 

afgeleid uit de C. - c,-krommen. . - .  
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A M  k, = -- 

waarin q de stuwdruk van de ongestoorde stroo-, 
ming voorstelt. en A g  (in graden) chet roerhoek- 
verschil bij denzelfden vlieg'toestand en verschil- 
lende zwaartepuntsliggingen, volgt, dat  

De gegevens uit tabel 1 tijn onder 'meer aan 

De coefficient c1 is bepaald uit de bekende 
waarde van den hoogteroercokfficiknt k,. weerge- 
geven in fig. 6, die uit de stuurstandslijnen v m r  
verschillende ,zwaartepuntsli,ggingen ,ken worden 
afseleid. Uit d e  definitie van k8 nl. 

fig. 6 ontleend. 4 f l A P .  

8 

6 

. 
2 

80 
. 

' C I N  ORADEN . .  .. 

Fig. 6. Aerodynamische gegevens van het als voorbeeld -beschourvde Vlie'gtUig bij verschillende vliegtoestanden. 



kp = - 1' C? . 
Bij de niet-extreme invalshoeken (a'=ca. 10") 

volgt uit de metingen bij 0 en 40° klepboek 
kp=ca. 0.010 per graad. Stelt men hierbij. zooals 
uit lit. 2 volgt, dat ?=0,85, dan is 

c2= - 0.79 per rad. 

00 
ca. 90 

I 
I 

Vwr de zeer groote 'invalshoeken aan .her einde 
van d,e afvangmanoeuvre wordt, eveneens aan de 
hand van lif. 2, voor den klephoek van 40" ge- 
sield op 0.70 en voor den klephoek van 0" op 0.80. 
De waarde van c1/c2 is bepaald op grond van 
tqeoretische ovenvegingen en modelmetingen aan 
staartvlakken met dezelfde slankheid en dezelfde 
verhouding tusschen stabilo- en roeroppervlak. 

: De waarde van het traagheidsmoment E is ge- 
vbnden op grond van gegevens van vliegtuigen 
van-overeenkomstig type, in den vorm van dimen- 
sielpoze coefficienten vwr ,bet traagheidsmoment 
(zie b.v. lit. 5). 

I 40" ll ca. 80 

d e .  ,-Voor de waarde van ;i;; IS 0.30 aangenomen ; 

l a  I b I C 

_I 

een meer nauwkeurige bepaling is, gezien den be- 
trekkelijk geringen invloed van deze grootheid, 

Teneinde de berekeningen eenvoudig te houden, 
werd de grondinvloed niet in rekening gebracht. 

,.: " '  niet noodzakelijk. 

I I  
II a I b I C I 

07.2 Omvang en uituoering uan de berekeningen. 

~~ 

00 
ca. 90 

S in graden - I  . ' .  
u,in in km/h 
Begintoestand a b C 

u. in kmih . . . . . . 108 112 117 
u. in mjsec . , . . . . 30.0 31.1 32.5 

. , no'. in graden (zie 0 9 )  . . . + 10,74 + 9.80 . + 8,76 
?i in graden (zie fig. 6) . . + 2.30 + 2.30 + 2.30 
n, in rad. (zie 0 9 )  . . . . + 0,228 + 0,211 + 0.193 

\. PO in graden . . . . . . - 5.55 - 5,55 - 5.62 
~ qo .in rad. . . . . . . . - 0,097 - 0,097 - 0,098 
a/ in graden . . . . . . . 16,OO 16.00 16,OO 
ag in rad. ; . . . . . . + 0.320 + 0,320 +' 0.320. 
z . . . . . . . . . .  1.76 1.63 1,52 

j De berekenigen zijn in twee groepen gesplitst; 
de  eerste groep heeft 'betrekking op het bewuste 
vliegtuig, de tweede op eenige denkbeeldige ver- 
.anderingen van de' aerodynamische eigenschappen 
'van den vleugel met klep van dit vliegtuig, teneinde 
den invloed van dergelijke veranderingen op de 
ex'tra-roeruitslagen te onderzoeken. 

De eerste groep berekeningen over de  ver- 
eischte roeruitslagen werden uitgevoerd v w r  de 
meest achterlijke zwaartepuntsligging bij twee klep- 
hoeken, nl. 6 = 0  en d=40°. Teneinde den in- 
vloed van de  keuze van den stationnairen begin- 
toestand v66r de afvangmanoeuvre te onderzoeken. 
werden v w r  beide klepstanden 0 en 40' de be- 
rekeningen uitgevoerd vdor 3 begintoestanden a. 

40" : 
ca. 80 

a b C. 

94 96 .. 104 
26,l 26,6 28,9 

+ 9-88 + 9.35 + 7.48 
+ 4.00 + 4.00 + 4.00 
+ 0,242 + 0.233 + 0,200 
- 6.65 - 6.6 - - 6.88 
- 0,1160 - 0,1165 - 0.120 

15.00 15.00. ' 15.00 
.+ 0,332 +. 0,332 .+ 0,332 

1,803 1.727 1,51 
. .  
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TABEL 2 

108 112 117 
30.0 31.1 32.5 

+ 10,74 + 9.80 + 8,76 
+ 2.30 + 2.30 + 2.30 
+ 0,228 + 0,211 + 0.193 
- 5.55 - 5,55 - 5.62 
- 0,097 - 0,097 - 0,098 

16,OO 16.00 16,OO 
+ 0.320 + 0,320 + 0.320 

1.76 1.63 1,52 

b en c. Deze werden zoo .gekozen, dat de snel- 
hei,d bij een dezer drie toestan,den .voor elk geval 
gelijk was aan 1.2 maal de minimale snelheid be- 
hoorende mbij. den betreffenden klephoek. In het 
algemeen mag men we1 zeggen, dat een snelheid 
van 1.2 vmin *bij het binnenkomen als normale 
waarde mag gelden. De twee andere waarden wer- 
den in de nabijheid daarvan gekozen en we1 voor 
de hoogste ca. 1.3 umin en  voor de laagste, v w r  
zwver dit ,in verband met het complex worden van 
t. mogelijk was, kleiner dan 1,2 vmin .  

Uit fig. 6 en de gemeten waarden voor de mini- 
male snelheid volgt, dat de kritische waarde van 
den invalshoek voor S Oo gelegen is bij a'= ca. 
16.5" en voor 6=40° bij a'=ca.16'. Uit het 
verloop van de  stuurstandslijnen ( p - a )  in fig. 6 
ziet men, dat bij a' ca. 15O voor 6=40° en bij 
a' ca. 16' voor S=Oo de stuurstandslijnen sterk 
beginnen af te buigen. Men mag dus verwach- 
ten, dat bij deze invalshoeken reeds in belang- 
rijke mate loslating begint op te treden. Daarom 
is, voor den invalshoek. die bij het aan den grond 
komen wordt bereikt. voor d=O". a , ' s16" en 
voor S = 40' ag'= 15O gekozen. 

De standhoek bij ,bet aan den grond komen be- 
draagt dan eveneens ca. 1 5 O  resp. 1 6 O ,  terwijl stil- 
staande aan den grond de  standhoek van dit vlieg- 
tuig ca. 12" bedroeg. Men mag dus concludeeren, 
dat bij bovengenoemde keuze van u/ zeker een 
goede driepuntslanding zal worden uitgevoerd. 

111 tabel 2 zijn nu de gegevens (afgelezen uit 
fig. 6) .  waarvan bij de  eerste groep berekeningen 
is uitgegaan, verzameld. 

De tweede groep 'berekeningen betreffen als ge- 
zegd een tweetal denkbeeldige gevallen. Hieraan 
ligt de volgende gedach'tengang ten grondslag. 

Wanneer men. zooals in fig. 6 is geschied, de  
ca- en c,-waarden van het als voorbeeld gekozen 
vliegtuig uitzet op a', dan ziet men dat de kleppen 
een matige c.-verhooging en een c,-verhooging 
opleveren. Vergelijking van de berekende waarden 
van (8-p) voor d = O  en 6-30'' geeft een in- 
zicht in den invloed van de klepwerking op de ver- 
eischte extraroeruitslagen. Teneinde nog iets dui- 

94 96 104 
26,l 26,6 28,9 

+ 9.88 + 9.35 + 7.48 
+ 4.00 + 4.00 + 4.00 
+ 0,242 + 0.233 + 0.200 
- 6.65 - 6.6 - 6.88 
- 0,1160 - 0,1165 - 0,120 

15.00 15.00 15.00 
+ 0,332 + 0,332 + 0,332 

1,803 1.727 1,51 

. 

~. 

S in graden 
u,in in km/h 
Begintoestand - 

u. in 
u. in 
no'. in 

' ?i in 
no in 
PO in 

~ qo .in 
as' in 
ag in 
z .  

kmih . . . 
mjsec . , . 
graden (zie 0 9 )  
graden (zie fig. 
rad. (zie 0 9 )  . 
graden . . . 
rad. . . . . 
graden . . . 
rad. ; . . . 

. . .  

. . .  

. . .  
6 ) .  . 
. . .  
. . .  
. . .  
. . - .  
. . .  
. . .  



delijker kwalitatieve gegevens omfren,! den in- , 
vloed van de aerodynamische eigenschappen van 
inrichtingen ter verhooging van draagkracht en 
weerstand op de voor .bet landen n'mdige extra- 
roeruitslagen te verkrijgen, zij nu nog voor een drie- 
tal denkbeeldige gevallen van dergelijke inrich- 
tingen, ,toegepast op 'het als voorbeeld gekozen 
vliegtuig (tabel 1 ), de vereischte extra-roeruit- 
slagen uitgerekend. 

I Geval 

Fig. 7. G ( a )  en c w ( n )  voor verschillende uitvoeringen 
van het vliegtuig. 

Fig. 7 geeft .hieIvan een beeld. Hierin zijn uitge- 
zet de c.-n en c,-a krommen (invalshoek t.0.v. 
de draagkracht-nullijn), waarop de berekeningen 
zijn gebaseerd. Hierin is geval I het gekozen 
voorbeeld zander klepuitslag. geval 11 het voor- 
beeld met klepuitslag 40°. geval I11 de  denk- 

I V  

I Klephoek 6 in graden 1 

vmin in m/sec . . .  
uo (1.2 umin)  in m/sec 

I Stationnaire beginsnelheid I vo in kmfh 

aa in graden 
cwg . . . . . .  
q~" in rad. . , . . 
ug in graden . . .  

ca' . . . . . . .  
c,'. . . . . . .  
C,"" . . . . . . .  
'I . . . . . . .  

z . . . . . . .  

Klephoek 6 in graden 

Stationnaire beginsnelheid 
vo in kmfh 

ob' in graden . . . . . .  
B, in graden . . . . . .  
Bg-P in graden . . . .  

25.35 
30.4 

1,284 
0.892 

12.6 
0.126 

- 0,141' 
18.4 
1.687 
4.06 
0.579 

- 0,001 
0.70 

Zwaartepuntsligging x/t,=27% 

0 40 

(1,2 vmin) (1.3 vmin) (1,,2~m;n), (1,30m:n) 
108 112 117 94 96 104 

16 16 16 15 I5  15 
- 6.0 - 5.0 - 4.6 - 5,6 - 4.5 - 3.2 
- 2.6 -. 1.7 - 1.2 - 4,8 - 3.8 - 2.4 

~~ 

20,80 
25.0 

1,895 
1.315 

14.4 
0.172 

- 0.131 
21.2 

1,675 
5.21 
0.665 

+ 0,005 
0.70 

Zwaartepuntsligging x/t,=27% 
0 40 - 

(1,2V?"i") (1.3 vmin) (1,,2 om;"), (1 ,3  om:") 
108 112 117 94 96 104 

16 16 16 15 I5  15 
- 6.0 - 5.0 - 4.6 - 5,6 - 4.5 - 3.2 
- 2.6 -. 1.7 - 1.2 - 4,8 - 3.8 - 2.4 

De overige in de berekening voorkomende waarden 
volgen uit  tabel 1. 

07.3 Resultaten. 
In tabel 4 (aan het einde van dit rapport) vindt 

men de berekening van den vereischten roeruit- 
slag voor het afvangen op het oogenblik van 
landen, voor d e  klephoeken 0 en 40" en ieder voor 
3 verschillende 'begintoestanden (lie 07.2). 

In tabel 5 zijn de resultaten samengevat. 

TABEL 5. 

ob' in graden . . . . . .  
B, in graden . . . . . .  
Bg-P in graden . . . .  1 h, in m . . . . . . . .  I 29.5 I 34.7 I 34.9 I( 19,l I 23.1 I 30.5 
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Fig. 1 1 , .  Het verloop van eenige karakteristieke grootheden tijdens de landing 

stationnaire 'beginsnelheid zijn uitgezet, de ver- 
eischte extra-roeruitslag bij het einde van lhet af- 
vangen (fl-p) (d.w.2. de roeruitslag die. bij den 
invalshoek as  aan het einde van de afvangma- 
noeuvre noodig is boven den in stationnaire vlucht 
bij ,dien invalshoek behoorenden roerhoek), de 
hoogte waarop met afvangen moet worden begon- 
nen. alsmede de vereischte roeruitslag p bij het 
einde van het .afvangen. voor de zwaartepunts- 
ligging van 27%. 

. Bij d'e berekeningen bleek, dat in beide gevallen 
( S = O o  en d=40°)!bij beginsnelheden van 1.1 vmin 
complexe waarden van t .  optreden voor p < 0. 
Dit wijst er dus op. dat  een snelheid bij binnen- 
komen van 1.1 vnin te laag is om hierbij een lan- 
ding uit te voeren volgens het gekozen invals- 
hoek- en baanhoekverloop. 

F i n  werkelijke landing met een dergelijke kleine 
beginsnelheid zal dus met dit vliegtype vermoede- 
lijk niet mcer op normale wijze kunnen worden 
uitgevoerd. 

Ter  illustratie van het verloop van verscbillende 
grookheden tijdens de afvangmanoeuvre zijn in 
tabel 6 (achterin) berekend en in fig. 11 ui,tgezet, 
als functie van y(==t / t . ) :  de invalshoek a, de 
baanhoek p, de  snelheid u,  de hoogte h. de extra- 
roeruitslag ( b  - p )  .en de  roeruitslag b voor 
x/t.-27%, .alles voor bet geval 6=40° en sta- 
tionnaire beginsnelheid 96 km/b (1.2 umnin). 

Men kan ook in het diagram van stuurstands- 
lijnen ! ( a )  voor de stationnaire zweefvlucht de 
vereischte roeruitslagen voor het afvangen weer- 
geven. Daarbij wordt de extra-roeruitslag voor het 
afvangen (B-,P) uitgezet boven den stationnairen 
roerhoek bij de  bijbehoorende waarde van a' 
tijdens .bet afvangen: fig 12 geeft hiervan voor bet 
geval 6=40°. v,=96 km/h een voorbeeld. 

Ten sl,otte zijn, op dezelfde wijze als in tabel 4 
is gevolgd, ,de extra-roeruitslagen Bg-,@ berekend. 

welke in de gevallen 111 en IV, waarvoor de aero- 
dynamiscbe gegevens in fig. 7 zijn weergegeven 
(uitvoerig besproken onder 07.2) n b d i g  zijn voor 
het afvangen. Met de geyallen I ' e n  I1 waarvoor 
de berekenigen reeds in het voorgaande behandeld 
zijn. zijn de,resultaten in tabel 7 vereenigd. 
. Men ziet door beschouwing van de gevallen' I 
t/m 1V. die allen geacht kunnen worden betrekking 
te hebben op landings- of remkleppen van het ge- 
bruikelijke 'type, dat de verhooging van cur een 
belangrijke vergrooting van den vereischten extra- 
roeruitslag (vergel. I en 111) met zich meebrengt. 
terwijl verhooging van camax een vermindering 
daarvan (vergelijk I1 en HI), veroorzaakt. Hoe de 
'vereischte extra-roeruitslag bij een bepaald type 
klep t.0.v. den toestand zonder klep ral zijn. hangt 
dus geheel af van de caner- en c,-verhooging. Men 

Fig. 12. De mor het afvangen benoodigde extra roeruitsla 
als functie van den invalshoek. 
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krijgt den indruk. dat de c,-verhooging we1 een 
zeer belangrijken invloed heeft. 

D e  absolute grootte van den vereischten roer- 
hoek voor het ,landen in de beschouwde gevallen. 
hangt mede af van de verplaatsing. die de stuur- 
standslijn ondergaat 'bij geopend zijn van de klep- 
pen. Is deze verplaatsing zoodanig dat het vlieg- 
tuig bij openen van de klep koplastig wordt. dan 
wordt ,bet verschil tusschen de totaal voor af- 
vangen nwdige roeruitslagen zonder en met klep 
grooter dan het verschil tussdhen de extra-roer- 
uitslagen in die 'gevallen: wordt ,bet vliegtuig staart- 
lasti,g d'an wordt het verschil tusschen de absolute 
roeruitslagen kleiner dan het verschil tusschen de 
extra-roesuitslagen. In ieder geval volgt uit een e n  
ander. dat de invloed van de verhooging van camex 
en c, op d'e voor het landen vereischte roeruit- 
slagen van dien aard is, dat hiermede 'bij het ont- 
werp van een vliegtui,g rekening moet worden ge- 
houden. 

08 Eenige beschouwingen en  conclusies. 

~ 

Omschrijving invloed klep (of andere inrichting ) t.0.v. ,Vereischte' extra- Bigin- 
. ,  snelheid 

c, verhooging bij ' . t i  in km/h 

toestand zonder klepuitslag % . . .  roeruitslag 

verhooging airit in graden 
P,  - B ( % )  = 

. .  108 -2,6. , 

. I  came, verhooging 

geen klepuitslag 

matig (0.3) matig (0.05) 96 ' ,, , 1 3 . 8  ' ca: 1" 
. , .  . . .  . 

geen matig (0,05) geen 108 I -5.3 

. groot (0.6) g roo t , (O , l l )  ca. . 3 O .  90 - 6.1 
. .  

De bovenbeschreven benaderingsmetihode opent 
in de eerste plaats de mogelijkheid aan te geven, 
welke roeruitslag vereischt is om een .bepaald vlieg- 
twig van een te voren aan te geven stationnaire 
-zweefvlucht uit, op normale wijze te landen. 

De resulaten van d,e berekeningen onder 07 
toonen, dat de vereischte, roeruitslag grooter is 
naarmate de snelheid in de stationnaire zweef- 
vlucht voorafgaand'e aan de landing, dus ,de .,snel- 
heid bij ,het binneakomen" kleiner is. 

Wi l  men dus voor, een bepaald vliegtuigtype bij 
de meest voorlijke zwaartepuntsligging den maxi- 
maal 'benoodigden roeruitslag berekenen. of ,  bij een 
bekenden maximaal beschikbaren roeruitslag. de 
uiterst toelaatbare voorlijke zwaartepuntsligging, 
.dan moet men een ikeuze doen omtrent de laagste 
waarde van de shellieid lbij binnenkomen, waarmede 
nog juist een goede ,landing zal moeten kunnen 
worden uitgevoerd: 

In het algemeen zal een snelheid 'bij b inned 
komen van 1.2 i 1.3 ,maal de minimale snelhaid (in 
stati,onnaire zweefvlucht bij den vliegtui,gtoestand 
waarmede geland wordt) een normaal vwrko- 
mende waarde zijn. Voor belangrijk lagere waar- 
den van de snelheid bij binnenkomen b.v. 1.1 vmin 
zal dikwijls een landing volgens het hier gekozen, 
als normaal te beschouwen. invalshoek- en baan- 

.. ._ 
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hoekverloop niet meer mogelijk zijn. Voor het 
vaststellen van den bij een bepaald vliegtuigtype 
noodigen roeruitslag is het echter verstandi,g. in 
verband met het benaderende karakter van de 
berekeningsmethode en het ontbreken van vol- 
doende ervarin,gsmateriaal. een reserve op  den door 
berekening gevonden roerhoek te leggen. 

Bovendien zal het gewenscht zijn een reserve in 
den beschikbaren roeruitslag te hebben met het oog 
op het uitvoeren van landingen van een vliegtoe- 
stand uit, die van den normalen stationnairen v1,ieg- 
toestand afwijkt, zooals b.v. bij binnenkomen met 
lagere snelheid dan 1.2 maal de minimale. 

Volsgens d,e beschreven berekeningsmethode be- 
hoort verd'er bij iederen stationnairen begNintoestand 
een 'bepaalde hoogte waarop met afvangen moet 
worden begonnen om op de in de berekenings- 
methode aangenomen wijze te kunnen landen. 
Wordt  nu bij een mbepaalden stationnairen toestand 
te laat met afvangen begonnen. dan zal een landing 
met het ingevoerde baanhoek- en invalshoekverlwp 
niet meer mogelijk zijn en zullen ,baaahoek en invals- 
hoek sneller moeten veranderen dan bij afvangen 
op de juiste hmgte het geval zou zijn geweest. In 
vele gevallen zal dan met den voor een normale 
landing beschikbaren roeruitslag nog we1 een wiel- 
landing kunnen worden uitgevoerd. 

Het zou naar aanleiding van het bovenstaade 
aanbeveling verdienen de ,bier beschreven bereke- 
ningen voor een aantal b e k e d e  vliegtuigtypen met 
bekende landin,gseigenschappen uit te voeren, tenr 
einde de volgens deze methode berekende roeruit- 
slagen te vergelijken met de inderdaad bij die vlieg- 
tuigen 'beschikbare roeruitslagen en daaruit de roer- 
reserve te leeren kennen, 'die bij toepassing van de  
heschreven 'berekeningsmethode voor de. praktijk 

Zoolang dergelijk ervaringsmateriaal no9 niet ter 
beschikking staat, w r d t  aanbevolen bij gebruik 
.van deze benaderingsmethode uit te gaan van 
een snelheid ,bij binnenkomen van 1.2 maal de mi- 
nimale snelheid. in stationnaire, zweefvlucht. bij den 
vliegtuigtoestand waarbij geland wordt en op de 
hiervoor berekende waarde van den extra-roeruit- 
slag (I+) een toeslag van ca. 25% te  leggen. 
Mocbt in zeer bijzondere gevallen blijken, dat 
een landing vo1,gens het aangenomen baan- en in- 
valshoekverloop bij een beginsnelheid van 1.2 vmin 
niet .mogelijk is (complexe waarden van t ,  voor 

gewenscht is. . ,  



0 > p > ca. 5 )  dan moet men de laagste begin- 
snelheid bepalen. waarvoor dit we1 mhet geval is 
en ,hiervoor op .de bovenbeschreven wijze den ver- 
eischten roerui'tslag berekenen. Men dient dan 
echter in het oog te houden, dat in he! optreden 
van complexe waarden mogelijk een aanwijzin'g 
schuilt.. dat :het vliegtuig onder de desbetreftende 
omstandigheden bij -een snelhei,d bij hinnenkomen 
van. 1.2 umin reeds geen goede landing meer zal 
kunnen uitvoeren. 

. . .  

De beschreven inethode geeft de mogelij,kheid 
binnen zekere grenzen iedere willekeurige waarde 
van invalshoek (en dus 'oak standhoek), op  het 
moment van lan,den in lie voeren, 

Wanneer de berekeningen op een vliegtuig met 
staartwi~elonderstel betrekking hebben, zal men 
voor hat berekenen van de noodige roeruitslagen 
zonder meer een invalshoek aan den grond in- 
voeren, die overeenkomt met den standhoek aan 
den gron,d en die dus slechts weinig verschilt van 
de kritische waarde. zoodat een goede driepunts- 
landing kan worden verwacht. 

Voor ,bet geval een vliegtuig met neuswiel wordt 
beschouwd, zou men de berekeningen kunnen uit- 
voeren voor een invalshoek aan den grond. welke 
ongeveer gelijk is aan den standhoek bij stilstaand 
vliegtuig. dus voor een wiellanding met groote 
landingssnelheid. Men zal echter ook wenschen, 
dat het vliegtuig geland kan worden met een zoo 
klein mogelijke landingssnelheid (staartlanding ). 
Het zal daarom aanbeveling verdienen voor een 
neuswielvliegtuig de 'berekeningen toch uit te voe- 
ren voor een invalshoek aan den grond, die weinig 
verscbilt van de kritische waarde: t.e meer daar in 
het al,gemeen de vereischte roeruitslagen voor de 
staartlanding grooter zullen zijn dan di,e voor de  
wiellanding. 

De vraag kan nag rijzen. ,hoe 'he! met 'de'noo- 
dige roeruitslagen staat. wanneer niet in zweef- 
vlucht. maar in motorvh~cht wordt binnengekomen 
en de motoren worden afgezet op he! oogenblik 
dat met afvangen wordt begonnen. Hierover kan 
het volgende gezegd worden. Wanneer men twee' 
stationnaire vliegtoestanden beschouwt, waarbij de 
snelheid gelijk is, ,doch de eeme in zweefvlucht. de 
andere in motorvlucht, dan ral de invalshoek in 
b i d e  gevallen slechts weinig verschillen (enkele 
graden), de baanhoek echter in motorvlucht grco- 
ter zijn dan di,e in zweefvlucht. Zou men achter- 
eenvolgens uitgaande van beid'e toestanden, een 
landing willen maken met denzelfden toestand aan 
'het einde van de afvangmanwuvre (b.v. driepunts- 
landing-met.dezelfde landingssnehid), dan zal de 
standhoekveranderig -tiidens het afvangen in het 
geval van de motorvlucht. kleiner zijn dan die in 
het geval van de zweefvlucht. De duur van de af- 
vangperiode ral voor de twee gevallen. aangezien 
de snel'heden gelijk zijn, weinig verschil vertoonen. 
zoodat de hoeksndheden en -versnellingen in het 
geval van binnenkomen in motorvlucht kleiner zul- 
len zijn dan bij binnenkomen in zweefvlucht. Men 
mag dus verwachten, dat 'de vereischte roeruit- 
slagen in het geval van landing uit motorvlucht 
dan ook kleiner zullen zijn 'dan die bij landing 

. .  

uit zweefvlucht. zoodat.,dus, wanneer de roeruit- 
slagen berekend worden voor h'et binnenkomen in 
zweefvlucht met de normale snelheid daarvoor, in 
het algemeen vol,doende roeruitslag ter beschikking 
ral rijn om te landen. wanneer met werkende mo- 
toren wordt binnengekomen. 

Ten slotte moet nog even: de  aandacht gevestigd 
worden op den eventueelen invloed van den wind. 
In de berekeningsmehode wordt geen rekening ge- 
houden met een eventueele windsnelheid t.0.v: den 
grond. De baanhoek, die dngevoerd wordt. is dan 
ook alleen in he! geval van windstilte de werke- 
lijke baanhoek t.0.v. den grond. Wanneer een be- 
paalde constante windsterkte heerscht. geld! de 
geheele berekenin,gsmethode ech'ter zonder meer, 
alleen moet dan onder den  baanhoek p niet ver- 
staan worden de baanhoek t.0.v. den grond. maar 
de hoek t.0.v. de ongestoorde lucht. De berekenings- 
resultaten zijn echter allen onverminderd geldig: 
het afvangen zal zich alleen over een .korteren ho- 
rizontalen afskand afspelen. Slechts een tijdens het 
afvangen varieerende wind zal invloed hebben op 
de grootte van de noodige roeruitslagen: deze in- 
vloed zal ecbter in het algemeen klein zijn. Boven- 
dien zal bij sterk varieerenden wind (zware re- 
maus) veelal met een ,grwtere snelheid dan de 
normale worden binnengekomen en geland. roodat 
daardoor de bij een bepaalden beschikbaren roer- 
uitslag aanwezige roerreserve vanzelf word't ver- 
groot. 

De berekenin'gen waarvan onder 07.2 een over- 
zicht is gegeven en waarvan de  resultaten onder 
07.3 zijn samengevat leeren he! volgende. 

10  De voor het landen vereischte ..extra"-roer- 
uitslag bij een bepaalden vliegltuigtoestand 
(,klepstand en zwaartepuntsligging ) en dus ook 
de totaal vereischte roeruitslag, is grooter 
naarmate de snelheid ,in de stationnaire zweef- 
vlucht, voorafgaande aan de landing, kleiner 
is. 

Wanneer de stationnaire beginsnelheid klei- 
ner is dan een bepaal,de waarde, is het onmo- 
gelijk volgens de gegeven methode een vmr 
een normale landing geschikt baanhoekver- 
loop aan te geven, dat bij mbenadering aange- 
past is aan het aan deze berekeningsmethhode 
ten grondslag gelegde invalshoekverloop. Daar 
dit invalshoekverloop vermoedelijk weini,g van 
het bij een normale landing optredende inwls- 
hoekverloop zal afwijken. moet men in het 
genoemde geval verwachten, dat #bet dan  ook in 
bet algemeen niet meer mogelijk zal zijn bij 

. .  . een dergelijke waarde van de beginsnekhdd 
een normale land'inmg uit.te voeren. Onder nor- 
male lending wordt hierbij verstaan, een lan- 
din'g waarhij op het oogentblik van aan den 
grond komen tegelijkertijd de inval'shoek na- 
genoeg de kritische waarde heeft, de  snelheid 
omgeveer gelijk is aan .de minimale en de  
baan horizontaal is en waarbij tijdens het af- 
vangen geen plotselinge standsveranderingen 
of stuunbewegingen plaats vin'den. 

30 Bij toepassing van landings- of remkleppen 
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zal de voor het landen vereischte extra-roer- 
uitslag zoowel door de  camex- als door de cm- 
verhooging beinvloed word,en en we1 in het 
algemeen zoo. dat door de c,-verhooging 
de vereischte extra-rwru+tslag grooter wordt. 
en door de camaZ-verhooging kleiner. Welke 
invloed zal overheerschen. hangt af van de  
aerodynamische eigenschappen van de klep. 
Bij de gebruikelijke typen van landingskleppen 
ta l  vermoedelijk steeds de invloed van de  c,- 
verhoogin,g overheerschen en een ,grootere 
extra-roeruitslag noodig zijn voor het landen 
met klepuitsl'ag d'an voor het landen zonder 
klepuitslag. De invloed van de camax- en 
c,-verhooging t.g.v. landingskleppen e.d. is 
in ieder geval van dien aard. dat hiermede bij 
het ontwerp van een vliegtuig m.n. met het 
oog op de  staartvlakken, rekening mwt .war- 
den gehoud'en. 

Beschouwin,g van de vergelijkingen voor de 
berekening van den duur van de afvangma- 
noeuvre f a  en voor den vereischten extra- 
roeruitslag ( p  - ,5+) -1eert nog het volgende. 
Beschouwt men twee vliegtuigen A en B 
met .dezelfde uihuendige afmetin'gen en de- 
zelfde aerodynamische eigenschappen, doch 
met versdhillen,d gewicht, zoodanig dat het 
gewicht van B gelijk is aan nmaal  het gewicht 
van A (dus  ook n-maal zoo groote vleugebbe- 
lasting). dan is de 'duur van de afvangmanoeu- 
vre voor B Vn-maal die voor A (wanneer 
beide vliegtuigen geland worden van een 
stationnaire zweefvlucht uit met snelheid 
1.2 v,,,in). De snelheid zal bij vliegtuig B 

. IG-maal zoo groot zijn als bij. A. De ver- 
eischte extra-roeruitslag (D - ,5+) ontstaat 
volgens (71 )  uit twee termen. De 'term, die 
afhankelijk is van 6 en (invloed van de 
demping) zal voor het vliegtuig B 'l/n-.maal 
zoo groot zijn als die voor vliegtuig A ;  de 
term, die afhankelijk is.van 6 (invloed van 
de  hoekversnelling) zal. wanneer wordt aan- 
genomen, d a t  het traagheidsmoment om de 
dwarsas van  .B eveneens n-maal dat van A 
is, eveneens l/n-maal zoo groot zijn als die 
voor A. De, totale' vereischte extra-roeruit- 
slag zal dus voor vliegtuig B bij benadering 
lp-maal  zoo.groot zijn als voor vliegtuig A. 

' Samenvattend volgt dus hieruit: . ' 
. .  Wanneer bij gelijkblijvende uitwendige afme- 

tingen en aerodynamische eigenschappen de 
. . I  vleu~gelb~lasting ndmaal zoo g m t  wordt ge- 

maakt, zal de voor hqt landen vereischte 
extra-roeruitslag bij benadering l/n-maal zoo 
groot zijn. , I 

Een bepaald vliegtuig zal dus, wanneer het 
lidht behden is, voor het uitvoeren, van een 
.normale landing een grooteren ,.extra'' roer- 
uitslag noodig he'oben dan bij zware belading. 

Het is . noodzakelijk. teneinde de bruihbaar- 
heid van de  gegeven beoaderingsmethode 
.beter te onderzoeken. voor een aantal beken- 
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de v1,iegtuigtypen met bekende landingseigen- 
schappen, de voor het landen vereischte roer- 
uitslagen voor verschillende vliegtuigtoestan- 
den en stationnaire 'begintoestanden te bereke- 
nen. 
Hieruit kan dan tevens een inzicht worden 
verkregen in de roerreserves die, bij toepas- 
sin'g van de ,gegeven ,methode. i'n d,e praktijk 
noodig zullen blijken. 

'Het is gewenscht. zoodra de amstandigheden 
dit toelaten, door middel van vliegproeven 
meer materiaal be verzamelen omtrent het 
werkelijk optredende invalshoek- en baan- 
hoekverl'mp .bij de landing. teneinde in de  
eerste plaats het aan deze methode ten grond- 
slag gelegde verJoap ,hdermede te vergelijken 
en in de  tweede plaats een verdere studie 
van het landen. in het ,bijzonder met het oog 
op  de eischen. ,die hieruit voor het ontwerp 
voortvloeien, mogelijk te matken. 

Afgeslofen Jufi 1942. 

~ 60 

Naschrift. 
,Ruim drie jaren na het afsluiten van dit rapport, 

doch v66r thet tei perse gaan. kwam den schrijver 
lit. 3 in handen. 

Hieruit blijkt in de eerste plaats dat de nabijtheid 
van den grond een aanzienlijken invloed op c,. 
cu, en c, (mer- staartvlakken) uitoefent. Deze 
laatste invloed is voor het grootste deel' ahkomstig 
van: de beinvlmoeding van de neerstrnoming door 
den grond. 

Voor zoaver het de twee eerstgenoemde groot- 
'heden betreft, wordt aangetoond, dat deze invloed 
met vrij qoede benadering door eenige bestaande 
eheorieen w,ordt weergegeven. Genoemd worden 
een theorie van Hutchinson (niet gepuhlbliceerd) en  
lit. 4. 

De invloed op c, (met staartvlakken) echter 
kan,, m.n. voor het gwa l  van geopende kleppen 
ntrg niet, voldoende door de. theorie worden be- 
schreven. De werkzaemheid van de staartvlakken 
wordt .door de nabijlheid van den gron,d niet ver- 
minderd, soms ,zelfs verbeterd. 

Hieruit kan men t.a.v. de in  ,bet voorgaansde ge- 
geveu berekeningsmethode het volgende conclu- 
deeren. 
lo Het is in het algemeen noodzakelijk den in- 

vloed van den .grond op c. en cw in rekening 
te ibrengen. waarvoor in 'dit rapport aanwij- 
,zingen zijn gegeven. 
Het is noodzakelijk .de stuurstandlijnen 'voor 

' de stationnaire vlucht; welke bekend moeten 
zijn ' vwr  de lberekening van de roeruitslagen 
voor ihet I,anden, te corrigeeren voor den in- 
vloed van den grond. Ook hiervoor zijn de 
mogelijkheden door de mbeschreven bereke- 
ningsmethode geopend. .Gegevens over de 

.I: . grootte- van den invloed ,kunnen voorloopig 
vermoedelijk alleen door windtunnelmetingen, 

, zooals beschreven in R. and M. 1847. worden 
' ' verkregen. Deze 'kunnen echter op eenvoudi,ge 

' 

. .  
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30 De coefficienten c1 en cp voor de staartvlak- 
ken ondergaan door de nabijheid van den 
grond geen veranderingen van beteekenis. D e  

waarde van - kan, aangezien zij toch een 
betrekkelijk kleine rol in de berekening van 
den roerhoek speelt, cp grond van de resul- 
taten van het besdhreven modelonderzoek. nul 
gesteld worden. Het is edhter mogelijk uit het 
onder 20 bedoelde modelonderzoek tevens een 

d e  inzic.ht te krijgen in de waarden van - d o  
wanneer het vliegtuig zich in de nabijheid 
van den grond bevindt. 

d a  
d a  

09 Appendix. 
Uitwerking van eenige in de berekening 
optredende bepaalde integralen. 

Bij d,e uitwerking der benaderingsmethode onder 
51 zijn een aantal bepaalde integralen. Ly,. My,. 
Ny, en Oy, naar voren gekomen. waarvan de 
nadere uitwerking hier wordt gegeven. 

09.1 Uitwerking van Ly, 

L y . = r p , ( p , y ) d y ,  ( 3 5 )  
0 

Substitutie van (56) levert 

en 
3 y15 f.09 )= - - Y.'+ y*  5 

09.2 Uitwerking van My,. 

Substitutie van (55) hierin levert . .  

Ter oplossing hiervan stelt men: 
__- 1 = A ? + B  +CY'+DY*+EY+F 
(Y"+3)2 ( Y + Z ) ?  0,' - 2 y  + L")? 

Oplossing van A t/m F levert 

- 3 z Z 2 y + 3 r 3  ) 
(j.3 - 2 y + z2)4 I 

Nu is 

Voor deze laatste integraal kan men stellen * )  

+/'I--  "' R d y  
?: - z y + 2 3 .  

Men verkrijgt dan Q=zy+z'  en R-z .  zoo- 
dat 

of ' .  

Derhalve is 

t 

tegralrechnung. Teil 11, blz. 47 e.v. 
' f  Zie Czuber: Vorlesungen iiber Differential- und In- 
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09.3 Uitwerking  van N?,. 

Substitutie van (55) en (59) levert 

Ny, = 
.s/" , 4 (P  + 3)Y' - 3 ( P  + 4)Y* d y  

a0 y 3 + z 3  

Stelt men a = 4 ( p + 3 )  en b = - 3 ( p + 4 ) .  
dan is 

Substitutie van (55).en (59)  hierin levert 

'? 4(P+3)Y" +J ' (y"z7)3 dy] = 

Laatstgenoemde integrasl kan ais volgt bere- 
kend worden. 

D y 5 +  E y' + F y z +  G y'+ H y + I 
( Y* - 2 Y f z * )  

-+ 

+ 
Men verkrijgt dan na oplossing vaq A t/m I 

1 ' \  5 y* + 13 zy + 9 9  -_ - 1 
( Y ~ + Z ' ) ~  27z9?  ( y + z ) '  

+ -5yafl 7 ~ y ' - 3 6 z ~ y y 3 + 4 6 ~ 3 y ~ - 4 0 r 4 y +  182' 
( y l  - 2 y f 2')J 

.\ - z y3 - Y3J 
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Ter oplossing \a11 dcze laatste integiaal stelt 
men weer ') 

. f ' , - 5 y s i  1 7zy4-36z'g~f46z3y?-40z'y+ 1 8zs _- dy= 
.~ 

I= / . .  (?' I 2 Y ' + z ' ) 3  

'- $ 8  , 

. "  ,, 

7 
2 

Dit leidt tot : 

Q = 3 2 y 3  - i 'y'  + z9 y + ~ 2 en R= - 5 7 + l o r ,  

toodat , 

B y + C  I = / "  ' A  - d y + / '  
d y .  " Y + Z  .y' - 2 y + 22 

*I 71 
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Fig. 15. De fuqcties van f , > ( z )  en f12(z)  vow verschillende waarden van y .  
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Bovengenoemde grafieken bieden de mogelijk- 
beid de in di t  rapport beschreven berekeningen 
aanmerkelijk te  vereenvoudigen. 

10. Notaties. 
.< 

S y m b o l e n .  
. .  

B = traagheidsmompnt om de. dwarsas. 

c. = draagkrachtcoefficiht. 

c.' =- van het door een  lineaire functie he- d a  
naderde verband c. - a  in het voor de 
landing in aanmerking komende gehied 
van invalshoeken (zie fig. 2 ) .  

c, = momentencoefficient van het vliegtuig zon- 
der staartdakken. 

c. = normaalkrachtcoefficient van de horizontale 
staartvlakken. 

c ,  = weerstandscoefficient. 

d c. 

d c., 
d a  c,' =- van het door een lineaire functie be- 

naderde verband c,-a in het voor de 
landing in aanmerking komende gebied 
van invalshoeken (zie fig. 2 ) .  

cu" -door interpolatie van het lineaire verband 
c,-a hepaalde waarde van c, bij den 
invalshoek. waarbij de. door extra-polatie 
van het lineaire verband c, - a bepaalde. 
waarde van c. gelijk is aan 0 (zie fig. 2 ) .  

f = oppervlak horizontale staartvlakken. 
F - vleugeloppervlak. 
g ~ = versnelling van de zwaartekracht. 
G = ,totaalgewicht van het vliegtuig. 
h - d e  hoogte van her vliegtuig boven den 

'grand tijdens de afvangmanoeuvre. 
kp = shoogteroercoefficient, rie onder 07.1. 
I - afstand drukpunt horizontale staartvlakken 

'tot zwaartepunt vliegtuig. 
M = totaal moment van de luchtkrachten om de 

'dwarsas. 
Md,- ,dempend moment van de staartvlakken lbij 

rotatie om de  dwarsas. 
M h  = moment om de dwarsas van de luchtkrauh,ten 

op de staartvlakken. 
M ,  = momentom de dwarsas van de luchtkrach,ten 

op het vlieg'tui,g zonder staartvlakken. 
M,,=dempend moment van vleugel en  romp bij 

rotatie om de dwarsas. 
p = een. parameter in het verband rp - y.  
t = tijd. 
t. = totale tijd voor het uitvoeren van de af- 

t ,  = vl~eugelkoorde (grootste of gemid,delde). 
vangmanoeuvre. 

v = snel'heid van de ongestoorde lucht t.0.v. het 
vliegtuig. 

uh = snelheid van de gestoorde strooming t.p.v. 
de staartvlakken t.0.v. de staartvlakken. 

. x  =afstand van het zwaafitepunt tot den neus 
van de grootste of de gemid'delde vleugel- 
koorde. 

' A x  = verplaatsinsg van het zwaartepunt. 

z = I/+!= (zie ook onder ..Indices"). - 1 %  
n = invalshoek betrokken op de, door extrapo- 

latie van het lineaire verband c.-a be- 
paalde, draagkracht-nullijn (zie fig. l ) .  

= invalshoek hetrokken op d,e vleugelkoorde. 
= hoek tusschen draagkracbt-nullijn en vleu- 

= invalshoek van de strooming t.p.v. de hori- 

= h  oek van 'het hoogteroer t.0.v. het stabilo. 
oek van het hoogteroer t.0.v. het stabilo 

a' 

Ci 
gelkoorde (zie fig. 1 ) .  

cih 
zontale staartvlakken. 

p ' = k stationnaire zweefvlucht. 
t y =- 
1 .  
La 

y, =een bepaalde waarde van y .  overeenko- 

8 = uitslag van de landingsklep, .gemeten t.0.v. 

.E = neerstroomings,hoek. 

mende met den tijd f = f l .  

,den stand bij ingetrokken klep. 

vh 
0 

I 1  =-.  
El = standhoek (betrokken op vleugelkoorde 

(zie'Eig. 1 ) .  
da 
d a  z = 1 - -, neerstroomfactor. 

e = lucbtdiahtheid. 
o 

vleugelkoorde. 
q 

= in,stel,hoek van het stabilo, betrokken op de 

= baanhoek (t.0.v. de ongestoorde lucht). 
.. 

Indices .  . ~. 

Indices a en b duiden aan: dat de grdotheid 
hetrekking heeft op de zwaartepuntsligging vast- 
gelegd door Y, resp. d 

Index g duidt aan de waarde van de grootheid 
op  het tijdstip t= t . ,  dus op het oogenblik van 
aan den grond komen (zie fig. 3) .  

Index duidt aan, dat  bedoeld wordt de waarde 
van de  .grootheid in stationnaire vlucht hij de- 
zelfde waarde van a als in de niet-stationnaire 
vlucht. 

Index yL duidt aan de' waarde van de groot- 
heid op het tijdstip t,=y,t.. 

Index 0 duidt aan de waarde van de  groot- 
heid ten tijde f = O ,  dus bij het begin van de 
afvangmanoeuvre (zie fig. 3). 
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REPORT V. 1286. 
An approximative method for the determination 
of the elevator deflections required for landing 
a n  aeroplane and of the  extreme forward position 
of the centre of gravity, which is admissible in 

view of the landing characteristics. 

Summary 
I t  is presumed that the landing is made from a 

steady glide. The  aerodynamic ,data on 'whioh the 
calc,ulations lhave to be 'based are the curves-of 
lift and drag against angle of incidence in the lan- 
ding con,dition (flaps open, undercarriage exten- 
ded, airscrews idling), the curve of elevator de- 
flection against angle of incidence in steady flight 
for at least one position of the c.9.. curves of lift- 
coefficient of the tail surfaces against angle of inai- 
dence a t  the tail and elevator deflection. Further- 
more the weight, wing area, horizontal tail area, tail 
ienmgth, ,moment of hertia about i-he lateral axis, 
etc. have to be known. 

.Methods for the determination of bhe ground 
influence on l'ift, drag, downwash and pitching 
momen,t in steady conditions, eitiher theoretical or 
experimental, are supposed to be known so Ghat 
the abovementioned aerodynamic eharacteristics 
can (be reduced ,in view of the ground effect, which 
is gradually {becoming of importance while the 
landing manoeuvre is proceeding. The way in 
which this effect can be taken into account is 
explained in the report. 

Under 02.1 the equabions of motion are given 
by ( 1 1. ( 2 )  and ( 3 )  ,ahe last one, descri:bing the 
motions arounjd #he c.g.. is elaborated 'further into 

The  damping provided by all parts of the air- 
plane is supposed to !be 1.2-times the damping pro- 
vided by  the horizontal tail surfaces alone. Fur- 
thermore the symbol p' in this equation repre- 
sents the elwator deflection necessary for equili- 
brium if the flight at each moment during the lan- 
ding manoeuvre might be considered to be steady. 
As stated before these ,deflections afe supposed to 
be (known. 

In 02.2 the equations for the motion of the c.g. 
( I )  and ( 2 )  are reduced to fofmulae given by 
(26) and (27). This is done by assuming that ehe. 
curves of lift and drag against incidence, between 

(16).  

the angle of incidence of the steady approach 
glide <io and the angle of incidence (Ig a t  the 
moment of touching the ground, which mostly will 
be chosen in connection with the attitude, of the 
airplane when making a .,threeJpoint" landing, 
can ;be approximated by h e a r  functi,ons (17) ' and  
(18). This is illustrated in fig. 2 and 6. Ground 
effect can be taken into account approximatively by 
assu.ming that at the moment of initiating the lan- 
dingmanoeuvre (imi'dence of the steady glide) 
there is no ground effect, while at the moment of 
touching the ground, (incidence r ig)  ground effec: 
can be calculated as the iheig'ht above the ground 
is then known. The  linear functions representing 
lift and drag as 'functions of incidence are deter- 
mined by those two points. If desired a check on 
this approximation for intermediate values of the 
angle of incidence can be obtained by recalcula- 
ting the hift and drag when ehe height above the 
ground is known 'by the mebhod described 'hereaf- 
ter. If necessary a second approximabion can t h u s  
be m,ade . 
' .The reduction df the equations of motion ( I )  

and' ( 2 )  is further effected by some minor appro- 
ximations which will be clear from the sequence of 
formulae (20) to (24).  

Under 03 the method to obtain an approximate 
solution of the equations of motion is described. 
There are  four equations (26).  (27 ) .  (16) and 
(28) containing 5 variaibles. Normally one 06 
these would be chosen as a function of . t h e  and 
the otihers evaluated by  solving tihe equations. It 
is, however, impossible to choose a function. say 
u ( t )  or p( t ) .  representing a normal landing. a s  
the time t .  in which the landingmanoeuvre is per- 
formed $is not known and has to be obtained 
from the solution of the problem. It would be 
possible to choose II or p a s  functions of the 
relative time, that is the time expressed in 

units equal to the total time t .  y=- . in such. 
a way that a 'fair approximation of the change of 
these values during the landing is obtained. 

When  both a ( y )  and ~ ( y )  are fixed beforehand 
one variable too ,much is fixed and it is not possible 
to obtain a n  exact' solution of the equations of 
motion. In this case it is, however, possible to ob- 
tain a first rough approxi.mation of the problem 
by solving t .  in the 'following way. From equation 
(26) the value of the airspeed. expressed in t., 
can be calculated for the moment y=I  (end of 
landin,g manoeuvre). 

?Ihe same can be done 'by integration of (27) 
between y = O  and y = I .  By equalling both 
results a relation is obtained from which t. can 
be solved and a first rough approximative solut,ion 
is found. I t  would only be an exact solution if an 
imaginary force K, varying with time, was intro- 
duced in equation ( 2 ) .  In consequence of the 
procedure followed by evaluating t .  from the 
problem, the variation of K with t ime is such that 

taKdt=O, which means that the tota1:momentum 

imparted to the aircratt b y  rhe force K during the 

( t 7  

0 
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landing manoeuvre is zero. If the airspeed remain- 
ed constant during this period it would also mean 
that the total'work done'by forcetK would be zero. 

I t  is..however. possible to obtain a much better 
approximation of the motion by fixing a as  a func- 
tion of y and q as a function of y and a para- 
meter p .  .thus fixinsg the c'hange of inci'dence and. 
giving a 'bun,dle of curves for the cihange of p, 
from which the 'one that gives the best appro- 
ximation of the real change of angle of flight- 
path for the given change of angle of incidence, 
is chosen by solving p from the problem. together 
with f.. 

Then it is possible to solve both p and t ,  by 
equatin'g the values of v from (26) and (27)  not 
only for the end of the manoeuvre 'but also for an 
arbitrarely chosen moment during the manoeuvre, 
say '0 .5  f.. 

By this method the'momentum imparted by the 
abovementioned imaginary force K is zero for the 
period 0 to 0.5 t ,  and for the period 0.5 to  1.0 t .  
As the variation of speed during each of thes.e 
periods is relatively small. it  means also that in 
rough approximation the total work done by this 
force is zero. 

It lis expected that in this way a rather good 
approximative solution of the p r o b h  is obtained. 
. Formulae (31) ,'o (46)  give tihe equations when 
the functions n ( y )  and q ( 7 . p )  are introduced. 
Equating both values for the airspeed uy,  a t  a 
certain moment y, leads to the equations ( 4 8 )  and 
(50). the first for the time y =  1 and the second 
forthe time y=O.5. T h e  easiest w a y ' t o  get the 
values of p and fa is to solve (48 ) .  obtaining 
f. as  a function of p .  

T h e  difference d v -  between the speeds a t  time 
? = O S  following from the first and second equa- 
tion of motion can be plotted against f. resp. p :  
the values of f. and p .  belonging to d v = 0 can 
immediately be read. Formula (51) is used for 
this purpose. 

T o  obtain a good approximation, much depends 
on the choice of n ( y )  and q ( y , p ) .  which i s  dis- 
cussed under 04. Assuming a smooth and gradual 
change of incidence, attitude, flight path. and 
elevator deflection for the transition from the 
steady approach-glide into the landing-manoeuvre 
and during the latter, certain conditions for a ( y )  
and q ( 7 . p )  should be fulfilled. which are summed 
up under 04.1. Furthermore the functions have 
to  be such that  integration of (34)  is possible. 
This leads to .  the functions (55) and (56)  from 
which (57)  to (60) are derived. Wi th  these func- 
tions the values of T,-U.  V and W which appear 
in the equations (48)  and (51)  become rather 
simple as is seen from (65) .  (66) .  (67)  and (68) .  
T h e  functions f l  to ft0 are functions of z only: 
fixed by the chosen conditions for the incidences 
at the beginning and the end of the landing. 
see (54 ) .  They were evaluated once and for all 
for two values of y i.e. 0.5 and 1.0 and are 
given in fig. 13 and 14. Thus  no integrating of 
complicated functions is necessary anymore and 
the calculation of p and t .  is very simple. 

If  desired the height' at any moment during the 

landing manoeuvre includin'g she hei,ghtLat which' 
the manoeuvre has to be initiated is easilFfound'by 
equation (70a) andwith a sufficient approximation . 
by (70b) which can be simplified to (70) .  The 
functions f t t  and f L 9  also are dependent of z only 
and a&evaluated for the times y=O. 0.4 and 
0.7 thus giving 4 paints .by whiah a good appro- 
ximation of the change of height during the landing 
can be obtained. 

Now that f, is known it is possible by the se- 
quence of formulae (71). (28). (58). (60). (57). 
(59),  (72)  and (73)  under 05.3 to calculate bhe 
elevator d'efl'ection as sa function of time. 

As in mos't of Ithe cases the maximum deflection 
occurring at the end of the landing is the most 
interesting, formula (78) can be used. 

In this case it is necessary to take, into ac- 
count the groundeffect, Results of windtunnel 
experiments (R. and M..1847) show that in for- 
mulae (71) or (78)  only the value ( a )  is se- 
riously influenced. I t  is therefore desirable to 
calculate the elevator deflection ,+ necessary for 
equilibrium in stationary flight taking the ground 
effect into account and making use of either 
theoretical or experimental data. It is possible 
to introduce this influence because by (70) the 
height above the ground at any moment is known. 

follows from (71) .  only ,+ is affected by 
the c.g. position. It is therefore possible to cal- 
culate the most'  forward position of the c.g. 
for a,given maximum possible elevator deflection 
@,A, when the maximum required elevator deflec- 
tion @a for a normal landing with an arbitrarely 
chosen c.g. position is known. Formula (83) gives 
the maximum possible forward shift d x  with 
respect to a certain c.g.-position a. 

Under 07 a n  example is given of the calculations 
for an aeroplan'e bhe characteristics of which are 
given in table 1 and, fig. 6. Tables 2 to 4 give the 
calculations while in table 5 and 6 results are given. 
Calculabions were made for the cases with and 
widhou't flaps. each for bhree values of the speed 
in the steady approach condition. 

Fi,gures for the maximum elevator d,eflection are 
represented in fig. 10 (as  a function of the ap- 
proach speed), which also gives the 'height at'which 
the landing manoeuvre has to be intiated and the 
value of (@8-flg=) which .is called the ..extra" 
elevator deflection, and is in a certain way 
responsible for the dynamic part of the motion 
during the landing manoeuvre. Attention is called 
to  the. fact that certain limitations for the ap- 
proach speed are found. In the first place it is 
found that, when the approach speed is too low. 
the roots of equation (48) .  of which only the 
one with the negative sign given by (69)  describes 
the real landing case, become complex. This  
means that a ..normal" landing as defined by 
the curves o ( y )  and q(y.p) . is  impossible. In 
practice it is also known that a normal landing 
without vertical speed at the moment of contact 
with the ground is impossible when the approach 
speed is too lo&. O n  the other hand, when the. 
approach speed is'too high, positive values of p 
are  found, which would mean that the aeroplane 
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is climbing a t  the moment the landing attitude 
is reached. When  in practice a landing with too 
high an approach speed is attempted and the 
stick is gradually pulled back in the same way' 
as for  a normal landing the result is also a climb 
before the ' landing attitude and incidence are 
reached. Results show that normally speeds be- 
tween 1.2 and 1.3 times the stalling speed are 
satisfactory for a normal landing. 

Fig. 11 shows the change of the variables with 
time for one case. It  is seen fihat the conditions for 
smooth an,d gradual change introduced in the pro- 
blem are somewh,at exaggerated compared with 
practice. Th,e change of most of hhe variables is 
such that to reproduce such a landing in reality the 
pilot would initiate the manoeuvre at a moment' 
between 0.3 and 0.4 y.  It is expected, however, 
that this will not have a serious influence on 
the latter part of the landing. 

To conclude, some calculations were made con- 
cerning tlhe 'effect of different flaps on the required 
..extra" elevator deflection, It i s  shown, that by 
enlarging the maximum liftcoefficient the required 
,.extra" deflection is reduced, while by enlarging 
the dragcoefficient it is increased. The absolute 
elevator deflections required in '8hose cases depend, 
however. also on the influence of bhe flaps on the 
pitching moment, so ithat in general n'othing can be 
said about the influence of suc'h devices on the lan- 
ding characteristics. 

To end. it is observed that it is necessary to 
check t,he results of his method by flight tests, 
whioh were impossible during the period of the oc- 
cupation of the Netherlands. 

N o t a t i o n s .  
B =moment of inertia about the lateral axis. 

? c. 
a ah 

a Cn 

c, =-. 

c2 -5. 
c. =.liftcoefficient. 
c.' -slope of the straight line, giving the best 

linear approximation for the relation 
between liftcoefficient and angle of inci- 
dence in the region of incidences occuring 
during the landing (see fig. 3 ) .  

cm -dimensionless coefficient of moment M,. 
cn = dimensionless coefficient of the normal 

c, = dragcoefficient. 
cw' =slope of bhe straight line giving the best 

linear atpproximation, for bhe relation 
between dragcoefficient and angle of in- 
ciden,ce in the region of incidences occur- 
ring during the l ad ing .  

cw, =value of dragcoefficient belonging to that 
angle of incidence, for which c,=O (c .  and 
cw extrapolated according to the linear 
approximation mentioned under c.' and 
C w ' ) .  

force on, the tail surfaces. 

f 
F =wing area. 

= area of the horizontal tail surfaces. 

g = acceleration of gravity. 
G 
h 

kp 
I 

= total weight of the aeroplane. 
=height of the aeroplane above the ground 

=elevator coefficient. see section 07.1. 
= distance o'f the centre o f  pressure of tihe tail 

surfaces from the centre of gravity o'f the 
aeroplane. 

IC1 =total moment of the air reactions about the 
lateral axis. 

Md,=  damping moment of the tail surfaces due to 
pitching. 

M h  = moment of the air reactions on the tail sur- 
faces about tihe lateral axis. 

M ,  =moment about the lateral axis of the air 
reacdions on the aeroplane with the excep- 
tion of the tail surfaces. 

Mu,= damping moment of wing and fuselage due 
to pitchinsg. 

p 
t = time. 
t ,  
t ,  =wing chord. 
u 

during the landing manoeuvre. 

I 
I 
I 

= parameter in cp - y relation. 

=total  time of the Iandingnianoeuvre. 

=velocity of the centre of gravity of the 
aeroplane with respect to the undisturbed 
air. 

un = velocity of the disturbed flow a t  tail with 
respect to tail. . 

x =distance of the centre of gravity of the 
aeroplane from the leading edge of the 
wing. 

A x  =shift of the centre of gravity of the aero- 
plane. 

z =$ u., 
)% - )'G ' 

(I =angle of incidence (with respect to line of 

a" =angle of incidence (with respect to chord). 
z =<1- ,1 ' .  

,(I& = an'gle of imidence a t  tail. 
f l  = elevator deflection. 
,P = elevator deflection in steady flight. 

y =- (relative time). 

+t 

6 =landing flap setting. 
B 

zero lift: see fig. 1 ). 

t 
t ,  

=value of y ayccording to time t - t t , .  

=angle of downwash at tail. 
vh 
v 

'I =- 

0 

x 

=inclination of chord to horizontal. 

= 1 --. factor of downwash. 
dc 
d a  

F 
P =esG 
e ' = density of the air. 
4 =inclination of tail chord, to wing chord. 
p = inclination of fligh't path to horizontal. 
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Suffices. 

Suffix a and b indicate that the quantity re- 
lates to the  c.g. position x., and xa respectively. 

Suffix g indicates that the value of the quantity 
relates to time t=f, i.e. the moment of touching 
the ground. the landing manoeuvre. 

Index x means, that  that  value of the quantity 
under consideration has to be taken,.which cor- 
responds to the stationary flight a t  the same 

'angle of incidence a s  in the non-stationary flight. 
Suffix o indicates, that  the value of the &an- 

tity relates to time f = O .  i.e. the beginning of 

G = 1000 kg. 
F '  = 19.4 me. 
f, = ' 1.67 m. 
f = 3,19 m". 
1 = 5.38 m. 

g = 9.81 mjsec.' 
B = 350 kg m sec?. 

CP =- 0.79irad. 

- = 2. 

de 

,o = 0.125 kg sec?/mq. 
p = 0.02381m. 

CL 

CZ 

0,485 0.573 0.30. 
- 0.018 ;iz= 

0.70 

TABEL 6. Verkorte  weergave van  d e  berekening van  p ( y ) .  
d=40°; u0=96 kmjh (1.2 u,;,)=26,65 misec; u0=0.233 rad :  PO=- 0.117 r a d ;  a1,=0.332 rad ;  

n (10,) 60,) .(Y) 

(55) (57) (59) (58) . .  
0,2330 0 0 0 
0.2340 0,00103 0,00194 0,00097 
0.2395 0.00415 0,00687 0,00198 
0.2538 0.00962 0.01335 0,00322 
0,2820 0.01805 0,02012 0,00483 
0,3328 0,03060 0.02575 0,00720 

Y 

Formule 

0 
0.2 
0.4 
0.6 
0.8 

1 

. l ; ( Y )  

(60) 

0 
0,00173 
0,00280 
0.00324 
0,00302 
0.00216 

r Formule 

0 
0 2  
0.4 
0.6 
0.7 
0.8 
:1 

z= 1:727; t , =  10.6 sec (zie tabel 2 ) ;  p =  - 2.35 (zie tabel 2 ) .  
Voor  d e  overige gegevens wordt verwezen naar  tabel 1. , . 

0 0 0 +i.65 + 1.65 23.1 
- 0.00002 - 0,00206 0.00319 t 1 . 6 2  +1.31 
- 0,00006 - 0.00765 - 0,00576 + 1.48 +0.68 10.2 

+1.17 -0.31 
1 .a 

- 0,00014 - 0,01632 - 0,00802 

.- 0,00028 - 0,02840 -0,01072 +0,50 2 1.90 
- 0,00052 - 0.04540 -0,01558 -0,72 -4.51 0 

G(Y) 

(28) 

0 
0.00297 
0.01 100 
0.02298 
0.03820 
0,05640 

26,65 
0,00270 26.67 
0.00480 26.51 
0.00646 26.01 
0,00786 24.82 t 0.00937 22.97 
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31.1 

1.63 

+ 0.0032 p + 0.287 

-- 

- 0.0475 p - 0.420 

- 5.91 
-3.13p 

id 

+ 0.0256 p + 0.1 13 

+ 1 . 1 2 0 ~  + 6,678 
id 

- 2.25 
16.60 
34.7 

25.68 

- 0,0086 - 0.054 

- 0,871 

0,320 

0.0039 
0.0347 
0.0216 

- 3,32 
- 4.98 
- 1.66 

V, in m/sec 32.5 

1.52 

+ 0.0038 p + 0.29: 
- 0,048 1 p - 0.40C 

-7.15 
-3.18p 

id 

+ 0,0250 p +0,1 I 4  

+ 1,2615 p + 7.36C 
id 

- 0.55 
17.93 
34.9 

25,33 

- 0.0086 p - 0.04C 

- 1.105 

0.320 

0.0009 
0,0266 
0,0236 

- 3.32 
- 4.55 
- 1.23 

~. __ ~ ~~~ 

I 
.I 

TABEL 4. Verkorte weergave van de berekening van ,4,, 

30.0 

1.76 

+ 0.0024 p + 0,284 
- 4.62 
- 3 . 1 3 ~  

zje fig. 8 
- 0 , 0 0 8 6 ~  - 0,065 
f 0.0266 p +0,115 

+ 1.058 p + 6.22 
tie fig. 9 
- 3.83 

13.20 
29.5 

- 0 . 0 4 7 5 ~  - 0,44C 

-0.600 

0.320 
26.23 
0,0103 
0.0506 
0,0224 

- 3.32 
- 5.96 
- 2.64 

26,l 

1.803 
- 0.0569 p - 0,442 
f 0,0046 p + 0.340 
~ \ .  - 3.78 

fig. 9 
- 2 . 9 9 ~  

- 0 , 0 1 0 3 ~  -0.041 
f 0,0213 p + 0.1 IO 

- 0.522 
+ 0.991 p + 5.782 

id 
- 2.70. 

8.75 

0,332 
23,23 
0.0156 

, 0,0686 
0.0328 
0.72 

- 5.56 
- 4.84 

19.1 

40' 

26.6 

. 1,727 
- 0,0571 p - 0,444 
- 0.0047 p + 0.34t 

- 4.32 
- 3.01 p 

id 
- 0.0103 p - 0.043 
+0.0226 p + 0.1 I: 

+ 1.024 p + 6.200 
id 

- 2.35 

-0.610 

10.60 
23.1 
0,332 

22.97 
0.0094 
0,0564 
0.0306 

- 0;72 
- 4.51 
- 3.79 

28.9 

1.510 

f 0.0074 p + 0,371 
- 6.45 

- 0.0588 p - 0,43! 

-3.11p 
id 

- 0.0106 p - 0.031 
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REPORT V. 1380. 

The Change in Flutter Speed due to Small Variations 
in Some Aileron Parameters 

hy 

11.. A I .  VAN DE VOOREN. 

Summary. 

I n  continuation of report V. 1297, this paper eont,ains diagrams showing the change in flutter 
speed due to small variations in aileron static halanee, in aileron ,moment of inertia, in the 
ratio of aileron chord to total chord and in the'position of the aileron'hinge axis. The prin- 
eipal conclusions are listed in section 4. The results are obtained hy the method dcseribed 
in report V. 1366, of which the first approximation has been evaluated. The resulting changes 
in flutter speed are, hence, proportional to the applied variations. 

Contents. 

I Introduction. 
2 Range of investigation. , 

3 General method of calculation. 
3.1 The fundamental equations 
3.2 Composition of diagrams. 
3.3 Description of variations. 
3.4 Divergence speed. 

4 Results. 

change in flutter speed, connected with nn~nll 
variations of these parametcrs. Use was made of 
the perturbation method, described in report V. 
1366 (ref. 2 ) .  The results represent first ap- 
proximations only, which means t h i t  terms of 
second and higher degree in the variations have 
hecn neglected. 

2 Range of investigation. 

Successively, the influence of small variations 4.1 General. 
4.2 Variation of aileron static balance. 
4.3 Variation of aileron moment of inertia. in the following parameters was investigated : 
4.4 Variation of ratio of ailcron chord to total (1)  aileron static balance (pLur), 

ehord. (2)  aileron moment of inertia (P~K:), 
4.5 Variation of position of :aileron hinge axis. (3) ratio of aileron chord to total chord ( q ) ,  

5 List of references. (4) position of the aileron .hinge axis ( e , ) .  

The notations are identical to those nsed in They were varied with regard to the original 
rcport, V. 1297. values, attached to these parameters i n  report 

1 Introduction. p,u,=O, p l~ ,z=0,05 ,  y-O,25, e,=0,10. 

V. 1297, viz. 

I n  report V. 1297 (ref. 1) diagramq have heen 
puhlislied giving the flutter speed of wing-aileron 

Other important parameter values, not mention 
cd in the diagrams, are 

systems of a certain standard type as a functiou 
of t.he stiffness ratio of the wing for various - 
systematically chosen - values of some of the 
structural parameters. The remaining .parameters, 
among others including all aileron parameters 
(with the exception o f  the degree of aerodynamic 
balance, Le. of the assumed value of the gap width 
between wing and aileron), had to be fixed as 
suitable mean values to keep the computations 
within reasonable limits. 

In view .of the important' influerke of the 
aileron parameters on the critical speed, addition- 
a l  calculations have heen made to determine the 

x = 0,6, ' la = 7,881.1W. 

The air density is always ' put  equal to 
p = kg secz. 

The results obtained in V. 1297 were used as 
zero-order approximations for the applied per- 
turhatlon method. All calculations have heen 
restricted to the eases of 62,4 % aileron aero- 
dynamic balance and vanishing structural damp- 
ing. Moreover, only two values of the reduced 
velocity have bcen considered, which made i t  pas 
sible to determinc four points of every curve, 
relating the Flutter speed to  the stiffness ratio. 



3 General method of calculation 

3.1 I ' h e  f imdanientd equations. 

The starting point is f.ormed by the eqnations 
of mot,ion (compare with V. 1297) : 

mi, Z + na,2 + ntl ,  + (~8')'' = N, 
*)azl z + naII 9 + mZ3 y - (I' 9') = 

= iII + eZK - N - etZR, 

v 54 

vherc q , ,  q2 and q,  are independent of 21, and 
of might  fiinctions, which are respectively 

In addition to the symboh of V. 1297, there 

o,Z =distance of aileron inertia axis af t  of hinge 

< 2 = distance of aileron hinge-axis aft of flexur- 

while n,Z - in contrast to  V. 1297 - is equal to 
the radius of. gyration of the aileron ahont its 
inertia axis. 

The '  aerodynamic forecs and moments c a n  lie 
written in the following form 

appear also 

axis, 

. al  axis, 

I I 
I( = naL2  ( al,z + 2n,?fZi(p + 2n,,fZiy } , 

. M f S Z K  - N - E,ZR = 
= "{,.Y2 ( 2nz,fZiz + 4a2*f22i*(p + 4n,,fzzi*y ) , 

= 7n, .Yz  { 2fl,,fliZ + 4n,3,fz.& + 4r1.,,fZzi2y ) , 

.. . 
(3) 

N f s,lR= 

with m, = X ~ ~ Z Z ~ Z .  

The n i h  are dimensionless, komplcx coefficients 
~f the aerodynamic forces, which depend on V o ,  
17, E ,  and q .  Their values can he taken from 
table 1 of report V. 1386 (ref. 3 ) .  

The method of solution of the tup. ( I )  is ex. 
plained in report V. 1297. Use is made of definite 
modes of:displacement z,(y), p,(y),i by the as- 
snmption 

z = t i q , e i Y ' z , ( y ) ,  9 = q 2 e i " ' 9 , ( ~ ) ,  7 =q:;ei"t, (4) 

Y 
6 b 

3w2 - w' , ao a n d  1, where w = -  ( 5 )  

The algehrai'c equat.ions obtained have the form:  

2 q i ( v * ! i k r - - E h i ) = 0 ,  k , l = 1 , 2 , 3 .  (6)  
1 

The solutions €or the original system a.re calcnl- 
ated in  V. 1297 and will be denoted hy v Z =  v i 2  

and q1 = with i = l  or 2. 
F'or the slightly varied systems, investigated in 

this report, tlie coefficients Axl and Err are snh- 
jeetcd to small variations, denoted \iy ml resp. ekl . 
According to eq. (5.5) of report V. 1366 t.hc cor- 
responding clianse in  the  frequency Y ;  is deter- 
mined liy 

with 
- 
~ . .  - < 

IC, 1 
- - (qr)i(&n)iaklr 

- 
e, i i  = 2 ( q i ) i ( Q X ) i c x i ,  . ( 8 )  

k, I 
- 
Aii = S ( Q i ) i ( & r ) i A k i ,  . . 

k, 1 

mlierc ( Q h ) <  denote the amplitude rat.ios of the set ' 

I: &n(~*Axl--Ehl) 7 0 ,  
k 

wliieh is adjoint ,to the set of equations (6) and 
tlicreforc has t.he same characteristic values viz. 

3.2 Conipositioia of diqqranas. 

I n  report V. 1297 €or each V,,-value two values 
of the ratio 

were cslcula.tcd, to  which bclonb real'valnes of the 
frequency of the critical oscillation. In t h i s  way 
points were obtained all sitnated . on the curve 
giving .the relation between the flntter speed and 
tlie ratio A. To olitain a similar curve f o r  t,he 
vii.ricd system, the ratio A must ,be altcrea for eacli' 
value of V,,  in snch a way that the frcqueney Y 

remains real. which means tha t  hiZ must he 
real too. 

The numbers at tlie horizontal axis of the dia 
grams i n  this report denote 



?toiz-uni-ied s!j,steiii. This makes that' for a varied 
sfstem, h is not 'equal 'to the square of the ratio 
lit' the nneouplcd resonaneo frcqnencies of  that 
system. Tho advantage of this mcthod is that con- 

ditions with t,he s m "  stiffness mtio (%) are 

indicated by points on the same vertical line. 
Since t,he dimensionless value of the flutter speed 

vc,it -*) depends, fo r  constant, valucs of the para. 

meters, upon tlie shiffncss ratio 2 only, lint not 

upon E, ,  and E,, separatcly, a change of this ratio 
can tie m u m e d  to' tie due to n change in E,, , 
with Ex constant. Hence, 

vnl i  
E 
ICas 

From (9)  and (10) it follows 

where h again rcfers to the original system and 

lienee is equal to (2) of that  system. 
V I 3  

c(p. (8) becomes 

2 

Since all EM except sl1 vanish, the second of 

- 
~ i i =  (qt)i ( Q , ) i  zl l  

orI with the aid of footnote') 

Substitution of eq. (11) in eq. (7) yields 
- 

A / - \  y = (d i (Qd8U - Ah-(!JJ2 2, (12) 
4ii 

" 2  
Tlrc requirement ' that  A ( , ) i  must lie real, 

gives the relation het,\veen Ah and the applied para- 
meter variation, upon which ail depends. 

3.3 Description of vnriations, 

- 

\\'hen one of the parameters is varied, all other 
parameters are kept constant. This ltas the follow- 
isg e o n w p " .  

The variation of ailcron static balance plo, 
in every ease consists of 3 variation in U, 

(0 ,  originally vanishing), possibly accompanied 
hy a variation in p1 , The chordwise mass dist,ri- 
hntion of the system is changed in such a way 
tfiat both p, ut I and p , ~ ~ ~  are fixed to the original 
values. The variation of p,ul* can he ncgleeted. 

(2) The variation of the aileron moment of 
inertia ,LL,Y,~ again is performed in such a vay, 
that the aileron remains statically balanced, while 
for irlstance p and x arc also constant. 

2 )  v w  : h a y s  refers t o  tho original system. 

(1) 

(3) A change in alters the value of the 
aileron aerodynamic balance. The gap width, how- 
ever, is kept constant. Likewise a1 and all other 
parameters are unchanged. 

(4) The aileron aerodynamic balance is also 
influenced by a change in E > ,  but again the gap 
width is kept eonstant. The new aileron t& is 
statically balanced, has the same chord and the 
same moment of inertia as the original one. 

3.4 Divergence speed,. 

The divergence speed in dimensionless form 
depends upon the stationary aerodynamic forces 
only. Therefore, it is unaffected by the first two 
variation. I"or the two other variations, the diver- 
gence speed has been calculated by evaluating the 
stationary aerodynamie forces for  a definite value 
of the variation considered and applying the usual 
Cormnlae. 

4 ' 'Results: 

4.1 General 

The diagrams show the influcnee on flutter and 
on divergence speed resulting from the consecutive 
application of the following variations to the 
original wing-aileron system: 

A(plu,) =0,01; A(p1~12)  =0,01; A q = 0 , 0 1 ;  
AE = - 0,005. 

Calculated points are specially marked. Since 
it is-intended primarily to show the change in 
llutt,er speed, the values ol V ,  corresponding to the 
calculated points have not been included. They 
e m ,  however, be obtained by comparison &th !,he 
diagrams of V. 1297, where the numbers near the 
dbtted lines denote the reduced frequency at the 
wing root .(= l /Vo) .  

I n  the first approximation, evaluated here, all 
changes 'are proportional to the variations applied. 

4.2 Vuruction of aileron static bakance. 

Underbalaneing of the aileron has apparently a 
very nnfdvourabk influence on flutter speed; in 
all c a m  investigated the flutter speed decreases. 
Often the instability of a wing-aileron system 
vanishes again at a higher speed; by under- 
balancing this speed increases. Thus the range of 
speeds where t,he system is unstable, is extended 
t,o both sides. For overbalancing the opposite con- 
elwions hold. 

4.3 Variation of aileroiL moment of inertia.. 

I n  general, an increase of the aileron moment 
of inertia is unfavourable, though the reduction 
of flutter speed is f a r  less serious than that, due 
to an underl~alaneed aileron. It is always un- 
favourable to increase the aileron moment of inertia 
i f  the flexural axis lies. hefore the quarter chord 
axis. I n  the opposite case, an increase of the mo- 
ment of inertia can, for  small values of tlie stiff- 
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ness ratio, result in a, mostly very small, increase 
of the flutter speed. This last situation will in 
practice .perhaps arise fairly often. The speed, 
w,here the instahility again vanishes, .is always 
raised by increasing .the aileron moment of inertia. 

4 4  Vnriation, o f .  rntw ' o f .  aileron chord to total. 

If the flexural axis lies before the quarter chord 
axis, an increase of aileron, <hoFd.,results in an 
increased flutter speed. I n  the more usual case 
of a flexural axis, located a f t  of the quarter chord 
axis, the' flutter s p e d  diminishes. The speed, a t  
which some of the wing-aileron systems h o m e  
stable. again, shows a slight reduction if the chord 
ratio is increased. I n  general, this parameter has 
only a slight influence. There is a small increase 
in divergence speed, which is, however, too small to 
he visible i n  the diagrams. 

4.5 Variation of position of aileron hinge axis. 

. .  , . .  , .  . .  

chord , . .  

This is a very important parameter. Shifting 
the hinge axis forward, leads to a lower flutter 

. ,  

- .  

zed. Only, if both flexural axis and inertia xis 
have a very forward position, this general rule 
may fail. The speed, limiting the unstable range 
to the upper side, is decreased sometimes, but al- 
ways substantially .less than in consequence of an 
increased chord ratio. The divergence speed is 
again somewhat increased, (not shown in the dia- 
grams). 
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REPORT V. 1397 

Diagrams of Flutter, Divergence and Aileron 
Reversal Speeds for Wings of a Certain Standard Type 

Ir. A. I .  VAN DE VOOREN. 

Summary. 

I n  this report diagrams are given in which the flutter speed, : divergence speed and the 
aileron reversal speed are plotted against the sqnared ratio of the uncoupled frequt:ncies of 
aileron deflection (resulting from the stiffness of the control cables) to the wing torsion. These 
diagrams apply to several combinations of the following parameters : wing density, positions of 
flexural and inertia axes and aerodynamic aileron balance, permitting a reasonably complete 
survey of their influence. To simplify the calculations the flexural stiffness was neglected, 
which, especially for wings with a large density, results in a slightly unconservative value for 
the flntt& speed. 

. 

Tt, anmared that in almnst all eases in which the aileron is comnletelv mass-balanced. the 
~ ~ L ~ L - - ~ ~  ~ ~ ~ 

~. 
aileron reversal speed is lower than the flutter speed. So, if the wing torsional stiffness is 
fixed by the reqnirement that the revelsal speed exceeds the maximum attainable speed by a 
certain amount, the system will nearly always be free of flutter. 

(i) Increasing wing density demands an increasing torsional s t i f f n a  (though the increase 
in stiffneris need not he as large as to maintain the unconpled frcqnency constant). 

(ii) It is unfavour;thle to shift the flexural axis aft. 
(iii) %he mast favourahle position of the inertia axis is at  ;rhout 45 70 chord from .the 

leading edge. More forward positions show a snial!cr aileron reversal specd and more 
a f t  pasitions a smaller flutter s p e d .  
For constructions with small wing den&, struetnral damping may have a very bene- 
ficial effect. 
If there is some damping, the most unfavourable situation is nearly always that, in 
which the a i l c r o i ~  can b e  deflected freely. 

Other important conclusions reached are:  
, 

(iv) 

( v )  

Contents. 

1 Introduction. 
2 The wing-aileron model. 

2.1 General stiape. , 

2.2 Elasticity as‘sumptions. 
2.3 The neglect of the flexnral stiffness of 

2.4 Aerodynamic assumptions. 
2.5 Valum of the parameters. 

3.1 Flutter speed. 
3.2 Divergence speed. 
3.3 Aileron reversal speed. 

4.1 General. 
4.2 Influence of wing density. 
4.3 Influenec of position of flexural axis. 
4.4 Influence of position of inertia axis. 
4.5 Influence of aerodynamic aileron balance. 

thc wing. 

3 General method of solution. 

4 Results. 

4.6 Influence of flexiiral st,iffncsi. 
4.7 Influence of torsional stiffness. . . ’ ’  , I  

4.8 Influence of elasticity of control cahles. 
4.9 Influence of struetnral damping. ’ . 

5 List of symbols. 
6 List of references. 

1 Introduction. 

This paper is to he considered as a continuation 

V. 1297 “1)iagram.s of critical flutter speed 
for wings of a certain standard type” 
(ref. l), in which the flutter speed for 
wings of the same typo as in this report is 
calculated, both for  the case of wings with- 
out aileron and of wings with a freely de- 
flected aileron (uncoupled aileron frequency 
equal to zero). 

of the reports 

( i )  



(ii) V. 1380 “The ehaiige in flutter speed due 
to small variations in some aileron para- 
meters” (ref. 2) .  

Thcpresenk report eontailis a series of did,, r v a m s  
in d i i e h  ‘the flutter, divergence and aileron re- 
versal speeds are p l o t t d  against the squa.iwl ratio 
of the uncoupled frequcncies of aileron defleet- 
ion to wing t,orsion for several values of some 
struct,ural wing partamcters. The diagrams are 
obtained from calculations in mhich the flexural 
ming stiffness is neglected. No large differences 
am introduced hy this approximation, since for 
most wings tlrc nat,ural freqiiencics of flexure a d  
torsion have the ratio and it, is alreiidy known 
(see also report V. 1297) that the flutter speed is 
not seriously altered if this ratio is changed from 

to ‘zero (using the same modes of displacement, 
in both eases). The results arc cheeked by a small 
niunber of appropriate calculations in which tlic 
uncoupled frequencies again have the ratio I/:,. 

As in the previous reports, the modes of dis- 
placement of the wing are introdneed as definite 
real functions i. e. not permitting’ any variations 
of phase along the span. 

It is expected that the diagrams of the three 
reports together will give an even quantitatively 
useful picture of t.he variation of the flutter s p e d  . 
for many aeroplanes of simple construction. It 
will certainly’ often be possible to conclndc in 
which ‘sense the flutter speed (or ailcrail revcml 
speed) d l  cliange as the result of certain struc- 
t,ural modifications. 

Thongh fuselage mobi1it.y is always neglected, 
the diagram will perhaps be a litt,le more accurate, 
for symmetric mcilla.tions than for mti-symmetric 
ones, since the modes of displacement w d  in 
this report, resemble more symmetric tha.; anti- 
symmetric modes. 

2 The wing-aileron model. 

2.1 Genwul shape. 

This was already deseribod in report V. 1297 
and thus may be omitted here except for the 
following point.?: 
(I) ‘Since no sweep-back effects have been con- 

sidered, the flexural axis must ‘be perpendi- 
cular to the wing root. 

(11) The aileron is controlled in the scc.tion 
! I = ” / ,  b. It is statically balanced i n  such 
il way, that the centre of gravit,y of every 
section lies in the hinge axis. 

2.2 Elasticit!/ nsstcnzptions, 

The elasticity of the control eahlcs is rcprcscntcd 
hy the symhol kr . Assuming that the control stick 
is fixed (symmetric oseillatiom), t,he aileron is 
subject to a moment I) 

-L (7-P b )  1 , 

w l d c  a11 equa.lly large lint opposite moment, also 
in the section y 

The Same assumptions as in report V. 1297 arc 
int,rodncod for flexural and torsional s t i f fnwes of 
wing and aileron, for  the modes of displacement 
and for the structural damping. 

2.3 TIM 1ieg1,ect of the flezii.nil s t i f f n c s s  of t h e  

The neglect of t,he flexural st,iffness signifies in 

fact, that terms containing a factor (:) are 

omitted in t,he calculatioiis. This mill in general 
lie permittcd for wings with statically balanced 
ailerons if  vAZ is small compared with vBz, since 
the critical Frequency 1’ for.such wings is of the 

Same order as v , ~ .  The ratio is usually so small 

(allout that  the neg1ei:t mentioned has only 
litt,le influence on the flutter speed. It, is not 

ry t,hat v A 2  is also small compared vi th  vu2 
since wing flexnre-aileron osei!lations never become 
unstalile if the aileron is mawhalaneed. 

For three eascs (13, 14, 15, see fig. 5) calcnht- 

ioiis were performed with vA z 0 and with -= ‘,la. 

The results show only a slight difference, even 
mhon v,: is small. 

Since the int,roduced mode of deformation has 
t,hc character of a .fundamental, the flexure ap- 
pearing a t  the critical mcillat,ion must have the 
same character, ,as otherwise t,hc ,calculation loses 
its justification. This means ’ h t  ’ in ’ fact the 

flexural s t i f fnes  and aLso t.lie ratio ($1 must 

be so large, that  the uncoupled freqnency of the 
first flexural overtone turns out to he sufficiently 
grcatcr than v B .  

For most aeroplanes the flexural stiffness satis- 
fies thcse requirements. The neglect,, piG~dncing 
a sulistantial rcduction of the computational work 
xvithont serioiily influencing thc rewlts, may he 
jus t i f id  sufficiently by the considerations given 
ahove. 

2.’4 Aerod!/nnmic nsszmiplio~is.  

The aerodynamic forces are introduced in 
accorda.nee mit,h the theory of K ii s s n e  r and 
S e 11 w a r z (ref. 3) for the limiting ease of a 
scaled gap Iictmcen wing and aileron. I n  this ease 
a certain value must be assumed for  the gap width. 
It mas shown in report V. 1297 that there exist.? 
a rcla.tion lietween the gap width and t.he aero- 
ilynaniie aileron Iralance a t  c 0. The calculations 
are performed for two values of t,hese parameters, 
viz. 

”/, b, is aet,ing on the whg. , 

wing. 

2 

V A  

V 8  

V A  

“e 

a 

. .  

7. = 0,3048 . le”, ?t= 80 % and 7. == 7,881 . l W ,  
n=62,4 %. r ,  

I t  is recommended by T h  e o d  o r s e n  and 
G a r r  i e k (ref. 4) to choose for  T~ values hetivcen 
0,025 e; a n d  0,20 e l .  In the present investigation, 
d i e r e  c1 = OJO, this means that 



2,5.10-1 < < 20.1(r.or’57,3 % < < 68,6 %, 
which shows that the eaIeula.tiom with n = 80 % 
will prohahly agree less with reality than those 
with n= 62,4 %. 

When thc calculations were begun, the work 
of T h e o d o r s e n  alid O a r r i c k  was not yet 
available in Holland. The resnlts of V. 1297, 
however, did already point to a. similar conclusion. 

2.5 Values of the parameters. 

but, may he repeated here for  convenienec sake 
These wcre chiefly the same as in report V. 1297, 

E =-0J 0,l  0,3 
.E +, o= 0,l 0,3 0,5 

p= 5 . 15 30 
n = SO 62,4 % ( q 8  = 0,3048.103 rcsp. 
h= 0 0,l 7,581.1W’) 

~ -0 , -6  7 ~ 0 ~ 2 5  e,=0,10 p . , ~ , ~ 7 0 , 0 5 .  
I , . .  

3 General method of solution. 

3.1 Flutter speed. 

The equatioils of motion for the wing are: 

= K ’  I m,,z+na,,~ +(Bz”)” 
m,,Z+m,,(p -( !Z’p’)‘- li,(y-)S (yy8/a b)= 

= H + rZK - N - e,ZR, 
(3.1) 

whcre S ( v  --- yl) is a singular fnnction defined by 

. S ( ~ - ? / ~ ) = 0  if y f y ,  and 
+ 

S(?j--yl)dy=l if y , - < y l < y l +  (3.2) 

The .term (Be”)” vanishes in the calculations with 
zero flexural stiffness. 

The equation of motion for thc aileron, which 
is torsionally rigid, is 

7 
VI- 

= (N+E,ZR)d/. (3.3) 
‘h 6 

The method of solution is essentially the same 
a that described in V. 1297. The first step is to 
substitute in the equations (3.1) and 3.3) : 

z = ~ i g ~ e ~ ” ‘ z ,  ( y) ; p - qzeivr p1 ( y) ; y = q8eiyr, (3.4) 

whcre q , ,  q 2 .  and qI are unknown coefficients, 
while q(y)  and vl(~/) are the assumed modes of 
displacements of the wing. 

The problem is now reduced to the detcrmin- 
ation of approximate values of V ,  q, , 4. and qa . 
T,his is done hy multiplying thc t .m equations 
(3.1.) with weight functions 

3w2-ww3 Y and tu, where U J = - ,  
b 

,V 6,1 

and integrating thc result from y=0 to y = b .  
Together with (3.3) three linear homogeneous 
cquatioiis are obtained, of which the determinant 
m u t  vanish, if a non-trivial solution exists. The 
flutter speed follows from this condition as a 

function of the ratio (x) . 

3.2 Divergence speed. 

The divergence speed is caleulatcd in quite thc 
same way as already was described in report 
V. 1297. 
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3.3 A~ilerun rcversul speed. 

To cnlculatc the wing torsion due to aileron 
deflcetion the condition of equilibrium fo r  tlrc 
moments about the flexural axis is considered. 
This is the second cq. (3.1), changing for a 
stationary state into 
- (Tp’)’-k, ( y - 9 - T x  1 )S(y-V,b)-  

(3.5) I M + EZK - N - E,ZR I * ta t .  , 
in which x denotes the angle over which the con- 
trol column is deflected and n a gear ratio. If the 
control cables shwed no elasticity, n would he 

equal to -. 
Like the flutter and divergence speed, the 

aileron reversal speed is only calculated in a first 
approximation. This means ‘that the wing torsion 
is again assumed in agrnmcnt with the modc (pl. 
The amount of tomion, given ihy q 2 ,  is obtained by 
multiplication of (3.5) by the weight function w 
and successive integration over the span. The 
result is a rclation :jbctween ,,q. .and qa . . 

on ibetwen :.,q2 I and. qa :follows 
from the definition of -the aileron reversahpeed, 
whichh,.sap that a t  this speed the rolling moment 
due, to aileron deflection vanishes. Both relstious 
become lineair, homogcneons equationq permitting 
calculations of the speed a t  which their deter- 
minant vanishes. This speed is identical with the 
aileron rcversal speed. 

4 Results. 
4.1 General. 

Flutter, divergence and aileron reversal speed, 
reduced to dimensionless form, are plotted in 

figs. 1--6 against the ratio (x)’ . The full lines 

on which calculated points are specially marked 
denote tllc flutter speed. Points referring to the 
same values of the reduced frequency are con- 
uected by dashed lines, the numbers near these 
l i n e  denoting the reduced frequency a t  the wing 
root. The divergence and aileron reversal spee& 
are rcpresented by dashdot lines. 

It appears that in most of the eases investig- 
ated, the admissible speed of the construction is 
determined by the speed at which the ailerons still 
function normally. In  other words, the construe- 
tiOn must be 80 torsionally rigid that no aileron 

X 
Y - - ’ p  
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reversal occups, which implics practically always 
freedom from flutter (for completely mass-halanccd 
ailerons !) . 
4.2 In.flnence of wing density. 

All calculated spec&, rise if p increases and the 
uncoupled frequencies arc  kept constant (fig. .7 ) .  
If instead the stiffnesses remain constant, the 
effe,ct is that all speeds dccreasc. This decrease 
is greater it' p, also incmases.and the elasticity of 
the ca!liles remains coi~stant (hut p,xIZ remains a t  
the valne 0,05). 

4.3 Inflnence of pusition o f  flexural axis. 
The widespread opinion that i t  is favourahle to 

shift the flexiiral axis aft, is  not supported by 
these invcstigations. If this axis is shifted aft ,  
i t .hns alrcady heen shown in report V. 1297 that 
I'or a wing without aileron (or for a wing with 
m aileron of which the uncoupled frequency is 
intinitely.,,largp) the ilut,ter speed decreases until 
the fhixural axis ' closely approaches the inertia 
axis (i, e. to a distanec of about 10 % of the chord) 
and only Cor still greater proximity of t,hese axes 
akaiii begins to increase.' I f ,  however, the aileron 
frequcney falls, this last incrcasc hecomes less 
definite aid ultimut,ely vanishes (figs. 4-6). 

The decrease in flutter speed due to shifting 
the flexural axis af t  is particularly large if 
vc < Y". If the flexural axis lies in front of the 
quarter chord axis, divergence occurs only for 
very high speeds. Aileron rerersal speed hecomes 
smaller if the flexural axis is shifted aft. 

4.4 Influence of t k e  position of the inertia a&s. 

If the inertia axis is shifted aft, the flutter 
speed in gencral decreases. Only if vC < v B ,  the 
wing density is small and therc is almost no 
damping; the opposite cfi'cct can occiir. I l ivergam 
and a.)lcrnn reversal speeds reach their minimum 
values (keeping vg constant) if inertia and flcxural 
ixer coincide while otherwise i t  is of 110 importance 
for thmc two speeds, which of t.hesc axes lies fore- 
most. If instead of Y ~ ,  thc torsional stiffness is 
kept constant, divergence. and aileron reversal 
spced become indepcndcnt of the parition of the 
inertia axis. 

Combining these conclusions it can be said that 
tlicre is a most favonrahle position for  the inertia 
axisi namely a t  ahont 45 7~ chord from the leading 
edge:.' Mire af t  paFitions decrease the flutter speed, 
while for more Eorwrd positions the aileroii 
reversal speed ' deerelrses ( Y ~ ,  constant). 

4.5: Influence of t h e  aerodynanlic uileron balance. 
.Far freely deflecting ,ailerons the flutter speed 

for.'n. = SO % is slightly above that for n= 62,4 %. 
For completely inelastic cahles ( y o  = m ) the flutter 
speed' hecomes nearly independent of n. I n  most 
cays ,  h~owcver, .from a certain, usually rather 
small,:-,value of the flutter speed for n= 80 % 

cr'thaii that .for ?t = 62,4 %. The differences 
&e fiot:lirge. . .  . 

. .  , 

?he divergence speed is, especially for negative 
vnlnes of E ,  smaller for n= SO %. The aileron 
reversal speed also is smaller for n=,80 %. 
4.6 Influence of flexurnl stiffness. 

The ncglcct of tho flexural stiffness ( v A  = 0)  
tends to give uncoiuervative values for the flutter 
speed, especially if p is large. The difference 
amowits t,o ahont 10 % if v A  = vB and p = 15 
or 30 (fig. 5 ) .  The two other speeds calculated 
are independent uf the flexural stiffness. 

4.7 Zibfluence of wing tor.Gona1 stiffness. 
It is well-known that an increase i n  torsional 

stiffness is nearly always favourable to the pre- 
vention of aero-clastic difficulties. For construc- 
t.ions where the inertia axis coincides with the 
flexural axis or lies in front of it, an increase in 
torsional stiffness may lead to flutter, which, 
however, can be supprewed by a small amount 
of damping and which vanishes completely if thc 
tomional s t i f fnes  is still further increased. 

4.8 Influence of . the ehtrticitI/ of control cables. 
The change in the  speeds investigated can he 

rcad immediately from figs. 1-6. I n  the ab- 
sence of damping therc exists a minimum flutter 
speed at vC c vB in the cases n= 80 % a.nd a t  
v0 0,s vtl if n = 62,4 %. The minimum disap- 
pears if thc'inertia axis is f a r  beyond the quarter 
chord ; axis. Consequently, only Cor damped con- 
st.rnctions (though the damping need not be large) 
freely deflcetcd ailerons form the most unfavour- 
able condition. Divergence speed increases with ycz,  
hnt, aileron reversal speed is unaffected ,by vc2. 

4.9 Inf lueme o f  structurol danip;ng, 
Structural damping always increases the flutter 

speed. The influence of this parameter is most 
pronounced for large values of p. Damping in- 
creases the flutter speed l e !  if the inertia axis 

, ,  
is shifted aft. , .  . 

5 List of symbols. 

lint the following symbols are added : 
16, 
v P  . uncoupled aileron frequency 
x 
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A Method to Determine the Change in Flutter Speed due 
to Small Changes in the Mechanical System 

by 

Ir. A. I. VAN UJ3 VOOREN. 

Summary. . . .  

I n  this paper a method is developed to evaluate the .ii~i'lucriee or1 flutter speed of snrall 
striietural changcs of the aeroplane, without performing another complete flutter calculation. 
Use is made of the results,. obtained from thc flutter caleulatioii of the aeroplaiie in its 
original state. 
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1 Introduction. 

- I _  

- containing definite modes of deformation - 
which may 'be assumed to represent tho basis 
of the original flutter calculation (for the "im- 
perturbed" state). Usually, i t  will he sufficient 
to take into account only the first order effects 
of the applied perturbations, but theoretically the 
procedure can be continued to higher approxim- 
ations. Yet, these higher approximations imply 
computations, which rapidly regain an iricorivcnieri t 
extension and are, hence, of little interest. 

A considerable part  of the first order calculation 
appears to be independent of the applied variation. 
Consequently, the advantages of the perturbation 
method are the more sensihle if the influence of 
several distinct variations has to be investigated. 

The flutter speed of an aeroplane depends iii 
a very complicated way upon a large number of 
structural parameters. Its calculation reqiiircs, The set of linear, homogeneous, algebraic eqna- 

. even for definite values of the complete set of tiom, determining the characteristic values of tbc 
parameters, very laborious computations, This in- ' frequency v, and constituting the hasis of the per- 
convenience is even more serious i f  large parts of turhation method, can be written in the following, 
the work must be repeated many times in order general form 

2 ~h~ problem. 

q , ( v . " A , , - E , , )  + q2(~2A12-EE1Z)  + ............... + q n ( v 2 . 4 ~ ~ - E l n )  = O ,  

q , ( v 2 A z [ - E z , )  + q Z ( v 2 A z z - E Z Z )  + ............... + qn(vZA,n-E9', ,)  =0, 

q,(uZA,b,-EE', , )  + ~ z ( ~ ' A , , - E E , , )  + ............... + ( I ~ ( Y ~ A , ~ - E ~ , )  =0, 

to establish the influence of changes in  the aero- 
plane construct,ion or to surrey the possible con- 
sequences of doubtful fundamental data. I n  view 

2 41 ("ZAkC - Ekl) = 0, k, 2 = 1 71. ( 2 , l )  of the common occurrence of such complications, 
a simplified method to e idua te  corrections of a 
calculated flutter speed, representing the effect Tbe unknowns qL determine the .amplitude ratios 
of small changes in the might be of hct,ween the assumed modes of deformation. The 
considcrable interest. gerierally complex elements Ahl depend among 

or, written in a shortened notation, which will he 
retained henceforward : 

... 
I 

. . . . . . . .  
1.t appears possible to attain this object t,he. 

application of common perturbation mcthods to the 
others on t,he reduced velocity V ,  (= -, U rvhere u 

% 



denotes the speed aiid eo a reference chord). 
Eqs. (2,1) have, for a given value of V , ,  

7~ independent complex solutions 

Y ~ = Y i ~ ) q I ~ ( q l ) i ,  i,z=1 ... n. ( 2 , 2 )  

Any slight change in the construction of the 
system mill lead to small alterations of the .values 
of one or more of the coefficients A k l ,  Ek1 of 
eqs. (2 ,1) .  Hence, the basic equations of the 
varied system may be expressed by 

S !qt { v'(AM + m i )  - ( E M  + E M  ) ) = 0. (2 ,  3) 
I 

The t.erms with factors a k l  or E X I  will, in any 
equation, he small, compared with at  least one of 
the other terms. It is just this property, which 
makes, that the results obtained with neglect of 
all terms, containing second or higher powers of 
ax& or E k l  ; already kavc great practical value. 

The problem shows some resemblance to a pro- 
hlem, dealt with by C o u r a n  t and 13 i 1 b e r t 
(ref. 1). 

3 Bi-orthogonality relation, 
Since the determinant of the set, of equations 

(2, 1) is not symmetric, no orthogonality relation 
exists. Considering, however, also the adjoint set, 

x QX("2A,kl - E k l )  = 0, k ,  1 = 1 ... ?&, (3 ,1)  
h 

i t  is pofisihle to derive a bi-orthogonality rclation. 
The eqs. ( 2 , l )  and ( 3 , l )  have the same series 

of characteristic values, since their cleterminants 
are transformed into each other hy interchange of 
rows and columns. The solution of erp. (3 ,1)  can 
t,herefore he presented hy 

Y'= viz, Qn= (Qx) i , i , k =  1 ... n. (3 ,2)  
When one of the solntions (2 ,2)  is substituted 

in the cqs. ( 2 , 1 ) ,  the following identities are 
obtained 

s (q1)j ("j*Akl-EkL)=o. ( 3 , V  

Multiplicat,ion of the k-th relation ( 3 , 3 )  hy 
( Q d i  and suheqnent summation over all  n iden- 
titics ( k = l  ... n), yields the result 

I 

y j z  (dj (QdiAk2-  z ( Y l ) j ( . Q k ) i E k l .  (3 ,4)  
k, I k, 1 

I;I a similar way, namely by multiplying thc 
identities, arisen from the suhstit,ution of the 
characteristic valnes v i 2  and the amplitudes ( Q k )  
in the set (3 ,  l), hy (y l ) j  and then summing 
over 1, the relation is obtained 

vi2 2 (ql)j(Qx)iAkl= z (Yl)j(Qk)iEkl. (3,5) 
k, I k. I 

From (3 ,4)  and (3,5) the following bi-ortho- 
gonality relation can be deduced 

I: (qr)j(&k)tAxi - O =  
k, 1 

k, I 
2 (yl)i(Qk)iEki, if i f j ,  ( 3 , 6 )  

while for i-j the relation holds 

(ql)i(&XjiAkI= 2 (ql)i(Qk)iEkI. (3 ,7)  
k. I k, 1 

4 Transformation to normal coordinates. 

The transformation of &he set (2, 1) to the 
canonical fo rm (Le. with vanishing elements out- 
side the main diagonal of its determinant) can be 
performed in the following way. 

Introduce new variahles p i ,  connected with the 
original ql by the linear relations 

41 = 2 ( q I ) j P j  1 (4, 1)'  
j 

where ( q r )  denotes the amplitude ratios already 
, defined by ( 2 , Z ) .  Substitution of ( 4 , l )  into ( 2 , l )  

leads to 

2 P j { v ; Z ( q i ) ; A k ~ -  X ( q ~ ) j h ! t ~ } = O .  ( ' 4 2 )  
j 1 1 

them together. The result is 
Next, multiply these equations hy ( Q k ) i  aiid add 

X P j  ( "2 2 (yl)j(Qk)iAkl- 
.I k, I 

2 (ql)j(Qk)iEnl )=0 ,  ('4 3) 
k. I 

whcrc i m;iy have any value from 1 to 71. 

Introducing 

(J; 3 )  heomes 
- - 

C, pj (v'A;j-Eij) = O .  (485) 
J 

From the relatioils (3 ,6)  and (3,7) i t  is in- 
ferred that 

Hcnee, eqs. (4, 3) reduce to the set 
- 

p i (vZ-vv i z )  Ai,-0,  i = l  ... n, (4,7) 

which ~iowesses the canonical form. 
Ohvionsly the solutions of (4,7) arc 

Y Z C Y i Z ,  p j = ( p j ) i = s i j ,  ( 4 > 8 )  

mlicre a,, denotes K r o n e e k e  r's s y m l ~ ~ l ,  viz. 

5 First approximation of the characteristic 
values of the vaned system. 

\\Then thc transformation of the preceding para- 
graph is applied to the hasie equations ( 2 , 3 )  of 
the varied system, there will remain perturbation 
terms outside the main diagonal of the deter- 
minant, leading to the result 



-~ x pi( ( " ~ - " v i ~ ) A i j + 3 ' n i j - ~ E i j ) = 0 ,  (5 , l )  
.I 

with 
~ 

C" $ 1 -  - 2 ( q i ) > ( ' A ) i ~ ~  azld 
k, I 

- 
8 '  '- 5, ( a ) i ( Q k ) m l .  ( 5 , ~ )  

i i - I < . I  : 

I t  will again he nllowcd to consider the per- 
turbation terms nii rmp. Eii as small quantities. 
Consequently, the solution of ( 5 ,  1) may he ex- 
pected to admit the rcprescntation 

- - 

plitudes 01 the sct (2, 3) with regard to thc 
amplitudes of the set (2 , l )  become 

A ( Q ) * =  5, (q i ) iA(Pi )%.  ( 6 2 )  

The solntion of the set of equations, adjoint to 
( 5 , l )  can be writtcn in the form 

v Z = v i Z + A v i *  alld P j = S , i j + A ( P j ) ; ,  

with A ( P i ) ; = O .  1 ( 6 , 3 )  

I n  the same way as A ( p h ) i  thc, first approxim- 
at.ion of A ( P h ) ;  h o m e s  equal to 

Thc last relat.ion fixes the normalizat,ioii of thc 
IICW solutions. 

Snhstitution of thc i-tli solntion ( 5 ,  3) in the 
d t h  equation (5,l) yields, if terms of sceond und 
higher order of smallness arc neglceted 

- - - 
Avi' .  Ai+ + v i 2  nii - e i i  0. ( 5 ,  4) 

Herice I 

This relation yields the first order variation of 
t,hc characteristic values. 

It is seen that, AviZ can casily he calculated if 
the nnmbers Ai i ,  a,< and E , ;  arc  known. NOIT, 
tlie zit and thc products (Q~)~(&~); appearing i n  
t,he formulae ( 5 , Z )  are independent, of the asumcil 
variat,ion. Hcncc, this part  of the compntation can 
he carried out once for all, irrespective of the 
kind of variation, which inearis that the In.horu 
involved in the calculation of Aviz  for a scconil 
variation is much l a 7  extensive than that fo r  the 
first variation. 

- - 

6 First approximation of the amplitude values 
of the varied system. 

When thc' i-th system ( 5 ,  3) is substituted in 
the h-th equation (5, I ) ,  tlic amplit,udc ratim arc 
ohtained. With the aid of (4, 6) this sulistitution 
yields, after neglect of terms of second and highcr 
order, 

- - 
~ 

v i Z a i i - - ~ i  + A(P1,); (v; ' -vvh2)Ahh=O: 

or 

I<'or A = i ,  the relation 

4 ( P . ) * = = O  

m a s  already introduced (5, 3 ) .  
By means of eq. ( 4 , l )  the changes in thc am- 

7 Higher approximations of characteristic values 
and amplitude ratios of the varied system. 

Ilctaining pcrtnrl~ation t,crms of t,hc first and 
sccond order when t,hc i-th solution (5, 3) is sub- 
stituted in the i-th equation ( 5 ,  I), the following 
relation i s  obtaincd 

- - 
5, A ( p j ) i ( " i 2 n i j  -e;l)  i- 

- - j - 
+(  4viZ.A;i  + ( v i ' + A ~ ~ * ) a ; j - ~ ~ i i ) = 0 ,  (?',I) 

Iritli A(pj)< in accordancc \$it11 (6, 1) and (5, 3) .  
It is allowed to substitute - thc result - (5, 5) for .  
Avi2 in the tcrm A v i Z ,  ai$, sincc ai; itself is small 
of the first order. Thcreaftcr A";* can be solved, 
which gives 

- - - -  

, ( 7 , ~ )  
( e i i - " i z a j i )  (Eij-"iZaij)  + 2  _ _  

jgj . ( v i Z - v j Z ) A i i A j j  

being ohvionsly the sccond. approximation for t,hc 
chniigc in the characterislie valne. Tho second 
approximation f o r  the amplitude ratios can he 
obtained by neglecting t e r m  of third and highcr 
order after snhst,it,ntion of the i-th solution (5, I )  
in tlie 71-th equation (5,  3). In  principle, this pro- 
cedure can bc continued to apyroximatior~s of any 
order. Such continuations are, however, of little 
niluc i n  consequence of the rapidly growing ex- 
tension of the formulae involved. Thus, thcm is 
not much reason to proceed beyond the results 
given above. 

8 The' change in the flutter speed. 

In  report V. 1384 (ref. 2) it is shown that i t  
is possihle to define hy 



a structural damping (h. denotes the phase lead of 
t.he elastic restoring Eorce in. regard to the dis- 
placement), t o  which oorresponds the flutter speed 

(832) Lit == V,c, V.Vod 1 Y ?  I. 
Carrying out the ciilculation for several values 

of the reduced velocity .V, , a curve, connecting 
‘ucrit with k, may be obtained. 

Suhstituting in the formulae (8,l) and ( 8 , Z )  
vi2 + A V ~ ~  instead of v i 2 ,  again for i seqnence of 
values of V ,  , a similar curve is obtained, referring 
to the varied system, The change of the flutter 
speed at constant damping can immediately be 

deduced from t he  difference of both curves. B’or- 
mula ( 8 , Z )  alone, with v L 2  + A”,* imtead of v l Z ,  
gives the change of the flutter speed at constant 
reduced velocity. 
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1 Introduction. 
A lange part  of the work on the flutter prohlcm, 

carried out during the war by our Snstbt,ute, was 
devoted to the theoretical methods of flutter analy- 
sis and their applicatioii, eapeeia.lly to wing-a.ilcron 
systems. Many of the resalts havc been published 
in two reports (ref. 1 and 2 )  written in Dutch 
and tlrereZore accessible t o  a small cirele of readers 
only. I n  order to promote the international ex- 
change of technical knowledge ,tiiid of resiilts of 
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aileron chord and the plane of (completely) 
vanishing distortion in the crass section, where 
thc control mcchanism acts on the aileron. (The 
complication, arising if this wcurs in more than 
one section will not be considered). Def leetion 
and torsion of the aileron will be concentrated 

. into one single function y d ( u ,  t )  (see fig. 1). 

c.  the elastic st.iffnem of wing and aileron may 
hc represented with sufficicnt accuracy by COII- 
tinuous functions of the coordinate ‘y with (as 
Ear as  riecmary j continnous derivatives. 

d. the stiffness of the control mechanism of the 
aileron may he represented by a spring wjth- 
out mass, interconnecting wing and aileron in 
the cross section, where the control is applied 
to the aileron. 

e: the fuselage and any appendages to the wing 
(e. g. the propulsion aggregate) can he treated 
as rigid ‘bodies with (compared with the span) 
negligible dimensions in the direction of the 
reference axis and normal to the plane of the 
wing, and with a centre of gravity, falling i n  
the plane of the wing. 

f .  no other ,deformations or relative displacements 
mcur, than those specified nuder a and h. 

. ,  

research we have decided to compile a detailed 
review in English language of our work, using the 
opportunity to present the results in an improved 
form. which continued investigation has made - 
possible. 

The present paper is the first par t  of this 
review. It must be said that the title uromiscs 
something too much, for  we have not t r i e d t o  reach 
completeness. Remarking that the wing-aileron 
.system is at the base of all diseufniom, the table 
of eontents will give a good picture of the scope 
of the work. 

Use is made of a simple formal representation 
of the aerodynamic forces, taking part in the 
dynamics of flutter. I t  depends upon widely uscd 
simplifying assumptions. No attention has heen 
paid to the development of chis representation of 
the aerodynamic forces, since a separate paper 
will treat the methods, used on this point-in our 
flutter work. 

Perhaps a third and last report will deal with 
the numerical application of the theoretical methods 
of flutter prediction. 

2 Fundamental differential equations. 

2.1 AssunLptions. 

I n  ondec ‘to cstahlish the equations, governing 
the oscillations of a (fuselage-) wintg-aileron syst- 
em, we assume that (y being a coordinate along 
a “reference axis” in the planc of the wing, 
and t the time) 

Fig. 1. 

(1. the most general deformation of the wing can 
he deconuposed in accordance with fig. 1 into 
“flexure”, defined by linear . displacements 
(with respect to the. plane of vanishing dis- 

.tortion) of the points of the referince axis, and 
“torsion”, defined by angular displacements 
(with respect to the same plane) about the 
refcrencc axis. The flexure is represented IJY 
the function xd (y, 1 )  and the torsion by the 
function id (y, t ) .  

h. the most gzncral d e f o r m n t i m  of the aileron 
consists of “flexnre”, fit,ting exactly to the de- 
formation of t,he wing a t  the place of the binge 

: axis, and “torsion” about the hinge axis’). 
‘ I\lorcimr, a “deflection”. of the aileron may 
, . occur, to be defined by thc angle between t h o  

’s Ghich is only for simplicity identified in f ig .  1 with 
MIc Jading- ellgo of the aileron. 

g. 110 other parts than the wing and the aileron 
are subject to aerodynamic loadings. 

h.  the (varying part of the) aerodynamic forces 
’ . on any narrow strip of the wing-aileron system 

between two neighbouriny cross sections de- 
pen& upon the total displacements in this strip 
only, the relation being linear. 

there exists perfect symmetry with respect tu 
the geometrical plane of symmetry of the aero- 
plane. 

i. 
. 

It is t,hought, that none of these assumptions 
will generally have .a  noticeable influence on the 
accuracy of the results. Nevertheless, it niay in- 
cidentally he desirable to introduce certain modi- 
fications, e.g. to retain in the idealisation of the 
system an elastic support of motor masses or to 
admit elastic distortions of the fuselage. It is, 
howerer, easy to establish in cases like that the 
required modifieations in the equatiom, mdkiilg it 
unnecessary to incorporate them in the gencral 
investigation. 

Ry way of  excoption it. may he desirable to spend some 
particular attention to assumption d, which i s  obviously i l l  
disagreement rvitli thc facts, if the control mechanism is 
not irreversi1,le. In this ease the elastic component of the 
mechanism is xtetually located in the cables, interconnecting 
the port and starboard ailerons and containing the control 
column. The &dmisssbility of the assumption rests then 
upon the fact, that, for symmetric vibrations the influence 
of the dmsticity of the a h l a  is equivdtn t  to the effeet 
of the assumed spring, while for antisynwetrie oscillations 
the im“luonce vanishes, R which b quivalen61y ob- 
tained hy reducing the constant of the assumed spring 
tu zero. 

For antiiymmetric oscillations m error emerges, i f  the 
111898 of tlle control column is not negligible. Some words 
allout. this point are to he found in appendii I. 
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2.2 Local displacements. with complex amplitude functions e o ,  Q" , y o ,  there- 
hy .introducing the complex representation of har- 
monic variations, mllich will he used throughout. 

v*(m,,'z, + ni,,'Q, + nt,:yy,,).. e'"' , ,(z, 3) 
The resultant aerodynamic force may. accordhg to 
2.1, h ,  be put 

It is easily seen that for small vihrations the 
motion of m y  point, gf the system may he eon- 
sidered to consist of "vertical" displacements 
aloe (z, y, t )  only (z = distance to the refcrcnce 
axis in chordwise direction, to lie counted positive 
hackwards). If t.he fnnctibn z ( u ,  t j  gives the 
total disl>lacement of the mints of t.lie reference 

The result is 

the form 

Bloc (2, '!/, t )  = Z  (!/, t ,  - z Q ($1, t ) .  
If  further the function y ( u , t )  gives the total 
angular displacements of the aileron chords ouc 
of the neutral pai t ion (0; the complete system), 
wc have for  a point of the aileron (see fig. 2) 

r d n n r t  a m  e- 'Z . 
L Td 

Fig. 2. 

z l o c  (a, '!/, t ,  Z (!/> t )  - c d  Q (!/, t )  - 
- ( z - c d )  Y (Y, t ) ,  

G& being the distance hetween the 'hinge axis and 
the reference axis. 

It may he noted that the functions z, 'p and y 
are not identical with the triple zd, ~ d ,  yd  (see 2.1,' 
it and b ) ,  the latter determining the deformations 
only and not the t o t d  displacements '). 

2.3 Equntww, governing the balance of forces 

Calculating the resulting inertia force on a 
strip of unit length (in spanwisc direction) of 
the system we find, apart  from eont.ri1mbions. of 
conccntmted loads (sce 2.1, e ) ,  

and of moments. 

.. .. .. - ml: z- m,/ Q -  n z , , ' ~  

m, II = m, + m, ; mI; = - m,s, - na,cd ; 

(The significance' of !he padmeters may he found 
in t,he List of Symbols). 

with 

%d==- m4,. (2.1) 

We immcdiately make the substitution 

Z ( ! / , t ) = B " ( y )  , e ' " ' ;  Q ( ' ! / , t )  =pn(y) .eiv!; 

Y ( ? h  t )  =y&) ei" (2 .2)  

') The differonec follovs from the motions in the plnuo 
Y = 0, i .e .  from t h e  metiom of UIC fuselage. See cq. 
(3 .25 ) .  

where ZI is thc speed of flight. There is no depend- 
ence of the a l l ,  cte. upon u and v separately. We 
shall give no further explanation about the strue- 
ture of these coefficients, apart  of the indication, 
that they have complex values. 

The elastic rcstoring force can he most. gencr- 
ally representcd by an expression 

(2 .7)  
Thc eoeffjcients e, ,  z q ( y j ,  ete. are diffcrential 
operators. We may safely put  

(e,+, + elsip, + e, ,y , )  . e"". 

B,, ,(y) giving t,he flexural st,iffnes of the system. 
If the wing behaves elastically like a heam with 
definite elastic axis, the coefficient e,, may be 
m u m o d  to vanish, provimded that the refcrcnce 
axis is madc to coincide with this axis. But  i t  is 
not trne, t,hat t,his is the general case. It is there- 
fore dcsirahlc to retain the eoefficicnt er2 in the 
cxpression. A possible formula for it will be 

depending upon an elastic "cross-stiffness" B,, . 
The coefficient e,, represents the elastic coupling 

of aileron twist (or  -deflection) with flexure of 
the wing. This coupling is always very small and 
will he neglected 

e,, = 0. (2.10) 

If there is no strnctural damping, t,he sum of 
(2.3) and (2.4) must balance the force (2.7). But  . 
the resulting equation will he valid only for Che 
parts of the system between concintrated loads. 
This induces us to represent these (inertia) loads 
by .the singular distribution , .  

v2(m,,(')zO + mlx(a)'po + n%s(a'yo) ~ ( q - b ~ " ) )  . e i y t  : 
a = l , 2  ,.._..., n,, (2.11) 

assuming that  the numher of loads is n, and 

. , .  
.. . . 

') Tlm ratio. of aileron chord to  wing chord, the position 
of t,he quarter .chord point, the ailcron aerodynamic halanre 
and pmaiblly Dhe gnp Ixtvwi niag and aileron. 



that bhey are located in sections \iith coordinates 
y=b'". The function S(u-gl)  (yl: constant) 
is a singular one with the properties 

S(y-g l )=O if y # & ,  

8(g-ul)  d ? / = l ;  E >  0, 
y1-s i'+' . 

?I1 I 

which serve for its definition. 

mination of the constants ml,") ctc. 

forces leads to the cquation 

No explanation will be needed about the deter- 

With the addition of (2.11) the halanee of 

"2 [ (m, ,  + ns,,n,,)z, + (mr2 + nlLea,,)yl" + 
+ (m13 + l l i L  e a,,)y,l - 
'- e,+, - er2vn= 0, ' j  (2.13) 

containing the new abbreviations 

m , x  = m,h' + x lILlh(@ s (y - P)) ; 
a 

k =1,2 ,3 .  (2.14) 

To prevent misunderstandings we state : the range 
of the unriable y estends from y=-h  (tip of 
the port wing) to  g =  + b (t ip of the starboard 
wing). All coefficients are eyeu functions of y 
(compare 2.1, i). 

A second basic diffcrential equation follows 
from the balance of moments on the wing alone 
about thc reference axis. It can be written right 
down, if we keep in mind the fact, &st in the 
seetiom v - -C b; where the control mechanism is 
connected to tlie ailerons, a concentrated moment 
of magnitude 

I k { Y (2 b r ,  t )  - v  (I b r , t )  1 i 

') This equation is, strictly speaking, the result of tbr 
elimination of the trmsvcrsc force from the conditions of 
equilibrium of forces ond of moments on the strip. That 
it does not contain tho moment of inertia of the stlip 

about its mid-chord (in ioplp to  the ratations 0 e iv l  

of it nbout this chord) is a. eanxquenee of the fact, tha t  
this contribution is small of a high order if the deform- 
ation is suppwed.to he small of the f i r s t  order. If, hon- 
ever, we, don't want to neglect the influence of the non- 
vanishing moment of inertia of tho fwelagc about it8 lon- 
giturlirlal axis, we shall havc to  insort on the lof t  sido 
of (2.13) an according t c m ,  which obviously will again 
bc singular, since the load is concentrated in the planc 
y=O.  It indeed asumcs formally the remarkahlc form 

lh 

dy 

with I = moment of inertia of the fuselage about tho longi- 
tnrlinnl axis. 

is exeliaiiged between the wing and the aileron. 
With 

CL 1 7Il2:=nl,,'+ 1: m,, 'n 'S  (g-7,'"); I 

( l T O ( y j  = torsional stiffnek of the wing) is gcner- 
ally accepted, hut there is reason to believe, that 
i t  often may he more accurate (or even inevitable) 
to accept an expression like 



We may consider the triple (2.13), (2.17), 
(2.20) of hasic equations as a system of three 
simoltaneous differential equations for the func- 
tions z o ,  yo and yo with Y as unknown parameter. 
The range of the variahlc y extend5 from y = - b 
to y =  + b for the eqnatiom (2.13) ani1 (2.17), 
while for (220)  it falls apart  in the intervals 

- b, 5 5 - b, ; b, 5 y 5 b ,  (2.23) 

if the ends of the ailerons are in the seetions 
y = f b ,  . y 2 b, . The equation itself decom- 
poses in fact into separate eqnations, each d i d  in 
one of the intervals (2.23). It will houwer be 
clear, that if desired there is no  objection against 
ndjudging the full range - - b +  + b likewise to 
equation (2 .20) ,  if only m agree to accept 

for 

We shall generally make nse of this artifice. 
Since 

ehX r ekh ; nihh = nihi ; I;, 11 = 1 ,2 ,  3. 

The system of ,lxxie equations would he self- 
adjoint if 

ahh == ahk . 
This is not true. We therefore see, that  the equat- 
ions, governing thc oseillationr in xfill air arc 
self-adjoint, hut that t,he equations, governing 
oscillations in f l i g h t  are not. The boundary con- 
ditions (see 2.5) do not change these properties. 

It may not he superfluous to repeat, that the 
functions s o ,  p,, , yo are complex functions, just 
q .the aerodynamic coeffieients nhk .  All other 
quantities are real, perhaps with the exception of 
the frequency v ,  yhose nature may as yet remain 
iinspceified. 

v 79 

2.5 Roiindnry conditioT1,s. 

We mnst now add boundary conditions to oiir 
hasic equation% Assuming that the operators ehh , 
( h , k = 1 , 2 , 3 )  linve the special forms (2.8), (2.9), 
(2.10), (2.16), (2.19), (2.22) we have 

for  y = f b :  i z/= 0, (B*,s,:)'-  (e,,/)'= 0, 

Apmt of these boundary eomlitioiis wve might establish 
sliceml eandit,ions for each value of g, bpecifyiing a section 
wherc eonctnitcrted loads are exclinneed or applied, that  is - .. . 
f a r  y = b'"),  ( n  = 1 _..... w,) and fo r  y = i- b r .  We have, 
hoirever, i n  fact inserted these additiond eonaitions a t  least 
fovmnlly in the equations themselves by the use of tho dis- 
t;ibution function 8. There is indeed no difficulty in getting 
thkm out again. Each simple 8.symbal specifies a jump of 
a magnitudc, dotermined by  i ts  factor, in the derivati.tivc 

agrceiiig with tho first  indefinite integral of the expression: 

Thc aipplemcntary term to (2.13), mentioned in tho acees. 
sary footnote is likeqvisu seen to indicate a definite jump, 
this time in the derinativc given by  the aeeund indefinite 
integral of tlw crpressioir el, i,, + e12 Qo, just as i t  ob- 
viously should he. Mathematically thr 2-function is simply 
n tool, making i t  possiblc to  collect a differential equation 
and given conditions of discontinuity at specified points 
of the interval into on0 single expression. 

2.6 First integrals. 

T,he basic equations arc "equations of motion" 
of the mechanical system. Now this system ma.y be 
regarded as a closed system with external forces 
x t i n g  upon it, agreeing with thc aerodynamical 
loading. It must therel'orc be possible to establish 
"first integrals" of the equations, stating that the 
resulting external force equa.ls the ratc of change 
of the resulting impuls, and t.hat the total momen- 
tum of all external forces eqiiak the  rate of change 
of the total moment of impulses. Now the result- 
ing external force is 

(%r  4,  -k %, Qo + Yo) dY. " 2  eivl  

- b  

These expressions must he equal. We indeed get 
8he resulting eqnations liy intervention of the 
Iioiindary conditioru if we integrate t,lrc first hasic 
cqiiation over t,hc range ~ b 5 y + b. W e  may 
give i t  the form 

{ (ntLr + xo + ' ( ~ n , ~  + +nL c a l z )  Yo '+  

- b  + (m,a + m ,  c ala) yo ) dy = 0. (2.25) 

It is evident, thnt there are no components of 
forces or i,mpulses in other directions (than the 
vertical), 

The first integrals, corresponding to the moment 
of impulses, are expressed by two equations, since 
we must consider moments about the referenee axis 
and moments about the longitudinal axis of the 
system. Tlhe first equation is formed by integrating 
from - b to + b the sum of the second and third 
basic equation, since this sum is eonnccted to the 
moments on tho complete system about t,he axis 
of reference. The result clearly is 

( (ln*l'+ WL,, + nL' c a2> + mL c aal)  z,, + 
+ (mZ2 + mS2 + inL cz a,2z + m,. c' y,) (pi, + 

+ (mg3 + vii9 + 7%. cz a,, + 
+ ?n, c2 aaa) y o  ) dy = 0. 

- b  ( b  

(2.26) 

The last equation follows from the integral of 
the product of t,hc first basic equation by u. 
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{ (nbll  + 7111, all) 6, + (nLr2 + mL c aJ yo + 

(mla + 1%' c ala) yo } 7~ dy = 0. I )  (2.27) 

Two othcr useful relations emerge by integration 
of (2.20). Summed up  in one formula, they are 

- b  f b  ' . 

..j; (1!b31  + l7l.L c 4) 2, + (% + nL' e* urz) Po + 
. ,  

* b* + (mBa + WLL c z  a3*) yo } dy 
f k ( yo ( * b , )  - q o  ( *  b,)  ) = 0  
(choose all signs upper or lower!), (2.28) 

The equations are closely related to ( 2 . 2 6 ) ,  they 
on'ly refer to the ailerons alone and not to the 
complete system. 

Tthe triple (2.25), ( 2 . 2 6 ) ,  (2.27) of integral relat- 
ions, obtained above, permits a changeover from 
displacement-functions to deformation-functions by 
the introduction of separate variables, determining 
the motion in the plane ?/=0 (motions of the 
fuselage). ! 1  i 

Equation (2.25) permits a separation .of deflect- 
ion and twist in the aileron disnlaoements. 

Transformations like that have hean used at  the 
root of the calculations in our older mork (loc. cit.). 
The crucial thing is, that it seems more easy to 
guess approximations to deformation functions than 
to displacements. We shall however make no use 
of them here, since i t  has appearcd possihle to reach 
the same benefib in a more satisfactory way, 

3 The fundamental equations in intigral form. 

3.1 Transforniation of the differeiLtia1 equations 
into integral equations. 

We m u m e  provisionally, that the wing has tbe 
simple elastic properties of a beam, i. e. we assume 
that 

e, ,  = ear = 0 

and tllat for ( e z 2 ) "  bhe formula (2.19) holds. 
Further, i t  will appear suitable to bring a sli,ght 

change in the condition of the mechanical system. 
T,his change consists of tlie introduction of elastic 
restraints on displacements and rotations of the 
fuselage by spring connections to the ground. 
(Springs like that can actually be fitted in 
resonance tests). These springs will introduce a 
force k , z ,  (0),  a moment about the reference axis 
k,qo (0) and a moment about the longit,udinal 
axis k4z,' (0), acting on the system in the plane 
of symmetry. (y=0). The parameters k ; ,  ka, ke 
represent the spring constants. 

It is easily secii, that  these alteratiom may be 
represented in the basic equations by addition of 
the aggregate 

tu the left side of (2.13), and of the term 
' 

, - k ,  s (Y--0) % 

to t,he left side of (2.17), equ?!io;i (2.20) kmain-  
ingx unchanged," We write the,resnlt in the f o p  

s . . < . , r > . t c  r , >. ,. .) . , . ,  , <, 

L,, L, and L,, representing the' load 

(3.4) I L, = v 2  { (m,, + mL ax,) zu + (m,, + 7 1 1 ~  c aJ q,, + (7n1:, + ntL c ala)  yo ) , 
Lq = v z  ( (%IS+' nl.L c %I) 2, + (mz2 + m,, c* 7" + (% + " cl Yo I , 
L,, = y*  { (ma, + m, c a85) z, + ( ~ t . ~  + ntL cz a.ax) yo + (ma:, + mL cz aJ yo } . 

'1 If WB add to the left  side of (2.13) the term, men- 
tioned in  the footnote to  this cquation, we must oxtorid 
the left side of (2.27) with the term 

- I I u &  1 8  (y'-0) i a?/ ' dy ,= -  

Jncidentically, i t  may be noted, that the effcet of 
the alterations oll the integral (2,251, 
(2.26),  (2.27) consists merely of a replacement of 
the zeroes on the right side by k 2 z ,  (0),  k + q O  ( 0 )  
and k ,  z,' (0) coinccutively. . 

C b  

dz, / 

- b  Now, apply 'to (3.1) the operator 
+ -,I r Y  - 8  dB0 (v-00) 

+ b  

representing the moment about the longitudinal axis of bhhe 
inertia forces on the fumlage, ~~\~oti that the formal pro. 
eedure loads to  tho correet result. 

. ') The expression containing 1.0 is similar t o  the ad- 
dendom, mentioned in the footnote to  cq. (2.13). 

, 
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I n  view of (2.12) and the boundaj. conditions, 
imposed on the function z , ,  we have 

+ b  t b  

d y  y e , ,  z,, = 0 "I "J kz dye,,z,=O; 'r9 

- - b  - b  

- b  
2-  h 

- b  
C h  

- - b  
(compare the footnotc to eq, '(2.27)) 

Fnrthcr the multiple integral part  of the oper- 
ator prodiicw zero when applied to the second and 
third term on the left side of (3,1), while applic- 
ation to the first term gives, both for IJ > 0 and 
for y < 0 (in view of (2.8)), 

z , - z O ( 0 ) - y Y z , ' ( O ) .  
I t  follows that the complete result of bhe tram- 

formation of the left member of (3.1) is simply 

I n  order to give a suitahle form to tlic right 
2 0 .  (3.6) 

side result, ivc remark 

j d y j d y  ...... = y  dy ...... - 
0 0 0 i 

!/ > 0 -/  d y y  ...... f , 
0 U < O  

f l y  [ i y  ...... =-y . d y  ...... + . 
!I !I Y f b  

+ iiT, ...... , 
V 
(both si,gns ,+ or  bo th  -), 

leading to the expression 

C b '  ' + b  

a 

define an integration over the rangc 

n to y if I y - n l < / 7 - d  

n to 1 if / y - - ( ~ l > l l - n l  
Thcn 

- 7 1 5 ~ 5 + b .  

b L Y , V  

...... dq dy ,  = 1 I ...... d y l  d l  ; 

0 "I o u  .. 
- b < Y Y  . .  Y - b  / ...... d7 dy ,  = /" ...... d y ,  d l  . (!.S) 

formulae, bhat come down to an intcrchangc of 
integrals, retaining the original area of integration 
in the q ,  y,-plane. 

Thesc formulae permit a reduction of the mul- 
tiplc-integral part  of (3.7) to 

0 Y I  0 0  

b < Y . V  

So, if by definition 

the final result of the application of (3.5) to (3.1) 
clearly assumes the form 

t b  

z, (Y)'= ,/ K , ,  b, 7) Ls (7) d i .  (3.10) 
- - h  



A similar trailsformation of equation (3.2) can 
be obtained with the help of the operator ' 

+ b  ' t  

- b  
I ,I 

v s2 , 
CoIlsequeiitly, if we define .'.: 

for !I > 0, q < 0 

for y < 0, q > 0 
(3.12) 

a.nd 

Adding the resnlts and eliminating the differences 
yo  (k b,) - 90 (k 0,) with the help of (2.28), we 
obtain the expression . + b  

for y > 0. 

Application'of the operator Go the right side of 
(3.2) gives, taking account of (3.8), 

+ b  0 

the final result. of the transformation appears to he 

+ b  

p0 ( ! I )  = K , ,  ( ! I ,  7) L+(?)  dq -t 
- b  

+ (l%. (v , .7 )  (3.14) 
- b  

. .  
Thirdly let us apply to (3.3),  the operator 

for 21 > b,. 

. for  0 < y < b, .  .., 

f o r ,  - b,  < y < 0. 
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The complete rcsult is easily foiuid to be (compare 
(3.8)) 

- b y  - b v  

- b, - b, 

Now, equate in (3.14) 1~ to f b, and add bhc 
resulting relation to (3.16). Then eliminate the 
emerging differences y o  (& b,) - (po (f 71~)- with 
the help of (2.28). This leads to 

c 1, 

- b  
if we det'inc 

a n d  

+ O  + O  

+ O  + O  

\ + 0  

f O  . + O  

f O  + O  

for y > b,, 7 > b,. 

for y > b , ,  O < ' I < b , .  

for II > b,, 'I < 0.. 

for 0 < 7J < b,,  0 < 'I < b,. 

for O < ~ J  < h, ,  'I> b,. 

for O < y < b , ,  ' I < o .  

(3.19) 

for  - 6, < ?J < 0, - b,  <'q < 0. 

for - b, < y < 0, 'I < - h,  

for - b ,  < y < 0, 7 > 0. 

fo r  y < - h T ,  -b ,  < 7 < 0. 

f o r y < - b b , ,  q > O .  . 
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The tramformstion of the basic diffcrential equat- 
ions (with their b u n d a r y  conditions) into com- 
pletcly equivalent intcgral-equations (without com- 
plementaq conditions) is herewith finished I), 

We may remark firstly, that it is immediatcly 
visible from (3.9), (3.12), (3.13) and (3.19) why 
it  \ v a  desirable to introduce spring-contraints on 
lnotions in t,he y c 0-plane. If we remove them, 
the kernels of the integral-equations arc no longcr 
hounded. Secondly i t  will be acccptcd for certain, 
t.liat equations (3.10), (3.14) and (3.17) may be 
considered as a simplification, related to the as- 
sumptions about the eix-operatom, of a general set, 
containing K-funct.ions with indices 12, 13, 21, 31 
as well, and only submitted to the symmetry 
property 

K h n ( ~ , v ) - K l i x ( 7 , y ) ;  h , k = l , 2 , 3 .  (3.20) 

The way, in which the spring constants k , ,  kq 
and k g  enter in these general funetidns may be 
drawn from the spccia.1 formulae (3.9), (3.12), 
(3.13) an,d (3.19) (though generally these spccial 
formulae will of course lose their validity if any 
of the simplifications is rejected). 

3.2 Elimination of spring constmtts IC,, kq ,  kg, 

It is of importance to trace the cffect of a. sup- 
prmion of the parts in tlie opcrators IfhX (w,  ?), 
depending upon the spring constants k , ,  lc? kd. 
(This may be done by putting simply, k,= m, ' 
kq-= m , ke = m i n  the formulae for the kernels). 
'The following result will 'be found without much 
trouble . , : i ' l l  
zo (!/) -Bo (0) -$/?I,: (0) = 

- J k L i / h  L* (7) d7, (3.21) 
- b  

9" ( v )  -d  0) = 
C b  

= / E , ,  (!L 7 )  Lq (7)  d7 + 
- b  

+{L (u, ?) Ly(7)  a?, (3.22) 
- - b  

Yo (!/) -9% (0) - 
+ b  

= / E , , ,  (!A?) L o ( 7 j  dq + 
--b 

+ j% ( w ,  7) L y  (7) d7, (3.23) 
- b  

wlicre a E-symbol is nsed to reprc?en,t the remain- 
ing parts of the K-kernels, i. e. 

We must obviously come to bhho same kcrnels, if 
we ~ U C Z / I J  give infinite stiffness to the "fuselage 
springs", thkt is : if we fix the fnselage rigidly to 
&he ground. Wc indeed have under these ciroum- 
stances 

and ( 3 . h )  reduces to (3.10), (3.22) to (3.14) and 
(3.23) to (3.19) with E on the place of X. 

It is of 'importance to remark, that if actually 

z , ( O ) = O ,  x, ' (O)=O, $" , (O)=O 

kz# m I kq f m', 'kg f 
the triple (3.21), (3 .22 ) ,  (3.23) cannot he con- 
sidered as a new integral-equivalent of the fun- 
dametita.1 differential equations (with boundary- 
conditions), since this triple does not determine 
unambiguously the unknown functioufs e , ) ,  y o ;  y o  
and t.he parameter Y .  Indeed, if we p u t  

1 
z d o = s o - %  (0) (01, %=Po-% (01, 

Y d o = Y o - h  (01, (3 .25)  

a system of integral equations emerges, which ma.y 
be eonsidered as inhomogeneous, the righthide 
te.rms containing tlie parameters z ,  (0) , z; (0) , 
yln (0). The ambiguity disappears if we add as 
independent conditions thc relat.ions (2.25), (2.26) 
and ( 2 . 2 7 )  with the right side ,zeros replaced by 
1 -  1 1 

~~ k;e ,  (0), ?kq yo (a),  crkg z,' (0) consecutively, 
Y 2  

'for these equations join special values of zg (0), 
pa (0), z( (0) to given functions zdu,  'pdo,  ya,,. 
T'he extra cquations can clearly be written in 
t.hc form 

j L  (7)  d7 = k; 2, (0) ; 
--b 

(7)  +&,(?I } d 7 = / i q v o ( 0 ) ;  

. ''"1 j $ z ( 7 ) d 7 = k : e z , ' ( 0 ) .  (3.26) 

-1) 
+ b  

- -b  

3.3 Special forms for  symntetn'cd oscillations. 

If the solution so, po , yo of the basic equations 
consisB of even functions (symmetrical mode of 
vibration), the integral in (3.10) is equal to 

') Another method, making use of an identification of 
the EL) (y, r)-funetions with ''influence functions", t o  
establish tho integml quatiom, has been fallowed in 
appendix I. 



Under the same restrictioii (3.14) and (3.17) may 
he replaced by 

b 

+"I!/) = J K,,S (v ,  7)  L&) d.I + 
0 

Thc third relation (3.26) is fulfillcd automatically. 

3.4 Spaciul forms for  i i i i t i s~ i~ i~ i i e t r i c ( i1  oscillutions. 

If an the contrary tllc solution z , ) ,  y o ,  yo corn 
sists of odd functions (antisymmetric mode of 
Tihration), the integral in (3.10) is equal to  

U 

showing bhat the equations may now IJC writtcll 
in the form 

z,, ( u )  = J' LA (u ,  9 1 )  Lz ( 7 )  dq, (3.391 
0 

with 



e,, e , ,  61, 

e = e,, ezz  e,, 
E,, e,, e,, 

I (4.4) 

"2U f,, = L = 

e * =  e ,  (4.9) 
. -  hlt, 

Lz 
Lq . (4.7) 
L, 

a*#a ,  . (4.10) 

U * # U .  ' (4.11) 

The last inequality shows in  connection with (4.9), 
that  the set of differential eanations is not self- 

f o =  

- .  
adjoint. . . 

in nar. 2.5. 
To (4.5) helong houndary con,ditihns, mentioned 

% 
90 ; f o * =  1 1  20 Qo Y o  I /  (4.1) 
YO 

m = 
mI1 m,? ?nLa 
m,, m,, m,, 
mal nLa2 m,, 

. . (4.2) 

a = nLL 
a,, a,,c a,,c 
QZ,C aZ2cz a& . (4.3) 
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we may represent the (generalised) set (3.21), 
(3 .22) ,  (3.23) by 

i D  

K ( d ) , s =  

f a -  c,, = Y* J E (Y, 7 )  u (7)  f, (7)  d7, 

C"' = II % ( O )  + Y Z,'(O) Q"(0)  'fO(0) II . (4.17) 

(4.16) 
- b  

with 

We ?emark again, that we must add to (4.16) tlic 
independent relations (3.26) 

4.3 Matrix equations f o r  symmetricnl oscil7nfion.s. 

0 0  
5 0 0  

0 0  

0 0 0 - 2 0 , (4.26) 
kz 

0 0 0 0 -  2 
ke 

Denoting hy fa,  that the vector f ,  is supposed d 
to he composed of cvcn functions, me infer from 
par. 3.3 that, f o r  symmet,rieal oscillations only, easily appeam to he equivalent to equation (4.20) 

mzd its independent addenda (3.38). It is therc- 
b fore another complete equivalent of the basic 

equations, specialised to symmetric oscillations only. f,>, s ( Y )  =? / Ks (v, 7)  u ( 7 )  f , ) ,  J (7)  d q ,  (4.18) I 

4.4 Nut i ix  equutions for' antisynmetric oscil- .. lations. 

the matrix 
For antisymmetric vibrations only, we introduce 

KllA . K l z A  GA 
K n A  K,/ Kzz* KZ3A (4;28) 

& I A  KmA KmA 
. .  

making i t  possible to contract the (gcneralized) 
set (3.39), (3.41), (3.42) to 

... 

... ... 

... 1LS2 + IIjP t- u,, + u,, 

If 

(4.24) 



we easily find 
I', 
L4 
L Y .  
Lz 

' 

. ,: 

4.5 Numen'cnl. ecnluntioii if iiitebmls with the h,elp 

An integral being the limit of a sum, i t  is ganer- 
ally possible to approximat,e i t  by a finite sum. 
It is of interest to see, what eomw out of t,he 
equations (4.1.8), (4.29) I), if me introduce such 
approximations for the integral. 

of enlarged matrices. 

\\re s h l l  make' use of, the 'abbreviations .'''>[ ',',: 
Khk' (u, 7) S2 K h k x  (Us, i r ) ,  et!. (4.36) 

The simplest method is to approximate the integral 
i n  accordance with the example (P: arbitrary 
fnnetion) . .  

n 

j ' " d 7 = 2  .L P ( " )  ( 9 0 - ? 0 - , )  
U 

but a better accuracy may be reached by the use 
of some rule like Simpson's, Iiased on quadratic 
interpolation. The integration-formula may in any 
ease he represented hy the general formula 

tlie an's being coefficients, following from the 
integra.tion rule adogted. By the use of this for- 
mula bhe integral equation leads to a system of 
ordinary algehra'ie equations, whieli again may he 
represented in the form of B single matrix equat- 
ion. The fset, that the original equation is in the 
case under consideration a matrix equation of its 
own, does not imply essential difficult.ics. O m i t h g  
the simple intermediate calculations, we shall write 
the result right down. It is - - -- 

f , , .=v'KK, u f o , x ;  X = S , A ,  (4.34) 

with (omitting the discrimination S, A) ,  
I 

f0'- ll 2" (0) % (1) ,.. a0 (n)  % (0) 
v0 (1) ... v0 (n) yo (0) yo (1) ... yo (n)  1 1 ,  (4:35) 

a,u,,(O) 0 ... 0 Uo%,(0) 0 ... 0 a,u,(O), 0 ... 0 

0 a,u*L(l) ... 0 0 aru12(l) ... 0 0 4u&) ... 0 

n,u,,(O) 0 ... 0 a,u,,(O) 0 ... 0 a,u,,(O) 0 ... 0 

0 a1u21(1) ... 0 0 a*tL&) ... 0 0 a,u,(l) ... 0 

n,u,,(O) 0 ... 0 n,u,,(O) 0 ... 0 a,u,,(O) 0 ' .  ... 0 

. .  . .  

0 .  O . . .  n.u,,(n) 0 O . . .  anui,.(u) 0 O . . .  a,u;,(n,) 

, . .  

0 0 ... a,,u,,(n) 0 0 ... aniczl(n-) 0 0 ... anu2.(11) 

(4.36) 

We devide the interval 0 S u 5 b into n equal 
or uncqual small parts by the points 

2 J = ? / , ,  y=yy. ,  ......, ? I = & - ,  

and intend to operate with the numbers 

K k h X  (Ym V T )  ; uhh (%) i (7,) ; 'Po (?e) ; Yo ( ' lC )  ; 
o , r = l , 3  ,...... n ;  X = S , A  

only (Y, being equal to zero and to b ) .  

I )  We take those equations instead of (4.13), since the 
Imlved range of integration implies some useful simplifie- 
illion of the resulting -formulae. 
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I t  is ohvious that other matrix-integral equations 
rnny he transformed by similar proceses. We re- 
mark, that the results may he considered a nhnost 
eznct, if we restrict the investigation to a small 
number of t.he "lowest" modes of natural vihration, 
and if thc subdivision of the' interral is not too 
rouNh. 

5 General properties of the solutions. 
5.1 Hi0  rt h oflonn lit n a i l  no rina lien tion 

Let  

go* (?/I = 11 w, ( I / )  A, ( u )  Po (.u) II (5.1) 
be any vcetor of complex functions, satisfying tke 
hounclary conditions impwed upon the functions 
z o ,  y e ,  yo  of the vector f, . Then integration hy 
parts shows immediately, that 

, . {io* ( u )  e ( u )  f ,  ( v )  du= 

' =Jf,,* ( u )  e ( u )  go d u .  . (5 .2 )  

- b  
- 6  

- b  

This is a scalar relation. The complete development 
of i t  is 

1; ?hjo (e, ,Z,  '+ exzQo + e,,y,) + 
- b  

+ $a (e,,B, + e2,po + wo) + 

= / { so (e,,w, + e12+o + e , , ~ , )  + 

+ P o  (es+o + e 3 2 9 o  + emyo) I dl/ = 
i b  

- b  

f Qo (e,,w, + ... ) + yo (esIzL', + ...) I d ? / .  (5.3) 

If we replace 'both f ,  and g, by the mme vector 
yen2 functions, satisfying , the boundary conditions, 
the integrals (5.2); (5.3) givc the potential encrgy, 
storcd i n  the mechanical syst.em when distorted in 
accordance with the chosen functions. The fact, 
that this energy is a homogmeous quadratic ex- 
pression in z,, yo, yo and their derivatives secures 
the interchange~hility of the f, _and go vectors. 
The symmetry (e" E e)  of the e-matrix is another 
aspect' of the ,same thing. 

Since the u-matrix is not symmctrical, we have 
\ ,  ; 

' .. 

:I /+ ;:* u f" # f,,* u g, d!, , 
' - - b  - b  1' 

I,ut " 

+-b  + b  / go* U f ,  d!J = / f,,* Us, g,, d!/ . 
- b  - b  

(i.4) 

Equations (5.2) and (5.4) are tlic basc of many 
imp,oytant theorems. 

Assume that, the solutions of our'basic equation 
(5.4) with its homogeneous boundary conditions 
consist of an infinite set Of "characteristic" vectors 

f , , , ,  f,,,,, f , , , ,  ...... ad inf. 

of complex functions, each belonging to a generally 
complex characteristic numhcr v i *  (i= 1,2, ... m). 
We shall not trouble ourselves with a mathematical 
Iiroof, bhat this well-known property of the real 
coiinterpart of oiir pmblcm is preserved in the 
complex case. 

is the characteristic vector, bc- 
longing to the characteristic numher vi2, 

Then, if fo,  

e fo, = y i z  u fo,  . (5.5) 

Let n o r  go, j be the characteristic function, be- 
longin% to the characteristic number of the 
adjoint system; i .c .  (compare (4.9) and (4.11)) 

e go, j=pizu" go, j .  (5.6) 

(It may he remarked, that  the adjoint houndary 
conditions arc identical with the original ones). 
nhen, from (5.5) 

go, j *  e f,, d!, = v i 2  u f,. d;y . (5.7) 
- b  - b  

The lcft  side of this relation can, by virtue of 
( 5 . 2 ) ,  be changcd into 

f 0 .  i* e 'g(,. dy , 

and this is, liy (5.6), equal to  

- b  .ib 
C b  

pi2 1 f o .  i* u* go, i dv.  
- b  

\ire infer that, in view of (5.4), 

Now, imagine the antisymmetric part  

1 (u--') 
of the u-matrix to he gradually diminished in a 
suitable way. Then, in the end both u and u' 
hecome equal to the matrix 4 (u + u") of a self- 
adjoint system and the sets viz, fa, ; $, go:) ; 
(i, j = 1, 2 ..'. m') consist of in-pairs-identical 
solntions. It is possible to arrange both sets in 

! such a may; that  for a11 values of i 

But  in 'this limiting case' the idtegral in (5.8) 
does not vanish for  i = j .  From this we may 
safely conclude, that  i t  will not vanish generally 
(for i = j )  at  an arhitrary stage of the proees~. 
Rencc, piz must he equal to vi2 in ordcr to fulfil 
(5.S), i, c.: the ,  original system and its adjoint 
companion have the same sets of characteristic 
numhers. 

If i + j  we derive from (5 .8)  (since in the case 



under consideration all characteristic numbers may 
safely ))e asnmed to be distinct') ) 

g,,j* u f " , $  dy=O; i#j. (5.9) 
- b  ib 

,This is the biorthogonality relation, holding for 
the functions of the sets fa, ; ; g", j . It obviously 
reduces to common orthogonality if the system is 
self-adjoint. 

To (5.9) we may add some suitable normalization 
of the function ,pairs fo ,  ; g,), . We shall generally 
make u.e of the regulation 

v i2  ]io, .;* u f", dy = 1, 

a regulation, which may he completed by some 
other one:Eold condition, which by lack of interest 
may remain unspecified. 

5 .2  Expmsion of arbitrarlj function-vector, 

(5.10) 
- b  

The properties (5.9), (5.10) ,are the base of the 
series dcvclopment of an arbitrary function-vector 
h,, , ,built upon the system of c!ia.raetcristic func- 
tions of one' or, Fhe.other . .  of our;systems of basic 
equations. 

Indeed, assume 
m 

h, = X ai fa ,  i , (5.11) 
I 

then, by (5.9) and (5.10), . . 

{'g,,. ;" u h, dy = 

t b  

- b  

= Y, nj ji", j *  u f", $ d?/ = - ai (5.12) 
1 "jZ ' 

- b  

This formula determines the coefficients of tlie 
expansion. It is well-known, that the series (5.11), 
with (5.12), is convergent in all y e s  that may 
he met in problems of vibration analysis. 

5.3 ~ e ~ a t i o ? i s  for the kernels of inteyrnl equations. 

Let 
+ b  ... 

f,= Y* (K (;:7) u (7).fo (7) dq 

g o = v Z J K (  v J v  1 a* (7) go (7)  d7 (ad$ es.1 (5.13) 

- b  .. i 

t, b 

- b  

(the adjoiut eqnation containing - by virtue of 
(4.14) - the same kernel as the original one). 

W e  then know from tlie theory of integral equat- 
ions; that the kernel permits the development 

K (Y, 7 )  ==x f o .  i ( V I  go, i* (7)  = 

.K* (7, W )  ~3 go, i (Y)  f o ,  i' (7)  
i 

(5.14) 
i 

i f f , , i ,  ( i= l  ... ~),isthesystemofnormalized(in 
accordance with '(5,10))-chardeteristic functiom of 
the first equation of thc pair (5.13), and go, i . ,  
i =  1 ..:m the system of characteristic functions 

It i s  indeed easily seen (in view of (5.9) and 
-of*,  the second 'one. 

(5.10)), that the equations 

f o  ( Y )  = 
+ b  

= Y q  {I: f 0 , i  (v) g " , i x ( 7 )  )u (7) f" (7 )  d7, 
- b  

go ('!I) = 
$ 6  

= v z /  { f go, i (Y )  f o ,  ).u* ( 7 1 )  go (7) 

. .  - b  

have thc solutions 

Y Z = Y j : ,  fo-fa,;  ; .  " z . = Y k ? ,  g ; = g , , k .  
If wc apply thc devclapment (5.14) to  the kernel of equation 
(4.27) WVO get 

E@,, 8 (Y, u) = f ( f&, * (8)  )i ( 4,. ( 8 )  );, ( j J V  
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Rut from (4.18) we infor that  

Ry (5.17), (5.15), (5.19) this is easily seen t o  be 10- 

clucible to 

This formula presents the general rclati'on hetween the Ks 
and the :-matrices. It is easily sccii to be confirmed by 
pItpim.1 considerations (tho interpretation of the clements 
of the K-matrix m influmec functions, sce nppendix I). 
k'w the niitinymmctrienl group we must ohriously find 

/ l o  0 0 1 1  

6 Approximation methods, employing series 
expressions for  the  solutions. 

6.1 Nnturul  oscillations nwd solrdioils of the  in(1171c- 
~il1lficrl. l  eyuatwiL$. 

Before we proceed to the discussion of proce- 
dures f o r  solving the equations, it is desirahle to 
pay some attention to tlic s tmetme of the elements 
of the a-matrix ( 4 3 j ,  wliicli makes part  of tlie 
load-matrix u. 

I t  has been stated already (par. 2.3), that the 
elements UT& depend solely upon a number of gco- 
inctriurl parametem of the mechanical system, and 
upon a parametcr V ,  the "reduced velocity", de- 
fined hy ( 2 . 6 ) ,  or, ;ddmitting also complex values 
oC v, in fact 11y 

B y ' t h c  occurrence of the chord c and the other 
geometrical parameters the matrix a generally 
depends upon the coordinate y. 

Now the f i rs t  thing to remark is, bhat it is 
strictly speaking illegitimate to p r w n t  the aero- 
dynamic loading (assumption h of par. 2.1 being 
accepted !) in the form 

v z  a f , .  e i v l  (6.2) 

,(with (4 .3)) ,  unless the oscillation is sinusoidal, 
that is, unless 

Im (") = 0. 

If, however, this condition is not fulfilled, the 
convention (6.1 j for the V-parameter, appearing 
in the ahx-elements, valid strictly for sinusoidal 
oscillations only, secures by (6.2) a sound ap- 
proximation of the aerodynamic loading for slight- 
ly (exponentially) increasing or decreasing oscil- 
M o n s  too. Tho approximation 'breaks down if 
I n i  ( v )  reaches the same order of magnitude as 
Ile ( v ) .  But since the undamped (Le. sinu.;oidal) 
oscillation constitutes the transition between sta- 
bility and instability, the range of ("exact o r  
approximate") validity of our formulae fits exactly 
to the primary purposes of our calculations. This 
shows that there is effectively no objection against 
the formal.aceeptanee of hasic eqnations, contain- 
ing .aerodynamic loadings defined by ( 6 . 2 ) ,  with 
(6.1). These equations define a definite mathe- 
niatica.1 problem. Having solved it, we have to 
restrict physical intei-pretation to solutions with 

j ne ( v )  I >> 1 I , 
admitting that otlier solutiom give only poor des- 
criptiom of actual - but from the point of view 
of Ghange of stability: unimportant -- modes of 
vibration. 

Secondly we must reconsider the legality of 
treating P as the parameter of characteristic 
numbers, accepting for 

2 ) '  
V,,= -~ , ( c , ) :  some reference chord), 

Co Re ( V I  

(V = V,, &= V ,  X a known flnict.ion of y j ,  

some coiistnnt value, in  spite of the fact, t,liat 
V,, depends upon the freqiiency; that  is upoil 
the characteristic number itself (which really 
meaiLs, that Y enters in  the equations in a 
highly complicated way). The admissahility 01 
the designed procedure clearly emerges from 
the fact, that V ,  depends also upon the para- 
meter v, wliicli may he supposed to a w m c  
any value within a wide range of varii~tion. 
Indeed, we can clearly acquire any prescribed 
value of V ,  by combination of a frequency (that 
is: of B cliaracteristic number belonging to t h i s  
d u e  of V,)  wit.h a value of w (viz. tlie value 
V ,  co Ile ( v )  j .  This reveals that the solutions of 
our matliematical eqnations, valid for a prescribed 
value of V ,  , describe (under restrictions inention- 
ed before) actual natural vibrations of the me- 
clianieal system, hut each exemplar becoming 
realised at its own speed. 

C 



Consequently, to find t,he natural vibration?, 
realised a t  a prescribed speed v, it is necessary 
to solvc the basic equations for a serics of suitable 
values of V , ,  selecting from each set of solution 
the appropriate exemplar. Hence the mathematical 
problem, explained in the  preceding chapters, in- 
deed constitutes the root of the flutter problem. 

0 

0 
?",I ( w )  ! ...... 

6.2 Comtrnction of t h e  npproximntion basis 

Nearly all customary method to attain ap- 
proximative solutions arc built upon the assump- 
tion, that i t  will be pmsible to guess a restricted 
~ninihcr of linearly independent functionvectors 

Fo.1 ( u ) ,  Foo ( w )  ......... Fo,w ( u ) ,  (6.3) 

permitting by suitable ohoiee of (sets of) tjhe 
coefficients in the series 

N 

1 
I: Q H  F0," (Y)  (6.4) 

a sufficiently close, approximation to the required 
mode (or modes) (y) of 'natural oscillation. 
I t  is the a r t  

n to g u m  vectors F0," (g), admitting a satis- 
factory result without w " d & b l e  enlarge- 

. ment of the number N .  

b to determine (sets of) appropriate values 

qx =q, , ,K ,  K =  1 ... N' 
(N' = number of required modes) of the 
coeff icients. 

The necessity to keep the number N low is a 
conscquenee of the extremely rapid growth of t,hc 
extent of the computations with increasing N .  It 
really demands highest carefulness with the design 
of the functions F0," . The best thing to do  is to 
make use of all information .available about the 
required solutions fo , i ,  especially to insert in the 
functions Fo,H all:..known properties of these func- 
tions. AY such, we- may refer to boundary eon- 
ditions and to transition conditions in sections with 
concentrated loads, though i t  would truly he ex- 
aggcrated to attach equal importance to all of these 
conditioils. 

Since the problem is, properly spcaking, a com- 
mom one in vibration-analysis, we may safely eon- 
ccntratc attention upou two typical complications, 
coiiiiccted wit,li the application to the flutter pro- 
blem and thence generally falling outside the field 
of common experience. 

The first arises from the absence of adequate 
knowledge to estimate suitahle ratios het~vcen the 
eonst~itueiits of the vectors F0+.  

It is generally solved #by the use of vectors, 
caeh constructed from one constituent only. I n  
this ease i t  is highly reeonimendable to split off 
the motion of the fuselage (strictly t,he motion i n  
t,hc g=O-plane). We bbm arrivc at  a set of 
func1,ions of the type 

0 

, o ,  (6.5) 
Yo.1 ( e )  
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I t  will appear in the next chapter, that the 
lacking knowledge about bhe complex nature of 
t.he components of tlie natural vibrations may he 
derived from preceding approximations, if w e  
extend tbe calculation to a system of successive 
approximation. Practically this is khe only way 
out, for the alternative: ii raising of the number 
of vectori in the set (6.6), seems gencradly even 
more unprofitalile. 

Now the v a t  majority of all flutter calculations 
cvcr made implics an approximation of the mode, 
hascd on the set (6.6) containing real functions, 
or, in fact, even more simple representations (the 
smallest toleiilhlc niimher of members in the set 
(6.3) being two, since otherwise any adequate rc- 
presentation of chordwise phase shifts is rendered 
impossiblc tm,  causing the grasp on the fluttcr 
phenomenon to break down completely), They all 
owe t,heir seiisc to the fact, that  the spanwise 
phase shift is generally small and that it seems 
to liavc no decisive effect on the stability of the 
vibration. It is actoallg neglected.  Yet the avail- 
abilit,y of methods of successive approximation 
impells us to make 110 general use of simplifications, 
linked to a supposed absence of imaginary parts 
in the constituents of tbe'vcctors (6.3). 

6.3 Determination of coefficients mid of ap- 
proximn,tions t o  n.aturrr1 frequencies.  

Let us introduce tlie approximation (6.4) into 
equation (4.5). Since it is just an approximation, 
we must expect that i t  will he impmiblc to arsign 
such values to tlie coefficients qH , that the equat- 
ion is satisfied througliout. Hence, write 

N 

I 
2 qn ( -e'F0,H + U' U F o , H  ) = d ,  (6.7) 

d = d  (!I) being the "error vector", depending 
upon the valucs of the coefficients q H .  Now, all 
common methods to find appr0priat.e values of 
these coefficients come dourn to the reduction to 
zero of an N-fold series of linearly independent 
'meun values of the error, each mean value being 
dcl ' ind by a (generally complex) "weight vector" 

(y) (the product d defining a .scalar). 
I n  this way we get a system of N linear, mutually 
indcpendent, eqnations for bhe N unknowns q,, 

N t' 
X qx 1 ( - G,,? e F&+ 
I 

- - d  

+ ~ ' O , , J ' U F ~ , H ) ~ ! / = ~ , J = ~ , ~  ,... N .  (6.8) 

I t  nil1 he clear without detailed explanation that 
we may indeed get in a way like that ' jus t i f id  
approximations to the modes, actually accessible to 
approximative representation on the base (6.4), 
provided that the full set G o , J ,  J=1 ... N ,  is 
not biorthogonal (or almost biorthogonal) to any 
required mode (which might provoke a mut,ilatcd 
result for such a mode). 

The set (6.8) is soluble if its determinant, vanisli- 
cs, i. e. if 

+ b  

[ ( - G,,,J*e F",H + 
- b  + v Z  Go,,* u F,,,, ) du = 0. (6.9) 

This condition, I!owever, sccures the solubility not 
only of thc set (6.8), liut also of the adjoint sct 

rJ -a,,,* e Fa,,, + 
1 

- b  

+ v Z G , , ~ ' ~ F , , , ) d ~ = 0 , 1 € = 1 , 2  ,... N. (6.10) 

The dcterminant of tillis sct is cqnal to tlic trans- 
pascd determinant of thc original set. 

Now, multiply the equations (6.8) 11y nrbi trwy 
(complex) numlici.s rJ (J-1,  2, ... N )  ;ind add 
tl1c results 

N N 

1 1 
- "2 2 r, GJ u x q,, F,,,,, d!/ = n. (6.11) 

If a solution 
- 

y ' = v ~ *  ; qs=qi i .x ,  ( H = l : . . , N )  (6.12) 
of the set (6.8) actually eonstitutcs a uwful ap- 
proximat.ion to some mode of vihration, say the 
p f h ,  it is permissible to put  

N m 

Z q H , K  F,J= f,,g + 2 f o , i  (6.73) 
1 1 

with 

1 ~ , ' i  j << 1 I (6.14) 

provided that the solution is normalized i n n  suitalilc 
way. We sliall in fact  use the freedom, i m p l i d  
in t,hc nornialiution, to make 

+# = n. (6.15) 

Likcwise i t  is allowed to put  
N m 
2 VJ Go,rU X gi go,j* 8 (6.16) 
I 1 

liut i t  is not allowed to make any special assump 
tion about tlie coefficients g j  of this dcvelopmcnt 
(apart  of thc effect of any normalization). 

Inserting the expressions (6.12), (6.13) and 
(6.16) i n  (GI]), ne get hy virtue of ( 5 . 5 ) ,  (5.9) 
and (5.10) 

Hencc, 

This formula proves, that the root ;K' of the 
dctcrminantal equation (6.9) (which indeed is nil 
algebraic equation of degree N in v ' )  is t o  first 
( ipprozimation equal to ~ p 2 ,  the square of thc 
natural freqncncy of the pt11 modc, psovidcd that 



0. the ratios ‘i (i = 1 . . . m ) are of unit ordef 
n0 

oC magnitude, 

b. the ratios are not too large, that is: 

provided tha.t blie numbcr p is not high’). 

Since tho first condition is fairly innoccnt ( i t  
leads to t,he restrict.iot1, mentioned in connection 
with eq. (6.8)),  is appears that the equations 
(G.S), (6.9) furnish useful approximations to all 
modes of vibration and their accessory frequencies, 
accessible to satisfactory representation (as to the 
mode) on the base- (6.4), and with small ordering 
number. 

u p  t,o now we liavo made no special assumption 
ahout the nature of the weight functions G , , J .  
It is natural to expect that somc special choicc 
may lead to particular profits. Indeed: assume 
that it ,has been paaihle to guess a set G,J 
( d  = 1, 2, ... N ) ,  permitting by superpositions 

V i  

. 

(6.18) 

with appropriate coefficients, the construetion of 
first approximations to the adjoint modes (i. e. to 
riolutions of eq. e g,, - v z  u’g, = 0) , accompanying 
the original modm, accessible to approximation by 
(6.4). This means, that i t  is pursihle to choose 
numhcrs rJ.K such that 

with 

yo< (( 1; yR,= 0 (normalization). (6.20) 

Comparing with (6.16) we infer 

gj + Wf YPI 

?nil thercforc (6.17) reduces to 

IIencc, bhe error in the natural frequency comes 
down to second order of smallnesq. So if (and 
only if) we make use of weight functions, allowing 
the construetion (by (6.18)) of a first approxim- 
ation to the solution o f  the ndjoiut system, allied 
wibh a requcsted mode of vibration (itself acces- 
sible t.o approximative representation by (6.4) ), 
one of the roots of eq. (6.9) will agree up to 
an error of second order of smallness with the 
accessory natural frequency. It will be ‘clear, that  
t.liis property is of high value, especially in flatter 
calculations, where the complex ‘frequcncy-roots 
determine the stability of the oscillation. 

I) The solutions viZ, fo,i are supposed t o  bo ordered 
neeordiiig to increasing absolute v:rlucs of v < Z .  If p is 

hiall, the  real n u m l m s  , with i (( fl R” generally 

very 1nrgc. 

6.4 Construction. of weight functions. The 
Galerlcin/Lagmnge-method. 

Let u s  look at the practical consequences of t,he 
rcsults, achieved in the prcceding paragraph. 

.The differeiice bet.mecn the original system and 
ita adjoint companion is known to be caused hy 
thc aerodynamic forces. Now i t  is just‘about the 
influence of thcse forces, that relatively little is 
known. So, if we look for a base to guess ap- 
proximations to t.he solution? of the adjoint system, 
we, shall generally come ,back to the same points 
of view, which have guided the construction of 
the functiom, used to ‘approximate the requested 
modes of vibration.  in fact there will commonly 
be no rcasoii at all to suppose some set of func- 
tions to be uusuitahle for the approximation of 
solutions of , the adjoint system, if i t  is considered 
satisfactory for the approximation of solutions of 
the origZnaZ system. So it will in many eases he 
natural .to pu t  

Go,, F Fa,, ( J c l  ... N ) .  (6.22) 

The way of treatment then reduces to a method, 
which, if applied to self-adjoint systems, is well- 
known an,d to  which. the name of Galerkin is 
connected. Indeed, the property of second-ordcr 
errors i n .  the calculated frequencies is a well- 
known feature of this method (when applied to  
self-adjoint s y s t e h ) .  Moreover there is in this 
case equivalency with a method, based on a modi- 
fied conception of the underlying mechanical 
system, viz. the conception, commonly cha.racterised 
by the idea’ of “semi-rigidity”, In Ohis ease we 
consider the mechanical system as a system of. 
“rest.ricted el&ticity”, assuming that in some way 
all distortions, not agreeing wi!h the presupposed 
scheme (6.4), are “mechanically” made impossible. 
Indeed the Lagrangian set of equations of motion 
of system like that appears to he reducible to 

Though the identification (6.22) may be a 
natural expression of lacking knowledge, i t  is by 
no means the sole suitable proposal, It is per- 
fectly permitted to guoss a.gain, with or without 
relation to the i s u e  (6.3) of the “first guess”, 
and there may be some reason to prefer this pro- 
cedure to (6.22). Let for instance the guess be 
difficult. Then we must face the risk of relatively 
had xcuraey. A second guess gives another cliance 
and may thereby limit blie errors in the frequencies, 
tliough simultaneously increasing them: someluhut, 
if the result of the first guess should happen to 
he very satisfactory. 

It seems justified to  summarize our conclusion 
as follows: 

lo. there is one method to secure second-order 
errors in the frequencies; accompanying €irst- 
order errors i n  the modes. It employs weight 
functiom, appropriat,e to the construction of 
first-order approximations to the accessory 
solutions of the adjoint system. 
if no special information (e.g. from preceding 
approximations in a sequencc of successive 
approximations) is available, the Clalerkin/ 

(6.8) with (6.22) (Galerkin). , 

2“. 



Lagrange-metliud may he used withont dis- 
advantage. 

3". the Calerkin/l~agrange-metllod is, hon-ever, 
theoretically a bad one to apply to non-self- 
a.djoint systems. 
even for self-adjoint systems i t  may be ad- 
vantageous to leave the Galcrkin/Lagrange- 
method aside and to make use of a n  indepen- 
dent or related guess for the weight functions. 

5". i t  is generally dangerous to derive approxim- 
at.ions to high modes from equations (6.8), 
(6.9),  since the errors in the frequency will 
soon 'become excessive. I 

4l'. 

It Beems wise to finish with the remark, that  - . 
tlic system fo , i  ( i  = 1 ... m )  heing complete and 
henec suitable to represent (by a series) nny func- 
tion - the difference hetwcen the Galcrkin/La- 
grange method and t,he alternatives mentioned 
ahove may he siipposed to vanish, if the number N 
is large and the number oC requested lowest 
natural vibrations small. This is however a ease, 
ncvcr met i n  flutter analysis! 

6.5 Approxinzntion of a nnnsber of con.socutic.e 

We have already taken into iccount the possi- 
bility of approxima.ting 011 a given ,Ime F,,,,, 
s e u e r d  actual modes of vibration. The maximum 
number is oliviously cqnal to the numher of .func- 
tiom in the set F,,,,, that  is :  to N. 

Pa.rticularly attractive properties emerge, if the 
sets F,,,, nlld Go,J permit approximative reprcsent- 
at.ions of every pair of soltitions f,,,, , go,,, with 
p 5 N. Since the solui,ions 'of equations (6.8) arc 
invariant upon transformations oE the type 

lowest modes and frequencies.  

A' 

1 
(FU,,,)nw= I: 6°K F O . K  ; 

N 

1 
( G ( j , ~ ) m w =  X b j ,  G,,K ; 11 ,J -1  ... N 

i n  the hasic sets F,,,,, G,,,,, we may i n  i casc like 
that accept at. once I )  developments 

F0,,,=X ( S t , i  + ~ n i )  f o , j ,  N = l  ... N ,  

G , , , J = ~  ( S J ;  f y ~ ; )  g",;, J=1  ... N, 

(6 .23)  

(6,24) 

4 

wit,h eocl'l'icients, satisfying the conditiolls 

wi (( 1 ;E,,,, = 0 (normalization) ; 

I I = l  ... N ,  i = l  ... m,  

yJi (( 1 . yJ., = 0 (normalization) ; 

6-1 ... N ,  i = l  ... m .  

S ~ ~ l ~ s ~ ~ i t ~ ~ t i n g  thcsc dcvclopmcnis, we get from (6.8) 

I )  as starting point for a tlwmetienl rliscusuion. The 
sets may actually pemit  these dcvclopirionts only after 
sui tablc transforma tion. 

Y, X q H  (a,,; + 
H i  

+ E l l ; )  (8h.i .i- y r i )  
"2 - ",? 

"62 
= 0,K = 1 ... 1%'. ( 6 . 2 5 )  

It is obvious, Ghat the solutions must lie of the t,ype 

qK = S t J r  C qH1! with . q H d  (( 1, 
"2 vpz,  P = 1 .. . N (6 .26)  

the latter approximation containing erro1x of the 
sccoid ,  order of smallnesq only. Inscrtin,o (6.26) 
into (6.25) and neglecting all terms of the second 
order, we easily get 

or 

a rirsult, mhic,h may be considerod to  1x2 valid to  
f irst  approximation. Accordingly, again "p to 
first approximation, 

X qu F,,,,= 5. Z ( S , , I ~ - C P M )  .(SI,; '+ e ~ i )  f a , < =  

q,,J = - E P l I  , 

H i  

s2 (S,i'+ € P i )  f",; -2 E?,, f,,,,= 
i II 

IIeiice trll components with ordening numlicr 5 N 
arc - in the soltitions - reduced to second order 
of sma.lln~ss a,t, least. This is apparently the typical 
feature of Che appmximations to tlic modcs, pro- 
duced in  the present circnmqtanees (weight func- 
tions in accordance with lo par. 6.5; applicability 
of the hasc sets to N m d c s  hy  the approximation 
procedure, embodied in the set (6.8)). It is  a very 
useful foatnre, for we infer aecordingb, from 
(6.28), that  the errors in the .frequencies come 
out, - a t  most with a failure of fourth order of 
sma.1ln.x - at 

(p ,=1  ... N) (6%) 

(writing v,, instead of y K ,  since we may now 
assume K to he equal to p ) .  This formula corl- 

U P 2  tains no terms with large quantities -, i < f ~ ,  
"(2 

which justifies the expectation, t ha t  the approxinr- 
ations, found for  the frequencies, may remain 
satisfactory even for modes of relat,ivcly liigli 
order. 

This resiilt is  not valid, if we make use of 
weight functions, not permitting approximations 
to the adjoints of the requestcd low m d c s  of 
riliration. This strcsscs again the valuc of a care- 
ful  design of the weight functions. 

6.6 Superf lni t! j  of i c  soporation of ficsolrrgo dis- 

It has hccn stated in par. (6.2), that  we are 
often forced-to accept a set like ( 6 . 5 )  for  the 
functions Fo,*, . We infer that  we shall commonly 

~ - 

~ 

plncenients nnd distortions. 



be obliged to me weight functions of a similar 
structure I) 

tu",, ( 0 )  =too.,' (0) =0, etc. ... 
It is then easy to verify, that  the two eqnations 
of the set (6.8), following from the constant 
excm-alars 

in this set  of weight functions, become equivalent 
to the integral conditions (2.25), (2.26). Hence, 
any hidependent 'use of these conditions (e.&. com- 
hined with a separa.tion of displacements of the 
fuselage and distortions in the basic equat.ions, see 
par. 2.6, the end) is actually superfluous, since 
these conditions are automatically inclidcd in the 
scheme of calculation, if only we adopt identical 
points of view with respect to the construction of 
the sets Fo,,, and Go,.,. 

6.7 Approxinintion mothod hased 0% tho intogrd 
oquntions. 

The approximation methods of par. 6.3 t o  6.6 
a.re hnilt npon the fundamental differential eqnat- 
ions of the system. We might t ry  to use the equi- 
valent integral equation t o  the same purpose. Let 
11s therefore introduce the a.wimpt,ion (6.4) in 
cyua.t,ion (4.13). It will again he necessary to in- 
trodnce simulta.neoiisly some error-vector d. Hence 

1: ~ l x  { ' F ~ F J  ( u ) -  
I I  

+ b  

.- v z  J' K (Y, 7)  u (7) F,,,,, ( 7 )  dv 1 = d  ( u )  
- b  

in pcrfect analogy with (6.7) (though tlk error 
rectors nced not .he identical). If now we equate 
tigain to zero a number of mean values of the 
error. i t  clcarly appears to be natural to give t,o 
the m i g h t  functions the structure 

G,,,J* (y) u (y) , J=1 ... N. 
Thc resnlt is 

+ b  + b  + d .  

V 96 

l lakinc use of the biorthoeonalitv and the norma- - 
lization of the functions f , , ,k,  &,h* we get without 
difficulty 

or 

The same developments, suhstitutcd in the set 
(6.8), lead to 

which reveals a high degree of similarity of hoth 
methds,  the only difference heing the additional 

1 .  factor - In (6.32). 

derive from (6.32) 

Vh' 
Making use of arbitrary coefficients y J ,  we 

- 
Specializing to a. particnlar solution q,, ,h,  v K 3  

and putting 

C qX,K ( k h =  S,,h'+ e,,h (assuming this solution Lo 
I< 

approximate Ihc p tk  mode of vibration), 

C bJk=gk (compirc (6.16)), 
J 

the error in the t'rcqitency appears to hc equal to 

This is again  cry similar to (6.17). Under the 
conditions, mentioned in conricctioii with eq. 
(6.17) there is again first-order agreement Nhetween 
the appropriate vKZ of thc determinantal equation 

- 

= (y )  u ( u )  d ( u )  du=0 ,  J=l, ... ,N. (6.30) 
- b  

l) the exnmplo refers t o  8ymmtricaI vjbratious. 



. .  . .  -s - b  - b  

and yop, improving to second-order agreement if 
t,hc parts Go,J of the weight functions G,J* u are 
tuned to the adjoints of the requcsted modcs. If 
p = 1, that  is: if we t r i  to find the first mode, 
tlie error in the frequency is, according to (6.33) 

(compared wi th  (6.17), or, if.- = y i n ,  with si 
9P 

(6.21) ), beeanse OQ . . 

(qiprecidAy smcrller than previously. If IJ # 1, 

the fact.om 4 with i < p will lend lo iiicrcase 

the error, hnt this drayhack will again lose its 
effect if the sets F0,# and Go,J permit approxim- 
ation at  least of nl,l modes, rap .  adjoint modes, 
with i 5 p .  Hence, me may consider t.he method 
(6.30) as d o f i k t d y  hetter than those of preceding 
paragraphs, a t  any rate if we restrict our attention 
to a small number of lowest modes, as it, generally 
is. (For if p is high, +he risk appears that the 

with i (( p surmount tlie redue- large faelors - 

tiun to second order of smallness of eomr~onents 

" S  

V i  

"pl 
Yip  

with i < p ) ,  
The method, emhorlied in eq. (6.30) has  heen 

initiated hv Grammcl (in its simnlified form. 
rcferring t i  the ealcula~ion of funda.menla1 frc: 
queneies of sclf-adjoint systems). In spite of its 
attractive accuracy for the frequency, the method 
is seldom used. T,he principal reason for this 
seems to he t,he increased extensivenm of the 
numerical computation. Yet i t  ,has perhaps attract- 
wl Icsq attention than i t  deserves. In pa.r: 7.6 we 
shall meet a different eoncept,iun of the same 
procedure. 

7 Methods of successive approximation. 

7.1 Itoreition process f o r  t h o  fu?uluiiiontal niodc. 

1,et 
f,, 1'1 

Iiy a l ly  vector of funetions, 'defined in the K L I I ~ C  
- b 5 21 5 + b ,  aeecxsil>lc to  B development 

I 

f, ['I c 2 elk[ ' !  f,,,x . (7.1) 
i 

Submit this function to the transfurmat,ion 

v.!';( ( y , ~ )  u (?) f o [ ' 1 ( ~ )  d?=f,,[*] (y), (7.2) 

the result, lieiiig f,,PI, The K- and u-matrices arc 
tliosc 01: chapter 4. Snhstitnting (7.1) and (5.14) 
int,o (7.a) we get, iii coiinection with (5.9) and 

! - b  
i 

(5.101, 

Rgeatiitg 1 transformation N -  1 timcs, we 
shall obviously get 

III view of the fact, that hhc sequence o l  n l tu la l  
useillations is ordered according to increasing 
values of the moduli of the (complex) frequencies, 
we conclude that for N --t co a finite result cmergcs, 
if me put  v =  Y ~ .  Then I )  

o,,L*I if k = l  1 0 i f k # l  
lim ihh. l1Vl = 

N = I  

Hence the procedure appears to  lead, irrespective 
of the structure of the initial function, to t.hc 
exact fundnnumtnl mode of vihration. Starting 
With some f i n t  approximation to this mode, the 
prucess will soon (that is f o r  sma.11 valucs of N )  
produce a generailly very effective improvement 
of it,. 

In the samc way the transformation 
+ a  

" 2  f K (u, u* g,iii (7)  a7=go~i+ l l (u)  (7.5) 
-6 

will change, 'if repcated many t.imes, any functioli 
go['] into an effective approsimatiun of the fun- 
damental m d e  of the adjoint system. 

7.2 Iterntim u.pprosimnYion of liigher illodes 

To acquire comparable results for oth'er modes, 
l~ ior t l~ogo~~al i s~ t ion  processes must be added (as 
it is well-known from ordinary vibration analysis). 

- 

') It will c a d y  hc  COLI, that i t  is nctunlly not necessary 
t o  know thc d u e  of ",, in order to  carry out thc com- 
putation. The factor uZ 111 (7.2) effects the, nornling, bot 
not  the nature of tho function, which in fnet depends 
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he any pair  of initial (guessed) approximations to 
f",, and fo,2.  Suhmit the first function to an 
A"-fold repetition of the opcration (7.2) (assiim- 
ing for simplicity v = Y , )  and the second one to 
ai1 N-Cold repetition of the same transformation 
(with I S  = v,). T,he. rcsulting functions are 

Ncxt assume 

where A is a constant determined by the condition, 
that  (7.7) sliall be hiorthogonal to  the N"-fold 
improved approximation 

of the fundamental of the adjoint system. 
equation f o r  h. is (see 5.9) 

Tlic 

(go,r LN"I)* u fo,2[N,iv's"'l ~ I J  I 0, 7 - b  

mhieh hy sitbstitution of the developments is easily 
reduced to 

The solotion is 

+ 2nd order quantity, (7.8) 

",2 ' 
. Yp= 

the unspecificd rest containing no factors - 

. which might beconic very h r g e  when raised to 
a high power. 

Inserti5g (7.6) .in (7 .7)  ive get ' 

+ other second order quantities. 

The unspecified rest again contains no powers of 

4, as i t  is the  case in the last hut one term, 1 
"1 

which is formally aLso of second order of small- 
ness. Neglecting the unspecified terms, we get / 
further 

,' 

Z N  
So if anyway (+) is so large that the retained 

second-order term gets large too (compared with I ) ,  
me have yet 

with the theoretical exception e,2[41-= 0. 
We may safely conclude, that the explained 

procediire indeed converges to fo ,2 and that  i t  may 
he uised with finite N ,  N', N" to improve any 
initial approximation fnJ'. 1, I1 to this function. 
It is remarkable, that the effective improvement 
depends primarily upon the numbers N and N" 
and only hy intervention of a second-order term 
npon N'. It is known, that generally even for 
N = N' = N" = 1 the improvement is already sub- 
sta.ntial (the convergence commonly being rapid). 
We infer that under such circumstances i t  will 
not deteriorate very much if we reduce N' from 1 
to zero. 

It is easy to see, how the method should he 
generalized for modes of higher order than the 
second. 

There is reason to point out, that it is in Saet 
commonly desirable to repcat the hiorthogonalis- 
ation acts several tinies in the coiirse of an iter- 
ative improvement of an approximation to any 
mode, higher than the first, and not t o  put  i t  
a t  the end only. For if N is high, the second 
f.iinction (7.6) will (even if the initial error E ~ ,  ('1 
is very small), in consequence of bhe very large 

factor ( 4 ) " ,  have got so closely resemhlant to 

the fundamental mode, tha t  the numerical acenr- 
acy of t,he eomputa.tion falls short to represent the 
difference' satisfactorily. 

"1 
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7.3 S i n a a l t n n o o i ~  purificntion of i i ~ ~ ~ ) r o . c i i 1 u l t i o 7 1 s  
t o  n nicnabcr .of l i igkor modes. 

The large numlicr of biorthogonalisatio~~s, in- 
rolvcd in the met,hod of the preceding paragraph 
i f  a numher of modes is to be determined,. can 
I ic conecnt,rated into one final "purification act", 
which evades the necessity to take into consider- 
ation t.he solutions of the adjoint system. This 
act consists of the solving of the set (6.8) oE thc 
preceding chapter, fitted up with the "simply 
iterated" .(i.e. "unpnrified") initial approximations 
0 1  the  desired (lowest) modes of vibration, that  
is: wiCh the functions 

found hy N,,-fold application of the transformation 
(7.2) to the initial approxim a t' ions 

f o , x I i l  ( 8 , f k  f e, ,%) f e , k .  
1. 

T,hc weight functions G,,,J may eventually he left 
arbitrary, but of course a clmc adapt,ion to the 
solnt.ions of t,hc adjoint system is beneficial. 

The proof is simple and falls hack on the con- 
vergence of the standard-procedure of the pre- 
ceding paragraphs. Since t,hc solutions arc in- 
variant upon recombination at' the fmictions F",,, , 
we may use a new set 

- N 
FO,"= X a . x n F u , x =  

P = 1 .. . 
N - - 1: 1: nHb (Sb6 + zxk) ($)""f,,,.. (7.10) 

K = l  k 

But it is known €rom the convergence of the 
standard procedure, that i t  is pawihle to adjust 
the coefficients aHli to i d i e s ,  securing conver- 
gence (for N k = m ,  K = l  ... N )  of the functions 
F', , , , II=I . . .Ntothesolot ionsfD,H (11-1 ... N ) .  
It is tlierefore allowed to assume, tlhnt the diffcr- 
ence hetwein any of t,hc new functionsF,,.H and the 
accessory solution f,,,, is vanishingly small for very 
large 'valuer; of N J ,  J =  1 ... N. Nom, the errors 
in the solutions of t,he set ( 6 3 )  arc continuous 
fiinetiom, vanishing for vanishing argmeiits ,  of 
the errom in the underlying system F,,,, (to first 
approximation they are linear, with coefficients, 
not depending iipon the iiumhcrs A',,). Hence in  
t,he limit the  final erron i n  the solnt.ions of (6.8) 
m i s t  vanish together mith the errors, aswmcd to 
occur i n  thcefunetions (7.10). 

It will tigain he necessary to insert the "simiil- 
taneous purification" again and again after a small 
numher of iteration steps, to prevent undue errors, 
canscd by the restricted .level of numerical ac- 
curacy. 

It may he remarked, that ccluat,ioiis (6.8) give 
(by 6.9)) also approximations to  the frequencies. 
The accuracy of these approximations can OS eoiirse 

t o  accessory solutions of the adjoint system on the 
plnee of tlrc weight fnnetions. Ohviously, a .par- 
ticularly satisfactory result will emerge if we sub- 

- 

be raised effectively hy the use of approxim rl t' lolls 

mit t h e  {\:eiglrt t'~inet,ioiis also. to an i tcratiw 
improvcmeiit hy traiisfoimation. In this case sc- 
paratc purifications are again superfluous. 

7.4 Itoridion p r o  I, us ing  throicglioiit flrirction 
vectors with only onc 71.on-umaisl1ing eloinent. 

The excc i i th  of tlic at,t.ract.ivc method of par. 
7.3 in the case of flutter ea,lenlations is again 
trouliled very much hy the extensive growth of 
the lahor involved: The principal soiirce is to tie 
seen in t,he necessity of the use of completo func- 
tion vectors F,,,, in t,lie equations (6.8), serving 
as simultaneoiis purification system Nnd frequency 
computator. The same difficulties hare  once shared 
in Ivith others in  forcing '11s to simplify our I,asie 
Fnnction vectors to somet.hing like (6.5). It is very 
rcmarkahle, tha! i t  seems s o n i d i n a c s  alloivrd to suh- 
mit the purification, ,accompanying a n y  iterative 
analysis, to a similar simplification. 

In the case of flritter calculations our main ill- 

tcrest is ganernlly devoted to only onc of the modes 
of vibration : the one mode from ~vhicli n t  t h o  
lowest specd iiistabilit,y develops. Let this mode 
lie determined liy kin introductory ealculat.ion of 
t,hc chapter 6-type and assume that t.he accuracy 
sufi'icrs to reach a definite conclusion on this point, 
so that no improvement, of the calculat.ion will ever 
compel 11s to  admit, that actually another mode is 
the "most dangerous'' one. 

S11ppose 
f , , , j p l ) * = I ( Z " , j [ l l  yl",<[+l y,,,i['l 1) (7.11) 

to he the approsimtrtion of the dangerous mode, 
derived Iiy the introductory calc11lat.ion. 

Now sulimit (7.11) to onc single application of  
tlhe transformation (7.2), with the result 

( f , , , i ' 2 1 ) ' = I I Z , > , i [ q  " > . i ~ ~ ]  y o , c T .  

Next split up this rcsult in accordance with thc 
sclicme 

(F,~, , '21)r=II~, , , i1~0 011; 
(F,,,['1)* = II 0 v,>.i ~1 0 ( 1  ; 
(Fo.3[4)'= /I 0 0 YodLa II (7.12) 

and sct-up with thcsc' fuirctions a ternary rcprc- 
santat,ion of equations (6,s). The weight functions 
mny he left  arbitrary, though it is highly probahle 
that tlic rapidity and the ' range of convergence 
will he mnch het,tcr, if we use here the rcsult of 
a similar splitting-up of a singly-improved intro- 
ductory solution (witB the same index i )  of the 
adjoint system. 

Then it appears passihle, that  it will be allowed 
to eomider the solut.ion of this ternary set., aeces- 
sory to the frequency root approximating vi*, as  
a n  inipCoved nppro&tation to the rcqriired mode 
f ,$ ,%, an unlimited repetition of the proccss eon- 
verging to the  exact solution. It is clcar, that tho 
hcnefit of this method is lying in the many zeros, 
occurring in the functions (7.12). 
As far as we know, the conditions of eonvcr- 

gcnce have. never hcen completely investigated. 
They will donbtlcssly ,he complicated, for  the 
met,hcd implies a plntilation of the invariance of 





The cqoations (7.23), eonstitnting thc rediiotion 
of 3 homogeneous set, arc not linearly independent. 
Thc existing rehtion may he found hy summation 
over B ,  the result heing zero hy virtue of the 
properties 

2 (IP,ik = 6 i k  ; TB, ih  a i& (7.24) 
E' B 

o l  the (I- and r-coefficients. 
The explicite representation of the solution of  

(7.23) involving extensive formulae, we are invited 
here to accept 3 simplification. This consists of 
thc ;wsomption, that A and I3 shall have only two 
valum (1 and 2) ,  in other words: .that the oscil- 
lations of the mechanical system are govcrnd by 
lu:o fundamental d i f h e n t i a l  equations, e. g. hy 
the ahsence of an aileron. 'We may well ,hope, that 
t,his awimption will not interfere too much with 
onr main ohjcct: the problem of convergenec of 
the iteration method for values of i, differing 
from 1. 

If A aid U are bound to the values 1 arid 2, 
wet get from (7.23), putting S q , [ n + l l = O ,  

+ ~ ) 7 1 , ; & & i l  - 

z ( 1 - -) (I,,;& T l . i h  

(7.25) 
I'kZ 

,, i g  

1: VR= 

' ~ Q r n i l l  =_ k 

With the Iiclp of this formnla we are ahlc t t i  find 
the errors ~ih-l"+'lin the f ina l  (n + 1)tI' approxim- 
a t  ion 

fo, 
- 

11 = 2 qn[* -I- 11 (f,,,i In + 4 1 )  i, = 
A 

=(1 + Sf/,["+']) ( T , > , ; [ ~ + ~ l ) ,  + ( < , i [ " + ' l ) . .  

2 (Sik + Cjk[ ' i+ i ] )  f , , , k X  

We gct (compare (7.1s) ) 

b 

= ~ , , , ; [ * + l l ) l  + (<,j[n+'l)2 + sq,["+II. 

. ... 
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But since S q , [ n + l l  is known and the v d u r  
f , , i1 f l+21 is rea.lly to be split up again, there is 
no objcct,ion against replacing the left side by 

(1 + S q , m + l l )  @,,,iln+nl)l i- (f;,irn+al)* % 

%2 ( S i k  + E i k I * + 2 1 ) f " , h  + Sql[n+'l x ( I l , ; k f O , & .  
- 

I. 1. 

The right side of (7.27) hcing (by par. 07.1) 
equal to 

mc get by comparison of coefficients 
. .  - " i s  

S i &  + E i k l " + - 2 1  + Syl[n+I1 o,,ih=72 ( S i h  + Eih[n+'l)  
V k  

Inserting (7.26), we ,get Further (the l c r "  with 
Sih eaneelliiig out cach other) 
- 
EihIn + 21 + Sq,W + i IO, , i& = 

Y i z  

Y i p  
=- (&*+I] + s q l I n + l l  O 1 , i k )  

or, substitnting (7.25) for Sq,["+ ' I ,  

- " , a  - 
eik[n.+21=- , i k l n + l l  + 

Y k l  

. I  2 ( 1 - L )  r,,il;ihin + I 1  
"62 + ( I1 , ik  (1-4) V k  Y i 2  

h ( 1 - > ) ( I i , i h 7 i , i l ~  ' 

(7.28) 

This formula presents the relation between tho 
c ~ r o m  Ein[n+21 2nd p j k [ " + ' l ,  or, of course, hctsvecn 
E ~ ~ [ I ' +  '1 a.nd E , ~ [ " ] .  It is somcwliat simpler than 
thc fo rmnh ,  expressing Eik[,"-11 in r i x [ " l ,  i t  for- 
mnla, which would follow from (7 .26)  and thc 
preceding tranqformation step. 

The relation (7.28) can he written as follows 

~ - 
- - 

with 

(>omparins coefficients, we dcrivc, if terms <if t l i c  
sccond order of smallness arc neglected, 

e .  bk w + 1 1  =EikI*+II -1 S q , [ ~ + ~ l o , , i n .  (7.213) 

NWV mc might t i k c  into account. the first step of 
1 . 1 1 ~  proces?: the application of thc transformation 
formula (7 .2) .  But instcad of t,liat wc may cqnally 
well consider the nezf step, which likcwise consists 
of this transformation. For we may consider the 
scqncnee 

- 

(t.ransf./purif./transf./l,nrif. .... .. ad inf. 

equally well to be composed of groups (transf./ 
purif.) as of groups (purif./t,ransf.). Choosing t,hc 
lattcr posihility, wc must proeced with the formula 

fo,;["+zl = v i 2  Kuf, , i ["++]  dy. (7.27) .7" - 

- - d  

( 1  - $) U,,ik (1 - q U,.ih 

. (7.30) V k  "I? 

Y i z  + 
2 j ( 1-71 0 i . i j  T i , i j  

It is 1% linear transformation 01' the c n ' o ~ s  (and 
should strictly .be considered as the first member 
of a Taylor development of some complete - non 
linear - funetion, connmting E ~ ~ [ * I + ' ]  with cikrn1).  

We may now proceed along lines, drawn from 
the theory of linear transformations. It then 
appears to be troublesome, that  the infinite 
matrix T i = ( (  T i , h k  I / ,  ( h , k = l  ._.... co ) is a com- 
plex, non-hermitian matrix. This induces us to 
leave aside the prohahly non-typical conrcqucnces 
of the complex, not-self-adjoint nature of our 
systcm and to restrict thc continued investigation 

- - 



to the case of a real, self-adjoint system. Our 
wing system gets thcse properties, if i t  is not ex-. 
posed to an airstream. Hence the emerging results 
will anyhow be strictly a,pplieablc to a case likc 
that. Actually i t  will appear easy to extend them 
to the more general original conception. 

If the system is real and self-adjoint, the frc- 
quencies are real and there is no difference hctwccn 
the coefficients D and T .  ' Tlie matrix Ti becomes a 
real, symmetrical matrix. The iteration is conver- 
gent if 

lim ~ ~ ~ [ 4  = 0 for all values of k '). 

Now in matrix representation (employing infinite 
matrices and vectors) 

n = m  

- - - - 
e j I " + l l = T . e  $ 1  f '~l=TiTi~;[~L-'I= -T." , E ,  . I l l  

Ilence there is convergence if 

lim Tj* = noll-matrix. 

l'he necessary and snfficient condition for  this is, 
tllat the absolute values of all charactcristie nuni- 
hers of the matrix Ti are smaller than 1 (except 
one, wliich is by ' thc  property, mcnt,ioncd in t,tie 
foregoing footnote, just equal to 1). IIence, we 
eomc down to the equation 

?I=- 

det (Ti - A 1) = 0 ; 1 = unit-malrix, 
or 

( i  constant). (7.31) 

The dclcrminant appc;irs to  be reducihle. Omittirig 
intermediate results, the final result is 

Q .I- 
~ . i h  - 

JGquating t u  ze1'0, we see that the infinite prodilet 
1na.y lie crossed. The remaining part  is easily 
reduced to 

VLZ - Y? 
( 1 - h )  z D r . i k z  = O .  (7.32) 

k h Y k =  - v i 2  

The factor 1 - A  dolivcrs the solitary root A = 1, 
announced hefore. 

We may conclude from (7.32), that. there can 
he no convergence for iz 3 (and that there is 
coiivergenec for i-1, a trivial issue). For if 
i e 3 ,  the function 

YiZ 
1- - "2 

li "$2 
A-- 

f j  (A) = 2 ul,ihZ - 

V kz 

Y . 2  
is iiegativc if A is a little bit larger than (> 1) 

I 2  

and positive if A is a little bit smaller than 
v32 (> 1). The open interval 
"1 

containing no infinity of the function f, , there 
mnst a t  least be one root within it. T'his 'root is 
larger than 1, conseqiiently there is no convcr- 
gcnce. The divergence for i > 3 may 'be demon- 
strated in a similar way. So i t  appears, that  the 
only questiqnahlc case consists of i 2, connccted 
with the function 

v*= 

I< v,' 

I-- 

A-- 
. (7.33) vkz 

f z  ( A )  =z c i .2kz  . 

V k z  

Careful consideration show~s, that the course of 
this function must correspond with the graph of 
fig. 3. The equation f , = O  has accordingly single 

roots .in every interval " 2  " 2  

" 2  

< x < L. k 2 3, 
yk t 1- YXZ ' 

710 mots in the interval % < A < 
and only one root, which 

and one 
"a " 1  

I) . may fall in t i e  interval 21  < A < 0; 
11) may he .sma.llcr than - 1; 

Y 2  . 111) ma.y he larger than,+. ; 
"1 

Case I is the only case of conr~ergcncc. The 
.ncccsr;ary and sufficient condition is smn to be 

This formula cannot be simplikicd anymore. Though 
i t  looks simple, it is really still very'difficult t o  
find its bearing. It has heen carefully analysed 
elsewhere (rcf. 3) and is shown to admit the fol- 
lowing remarkable explanation : . 

The proecss of iteration converges fo r  i = 2  
only if the con~punents  ( z , , ~ ;  yo* )  of this  mode 
have both a shape, which is common for flexural, 
resp. tomional fundamentals. 

The rcalisation of this property demands: 
It' the elastie and inertia couplings, rcprcscnt- 
cd by thc clements hcyond the principal dia- 
gonal of t.hc matrices e and u are  grad id ly  
diminished, the mode i = 2 shall approach 
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to the funrEasientn1 of one ?f the two mutually 
independent, completely uncouplcd systems, 
defined by the principal-diagonal parts of 
these matrices (the mode i = 1 heeoming iden- 
tical with the other fnndamental). Moreover 
the difference between the frequency of this 
uncoupled fundamental and the (,higher) fre- 
quency of the first overtone of the other un- 
coupled system shall not be very small, coni. 
pared with the difference hetween the freyumi- 
eies of the uncoupled fundamentals. (If this 
condition is not fulfilled, an “internal reson- 
ance” exists, forcing one of the components to 
“overt,one shape”). Finally, tliere is a eon- 
dition, referring to t,he distribntion with y of 
the couplings, for i t  is possible to choose this 
i n  such a way, that the effective coupling 
between a fundamental-shaped component and 
an overtone-shapcd accompanying component 
is very much larger t,han t,he effective coupling 
with a fnndamental-shaped accompanying com- 
ponent. I n  this c u e  the  distribution of the 
coupling forces one component to overtone 
shape. 

The generalization of these‘ conditions to t,he 
case of systems, governed by equat.ions with e- and 
u-niatriccs of hi,gher order (3  for wing-aileron 
systems) is not difficult and nee& no detailed 
explanation. It is clear, that  the general, “siun- 
marizing”, formulation (referring to the shape of 
the  components) vi11 remain valid. 

Reviewing the situation it is sccn, that  the 
convergence is indeed bound to severe rcstrietioirs. 
Yet, it appears to be qnite well possible, that, all 
candit.ions are fulfilled in many llutter eases ’). 

\ 
Fig. 3. 

1) Particularly if the flutter mode is nntisymmetried, 
the fitst, fleruw.1 arertone then falling commonly above thc 
torsinad funhnentnl, ~vhirli may l in t  be tlic cmc wi tb  the 
s>mmetrir:*l vitJmtioas. 

Therefore the method may really be n valuable 
tun1 of flutter rcseareh. 

7.5 Biorthogondisatioii to  nzodes zith vxinislring 
f reyuen.cU. 

We have sccn (chapter 3 ) ,  that the basic 
differential equations can be transformed into 
equivalent integral cyuations, provided that there 
are spring-rest.raint3 on  tlie dispbaeements in the 
y = 0-pla.ne. Suppose tha t  these springs are wcak. 
Then tlie iteration process based on the integral- 
equations, will converge primarily (if .we do not 
insert ibiorthogonalisationr) to a mode (tlic funda- 
mental), wliieli is largely influenced by thc strength 
of t.hese springs and which is of little importance, 
since there are actually no springs a t  all. 

Let us assume therefore that the strength of 
the sprinG is (one for  one) steadily decreased. 
Ohviously if any of the constants k,, IC,+’ k o  reaches 
zero, one of the natnral frequencies ,gets zero ‘too. 
But the limiting shape of t,hc mode and of the 
aecwory  adjoint mode is also known. It indced 
approaches for both, to 

2 or to,,, 
P o p  $”, = 

. 

for k#?O;  

(a,,, , anz,  ana const.) 

If k,= k+ = ko = 0 we have to consider the 
right sides of these expressions as coinciding inde- 
pe&nt modes. Let, us see mliilt heconics of 1 1 1 1 ~  

Iiiort,liogimality conditions, wlrieh any Iiiglier m d r  
must l‘iill’il. We .find 
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i 2 4. 

C b  C b  C b  

J = l  ...... N .  

The first equation is rca.dily seen to be idcnt.ieal 
with (2.25), t.hc second with (2.26) and the third 
with (2.27). Hence: if there are no spring rcs- 
traints on displacements of the mechanical system 
as a whole, the integral-expression (4.16) instead 
of (4.13) may be used to 'approxiniatc the solutions 
if eqs. (2.25), (2.26) and (2.27) are added to 
determine t,he matrix c, between eveqj  step of a 
transformation sequence. To find highcr modes, 
a t  the end biort.liogonality to all lower modes with 
non-vannishing frequency should he dcmanded. 

7.6 Use of one-fold improved weight functions. 

It has been stated, that  the approximations for  
the frcqueneics, delivered ;by the methods of par. 
06.2 to par 06.6 incl. are generally particularly 
satisfactory, if the weight.-functions permit close 
approximat.iom to modes of t.hc adjoint system. 
Now if 

2 GO,",  P = l  ... 1.. N 

represent these approximations (assuming that they 
are possible for all modes with order up to N ) ,  t.he 
transformations 

H 

+ d  

2 TH 1 K (!/, 7 )  Uf (7)  G , , , I ~  (7)  
- b  

and therefore the funct,ions 

Y K  (u ,  ?) U* t7)  Go." (?) = 
- b  

+ b  

= 1 %H* u (7)  KV ( ? I ,  d7 

will permit wen more accurate rcpresentations. 
Let us use them as wei,ght functions. Eqs. (6.8) 
then m u m e  the f o h  (compare (4.14)) 

- b  

Thcse cquations are  seen to he identical mith 
eq. (6.30). We ohviously have 'discovered herc an 
alternative eonccption of the C+ r a m m e 1-method. 
The ncw point of view reveals more clearly, why 
t.he (1 r a m  m e 1-method gives approxiniations of 
improvcd accuracy fo r  the frequencies. Momover, 
we see that the method may - if desired - replace 
the set (6.8) everywhere, for instance to obtain a 
simultaneous purification of a number of modes, 
sihmitted to iterated transformation. Finally, we 
may conclude, that the C: r a m m c l - m e t h o d  is a 
most efficient one if we are mainly interested in fre- 
quencies and a one-fold improvement of one OS the 
sets F0," ; Go,, promises satisfactory acenracy. 

7.7 Pure matrix methods. 

The mathematics of our approximation methods 
involve many integrations, which commonly must 
be carried out numerically, and i t  may even he 
necessary (because of the matrix e)  to evaluatc 
derivatives by numerical methods (this is generally 
superfluous if i t  is possi,ble to use analytical basic 
sets F0,", Go,,). The use of these numerical methods 
really comes down to a reduction of analytical pro- 
cesses to aLgebraica1 processes. This suggests that  
i t  might be possible to evade analytical operations 
right, from the start  and to treat the problem on 
a purely algebraieal base. There exists indeed even 
a physical eonception of tho mechanical syst,em, 
which suits this purpose: suppose the elasticity to 
lie concentrated in springs without 'mass and sup- 
pose the mass to be eoncentrated into. rigid ele- 
ments, iuterconnected thy the springas. In this way 
we may construct a model of the system, which 
reproduces thc interesting features with an accnr- 
aey, which by refinement of the partition, can he 
made to meet any condition. 

Yct this method is not so att.raetive as might 
seem. The analytical presentation is more concise 
and adaptable then the arithmetical one. It reveals 
directly the significance and bearing of any ap- 
proximation. Making use of a spring-rigi,d m m  
system,, the pursue of an optimal reduction of the 
computation desires a crude partition. The pro- 
blem, how f a r  to go in this respect and how to 
derive effective values for the spring comtants and 
the elementary masses from their a.ctual1y con- 
t.inuons distribihons, is related to the prohlem, 
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trow to evaluate integrals and differentials wit11 
arit,hmetieal meam on a base of large intervals in 
t,he rawc of the variables. The latter problem is 
a porcly mathematical one. It has heen carefully 
investigated, and admits well-known solutions. 

A closer investigation shows, that  there is in- 
deed litt,le to be won (a.nd more to be last) by 
going straight back to a spring-mas reconstruction 
of the mechanical system, hut that'indeed part of 
the mathematics may m u m e  - from the compu- 
tational point of view - an attractive and 
appropriate form if the reduction from analysis 
to algebra is ea,rried out  explicitly. 

The parts in question arc eonnceted with the 
matriees of par. 4.5. We assume the Ex- and 
u-matrices to he knowii (which for  the Kx-matrix 
may imply a separatc nnmeriea.1 eva.lriation oC 
integrak). 

... Then t,hc transformation formula (7.2) takes 
the form (compare 4.34). 

- - 

I - - -  
fu,,rn+*l =K,  u fc,,x[nl; B = S , A .  (7.36) 

without integral. 
This formula can be used straight a m y  for  the 

successive approximation of t,he fundamental mode. 
The computational procedure appears to be very 
simple. IInving once determined thc matrix 

I - -  
R,y=Kru 

(algehraical proem!),  wc must apparcntly exeeutd 
relicatcdly the algehraieal operation 

( 6 , 1 [ i + * 1 ) . r  = Rw (f,l,r['l )x (7.37) 

until v e  reach satisfactory proportionality between 
consecutive f-approximations. Similarly, a repeat- 
ed cxi!cot.ion of tlie ins_truct.iom 

- -  
- 

- (iL[i + "1 I = %,* (g,.,['])x (7.38) 

will produee the first adjoint m d e .  
To find a higher mode, we mist, add biort,ho- 

gonalisations to  t.he transformations. These oper- 
ations are a.gain, if Iiascd on (4.34) of i~ purely 
algehraical t,ype: 

i? , , , ,*ZK, ,k=~ if j + k  (index x omitted). (7.39) 

Tu obtain a simultaneous purification of a numher 
of modess! together with approximations to t,he 
frequencies, we need cqs. (6.8) or (7.35), of course 
preferably again in a purely algebraical formol- 
ation, employing matrices of 3n-order. The set 
(6.30) caii (starting with (4.34) ) immediately he 
changed over to the desired form, the result 011- 
viously being (again with indices X omitted, a 
simplification to :he continued. in t,his paragraph) 

2 q H  { 6&J* ii $o,H - 
H - - - - -  - GJ u K u F,,,,, 1 = n ,  j=i . _ _  N .  (7.40) 

If we want to make use of the set (06.8), Ive 
need a siiit;ilile 3 n-order rcpresenta.tion e of the 
e-niat,rix. NOW, 

- 

e and /' d? K ( ~ , 7 )  
b: 

arc reciprocal, so that - - *  
e = K-l. (7.41) 

This is obviously a roundabout way to this matrix. 
The direct way will come down to a substitut,ion 
of finite differences for the differentials in t.lre 
exact. representation of thc e-matrix. 

With the help of t,hc e-ma,trix we may reprewit 
t,lic set (6.8) by 

- 

s, q,, { R . J *  e F" " . H  - 
- H  _ -  

- 2 G,,,J* u F,,,, ) = 0, J = 1 ... A'. (7.42) 

7.8 Elinzirurting itenition i net hod f o r  hig71ei' ntndes. 

Tlrcre exists a promising iteration method for  
natural vibrat.ions higher t,ban the fundamental, 
which is manifcstly different from the "orthodox" 
iteration-ll,iurtliogoiialisation procedures. It does 
not make the preliminary calculation of lower 
modes superfluous, but i t  avoids the necessity of 
repeatedly intervening biorthogonalisations. The 
idea is to suppress the reappearance of lower 
met,liods illy eliminating them from the equations, 
placed at the hasis of t,he iteration process. The 
method rests upon the development (5.14) for t.he 
kernels of the mabrix integral equation. 

Assume that the second original and adjoint 
modcs arc requested. Then, le t  t.hc first modes he 
determined with high a,eeuracy hy the method of 
par. 7.1, wi th  the result 

Fa,? Go., 
- 

and the accessory frequency v, (nearly equal to v , ) .  
These functions ciiir accordin'gly 'lie aswmcd to 
fulfi l  the normilliszation 

-2 f 6  G",,,, u F,,,, &I = 1. 
- 6  

Then, hy (5.14), 

K (I), 7) -F,i,z ( ~ 1  G*,t ( 7 ) s  
m 

2 f",, (u) gyo,i (7) =K,,i ( ! I ,  7 )  
i +P 

a n d  this new kernel will admit the approximation 
of f o , 2 ,  g,,,, liy uualtcred application of the simple 
procedure of par. 7.1. The result will of course 
show some error, caused ,by the iuaecuracies left 
in the fundamentals, but yet the method converges 
to the requested modes in this sense, that them 
m,odes can he ohtained with any prescribed exacti- 
tude. Thc proof is not difficult and ,may IN? omit- 
ted (here. The generalisation to .  the caleulat,ion of. 
3rd, 4th, ete. modes is obvious and needs 110 cx- 
planation. I t  may he remarked that the degeneracy 
01' t,he kcrncls K , , ,  (g, 7) ete., causes no trouble. 



8 Perturbation methods. I )  

Supposing that the set F,,,, actually permits n 
satisfactory representation of the N lowest modes, , 
let the ~ ~ i ~ l ~ r a t i o n - ~ ~ r o l ~ l c m  die solved with the help 
of eq. (6.8), the solutions being 

(8.1) 
Now , l e t '  any slight ebange he broilglit in thc 
construction oE t.lie mechanical system. This changc 
mill cause small alterations in t,he matrices e arid U. 
Representing these alterations by [ E ]  ') and [pl 
iw  hare 

q H = q H , K ,  v Z = v K 2 ;  II,K=l ... N .  

e + e +  [SI; [.I < e, 

lJ -+ u + ['PI ; [PI <( u. (8.2) 
' The nmpl i f id  inequalities state, that  homogolous 

elements in the matrices a t  both sides of the << 
sign differ a t  least one order of magnitnde. 

Our object is to find a simplified method, per- 
mitting the ealculation of the consequences of the 
alterations. 

To start with, let the adjoint equations in their  
original version be solved also, with the result 

r J - r J I K ,  ( v 2 = v K * ) ;  J,Ii=l ... N .  (8.3) 
These solutions may or may not lead to approxim- 
ations of the actual adjoint modes. 

The solutions (8.1) and (8.3) fulfi l  a "hiortho- 
gonality-condition" of their own, Indeed, substi- 
tuting any solution (8.1) in the original Equations 
and any solut.ion (8.3) in their a,djoint companions, 
we get 

. 

2 E," q l i . K  = VK' 11,,! q X , K  ; 
t E,, TI,[, = vLz u,,, p J , L  

E,  I ,  = / G,,~* e F~, , ,  a?,; 

(8.4) 
with tlie abbreviations 

+ - b  

--b 

+ b  

T J ~ , ,  = / G() ,~*  u F ,,.,, aU. (8.5) 

iNultiplyingthe first, set (8.4) ,hy T ~ , ~  and summing 
over J ,  and multiplying the second set 'ijy g, l .K  
and summing over H ;  the left sides 'liccome iden- 
tical and wc infer by subtraction 

2 2 rJ,r. UlX q ~ , ~  = 0 if K # L. (8.6) 

- b  

J H  

This is the l~iortl iogonalit~y-pro~ert~.  If  
- - 

2 q,,.n-F,,,n=fox; 2 v J , L G , , , J = ~ ( , , ~ ,  (8.7) 
I I  

an cqiiivalent reixion is 

1 6  

!To,.* d y = 0 ;  K f L .  (S.8) 

The relation is apparently .identical with the bi- 
ortliogonality-rclation of the exact solutions. (This 
is a t  the mme time a convincing proof of the 
purification properties of the set (6.8), formed 
with weight functions permitting satisfactory ap- 
proxiniations to ' t he  adjoint modes). 

Now set up, with the matrices (8.2), a new ver- 
sion of equations (8.4), using the functions (8.7) 
at the hasc'). We shall m u m c  here (a t  variance 
wit,h rules used hitherto) that these functions are 
normelizcd in accordance with 

- b  

- +-b / g U . 2  u f",K dl/ = 1. (8.9) 
- b  

~~ 

The rcsnlt is (we now mritc instead of 2 )  

- 
+ b  

- - x q,, / ~ , p  ( e - v2u + [ E ]  - Y z  [ p ]  T,,,, dy= 0, 
I' - b  

J=1 ... N .  
Rut 

+ b  + b  \&* e f,,,, du = v!,* u c,,,, dy = ~ 1 2  S r x  
- b  - 8  

IIence t,lie equations reduce to  

1) It will he allowed to .1ssumc, that the smnll changes 
i n  tile constiwetion of the qwtm will  not stop tlie x t  (&i), 
tlmt is iii f a t :  tlie set, Fo,H ; C+o,J , from Iieing s:rtiafactary. 
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Suhstituting these expressions, we get 

- 
.z (Sex + ;H,n’) ( (”,,* - “2 - s v 2 )  ‘SJI I  + 

- -  H 
+ Fl,, - (vx ’  + S vx’)  UIH } =0, J = 1  ... N ,  

or 
- - - 

- S . S.,x EJK - ( V K ‘  + 8 Y K ’ )  UJX f 
- + qJ,’ ( YJ* - vx2 - s YX 2 ) :+ 

t ;,,,KJ (EH - ( V K 2  + s WZ)UJn 1 ’= 0, 
J = 1  ... N .  (8.12) 

Considering the coefficients TJH and O,,, to he 
small of the first order, e m s i n g  of all terms of 
a t  least, sceond order of smallness l c ~ v e s  behind : 

6 ih .2  srr + F J K  - ” 6 2  U J X  + YJ,l i ’  ( V J 2  - V K ’ )  = 0, 

Tl ic sdlntions arc 

s “2 = E,, - “ K z - u K x  ; y K X ’ -  0 ’) ; 

- -. 

- ,  - - 

. . .  J c l  ... N .  

- ~ - - 

They represent first approximations to the actual 
, v a r i a t i o ~ .  Suhseqncnt approximations may casily 
he determined by the restriction of ncglcet.ions to 
quantities of the third, fourth, etc. ordel’ of small- 
ness a t  least. A partial rcsult is 

( S V X ~ ) ~ = :  (1-Utix) ( E X K - V K ~ U E X )  + 
. -. - - - 
- - 

( E l i l l - Y K ~  U,,,) ( G K - Y K 2  U ” X )  

”,?- Y H 2 
. + x  

H # K  

K = l  ... N .  (8.14) 

l ’hc second approximation for <,,,,’ is already com- 
plicated, and any: higher approximations demand 
even more extensive formulae. This means that the 
benefits of the m e t h d  are gradually going lost. 
T,he formulae, t.hat ha.vc just heen developed ex- 
plicitly, eomtit.ute, ,however, a powerful .tool of 
vibration analysis and.  especially of flutter analy- 
sis, for they permit, the extension of a particular 
flutter calculation with well-founded estimates of 
tlie influence (particularly: on the critical speed, 
by intermediary of the formulac for the variation 
oE tlie complex frequencies!) of small eha.nges in 
the eonstruct,ion of the mechanical system. With- 
out the use of.perturbation-meth& a similar rcsult 
would demand terrible compu@tion. . 

Another nice applicat.ion of the pertupbation 
procedure will he given in the next chapter. 

9 Vibrations still air: 

9.1 Introduction. 
if a wing oscillates in  still air, the major part 

of the aerodynamic loading vanishes. The remain- 
ing parts constitute the .well-known “aerodynamic 
additions” to the inertia of the system. It is in. 

deed p o d &  to include this cffeet i n  the m a s  
distri~lnition (par. 2.3). Assliming that,the accord- 
ing corrections on these coefficients have heen 
applied, we may cross the part  a of the u-matrix 
(see par. 4.1) and write m instead of u everywhere. 
T,he equations are then self-adjoint, which leads to 
a substantial simplification of the theory. It is 
ohvioiwly unneccssar3. to add further explanit,ion, 
nor .will i t  he necessary t.o explain the application 
of the theory to t he  determiniition of resonance 
modes in still air (masses and stiffncsses being 
given). 

The natural vihat,ions of the .wing i n  still air 
. . are of the interest, since they arc more o r  Icss 

narrowly related to the-vihratioM, encouiitercd in 
’. flight. They constitute a,,mor;t suitahle source of 

information for the grel)aration of fluttercalcnl- 
a,tions. TypieaJ data, preferably d e r i d  from 
resonance ksts  or froin vi,brat.ion ealeulations refer- 

. ring to still air, arc modes, suiting. the approxim- 
ation by series development. of the critical mode, 
and parameters rcprescnting the elastic properties 
of the system. For instance: if we build up a 
flutter ealeula.tioii with the methods of pa.r. 6.2 
to 6.6 incl., making use of a base like (6 .6) ,  i t  
often deserves recommendation to identify zo,, (?I) 
with the heasured or calculated flexural componcnt 
of bhc “flcxnral fundamental”, the function pe,, (y) 
with the torsional component of the “torsiona,l 
fundamental” and t,he function y,,,, (y )  (if it is 
not reduced to a const:int,) with aileron deflection 
and twist in the “aileron fundamental” of hlie still- 
air modcs. 

9.2 I’ibrntiolhs of am fusel.nne.wing-rt~l,ei-o?l. system 
with small  couplings. 

For wings of simple construction we may at- 
tcnipt nn interesting a.pplica.tion of the perturbation 
mcthod of the preceding chapter to the  calculation 
of t.he resonance modes in still air. This applicatioli 
makes use of the assumption, that  i t  shall be allow- 
ed to consider all elastic and i,ntertia couplings to  
he small. ’ This “condition” is actually seldom ful- 
.filled in every respect. Yet it commonly holds for 
a good part  and may lead to results, which give 
a very rcasonarl)le insight in the structure of the 
complicated “coupled” modes. The errors are in- 
deed often no undue pay for t,hc appreciable redne- 
tion of computation work. 
In accordance wi th  thwe  indications the v n -  

cnried system is defined by the matrices 
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redocc to three mutually independent equations. .................................... ; 
A suitable skies of lowest solutions may be sup- 
posed to he ohtained with the help of the well- 
known. relatirely simple methods fo r  the calcul- 

- - 
uz N - t =  UA-lP = 0, 

ation of flexurai and -torsional vibration3 of rods. 
(Matrix methods of tlie par. 7.7-typc are generally - - 6 

u.1 N--l=UN-l 1= Z ,  / ni,?~, ,n.r i~y=na,20"';  particularlsr efficient in a case like this). 
~ Itcitricting the treatment to the sub-'group of 
symmetrical vibrations only (the transfer to anti- 
symmetric vibrations encounters no difficulties), - 
the (satisfactorily accurate) solutions may he 
represented by . .  

v = v1 = 0, ; fo , l  = 11 2, 0 0 1 1  ; Z,: eonst., 

v = v Z  = 0 ; * = (1 0 eo 0 /I ; ao: const., 

ii 

6 
- u2 = uNI = e g o  / m,,dv = ni210", 

U 
- 

~ 

We crideiitly intend to neglect aileron twist. All 
functions are supposcd to 'he normalized in accord- 
.a.ncc with (8.9). They .havc orthogonality propertics 
of the type (8.8) (it is of~course appropriate to 
replace go,," by Tu,I* in these formulae): 

- 

Wc must now ealculatc the coefficients 
6 

- 
UJ,I = /f;P [PI % , I ,  dY, 

El,, = / F o , J *  1.1 7 . H  d!/. 

b 
6 

- 
(9.5) 

b 

By dcvelopmcnt of the matrix-product me get 
without difficulty, making use of (9.2),  
- u,, = 0; 

- u,, = 0, 
6 

- - u,, =u y ,  =z,,a0 / ns , ,d ! l=nl , ,~~;  
h 

i - - 
U,, = U,, = % nl,,z,,,,dy = m,2'o, 

1 iJ 
~ - u 1 3 -  - U' 31 = 0 ;  

- 
UNY = 0, 

b 

a11 other %,'s vanishing. 
Suhstitutinn the results in the formulae (8.131. 

~ , . .  
tlie first one gives 

Hence the couplings do not change, to first ap- 
proximation, the natural frequencies. 

Thc second formula (8.13) constitutes the 
normaliiatioii 

( S V , ' )  ~.~.,,,,.=0, K = l  ... N. (9.6). 

- - - 
- qr,; - q.,.' = ......... - qg,"= 0. 

The third formula d e m a n h  some special care be- 
cause of the vanishing of both v1 and Y * .  Yet, the 
following result is readily vcrificd: all y,,Kt vanish 
with the exception of 

r. 



.......................................... , .............................. , ................................................ 
- Y K.2 7n12"" - - Y M.2 1Tf12"" 

Y 9, N D . 2 -  v:, 12 

vr2 - - ~ z . 1 ~  

Q! .............................. 
vQ w 2 -  vz, "2 ' , ; (IN,-l .N-l = 

Q, - 
q3,N--I' = 

, 

- Yr2 Wli3'0 - - ur2 nz13"0 
.............................. 

2 
- - , , ' ( I N l - 1 . N '  = 

- 
!I3 N 

Y r 2  - YZ,'V. 

.......................................... , .............................. , .......................... 
N"" - Y : , N * ~  mi2 . -  , .............................. , 

. ' (IN-I,NI-I'= y z , N 2 -  N,*2 1 

- - ~ ~ , ~ ~ m , ~ ~ " '  
(INb,N)-I' 

%v2 - Y@,12 Q, 

B'or tlic sake of cle;n"s WC summarize hcrcunder thc noli-vanishing terms 01 thc "coupled" solutions 
(with non-vanishing frcqncncies). 

- - -  N - 1  - - -  
( L ) c " , , ~ 1 4  =f,,, i- Q 2 . i  f",? + 2 qh; f , h H  + (19.; f,,J > 

A5 

.... ...................................................................... 

The t,ypical item is apparently, that - to first 
approximation - the couplings do-not change the 
original "major" component of any mode, and that 
!'accompanying" components emerge with ampli- 
t.ndes, proportional to t,he particular coupling iii- 

tegrn1.s El", U,,, (dcfining couplings hctwcen 
pairs of originally unconpled modes) a,nd invcrscly 
proportional to the squsrc-frequency differences 
vJ2 - v H * .  Hence, "internal resonances", that  is: 

- 

closc ncigkhoorhood of paim of iuicouplcd natural 
freqnencics, l iaw a characteristic effect upon thc 
form of the coupled modes, consisting of an un- 
cnmmon increase of a generally small "accompa- 
nying component", morcovcr giving to this com- 
ponent thc shape of the "resonating" nncouplcd 
mode. It will be clear, that  the accuracy of the 
formulae ccascs to he satisfactory in such a case. 

Thesc results throw new light upon-certain eon- 
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clusiorM, eoiiiiccted with t h u  eoiivcrgciiec of tlic 
approximation method of par. 7.4. 

Findly,  the evaluation of the second-order 
variation of the frequencies given by (8.14) leads 
to the result 

( 8  V,,K.)*2"dapDr. =vr,,IZ ( n t . * K ' 9 '  + 

Let Y:,,, and vi,,,, he any couple of nearly equal 
frequencies. Then the first and second equation 
ubviously contain uiie relatively 'large term, which 
is easily seen to reduce the smaller frequency and. 
to enlarge the larger one. Hence, the eouplings 
tcrid to enlarge , the gaps hetwecp iieighhouring 
uneoupld freqncneies. Since :m incident like 
this again involves relatively large variations, t,he 
accuracy of the pcrturhation formulae must hecome 
less satishctory. 

9.3 ' Ueriuation of inlcgr.11l.s uf cl(i,stic f o r m  f r u m  

. I  

resomnce tests. 

If the cslahlishment of eqiiations (6.8), used a 
sta.rt.ing point of a flutter c;~lcnlation, can he 
rclaterl 1vit.h measuremcrits of rixonance tests with 
the aeroplane, it may he pa$sihle to deduce thc 
"clastic parameters" 

(9 .9)  
' - b  /A, , ,J :e  F,;,,, d ' y  c Ed,,  .. .. 

from tlic tcst dita.  This \rould IJC a good thilig, 
for i n  this way me may riot only escape from the 
partially intricate problem to  analyse accurately 
the elastic properties of the 
may also avoid the necessity of 
numerical approximations for the derivatives, eon- 

Obviously, the determination of' the constnnts 
(9.9) cneountcrs no difficulty if m e  employ a set 
F0," , consisting of complete' "mcasurcd" modes 
from the t a t ,  simultaneously putting 

G",J E F",J 
(that is: speeialjzing to the (4 a 1 e r k i n/L a- 
g r a n g e-mcthd) .  ' Indeed, w e  then have 

' . tairied in the expression e F,,,,, . 
. 

&= ( 4 m 8  SJ,/  ' ' (9.10) 

if tlic iiormiiig of the fuiict.ions agrees with 

(9 
. .  /lo,.* m F,,,, d!, = 1; 

- b  

The frequencies are the measured resoii- 
anee frequencies. (Formula (9.10) rests upon 
the fact, that' the "aerodynamic forces do not 
change the e-matrix) ~ 

It is, however, known, that i t  is conimonly im- 
practicable to use functions F0," like that. Com- 
pare e. g. the frequently used assumption (6.5). 
In 'such a c a e  there is only one suitable method 
to reach the desired result. 

Again assuming t,liat the' C: a 1 e'r k i n/L a- 
g r a n  ge-method is used, start  with eq. (6.8), 
applying to vibrations in still a i r  

- 
2 EjH q N  "'2 X j x  (1" ; J = 1 ... A'; 

; i b  ,. 
a L =  / F,,~* m F,,,,, (zy. (9.11) 

.kssiiming that t'hc funetions F,,,,,'are still normed 
in accordance with (9.11) arid that the solutions 

- b  

q"=q" , , ,  " 2 = 1 . , 2 ;  1=1 ...N 
arc nurmed by the prescription 

q,,,,, = 1 (9.12) 

we have, in agreement with (8.6), 

x x qn.J M K , '  qr,,,, = S J H  . 
K L  

l\liiltipIyiiig both sides hy - q1.j and sunmirig over 
"2 , 

J we get 

Hut, i f  we regard t,he .right sides of (9.11) as 
h o w n  constants, we may solra I) 

minor of Ell( iii del E,, 
dct El,, E,,t = 

Iiiscrtiiig here tlic If 1'1 solution, we find 

' ' ur.H c x x E,, +Dl,L q L , , ,  . 
I ' l lZ  ti I. 

Comparing this formula. with (9.13), we infer 

;i rcsult., which is easily seen to he analogow to 
t,lie development (5.14) of the kernel of an integral 
equation (tlic apparent,  difference emergj1ig from 
the different normings employed). , 

1) Note that E, ,  = E K , ;  EInt = E,,+, 

~ 



v 111 

I"ormu1a (9.14) makes the desired reduction 
possiblc. It indccd showvs that 

q J . r , q l l , L  In  . det 1: q1.L q K . I  minor of 1: 
(9.15) L Y L Z  L VL.2 E J H  = - 

dct, 2 q1.L q K , L  

I. VLZ ' . . 

The result may be summarized as follows: 

If the set F",,, admits, by the G a l e  r k i n /  
1, a g r a n g c cquations 

+.' . .  
FJ (e - y2 m) F " , ~  dy = 0, 2 qH 

H 
:' 6 

the eonstrnction of appvoxiniatiom to m d c s  of 
viliration in still air, each solution of this equation 
thus being linked to a particular resonance mode. 
tihe elastic constants 

i-' 
E,,, = / F,,J' e F,.,, dy  

-6 

may he dctermincd with thc help of (9.15) . from 
prescribed shapes of these approxiniations and pra- 
scribed resonance freqnmcic.5. The same constants 
may thercnpon ,he used in the G a 1 e r k i  n/L a- 
g r a n g e  set 

2 EJH q,, = v Z  2 q H  F,,J* u F o , ~  du 
H H - 6  i' 

appropriate to the analysis of flutter phenomena. 
If we usc weight fnnctions, differing from the 

G a 1 e r k i n/L a g r a n g e a similar 
result can be rcachod if thme wight-function 
equally permit the construction of approximations 
to the measured vcsonnnce modes. Thc necessary 
slight gcncralization of formula (9.15) need. not 
bc explained. 

adoption, 

10 List of fundamental symbols 

12 

Fig. 4, 
. .  coordinates, _ - f i n d  by fig. 4 

time 
x, ?I, 

Y frequency 
t .  

of t,he nciitral pusition, 
aileron binge axis (scc 

01 t he  
fig. 2) 

ro~ation, 0Ut of tiic ncutral position, OS tlic control eulnmn of thc ailerons 
scmispan 
outcr and inncr odgcs of the ailerons 
g-euordinute of the section, containing the conncctio~i of condrols to  ' t h e  
ailerons 
y-coordinate of sections containing point-loads 
chord of wing + aileron 
refcrenee chord 
z-coordinate of the hinge axis (sce fig. 2) 
x-coordinate of thc centre of gravity of: the wing withorit aileron 
distance thehind the hinge axis of the centre of gravity 01: tlic aileron 
mass per unit of span of wing without aileron 
ma= per unit of span of aileron 
moment of inertia, per unit of span, .about spanwise axis through t i le local 
centre of gravity, of the wing without ailcron 
momcnt of inertia per unit of span, of the ailcron, about t.hc hinge axis 

stiffn&es 
spring constants 
operator-coefficien~~ of the s t  nes-,distrihlition. See eqs. (2.8), (2.9), (2.1@), 
(2.16), (2.19aandh),  (2.22) a i d  Appendix I, eqs. (3) and ( 5 )  
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cocfficiciits of.  ma~-dist,ribution. See cqs. ( Z , l ) ,  (2,14), (2.15), (2.21). Thc 
?nin io) define- contributions of concentrated loads 
coel'ficients of blic aerodynamic loading 
mass per unit of span of the surrounding cylinder of air  ~~ -. - 
inf lneiice f uiiet ions 
coefficients of the ~distribntion of the Ecsiilting l o d i n g  (incrtia loading + 
aerodynamic loading) 
reduced velocity (cq. (6.1) ) 
rcchicd velocity, adjoint to referelice chord 
iiidices, referring to  antisymmet.rica1, rcsp. symmetrical oscillnt,ions 

modes of vihrations 
characteristic functions of the xljoint, eqna,tions 
matrix of inert.ia-loads divided by Y* (cq. 4.2) 
matrix of ,acrbdynamic loads divided lip v Z  (cq. 4.3) 
mnt.rix oE total load divided by v Z  (eq..4.6) 
operator matrix of elastic forces, (eq. 4.4) 
load vector (cy. 4.7) 
kernel mat.rix 
vector of amplitudes of the fuselage 
ma,triccs of par,  1.5 
elcmcnts of the  vector go,< (y)  
approxim;rtion base for a restricted iiunil)or of modes O C  vibration 
system of weight, vectors 
cocl'ficicnts in tlic approxim;rt,ions oE modes of vidiration 
cocfficicnts in t.lic approximatioiis of adjoint modes. 

..., vector of amplitiidc fmctiorw (ISq. 4.1) 

. .  

Appendix I. The accurate representation of the 
principal features of a reversible control 
mechanism of the ailerons. 

We hare ;ilready ment.ioiicd the fact  t,hat '- a t  
variance with assumption d of par, 2. 1 - the 
mechsnism of corit,rol of the ailerons ;ic!tnally eon- 
stitutcs an intereoiincct,ion of the port. and star- 
board aileron. If we want to take due neeourit, 
of this fact, we might assume t.his mechanism to  
be comtructod of interconneeting elastic cahles 
without mass and of a massive memhcr, connected 
to tlicsc cables in the !/ L 0-planc and representing 
t,hc control whccl. This conception obviously int.ro- 
i3uees another dependent variable in thc cqnntions, 
'na.mcly t.hc rotation-angle x of bhc cont,rol whccl. 
Simultaneously, the t.rip1e of hasic equations will 
be cxtended with one equation. 

It is easy to see that the eonceiitratcd moment, 
excliariged in the section 11 = h,  betireen wing 
and aileron and prcvioiuly equal to  

I k ( Y ( *  bv) -P (* br)  ) I 

miist now IJC cliangcd into 

I k ( y  (i b7) - ?  (i b,) 7: x )  I.: (1) 

Hence , t,lie original fundamental (differential) 
cquat.ions become 

y z  ( % I  e.  + %(I, P,, + %;, Y.) - c , , ' z , -  
- c i z  Qo = 0, 

yz ( % I  eo .+ % Pn + 7 b 4  Y . )  - 0?1 e" - 

- Cd2 ?lo - e83 Ye  - e,, x o  = 0, 

e , ,  = li ( 6 ( I J -  b,) - -s  (y + b,) ) ;  
c : ; , = - k  ( 6 ( I J - b b , )  - - s  ( I J  + b,) ), 

(2) - ex, PO - 02,  YO - % x u  E 0, 
v z  (%t % + %z Qo + ?G:w Y o )  - 

with 

(3 )  

the original eoeff ic id;  retaining their significance. 
The comploting (fourth) equation is effectively 

a11 ordiiiiirp algubrai'eal one. 
Making use of an appropriate inertia parameter 

I,, we may obviously write i t  in the form 



or 
( I %  Y' - 2 k )  x. + k ( Y o  ( b r )  - Yo (- 7 J r )  - 

Qo (br1-Q" ( k h r )  } = 0  
or, tlgalll, 

{ u2 VL, ,yo - Q" - e, ,  yo  - e,, xo 1 d ' ~  = 0, (4) 
-' r 6 

with 

e&* = e2<; E , ,  = eza , m4,.= 7, s, (y - 0) ; 
e , , = I . ( S ( ! / - b , )  + S ( Y + b , ) } . '  (5) 

Tile altrrnntivc (4) reveals the lrarmony with ( 2 ) .  
We might ad,d liere the remark, that tlic extell- 

siou diseiiswd ahovr prolxrly refers to a relatively 
simple case olily. The construction of  the eontrol 
mechanism may give rise to several complications. 
Let for instance thc contr,ol mhccl lie replaced hy 
a control eolumn or wheel with axis of rota,t,ion 
parallel to the longitudinal axis. Then the mass 
of it will, strictly, eouplc the control mechanism, 
with rotations 2; (0) of' tlie fuselage, and indeed 
many other small couplings may arisc from other 
particularities of the construction. Nolio'dy will 
ever ponder about them, unlea any such device 
has purposely hcen intrcdueed to inflricirce the 
vibration characteristics. 

It is of  coiirsc again pos..ilile to coirrcrt~ the 
differential-cqnntions into pure integral cqimtions. 
To determine the result, w e  again accept the sim- 
plifications, explained in par. 3.1. Instcad of the 
an:tlytical method, used in par. 3.1, we sliall now 
employ a more physical one, liased on the fnet, 
that the integral-kernels are "influenee" fnnetions. 

Applying a force of unit magnitude to the point 
y = 7 (> 0) of the elastic axis, the displacements 
z, ( u )  of the points of this axis mill - in the  
state of equilihrium - hare gromn to infinity, 
unless 

(I the displacements z, (0) and 2,' (0) are given 
h the displacements z,, (0) and x,; (0) are re- 

duced to finite values by virtue of spring- 
constraints. - k z x , ,  (0) - k P  x; (0) in the 
plane 1/= 0. 

In this ease the displacement of tlic point 
1~ (> 0) of t.hc elastic axis amounts to 
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wliile the displacement, shifted t o  the port wing 
(y < O ) ,  is equal to 

These formulae must lie equivalent to  the Z,, and 
K,,-infliienec fiinctions, and indced i t  is seen im- 
mediately that t.hc resnlt agrees TTith the eorre- 
spoilding formulae of clra.ptcr 3 '). 

and r r ing twist, aileron deflection or twist and 
control-wheel rotation, Zl:, , E 1 4 ,  K,, , K,, aiid 
IC,, must .raiiisli (again in agreement with 
e1iapter 3).  
. ~ p p l y i n g  a moment o i  unit mtrgnitude about 

the elastie axis on the wing, in t,hc cross section 
g z 1) (> O ) ,  there will cnrergc no flcxure. Wing 
twist 11411 gi'ow to infinity, unless 

n the displacement y o  (0) is given; 
b the displaecmetlt 'p0 (0) is ~ e d u c c d  to a Cinihc 

~ a l u e  hy a spring constraint. -I;?Q,, (0).  
111 these cases, the iinit moment vi11 force an  
amount of twist, equal to 

Since tlicre. is no elastic coupling between flexure - 

ndiile we sh;i11 find a t  t,he port wing 

Qa (0) 
QII (!/I 1 1 ;' ( 2 ,  < 0, 7 > O ) .  (9)  

Them mill conseqncntly emerge displacements 
+o,> (b , ) ,  (no (- b, )  in the SCCtirJIls of the aileron 
control. Tmhey will, however, not lead to strains in 
tlie aileron springs ' if only 

Y o  (IJr) =Po ( I J r )  ; Y o  ( - b v )  = ' P o  ( - $ r ) ~  

i. e .  if 

Under these conditions there will bc no displaee- 
merit x , , .  We infer:  t'ormulac (S) ,  (9) itre aequi- 
valent to E2% ( ! J ,  7) ; IC,, (y, q ) ,  formulae ( I O )  and 
(11) to Za2 (71, 7A, Ii:4z (g, ?) and Z,*, K,, vanish. 
The results Cor IC,, , E,,I, li,, will be seen to 
lie i n  agreement with chapter 3. 

Let, t.liirtlly, the unit moment, lit: applied in tlie 
scct,ion to the aileron. 'The conditions for  finite 
displacements are tlien 

n tlie displacements y o  (0) and x,, are  given; 
b tlic displaecm+nts Q,, (0) and x,, arc limited 

. .  

hy means of springs. k?  and 12,. 

1) Itr f i b s  n thc  lond C ~ E M  d i s p l n ~ m n t s  e, (Y) - 
(0) - z~ (n), henec: the  terms (q, y z,? (0) c:mnot 

nl;rlic put of the , kerricl and 'hnr-tt to hc ahif lea  to  tile 
left sidc. In CCISC 0 .  t h u  f d l  di.+laccmncnt is immediately 

thus make p n r t  of dctermined hp tiic !and, :ind -,E 1 
ki kg 

the kcrncis. 



The spring K, apparently constitutes a new element 
in the construction of the system. It tries to keep 
the control column in the plane of symmetry. 

Amuming 1~ and 7 to  be larger than b,, the - amount of aileron torsion becomes equal to 
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The deflection y e  (b,)  -pa (b,) obviously grows 

mlience 

In ease b v e  must add 

The angular displacement p(, (b,) is ol~viously 
cqnal to 

We tlius pet, summarizing and completing, 

Finally, applying a unit moment to the spring- 
coilrtraincd control column, we shall get 

i 1 
xi, = -; Y" = 

h.X 

leading to K4, and K,,  . The eomplele expressions 
for  thme elements obvioosly are 

1 I -; k x  ?/ < 0, q < 0 

Formula (12) is acquivalent to E , ; ,  If,, , formula It will be clear - hut  may be written out fully d ;  
(13) t.o E z 3 ,  K , ,  and formula (14) t o  K,,, for the sake of clearness - that the integral 
(8,,=0). Comparing with the results in chapter 3 . equa.tions, contrFted to. one matrix eqnat,ion, have 
we must first cut x,-O or k,=O, which aypn- the form (without .specification .of independent 
rently leads to complete agreement,. variahles) 
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AH equations are now equally well applicable 
to antisymmetric and symmetric oscillations. There 
is no reason to make 7; = 0 in the first case. The 
aequivalent of k = 0 (cliapter 3) is aetna.lly 

7n 4 1  -0 - > k,=0, k = m .  (18) 

In  this case t,he representation containing kx 
is no longer usable. The representation, contain- 
ing x o  remains applicahle. 17et, we must add some 
;rddition;tl equation t,o determine the a,pproprinlc 
ralut! (if this parnnit:ter. This additional equation 
is .;ictually gircn 11y equation (4) ; leading (for 
static cquilihrinm) hy means of (18) to 

x o =  1 { yi8 (h) -Q" (h)  -YG (-L) + 
+ q,, (- h,) 1. (19) 

This must he substit,uted into (13), i. e. i n  Z,, 
;md ZCSa. The values. of Q~ (b,) and Q" ( - b v )  
follow from (8). Tliereupon yo (b,) and y o  (-b,) 
may be solved iu advance from (13) (by putting 
y = & h , ) ,  leaving hack this equation without 
unknown parameters and hence right down applic- 
able for  tlie ca,leulation of the complete function 
Yo  (u). 
Appendix 11. Structural damping. 

I n  this report we did not take any account of 
damping forces, having their origiin in the strue- 
t u r d  parts of tlie mechanical syst,em. It is well- 
known, that this omission can easily be made 
good. We might e. g. introduce velocity-propor- 
tional damping terms, or - and this is a more 
simple and not. less accurate method - introduce 
complex s t , i f fnw parameters, giving to the nega- 
tive clastic restoring forces n phase lead with 
respect to the distortion (hysteresis). . 

Actually, da.mping is often neglected in flutter 
calculations. There are, however, two important 
objections against this praxis. Firstly, damping 
may h a m  (in certain eases) a very appreciable 
influence upon the stability, i. e. upon the critical 
velocity, and secondly we loose in this way a sound 
base to estimate the degree of danger, implied in 
any instability I ) .  

Yet i t  is true, that  reliable values for the strue- 
trim1 damping arc selaom available and t,lia.t only 
cxccptionally special damping-devices are usd to 
suppress instabilities (which might lead to calcul- 
ations, in which due account of these damping 
fmws ~hecomcs of' fnndamt:ntal importance). 

There is, Iiowcvcr, a simple method to ineorpor- 
ate some damping in flutter calculations. Let 

1) It is oftcn rffwtivdy po%ib.le, to distinguish eases 
of "rel8,tivdy innocent" flutter and "acuFely dmgerous" 
flutter. 

he the frequency equation, making. par t  of any 
matliematical investigation (if flutter. The eon- 
stants E,,, depcnd upon the parameters, represent- 
ing the stiffness. We assume th,ese parameters to 
be originally real and thus to imply no structnral 
damping. The constants UJ,,  depend upon the 
acro&yn;Lmie and inertia loading. ' For itself both 
E I H  and U,,, may he complex, the E,,, through 
complex representations of t . 1 ~  modes. nhe con- 
stants Ul,, a w  funet,ions of the standard rcduccd 
reloeit,y \',, , The roots of ( 1 )  will generally - 
i .  e. for ini arhitrary value of V,, - #he complex. 
Selecting the root. which represents, or threatens 
to develop, t,hc iiwtahility, we may write 

"2 = ",p ; " = v,, e h  ; 

V,I real and positive, a real, (2)  

1 %  I(( (3)  

(4) 

for it. We assume 

and infer accordingly that 

Y z Y,L (1  + & i l a v ) .  
Hence 

showing that t,he oscillation is unstable if a < 0. 
Now (2) is a solntion of (l), so 

det { E,, - . v f l z  5 " ' ~  UJH ) - 0. 

MiiltiLilying every element of the ,determinant by 
we 'get e-30 

det { E m  e - ' " ~  - v,iz UJH } = 0. 

Hence the equation 

det (EJH' - Y *  UJ,,) = 0 ( 6 )  

with 

EJH'= EJH . e- 'av (7)  

will h a r e  ;I reid root 

"2 = ",I2 

and will therefore reprcsent formally a t,ran?it,ion 
Iietwcen stahility and instability. 

Now the transformation (7)  is really aequivalent 
- provided that ay is negative - to the int,rn 
duction of a special forni of stzuctural hysteresis 
(lamping, the particularity consisting of a similar 
affection of all elastic properties, occurring in the 
calculation (all elastic forces assuming the same 
angles of lead). This particularity, however, is not 



an unsatisfactory one, if no, details about the, actual 
damping are known, or at least,, if there is, nw 
reason to compi.le.Che effect of such cfetaik. 

Thcse considerations 'read to the fdlowing Sug? 
gat ion for the performance: of flutter calculations : 

Establish equations, governing the flutter oscil- 
lations,. witpOut expiiiit cepnesentiltiom of structnural 
dampi'ng. Don't. use stability criteriay built. upon 
the coeiificienh o€ the resulting fnequetiuy cq,uabion; 
but. sohe. this equation compyeetely for a sequemue 
of .  values, of V,,. Than each. couple 

V",,  Y i J l  = I ! %  
defines a critical velocity, f .  e. a transitfan state 
between stability and instability (or conversely), 
accessory to  the angle of leaa 

. ... .. . 

- 
i l l  

.. . 

..,. 

, ~. v-,-aa,,i=-argui2 - 

&e to generalized structurak damping. These 
results permib the construetirm of a complete 
gmph of 'uerit against a (= generalized structural 
damping). 

E ai ,is mgetiw,. the generalized damping,. in 
facts: convects to a phy&ally infeasible form O€ 

generation . o i  oscillations. Yet, even: this. part. of 
the  ud,i0: a - p h e .  is not completely useless, since 
i t  may bring to light secmingly stable (indeed 

. ahtost unstable). statesv which ohange over to in- 
stahility if the system is slightly changed. Such 
changes may evens EaW \&chin bhe range of mcuraey 
of . t h e  parameters, which) mathematically &&ne 
hhe system. 

I .  . 
. , :  

\ ' .  . , . . . . .  

. .  

i . .  

, . .  
j l  . . .  

.. . .  ~ 
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The Treatment of a Tab in Flutter Calculations Including 
a Complete Account of Aerodynamic Coefficients 

hy 

Ir. A. I. VAN llY, VOORKN 

SUmmq. 

I n  this paper the equations of motion for a wing-aileron-tab system, expressing the equi- 
librium of inertia, elastic arid aerodynamic forces, are 'deduced. Explicit formulae permitting 
t,he immediate computation of these forces from the oonstructional data of the system arc also 
given. The elastic forces of the control~meehanism, which appear to depend upon the type 
of tab considered, are derived for all common tab designs (spring tab, t,rim tah.halance tah 
etc.). The aerodynamic forces are obtained by striptheory from the results of the well-known 
aerodynamic theory of an oscillating airfoil in two-dimensional flow (ref. 2-7). All aero- 
dynamic functiorLs and coefficients are made suitahle for immediate use in flutter calculations 
hy the addition o f  extensive tables at the end of the paper. These tables include also the 
numerical material, necessary for the evaluation of .T a y 1 o r-series (to the spanwise coordinate) 
of the aerdynamic coefficients, .which series have been introduced in order to facilitate the 
computation of the aerodynamic int,egrals, appearing in the approximative solutions of tlic 
equations of motion. Throughout t,hc whole report, compresd)ilit,y effects a re  negleeterl. 
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3 The aerodynamic forecs 
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3.6 The values of vs and 

Further treatment of the equations of mot,ion. 

4.1 Method of solution. 
4.2 The integrals containing the aerodynamic 

eoefficients. 

The formulae for the .aerodynamic forces 
and moments. 

4 

1 Introduction I ) .  

The main object of this paper is twofold. I n  
the first place i t  is intended to extend the methods 
of calculation for  the flutter speed of wing-aileron 
systcms, given in previously published reports (ref. 
1, 8, 9) to wing-aileron-tab systems. In  viciv of 
the increasing application of tabs and, during the 
last few years, of spring tabs in particular, this 
extension seems very desirable. I t  is facilitated hy 
thc fact that the mathematical representation of 
t,he aerodynamic forces of a wing-aileron-tal) system 
in a two-dimensional, incompressible flow has al- 
ready been developed by the fundamental work 
both of K i i s s n e r  and S c h w a r z ,  and of 
T 8 h  e o d o  r s  e n. 

In  the second place this report forms an indis- 
pensahle supplement to ref. 1, since i t  contains n 
detailed description of t h e  ,treatment of the aero- 
dynamic forces in flutter calculations. This was 
intentionally omitted from that report, since i t  
wa.~ preferred to deal with this subject when eon- 
sidering the more complete system of aerodynamic 
forces act,ing on a wing-aileron-tab conihinat,ion. 

6 List of refcrcncrs 
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. 

2 The mechanical system. 

2.1 I lepresehhon of displacements. 

and all forces are pasitisre when directed upwards, 
while rotations and moments tire positive when 
they are tailheavy, 

The most general deformation of t,hc wing-aileron- 2.2 The eqzintioiis of niofion, tab systeki accounted for, consists of 

(1) wing flexure, detcrmincd by the disglacc- 
mint  z of the reference axis, which is 11~11- 
ally chosen coi'nci,ding with bhc flexural axis, 

(2)  wing torsion, determined liy the rotation p 
of the wing chord, 

(3)  aileron deflection + torsion, determined by 
the rotation y of the aileron chord, 

(4)  tali deflcction + torsion, determined hy t.hc 
rotation E of thc tab chord. 

These equations arc obtained when the conditions 
of equilibrium, mcntiond hereunder, arc applied 
to a n  infinitely narrow strip of. the system: 

(1) tlie total of all forces perpendicular to the 
wing plane is  zero, 

(2)  t,he total of all moments ahont the referencc: 
axis and acting 011 the wing (without aileron) 
is zero, 

(3)  tlic total of all moments ahout the aileron 
hingc axis and acting on the aileron (with- 

All disnlaccments are dcfincd relative to thc ont, tnh) i s  ZPPO~ , ~ - ,  ----, .... ~~~ 

Iientral position of t,hc system. Hence, the angle 
hetwxn aileron and wing is equal to ( 4 )  t.lic total of all moments about tlie t.ah hinge 

axis arid acting on the tali is zcro. 
Y r = y - Q  (2.1) 

m d  tlie angle between tal) and aileron to 

e ,  = E - y. (2.2) 

Though in general all displacements are func- 
tiom of the spanwise coordinate y, it will nearly 
always ,he permktcd to neglcct torsion of thc tab, 
t,hus nssuming E constant along the whole tab. 
The wme approximation may often hold €or the 
aileron, especially when antisymmet,rie oscillations 
arc considered. 

Aileron flexure is assumed to be determined hg 
the deformation of the wing at  .thc hinge axis, 
making a separate representation supcrflnous. I n  
t,he same wa,y thc tab ,hinge axis is comidered to 
, m o x  with the aileron, thus determining the flcxurc - 
of the tab. 

For the treatment of the acrodynamic forces it 
mill anueav convenient to introduce two more dis- .. 
placement functions, viz 

(1) the displacement 5 of the aileron leading 
edge relat.ire to the wing trailing edge, 

(2 )  the displacement x of thc t.ab leading edge 
relative to hhe aileron trailing edge. 

Thcy arc connected with the displacements, pre- 
viously introdnced, 1)s the relations 

5 + cdiy7 = 0 and x + cese, = 0, (2.3) 

e,], resp. cer represent,ing the distances of the 
aileron resp. tab ,hinge. axis a f t  of the correspond- 
ing leading edge. 

F o r  harmonic oscillations - the only motion to 
t ic eoiniclered' in this paper - the coordinates 
vary with time according to 

z = zJ" etc., (2.4) 

xo representing the amplitndc of the oscillation 
(for wing flexure). 

Finally it. miist IIC s ta ta l  t,hat, all displaccmcnts 

The equations can, be hrought in the following 
wclldknown form, applying only to harmonic oscil- 
lations, i. e. using eq. (2.4),  

(2.5) 

where determine the inertia, etk the. elastic and 
K ,  etc. the aerodynamic fore- rcsp. moments of 
the system. 

Using matrices, the equations talrc the following 

2.3 The inertin coefficieds n ~ , ~ .  

It is convenicnt to arrange that thr inertia forces 
and hence the cocffieients mlk shall include the 
part of the aerodynamic forces, constituting the 
well-known "aerodynamic inertias". The contri- 
bution due to this effect will he denoted in the 
formulae by certain coefficients a(p,', thr values 
of ml~irh will he given in table 2.1. 



n ~ , s ,  + ni ,  ( c .  + sa)  
nl,, + 111" 

111, = ni, + ina , s1 c 

8 (y  ~ Vjl) = 0 for 1~ # 71'11 

6 (!I - h ( j 1 )  d!/ = 1 when b- < b ( j )  < b+. 
6 -  

The coefficients ntih(ji are formed in the same 
i ~ay  as t.tic eorrcsponding cocIfieicnts of t,lx eonti- 
nuoiis mass distrihution. Fo r  instance, n ~ , , ( j )  de- 
notes the static moment ahout, the aileron hinge 
axis of the conecritratcd IIIWSCS, fixed at the section 
21 = b i j ,  to .aileron or tab, diminished with the 
stat,ie moment allout the tab 'hinge axis of t,hc 
inasses fixed a t  the scetion y = hcjr to the tab. 

I 2.4 The elastic coefficients e ,x .  
i l l ld 

The elastic forces in tlie system are  due to the 

stiffness of wing (Tu), aileron (T,) and tali ('I,*) 

posscss positive values, like the displacements and Tllose to flexural and torsiollal st,iCfnessm 
the aiigtes of rotation. For instance, cu is positive arc, i E  the ilexnrtll axis of the wing is taken as when the reference iixis lies before the quarter rcfereiicc axis I ) ,  determined 119 t.lic f o l l o ~ i n g  eih- chord axis. 

Other symbols arc explained by the list of 
notations (section 5 ) .  

The t e r m  with nzin'jJ 6 ( ? / - b ( J ) )  refer to eon- 
eentratcd masses, s (]/ - 71ijl) being a singular . ~h~ eomplient,iom, if it (e .  g. n p ~ a r .  

T ' l L = l / * a  P C Z  (p=;iirdensity). (2.1@) flexural s t  ness of the wing ( H ) ,  to  the torsional 

The distances are sho~vn in fig. 2.1, where t'hcv and to ttlc clsstieity ttle meehsnism, 

, opela t,ot.s 

I)  It is " m o d  lmre tirat R flexural axis is present. 

frinction, &fined 'by: %ne@ of im cV2-qm-&tor), J L ~  mentioned in ref. 1. 



\' 120 

\O,hen T ,  or T ,  are infinitely large, the terms 
e:4a y and e,, E in the equations of motion (2.5) 
hocomc indefinite. For practical 'use the equations 
containing these terms must. at first be integrated 
along the  whole span of the tab and aileron. 

The elastic forces due to the elasticity of tho 
control meelianism depend on its design, making it 
impaysihle to give formulae vnlnable for all sorts of 
tabs. A t  first. the mmt. complicated tab construction 
in use until now, i. e .  the spring tah, will he dis- 
cussed and from the results obtaincd for  this tab, 
the clastic forces connected with more orthodox 
types will be deduced. Then the last step appeurs 
to be very siniple in,deed. 

Fig. 2.2 s h o w  the schematized coiistruct,ion of 

Fig. 2.2 Spring tab. 

the spring tab. The m a s  of the control mechanism 
will be entirely neglected. The elasticity of the 
cables from the control stick to the arm BE is 
determined by k , ,  where k ,  denotes t,he force 
in each cable necessary for  unit strain (positive in 
one and negative in t,he other cable). Likewise, 
'/2 k ,  stands for  the force producing unit strain 
in the cables HD and EB'. T,he torsion spring at  
A lias as strength k , ,  indicating the moment re- 
qnired for a torsion of onc radian. 

When the control stick is not moved, a s  in the 
case of symmetric vihrations, the force i n  each of 
thc ca'bles from the stick to B or E ,  amounts to 

K ,  = i/2 k,,a ( y ,  + a ) ,  

while t,hc force in the cables BII and E P  is: 

K ,  = 7e, ( b r ,  + aa) 

Both forem give moments abont the point A,  
tanding to rotatc the lever HE against the action 
of the spring k, .  Since the mass of tlie lever is 
ncgleeted, the elastic moments must balance each 
other, leading to the relation 

( K O  + K,) a + k,o=O, 

whence 

kuiizy, + k,nb., 
a = -  (2.12) (k" + k,) a2 + k ,  ' 

Successively the moments acting on thc tah, the 
aileron and the wing will he examined. 

(1) Tab. The forces K ,  cause an elastic moment 

(2.13) 
k,,asy,(k,a2 + k,) be ,  - K,b = k ,h  - 

( k "  + k , )  a2 + 76, 

together with a resultant force a t  the hinge axis 
C cqnal to 

a + b  
- K, . __ AC 

(2.14) 

( 2 )  ililcron Tlic aileron is subject to a momrnt 

k*a = - (KO+ Kt) a 

and to a second momcnt due to the resultant 
force at  C (2 14).  This moment is 

K,((h+b), 

making the total moment acting on the aileron 

- K,a+K.  b = 
cqunl to 

(2.15) 

Besides this moment, there is again a resnltant 
force at A amounting to 

a--e - K O . -  AP (2.16) 

(3)  Wing. The forces I(, cause a moment + K,,c, while the vertical fofces in the points 
A and P give a second moment K O  (a - c ) .  This 
makes the total moment independent of the dis- 
tance c m d  equal to 

. (2.17) 
(k ,a2+k , )  y , - k k , n h r ,  

(k , ,+  !€,)a* + IC, 
Koa = koa? 

From the obtained clastic moments, which arc 
only present in the section y = b , ,  wlicre the eon- 
trol nicchanism operates, the valnes for the elk 
coefficients can be deduced. Including the values 
of eq. (2.11) they become for a spring tah:  



d2 d2 

dY 
. e,, =2 (. =), 

epp = - - ( T n - )  + kou2S (y-lo,), 

F:i l=-a(TrF) .+ 

+ j li" ( a  + , b y  + I;, - j 6 (!/ - b,), 

I IC!, ( a  + b )  b + k2T s (y-bb,) ,  
n b2 I 

d y (  *$)+. 
+ ( 7 G " h Z  + 6,  ;) 6 (y - br ) .  

e l r  = el:, = e, ,  = e,, = ea, = = 0, 
I 1  

dy dy 
ezl = ea? = -koa ( n  + b )  6 (y - b,), 
~ , , = e ~ ~ = k , a b  S (y-br),  

d d 

/,= ' 

a2 
cj., = e*:, = 
- 

d ~ c , ,  =-- T 

a 

Fig. 3.3 Srrvo tab. 

mis t  IK sulmtitiitcd in equations (2.18) to  ohtain 
the elastic coefficients for thc servo tall. With thc 

k"kl 
ahtireviation ~ - - k , ,  denoting the strcngth k ,  + k, 
of the wholc cahlc, i t  is found: 

) (2.19) 

I 
d (1 e -  z ~ - - q ( T " % )  +k ,a 'S (y -bb , ) ,  

(2.20) 
epI = e, ,  =--,a ( n  + b )  8 ( y -  [I,), 
e, ,=e, ,=k,abS (y-b,), 

(1 d e S 3 = - -  T 
dy ( ,*)+ 

+ k , ( c c + b ) * s ( l J - ! r ) ,  
h,, = e,, = - k ,  ( a  + b ) b 6 ( y - b,) , 

111 thcsv Cornlalac (6 denotes thc distance of thc 
aileron hinge axis to thc cahles in the neutral 
position. 

For a ,halance tah (fig. 2.4) the levcr C D  is 
corinccted with a fixed point of the wing. This 

nig. 2.4 Bdanec tab. 

gives the same moments as if it wcrc conncctd 
with the coiitrol stick. The total clastic forces are 
obtained from the superposition of the two follow- 
ing ca.ses: 

(1) .the system of the scrvo tah, hut 0 rcplacod 
hy - b ,  since the cablcs do not cross each 
other, a replaced by a; and k ,  by k . ,  

(2)  t.he system of common ailcron control, oh- 
tainod by taking in thc spring tah con- 
st,ruction k ,  = k , ,  k, = 0 and k,  = m 

Then it  is found: 

E , ,  = e,:)  = e , ,  = FZ1 = CAI = e,, = 0, ' - ' I 
a 

I '  (2.21) 

+ (k,a,2 + 7wP) S.(y-h,), 
ex:,= C3*=-(k.(C1(a1-b) +k,a2)) S(y--b,), 

+~(7i,(a,-b)2+kvnZ)S (y-li,), 
e l ,=e , ,=ka (a , -b)  b 6 ( y -  b,), 

d e --- 7 ' -  + k . b z S ( y - b b , ) .  "- d y (  : 

For a rigid connection hctwecn wing and tdh, 
i. e. k8 = v) , it. follows from the coiidition that the 
clastic forces must remain finite that 

a,y,'+ b e ,  = 0. (2.22) 

When the tall is torsionnally rigid, it is possihle 
to eliminate in  fluttcr calculatiom the d e f o m -  
ation E .  

A trim tab is a device (fig. 2.5) producing a. 
constant angle hctwecn aileron arid tah. Tho - 
clastic forces are obtained lry superposition of: 

/ 
Fig.' 2 5  Trim tab 
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(1) tab control, iollowing from the formulae of, 
the spring’ tab hy taking IC, = 0, li, = m 
and u = a l ,  

(2)  a.ileron control, putt,ing now k,,= I;, , k, = 0 
and k ,  = m. 

In tota.1 

e*& = c4* = 0, (2.231 

i a c -  

For a rigid connection between aileron and lab, 
i. e. k ,  #= m , t,he tab can not perform any ascil- 
lation relative to  the ailcron. If the tab itself is 
also rigid (T,=m j ,  i t  is again pmsihle to elimin- 
ate E in flutter calcnlations. 

The foregoing holds when the control stick itself 
does not move. Fo r  anti-symmetric vibrations this 
does not apply. Neglecting the mass of the whole 
control mechanism including the control stick and 
aLqo neglecting friction, no forecs exist resisting a 
motion of the stick in  phase wit.h that of the ailer- 
ons. The result is that no strain arises in the 
eahles leading to the cont,rol,stiek which leads to 
the following changes in the fomii lac  : k, = 0 in 
(2.18) and (2.19); k,=O in  (2.20), (2.21) and 
(2.23). F o r  the horizontal tail surfaces thc same 
phenomenon occurs fo r  symmctrie vibrations. 

3 The aerodynamic forces. 

3.1 Generu.7 

The aerodynamic forces acting on a harmonically 
oscillating wing-aileron-tah system’ can he calcnl- 
&ted to f imt  apgroximat.ion - which m a n s  that 
csp~ccssions depending to the second or higher 
degree upon the perturbation of the field of flow 
arc noglectcd - under the following conditions : 

(1) tlic air  is a n  incompressihle and inviscid 

(2)  the flow is t,wo-dimcusionil, 
(3) the .\ring thickness is ncgligihle. 

fluid, 

.\Vit.h the aid of t,hcse assumptions the a c m  
dynamic forces are cvalnated hy K ii s s 11 e 1’ (ref. 
2 inid 3j, C i e a , l a  (ref. 4 ) ,  D i c t z e  (ref. 5 )  
and T h e o d o r s e n  (ref. 6 and 7 ) .  

For  a finite wing t,hc aerodynamic forces ean 
he approximated by the “strip-theory”. Becording 
to this theory the forces on a n  infinitely narrow, 
chordwise wing strip are  idcntified with the forces, 
acting on it, if the flow were two-dimensional. This 

signifies the cumplcte iicglcet of the coiiseqnenccs 
of variations in strtngth of the spaiiuisc vortices. 
It is indeed gossihle to take into aceoiint the in- 
fluence of vortices parallel to the chord, but the 
theories in question are  not fully satisfying a.nd 
give r ise to seriom extensions of the computation. 
It is thought that  a t  t,he moment the p r o f i k d o  
not balance these ohjections. Hence, no such trcat- 
ment has been given in  this paper. 

3.2 O p ~ i i  am1 sealed gap. 

it special difficulty arises from .the neglect 
of  the wing thickness when t.he aileron is aero- 
dynnmically balalieed. I n  t.his case a defk!ction o f .  
i,he aileron causes an airflow t,hrough the opening 
between wing and aileron. This flow, however, 
exists in  rca1it.y only for an ailixon, which has a 
rcrtieal displacement in regard to the wing (as 
in the case of some J n  n k e r s  constructions). 
Usually, the wing thickness prevents tlie flow 
through the opening almost entirely. 

This choke-effect cannot he adequately represciit-. 
cd in the mathematical theory. Therefore the as- 
sninption must be macle that the flow through t,he 
gap (C’C in fig. 2.1 and 3.1) is’either completely 
iinimpcdcd os completely harrcd, while in addition 
only the limiting cme of a vanishing gap width 
(i.  e. i n  the limit tlie point C’ coincides with the 
aileron lending cdgc C j  is considered. I n  the case 
of the free flow (fig. 3.la), t,hc simplified system, 

-6’s *‘,a -.. r.. - P-. 

7,- 

- L7 s ” , h  break 
4 ($3 

sharp break 
t 

through thc gap. 
Fig. 3.16 Fm flow Fig. 3 . U  No flow 

determining the pressure distribution and hencc 
the forces and moments acting on the system, 
consists of one flat  plate with, a diseontinnity a t  
the point C. Only a t  the trailing edge of the whole 
system the condition of smooth flow has to he ful- 
filled (ref. 3 ) .  

Tbc gap em he sealed by  stretching ti flat, plate 
from the trailing edgc of the aerofoil t o  the Icad- 
ing edge of the aileron. Accordingly this plate is 
placed under a very large angle of incidence (ef. 
fig. 3.2h, smooth break). The transition of vanish- 
ing gap width (fig. 3.lb, sharp break) involves no 
difficnltics except in the expression for the aileron 
force, where a term log. C’C qipears, which tend? 
to infinity fo r  vanishing gap. ,Indeed; the theory 
is only valid for  small angles of incidence and the  
transgression of this condition hrings about thc 
logarithmic singularity. To keep thc ailcron force 
finite, a certain gap width must he  retained in the 
corresponding tcrm ( in  all other terms the gap 
widt,h is neglectcd). The fixing of this value will 
he discussed in  section 34. 

14’01. an aerodynamically halanced tah the same 
qirestion arises,. hut  there heing introdueed no new 
aspects,’ t,his point can be left aside. 

through the gap. 
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? 3.3 ' l ' h c  fornirilac; for  tke  ~icrod!jn~iniic fuvcos una 

Continuing the work of ref. S and 9 (cf. equation 
(269) of ref. 8) i t  is possible to write for the 
I'otws and moments, provided that, t,he motion is 
liarmotlie and restricted to small amplitudes 

moncents. 

(3.1) 

with mL given by cq. (2.10). The other symbols 
are explained in section 5. 

Rctmecn the displacements zv ;ind z exists the 
simple relation 

z zu + c,g (3.2) 
Thc dimcnsionlcss coefficients /r2 . _ _  4. arc fune- 

t,ions of the ruduccd velocity V (=-). They 

depend also on 7 and 7', indicating resp. t,he 
ratios of aileron + tali chord to total chord and 
of the tali chord to  the total chord. They arc 
connected with the coefficients k,, ._ .  qr nscd in 
rcf. 3 by the following relations: 

V 
"C 

(3.3) 

' 1b ... q, are obtained as functions of V, 7 and 7' 
by substituting the values for  k ,  .._ q f ,  given in 

ref. 3 in the cqaatiuns (3.3) and at the samc time 
i 

2 w  
replacing - by V and 1 + T by 2 P .  The t\To 

cases of open and scaled gap hetwcen wing and 
aileron or between aileron arid tab have to he 
disthguished t.hroughout. The open gap is denoted 
by the ad'dition + and the sealed gap by -. With 
corresponding suffix 5 it refers to  the gap between 
wing and aileron and with suffix x to  t,hc gap 
between aileron and tah. It may happen, of course, 
that one gap ,has to be considcred as open and the 

(3.4) 
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(3.4) 
qe and 7; denote the values, assigned to the gap 
width (wing-aileron, r ep .  aileron-tail]) in the 
divergent logarithmic terms, divided by the total 

chord ( c f .  fig. 2.1 - CC’ r q ) .  E) 
C C 

3.4 T h o  uerodynnnLic coefficients 1 1 . 4 ~  

The aerdynamic forcm and momen’ts lib ... Q,, 
appearing in the formulae (2.5) are given by 

KI, - K ,  
M r ,  = M - c,K - N - Q,R, 
N ,  ’= N ‘ f  cdrR - Q - cea?,, 
Q L  = Q + ~ 3 .  

(3.5) 
, , 

Since in the formulae (2.5) the displaccmcnts 
z ,  9, y and’ E arc nsed, i t  is desirable to. express 
tho aerodynamic forces by the same displacements. 
This can be done by substituting f,or y, and E ,  

the values given by (2.1) and (2.2) and by elimin- 
ating 6 aud x with the aid of the equations (2.3). 
The result can he brought in the form: 

Ii, E niLv2( a,,e + a,,y+ a,,cy + a,,~,), 
.$IniL = m,~2(a,,cz+n,,cZ~+a,,czy+a,,c~e), 
N, = niLv2( a,,cz+a,,cZv+ u,~ ,&+~, , c%) ,  
&I = na,,v*(a,,cz+ “ , 2 C y r  Cr,,dy+a,,C”), 

. or A = v 2 a f ,  

where A and f are given by (2.7), while a is 
equal t o  



V 

a = in,, 
n,,c a,,cz a,,c2 a,& 

a,,c a& a& u,,cz 
ujlc a,# a,,c2 u,,cz (3 .7)  

After some calculations the following exprwions 
are obtained for the cocfficicnts a,&, 

(3.8) 

C” C d ,  Ce* 

C C ’  G 
with- c’, = - , C’d, = - , d e s -  - . (3.9) 

When the expressions (3.4) arc suhstitutcd in 
t,lie formulae (324, the coefficients ai& are obtained 
cxplieitly as functions of V, 7 and 7’. It is easily 
seen that every coefficient assumes the form 

(iik = aik(”) + a#) 4 iPV + a i k @ )  4 PVZ t 
+ et@ vz + e;& (4) iv (3.10) 

where the ai& appear in table 2.1, which contains 
the complete m u l t .  

Instead of the functions @ and X used in for- 
mulae (3.4), new functions R and T have been 
introduced. Some of these are, like the (hili and 
like IC, ... 4,. different for  open and sealed gap. 
They are again distinguished by the signs +, 
rap .  -. For the R-functions this sign is deter- 
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mined hy the argmncnt of the function, i. c. whcii 
the argument is 7, the gap between wing and 
aileron fixes the sign and when the argument is 
v‘, the sign is given by the gap between aileron 
and tab. For  the T-functions the sign is always 
determined by the first-mentioned variable. I f ,  
for instance, the gap between wing and aileron is 
scaled, hut that between aileron and tab is open, 
the calculation should bc performed with 

R2- (71, E,+  (77, l’#- ( 7 , ~ ’ )  and T,+ (T’, 7) .  

as follows: 
The functions R and T are derived from * and X 

(3.11) 
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1 ' a* II , ,  = - - - 4 4 %  

(3.11) 

0 

(3.11) 

The R and T functioiis have hcen tahnlatcd'iii 
tables 3.1 and 3.2. Only T,; and Z', are symmet,ric 
i n  the two variables '7  and 7'. 

Special attention has to he drawn to the fact, 
that not all Eli fnnctions are equal to  zero when 
7 = 0. Some even become infinite, but these are, 
according to the <i.ih-tahle, multiplied with cd,. 
Since cd, vanishcs for v +  0 thcy give productv 
O m ,  to which the value 0 must 1)c credited. For 
those 'T-functions tending to  infinity for --f 0, 



tlrc same I1olda. TtlC Eullctiolls I?, , I(,, I&, /I,, , 
N,, , I<,, ,  aiid E,, arc neither zero nor infinite €or 
1) = 0. As they tippear without a factor cdr in 
the aik-tahlc, they give a nori-vanishing contrilnition 
to tlie aerodynamic coefficients, mhieh must not be 
overseen. 

The part ~ ( ~ ~ ( 0 )  of id i l r ,  which is independent of 
the reduced velocit,y V, leads, when snhstituted in 
Hie equations ( 3 . 6 )  to forces and moments, which 
can be coilridered as due to t,lie inertia of the sur- 
rounding air (aerodynamic inertia), This is allow- 
ed since the eoeffieicnts satisfy the relation 

aiH(0) = (3.12) 

makin,g the matrix [a] (0) just like the ma% matrix m 
symmetric. The forces. due to  p,kco) are usually 
iiceourited for  by including lhem in the (mass) 
inert,i;i forccs and omitting them from the acro- 
dynamic forces, in accordance with eq. (2,s). 

3.5 Tho diveqpice  speed.  

Sometimes i t  is desirable to c;ilculate the dircr-  
gcnec speed, ivliieh makcs i t  necessary to know the 
stationary forces too. Tlicsc can 'be most easily 
derived from the instationary forces 11y the follow- 
ing limits 

0 
e 

Y + 0, T7 --f v3 , "V + -, "2 . 1 i" + 0, 

. 
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(U = 0). Acr,idyti;rmic Iialanee n 'j% means that 
tlic momont due to  a stationary deflection of the 
ailcron amounts to (100-TL) % of the moment 
wliich would arisc if the hinge axis of the aileron 
were shifted to t:hc nose, while again it is assumed 
t,liat the wing is not deformed. I n  fig. 3.2 .the 

3.6 2'Ae wilues of v S  mad q*'. 
i 

1t is1 still necessary to  give some infirmation 
coiiecrning the ra luc  of thc.gap width as i t  appears 
in  tlie terms logep and log.,?:. These tcnns enter in- 
to  the cqiint,ions (2.5) in the combinations hTtcd ,R  
and Q + coJ'. Therefore the hehaviour of N + 
c,&, wlicn 7. is varied, mill he examined consicler- 
ing for  the moment i i n  aileron without ta'li. Fort,hcr 
the wing is iwumed not, to  he suhjcot to any de- 
formations, i. e. z = 0  and ~ = 0 .  F o r  t l i c  steady 
CIISC, that is with tlic limit3 (3.13), we obtdiii 

N i- cd,R = 
= w pu'cZy ( (- i?2(i+I<20-~'d, - /<23-~ 'd ;L) ,+  (3.14) 

+ (- R,;:,+K,3-c'd, - Rz,-c'd72) ] 

W i t h  7 = 0,25, (3.14) is ploltcd in  fig. 3.2 
;hgainst ddr for. some v a l u ~ s  of q s  . It. is s l io~vn i n  
this fig. tlt;it. within tihe limits va = 0,05 c',,~ and 
7 r  = 0,10 the ordina.tc is fairly indepcnrlcnt of 
T , ~ .  It, is therefore recommcnded in ref. I to accept 
7. = 0,25 c'd? as a prcsiimahly adequate average 
value. 

For t,lic combination Q + c,,P similar reasoning 
holds, hut now z = 0 ,  =0 and y = O  must he 
inscrtcd. The same cxpression (3.14) appears, 
with y replaced lip E and ddr 11.y I,, I while the R's 
;ire fnnct,ions of 7'. A similar figure .could he 
drawn, taking for  7' a smaller value than in  
fig. 3.2 for  ?. 

fi'ig. 3.2 al1o~r.s also the immediate estimation of 
the degrcc of the stendy-state aerodynamic bal&nce 

Fig. 3.2 Acro~dyynamie moment about ailemn hiago axis. 

ordinate for. the cxisting coiifiguration divided hy 

thc ordinate for  cdr = 0 is equal to 1 -loo' giving 

a t  once the value of n. 
Converscly, t,he measured mrodynamie halance 

can t,lieorctically he used to determine q r  . 

4 ' Further treatment of the equations of motion. 

4.1 Metltod of solution 

To o/hin approximate solnt,ions of the set of, 
dil 'ferc~t.ial equations (2.6),  which after elimin- 
ation of A with the aid of (3 .6 )  takgs the form 

n 

e f  (m + a) f, (4.1) 

t,ho dcform;itiun matrix f is usually supposed to 
admit, with s;it,isf;ictory accuracy a clevclopmcnt 

'V 

. . .  , 1 
f=Zq,F,t  (4.2) 

inia ii  finite ( t t n d  ;ietiially very small) numhcr of 
deformation mutrices F,, , constructed in adranc'e. 
A good result will obviously ),e fwourcd by thc 
insertion into bhe matriccs FN of all known pro- 
pertics of tiic reqniiwl solution, e. g. by adaption 
to given I)oundary conditions. I n  this way the 
problem is reduced to  t,hc ,determiriation of all- 
proxima.te valncs of thc frequeiicies v and the 
coefficients q,, . Suhst,itittion of (4.2) in (4.1) 
gives 

I\' 

1 
X qH {e FH-  y z  (m + a) %) = [ e l ,  (4.3) 

, . ~  . 
whcrc in  the right side an  error-vector 1.1 appears, 

duc to t,he fact that for a finite number N ,  2 q,, F,, 
>\' 

1 



in general can not exactly rcprcscnt a true su- 
lntion f .  . 

Eq. (4.3) is now successively pre-multiplicd hy 
N snitably 'chosen "weighting vectors" G,' and 
intagrated from y c 0 to y = b. 
denotcs that the vector consists of one horizontal 
row. At the right side of each equation the mean 
value of the error [.I multiplied with the weighting 
vector G,' appears. The N resulting (scalor) mean 
valuw of the error are equated to zero, t!ius pro- 
ducing a set of N homogeneous, algebraic equations 
for thc' coefficients qH with the frequency Y as 
parameter (susceptihle of characteristic valnw) . 

I t  is proved in ref. 1 that i t  is recommendable 
to adapt thc vectors G,' as mnch as possible to 
t,hc adjoint companions of the requircd solutions, 
i .e .  to solutions. of eq. (4.1) with tra,nsposcd 
matrices. 

When the tab is sopposcd to he torsionally rigid, 
not o d p  E but also tho corresponding solntion of 
thc adjoint system is independent of y. I n  Build- 

ing up [ 0," E dy, the horizontal row of (4.1) ex- 
preaing the tail) equation is being mnlt ipl id  with a 
constant and then integrated. The formal difficulty 
due to the fact that . thc product ed4e in t:hc eqna- 
tions of motion is indefinite if T, is infinite, thus 
happcns to vanish automatically. 

4.2 The integrals involuim/ ncrodynnntic coeffi: 
.. cients. 

The obtained ;rlgehraic equations contain the 
aerodynamic eoefficicnts in the form of integrals 
of the type 

The sign 

m L a i k f H n n J i c n d y ;  l l , t l = l . . . N ,  (4.4) 
n i 

where the exponent n is given b y  

n-1 ,, i#1, k = l  or i= l ,  ?<#I, (4.5) 
n= 0 when i = 1, k c 1, 

n T . 2  ,, i # l  and k # l .  

f e k  resp. gJj denotes the kth, resp. thc i t h  element 
of the vectors F, resp. G I .  

Evaluation of these integrals a t  first cncoiinters 
t.he inconvenience that the coefficients n i h  are, diic 
to the expressions 4iPV etc. (see cq. (3.10)), 
fiinctions of the reduced velocity, which itself is 
dependent upon the coordinate y. This makes that 
the computation generally demands impleasant 
interpolations in the tables of t,he P-fnnct,ion. 
These ineonvcnienccs cancel if we replace thc 
fiinctions 4 iPV and 4 PV2 by T a p 1 o r-dcvelop- 
ments, referring to some hasic value T', which is 
the reduced velocity a t  the reference chord c o .  
I n  order that the siiceessive terms of these deve- 
lopmcnts decrease quickly, i t  is advantageom to 
choose for co a chord somewhere a.t the middle 
of the aileron. 

For the fnnction f ( V )  T a p 1 o r's development 
runs as follows: 

1 

f (V)=f(V, )  + ( V ~ V " ) f Y V , i )  + 
+.I/* (V-VV, )2 f '  (V") + ... (4.6) 

1 

Willi 

this bceumes 

f ( V )  = f ( V , , )  + WOf'(V0) + 
' / , $ V , z f v o )  + . . . I  (4.8) 

and applied to the functions 4i l 'V and 4PV', it 
is obtaincd that 

It is iisually not necessary to includc terms of the 

third and higher order - ( dd;J ' 

Writing for  the complex P-function 

P ( V )  =%(VI -iix(V) (4.10) 

whcrc A nnd Il a,? real and posit.ivc throughout, 
the equations (4.9) can 'he (brought in t,hc form 

I 
\ -(4'31) 

4 il'V = p, ,  + PI,( + PI>(= + ... + 
+ i (P',o + P f d  + P P I 2 P  + ... 1, 

4PVZ=p,, + &,( + P9&Z + 
--i (PI*" + PI2, [  + p'&2 ...... ), 

with (omitting the suffix 0, attached to V , )  : 

With the aid of tho differential equation oE the 
1'-function I) 

dP P (P- 1) -- i (2 1'- 11, (4.13) _- 
d V  --- V 2 v 2  

i t  is pmible  to write the last 8 relations without 
diff erential-quotients. 

1) In ref. 10 this equartim ir givon.as an equation for T,  
whcm 2 P = l + T .  



v 129 

Prr - PI, (PI" - 2) + 
+ P' , ,V(1-4 + Pznr 

- ' I + P ' n  (Pl"-2) + J7($1"-1). 

P'22:=Pl,l'(l --A) - 

. .  

:4.16) 

Tho integrak, which can he calculated by 
means of S i m p son 's  rule, are indepcndent of 
the reduced velocity 17,. This .makes. the evaln- 
ation, especially if it 11% to be carried our for 
a long seyuence of values of V,,  eomparatively 
concise, since the same integrals need then only 
to he multiplied with different filctors. 

5 Notations. 

displacement of the referenee axis 
displacement of the quarter-chord 
axis 
rotation of the wing chord 
rotation of the aileron chord (with 
regard to  the neutral position) 
rotation of the aileron chord relative 
to the wing chord 
rotation of the tab chord (with re- 
gard to the neutral position) 
rotation of the tah chord relative to  
the aileron chord 
displacement of the aileron leading 
edge relative to the wing trailing edge 
displacement of the tab leading edge 
relative to the aileron trailing. edge 
aerodynamic force of wing + ailerou + tab per unit span 
aerodynamic moment of wing + 
aileron + tab per unit span ahout 
the quarter-chord axis 
aerodynamic moment of '  wing per 
unit 'span about the reference axis 
acrdynamie force of aileron f tah 
per unit span 
aerodynamic moment of aileron + 
tab per unit span about the aileron 
leading edge 
aerodynamic moment of aileron per 
unit span ahout the aileron hinge 
axis 
aerodynamic force of tab per unit 
span 
aerodynamic moment of t,ab per unit 
span about the tab leading edge 
aerodyiiemie moment of tab per unit 
span about tlic tab hinge axis 
total chord (wing + aileron f tab) 
distance of quarter chord axis aft of 

reference axis . [  c'"=- 2) 
distance of aileron hinge axis a f t  of 
reference axis 
distanec of aileron leading edge aft 
of reference axis 
dist,anee of ailerofi hinge axis a f t  of 

aileron leading cdgc - 2 
distance of tab hinge axis aft of 
aileron hinge axis 
distance of tab leading edge af t  of 
ailcron hinge axis 
distance of tab hinge axis aft of tali 

( - J  

leading edge (e',,- 2%) 
C 

distance of the. centre of gravity of 
iving + aileron. + tah aft of the 
reference axis 
distance of the centre of gravity of 
aileron + tab aft of the aileron hinge 
axis 
distance of the centre of gravity of 
tho t,ali aft of tlic tal) hinge axis 



distancc of the dcntrc of gravity of 
the aileron aft of the aileron 'hinge 
axis 
distance of the centre of gravity of 
the wing af t  of the refcrenee axis 
mavs of wing + aileron + tab per 
unit spaii 
m m  of aileron + tab per unit spin 
n i m  of tab per unit span 
mass of aileron per unit span 
mass of wing per unit span 
m a s  of air per unit  spnn in the ey- 
lindcr surrounding wing + aileron + tab (eq. (2.10) ) 
moment of inertia of wing + aileron + tsh about the corresponding inertia 
axis per unit span 
niomcnt of inertia of aileron + tab 
about tho corresponding inertia axis 
per unit span 
moment of inertia of the tab about 
its inertia nxis per unit span 
moment of inertia of the aileron about 
its incrtia axis pcr unit span 
moment of inertia of the wing about 
its inertia axis per unit span 
moment of inertia of the fuselage 
about the longitudinal axis 
flexural stiffness of the  wing . 
torsional s t i f f n w  of the wing 
torsional stiffness of the aileron 
torsional s t i f fnes  of the tab 
total spring constant of the cables 
connecting the aileron with the con- 
trol stick in the case of a spring ~ Z I J  
system 
total spring constant of the eahles or 
r d s  connecting the t8b with the 
aileron (spring tal) and trim tab) 
constant of the  torsion spring be- 
tween the lcver HE (fig. 2.2) and 
the aileron 
total sljring constant of the cables 
comecting the control stick with the 
ailei.on (in the case of a bala.nce or 
a trim tab) or with the tab (in the 
case of a servo t.ah) 
tota.1 spring constant of the cables or 
rods connecting the tab with the wing 
(#halance tab) 
mgle  of deformation of the torsion 
spring k,, , positive if i t  tends to im- ~ . .  
c m e  y ,  
distance of the aileron hingc axis to 
the control cables 

71 

b (2)  semispan 
?I spanwise coordinate 
7J 7 y-coordinate of the section, where tlrc 

control mechanism operates 
i,(ji , ' y-coordinate of the section contain- 

ing the concentrated mass ?n,, '. i) 
"ik inertia coefficients 
Rik clmtie coefficients ' 
(lik ncrodynamir coefficients 

(I) distance of the tab hinge axis to the 
cab1e.s or rods controlling -the tab 

(11) aerodynamic inertia coefficients 
U i k ( j l ,  j = 1  ... 4 parts of the aerodynamic coeffi- 

m nmss matrix 
e clastic matrix 
a aerodynamic matrix 
A column matrix of aerodynamic forecs 
f deformation matrix 
F!, matrix consisting of special defor- 

ma.tion functions f H k  

GJ matrix comisting of weigliting func- 
tioiis gJi  

L E I  error matrix 
'f rr coefficients appearing in the devclop- 

mcnt, of f to the matrices F, 
" f rcq iicncy 

cienst defincd by (3.10) 

0 reduced frequency 

v reduced velocity 

I;, 
I'= A - iH i'midamental function of instationary 

II speed 
t t,ime 
P air density 
1L degree of aerodynamic ,l)alanee (cf. 

section 3.6) 
ratio of a.ilcron chord t o  total clioid 
ratio of t.ah chord to total chord 71 

1 8  ratio of gap width between wing and 
aileron to total chord 

IS' ratio of gap width between aileron 
and tab t o  total chord 

[-L , where eo is the reference chord 

. ,  

rednced velocitv at, reference chord 

aerodynamic forces 

7, 

c - e  
c 

I)isplaccments and forecs a.re positive if directed 
upwards, !nonitmts if tlicy are tailhcavy and rota- 
tions if they are due to a positive momcnt. The 
indcx 0 addcd to displncemctits or rotatinns denote 
t,licir amplitude. 



1’ 131 



V 132 

I ' .  

! 



1 The functions R (7) 

I 
n,i 31 io2 
0,123903 
O,11.5667 
0.10655i 
0.096703 
0,086205 
0,075145 
0,063588 
O.O,i1.59:3 
0,039199 
0.026444 ' 
0.0238.55 
0.021254 
0,018636 
0.01 6008 
0,O 13 3 i 3 
0,010722 
0.0 0 R 0 3 6 
0,00.5392 
0.002705 
n.oooooo 

Reiiort V. 1386. TABLE 3. 1 

' 

- 
R, 0 

0,035732 
0,044063 

0,025841 

0,013392 
0,008987 
0.00j624 

0,034155 

0,018967 

0,0031i9 
0:0015:30 
o.000549 
0:00042 1 
0,00031:3 
0,000224 
0.000152 
o.000096 
0.000055 
0,000026 
0,000010 
0,000002 
0,000000 -- 

-- 
E,, 

0,186572 
0,223707 
0;260476 
0.295641 
0,327839 
0,355320 
0,376868 
0.3896T,l 
0,390928 
0,376446 
0,339015 
0,3276iC 

0.2 9 9 6 9 7 
0,282429 

0,23869i 

0,174479 
0,125366 

0.314659 

0,262350 

0,21021 1 

0,nonnno 

R2, 

- 
&+ 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

.0 
0 
0 

z!! 

- 
4 - 

1,247514 
1,266855 
1,273240 
I126fi855 
1,247514 
1,214595 
1,166944 
1,102658 
1,018.592 
0,909278 
O,i63944 

0.690841. 
0.649728 
0.604757 
0.554993 
0,499008 
0.434398 
0.356507 
0,253375 
0,000000 

o,i28758 

- 
E,,  

n,oom 12 
0,00GG71 
0,006206 
0,005560 
0,004784 
0,003928 
o.003049 
0,002199 
0.001431 
0,000795 
0,000332 
0,000263 
0,000202 
o,onni49 
0,000205 
0,000069 
o,onoo4i 
0,000020 
o.onooo8 
o,oonoo:! 
0,000000 

&- 

-~ 

&, 

0,007303 
0,007674 
0,00i3i3 
0,006614 
0,005582 
0,004428 
0,003279 
0,002231 
0,001 354 

0,000260 
n,oooAoi 
0,0001.51 
0,000109 
0,000oi4 
o.ooon17 
n,oooo27 
0,000013 
0,000005 
0,000001 
0, no o o o o 

R2, 

0,000691 

-~ 

II*l 

I 

R, 

0,8i59i3 
0,848599 
0,818311 
0,784832 
0,74ii83 
0,706661 
O.hFOi45 
0.60899i 
0,549817 
0,480302 
0.393818 
0,376163 
0,3.55266 
0.33289.5 
0,308732 
0.282316 
0,252939 

0,179460 
0.l2iIl  1 

0,219424 

o.oooonn 
3 

E , ,  

0,252216 
0.21517l 
0,181691 
0.151401 
0,124026 
0,099364 
0,077273 

0,040521 
0.02.5866 
0,013846 
0,01 I784 
0,009845 

~1,057668 

n.n080:31 
O , O O G ~ S  
0,004819 
0.003438 
0,002225 
0,O 0 12 0 6 
o.oon-127 
0.000000 

%+ 

- 0,048940 
- 0,076007 
- 0,107918 
- 0.144232 

0,002313 
0,007284 
0,011267 

0,016494 
0,Ol 7329 
O,Oli476 
0,016347 
0,014194 
0,0111 18 
0,007317 
0,006499 
0.0056il 
0,004838 
0,004009 
0,003193 

0,001639 

0,000360 

0,014:389 

0,002396 

0,000951 

o,ooooon 

0,60 
0,55 
0,50 
0,45 
0,40 
0.35 
0,30 
0.25 
0:20 
0,15 
0.10 
o,m 
0,08 
0,07 
0,06 
0,05 
0,04 
0,03 
0,02 
0.01 
0,oo 

0.124027 
0,151401 
0,181689 
0,215168 
0.252217 
0,293339 
0.33925,i 
0,391003 
0,450183 
0,519498 
0,601182 
0,623837 
0,644734 
0,667105 
0,691268 
0,717684 
0,747061 
0,780,576 
0.820540 
0,872889 s,oonono 

0,131031 
0,174158 

0,255936 
0,294267 
0,330648 
0,364855 
0,396626 
0,425632 
0,451439 
0,473429 

0,4 8 0 9 4 8 
0:484390 

0,490557 
0,493237 
0:495603 

0,499152 
0.500000 

0,215843 

o,4"in 

n.487~00 

0,497604 

0,373533 
0.436445 

0,5G4556 
0,6264i0 
0,688082 
0,747685 
0,804.mo 
0,85i620 
0,905939 
0,947956 
0,955421 
0,962522 
0,969229 
0,975503 
0,981306 
0,986583 
0,991259 
0,995229 
0,998310 
1.000000 

0,500000 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 

n 

O,.j19800 
0,575840 
0,636620 
0,703809 
0,779694 
0,867367 
0,972456 
1,102658 
1,273240 
1,515261 
1,909860 
2,024324 
2,158887 
2,320454 
2.51 9812 
2,774963 
3,118i88 
3.619973 
4,456339 
6.33428,5 

-n 

0,368669 
0,323842 
0,284157 
0,244064 

0,169352 

0.103374 

0,048561 

0.205733 

0,13.5145 

0,0743~8 

0,026571 
0,02271 0 
o,oigor,2 
0.01 56 I O  
0.01 2400 
0,00944'3 
0.006i63 
0,004397 
0,002396 
o,nn084x 
0,o 0 0 p 0 0 

0,626469 
0.56355 
0.500000 
01436444 
0,373530 
0,311918 
0,252315 
0,'19,5500 
0,142380 
0,094061 

0.044579 
0,037478 
0,030771 
0,024497 
0,018694 
0,013417 

0.004771 

0,0.52044 

0,008741, 

0,001690 
o.nooono 

- 0.015771 

0,011268 
0,018468 
0,022315 
0,023391 

0.019448 

t 0,000082 

0,022.56 

0,015500 
0,010942 
0,006338 
0,005466 
0,004624 
0,003816 

0,00233i 
0,001682 
0,001094 
0.000600 

0,00305il 

o.ono2i 3 
0,000000 

0.07Y299 
0,130095 
0,181688 
0,230095 
0,275300 
0,317256 
0,355868 

0,422453 
0,449909 
0,472880 
0.476869 
0,480635 
0,484166 
0,48i448 
0,190461 
0,493 I82 
0.495577 
0,497594 
0,499150 

0,391002 

n,5ooono 

K,"+ 

0,031281 
0,032i7i 
0,033011 
0.032577 
0,031281 
0,029147 
0,0262 I5 
0,022548 
0,01&242 
0,013437 
0,008366 
0.007351 
0,006347 
0,005358 
o.on4w2 
0.003439 
0.002.368 
O,OOli :33  
0.00099:3 
0,000373 
o,ooonoo 

. R K  

- 

- 0,184349 
- 0,2'27513 
- 0,272796 
- 0,319085 
- 0,365032 
- 0,408978 
- o 448790 
- 0:456013 
- 0,46'2924 
- 0.469485 
- 0.475656 
- 0.481388 
- 0.486619 
-n,4912'ii 

-- 0,500000 

- 0,495228 
- 0.498308 

E!!!!!! 

1) ?,,+=R,,- I<,,+ :2,+=R*,- R2"+ E,"+ 

- 0,389073 
- 0,401231 

- 0,401231 
- 0,389073 
- 0,368809 
- 0.340439 
- 0,303963 
- 0.259382 
- 0,206693 
- 0,145902 
- 0,13277I 
- 0,119316. 
- 0,103536 
- 0.091432 
- 0.077004 

- 0,0471 75 

-Oo.016049 

- 0 .40m4 

- 0,062252 

- 0,031 774 

o.onoonn 

~ 

0,GO 
0,55 
0,50 
0,4.5 
n,40 
0,35 
0.30 
0,25 
0.20 
0.15 
0,IO 
0.09 
0.08 
0.oi 
0.06 
0,05 
0,04 
0,03 
0,02 
0,01 
n,on 

0.220954 
0,182594 
0,148680 
0,118825 
0,09274c5 

0,0510.58 
0,035120 
0,022'279 
0,012429 
0,OOr5480 
0.004433 
0,003498 
0,0026i3 
0,001961 

0,O 0 0 8 7 0 
0 00048i 

0,07021 7 

o,oni3(io 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 
0 

0 
0 

n 

n 

1,092791 
1,075056 
1,041906 
0,994268 
0,932871 
0,8,58305 
0,771052 
0,671516 
0,560036 
0,436909 
0,302383 
0,274130 
0.245432 

0,186706 
0,136683 
0.126218 
0,09.5317 
0,063980 
0,032206 

0,216290 

n . o n o o o o 

0.048820 

0,02i949 
0.020281 
0,0141 S3 

0,005938 
0,003425 
0,001748 
0,000i35 
0,00021 7 
0,000158 
0,000111 
0,000075 
o.oono4i 
0,000027 
0,000014 
n.ooooo6 
0,000002 
0,000000 
n,nnoono 

0,037392 

11,0094~4 

0,020363 
0.014358 

0,006307 
0.003902 
0,002268 
0,001215 
0.000581 
n,nnn23~ 
0,000074 
0,000015 
n,oonoin 
0,000006 
0.000003 
o.onooo2 
0,000001 
0.000000 
o,ooonon o.ooooon 
0,000000 
0.000000 

o,oo9io~ 

- 
EL, 

- 0.181893 
- 0,202667 
-0,214029 
- 0,216220 
- 0,209721 
-0,195242 
- 0,173745 
- 0,146457 
-0,114925 

0,220934 
0.1A2.594 
0,148680 
0, I18A2.5 
0,092745 
0.0iO217 
o , n r , i o ? ~  
0,035 I20 
0.022279 
0,012429 
o.005480 
0,004423 
0.003498 
n.on2"i 
0,00196 1 
0.001360 
0.0008i0 
0,000487 
0.000217 
O,OOOOT,4 
o.ooonoo 

o,a499ns 
0.2079Gi 
0,170424 
0,13iO 12 
0,10i533 
0,081 82.5 
O,O.i9797 
0,041 32 1 
0.02637 
0.01 4748 
0.006%29 
0.005285 
0.004174 
0.00.:193 
0,002344 
0.00162fi 
0,001042 
0.oon.m 
n,ooo259 
0,00006i 
0.000000 

- 0,738716 
- 0,742944 
- 0.723594 
- 0,678420 
- 0,604334 
- 0,496951 
- 0,349684 
- 0,1r,l981 + 0,114638 

0,4871 57 
I,O.X098 
1,213914 
1,393928 
1.604539 
1,857178 
2,170773 
2,5i9650 
3,154901 
4,ois999 
6.070306 

OJi362.1 

0,466991 
0,503631 
0,531398 
0,548592 
0,553412 
0,543832 
0,517390 
0.470732 
0.39829i 
0.379R50 
0.359i65 
0,337823 
0,31:3i09 

0.257003 

0,181530 
0.128003 

0.4231 1.1 

n,28fi992 

0.22'2592 

o.onoooo 

0,490670 
0,590998 
0,683980 
0,766.536 
0.835575 
0,88i844 
0,9 I9i94 
0,927282 
0,905079 
0,845786 
0,736892 
0,707220 
0,674210 
0.637376 
0,596047 
0,549290 
0,495672 
0.432792 

0;253370 
o . ~ T , T , ~ o ~  

n.oooooo 

0.627106 
0,488831 
0,35132(1 
0,2178.i + 0.091637 

- 0 0241 19 

0,141880 
0.107603 
0,079577 
0,057'23'2 
0,0339699 
0,026291 
0,016381 
0.009:386 
0,004761 
0,001991 
0,o 0 0 5 8 3 
0.000426 
0.000299 
0,000200 
0.000126 
0,000073 
0.000037 
omno16 
o.oooon5 
0,000001 
n.oonoon 

IL, 

- 

0,389073 
0.401231 
0.405284 
01401231 
0,389073 

0,340439 
0,303963 
0,259382 
0,206695 
0,145902 
0,132771 
0.119316 
0,105536 
0,091432 

0,368809 

0,077004 
0,062252 
0,047175 
01031774 
0,016049 
n.onoooo 

l t 2 n  

~~ 

0,087551 
0,117305.' 
0,143896 
0,16i306 
0,l8i551 
0.204681 
0.218777 
0.2'29959 
0,238389 
0.244277 
0,247899 
0,248382 
0,248792 
0.249133 
0,249409 
0.249624 
0,249784 
0,249895 
0,249962 
0,249993 
0,2.50000 

1,128189 

1,000000 
1,0637iO 

0.936233 
0,871809 
0,806025 
0,738018 
0,6666(i7 
0.590338 
0.50636R 
0,409664 
0,387947 
0,365111 
0,3409'2ti 
0.31.5065 
0,2873 25 
025637 i 
0,'Z 1 649 
0,180666 
0,127.538 
o.ooonoo 

& -  

- 0,12902i 
- 0,072911 

0,000000 
0,089'203 
0,195200 
0,319615 
0.465554 
0,638469 
0,848086 
1,113191 
1,476573 
1,569229 
1,672053 
l.787738 
1.920229 
2,075648 
2,264252 
2 , m m i  
2.811 804 

, .3,411631 
v3 - 

E,, 

0.231146 
0,1836'29 
0,142077 
0,106520 
0,07684i 
0,052824 
0,034099 
0,020210 
0,010589 
0,004j68 
0,001383 
0:001012 
0.000714 
o.no0480 
0,000304 
0,000177 
o.oono9i 
0,000039 
0.000021 
0.000002 
0,000000 

0 
0 
0 
0 
0 
0 

0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 
0 
0 

n 

n 

- 0,1260.X 
- 0,210498 
- 0,2i3151 
- 0,3084ii 
- 0,3080;C 

- 0,2946.55 
- 0.284309 
- 0.2710il 
- 0,254426 
- n,z33(m 
- 0,20i332 
- 0,173193 
- 0,12.504:3 

n,oooooo 

- 11.3024'is 

- 0,081106 
- 0,047557 
- 0.041172 
- 0 034973 ~1~~~~ ~ 

- o,o29onr, 

- o,ni'i95'i 

- 0,008545 

- 0,001 ti80 
o,ooooon 

-- 0.023314 

- 0,013005 

-- 0.004705 n:noo217 

0,o 0 0 0 0 0 
0,000054 

1) 

0,146979 
0,1ii83.5 
0,196951 
0,2049~2 
0,202637 
O.19lOfi5 
0,1714i7 
0,145358 
0.114473 
0,080963 
0.04i529 
0,041 I53 
0.034961 
0.028998 
0.023310 
0.017956 
0,013004 
0,008545 

0,001 680 
0.000000 

0.004in4 

0,485841 
0.416899 
0,351320 
0,289788 

0,181198 
0,232902 

0,13.5155 
0,0922 13 
0,061772 
0.035201 
0,015840 
0,012862 

0,007817 
n.oio18ti 

0,005757 
0,004oo7 

0,001449 

0,000162 
0,000000 

0,002571 

0,000645 

0,041 462 
0,029634 
0,020478 
0,013586 
0,008373 
0.005077 
0,00'2768 
0,001348 
0,000557 
n,oooi78 
0,000035 
o,oono23 
0,000015 
o,ooonn9 
n,oonoo5 
0,000002 
0,000001 
0,000000 o,oooono o,nnonoo 
0,000000 

0,GO 
0,55 
0,50 
0.45 
0,40 
0,3.5 
0,30 
0,25 
0:20 
0,15 
n,io 
0,09 
0,08 
0,07 
0,OG 
0.05 
0,04 
0,03 
0,02 
0,Ol 
0,oo 

0.510060 
0.3'2094 t 

- 0.04j048 

- 0.363371 

+ 0,  I 34331 

- 0,2iz:i40 

0,0629'28 
0,061333 
0.057834 
0,0,52i46 
0,046417 

0,03 1.562 
0,023846 

0,039223 

0,016509 
0,009995 
0,004760 
0,003908 
0,003129 
0,002427 
0,001806 
o,noi27i 
0,000823 
0,000469 
0,000211 
0,000054 
0,oooono 

- 0.038021 
- 0,037697 

- 0,033028 

- 0,024421 
- 0.019360 

- 0,035976 

- 0.0'29083 

- 0,014248 
- 0.009454 
- 0.005348 
- 0.002270 
- 0,001803 
- 0,001389 
- 0,001030 
- 0,000726 
- o,oon4'i8 
- n,ooo285 
-n,ooo14,i 

o,oonooo 
- 0,000056 
- 0,000010 

3,389073 
0,401231 
0,4ori284 
0.401231 
0,389073 
0,368809 
0,340439 
0,303963 
0,259382 
0,206695 
0,145902 
0.1 32771 
0,119316 
0.10.5536 
0,091432 
0.077004 
0.062252 
0,047175 
0,031i74 
0,016049 
o.onoono 

3,010996 
D.OX9.31 
O , O ~ F ~ W  
0.115370 
0,136514 
0,149923 
O,l.55190 
0.151981 
0,140010 
0,  I 19026 
0,088818 
0,081652 
0,07411 1 
0,066187 
0.0.57883 
0,049193 

0.030675 
0,020834 
0,010612 

0,040i3n 

o,oonnnn 

0,224124 
0,1380il 
0.148681 
0,15.5244 
0.l5i142 
0,133849 
0,744982 
0,130335 
0,109953 
0,084291 
0,0,54%22 
0 , n 4 m ~  
0.041977 
0,035699 
0,0294i4 
0,023371 ' 
o.nii483 
n.nii9i:! 

o.ooonnn 
0,006840 
0.002.58:3 

0,266060 . 
0,208461 
0,159155 
0,117798 
0,083931 
n.o5'iooi 
0,036367 
0,021309 
0,011041 
0,004711 
o,on14ii 
0,001o31 
O.OOO'i'26 
0.000487 
0.000308 
0,000178 

0.000012 

n.onoo92 
o.oono39 

o,oooow 
o,onoooo 

- 0,008330 + 0,020918 
0,047360 
0,069i62 
0,08iO63 

0.102934 
0,100288 
0.090205 
0,072904 
0.049342 
0,0440%2 

0.033128 
0.027577 
0,022048 
0,016632 
0,011432 

0,002530 

0.098358 

0,038634 

0,006625 

o.nooooo 

0.876606 
0.773811 
0,669630 
0,566244 
0,46,5893 
0,3'i0624 
0.28237.j 
0.202999 
0,134286 
0 077964 

1,009060 
0.891024 
O.ii093l 
O,65 I726 

0,426115 

0.233046 
0,1.>4034 

0.040899 
0,033.120 
0,0264i6 
0,020386 
0.015061 

0,006768 

0.001 71 2 

0.000000 

n , m m  
0.324423 

0.089351 

0,010318 

0,003828 

n.000430 

- 0149243i 
- 0,593948 
- 0.660840 
- 0.68:3,531 
- 0,646651 
- 0.629848 
- 0.609100 
- 0.583862 
- 0,553409 
- 0.516724 
- 0,472272 
- 0,417532 
- 0,347668 
- 0.250410. 

o,noooon 

0,035719 

0,023 I33 
0,01i815 
0,013164 

0,005917 
0,003348 

0.029 106 

o.nmi95 

n.noi49i 
0, on o 3 7 7 
o,oonooo 

I 



i I . .  



Report V. 1386. TAIILE 3. 2, 

0,430580 
0,414391 
0,396177 
0,375644 
0,352390 
0,325838 
0,295101 
0,258697 
0.213'149 
0,152906 
0,000000 

The functions 'I' (7 ,  7') and 1' ( T I ,  7) 

0,404960 
0,390817 
0,374610 
0,356058 
0,334781 
0,310223 
0.281529 
0,247270 
0,204677 
0,146668 
0,000000 

0,lO 
0,09 
0,08 
0,07 
0,06 

0,04 
- 0,03 

0,02 
0,Ol 
0,oo 

0,05 

0,4 6 4 5 6 9 
0,444441 
0,422492 
0,398423 
0,371824 

0,308360 
0,269088 
0,221362 
0,157686 
0,000000 

0 ,3mo2  

0.15 1 0.10 0,3.5 I 0,30 I 0,60 1 0,55 0,45 0,40 0,25 0,20 0,50 

0,10 
0,09 
0,os 
0,07 
0,OG 
0,05 
0,04 
0,03 
0,02 
0,Ol 
0,oo 

0,O 18 4 3 2 
0,015612 
0.012979 
0,010539 
0,008298 
0,006266 
0.0 0 4 4 5 0 

0,022538 
0,0190i5 

0,012862 

0,007638 

0,003494 
0,001887 
0,000663 
0.000000 

0,015849 

0,010122 

0,005421 

0.02i426 
0.023192 
0,019253 
0,015614 
0,012280 
0,009259 
0,006568 
0,004229 
0,002284 
0.000800 
0,000000 

0,0504iO 
0,042456 
0,035075 
0,028315 
0,022173 
0,016651 
0,011765 
0,007550 
0,004061 
0,001421 
0.000000 

0,064079 
0,053668 
0,044160 
0,035521 
0,027723 
0,020757 
0,014627 
0,009362 0,005023 

0,001753 
0,o 0 0 0 0 0 

0;002869 
0,001550 
0,000545 
0.000000 4 

Y 
w 
W 

0.45 0,35 i 0,30 '0,25 020 I O,l5 I 0,lO 0,50 

0,467908 
0,448329 
0,426825 
0,403089 
0,376699 

0,313228 
0,273676 
0,225409 
0,160756 
0,000000 

0,3470s 

0,55 0,40 

0,449089 
0,432374 
0,411663 
0,389656 
0,364940 
0.336921 
0,304690 
0,266728 
0.220089 
0,157242 
0,000000 

0,370715 
0,359327 
0,345807 
0,329897 
0,311246 
0,289332 
0,263349 
0,231944 
0,192490 
0,138271 
0,000000 

0,468962 
0,448933 
0,427068 
0,403000 
0,376328 
0,346457 
0,312468 
0,272827 
0,224560 
0,160049 
0,000000 

0.461365 0,324993 
0,317485 
0,307684 
0,295383 
0,280276 
0,261899 
0,23951.5 
0,211874 
OJi6544 
0,127290 
0,000000 

01442540 
0,421751 
0,398692 
0,372946 
0,343910 
0,310662 
0,271666 
0,223934 
0.159830 
o:oooooo 
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0,073888 
0,063486 
0,053536 
0,044088 
0,035199 
0,026937 
0,019388 
0,012666 
0,006934 
0,002466 
0,000000 

0,070527 
0,060637 
0,051166 
0,042163 
0,033682 
0,025791 
0,018574 

-0,012141 
0,006651 
0,002366 
0,000000 

0,lO 
0,09 
0,08 
0,07 
0,06 
0,05 - 
0,04 
0,03 . 
0,02 
0,Ol 
0,oo 

0,081566 
0,070001 
0,058962 
0,048501 
0,038679 
0,029570 
0,021261 
0,013876 
0,007589 
0,002696 
0,000000 

-- 
0,15 

0,042313 
0,036903 
0,031554 
0,026325 
0.021274 
0,016468 
0,011982 
0,007908 
0,004372 
0,001568 
0,000000 

0,60 
I 

0,55 0,50 0,45 I 0,40 ' 0.35 0,30 0,25 

0,056802 
0,049039 
0,041545 
0,034365 
0,027552 
0,021172 
0,015298 
0,010033 
0,005513 
0,001967 
0,000000 

0,20 

0,050382 
0,043642 
0,037088 
0,030767 
0,024735 
0,019056 
0,013804 
0,009073 
0,004996 
0,O 0 17 8 6 
0,000000 

0,i0 

0,079355 
0,068122 
0,057396 
0,047228 
0,037674 
0,028809 
0,020719 
0,013526 
0,007399 
0,002629 
0.000000 

0,076810 
0,065964 
0,055599 
0,045766 
0,036521 
0,027936 
0,020099 
0,013125 
0,007183 
0.0 0 2 5 5 3 
0,000000 

0,066644 
0,057351 
0,048435 
0,039946 
0,031937 
0,024474 
0,017639 
0,011538 
0,006324 
0,002251 
0,000000 

0,062127 
0,053532 
0,045266 
0,037376 
0,029917 
0,022951 
0,016559 

-0,010843 
0,O 0 5 9 5 0 
0,002120 
0,000000 

i- 
w 
P 

- 
0,45 0,60 0,55 0.50 0,20 1 0,15 0,25 0,10 0,40 

0,069244 
0,059510 
0,050195 
0,041346 
0,033016 
0,025272 
0,018194 
0,011888- 
0,006510 
0,002315 
0,000000 

0,35 0,30 - 
0,077115 
0,066139 
0,055676 
0,045772 
0,036482 
0,027873 
0,020030 
0,013065 
0,007142 
0,002536 
0,000000 

0,056507 
0,048773 
0.041309 

0,030959 
0,027676 
0,024114 0,020433 

0,016733 
0,013103 
0,009632 
o.nnfi4i F, 

0,lO 
0,09 
0,08 
0,07 
0,06 
0,05 
0,04 
0,03 
0,02 
0,Ol 
0,oo 

0,075662 
0,064916 
0,054666 
0.044956 
0,035844 
0,027395 
0,019693 
0,012850- 
0,007026 
0,002496 
0,000000 

0,074278 
0,063756 
0,053711 
0,044190 
0.035247 
0,026949 
0,019380 

-0,012650 
0.006919 
0,002458 
0,000000 

0,072051 
0,061880 
0,052158 
0,042934 
0,034263 
0,026210 
0,018857 
0,012315 
0,006739 
0,002395 
0,o 0 0 0 0 0 

0,065792 
0,056597 
0,047782 
0,039394 
0,031484 
0,024119 
0,017378 
0,011364 
0,006227 
0.002216 
0,000000 

0,061599 
0,053061 
0,044854 
0,037025 
0,029627 
0,O 2 2 7 2 2 
0.016390 
0,010729 
0,005886 
0,002096 
0.000000 

0,050245 0,042269 
0,043514 0,036859 
0,036971 0,031511 
0,030664 0,026285 
0,024648 0,021238 
0,018986 0,016437 
0,013749 0,011958 
0,009036 0.007892 
0,004975 0.004362 
0,001778 0,001565 
0,000000 0,000000 

0:027382 
0,021035 
0,015197 
0,009964 
0,005473 
0,001952 
0.000000 

,. . ~ ~~. 
0,003576 
0,001293 
0,000000 
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0,lO 
0,09 
0,08 
0,07 
0,OG 
0,05 
0,04 
n,o3 
0,02 
0,Ol  
0,oo 

0,IO 
0,09 
0,08 
0,07 
0,06 
0,05 
0,04 

' 0,03 
0,02 
0,Ol 
0,oo 

__- 
0,60 

0,017720 
0,015304 

0,010738 
0,008618 
0.006629 

o,ni2972 

d004797 
0:003150 
n,o01734 
o,oon620 
0,000000 

0,GO 

0,001827 
o,n01408 
0,001052 
0,000756 
0,O 0 0 5 16 
0,000328 
0,000188 
0,000092 
0,000033 
.o,onooo6 
0.000000 

0,55 

0,015501 
0,013401 
0,011371 
0,009422 
0,007569 
0,005828 
0,004221 
0,002774 
0,001528 
0,000547 
o,oonooo 

030 I 0,45 

0,55 1 0,50 
I 

0,45 

0,001624 
0,001253 
0,000937 
0,000673 
0,000460 
o,ono293 

.~0,000168 ~. 
0,000082 
0,000030 
0,000005 
o,onoooo 

- 

0,40 

0,009371 
0,008139 
0,006938 

0,004659 
0,003604 
0,002621 
0,001730 
0,000957 
0,000344 

n.oo5m 

o,oonnoo 

0,35 

0,007537 
0,006563 
0,005608 
0,004679 
0,003784 
0,002933 
0.002138 
0,001415 
0,000784 
0,000282 
0, o o o n o o 

~ 

. 0.40 

0,001541 
0,001189 
0,000890 
0,000640 
0,000437 

0,000160 
0,000078 
0,000028 
0,o 0 0 0 0 5 
0,000000 

o,noo278 

0,35 

0,001448 
0,001118 
0,000837 
0,000602 
0,000412 
0,000262 
o,nooi5i 
0,000074 
o,oon027 
0,000005 
0,000000 

0,30 1 0,25 

0,30 

0,001344 
0,001039 
0,000778 
0,000560 
0,000384 
0,000244 
0,000141 
n,oooo69 
0,000025 
0,000005 
0,000000 

-- 
0,25 

0.001225 
0:000948 
0,000711 
0,O 0 0 5 13 
0,000351 
0,000224 
0,000129 
0,000063 o , o o n m  
0,000004 
0,000000 

0,20 

0,002861 
0,002532 
0,002198 
0,001863 
0 ,ooim 
0,001203 
0,000890 
o,oon597 
0,000335 
0,000123 
o,ooooon 

0,20 

0,001087 
0,000843 
0,000634 
0,000458 
0,000314 
0,000201 
0,000116 
0.000057 
0,000021 
0,000004 
0,000000 

O S 5  

0,001658 
0,001487 
0,001308 
0,001123 
0,000934 
0,000744 
0,000557 
0,000377 
0,000215 
0,000079 
0,000000 

-__ 
0,15' 

0,000922 
0,000717 
0,000541 
0,000392 
0,000270 
n,oooi73 
0,000100 
o,oono49 
0,000018 
0.000003 
0,000000 

0,i0 

0,000706 
0,000651 
0,000589 
0.000520 
o , o n w 4  
0,000363 
o,oon279 
0,000194 
0,000112 
0,000043 
o,onoooo 

0,10 

0,000706 
0,000556 
0,000423 
0,O 0 0 3 I O  
0,000215 
0,000139 
0,000081 
0,000040 
0,000015 
0,000003 
0,000000 
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- 
0,45 

- 

0,40 
- 

0,35 0,55 0,50 0,30 0,25 0,20 1 0,15 0,10 

0,000586 
0,000447 
0.000331 

0,000721 
0,000551 
0,000408 

0,000197 
0,000124 
0,000071 
0,000034 
0,000012 
0,000002 
0.000000 

0,000291 

0,001069 
0,000816 
0.000604 

0,001296 
0,000989 
0,000732 
0,000520 
0,000352 
0,000221 
0,000126 
0,000061 
0,000022 
0,000004 
0,000000 

0,001578 
0,001203 
0,000889 
0.000631 
0,000426 
0,000267 
0.000152 

0,001940 
0,001476 
0,001089 
0,000773 
0,000521 
0,000327 
0.000185 

0,004760 
0,003499 
0,002518 
0,001751 
0,001160 
0,000718 
0,000402 
0,000191 
0,000068 
0,000012 
0,000000 * 

0,000879 
0,000672 
0,000497 
0,000355 
0,000239 
0,000151 
0,000086 
0,000042 
0,000015 
0,000003 
0,000000 

0,000160 
0,000700 
0,000058 
0,000027 
0,000010 
0,000002 
0.000000 

0,000183 
0,000104 
o.nnnoiii n:oonn'i4 ~>~ ~ ~ ~. .- 

0,000026 
0,000005 
0.000000 

0,000032 
0,000006 
0.000000 

Y 

W m 

0,GO 0.35 0,25 0,20 I 0,15' 
I 

0,45 1 0,40 
I 

0,10 0,50 

0,156041 
0,152153 
0,147372 
0,141557 
0,134.517 
0,125985 
0,715561 
0.102593 
0,085837 
0,062173 
0,000000 

0,30 

0.067061 
0,066659 
0,065763 
0,064293 
0,062138 
0,0,59149 
0,055107 
0.049661 
0,042154 
0.030959 
0.000000 

0,55 

0.179486 0,087981 
0,086819 
0,085061 
0,082610 
0,079339 
0,075071 
0,069541' 
0,062326 
0,052626 
0,038456 
0,000000 

0,004760 
0,005431 
0,006172 
0,006896 
0,007531 
0,008011 
0,008256 
0,008151 
0,007519 
0,005958 
0,000000 

0,lO 
0,09 
0,08 
0,07 
0,06 
0,05. 
0,04 
0,03 
0,oz 
0,Ol 
0,oo ' 

0,202848 
0,196963 
0,189998 
0,181782 
0,172081 
0,160567 
0,146752 
0,12 9 8 2 8 
0,108254 
0,078150 
0,000000 

0.047629 
0:174606 
0,168739 
0,161728 
0,153359 
0,143338 
0,131217 
0,116267 
0,O 9 7 0 9 6 
o.n'ioi 99 

0,047868 
0.047720 
0.047114 
0.045960 
0,044136 
0,041465 
0.037664 
0,032211 
0.0238'26 
0,000000 o:oooooo 
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0,002725 

0,001577 
0,001135 
0,0007'76 
0,000494 
0,000285 
0.000139 
0,000051 
0,000009 
0,000000 

0,002105 

T, ( 

0.40 

0,002549 

0,001477 
0,001064 
0,000729 
0,000465 
0,000267 
0,000131 
0,000048 
0,000009 
0.000000 

0,001971 
0,003310 
0,002553 
0,001908 
0,0013il 
0,000936 
0,000595 
0,000342 
0,0001 67 
0,000061 
0.000011 
0.000000 

0,003223 
0.002486 
0,0018.59 
0.001336 
0,000912 
0.000381 
0,000333 
0,0001 63 
0,000059 
0,000011 
0.000000 

0,000319 
0,000248 
0,000187 
0.000736 
0,000094 
0.000060 
0,000035 
0.000017 
0,000006 
0,000001 
0,000000 

0,000249 
0.000194 
0,000147 
0,000107 
0,000074 
0,000048 
0,000028 
0,000014 
0,000005 
0,000001 
0,000000 

0,000567 
0,000426 
0,000308 
0,000211 
0,000135 
0,000078 
0.000038 
0,000014 
0.000003 
0,000000 

0,000498 
0,000374 
0,000270 
0,00018~ 
0,000119 
0,000068 
0,000034 
0,000012 
0,000002 
0,000000 

0.15 0,i0 0,45 0,50 0,25 

0,002343 
0,001814 
0,001361 
0,000982 
0,000673 
0,000430 
0,000247 
0,000122 
0,000045 
0.000008 
0,000000 

0,20 

0,002096 
0,001 626 
0,001223 
0,000884 
0,000606 
0,000388 
0,000224 

0.000040 
0,000110 

0,000007 
0,000000 

0,001791 
0,001395 
0.001053 
0,000763 
0.000526 
n n n n ~ x  

0,001383 
0.001089 
0,000830 
0,000GO7 
0,000421 
0,000272 
0,000159 
0,000079 
0,000029 
0,000005 
0,000000 

0,10 
0,09 
0,OB 
0,Ol 
0,06 
0,05 
0,04 
0,03 
0,02 
0,Ol 
0,oo 

0,003123 
0,002409 
0,001802 
0,001296 
0,000885 
0,000563 
0.0003'24 
0,000158 
0.000058 
0.000010 
0.000000 

0,003008 

0,001 249 
0,000854 
0,000543 
0,000912 
0,000153 
0,000056 
0,000010 
0,000000 

0,002322 
0,001 737 

0,0 0 2 8 7 7 
0,002221 
0,001662 
0.001196 
0,000818 
0,000531 
0.000299 
0,000146 
0,000053 
0,000010 
0.000000 

T6 ( 

0,0001.95 

o.omon6 

0,000096 
0,000035 

o:oooooo 

0,GO 0,5.5 0,50 0,45 0,40 0,35 0,30 0,2:5 0,20 0,15 0,10 

0,032539 
0,028123 
0,023855 
0,019762 
0,025871 
0,022217 
0,008845 
0,00.5813 
0 003201 

0,028710 
0,024838 
0.021090 
0,011488 
0.014058 
0,010832 
0.007850 
0.00.5163 
0,00284F 
0,oo LO19 
0,000000 

0,024951 
0,021613 
0,018374 
0.01V254 
0,012'276 

0,006871 
0.004525 
0,002497 
0.000895 
0,000000 

0,009470 

0,021'291 
0,018470 
0,015725 
0,0130i4 
0.010537 
0,008140 
0,005914 
0,003900 
0,0021 55 
0,000773 
0.000000 

0,0177.56 
0,015433 
0,013164 
0.010966 

0,014377 
0.012528 
0.010713 
0,0 0 8 9 4 5 
0,007240 
0,005616 
0.004097 
0.002713 
0,001505 
0,000542 
0,000000 

0,011189 
0.009784 
0,008395 
0,007033 
0,00571 1 
0,004444 
0.003252 
0,002160 
0,001202 
0,000434 
0,o 0 0 0 0 0 

0,008232 
0,007234 
0,006238 

0,004284 
0,003349 
0.002462 
0.001642 . 
0,000917 
0,000333 

0,005251 

0,o 0 0 0 0 0 

0.005558 
0,004922 
0,004277 
0,003621 
0,002981 
0.002347 
0,001 737 
0,001166 
0,000656 
0.000240 0,000000 

0,003236 
0,002906 
0,002559 
0,002199 
0,001830 
0,001459 
0,001093 
0.000742 

0,001383 
0,001277 
0,001157 
0,001023 
0,000875 
0,000716 
0,000550 
0,000382 
0,000222 
0,000084 
0.000000 

0,1 0 
0,09 
0.08 
0,07 
0,06 
0,05 
0,04 
0,03 
0,02 
0.01 
0.00 

0:008864 
0,006852 
0,004957 
0,003294 
0,0018'23 
0,000656 
0,000000 

0;000422 
0,000156 
0,000000 

0,001 i45 
0,o 0 0 0 0 0 

0.45 -- 0,35 I , 0,30 0,60 I 0,55 
I 

0,40 0,20 0,50 0,25 0,l5 

0,000076 
0,000061 
0,000047 
0,000034 
0,000024 
0,000016 
0,000009 
o.oo000t5 
0,000002 
0,000000 
0,000000 

0,10 

0,lO 
0,09 
0,08 
0,07 
0,OG 
0,05 
0,04 
0,03 
0.02 
0,Ol 
0,oo 

0,000394 
0,000306 
0,000231 
0,000167 
0,000115 
0,000074 
0.000043 
0,000021 
0,000008 
0.000001 
0,o 0 0 0 0 0 

0,000127 
0.000100 
0,000076 
0,000056 
0,000039 
0,000025 
0,000015 
0,000007 
0,000003 
0,000001 
0,000000 

0,000556 
0,000431 
0,000324 
0,000235 
0,000161 
0,0001 03 
0,000060 
0,000029 
0,000011 
0.000002 
0,000000 

0,000473 
0,000367 
0,000276 
0,000200 
0,000138 
0,000088 
0,000051 
0,000025 
0,000009 
0.000002 
0,000000 

0,000185 
0,000145 
0,0001 10 
0,000080 
0,0000.55 
0,000036 
0,000021 0,000010 

0,000004 
0.000001 
0,000000 

0,000035 
0,o 0 0 0 2 9 
0,000023 
0,000017 
0,000012 
0.000008 
0,00000.5 
0,000003 
0,000001 
0,000000 
0,000000 



- 0,055528 
- 0,046993 
- 0,039041 
- 0,031685 
- 0,024933 
- 0,018813 
- 0,013350 
- 0,008604 
- 0,004645 
- 0,001629 

0,000000 

-0,064554 - 0,075501 
- 0,054584 - 0,063763 
- 0,045311 - 0,052869 
- 0,036739 - 0,042826 
- 0,028889 - 0,033639 
- 0,021780 - 0,025334 
- 0,015445 - 0,017950 
- 0,009946 - 0,011547 
- 0,005366 - 0,006225 
- 0,001881 - 0,002180 

0,000000 0,000000 

".. ... . .  . .. . . . .  

Report V. 1386. TABLE 3. 2 (continurd) 

0.10 0,60 1 0,55 .I 0,50 0,45 0,40 0,35 0,30 1 0,25 0,20 

- 0,331 880 
- 0,271294 
- 0,218404 
- 0,172214 
-0,131981 
- 0.097171 
- 0,067423 
- 0,042535 
- 0,022522 
- 0,007757 

0.000000 

. .  
- 0,107133 
- 0,090152 
- 0.074495 

- 0,131669 
- 0,110473 
- 0,091031 
- 0.073304 

c -  
0,lO 
0,09 
0,08 
0,07 
0,06 
0,05 
0,04 
0,03 
0,02 
0,Ol 
0,oo 

- 0,594387 
-0,467812 
- 0,365332 
- 0,280931 
- 0,210801 
- 0,152420 

- 0,064781 
- 0.033886 

- 0,104iio 

- 0,089228 
- 0,075241 
- 0.062296 

- x  
- 1,475335 
- 0,944950 
- 0,649708 
- 0,452116 
- 0,309285 
- 0,202367 
- 0,121646 
- 0.061 838 

. , . . . . - 
- 0,057259 
- 0,042895 
- 0,030242 
- 0,019360 
- 0,010392 
- 0,003623 

0.000000 

- 0,047094 
- 0,035365 
- 0.024986 

- 0,039527 
- 0,029732 
- 0,021042 
- 0,013520 
- 0,007283 
- 0,002549 

0,000000 

- n n1 fin29 - > - - - - - -  - 0,008620 
- 0,003011 

0.000000 
- 0;011543 

0,000000 
- 0;020564 

0,000000 4 

0,45 -- ' 0,20 - 0,15 0,10 0,40 1 , 0,35 

1.679805 1 1.5252fi2 

0,60 1 0,55 I 0,50 
I I 

0,30 ~ I 0,25 
1 

0,640804 
0,862783 
1,101005 
1,364124 
1,664684 
2,022745 
2,473997 
3,091652 
4,062751 
6,121696 

00 

- 0,015522 + 0,268453 
0,550742 
0,844367 
1,163922 
1,529716 
1,975505 
2,568461 
3,477880 
5,364093 

m 

- 0 2  

- 1.320686 
1,869867 
2,049741 
2,256100 

2,789690 ' 3,154540 
3,635338 
4,321003 
5,440805 
7,901586 

I 2,498039 

1,792624 
1.,976380 
2,186480 

2,7 2 7 0 8 6 
3,095141 
3,578817 
4,266739 
5,387352 
7,843768 

2,432010 

0,lO 
0,09 
0,08 
0,07 
0,06 
0,05 
0,04 
0,03 
0,02 
0,01 
0.00 

- Oi615097 
- 0,117901 
f 0,317881 

0,750673 
1,227179 
1,814173 
2,661677 
4.334572 
cc m m W I I 

... ... . . -  

m 



0:019245 1 0:016241 
0,015955 0,013541 
0,012820 0,010936 
0,009872 0,008460 
0,007147 0,006152 
0,004695 0,004059 
0,002585 0,002242 
0,000924 0,000804 
0,000000 0,000000 

0,012317 
0,010430 
0,008536 
0,006681 
0,004909 
0,003268 
0.001821 
0,000658 
0,000000 
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- 
0,45 

~ 

0,55 

0,047424 
0,040249 
0,O 3 3 5 3 1 
0,027286 
0.021529 
0,016284 
0,011587 
0,007486 
0,004053 
0,001425 
0,000000 

- 

0,40 
- 

0,35 0,30 0,25 0,20 0,15 0,i0 0,60 0,50 

0,054497 
0,046227 
0,038490 
0.031304 
0,024688 
0,018665 
0,013275 
0,008572 
0,004638 
0,001.631 
0,000000 

0,062616 
0,053078 
0,044168 
0,035900 
0,028295 
0,021379 
0,015196 
0,009R08 
0,005303 
0,001864 
0,000000 

0,072124 
0,061084 
0,050788 
0,041248 
0,032486 
0,024528 
0,017423 
0,011236 
0,006073 
0,002132 
0,000000 

0,083539 
0,070671 
0,058695 
0,047621 
0,037466 
0,028262 
0,o 2 0 0 5 8 
0,012925 
0,006979 
0,002448 
0,000000 

0,097716 
0,082532 
0.068442 
0,055449 
0,043566 
0,032822 
0,023265 
0,014973 
0,008077 
0,002831 
0,000000 

0,116207 
0,097906 
0,081004 
0,065486 
0_051349 
0,038613 
0,027322 
0,017555 
0,009455 
0,003309 
o,oooO0o 

0,142265 
0,119338 
0,098346 
0,079221 
0,061917 
0,046419 
0,032755 
0,020990 
0.011279 
0.003937 
0,000000 

0,184696 
0,153370 
0,125316 
0,100202 
0,077810 
0,058004 
0,040719 
0,025975 
0,013899 
0,004b35 
0,000000 

0,lO 
0,09 
0,08 
0,07 
0,06 
0,05 
0,04 
0,03 
0,02 
0,Ol 
0,oo 

0,041167 
0,034954 
0,029732 
0,023717 
0,018720 
0,014167 
0,010083 
0,006517 
0,003530 
0,001242 
0,000000 

0:230023 
0,18098 
0,140877 
0,1072X5 
0,078749 
0,054584 
0,034447 
0,018264 
0,006302 
0,000000 

-~ - 
0,35 I . 0,30 0,60 0,55 0,50 0,45 0,40 , 0.20 0,10 0,25 0,15 

1,121 816 
1,072683 
1,019224 
0,960716 
0,896174 
0,824181, 
0,742578 
0,647737 
0,532640 
0,379277 
0,000000 

7.,102302 
1,054715 
1,002786 
0,945801 
0,882784 
0,812331 
0,7 3 2 3 0 6 
0,639121 
0,525830 
0,374616 
0,000000 

1,074617 
1,029065 
0,979168 
0,924226 
0,863277 
0,794942 
0,717118 
0,626277 
0,515592 
0,367548 
0,000000 

1,038392 
0,995414 
0,948095 
0,895755 
0,837453 
0,771845 
0,696876 
0,609099 
0,501845 
0,358022 
0.000000 

0,992930 
0,953135 
0,909009 
0,859897 
0,804886 
0,742677 
0.671270 

0,302382 
0,345798 
0,364022 
0,370610 
0,367941 
0,356599 
0,336163 
0,305122 
0,259947 
0,191093 0,o 0 0 0 0 0 

0,785485 
0,7 6 0 6 8 2 
0,731453 
0,697263 
0,657369 
0,610670 
0,555476 
0,488941 
0,405541 
0,291154 
0,000000 

0,680938 
0,664498 
0,643358 
0,617091 
0,585056 
0.546284 

0,542286 
0,538833 
0,529670 
0,514684 
0,493496 0.465371 

0,lO 
0,09 
0,08 
0,07 
0,06 
0,05 
0,04 
0,03 
0,02 
0,Ol 
0.00 

0;499249 
0,441350 
0,367532 
0,264843 
0,000000 

0:42904fi . , ~ ~  .~~ 
0,382270 
0,320584 
0,232489 
0,000000 

0,484397 
0,345908 
0,000000 

~ ~~ 

0,60 1 -  0,55 1 0,50 
I I 

0,35 0,30 0,25 020 1 0,15 1 0,lO 0,45 

0,039966 
0,034314 
0,028916 
0,023796 
0,018986 
0,014519 
0,010444 
0,006819 
0,003731 
0,001325 
0,000000 

_- 0,40 

0,035482 
0,030513 
0,025753 
0,021226 
0,016959 
0,012988 
0,009356 
0,006117 
0,003351 
0,001193 
0,000000 

0,032810 
0,028252 
0,023875 
0,019702 
0,015759 
0,O 12 0 8 4 
0,008713 
0,005702 
0,003127 
0,001114 
0,000000 

0,029754 
0,025672 
0,021734 
0,017967 
0,014398 
0,011057 
0,007985 
0,005234 
0,002874 
0,001025 
0,000000 

0,026177 
0.022660 

0,021807 1 0,015840. 
0.019006 0.014146 

__ 0,10 - 
- 0,09 

0,08 
0,07 
0,06 
0,05 
0,04 
0,03 
0,oz 
0,Ol 
0,oo 

0,045120 
0,038691 
0,032565 
0,026766 
0,021330 
0;016293 
0,011707 
0,007635 
0,004172 
0,001481 
0,000000 

-0,043579~ 
0,037381 
0,031472 
0,025877 
0,020628 
0,015763 
0.011329 

0,041867 
0,035928 
0,030261 
0,024891 
0,019849 
0,015173 
0,010908 
0,007119 
0,003893 
0,001383 
0,000000 

0,037849 
0,032519 
0,027422 
0,022581 
0,018028 
0,013796 
0,009929 
0,006487 
0,003551 
0,001262 
0,000000 

0;007390 
0,004040 
0,001435 
0,000000 



- 0,006326 
- 0,004790 
- 0,003520 
- 0,002486 
- 0,001670 
- 0,001044 
- 0,000590 
- 0,000284 
- 0,000101 
- 0,000018 

0,000000 

-- 0,008351 
- 0,006296 
- 0,004604 
- 0,003240 
- 0,002166 
- 0,001352 
- 0,000762 
- 0,000365 
- 0,000132 
- 0.000022 

0,000000 

.. 

. .  
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___ 
0.15 

~~ 

0.20 0,60 0,55 1 0,50 0,45 0.35 1 0.30 I 0 . d  0,10 

- 0,057084 
- 0,034374 
-0,022597 ' 

- 0,014736 

- 0,005514 
- 0,002981 
- 0,001380 
- 0,000478 
- 0,000081 

- 0,009285 

0,000000 

0,40 

- 0,002168 
- 0,001656 
- 0.001226 

- 0,003451 
- 0,002628 
- 0.001941 

- 0,004120 
- 0,003135 
- 0,002314 
- 0,001641 
- 0,001106 
- 0,000695 
- 0.000395 

- 0.005028 
- 0,00381 8 
- 0,002811 
- 0,001992 
- 0,001339 
- 0,000841 
- 0,000476 
- 0,000229 
- 0,000083 
- 0,000014 

0.000000 

- 0,011919 
-0,008912 
- 0,006468 
- 0,004521 
- 0,003005 
- 0,001862 
- 0,001044 
- 0,000498 
- n nnniw 

- 0,019774 
- 0,014485 
- 0,010337 
- o.no7m 

- - O , l O  - 
0,09 
0.08 
0107 
'0,06 
0,05 
0,04 
0,03 
0,02 
0,Ol 
O,oo 

- 0:000873 

- 0,000373 

- 0,000103 
- 0.000036 
- 0,000006 

0.000000 

- 0,000590 

- 0,000211 

- o;ooi380 
- 0,000930 
- 0,000586 
- 0,000332 
- 0.000160 
- 0,000059 
- 0.000010 

0,000000 

-0;004tii1 
- 0,002863 
- 0.001.589 

- o;oooi9o 
- 0,000069 
- 0,000012 

0.000000 

- 0;000752 
- 0,000265 
- 0,000047 

0.000000 

-, . - - . . I 
- 0,000030 

0,000000 

- 
0,25 I 0,20 0.55 0,45 0,40 0,35 0,30 0,15 0,10 0,60 

0,539220 
0,639931 
0,755741 
0,891398 
1,054233 
1,256348 
1,519606 
1,589152 
2,480478 
3,746642 

m 

0,50 

0,348220 
0,431423 
0,527096 
0,639086 
0,773326 
0,939588 
1,155499 
1,457381 
1,937983 
2,9 6 0 3 4 6 

m 

0,01i893 
0,063636 
0,116726 
0,179221 
0,254275 
0,347057 
0,466830 
0,6 3 2 5 3 7 
0,892176 
1,431990 

m 

- 0,057084 

- 0,074436 
- 0,069038 
- 0,057017 
- 0,037722 
- 0,009222 + 0,032830 

0,099483 
0.232359 

- 0,072590 
0,lO 
0,09 
0,os 
0,07 
0,06 
0,05 
0,04 
0,03 
0,02 
0,Ol 
0,oo 

0,442971 
0,535056 
0,640932 
0,764901 
0,913599 
1,097967 
1,337770 
1,673758 
2,210121 
3,355150 

m 

0,256518 
0,330629 
0,415886 
0,515685 
0,635250 
0,78317i 
0,974961 
1,242481 
1,667030 
2,566368 

u3 

0,169549 
0,234384 
0,309059 
0,396518 
0,501278 
0,630774 
0,798379 
1,031561 
1,400266 
2,177376 

m 

0,089231 
0,144620 
0,208573 
0,283587 
0,373494 
0,484576 
0,628121 
0,827276 
1,140840 
1,797698 

m 

- 0,101382 
- 0,088433 
- 0,070704 
- 0,047483 
- 0,017555 
f 0,021150 

0,072378 
0,143742 
0.2.54261 
0,476282 

m m 



0,002822 
0,002156 
0,001598 
0,001138 
0,000770 
0,000485 
0,000277 
0,000134 
0,000049 
0,000008 
0,000000 

0,003258 
0,002488 
0,001842 
0,001311 
0,000887 
0,000558 
0,000318 
0,000154 
0,00005fi 
0,000010 
0,000000 

0,001621 
0,001241 
0,000921 
0,000658 
0.000445 
0,000282 
0,000160 
0,000078 
0.000028 
0.000005 
0.000000 

0,001865 
0,001428 
0,001059 
0,000756 
0,000512 
0,000323 
0,0001 84 
0.000089 
0,000032 
0.000006 
0.000000 

0:000249 
0,000089 
0.000015 
0.000000 

0,000307 
0,000110 
0,000019 
0.000000 

- 
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0,GO [ 0.55 0.50 0,45 0,30 0,25 0,20 1 0,15 0,i0 

0,002141 
0,001637 

0,000866 
0,000587 
0,000370 

0,001215 

0,000211 
0,000102 

0,000000 

0,000037 
.0,000006 

0,002455 
0,001877 
0,001391 
0,000992 
0,000672 
0,000424 
0,000241 
0,000117 
0,000043 
0.000007 
0.000000 

0,003795 

0.002141 
0,002896 

0,004486 
0,003417 
0,002523 
0,001592 
0,001209 
0,OOOiGO 
0,000432 
0,000209 
0,000075 
0.000013 
0.000000 

0,009940 
0,007318 
0,O 0 5 2 7 5 
0,003672 
0,002436 
0,001510 
0.0 0 0 8 4 6 

0,lO 
0,09 
0,08 
0,07 
0,06 
0,05 
0,04 
0,03 
0,02 
0,Ol 
0,oo 

6001523 
0,001028 
0,000647 
0,000369 
0,000178 
0,000064 
0,000011 
0.0 0 0 0 0 0 

0,000404 
0,000144 
0,000025 
0.000000 

0,45 -- 0,25 020 O,l5 0,10 0:60 1 0.55 
I 

0,30 

0.140987 
0,139867 
0,137i36 
0,134425 
0.129710 

0,50 0,40 

0,234490 
0,229798 
0,223663 
0,215852 
0,20G056 
0,193840 
0.17856 i 
0,759188 
0,133729 
0,O 9 7 2 4 0 
0.000000 

0.33 

0,186195 
0.183397 
0,179374 
0,173923 
0JG6778 
0,157573 
0,145764 
0,130469 
0,110028 
0,080306 
o.ooo0oo 

0,062787 
0,064111 
0,064871 
0,064949 
0,064195 
0.062413 
0,059319 
0,054473 
0,047068 
0,035154 
0,000000 

0,032015 
0,033868 
0,035409 
0,036538 
0,037132 
0,037037 
0,036042 
0,033825 

0,022691 
0,029821 

0,000000 

0,009940 
0,011261 
0,012725 
0,014147 
0,015395 
0,O 16 3 2 8 
0,016785 
0,O 16 5 4 2 
0,015234 
0,012054 
0,000000 

0,338li6 
0,329196 
0,318339 
0,305304 
0,289688 
0,270924 
0,248166 
0.220023 
0.183851 
0,132999 
0.000000 

0,285314 
0,278650 
0,2701 26 
0.259776 
0,247143 
0.231730 
0,212794 
0.189120 

0,099553 
0,099835 
0,099325 
0,097881 
0,095321 
0,091393 
0.085736 
0,077770 
0,066426 
0,049076 
0.000000 

0,lO 
0,09 
0,08 
0,07 
0,06 
0.05 
0,04 
0,03 
0,02 
0,Ol 
0,oo 

0,123285 
0,114699 
0,103228 
0 087511 0;158400 

0,114849 
0.000000 

0,064194 
0.000000 
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Functions of the reduced velocity determining the aerodynamic forces 
of an oscillating wing. 

1.13862 
1.23928 
1,35221 
1 ,47934 
1.62304 
I ,  i8608 
1.97167 
2.1 8463 
2,42944 
2.71271 
3.04248 

\ 

4,42729 

5,86810 
6.83662 

9.56066 
1’1 5 1  572 
14.08767 
17.:56834 
22,45429 

5,07845 

8.04064 

0,00000 
0,05000 
0,10000 
0,12500 
0,16667 
0,2 0 0 0 0 
0,25000 
0,33333 
0,41667 
0,45455 
0:50000 
0,51020 
0,53191 
0,55.556 
0,58140 
0,60976 
0.62600 
0,64103 
0.65789 
0,67.568 
0.69444 
0.71429 
0,73529 
0,75758 
0.78125 
0.80645 
0.83333 
0,86207 
0.89286 
0,92593 
0,96154 
1.00000 
1,04167 
1.06696 
1.13636 
1.1 9048 
1.25000 
1,31579 
1.38889 
1.47059 
1.56250 
1,66667 
1.78.571 
1,92308 
2.08333 
2,27273 
2.50000 
2.77778 
3,12500 
3.57143 
4.16667 
5.00000 
6.25000 
8.33333 

25.00000 
iz.mooo 

m 

1 2 v,, 

v 
70,oo 
3,oo 

2,50 
2,oo 
1,50 
1.20 
1,lO 
1,oo 
0,98 
0,94 
0,90 
0.86 
0,sz 
0,80 
O,i8 
0,713 
0.74 
0.72 
0,70 
0,68 
0,66 
O,64 
0,62 
0.60 
O,58 
0,,56 
0,54 
0.52 
O,.jO 
0.48 

0,44 
0.42 
0.40 
0.38 
0.36 
0.34 
0,32 
0,30 
0,28 
0.26 
0,24 
0.22 
0.20 
0,18 
o,ie 
0.14 
0.12 
0.10 
0.08 
0.06 
0.04 
0.02 
0.00 

4,OO 
3,OO 

0,4e 

- 
P I 0  

0,00000 
0,00249 
0,00984 
0,01525 
0,02667 
0,03784 
0.05769 
0,09808 
0,14618 
0,:17019 
0,20055 
0,20757 
0,22276 
0,23967 
0,25854 
0,27970 

0,30354 
0,31659 
0,33051 
0,34535 
0,36120 
0,3iR15 
0,39631 
0,41580 
0,43674 
0,45928 
0.48360 
0,50989 
0,53835 
0,56924 
0,60284 
0,6:3948 
0.67953 
0,72343 
0.77170 
0,82492 
0,68381 
0.94921 
1,02211 
1,10371 
1,19546 
1,29914 
1,41696 
1,55161 
1.70658 
1,88624 
2,09637 
2.34457 
2,64129 
3,001 21 
3,44604 
4.01005 
4.75314 
5.80007 
7,52079 
OX m 

0,29126 

- 
P * , O  

0,00000 
O,lO012 
0,20096 
0,25184 
0,33753 
0,40700 
0,51’L95 
0,69468 
0,88327 
0,97129 
1,07887 
1,10330 
1,15563 
1,21318 
1,27670 
1,34717 
1,36537 
1,42678 
1,46856 
1,51399 

1,613131 
1 ,F6836 
1,72695 
1,78964 
1,8 5 6 9 4 
1,92933 
2,00742 
2.09187 
2,18344 
2,28304 
2,39174 

2.641.70 
2.78616 
2.94639 
3,12488 
3,32483 
3,55011 
3,80557 
4,09730 
4.43315 
4,82320 
5,28087 
5&2406 
6,4774i 
7.27560 
8,26953 
9:.i3465 

11.19 103 
13,43860 
16.63848 
21 ,Ti1080 
29,73464 
46.33509 
96,37253 

1,56222 

2,51081 

m 

0,00000 
0,00501 
0,02010 
0,03148 
0,05626 
0,08140 
0,12824 

- 0,23156 
0.36803 
0,44149 
0.53943 
0,56290 
0,61469 
O,Gi400 
0.74Z7 
0.82145 
0,86585 
0,9139i 
0.96615 
1,02297 
1,08487 
1,15256 
1,22674 
1,30830 
1,39816 
1,49753 
1,60777 
1.730.54 
1.86774 
2,021il 
2.19523 
2.39174 
2,61543 
2B71-12 
3,16606 
3,50761 
3,90610 
4,37478 
4.93072 
5,59643 
6.40204 
7,38860 
8.61283 

10.15554 
12.13343 
34.72155 
18.18950 
22.97093 
29,79578 
39.06i97 
55.99504 
83,19241 

134.44247 
247,78861 
579,18863 

!409,31325 

P” 

0,00000 
0,00012 
0,00098 
0,00191 
0,00445 
0,00757 
0,01442 
0,03269 
0,06091 
0,07736 
0,10027 
0,10590 
0,11849 
0,13315 
0,15032 
0.17055 
0,18204 
0,19438 
0,20828 
0,22332 
0.23982 
0,25800 
0,27805 
0,30024 
0.32484 

0,38273 
0,41690 
0.45V26 
0.49848 
0,54735 
0,60284 
0,66612 
0,73862 
0,82207 
0.91869 
1,03115 
7.16291 
1,31835 
1,50310 
l,T2454 

0,35221 

1,99244 
2,31990 
2,72492 

3.87859 
4,71561 
5.82324 
7,32679 
9.43319 

12.50507 
17.23022 
2>,06283 
39,60952 
72,50081 

188.01 975 

3,23252 

- 
PI? 

0,00000 
0,00496 
0,01.938 
0,02982 
0,05 145 
0,07215 
0,10802 

0,25725 
0.17801 

0,29540 
0,34247 
0.35319 
0,37615 
0,40137 
0,42912 
0.45977 
0,47630 
0,4 9 3 7 2 
0,51206 
0,53142 
0,55186 
0,57346 
0,59629 
0,62047 
0,64610 
0.67326 
0.70210 
0.73275 
0,76536~ 
0.80006 
0.63705 
0.8i650 
0,91864 
0,96366 
1.01 183 
1.06339 
1,11863 
1,17785 
1.241 37 
1,30950 
1,38258 
1.46001 
1.54479 
1.63445 
1.72997 
1.831 30 
1.93802 
2.04929 
2,16348 
2.27784 
2.38781 
2.48609 
2.56106 
2.59446 
2.55708 
2.40053 

0,00000 
0,10036 
0,20281 
0,25532 
0,34523 
0,41954 
0,5%34 
0,74036 
0,960433 
1,06721 
1,19478 
1.22440 
1.28810 
1.35650 
1,43658 
152362 
1,57097 
1,62117 
1.67444 
1.73115 
1,79148 
1,85590 
1,92470 
1,99843 
2,07748 

2,25410 
2,35306 
2.46021 
2,57652 
2,70313 
2.84139 
2,99287 
3,15938 
3,34304 
3,54657 
3,77295 
4.02602 
4.31038 
4,63171 
4,99707 
5,41548 
5,89830 
6.46055 
7,12188 
7,90908 
6.85917 

10,02524 
11.48603 
13,3641 1 
15.86168 

2,16250 

19,33956 
24.514e3 
33.05218 
49.94017 

100,13323 

P,, 

0,o 0 0 0 0 
0,01003 
0,04038 
0,06339 
0,11380 
0,16531 
0,2e208 
0,47835 
0,76821 
0,92567 
1.13682 
1,18759 
1~,29984 
1,42673 
1,57750 
1,75049 
1.84770 
1,95319 
2,06775 
2,19267 
2,32894 
2.47823 
2.64196 
2,82227 
3.02119 
3.24148 
3.48618 
3,75904 
4,06436 
4.40739 
4.79440 
5.23313 
5.73302 
6.90553 
6,96498 
7.72973 
8,62228 

, 9.67218 
10.91736 

’ 12:40777 
14,20997 
16,41441 
19,14549 
22,57967 
26,97065 
32,69675 
40,33742 
50.81884 

87.69695 
122.08541 
179,89021 
287.65891 
523,22337 
203,44073 

197 2,6441 0 

65,e8963 
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0,10108 0.16927 
0,10158 0.19i68 
0.10197 0.20656 

P 2 2  

0,00000 
0,00504 
0,02055 
0,03252 
0,05928 
0,08723 
0,14097 
0,2fi513 
0,43691 
0,53186 
0,66050 
0,69160 
0,760.57 
0.84006 
0,93215 
1.0.?961 
1,’10014 
1,16594 
1,23749 
1,31564 
1.40099 
1.49461 
1.59740 
1,71071 
1.83582 
1,97445 
2.12852 
2.30036 
2,49264 

2.95215 
3.22R00 
3,541!43 
3.90088 
4,31350 
439080 
5.34G15 
5,99704 
6,76568 
7.68106 
8,7815:l 

10,11867 
11.76265 
13,81212 
16,40716 
19.75471 
24,16791 
30,14218 
38.49722 
50>67258 
69.39257 

.100,34385 
15i.11362 
279,31020 
627,37445 

503,43557 

2 , m w  

0,00000 
0,00037 
0,00285 
0,00544 
0.01232 
0.02046 
0,03753 
0,07982 
0,13974 
0,17264 
0,21663 
0,22714 
0,25030 
0.2i669 
0.30686 
0,34156 
0.36086 
0 38162 
0,403396 
0,42610 
0,45475 
0,48236 
0,51269 
O..iSfiO> 
0,5,8207 
0,62130 
0,66407 
0,71062 
0,76200 
0.81812 
0,87979 
0,9477 I 
2.02271 
1, 10 566 
1,19765 
1,2999:3 
1.41 39 I 
1.54133 
1 ,68416 
1.84473 
2.02582 
2.23076 
2,46349 
2,72888 
3,03277 
3,38254 
3,78744 
4,2397: 
4,81621 
5,48149 
6,29506 
7,32797 
8.72700 

10.8F104 
14.89958 
26.99204 






