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Preface

Thizs Volume of “Verslagen en Verhandehngen contains a selection of .

reports published by the NLL. -

To give a better survey of the sclentific work, carried out at the NLL,
and of its organization, it is decided to include a shortened version of the
Annual Report lnto the Volume, whmh Wlﬂ be issued in a yearly edition
- from now on.

In section A a survey is glven of the organization of the NLL and the
eonstitution of bhe Board, in section B a -deseription is given of the. seientifie
work of the various seetions, when posmble accompanied by the number of
the xeport in which the results are published. A list of non-printed technical
reports and other mlscellane(ms publicatigns published during 1953 concludes
this section,

C. ZWIKKER,

Director,

July 1954,
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Thirty.fourth Annual Report
of the
National Aeronautical Research Inét_itlite
N.L.L.
1953

A. Board and organization.

In 1918 the Ministry of War established the “Studic-afdeling van de luchtvaartdienst”, ﬁrﬁi'ch

soon. changed its name to “Rijksstudiedienst voor de Luehtvaart” (R.S.L.).

By Royal Decree of 16 February 1920, no 67 the RSL has been incorporated into the Ministry
of “Waterstaat” and regulations werc given ag to its task and dutles bemg aemnautlcal research

in the broadest sense of the word.

In 1937 the “Rijksstudiedienst voor de Luehtvaart” has been transformed into the Institution
“Nationaal Luchtvaartlaboratorium” by the (Government -in co-operation with the Association of
Duteh Aireraft Manufacturers, the Royal Dutch Airlines {(KIAM) and the Royal Duteh Aeronautical
Association. Members of the Board of the Institution were appointed by the participating govern-

mental and private bodies. All members serve as such without compensatlon
On 31 December 1953 the Board consisted of the following members

for the Ministry of Education, Arts and Seciences Prof. Dr Ir H. J. van der Maas
Technical University, Delft
President,

for the Ministry of Transport and “Waterstaat”  J. W, F. Backer

Dir. Cen. Department of Civil Avmtmn

Vice-President

1. Neher ' S
- Postmaster General

Prof. Dr D. Dresden

President National Council fior Industrial

Research. TNO

for the Ministry of War '  Maj. Gen. J. A. Bach '
. s Dir, of Ordnance and Supphes Royal Dutch
, " Air.Force
for the Ministry of the Navy - “ Commander J. Lugtenburg :
. "I'Dlr Air Materiel ])1v1s10n Royal Duteh Navy

for ,the Ministry of Overseas Territories Dr J. W. de Stoppelaar .
o _ Head Department of Economie Affalrs o
for the Ministry of Keonomic Affairs Drs H. P. Jongsma ‘

Dir. for Financial Participations
for the Royal Duteh Airlines, KL.M C. Wijdooge

' KLM Head Teehn. Sales Department

for the ‘Royal Duteh Aeronautical Association * Prof. Dr W. J. D. van Djjck

Seient, Advisor Royval Duteh Shell
and as observer for the Ministry of Finanee Mr Q0. W. Vos .
Director of the Laboratory, _ - Prof. Dr C. Zwikker’
Secretary-treasurer of the. Institution, Mr G. C. Klapwijk.
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Under the Act of Incorporation, the Board is assisted. by an Advisory Scientific Com-
mittee appointed by the Minister of Transport. The present members are:

Chairman to be appomted

‘Prof Ir D. Dresden Vice Chairman -

National Counecil for Industmal Research TNO

Prof. Dr J. M. Burgers :
Technical University, Delft . ) ”
Prof. Dr Ir W, F. Brandsma ' '
Technical University, Delft

Prof. Dr W. Bleeker

Royal Duteh Meteorological Institute

Prof. Dr Tr W, T. Koiter

Technical University, Delft

Maj. Gen. Prof, Dr Ir G Otten
Air Materiel Command, Royal Duteh Air Foree

Dr J. H. Greidanus
Royal Duteh Au'crdft Factories Foldker

Secrctary, Ir J. van Buuren.

" During ‘the year the orgamzatmn of the Laboratory' has been, ehanged in stch a way that the
scientific activities -have been divided into 7 scientifie sections:
Aerodynamics (A)
Combustion (C)
‘Flutter and theoretical Aerodynamies (IF)
. Helicopters (H)
Materials and Structures (M and 8)
Flying Models {Q)
Flight Testing (V)
and 7 scientifie serviees:

Bleetronic Laboratory

‘Windtunnel Equipment

Model Construction ‘

Analogues - ' - :
Computing Office :

Library and Docamehtation

Catalogue of Aerodynamic Measurements.

v

In the middle of May 1953 the Government approved the proposals of the Board for continuing
the extension of the windtunnel equipment of the laboratory. In the second half of the year the
Board was able to-contract the completement of the Pilottunnel (small high-speed tunpel) and the
power station.

The President of the Board and the' Director of the Laboratory were appointed National
Delegates' to AG,ARD by the . Minister of War and attended the meetings of the AGARD
Windtunnel-panel in USA, the General Assembly in London and of the Combustion Panel in

Cambridge (Hngl,). o v st . _ b
B. J-TheALa.bora.tory. "'-:m S "’f) e Come ‘ -
1 General. u )

The laboratory was staffed by 42 scientists (engineers, mathematicians and physieists),
33 gradnates of Techniecal Colleges, 87 technicians, 32 administrative officers and 20 other em-
ployees, 214 in total. 15 members of the staff, among whom 8 engineers, were in military service.

Research contracts were given by the Netherlands Aireraft Development Board (NIV), the
Air Matertel Command of the Royal Duteh Air Foree and Navy, the Roval Duteh Airlines and
the Department of Civil Aviation.

" A number’ of small orders from the industry, including testing and calibration of apparatus
and wind-tunnel measurements on ship-models ete. has moreover been ecarried out. -

The planning and design for the new windtunnels monopolized the attention of a number of
engineers. The cooperation within the Adwvisory Group for Aeronanutical Researeh and Development
was of gheat value 'for these-and other problems in the laboratory. vy dair foo

The projects for the high- speed windtunnel, the pilottunnel and the supersonie «windtunnel are
being adapted to the new developmenis. The pilottunnel will be in service in 1954, giving the
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NLTL the- disposal of a windtunnel with a working-section of 042 X 0.55 m* for high subsonic
speed (to ‘Ma=0.95). The large high-speed windtunnel, which was originally- planned ‘for highs
subsonie speed, has been redesigned as a transsonic tunnel for Maeh numbers up to 1.3 with a
ivorking section of 2.00 X 1.60 m® The design of the supersonie tunnel has also been revised in
view ‘of the newest developments.

‘New methods of model-construction were studied including eopymg—lathe machining. A hlgh-
altltude low-temperature instrument-testing cabinet and a Siemens apparatus for ultrasoniec research
of materials have been put into use.

Research has been: started on the use of sirain-gauge balances, on measuring aerodynamic
and flight characteristies of wings and complete aireraft by means of free-flying models, on the
apphca,blhty of analogue computers and on ecombustion problems in ramjets.

2 Aerodynamics S ection

* Besides model measurements for the development of various alreraft designs, 1nvest1gat10ns have
been made on the following subjects: :

Model of Siebel-iaboratory aeroplane.

Measurements have heen made on the influencing of the wing-fuselage mterference by splits in
the wing alongside the fuselage-wall or by a fairing (Report A.1310).

Results of model tests with the Siehel aeroplane and Govier sailplane have heen summarlzed
and compared with flight tests (Report A.1292 (Siebel) and Report A.1322 (Gévier)).
. The influence of working propellers and flaps on the indication of an angle-of- attack and slip-
indicator before the fuselage-nose has been investigated (Report A 1324).

Swept wings.

The influence of a flat plate in the plane of symmetry on the flow along a symmetrical swept
wing has been investigated in view of the application of wall-mounted half-models (Report A.132Z8).

The flow and pressure distribution over swept wings have heen investigated, partmularly the
inflienee of the varlatlon of camber along the span (Report A.1332).

3 Fluti,;er and theoretical aerodynamics section.

Boundary layer theory.

TiMMAN'S one parameter method for the ealcula,tmn of laminar boundary layers (F.35) was
extended to compressible flow. Sinee there exists an interaction between the velocity and the tem-
perature profiles in compressible flow,-at first a separate investigation towards the temperafure
boundary layer in incompressible flow hay heen performed (Report F.127, F.130). Report F.141
contains the description of this method for flows with arbitrary pressure gradient, Pranorn and
Maci numbers and for the cases without and with heat transfer at the wall The method can be
applied’ for two-dimensional and for rotationally-symmetric tlows.

A semi-empiric method for the caleulation of turbulent houndary layers in compresmble flow
was developed. (Report F,132).

The investigation of the laminar part of the boundary layer of a swept wing was continued.
The general method of caleculation has been described in Report F.66. The swept-wing has been
schematized by a flat ellipsoid. The potential flow dbout this ellipsoid at zero 1nc1dcnce has been
ealculated in Report F.74.

, L ' .
Load distribution of swept wings in steady flow

A generalization of PraxpTL’s equation was derived tor the caleulation of the load distribution
o swept wings of large aspeet ratio. (Reports .95 F.121). For wings of arbitrary aspect ratio
a lifting surface theory, which uses a series expansion for the chordwise vorticity distribution, was
developed (Report F.129). Tf this chordwise vorticity distribution agrees with that of an infinite
flat plate, the method becomes identical with WF'ISSINGER s method. A 3

‘i

.heory of transsonic and supersonlc flow.

A study was made of the theory of supersonic conical flow (Report F.152). By aid of this
theory stahbility derivatives for rolling motion have been caleulated for a certain swept wing in the
MuacH number range from a little over 1 to 1.5.

An investigation is being made about (FULLSTRAND'S rnethod for the ealeulation of the flow
about a profile in steady transsonic flow.

Oscillating aerofoils. ; af,

The ecaleulation of aerodynamiercoefficients for an oscﬂlatmg-wmg fla,pﬂsystem in- two~d1men—
sional :subsonic - flow- was continued: It was shown in report F.142 that the solution of the exact
stheory’ (TmMaN’s thesis, F.54) satisfied the Possio eqnation. .For a.number of values of reduced
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frequeney Macs- number-and ‘ratio between flap and wing ehord, exaet numerical:results are avail-
able: These. results have been interpolated toward the reduced frequeney with an interval of 0.02
in the range 0 t0 1 {Report F,151). Results will alvo be interpolated toward the chord ratio,

A strip theory was developed for the ecaleulation of the aerodymamie forces on an oscillating
swept wing of large aspect ratio (Report ¥.146). These forces depend only on sectional quan-
tities' and contain corrections due to the angle of sweep eompared with the forces given by strip
theory for a straight wing. Aecrodynamie forces have heen -measured for a wing-flap system at low
speeds. In order to compare experimental and theoretical results the mﬂuenee of tunnel wall cor-
rections has heen investigated (Reports F.69, P, 1-10) P

Flatier. . _ .
The influence of eompressihility on the flutter speéd of a family of rectangular wings was in-

vestagated Report ¥.118 contains result for & wing without flap, whlle in report F.147 resulis

for a wing with flap are given.
The inflnence of & gust alleviator, producing tlap deflection due to wing bending, on the flutter
speed was investigated for a certain configuration. :

Experimental supersonic flow.- ST : e

Some measurements of the pressure dlstrlbutlon around a rotdtlonally symmetric halfmodel in
the 3 X 3 em? supersonic windtunnel at inereased stagnation pressure were made (Report F.133)
ahd eompared with the results obiained abroad in larger tunnels

4 - Materials and structures section,

Theoretical structures work,

The theoretical work of the department was mainly concerned with continuations of - studies
initiated in- 1952 on the stress and deflection analysis of swept wings, plastie buekling theories on
flat plates, as well as a comparison with experimental results, and the caleulasion of design charts
for diagonal tension field webs, supplementing previously published charts.

The design charts for incomplete diagonal tension fields give the effective stresses according
to Huemr’s yield criterion and thus enable the determination of the range of validity of the pre-
vious charts, concerning average siresses and strains in the clastic range (Report S.427).

The work on swept wings led to an inclusion of the principal diagonal of thé deflection matrix
between fairly narrow limits (Beport 8.417). Further improvement of the computed stresses in
the reinforced skin will he attempted. As a result of the literature search on plastic huckling a
programmé for tests with flat plates and square tubes was set up (Report 8.423). -

Static testing of struectural components,

- .Bhear tests were earried out on a second series of webs with lightening holes. Reports on the
flrst test series and on torsion tests of wing leading edges, carried out in 1952, were published
(Report,” 8,413, £.421). Tikewise, a report on {ests to detemme the effeciive widih of 24 B-T flat
plates in the plastic range was eompleted and a second test series on this subject was carried out.
The test results led to simple design rnles for determining the effective width and the load-car-
rying capacity (Report S.414).

. ‘A’ report was completed, containing the results of a quahtatlve study and some tests on the
etfeetlve radlus of aircraft tyres’ (Report s, 428)

Fatlgue

Various fatigue mvestagatmns contmued:to form an 1mp01tant part of the research progr&mme
Among the tests on structural components’ may be mentioned:

repeated load tests in tension on lugs and on riveted' joints ‘in 24 S ‘T alcldd sheets to,inves-
tizate 'the effect of a vamatlon of some important design parameters (Report M. 1932, M. 1943),

- repeated load tests in tension to investigate the effect of the fit (posmve and nerrdtwe clear-
ances) of pin-hole Jomts on their fatigue strength; :

repeated load tests in compression or threc-point bending with va-rious types of glued built-up
spar booms of simple or more complicated shapes (Report M.1936).

" A more investigation was coneerned with the verification of the eumulative-damage hypothesis
for riveted joints {Report M.1923) and simple noteched and unnotched 24 S-T alclad strips.

" The interndtifnal eollaboration on fatigue hetween various European labovatories, which was
started in 1951, was continued, the most important cvent being a conference at the Aeronautical
Research Institute of Sweden in Stockholm.

AEER R
Rapid-loading.otests. ‘- N VTS N I
Rapid-loading tests representative of gust or landing™loads on aircraft ‘were carried out on
riveted-and bolted joints in tension, strips of varicus weldable materials in tension (Report S, 415)
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and simple U-sections of the same materials in 3-point bending (Report. 8.430). The riveted joints
showed ultimate strengths up to 15% less than the statie strength; the U-sections showed a signi-
fieant increase in strcngth compared with a statlc test. .

Adhesives and plasties.

Apart from the tests on bonded spar booms, mentioned under “Fatigne”, and a number of
ad-hoe tests on bonded stiffened panels, the second part of a systematie 1nvest1gat10n concerning
the "Aero Rescarch pecling test was earried out (Report 3. 1940).

After the completion of a literature search on glasstiber- and. similar laminates a series of tests
fo determine the wmechanical properties of glassfiber poh ester laminates was started (Report M. 1817).

+

5  Flight testing section.

Stdbility and control

Besides flight tests and caleulations” concerning severil prototype and commercial aircraft,
measurements have heen made of the longitudinal .‘atdbllltY and control of the Siebel- laboratory-
aireraft in gliding flight with feathered propellet-s for ecomparison with windtunnel measurementq
(Report V. 1698).

The influence of the compressibility (unto a 1\[aehnumber of about 0.8) on the dynamic 1011g1-
tudinal stablhty has heen studied (Report V.1648).

-An investigation has been made into the cause of t1rrhtemnw and its connection with stability
characteristies (chmt V. 1725),

Varlous

Some model- tests on the problem of lightening hazard have been carried out. An apparatus
for determining the drag:of pneumatie ducts dlld a Machmeter ealibration stand have been
eonstructed.,

Some memoranda have been drafted for AGARD on special flight- tebtmw methods and
apparatus.

The. Siebel Laboratory aeroplane asm‘red in the droppings of food and materials during the
floods in Fehruary 1953,

6  Helicopters section.

Assistance has been given for the drafting of airworthiness requirements for helicopters. In
cooperation. with .the SOBEH an cleetrical analogue is under construction for the investigation of
vibrations,

T  Documentation and Publications,

Central Documentation of Aeronantical Literature (C. C:L.).

Through the activities of the AGFARD-Documentation Committee a cooperation has been started
hetween the C.(C.I1. and the Index Aeronautiens, the Institute of Aeronautical Sciences and. the
Service de Documentation et d’Information Technigue Aéronautique,

Wlth some representatives of the ASLIB Aeronautical Geoup the improvement of the aero-
nautical ‘chapters of U.D.(C. has heen discussed with' the ObJeﬂt of attaining an internationally
usable code. Moreover proposals have heen made under auspices’ of the AGARD-Documentation
Committee for revision of the NACA classﬁmatmn with the aid of the C.C.L.-classification.

Catalogue of Acrodynamie Measurements (CAM).

The interest which AGARD took in the CAM, resulted in a ;|01nt meeting of the ASLIB-
Aeronautical Group and some AGARD-representatives in Cranfield, during which meeting the
N.L.L. initiative was encouraged. At the followin-g.AGARD-meeting in September in London all
~eountry-members were recommended to subseribe to the catalogue. The definite manufacture of the
cards was started and ai the end of the year it was possible to send 400 cards to each of the
28 institutes, which had entered a. subseription to the CAM at that time.

Publications.

In the September-meeting of the AGARD-Documentation Committee some recommeridations
were made on standardization of size and format of reports and on ineluding eatalogue cards in
reports, which, eaused some alterations in the publishing of the N.L.L. reports.

(¢! ¥n 1953 152 reports were completed, of which the following were pub‘h‘shed:
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F. 92 Bosschaart, A. C. A.
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U 5 &

F. 121 Vande Voo'ren., AL

F. 125a De Kock, A. C.
Van de Vooren, A. T.

¥.127 Zaat, . Al

F. 129 Van deVooren, A. I.

lf‘. %33 Arthur, P. D.

F. 134 Mejjer, A. W.
Arthur, P. D.

M. 1893 Hartman, A,

M. 1917 Hartman, A,

S.I '405 Bentlem, J. P,

S. 407 Besseling, J. F.
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.- Plantema, J. F.
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Rom, G

bh)  Miscellancous Publications;
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MP. 75 Van de Vooren, A, L

MP. 178 _
MP, 80 Rondeel, J. H,

1
MP. 81 Bartelink, J. A.

Survey of some. theories on lift distribution. of wings with ‘large
aspect ratio. {In Dutch)

Aerodynamie coefflexents of an oscillating aerofoﬂ w1th 2 pressure-
seal balanced aileron.

,'Dhe generalization of P.R.AND’I‘LS equatlon for yawed and swept

wings,

The N.L.I.. card system cataldgue of aerodynamie measurements.

A oneparameter ‘method for the caleulation o’i the temperature-
profile of laminar incompressible houndary layer flow with a pres-

. gure- gradient, -

An approach to lifting surface theory.

Diseussion of some hypersomc wind tunnel problems and condens—
ation of water vapor in wind tunnels:

Test at high reservoir pressure of a rotationally symmetrie half
model mounted on the wall of a supersoniec wind tunnel

The peeling tests of Redux-bonded light élloy sheet, I. (In Duteh).
Literature search on asbestos and glass-fiber laminates. (In Dutch).
On the stress analysis of -swept wings. (In Duteh).

On the buckling of rods and plates in the plastic region. 1. Theory,
(In Duteh).

Additional investigation ‘on. the failure of flat stiffened plates in
diagonal tension under shear loads. (In Dutch).

Comparative fatigue tests with 24 ST Alclad riveted and bonded
stiffened panels,

Shear tests on 24 ST unstiffehed and stiffened webs with ﬂanged
holes. Part L

The experimental determination of the effective width of flat plates
in the elastic and the plastic range. (In Dutch}.

A semi-auntomatical impaet testing-machine for struetural éompo-
nents. (In Duteh).

Take-off tests with a T]ger Moth towing a Gower sailplane. (In
Duteh). o )

Literature search on all-weather approach lighting.

Lok 1 A g -7 S

Aerodynamic coefficients of an oseillating airfoil with eontrol sur-
face in two-dimensional subsonie flow, Journhal Aervo. Sei, March
1953, Vol. 20, No. 3, p. 153--159.

Reports of the N.L.I. -on the .collapsing. stresses of thin walled
eylinders and round tubes. (1941—1948).

A solid-guide fixture for determining the compresmivé ‘pr‘opertles
of thin-sheet materials: Polyt. qusehr Vol. 8, No. 43/44, 27-X-
1953, p. 785a. (In Duteh). -

A strain gauge leakage téster (In Dutch) Polyt T],]dSehr Vol. g,
Nr. 25/26, 13-V1- 1953 p. -465a. .




MP,

MP.

MP,

MP.

MP.

MP.

MP.

MP.

MP.

MP.

82

83

85

86

871

88

89

90

81

92

MP. 101

MP. 102

Rondeel, J. H.

Plantema, F. J. -

Schering, D. C.

Timman, R.

Rondeel, J. H.

Rondeel, J. H.

Scherpenhuijsen
Rom, G.

Seherpenhuijsen
Rom, G.

De Jager, . M.

Van Spiegel, E.

Hengeveld, J. P,

Marx, A. J.

Pool, A,

XI

Some particulars on measuring methods used in structural testing
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REPORT A.1263.

Experlments on the Two-Dimensional Flow over a N.A.C.A. 0018
Profile at High Angles of Attack

by _
H. WITKER.

Summary.

Pressure distributions over the surface of a model with N.A.C.A. 0018 profile in two-dimensional flow were measured
at a2 Reynolds number of about 2,7 3 10°. Transition points were found by the liquid film method and separation phenomenae
were studied mainly with the aid of tufis.

The lift coefficients at high angles of attack were caleulated for a model with agpect tatio 6.

The influence of the tumnel walls on the pressure distribution over the suction side was determined theoretically.

Contents, 1 Introduction.
1 Introduection. In order to check Zasr’s methed for the eal-
2 Lift measurements. culation of the separation point of a tunbulent
3 The transition point. boundary layer (ref. 1), some experiments were
4 Turbuleht separation and stalling. carried out on a cylindrical model with N.AC.A.
5 Comparison of theory and experiment. 0018 profile at high angles of attack and at a
6 References. RevxoLps number of about 2.7 X 104 The model
T RV . o . had a chord of 0.6 m and a height of ahout 2 m.
Appendix L C‘t]({u?d‘tlgn &f clihef hﬁ‘ at ‘hig}; It extended from the floor to the ceiling of the
antg es\ti_ﬁa 4 or ah - aspeet test section of tunnel 3 of the N.I.1., the vertical
Appendis T0 ;(11'1"110 fﬂ: ¢ tunnel walls on the walls of which are 3 m apart. The intensity of
Apbpendix LAt ¢ d‘? " 'b1‘?n ’ the turbulence at the test section of the empty
pressure distribution. tunnel is about 3% °/,,.
3 tables. The lift was caleulated from the measured pres-
14 figures. surc distribution over the surface of the model,
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Pressure distribution along the chard of a VACA 0018 proflle at Re=2.7 XIO"
{For legend p. t.0.)
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Pressure distribution along the chord of a N.A.C.A. 0018 profile at Re=2.7 X 109,
Legend :

* The left side of the model is suction side

——-— The right side of the model is suction side ,

h =total head; p = static pressure; p({c) ==static pressure at infinity
g == dynamic pressurg at’infinity; aAp—=p —p(e0)=p—h1q.

0, =origin of the coordinates at «° angle of ineidence
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the transition point was determined by the lignid
film method (ref. 2) and separation phenomenae
were studied mainly with the aid of tufts,

The experiments were performed on behalf of
the “Nederlands Instituut voor Vliegtuigontwikke-
ling” (Netherlands Aireraft Development Board).

2 Lift meaurements.

The lift was caleulated from the measured pres-
sure distribution along the chord 90 cm from the
tunnel floor (fig. 1). Though the tunnel floor

and ceiling introdueed strong secondary flows over:

the surface of the model ({ig. 3a}, it may he as-
sumed, that the pressure distribution in the middle
part of the model is hardh mtlueneed hy them
(ref. 3).

The lift cocihelents (', are given in fig, 2. In
order to get a better appm\mmatlon to the frec
flow value, «, the angle of attack in the tunnel,
is tsnally corrected (ref. 3, vol. III, p. 301). In
the case on hand, however, these eorrecti(}ns were
smaller than 0.1° for the whole range of measured
1ift coefficienis and have therefore been omitted.
Some asymmetry in the model and the tunnel flow
caused differences between the lift. cocfficients at
eorresponding posmve and hegative angles of
ineidence.

In the stalted flow COHdlthn ), fluctuates with
time; only a few instantaneous values are given.

€r, max, the maximum value of 0, and the cor-
'responding angle of incidence a,, are compared
with those, found in several N.A.C.A. reports
(table 1).

All N AC.A. measurements, however, were car-
ried out with & model with an aspeet ratio A =6.
From this, ¢ was corrected with the aid of the
formula given on p. 10 of ref. 5, leaving ), con-
stant, in order to get values for infinite aspect

ratio. This formula only holds for a linear (;-a-
relation and therefore the values of €y, p.y and’ am
for infinite aspeet ratio,. given in the N A.C:A.
reports, referred to in table 1, have to be rejected.

In order to he able to make a comparison, the
Cy-e-relation for A =6 has been caleulated from
the measurements "for A == using MuLTHOPP’S
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TABLE 1.

Maximum lift coefficient O, e and. stalling angle e, for a cylindrieal aerofoil with N.A.C.A. 0018

profile.

Source Aspect Ratio A 10-% Re LC,,_ maz | o Tunnel
N.AC.A. Rep. 460 6 3.16 b 23° V.D.T. == Variahle
fig. 8 (6 =)™ 15 17.5° Density Tunnel
N.A.C.A. Rep. 586 (6 =) o 2.97 143 | 19° VD.T.
fig, & 2.36 143 | 17 .

1.25 1.33 16.5° -

0.65 1.28 10.5° .o
N.A.C.A. Rep. 647 6 3.4 1.30 18.5° Tull Scale Tunnél
fig. 9 . _ _ .
N.A.C.A. Rep. 669 6 3.33 134 | -21° - |. VDT,
fig, 34 7.84 1.43 21.5¢ ‘ -
N.IL.L. Rep. A. 1963 Q. 2.9 1.26 - T 16.8° 77| N.L.L. Tunnel No. 3
fig. 2 N 1.16 16.3° T

(0->) 6 Ly 1.05 L1790

*) (6 =) & means, that the value for infinite aspect ratio iy derived from the measured one at A = 6.




method (réf. 6), the experimental stalling contours
given in ref. 7 and the flow characteristies of
fig: 3b (see appendix I). The result is line TII of
tig. 6 on page A.7. The values of Oy, pax and o,
from this line are inserted in table I. Though the
shape of line TIT of fig. 6 ressembles that of line IV
closely, (line IV gives experimental results of
N.ACA. measurements (ref, 7)), the differences
in Cn max and a, are cvident. These differcnees
can not be explained as belng due to the influence
of the tunnel walls on the pressure distribution;
on’ the contrary, calewlations, carried out in ap-
pendix II, show, that this influence consists of a
flattening of the pressure curve over the suetion
side, so that separation is delayed. That means,
one may cxpeet somewhat higher valeus of €, max
and a, in the tunnel than in free flow. However,
in the cases under econsideration the flattening
effeet of the tunnel walls on the pressure distri-
hution appears to be extremely small (fig. 10
gives the differences 1, —1T,. of the ealeulated
static pressure cocfficients in free flow and in
tunnel flow (additional suffix 2) as well as the
differcnees of their gradients along- the chord).
It may he pointed out that the differcnce in
Cr, max OV a, hbetween the lines IIT and IV, of
fig. 6 does not deviate much from the difference
in Cu mex OF @, between the lines I and II. So,
if the C,wline for A=06 would have heen cal-
culated from line II, the resulting line might have
beent in close agreement with dine IV.

3 The transition point.

Transition points, as obtained by the liguid film
‘method (ref. 2), are given in fig. 8b. At high
angles of attack transition may be preceded hy
laminar. separation, in which case the liquid film
method indicates the point, where the main flow,
turbulent now, rejoins the surface.

4 Tiarbulent separation and stalling,

Originally an attempt was made to get some
information about regions of separated flow from
the speed of evaporation of a diguid rubbed onto
the surface. Following vef. 8 the movement of
the lines, separating wet and dried parts of the
surface, may give the required information In a
number of eases. The experiments, however, fail-
ed, probably beeause the variation of drying time
with place in the explorved regions is small eom-
pared with the variations intreduced by inequality
of the thickness of the liquid layer over the surface.

Therefore we passed over to the usual teehnique
with tufts, neglecting the influence of the tufts
on the flow, '

The following ohservation were made:—

For those cases, in whieh the turbulent boundary
layer separates from the surface at a < e, (e, I8
the angle of attaek at which € is a maximum),
the separation point does not fluctnate appreciably
with time, nor does the pressure at any point what-
soever. 3o €, is constant with time.

For a > ey, stalling oceurs. The separation point
moves irregularly to and fro along a region of the

.

chord, that will he called the “swept over region”;
the ehanges with time in the pressure distribution
may be congsiderable und the changes in ¢, as well.
From the movements of the tufts an estimation
has been made of the place and extent of the
swept over region, the outer points of which eould
he defined only to the nearest 5 % chord (fig. 3b).
The vesults for the case, where the left side of
the .model (fig. 3a} is the suction side, are given
in fig, 3b. It is guestionable, whether the position
of the separation polut on the middle part of the
model will he the same with and without strong
secondary flows on the upper and the lower part.

For very small positive values of a —a,, sepat-
ation took place at the back of the swept over
region nearly continually, only now and then the
separation point moved forward. For higher values
of @-—ay,, the separation mostly took place in the
front region of the swept over region; occasion-
ally it moved back.,

A vortex indicator (ref. 9} was placed at a
distanee z from the plane through the chord and
the frailing edge at the suction side of the model,

. Fig. 3

Flow characteristies on a two-dimensiona! model with
N.A.C.A. 0018 profile at Re=2.7 X 10° in a tunnel
with about 314 %/, turbulence intemsity.

~ -Direetion of flow.

Fig. 3a
. - Left hand side of the model.




The projection of the indicator on this plane lay
about 20 ¢m behind the trailing cdge.
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Tho Ieft hand side of the model is suction side.
T points, where dJI /d(s/¢) has a maximum following
ref. 1,
IT points,
ref. 1.
IIT points, where dII./ d(s/c) becomes very large foflow-

ing ref. 1.

z,, is the value of a for which C, _C

it

whero dH / di(s/c) has a minimum following

Lymar

For small positive values of a«— a, the follow-
ing thehaviour of the indicator was observed .—

18t for small values of z the blade wheel of the

indicator turned round continually ;

2ud for high values of z it did not move at all;

3rdi for intermediate values of 2 it started and

¥ stopped alternately.

Correlation hetween either rotation or non rota-
tion of the blade wheel and the position of the
separation point was not very marked. Only for
those cases in which the time interval, during which
the separation point stayed at one of the outer
points of the swept over region of the chord, was
rather long, the following correlation secmed to
oceur i —

When the separatmn pmnt stayed. as close as
possible. either to the leading edge or to the
trailing edge, the blade wheel respeetively moved
and was stationary durlng the greater part of the
time interval.

5 Compa,rison. of theory and ,experiment.

ZAAT has obtained a number of theoretical results
(ref. 1), whieh may be compared with the results
of the measurements given in this- report. As for
the pressure distributions, Zaar himself has alrcady
compared the caleulated ones with those given in
fig. 1. The agreement is reasonable.

Furthermore Zaar found, that for o greater
than some value between 10° and 12° the wra,dlent

dH/d(s/c) along the surface (H = ratio of dis-
placement thickness to momentum thickness, s the
distance from the leading edge of the point eon-
sidered, measured along the surface) first inereases
with increasing s, then decreases and finally in-
creases rapidly fo very great values (ref. 1, fig. 6).
The value of s, at which the line dH/d(s/¢) versus
s has a vertical asymptote, is the absecissa of the
separation point. For «==10° the maximum and
minimum were missing, but a vertical asymptote
existed already.

Lines I, IT and IIT of fig. 3b" give the points
of the max1mum minimum and vertical asymptote,
obtained by ZAA’I‘ versus a (the coordinates of
ref. 1 are reduced to x/e).

It appears, that the caleulated wvalues of the

separation points (line IIE) lay about 15 % nearer
to the leading edge than the measured values; the
gradients of the lines, however, are very much
the same.
- Line I, the line of the maxima, coincides with
the forward boundary of the swept over region
at « ==ay . Though the directions of the two lines
are somewhat different, the deviations are un-
important,

The agreement of caleulated and measured values
is surprisingly good, considering the inaceuracies -
involved both in measurements and theoretical
method.

ZaaT reasoned that the dlstance between the
maximum and the asymptote is maximum for the
stalling angle e, (the distance between maximum
and minimum appeared to he greatest for « =au
as well), From this he found that e,==16°. The
measured value was 1614° if the left side and
1634° if the right side of the model was the
suction side. A very good agreement again be:
taveen theory and.experiment.

The fluctuations of the separation point may
be explained as follows:—

During the formation of a wvortex behind the
dead region (ref. 1) the separation point moves
forward. If the vortex is earried away, the blade
wheel of the vortex indieator, placed at an inter-
mediate value of 2 (zﬁdlstance from the plane
through leading and trailing edge), will turn
round. If the separation point stays in its for-
ward position for a longer time, it is believed,
that ‘a series of strong vortices is formed be-
hind the dead region and carried along with
the flow, so that ‘the blade wheel turns round
eontmuously As long as the separation point is
in its rear position, however, the flow does mot
carry along such strong Vortlees and the wake is
smaller, so that the blade wheel of the vortex in-
dieator in its intermediate- -z-position is not hit by
vortices and does not revolve.

So the hehaviour of the indicator, described in
§ 4, though not being extremely expressive, sup-
ports Zaar’s cxplanation of the fluctuations of
the separation point reasonably well
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APPENDIX L

Caleulation of the lift at high angles.of attack
for an aspect ratio A—=@6,

The lift L of an aerofotl ean be caleulated from
the formula

-l--_%-s
L:pV / I‘dy
,%S'.

in which s = span, T" = eirculation per unit of
length, ¥ = eoordinate in the direction of the span,
V =veloeity, p= density.

As ¢, = L/} pV?%cs (we shall write ¢, for the lift-
coefiicient of an aerofoil with finite aspect ratio

A =s/¢, €y for the two-dimensional lift coefficient
{A =), we find for a symmetrical aerofoil with
constant chord ¢

(I-1)

1

6= A f dn (1-2)
—1
R L - _ Py
in which y==T/Vs and y =y/3s (— 1 < 1).
. Omee ', versus a is known, the caleulation of y
for the case when the span is normal to the velo-
¢ity, may be based on the following formulae
(ref. 10, p. 137)
' 1

Y = ETCI (ﬂfer[ )

¢ rl¥aff, ==&~ &ing,

Qind. — ’H)/V -

+3s
L Fav/dyay
T4V | y—y'
~3s
L p (dy/de)dy
27 - Rl

(I-3}

The Elements of Aerofoil and Airscrew

A6

Here eff. == eifective, ind. == induced, w == in-
duced velocity (negative in the direction.of the
lift), Cplaerr.) means €y as a function of aerr.

MuurHopr (ref, 6) has worked out a method of
caleulation, which may be used also for the case,
when ('; is not proportional to «., However, one
element of the method is the interseetion of a
line PQ with the Cp-wline (fig. 4) and this

CL

Pig. ¢

may lead to more than one solution. Indeed, for
a number of o's 1 appeared possible to get con-
sistent solutions following MuLrHOPP’s method with
an arbitrary ehoice of y* in a certain region along
the span. Herein y* is the value of ¥ for that
eross section, whieh separates the stalled flow
from the unstalled one. It must he pointed out,
that of the mutual influences of the flow in a
neighbouring eross section only the influence due
to the induced veloeity has been taken into aceount;
the other influences have heen neglected, so that
velocity components in the direction of the span
have not been considered.

In order to be able to carry out calenlations
for an aerofoil with A =6, we used values of y*,
derived: from experiments in the following way . —

Fig. 13 of ref. 7T gives stalling contours of an
aerofeil with N A C.A. 0018 profile and A =6 at
Re —=2310° This RevvoLps-number is nearly the
same as that at which our measurements: were
carried out (viz, 2.7 X 10°). From fig. 3 of this
report we conelude, that « > @, for those cross
sections, for which the separated flow extends to
more than 30 % chord from the trailing edge. So
drawing lines parallel to the trailing edge at a
distanee of 30 % in fig. 13 of ref. T (fig. 5b), one
finds the value of y* from the intersection of this
line with the given stalling contours. Fig. &b
gives n* = y*/%s versus e

The values of y are given in table 2 on page A 8.
In order to be able to draw graphs y vs 5 (fig. 5a),
the following considerations have to he taken into
account —

18ty must be a continuous funclion of 5. A dis-
continuity would mean, that a concentrated
vortex leaves the sur-face. This vortex would
induee veloeities, which tend to infinity in the
neighbourhood of the vortex. So from.physie-
al point of view a discontinuity of y has to
be excluded.

2nd dy/dy must be 3 contmuous function_ of «
Assuming a discontinuity for 5= 17, dy/dn
can be considered as the sum of two funetions,




Fig. 5a.

a continnous function (dy/dy), and a diseon-
tinuous funetion (dy/dy), which will be as-

Distribution of the dimensionless cireulation

v = [ /sV along the span for an aercfoil with N.A,C. A,
0018 profile and aspeet ratio = 6 caleulated from the

3rd

4th

drawn € ¥s a-line of fig. 2.
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sumed to he zero for 5 > g and 4 < — g
and to have a constant value ¢ for
— e << ng. ,
- ’ ’ .
Then ;. =—14 / Mwﬂl contain
27 7—n
-1
the term L in m, which tends to in-
2 T—n4
finity if » approaches cither 54 or — . So
trom physieal point of view a discontinuity
of dy/dy is impossible,
aerr, Shows o discontinuity, if the Cp-a-graph
shows o discontinuity. TFor, assuming that
there i3 no discontinuity, e would decrease
continuously from e > ap 10 werr, << @ fOT
increasing | 5 |. So the C-y-graph would show
a discontinuity and, as y=0C./2 A, the y-p-
graph as well. This is in contradiction with
the 15t point. '

The y-n-graph has a point of inflexion with
vertical tangeni where au. shows a disconti-
nutlly. aorr., and as a consequence w have
discontinuities for p=4»* and y=—19*, in
which

A7

w{n* — 0) — w(

14
_w(—a*+0) —w(—y*—0)
o Vv

7t = 0)

=aq, $ay.

. (I-4)

We separate both w and dy/dy into two parts:
w=w, + W,

dy/dy = Ay, /iy + dya/dy -5
in such a way, that
1
wi/V = zlw | {d";/_‘f’fz,d”' (i=1,2) (I-6)
and -
w2=-_—l):V tor —1¢ n<-——n and for

7* < g 1

w,=-—bV + &V for —p* <y < 4*

The constant b will he chosen later.

By choosing w, following (I-T), w, will be a
continuous function of 1.

Now we introduce the new coordinate S where

(I-7}

p=—1008 3. (I-8)
Then formula (I-6} becomes
wi(3}/V =
1 " (dyi/d cos ¥) sin 348
T 2a {./ ¢os 3’ —ecos 3 (i=1,2). (I-9)

Expansion of w,(9)/V in Fourier series with
period = gives

w, ($)/V = i —Eisinzms* cos2n9. (1-10)

Here the constant term for =0 has been chosen
zero, which is the case for

b={1—25%7)a.

From (I-9) and (I-10) it follows that

dy,/d eos 3 = Z T%mZﬂS"‘ sin2nY =
=1 <3
—2 4{(:032714 — %) —cos2n(¥+595%) }
n=—=1 MWmwT

(I-11)
which may be easily verified with the aid of the
definite integral

x

/

i
Using the formula
§w cos N
ad
n=1 n

and omitting the dash of 8, formuia (I-11) leads
to )

cos Y d9
cos S —eos 5

sin n9
sin 5

(ref. 10, p. 93)

——In (2sin _;-) (e. g. ref. 11, p. 390)

sin ($++ 5%)
sin (8-—3%)
From (1-12) it follows, that dy,/d cos.3 becomes
arbitrarily large if S approximates either 3* or

dy,/d cos S = -2;3 In (I-12)

— 5%




TABLE 2.

Cireulation coefficient y = I'/Vs versus p =y/(}s) and « for an aerofoil with N.A.C.A. 0018 profﬂe and aspect ratio 6
(Centre line of the model : 3=0),

0.9952 | 0.9808 | 0.9569 | 0.9239 & 0.8819 | 0.8315 | 0.7730 | 0.7071 | 0.6344 | 0.5556 | 0.4714 | 0.3827 | 0.2903 | 0.1951 | 0.0980 0
172 — 0.0361 — | 0.0615 — 0.0769 — 0.0849 —_ 0.0892 — 0.0913 — | o094, — 0.0928
18 — 0.0378 — 0.0647 — 0.0806 — 0.0886 e 0.0925 — 0.0048 — 0.0958 — 0.0958
18.5°  [-0.0203 | 0.0384 & 0.0536 | 0.0658 | 0.0749 | 0.0815 | 0.0859 | 0.0889 | 0.0909 | 0.0923 | 0.0928 | 0.0928 10.0900. ] 0.0783 | 0.0768 | 0.0767
19° 0.0208 | 0.0392 | 0.0545 | 0.0667 | 0.0759 | 0.0823 | 0.0867 | 0.0893 | 0.0909 | 0.0917 | 0.0894 ' 0.0783 | 0.0768 | 0.0767 | 0.0766 | 0.0767
19.5° 0.0213 | 0.0400 | 0.0658 | 0.0682 | 0.0773 | 0.0837 | 0.0878 | G.0902 | 0.0914 | 0.0894 |“T)—0'78—4_ 0.0773 | 0.0773 | 0.0771.| 0.0772 | 0.0772
20° 0.0216 | 0.0406 | 0.0365 | 0.0690 | 0.0781 | 0.0843 | 0.0883 | 0.0900 | 0.0886 [m_ 0.0775 | 00775 | 0.0775 | 0.0775 | 0.0775 | 0.0775.
21° 0.0224 | 0.0420 | 0.0584 | 0.0709 | 0.0801 | 0.0860 | 0.0895 | 0.0888 | 0.0789 | 0.0782 | 0.0783 | 0.0783 | 0.0783 | 0.0783 | 0.0783 | 0.0783
230 0.0233 | 0.0437 | 0.0608 | 0.0740 | 0.0832 | 0.0886 | 0.0918 | 0.0908 ! 0.0792 ! 0.0785 | 0.0787 | 0.0787 | 0.0788 | 0.0787 | 0.0788 0.0788;_1

The double line separates the stalled part (belovﬁ at the right) from the unstalled one, following fig. 5 b.

TABLE 3. '
o

Pressure dlstmbutlons and their gradients over the suction side of a N.A.C.A. 0018 profile in tunnel flew (suffix 2) and free flow (no sufflx) at angles
of attack «=10° and «=16° (II =dynamic pressure coeffieient, IT, —static pressure coefficient).

% chord from 1. from fig. 1 goff]‘h?ﬁa;g‘)l 0, — I, % chord from dna,z/d(x/c) dil,/d(x/c) ddn‘* . ddna,,z
leading edge |4—10°| a—16° a— 10° | a—16° | @ 10°| a—=16° leading edge | ,=10°a=16°|a=10° | a=16° afggl_!_a(—j/lfil ‘
0 0.60 | 200 | 0.5988 | 1.9982 | 0.0012 | * 0.0018 | :
5 329 | 4.39 | 3.2890 | 4.3904 | 0.0010 | —0.0004 75 9.2 172 | 9198 | 17.210 | —0.002 0.010
10 283 1 .353 | 282017 35299 | 0.0009 0.0001 15 49 9.0 | 4903 | 9.011 0.003 "|° 0.011
20 T 234 | 263 | 23388 | 26288 | 0.0012 | 0.0012 25 3.4 52 | 3404 | 5.209 0.004 |  0.009
30 T 200 1 211 | 19984 | 21079 | 0.0016. |  0.0021 35 2.5 3.3 | 2503 | 3.306 0.003 | 0.006
40 175 | 178 | 17481 | 1.7773 .| 0.0019 0.0027 45 22 26 | 2203 | 2606 0.003 | -0.006
50 | 153 | 152 | 15278 | 15167 | 0.0022 0.0033 55 18 20 | 1802 | 2003 0.002 0.003
60 "] 135 | 132 | 13476 | 1.3164 | 0.0024 0.0036 65 ° 1.6 14- | 1.601 | 1403 0.001 | 0.003
70 119 118 | 11875 | 1.1761 | 00025 |  0.0039 75 16 09 | 1601 | 0.903 0.001 0.003
- 80 | 108 1.09 | 1.0274 | 1.0858 | 0.0026 0.0042 85 1.2 02 | 1201 | 0.204 0.001 0.004
9 .| 091 1.07 | 0.9075 | 1.0654 | 0.0025 0.0046 95 0.6 0.9 | 0601 | 0.901 0.001 0.001
100 0.85 0.98 | 0.8474 | 0.9753 | 0.0026 0.0047 :
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APPENDIX 1L

Influence of tunnel walls on the pressure
distribution,

The influence of the tunnel walls is a curvature
of the flow in which the model is placed. In order
to calculate this influence, the z-plane of the tun-
net flow is transformed to the ¢.plane, in which
this eurvature is reduced to zero. The dynamic
pressure ratio of corresponding points of 2- and
{-plane is calculated. Then the dynamic pressure
over the contour in the {-plane is known from the
dynamic pressure, measured in the tunnel. The
profile in the {-plane, however, is ecambered. The
camber iz calenlated as well as the contrihution
of this camher to the dynamic pressure. By sub-
tracting the latter from the dynamie!pressure in
the {-plane, the dynamic pressure over the contour
of the profile in frec flow is ébtained.

The following nomenclature will be used:

A,, 4, constants (see I1-3).

B tunnel-width (3 m).

c chord of the model in the tunnel
(0.6 mj.

c* chord of the transformed profile (in
¢-plane).

¢ - ==4 0T cos e.

Cy lift coefficient.

{i f.. Ip, fe, coetficients (sec II-5).

H constant (sce II - 9a).

i |

AP,, APy dynamic pressure in z- and ¢-plane,

U veloeity at infinity.

u, v see definition of w. -

U, U components of V—U for flow over a
flat plate,

U, v components of V—U for flow over a
cambered plate.

14 veloeity over surface of a profile in in- |
finite parallel flow.

v,V V for a flat plate and a cambered plate.

Va velocity over the surface of a model in

the tunnel.

velocity over the contour of the profile
in the 5 plane.
= -+ iv, complex veloelty in the
z-plane,
-ﬁu—-w
coordinates in z-plane,
‘coardinates in f-plane following fig. 11
=xz/B and =y/B.
=g + iy (2z-plane).
angle of ineidence in z-plane.
difference of angles of incidence in &-
and z-plane.
angle between chord and tangent of the
mean line,
=T/4 BU (Mind that v is not a vorti-
city/area). '
vorticity per unit length and width of
a flat plate and a eambered plate.
cireulation per unit length of span.
=rz/2 B.
=£ + iy, complex coordinate in ¢-plane.

€ o gte R > oS

e =£— iy
see £.
defined by #* =—3 c¢®cos 3,
=10 (p — 0.05).
length along chord from axis of medel, |
devided by B (see fig. 8, p. A10).
see £,
dynamic pressure coefficient.

. statie pressure coefficient,

angle (see fig. 8§, p. A10),

In order to find the influence of tunnel walls
on the pressure distribution, we shall transform ‘
the zplane (z==z+ dy) of the tunnel into the
{plane ({=£¢+ 1y), so that the velocity V, in ‘
the tunnel (see below) is transformed into a paral-
lel tlow with Ve =U, in which U is the veloeity
of the flow in the tunnel without model. Using
the methods of images (ref. 4, Vol. IT1, p. 300),
one finds, that the model seems to be placed in a
flow with curved stream lines. The curvature is
caused by the images of the vortex, which may
represent the model in a first approximation.

So

Ve=U+w,

in whieh w=u -+ iv and # and v are the velocity
components (fig. 7) due to the row of images.

The conjugate ecomplex velocity w*=u—1v
has been caleulated:

1
2 7z

1
" 2B.sh (n2/B)

Here T is the ecireulation per unit of length.

1y,

w* =4I

‘l'y ‘-in
| |
' |
| .
v U
B \T‘m»— ey e R — — = £
L PLANE
Y28

2 PLANE
o Pig. 7

The transfomaﬁon is given by

dz U ( w )
—_— =} al = + — dz.
& U+w'’ 4 1 U
Z*, the conjugate function of ¢, may be caleculated:
i w* R 2’
dz U_1+W?F—sh23 t

in which 8 ==2/2B and y=T/4 BU.

1} Thiz formula may be derived from the formula (4.2)
of ref. 4, Vol. ITI, p. 300 by subtracting the central vortex

— 21—:?, and after putting k =B and &, — % B, using the

relation
’ 2

sh2?d

1

‘cot:h 3—ecoth (3 + 4 73) =eoth Sy =




Integration gives

.' g«.zig{a +iyIns —iylaths ).

The inten’ra,tion constant has the arbitrarily chosen value"zero.

As ¥ = -‘ CLC/B which m:ay be derived from i‘o!'mula (I-1) (c:chord), and {* =£&—iy, we find

™
sin — -y
f:w'—gl'—cbgtgl-}- Ce cbgtg B
47 x m h T .
sh — _
— Tr ) - (II-1)
. h? 12
sh 3 Z + sin 7Y
—~q—J+——cl (sc;2+J) _—
4 Bz (chlas—i-eosL-i )2
B .Y
The dynamic pressure ratio in corresponding points of the 2- and C-plane 18
w2 W / w*
, AP/aPy =1+ & :(1+7)(1+—7)
which leads to
¢ 1 ., ¢ ' & 2 / o 2
AP/APy =11 Oy A, CF 5 (A7 + 4% = (1 + %C,,.—EAI) + (3 Copdy) (I-2)
in -which . '
94 — ‘¢h (wz/B) sin {xy/B) By . ' A
TN $hE (wa/B) o+ sin?(wy/B)Y 0 w (3 y?) g _—
94 sh (wz/B) cos (my/B) Bz : 7 (aL- }
27 sh®(ma/B) + sin®(wy/B) m(x® + y?)
For the poi-'nts of a line { (fig. 8), which makes
an angle ¢y with the axis of the tunnel
r=uBeose
Y =— uBsin g, (I1-4)
in which p is the distanee of a point of I from
the origin expressed in B as unit of length.
With these wvalues. of =z and y our formulae 7
change into: _ Fig. 8
(6 —2)/B=Fg () .~ Cula) or (E—2)/6=1r(n ) . Cula)
(—a—)/B=f,(u9) ;5 Cula) or (—n—1y)/c=F, () .Crla) ‘ (I1-5)
. e ¢ j2
(Pz-—Pg)/Af’g:_fPl(M, ¢) . g Cula) + fr (1) !FCL(*I)I )
in which
fe (i 0) == __1 ; bg sin (m sin p) ‘ (angles in radians)
- P sh (71 cO8 ¢) ang
1 sh? (wueos ¢) + sin® (wp sin )
Fo (med = - ? Hin Q) — I e e o) T cos (mpsing) J2)°
fr (o) =4, and fo (m o) =} (4% + 4,7 B < (IL-6)
- , 24, ﬁ_+ich {mwpcos ¢) . sin (wpsin ¢) . sin ¢
' ' sh? (mpeos ) + sin? (wpsing) T
with
94 — sh (mucosg) .cos (musing)  cosg
“T2 7T sh? (wpcose) + osin® (wusing) . @

i




Al

Tor small values of nx/B=X, and my/B =17, say, expansion in series may be. useful:

1 T oy
fgz_mnj._;#?o—(y—yz)a..
1 z 2 7 4 T8y 2 4 ]
f,,:m}(x—l )~ & — 6LV T+
— — 1 L oty 2 . 22 4 ‘ .
fry=dy=— Y§1+6 (¥ 3¥)+2520 (65X —10XF8 + T4 + . (11-7)
J— 14_ 7 2 2
‘AE_-TZX}lw%a(x__sy_)w..[
7
fry= g (X0 T9) |1~ 0V |
and with £ = uB eosy and y =—— uBsing, 5o that X ==npcose and ¥ = —zwpusing
f5=11§ wy"’sin2¢11—-%wzuzc(}s2g+...l
i- i
fu -—_—'n"u. 1(3082{,0_ 1201r,u cosdg + ..
1 . ' 7 .
fplel:—l—rj-prlntp !14—-66772#2 (1+2co82¢) +
12 . _ (11 - 8)
+ et (1 2eos 2y + 2eosdg) F .., §’
1 : T a0 9 -0 | . )
Az-———ﬁ#,ccco.ﬂgagl“f‘EG '™t (]—-—QCOSuqa)'JF...; !
—_ 1 2 2 L 2 2 a |
fpg———'ﬁﬂ'#. ;1-— 30 "k C&S2<p+...f.

With the aid of these formulae APZ/APZ has
been caleulated for points on the suction side of
the N.A.C.A. 0018 profile, ehord 0.6 m, placed in a
tunnel with B=238m at a = 10° (€', (10°) = 0.832)
and at ¢=16° (C,{16°) =—1.150) (fig. 9). From
a comparison with the values of AP./APy, follow-
ing the formulac for poitts oh the chord (fig. 9),
it appears that it is not permissable, to use the
latter values as an approximation to the former
ones. Division of the values AP, measured in the
tunnel, by AP./APy gives the dynamic pressures
APy on the contour of the model, obtained by
transforming the points on the eontour of the
© N.A.C.A. 0018 profile in the z-plane to the {-plane.
Instead of carrying out this cumbersome ealeul-
ation, it seems reasonable to use an approximated
contour in the ¢-plane, viz. a contour with the
same thickness-distribution as the N.A.C.A. 0018
profile and with the line into which the chord of
the profile in the zplane is transformed, as
mean line.

As the values of u of the points on the
chord in the z -plane are rather small in our case

(—0.05 & QBN 01a) the eoordinates £ and g of
the mean hue in the &-plane may he caleulated
with an aeceuracy of a few percent with the aid
of the following formulae:

f—zx
c

:GLTES_ p2sin 2 o

¥

P IC.;,%;LZ cos 2 &

10024 ]
e AF
?z{? /i
/t
10020 48
8 E
. | // /
< YA
/
10016 T
b P ;
E— L
/ J
10042 l;'/ ,/
/| . !
/ / A
7 F; //
/
1.0008 /T
10004 t— /.
10000
K 7 — &~10) 1
. y —— et =1E
09996 ! i
FOR_POINTS OF THE
SUCTION SiDE -
055982
/
7
\ s
ogses — |
\4,/
O 01 02 03 04 05 O O7 Q8 OSxgid

Tig. &
Ratio of the dynamic pressures in - and -plane for the

suction side of the N.A.C.A. 0018 profile and for a flat
plate (points of the dhord).




Elimination of either u or « gives either

i ant)

s

=cotl2a

ar

r—c(,. “4%“2 with 72 = (£ —z)*'+ (—y— i)

The meaning of these formulae is illustrated in |- ¢

fig. 10 in which P’ in the {-plane is the transform
of P in the z-plane.

Fig. 10

The equation of the mean line on the coordinates
z* and y* (fig. 11} is

RERS T

Fig. 11
y*/c* =H(1—2A%) 2
a*/e* =3 A —J(1—A%) (II-9)
c* = Me. s
Here .
A=10 (p —0.05);
H= 24 + A J—OI1 (atAa);
Meos(a a); = sin(a+Aea) ;
(1I-9a)
= 2416 K
K= 1920001,, 1+16K+ sina
in Ag — 4K o
,Sl —‘ECO @,
As —0.05  u < 0.15 it follows that —1

For a=10° calculatmn gives Ao = 0. 03° and
y*/e* == 0.00027 (1 — A%

z*/c* =3 A —0.000047 (1— %) ;» (I1-10)
*F=1.0002¢
and for a=16° we find Aa =0.04° and
y*/c* = 0.00036.(1 — A?)
:c"/c“”— A= 0 000104(1—)\2 C(I1-11)

"—ﬁ100040

A 12

" approximates the line,

In these cases the line

y#

=H 1 (I1-12)

% (2
—¢{)]
given by
—1< A1 within 047/,,.
_The dynamie pressure APy over the contour of

a cambered profile with the mean line (II-12)
and the game thickness distribution as the N.A.C.A.

(I1-9) for

0018 profile may bhe written (vef. 12, p. 11)

APyt g7 = (- + l;c_’)g

(IT-13)
in whieh p=density, V = veloeity of the potential
flow. over the surface of a NACA 0018 protile,
placed ‘at an angle of attack «° in a parallel flow
with velocity ¥/, V.= contribution to the veloeity
in potential ﬂow introduced by the camher of the
profile. APy, equaling the quotient of the dynamic
pressure measured in the tunnel and the factor
AP./APy (fig. 9), is known.

In order to find AP =14 pV? an approximate
value of V./U will e ealculated theoretically.

Congider two plates, a flat one and a cambered
one, both with the same chord, placed in a parallel
ﬂow, veloeity U7, with an angle of attack « (fig. 12).

Usin o2 +¥ -
v

U si
sin & Ucos X+

Ueos X

U cos0G.Y
> CeRtOvuaY

Fig. 12

The difference of the velocities at corresponding

points may be - {the sign . above a charac-
ter indicates, that it refers to the cambered model,
the sign — is connected with the model without

camber). It is supposed, that V— ¥ is the same .
for two models, the mean lines of which are those
of fig. 12, provided that those two models both
have the same thickness distribution. In other

words, V7 is independent of the thickness dis-

tribution. As for the plates of fig. 12 V has to
be tangent to the mean line, it folows that

Usinatv_ oo
Ucosa -+ u E
: C(I1-14)
and _ '
7 U sina + v=20. -

Now the mean lines will be covered with vortices,

the intensities per unit.of length y and y of which
will be determined in such a way, that the obtain-
ed veloeities fulfil the conditions (IT-14). How-
ever, the following simplifications will be made
for the cambered model:




a) the vortices will be placed on the chord line
instead of on the mean line;

A 13

b) the conditions (IT-14) will be fulfilled at

points on the chord lme

These simplifications are allowed if the camber
is small compared with the ehord, which is the
case here,

We chose the origin at the mid point of the
chord and the positive z-axis along the chord in
the direction of the trailing edge. _

The veloeity components at the point (z; + 0},
due to the vortex sheet, are (vef. 4, vol II, p. 34)

u=+ 31y
+%c

%/
2

As 4 ¢ TUceose, the conditions (II-14) may be
written

y(x')

(mfm

(I1-15)

I

+3e
) dx' ) .
Usina + f _y(as tg
§in o P p— Ueose. .tz B (2)
e (11 - 16a)
+3e
’
U sin o« + [ _r(@)dr (11 - 16h)
D 2l —x)
—}e
From (II-12} it follows (the asterisks are omitted)
te B () = — — SHZ. (I1-17)
Now introducing z -—=-—3}cecos® and subtraeting

(I1-16h) from (II-16a), we find

1 [ {y(3) —y() }sinydy
Zm cos 5 — eos &’ o
=4 AU cos e cos 3 (IT-18)
This is an integral equation for ;(S’ } — (8 of
the same type as (1-9).
The solution is .
F(SY —y(3) —8 HU cosasin 3. (If-19)
Further
VT Ueosatu
cos B

— (Ucosa+ 1) = (Uecosa+ w)(1+ 382 —
— (U cos a + ) —u—ut i 8 (Ucma#—ﬂ) =
ru—u 3BV =4(—9) 18V =
=4 HU cosasind + 3 gV =
=4 HU cosa. V1—(z/0)? + § pV.

The term % 82V may be neglected, as will be shown
below,

As B is a small angle, 8 = tg8=—8 H(x/¢c).
So . . '

[

8 H (z/c)t v
COS . Vm? U

Y _
4HU eose. V1 (z/c)?

As H is very small, (e g. H = 0.00036 for « = 16°)

and —Oa :c/c 0.5 (fig. 11), this ratio is
negligible comﬂpared with 1. So we can use the
formula

V/U=CVT1—2c
with

(I1-206)
(=4 Hcose )

This formula is in accordance with the formula
given: in ref. 4, vol. I, p. 49, but for the factor
cos w.

So the differences of the velocities at correspond-
ing points of a camhered and a flat plate at &°
angle of ineidence may be derived from the differ-
ences at 0° by multiplying the latter by cose, a
factor, which only equals one for small values of a.

For ¢ =10°

V./U =0.00106 V1 (z/c)® (II-21)
and for «=16°
V/U == 0.00138 V1 (z/¢)?. (II-22)

The dypamie pressure coefficient for the N.A.C.A.
0018 profile in parallel flow is

NN
yplt U

From (IT-13) it follows, that

¢ —V./U=V/U

=11, say (II-23)

—1"
As
[y =11, (AP,/AP)~t and Vo/U=C 11— (a/c)?

00050 } | ] - l 1
+ 0=10] <
o .= 'Is
nl
0.0040 F— 4an, di"l
- dtx/:) dug/cl
] 4 L_L__
0.0030
F ]
L
00020 jL
/
4
+0.0010 —ord -
/ (oo
,w"_'*““‘r— -d-:":_?“ho-;-—oJ-—()---—
o ! St —+ =+ —4—8
o f Q2 03 04 05 06 07 08 Q9x,10
. %
- 0.0010
Fig. 13

Differonee of static pressure coefficients without and
with tunnel walls ([18—IT5z) and its gradient versus
position on chord.

-




itls . - L

M= |k (AP/APY ™ o Vi (/e |2
(IT - 24)

Tahle 3 givesII, from fig. 1, IT is caleulated follow- )

ing (II-24) with the aid of fig. 9, the gradients
of the static pressure coetficients dTL./d(z/c),
all,/d(x/c) and their differences (fig. 13) for

a=10° and a=16° {The gradient of the statie
pressure coefticient is the opposite of the gradient
of the dynamie pressure eoctficient).

It appears, that the gradient in free flow is
greater than in tunnel flow. So the tunnel walls
flatten the pressure distribution line, so that
separation is dclayed and aw, the anglé of maxi-
mum lift, is increased. The influence, however, is
extremely small for the cases under consideration.
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The field of flow through a helicopter rotor obtained
from wind tunnel smoke tests

J. MEILJER DREES and W. P. HENDAL.

Sunimary.

In this report results are given of wind tunnel smoke tests carricd out on a simplified helicopter retor in the
open-jet wind tunnel of the NLL For these test: a new method of smoke generation was developed.
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1 Introduction.

For the caleulation of the flow through a heli-
copter rotor many methods are available, in all
of which more or less simplifying assumptions have
been made. This is due to the ecomplicated charae-
ter of the rotor-flow, and to the ahsence of suffi-
cient experimental data.

Por this reason a windtunnel investigation of
the field of tlow threugh and in the neighbour-
hood of a simplified see-saw hinged helicopter-rotor
was undertaken with the object to get as complete
as possible a picture of the flow pattern for the
primary working conditions.

The flow was made visible by means of a number
of hot-wire smoke generators.

-3 Apparatus and‘test-metho&. )

21 Apparatus.
2.11 The hot wire smoke_genemtlor;‘

"The workingaprinciple'of the hot wire smoke
generator is based on the evaporation of oil by

heating. A schematic drawing of the apparatus is
shown in fig. 1. Common lubricating oil is led
throngh a plastie tube from a reservoir, in which
the pressure is slightly more than' atmosferie, to
the smoke generators. These eonsist of the metal
parts (a) and (h) separated by the insulating
laver (¢) and kept together by insulated wires. To
the lower half (b) of the smoke head a piece of
copper tubing (d) is soldered through which an
ingulated wire {e)} is led to the upper part.

L SASS S AR

RESERVO IR

5t

i1
25577

Fig, 1. Mot wire smoke geﬁera.tor.

These parts form a cirenit by whieh an eleetric
current can he introduced into a platinum wire (f)
(0 =~ 0.1 mm) soldered across the mouth of the
smoke head.

. In order to dlstrlbute the oil evenly over the
wire and to prevent a rapid loss of pressure in
the oil reservoir, the mouth of the smoke. head is
filled up with ecotton {g). At some distance from
the smoke head -a flexible joint (k) enables the
smoke head to be placed parallel fo the direction




of the flow, The wires are heated with A.C. eur-
rent obtained from a low tension transformer fed
via a variae, thus enabling a simple regulation of
the amount of smoke generated.

The advantages of this method of smoke pro-
duction are:

a. the veloeity - introduced into the field of ﬂow
under observance is neghrrlble

ouly. St e .
¢. 4 NoN-corrosive smoke 1s obtamed,
the easy regulation of the amount of smoke
enahles the observer to perform preliminary
observations with very thin smoke, thus pre-
venting a filling up with smoke of the tunnel-
eircuit,

smoke can he produced or cut off mstantane- .

o

¢. the amount of smoke can he controlled from

any peint the ohserver chooses,
512 The rotor.

For the investigation a small two bladed rotor,
with' econstant piteh and .see-saw hinge, of -about
0.3 m diameter was made. ‘A’ schematic drawing
of the experim’ental get-up is given in-fig. 2. The

AOTOR.,

FLEXIBLE TUBE

FLAPPING
AXLS

AC MOTOR

Fig. 2. Experimental set up of model. rotor.

rotor was driven by .a small single phase AC-
motor, the number of revolutions of which ecould
be regulated with a variae. By turning the foot-
plate around AB and varying the rotor tip-speed,
all possible working conditions eould be imitated.

21.3 Light sources amd comera mounting.

As light sources two Philips HjP 300-highpressure
mercury vapour lamps were mounted downstream
of the rotor model. Due to the fact that light from
these lamps is emitted from 'a line source it has
been possible, by adjusting the distance hetween
“theé lamp ‘and a lens positionned in front of the
lamp to obtain a horizontal plane of light coin-
ciding with thé plane of the smoke threads. In
this way a sharp contrast between the dark back-
ground and the smoke was obtained. The camera
was mounted in the line A—B.

at a veloeity of about 2 m see,
" ators, four of which were used, were placed in

3'

2.2 Test method.

During the tests the windtunnel speed was —-
exeept for the hovering condition — kept constant
The smoke gener-

various points of the 1hor17ontal plane throngh the

_rotor ax1s o o e

Tho fleld of flaw.
31

General remarks.

The obtained pictures of the flow pattern are

“given in fig. 4 to fig. 15. The object of this

investigation was in the first place to get an im-
pression about the possibilities of this method of

"visualizing the flow pattern. Therefore, the wind

veloeity, the number.of revolutions of the rotor

" and the thrust of the. rotor. were not measured..

To get at least some idea of the flight eonditions
corresponding with the given flow patterns,. the
parameters «/p and A/u *) were roughly determin-
ed from the angle between the diréétion of the
flow in front of the rotor and the rotor axis and
trom that one between the direction ‘of' the slip-
stream-at sonie distance héhind the rotor and the
rotor axis. The relations betiveen these angles and
the parameters mentioned ahove are given in ref. 1.
These parameters define the working condition of
the rotor; they can be plotted .in a diagram:like
fig. 3, fr()m Whleh the Workmf-r Gondltlon can he
Iedd easﬂy : oL '

+0.5

3 .
o
b SR o

L1
o
zZ =10
£8

—1.5

=20

Fig. 3. TRelationsliip between dimensionless

* rotorcoefficients. -
Points 4—15 refer to figs, 4—15.

*) x = mate of climb coefficient.

» = = forward velocity coefficient, : .

& = axial flow coefficient.
The rate of climb is measured perpendlcula.r to the rotordise,
the forward veloeity parallel with the dise. |
These coefficients are equal to the sorresponding velocity,
divided by the theoretical mduc:ed velocity through the
hovering dise. ; .




3.2 The flow pattern for vertous rates of climd
and forward speeds.

The pictures obtained for these conditions are
shown in fig. 4 to 15, The corresponding values of

A . . .
L and = are given in the subscripts, The flow

p.

pattern shows no deviations which are in contra-
diction to the assumptions generally made with
regard to the induced flow through the rotor dise,
The inerease in axial velogity when moving in
downstream direction along the rotor axis, is
clearly visible from the change of the direction
of the flow under the rator disc.

33 Hovizonial flights and climb af various for-
ward speeds.

The flow patterns for these conditions are shown
n figs. 4 10 § and do not show any new poinis
of view. In horizontal flight the upflow in front
of and through part of the rotor disc is shown
clearly for the various working eonditions. Fig. 6
presents a climb at low forward speed.

34  Descending flight ot various forward speeds.

The vortex ringstate and the so-called region of
roughness heing the less known flight conditions,
the flow patterns oceurring in this region were
tested more elaborately than those already dis-
cussed.

The results of these tests are shown in fig. 7
to 15, from which some interesting results can be
obtained. In the first place it became definitely
clear that the rough behaviour of the rotor as
already mentioned in ref. 3 and 2, is due to the
fact that in this working condition the flow has
an unstable charaeter.

A continuous changing of the flow pattern with
a constant periodicity can be observed. This mark-
ed periodicity oeeurs especially at very low forward
speeds and may explain the change in the rate of
deseent of a helicopter in the region of roughness
as observed during flights tests (see ref. 3).

That the periodical shedding of vortices in pure
vertical desecent does not show the pronounced
regularity which occurs when descending at a low
forward speed may be due to the fact that in the
last ease the flow parallel fo the rotordise ereates
a direction of preference while in vertical descend-
ing flight disturbances in any direction may oceur.

Hercirom may be eoncluded that the possibility
of a purc vertical descent will he utterably ques-
tionnable. The mechanism of the flow in this con-
dition is not quite clear, at the time of writing
of thig report but more information may come
available from cinematographic pictures which are
being taken (see appendix of this report).

The second point of interest lies in the ob-
servation that at higher forward speeds the un-

stability of the flow pattern disappears completely ;
this means that the region of roughness, when

characterised as a flow with an unstable character

A 19

is limited to a rather sharply bounded region of
flight conditions as shown by the shaded area of -
fig. 3.

4 Conclusion.

1. The region of roughness i shown to be charae-
terised by a periodical changing of the flow
pattern.

From this unstable flow the observed changing
of the rate of descent in this region may be
explained.

2. The region of roughness occurring in descend-
ing flight does not extend inte the whole range
of flight eonditions, but is shown t¢ he limited
to a rather sharply bound region at low for-
ward speeds,
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APPENDIX.

The flow pattern in the region of roughness and
vertical descending flight.

Although the pictures shown in the preceding
report, give a elear view of the flow pattern in
stationary econditions, for the non-stationary con-
ditions the results are not completely satisfactory,
espeeially with regard to the region downstream
of the rotor.

Thanks to an order received from the “Dutch
Helicopter Foundation” the making of a film of
the various flow patterns became possible. From
this film a series of pictures showing a eomplete
eyele of the flow in the region of roughness when
deseending at low forward speed, are given in
figs. 16.1 to 16.47 incl. They illustrate quite clearly
the conelusions drawn from the observations al-
ready obtained,

In figs: 17.1 to 17.5 incl. some pictures are shown
taken with a normal type camera, illustrating the
typieal flow patterns of the helicopter rotor in

- vertical descent.

These pictures show that the flow patterns as
construeted by Brotherhood from flight tests are
probably ineorrect, due to the faet that during
these tests only part of the field of flow was
ohserved.

Completed: Febr. 1950.
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in the calculation of the tunne]l wall-interference.

With these experimental wvalues of the aero-
dynamic coefficients some flutter caleulations, have
heen performed for the case of bhending-torsion
flatter of a rectangular wing, rigidly fixed at the
root, with several values of the relative density

k 1
a THEQRY
—_——— EXPERIMENT
1.2 ks
Qz5c

0.35 | Jr
B

-04

-o8 L J , | W

o} 0.2 04 08 08 10

Fig. 1. Aecrodynamic force coefficient, due to translation.

by =k} - ik

20
THEORY
kg \ ——— EXPERIMENT |’ LA

TS 1

16 |

: P
"
+ Q4 - é

o /
. A
.0 02 ©04. 06 .. 08 10

Fig. 2. Acrodypamic foree coefficient, due to rotation.
g

A L

parameter u and the positions of elastie and
Inertia axes. ’

The results have becn compared with those, ob-
tained with theoretical values of the aerodynamic
coefficients, .
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2 Procedure.

The bending-torsion flntter calenlations bave
been earried oit for a reetangnlar wing, fixed ax
the root.

According to the linearized theory of ref. 1, the
aerodynamie force K aeting on the wing and the

s

moment M ahout the guarter chord axis, hoth for .

unit span, can be written as:

K=l gt c. (k.4 +k. Bl.c™,

]

z [ma.A+mb.Bl.eM,

M=—_p.v7. c%.

=]y

Ac . .
where 5 denotes the amplitude of translation at

the quarter chord axis and B the amplitude of
rotation. The foree K is positive when directed
upward and the moment M is positive when it is
nose-hcavy, The theoretical values of the cocffi-
cients k., &y, m, and my have been obtained from
ref. 1, while the experimental values of the cooffi-
cients have heen obtained from ref. 5 and are
given in table 1 of this report.

fn order to reduce the number of degrees of
freedom of the mechanical system with continuous-
ly distributed clasticity and mass from infinite to
two, it has been assumed that hending and torsion
are determined each by one preseribed deformation

- funetion.

Thus:
ivt vt
t=lyqg .z.c.e and e=¢q,.¢,.€ ,
where ¢, and g, denote the new wvariables and sz,
and ¢, the assumed deformation functions for hend-
ing of the elastic axis and torsion respectively.
The functions 2, and ¢, are given in the following
table.

The procedure means physically that, for an
assumed value of the reduced frequeney ,a har-
monie oscillation is only possible, when the cal-

2
culated value of the ratio ng
v

corresponds with

the actnal value of that ratio.

Several different wings have heen investigated
with the following wvalues of the positions of
elastie and inertia axes, £A and [4 respectively,
and of the relative density parameter p.

£A o.2c|0.2c|o.3clo.3 c!_o.a c‘O.«i c‘0.4 ¢

TA |04 6|04 c|04 ¢ 046|040

0.5 0'0.5 ¢

“ 5’15‘5]15'30'5'3()‘

The radius of gyration of the aerofuil ahont the
inertia axis has heen chosen 0.3 e for all cases.
It has been assumed that ne internal. damping is
present.

3 Results and discussion.

The results of the caleulations are given in
the figures 5 to 7. In the figures Ha to Ta, the

Ver

non-dimensional  flutter speed coctticient p
vy

2
is plotted against the ratio —v%, while in the

T
figures. bh, ¢, d to Th, e, d cross-plots of figures Ha
_ 0

vp®

The figures Ha to Ta show, that the experimental
curves lie partly helow and partly abdve the
theoretical curves. In some cases, flutter becomes
mmpossible for small values of the frequency ratio

to Ta are given for three values of A=

2
l’%—, if the experimental coefficients are used (fig. ba
vr

spanwise ; :

coordinate 0 1/8 b 2/8 b 3/8 b_ 4/8 b 5/8 b 6/8 b 7/8 b b
hending z, . 0 | G.0169 1 0.0682 | 01547 | 0.2752 | (0.4268 I (.6038 | 0.7983 1
torsion ¢, 0 l 01490 ! Q.3170 | 0.4890 I 0.6511 ’ 0.7921 | 0.9029 , 0.9745 1

The two equations of motion have heen solved
hy aid of the GAvLErkiv procedure. The fwe pres-
eribed deformation funetions have also heen chosen
as weight funetions. (RavLEIGH-Rirz analysis).

The flutter determinant has been solved for

several values of the reduced frequency o with
2 2 .

v B
; and —

Vi Vg

and vy are the natural angular frequencies of the

wing in vacuum for hending and torsion.

as unknown quantities, where g

The non-dimensional flutter speed ecoctficient.

2 Vs
Y then follows from the formula

Vi,

2 Ver 1

v2 vg®
vr.C w vt vt

and 6a). The beundary curve through the points
of intersection between the theoretical and the
experimental curves for different values of the
relative density parameter p is also plotted in the
figures da to Ta. It is seen, that the position of
these houndary curves varies for the different
cases investigated. This means, that the question,
whether the flutter speed s increased or deercased
by using the expertmental aerodynanmiic coefficients
instead of the theoretical values, does not only
]’32

.- and g, but also on

depend on the parameters

vr
the positions of elastic and inertia axes. From
the present investigation, it is impossible to derive
general rules about this change in flutter speed
for the different wing configurations.
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Considering the fact, that the calenlations with
experimental coefficients give a reduction of the

theoretical flutter speed up to a maximum of

20 per eent in the cases investigated, it will be
recommendable to use the experimental aerodyna-
mic coefficients for future flutter caleulations.

An analysis has been made about the influence
of the separate experimental acrodynamic ecoeffi-
cients on the flutier speed.

This has been done by replacing alternatively
one of the theoretical coefficicnts by an experi-
mental one in the caleulations. The results of this
investigation, which has been performed only for
one case, are given in figure 8. It is seen that,

which

- 2
for the values of the frequency ratio ——
. Ve~

2
. . vg . .
wmay oeeur in practice ( 5 ), the imaginary
vr .

part of the ecocfficient ms is chiefly responsible
for the decrease of the flutter speed. The faect,
that the experimental eurve is eclosed, is caused
presumably by the coefficient m,. Howcver, it is
not eertain whether this conclusion will hold also
for other wing configurations. _

Since the experimental aerodynamie cocfficients
are given only in threc decimals, it ean be dis-
cussed, whether this is sufficiently aceurate. The
results show that the points, eomputed with the ex-
perimental values of the acrodynamic coefficients,
lie on smooth eurves without any pereeptible seat-

Fé

ier. Therefore, it may be concluded that the given -

experimental acrodynamic coefficients are accurate
enough for flutter caleulations.

4 Final remark,

"The question can rise, whether flutter experi-
ments would give results, which agree with the
flutter ispeed, calculated with the cxperimental
aerodynamic coefficients. Though it will be eon-
sidered, whether such experiments will he carried
out in due time, it may be remarked, that some
reasons exist, whleh make it probable that the
experiments will confivm the calenlations. The
first reason is, that the experimental aerodynamic
eoctficients have heen determined from the equa-
tion of motion by measuring the response of "a
wing model, whieh is given forced motions by
means of springs (“foreing through a spring”).
Since in flutter cxperiments also the response of
the model is measured and since, moreover, the
assumption of linearity of the system has- been

confirmed in the present experiments, it may be

expected that the experimental flutter speed agrecs
with the caleulated one.

Finally, it may be added, that in the experi-
ments the RevNonps number had only a small

influence, provided that the boundary layer trans- -

ition was fixed by.a disturbance wire (ref. 2).

5 Conclusions.

The following conelusions"ean be drawn from
the present investigation:

i It is recommendable to use the experimental
aerodynamie cocfficlents, because the disere-
pancies, as eompared with theory, are not negli-
aible. A deerease in flutter speed up to 20 per
cent is found by using the experimental coeffi-
clents instead of the theoretical ones.

il For flutter caleulations, the given experimental
aerodynamic ecoefficients have a sufficient ac-
euracy.

6 List of symbols.

4 amplitude of translation at the quarter chord
axig divided by semi-chord.

? amplitude of rotation.

K- aerodynamie force on the wing per unit span.

M aerodyndm]c moment ahout the quarter chord

axis -per unit span.

semi-spail.

chord.

time,

»  airspeed.

1¢ Tlutier speed.

z ftranslation of the elastie axis.

2, prescerithed funetlon of translation of the quar-
ter chord axis,

p  relative density parameter (ratio of wing mass
to mass of eylinder of air with diameter equal
to wing chord).

v frequeney (rad/sec).

ve uneoupled angular frequency of wing hending
in vacuum. -

e ]

vy uncoupled angnlar frequency of torsional vibra-

tion about the elastic axis in vacuum.
p- air density.
¢ coordinate of rotation,
#, preseribed funetion of rotation.

“fv.c
» reduced fregqueney (;2 v)'
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Influence of Compressibility on the Calculated Flexure-Torsion
Flutter Speed of a Family of Rectangular Cantilever Wings

by

J. IJFF.

Summary.

The flutter speed of 27 wings with different positions of elastic and inertia axes and diffcreni values of the relative
density parameter has been caleulated for three values of the Mach number.

It bhas been found that the influence of eompressibility can be as well favorable as unfavorable, depending upon the
case investigated. Al results are presented in a number of diagrams which alse show the influenee of the other para-

meters on the flutter speed.
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This investigation has heen performed by order
of the Netherlands Aireraft Development Board
(N.1.V),

1 ‘ Introduction.

The rise of acroplane speeds during the last
two decennaries has made flutter caleulations,
based on the aerodynamic theory of a compressible
tlow, of inereasing importance.

Now that the aerodynamie theory of an osecil-
lating wing in two-dimensional subsonic compres-
sible flow has been developed by Tooiavy 'In a
rigorous analytical way and the numerical results
of that theory have hecome available -(ref. 1), it
is possible to eorrectly 'investigate the influence
of compressibility upon the flutter speed.

Tor this purpose a number of flutter calealations,
réferring to rectangular wings with various vaiues
of the relative density parameter, the positions of
clastic and inertia axes and the flexural-torsional
stiffness ratio, has been performed for the Maeh
numbers 0, 0.5 and 0.7.

This work can be seen as a eontinuation of older
work (ref. 2) earried out at the Nat, Aero. Res.
Inst., where only ineompressible flow wag eonsider-
ed. Besides the introduction of compressibility, a
further difference with ref. 2 is that the wings of
ref. 2 have a taper ratio of */,. The reason for
this difference is that ealenlations for a tapered
wing would have required the aerodynamic coeffi-
clents in a compressible flow to be known for more
values of the reduced frequeney o then are given
in ref. 1. This would compel to extensive inter-
polation in the tables of ref. 1, whiech has been
performed in the mean time, but which was not
vet available when eommencing the present in-
vestigation.

This difference entails the additional advantage
of permitting a comparison between the flutter
speeds for a rectangular and a tapered wing, pro-
vided the flow is incompressible. -

Rosults obtained will also be compared with
those of Garmick (ref. 3), who has made some
flatter ealenlations based on aerodynamic coeffi-
cients as computed hy Prasgr and Skax from
Posgsio’s integral equation,

2 Procedure.

Caleulations for bending-torsion flutter of reet-
angnlar wings, rigidly fixed at the root, and
moving in a non-viseous -compressible fluid, have
heent performed on the basis of the aerodynamic
theory of ref. 1. The acrodynamic forces.and
moments, acting on the - three-dimensional wings,
have been obtained by aid of strip-theory.

Bending and torsion are determined by one
prescribed ‘deformation function each, thus intro-
ducing a system -of two degrees of freedom. The
assumed deformation funetions are given in the
following table:



spanwise

coordinzate 0 1/8 h . i 3/8 b ' 4/8 b 5/8 b J 6/8 b l 7/8 b J b
bending 0 0.0169 ‘ 0.0652 l 0.1547 ' 0.2752 0.4268 l70.6039 ' 0.7983 l 1
torsion 0 0.1490 l 0.317¢ ' 0.4880 l 0.6511 (.7921 l 0.9029 | 0.9745 l 1

The two equations of motion have been solved
by ald of the Gavmrxmy procedure. The weight
funetions have been taken identically to the de-
formation functions. (Ravirwes-Rrrz analysis).

The flutter determinant has heen solved for

several assumed values of the reduced {requency o
2

as unknown quaniities. vz and

. sz
with —- and
vr vy
vy are the uncoupled freguencies of the wing for
bending and torsion in vacuum, The non-dimen-

2

sional flutter speed then follows from the

vy . C

2 Uy . 1 l/ T
vr.C - w Vrz ) VEZ ’
"Tn this way results arve obtained which have the

physical meaning that for the chosen value of the
2

reduced frequency o those values of the ratio vBa

vy
are determined, for which the wing can perform
a harmonic oscillation.

"vIathematmaHv it is possible that a negative

formula

2
value of —‘yz— will be found, but it will be clear
vy

that no physical meaning can 'be ageribed to nega-

. 14 . .
tive values of In aetual wing construetions

vy

. Ve .

The positions of the elastic axis (EA), the
inertia axis (I4) and the value of the relative
density parameter p have heen varied and the
following values have been used:

' EA i 02 ¢ l 03e ' 04 ¢

14 l 0.3 ¢ ’ O4e | 05¢

|
IEERIE

Thus the flutter speed has been calenlated for
27 cases, each for three values of the Mach number.

The radins of gyraiion of the nerofeil about the
inertia axis has been assumed to be 0.3 e for all
positions of the inertia axis. Internal damping has
been neglected in all cases.

The results of the flutier calenlations are given
in the f1<rs 1 to 30 The non-dimensional ﬂutter

2

speed -

in the fms. 1 - to 27 for each combination of the

parameters which have heen varied. Six combin-
ations show no flutter possibility at all (EA =
IA =03 ¢ and £4 =04 ¢, T4 =03 o).

In fig. 28 the non-dimensional flutter speed 2y
vr. G
has been plotted against the relative density para~
2

meter p for three values of the stiffness ratio
vy®
(1, 0.5, 0). In the same way the non-dimensional

{lutier speed ~2—b—c— hag been plotted in fig, 29
vr

against the position of the inertia axis and in
fig, 30 against the position of the elastic axis.
It is possible that for a eertain value of the
airspeed, the divergence speed, the steady moment
of the aerodynamic forees about the elastie axis
exceeds the restraining elastie moment {static in-
stability). By putting v=0 (and «=10) in the
flutter determinant it is possible to calewlate the
divergenee speed and the results of that caleula-
tions can also be found in the figs, 1 to 27, where
it is seen that the divergence speed is independent

of the ratio =2,
vr

It will be clear that the divergence speed forms
an upper limit to the speed range of the wing,
just as the flutter speed, but it is seen that in
all cases where a finite flutter speed is found the
flutter speed is the lower limit.

The divergence speed inereases with the relative
density parameter x. This can be explained, since
the increase in p can be realized either by de-
ereasing air density or. by inereasing wing den-
sity; in the first case the aerodynamie forces are
diminished, while in the second case the elastic
moment is increased.

‘When the elastic axis lies forward of the quarter
chord axis, the moment of the aerodynamic forces
is always stabilizing and thus the divergence speed
is infinite (cases 1 to 9).

3 Influence of compressibﬂﬁy on flutter speed.

In ref. 4 it is suggested that the effect of
compressibility ean be taken into account by ad-

ding a correction factor 1 1 — M2 based on the
PrANDTL-GLAUERT role, to the eritical speed, de-
termined by aid of an incompressible aerodynamie
theory. This means that ecompressibility would
always lower the flutter speed.

However,, it has been shown by Garrick {ref. 3)
and it is eonfmned by the more complete ealenla-
tions in this report that, depending on the walue
of other parameiers (stlffness ratio and relative
den51ty parameter), compressibility may as well
rise as lower the flutter speed.




1t follows from figs. 1 t6 27 that compressibility
is favorable if vp > vr; however, for the moré im-
portant region vs < vy its favorable effeet exists
only far values of the relative density parameter
x smaller than 15 (see fig. 28). In general, the

- eonclusion of (Gammick .(ref. 3) that the influence

of compressibility is small, ean be retained if
vy < vy, though therc are some cases where larger
differences appear (cg. B4 =02 ¢, T4A=03 ¢
and FAd =74 =04 ¢},

In conclusion, it may he remarked .that present
airworthiness requirements for flutter speeds in
compressible flow, which are bagsed on the PraxDTL-
GraverT rule, will in most cases be far too eon-
servative for large Mach numbers.

4 Influence of other parameters on the flutter
speed.

Although these caleulations have been primanily
intended to study the influence of compressibility
on the flutter speed, it is possible  to study
also the influence of some other parameters, viz.
positions of elastic and inertia axes, relative den-
sity parameter n, uncoupled wing frequenecies vy
and vy of the first uncoupled hending and torsion
mode and the taper.

Some eonclusions about the influence of these
parameters on the fiutter speed can he taken from
the older NLL work (ref 2), while a genersl
gurvey of British work has been presented by
Wiriams (ref. 5).

Since in an early stage of the development of
a new design it is very difficult to ehtain rather
accurate data concerning the positions of the elastic
and inertia axes, it is important to know how the
flutter speed varies with the positions of elastic
and inertin ares. This can he found in figs. 29
and 30. The following conclusions ean be drawn:

a) for positions of the clastic axis aft of the
inertia axis no flutter is possible unless both
axes are far behind the quarter chord axis
(e.g. is 04 ¢). In the latter case, the aero-
dynamic coupling may induce flutter. Hence
it is more advisable to diminish the distance
hetween the two axes by shifting forward
the inertia axis than by shifting baokward
the elastic axis.

b)Y  varying the position of the clastic axis ahead
of the position of the inertia axis, it is seen
{fig. 30) that there exists a minimum in
flutter speed when the distance between
both ‘axes is about 0.1.c. As this is a
common case it-is seen that either a small
variation in the position of the elastic-axis
or s small variation in the position of the
inertia axis causes in general very small
variations in the flutter speed.

A further important parameter in a flutter cal-
eulation 18 the relative density parameter p.

It follows from fig. 28 that in general an in-
crease in . causes an Jnerease in flutter speed,
provided the frequencies are kept constant. This,
for instance, is realised when the air density p is

F o

. 2
‘flutter speed coefficient v
. - S v

' . vp
ratio

diminished. The same is found in ref, 2 for a wing
with a taper ratio of 1/, but the increase in
flutter speed with p Is slower in the case of ref. 2.
This resuit is confirmed by the measurements of
refs. 6 and 7.°

The inerease in f{lutter speed with inereasing
value of p is such that the eritical dynamic pres-
sure 4 pv? decreases towards an asymptotie value.

This conelusion, which holds independently
whether x inereases by decrease of air density or
by inerease of wing densiw, provided this oceurs
uniformly - all over the wing, can be shown as
follows;

Tet it first be assumed that the non-dimensional

varies proportion-

m constant,

ally to Vﬁf’ Since p—= — = s — » it follows

pvr
immediately that 4 pv? will he constant. As in reali-
ty the flutter speed coefficient increases less than
proportionally to 1/, the eonclusion is that % pv®
decreases slightly with increasing p.

The influence of the wncoupled frequencies of
bending und torsion vy and vy on the flutter speed
cdn’ be examined from figs. 1 to 27 It must he

d
kept in mind that the values of ¥ , gccurring

vr?
in actual wmo' constructions, are nearly always
smaller than 1 and hence only the part of the

diagrams for which

2

vy
to be considered.

When the bending frequency vz is increased, the
flutter speed will first decrease to a certain mini-
mum and then inerease to infinity. The minimum
is in nearly all cases of any importance found at

values of betweenn. 0.6 and 1.4 and hence it

vr

an inerease in vy will decrease the fluiter speed

It is well known that one of the most effective
ways in which @ ecan. be increased is to increase
the torsional stiffness, i.e. vs.

Indecd, it all other parameters, including the
NS

-, are kept constant, the flutter speed will
vy .

2
he proportional to vz . If, however, vp and not 22—

vy
is kopt constant, it follows from pearly all figures
that for -2 petween 0 and 1, the flutter speed

vr
inereases more than proportionally to vr.
Fof other values of the Mach number the same
conclusions told. As has already been mentioned
in sec. 3, the influence of compressibility on the

2
flutter speed is changirg at'a certain value of i
vr

from unfavorable to favorable.

The results of the present ealeulations referring
to M =10 have heen compared with those of ref. 2,
were a wing with a faper ratio of */, (tip chord =
1/, root chord) was considered. Comparing a rect-
angular wing and a tapered wing with equal mean

is between 0 and 1, has




area, ©.e. equal mean chord, and taper rativ /,,
it follows that the ordinates of the figures in ref. 2
must be multiplied by a factor 1.5, sinee the flutter
speed is then made dlmensmnless in both cases by
aid of the mean semi-chord. This. leads fo the
dotted lires in figs. 1 to 27. It is seen that in
the region 0 < lvi < 1 the tapered wing, in gener-
. T
al, has a smaller flutter speed than the reetangular
wing if vy and vz are assumed to be the same.
To simplify the evaluation of the aerodynamic
forces, flutter caleulations for a tapered wing are
sometimes made by assuming a rectangular wing
with the same reference chord as the tapered wing.
The reference section is usnally taken at 0.75 b.

F 10

For comparing results the ordinates of .the figures'

in ref. 2 have to be multiplied by 2, i.e. the
ordinates’ of the dotted lines in the.present report
by 1.33. It then’ follows that the dotted lines come
uspally above the drawn lines for M=0Q and
hence, the approximation by a rectangular wing
of the same reference ehord at ¥y =075 b and
the same uncoupled frequencies will mostly be
conservative. Taking the chord of the reetangular
wing equal to that of the tapered wing in the
section y = (.7 b, would for taper ratio 1/, yield
results which, on the average, are slightly better.

The conclusion that a tapered wing has a
smaller flutter speed than a rectangular wing of
equal arca and frequencies is in agreement with
. ref. 8, where the same conclusion is reached for a

coefficient K — —v

vy C .
torsional freguency. Tt i3 shown also in ref. 8,
that if instead of frequencies stiffnesses are kep’r
constant, the fluttet speed inereases if the wing
becomes more highly tapered.

vr denoting the ecoupled

)

5 ‘,,Gonclusions.

The flutter speed of 27 rectangular wings with
different positions of elastie and inertia axes and
different values of the relative density parameter
has been caleulated for Maeh numbers equal to 0,
0.5 and 0.7. The main conclusions are:

19} For values of p smaller than 15 the influenee -

of compressibility on the flutter speed is
favorable, but for larger values of pu the
effect may be adverse, especially if vg < vy .

The well known faet, that inerease in the
relative density parameter u causes an inerease
in the flutter speed, is not generally valid
when compressibility has been taken into ae-
eount. Then, there are cases where a minimum
in flutter speed exists for a certain value of .

29)

The rapid inerease in flutter speed, which

oceurs when the inertic and elostic axes ap-

proach each other, is, in general, more pro-
. nounced for higher Mach numbers.

3

4")" The conclusion that for fized position of the
inertia axis and varied position of the elastic
axis, the flutter speed becomes minimal if the
elastic axis lies about 0.1 e ahead of the inertia
axis, holds for all Mach numbers.

5% In the actual r_ange.of values of the ratio of

the bending and the torsional frequency —°
: vy

(from 0 to 1), an increase in bending frequency
decreases the flutter speed while increase in
torsional frequency increases this speed very
rapidly. This conclusion holds also for all
Maeh numbers, though beoth effects are less

. 2
oy .
pronounced for values of the ratio —— near 1,

VTZ

if the Mach number is higher.

., List of symbols.

—~ Mach number.

semi span.

wing chord.

gsemi chord,

flutter speed. ‘

reélative density parameter (ratm of mass
of wing to mass of cy‘hnder of air of dia-
meter equal to chord of wing, both taken
for equal. length along span).

frequency (rad/sec) :
uncoupled frequency of wmg bendm«r in
vaenum {rad/see). A

uncoupled frequenev of tommnal Vlbr&tlons
about the elasti¢ axis, in vacuum (rad/sec).
air density,

"5:&“"“03"&63

L#:3

vy

vl
reduced Irequeney T
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Influence of Compressibility on the Calculated Flexure-Torsion
Flutter Speed of a Family of Rectangular Cantilever Wings .

by

J. IJFF.

Summary.

The flutter speed of 27 wings with different positions of elastic and inertia axes and different values of the relative
density parameter has been caleulated for threc values of the Maeh number.

It has been found that the influence of compressibility can be as well favorable as apfuverable, depending upon the
case investigated. ANl rosults are presented in a number of dipgrams which also show the influence of the other para-

meters on the flutter speed.
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This investigation has been performed by order
of the Netherlands Aireraft Development Board
(N.L.V.).

1 Imntroduction.

The rise of acroplane speeds during the last

two decennaries has made flutter caleulations,

based on the aerodyhamic theory of a compressible
flow, of inereasing importance.

- Now that the aerodynamic theory of an oscil-
lating wing in two-dimensional subsonic ecompres-
sible flow has heen developed by Tmmax in a
rigorous analytical way and the numerical results
of that theory have become available (ref. 1), it
is possible to correctly investigate the influence
of compressibility upon the flutter speed.

For this purpose a number of flutter ealeulations,
referring 1o rectangular wings with various values
of the relative density parameter, the positions of
clastic and inertii axes and the flexural-torsional
stiffness ratio, has been performed for the Mach
numbers 0, 0.5 and 0.7,

This work can be seen as a continuation of older
work (ref. 2) carried out at the Nat. Acro. Res.
Inst., where only incompressible flow was consider-
ed. Boesides the introduction of eompressihility, a
further difference with ref. 2 is that the wings of
ref, 2 have a taper ratio of '/,. The reason for
this difference is that ealculations for a tapered
wing would have required the aerodynamic coeffi-
cients in a compressible flow to be known for more
values of the reduced frequeney o then are given
in ref, 1, This would compel to extensive inter-
polation in the tables of ref. 1, whieh has heen
performed in the mean time, but which was not
yet available when commencing the present in-
vestigation.

This difference entails the additional advantage
of permitting a eomparison between the flutter
speeds for a reetangnlar and a tapered wing, pro-
vided the flow is incompressible.

Results obtained will also be compared with
those of (amrricx (ref. 3), who has made some
fintter ecaleulations hased on aerodynamie coeffi-
cients as computed by Fraser and Sgax from
Possto’s integral equation.

2 Procedure.

(alenlations for bending-torsion flutter of rect-
angular wings, rigidly fixed at the root, and
moving in a non-viscous compressible fluid, have
been performed on the basis of the aerodynamic
theory of ref. 1. The aerodynamic forees and
moments, acting on the three-dimensional wings,
have been obtained by aid of strip-theory.

Bending and torsion are determined by one
prescribed deformation function each, thus intro-
ducing a system -of two degrees of freedom, The
assumed deformation functions are given .in the
following table:-




-stonal flutter speed

4/8 h 5/8 b Lﬁ/Sb ‘ 7/8 b b

=

2752 | 04268 l 0.60391 0.7983 1

spanwise :

coordinate 0 ’ 1/8 b 2/8 b ’ 3/8 b
bending 0 0.0169 | 0.0682 | (0.1547
torsion 0 ' 0.1490 0.3170 i 0.4890

The two equations of motion have heen solved
by aid of the (ALERKIN procedure. The weight
functions have heen {aken identically to the de-
formation functions. (Ravremm-Rrrz analysis).

The flutter determinant has been solved for

several assumed values of the redueed frequency o
. v 2 2
with —“- and —
L4y Vg

ve are the uncoupled frequencies of the wing for

hending and torsion in vaeuum. The non-dimen-

ag unknown quantities. vp and

then follows from _the

vy - C
formula

2 2 Ver _

vp . G

In this way results are ohtained whieh have the
physieal meaning that for the ehosen value of the
2
reduced frequency o those values of the ratio 1112—
vy
are determined, for which the wing can perform

a harmonie oscillation.
Mathematically it is possible that a negative

2

value of > will be found, .but it will be clear

prz

that no physical meaning can be aseribed to nega-

- . V. * . .
tive values of In actual wing constructions
vr

ill range from © to about 1.

T .

The positions of the elastic axis (EA),
inertia axis (/A) and the value of the relative
density parameter x have been varied and the
following values have been used:

EA - 02 ¢ 03¢ 04 e
IA 03¢ | O04e 05e
m 5 l 15 30

Thus the flutter speed has been caleulated for
27 cases, each for three values of the Mach number.

The radivs of gyration of the aerofoil about the
inertia axis has been assumed to be 0.3 ¢ for all
positions of the inertia axis. Internal damping has
been neglected in all cases.

The results of the flutter calculatlons are given
in the- flgs 1 to 30.° The non-dimensional flutter

speed

in the hgs 1 to 27 for each combmatlon ‘of the

(.6511 (.7921 l 0.9029 [ 0.9745 ‘ i

parameters which have been varied. Six combin-
ations show no flutter possibility at all (FA—=
IA =03 ¢ and FA =04 ¢, JA =03 o).

In fig. 28 the non-dimensional flutter speed

vp.C
has been plotted against the relative densn:y para-

{1, 0.5, 0). In the same way the non- dlmenSIOIldl
flutter speed #l’;— has been plotted in fig. 29

against the position of the inertia axis and in
fig. 30 against the position of the elastic axis.

It is possible that for a certain value of the
airspeed, the divergence speed, the steady moment
of the aerodynamie forees about the elastic axis
exceeds the restraining elastic moment (static in-
stability}. By putting v=0 (and e=10) in the
flutter determinant it is possible to caleulate the
divergence speed and the results of that caleula-
tions can also be found in the figs. 1 to 27, where
it is seen that the divergence speed is independent
of the ratio —=.

vy

It will be clear that the divergence speed forms
an upper dmit to the speed range of  the wing,
just as the flutier speed, hut it is seen that in
all cases where a finite flutter speed is found the
flutter speed is the lower iimit.

The divergence speed increascs with the relative
density parameter . This can be explained, sinece
the increase in » can be realized either by de-
creasing air density or by increasing wing den-
sity; in the first case the aerodynamic forces are
diminished, while in the second case the elastie
moment is inereased,

When the elastic axis lies forward of the quarter
chord axis, the moment of the aerodynamic forees
is always stabilizing and thus the divergence speed
is infinite (cases 1 to 9).

3 Influence of compressibility on flutter speed.

In ref. 4 it is suggested that the effeet of
compressibility ean be taken into aceount by ad-
ding a correction factor 1 1 — M?, based on the
PrawDTL-GLAUERT rule, to the critical speed, de-
termined by aid of an incompressible aerodynamic
theory., This means that compressibility would
always lower the flutter speed.

However, it has been shown by GarriCck (ref. 3)
and it is confirmed by -the more complete caleula-
tions in- this report that, depending on the value
of other parameters (stlffness ratlo and relative
density parameter), compressibility may as well
rise as lower the flutter speed. )



It follows from figs. 1 to 27 that compressibility
is favorable it vg > vy; however, for the more im-
portant region. vp < vy its favorable effect exists
only for values of the relative density parameter
p smaller than 15 (see fig. 28). In general, the
conclusion of Gamrrick (ref. 3) that the influence
of compressibility is small, can he retained if
ve < vy, though there are some ecases wherc larger
differences appear (e.g. EA =02 ¢, TA==03 ¢
and EAd =TJT4 =04 c)

In conclusion, it may be remarked tha,t_ present
airworthiness requirements for flutter speeds in
compressible flow, whieh are based on the PraxDTL-
GLAUERT rule, will in most cases be far too eon-
gervative for large Mach numbers.

4 Influence of other parameters on the fiutter
gpeed.

Although these caleulations have been primarily
intended to study the influence of compressibility
on the flutter speed, it is possible to study
also the influence of some other parameters, viz
positions of elastic and inertia axes, relative den-
sity parameter u, uncoupled wing frequencies vp
and vp of the first uncoupled bhending and torsion
mode and the taper.

Some conclusions about the influence of these
parameters on the flutter speed can be taken from
the older NI/ work (ref. 2), while a general
survey of British work has been presented by
Wuntams (ref, 5).

Since in an early stage of the development of
a new design it is very difficult to obtain rather
accurate data eoncerning the positions of the elastic
and inertia axes, it is important to know how the
flutter speed varies with the positions of elastic
and inertia axes. This ecan be found in figs. 29
and 30. The following conclusions can be drawn:

" a) for positions of the elastic axis aft of the
inertia axis no flutter is possible unless both
axes are far behind the quarter chord axis
{e.g. is 0.4 ¢). Tn the latter case, the aero-
dynamie coupling may induece flutter. Henee
it is more advisable to diminish the distance
hetween the two axes by shifting forward
the inertia axis than by shifting haekward
the elastic axis,

h) varying the position of the elastic axis ahead
of the position of the inertia axis, i is seen
{fig. 30) that there exists a minimum in
flutter speed when the distance hetween
hoth axes is about 0.1 e. As this is a
common case it is seen that either a small
variation in the poesition of the elastie axig
or a small variation in the position of the
inertia axis causes in general very small
variations in the flutter speed.

A further important parameter in a flutter ea)-
culation is the relative density parameter u.

It follows from fig. 28 that in general an in-
crease in g causes an increase in flatier speed,
provided the frequencies are kept constant. This,
for instance, is realised when the air density p is

diminished. The same is found in ref. 2 for a wing
with a taper ratio of */,, but the inerease in
flutter speed with p is slower in the case of ref. 2.
This result is confirmed by the measurements of
refs. 6 and 7.

The increase in flutter speed with increasing
value of p is sueh that the eritical dynamic pres-
sure § pv® decreases towards an asymptoetic value.

This conclusion, which holds independently
whether p inereases hy decrease of air density or
by inerease of wing density, provided this occurs
uniformly all over the wing, can be shown as
follows:

Let it first be assumed that the non-dimensional

flutter speed coefficient varies proportion-

vr .

m constant

ally to V u. Sinee p = — = —- , it follows

pvr
immediately that 3 pv* w111 ‘be constant, As in reali-
ty the flutter speed coefficient increases less than
proportionally to V,u,, the conclusion is that 3 pt?
decreases slightly with increasing pu.

The influence of the uncoupled frequencies of
bending and torsion vg and vy on the flutter speed
edn be examlned from figs. 1 to- 27 It must be

, OCcurr mg

in actual wing constructlons are nearly always
smaller than 1 and hence, only the part of the

diggrams for which

. is between 0 and 1, has
T
to he considered.

When the bhending frequency vy is inereased, the
flutter speed will first decrease to a ceriain mini-
mum and then inerease to infinity. The minimum
s in ne‘n]y '111 cases of any importance found at

values of between 0.6 and 1.4 and hence it

VT

may be coneluded that for actual values of

vy
an inerease in vz will decrease the flutter speed.
It is well known that one of the most effective
ways in which v can. be inereased is to increase
the torsional stiffness, i.e. vp.

Indeed, #f all other parameters, including the
2

ratio l‘?-{ , are kept constant, the flutter speed will
vy

. 2
be proportional to ve. If, however, vy and not VBZ
[ 2

is kept constant, it follows from nearly all figures
that for -2
vr
inereases more than proportionally to ve.
For other values of the Maech number the same
conclusions hold. As has already been mentioned
in see. 3, the influence of compressibility on the

between 0 and 1, the flutter speed

flutter

from unfavorable to favorable.

The results of the present caleulations referring
to M ==0 have been compared with those of ref. 2,
were a wing with a faper ratio of */; (tip chord =
1/, root chord) was considered. Comparing a rect-
angular wing and a tapered wing with equal mean




area, i.e. equal mean chord, and taper ratio 1/,
it follows that the ovdinates of the figures in ref. 2
must be multiplied by a factor 1.5, sinee the fluiter
speed is then made dimensionless in hoth cases by
aid of the mean semi-chord. This leads to thé
dotted lines in figs. 1 to 27. Tt is scen that in

the region 0 < 22 < 1-the tapered wing, in gener-

vr

al, hag o smaller flutter speed than the rectangulay
wing if v and vz are assumed to be the same.

To simplify the évaluation of the aerodynamic
forces, flutter caleulations for a tapered wing are
sometimes made by assuming a rectangular wing
with the same reference chord as the tapered wing.
The reference section is usually taken at .75 h.
For comparing results the ordinates of the figures
in ref. 2 have to he multiplied by 2, i.e. the
ordinates of the dotted lines in the present report
by 1.33. Tt then follows that the dotted lines come
usually above the drawn lines for M =0 and
henee, the approximation by a rectangular wing
of the same reference chord at y=—=075 b and
the same uncoupled irequencies will mostly be
conservative, Taking the chord of the rectangular
wing equal to that of the tapered wing in the
section ¥ =0.7 b, would for taper ratio 1/, yield
results which, on the average, are slightly better.

The conclusion that a tapered wing has a
smaller flutter speed than a reetangular wing of
equal area and frequencies is in agreement with
ref. 8, where the same conclusion is reached for a

, vr denoting the eoupled

coefficient K =

vr ¢ -
torsional frequency. It is shown also in ref. §,
that if instead of fr equeneies stiffnesses are kept
eonstant, the flutter speed inereases it the wing
becomes more highly tapered.”

b Conclusions.

The flutter speed of 27 rectangular wings with
different positions of elastic and inertia axes and
different values of the relative density parameter
has been caleulated for Mach numbers equal to 0,
0.5 and 0.7. The main conelusions are:

1°y For values of p smaller than 15 the influence
of compressibility on the flutter speed is
favorable, but for larger values of u the
effect may he adverse, especially if vg < vp.

The well known fact, that inerease in the
relative density parameter p causes an increase
in the {lutter speed, is not generally valid
when compressibility has been taken into ac-
cournt, Then, there are cases where a minimum
in flutter speed exists for a cerfain value of u.

The rapid inecrease in flutter speed, which
ocenrs when the inertic and elastic azes ap-
proach each other, is, in general, more pro-
nounced for higher Mach numbers.

2°)

3"

I 10

4°) The conclusion that for fixed position of the
inertia axis and varied position of the elasiic
axts, the flutter speed becomes minimal if the
clastic axis lies about 0.1 ¢ ahead of the inertia
axis, holds for all Mach numbers,

5°) In the actual range of values of-the ratio of

the bending and the torsional frequency ——

T
(from O to 1}, an increase in bending frequency
deereases the flutter speed while inerease in
torsional frequency inereases this speed very
rapidly. This conclusion holds alse for all
Mach numbers, though both effects are less

pronounced for values of the ratio —

near 1,

if the Mach number is higher,

_ List of symbols.

— Mach nuomber.

semi span.

wing chord.

semi chord,

flutter speed.

relative density parameter (ratio of mass
of wing to mass of cylinder of air of dia-
meter egual to chord of wing, both taken
for equal lenzth a]ong span).

frequetiey (rad/sec).

uncoupled frequency of wmg hendmff m
vacuum {rad/sec),

uneoupled frequeney of torsional v1brat10ns
ahont the elastic axis, in vaeuum (rad/see).
air density.

Elie
T ‘c-‘g

VB

v

l
reduced frequency lv— -

PEE PN
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REPORT F¥.129 -

An Approach to Lifting Surface Theory

A. 1. VAN DE VOOREN,

Summary.

By using a series expansion for the chordwise vorticity distribution, a set of integral equations for the coefficients

i this expansion is obtaimed, In the simplest case this set of integral equations simplifies into WEISSINGER’s equation,

All chordswise integrations can be performed by aid of pivotal peints for which the best positions are derived, A funetion,

given explieitly in the report, must be evaluated in these points.
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This investigation has heeri performed by order
of the - Netherlands Aircraft. Development Board
(N.LV.).

1 _Introduction.

In report F.121 (ref. 1) a generalization of
PravDTL's equation has béen given for swept wings,
Like the original PrRANDTL equation it yieids good
approximations to the actual pressure distribution
on the wing as long as the aspect ratio is not too
small. For the case of small aspect ratios one has
to resort to more accurate methods, such as there
are on one side Wrissivoer’s method (ref. 2) whieh,
however, yields only the lift but not the moment
distribution, and on the other side methods more
closely related to lifting surface theory. Among
the hfting surface theories there are available

FaLkxer’s method (ref. 3) and ‘a recent method
developed by Muvrdorr (ref.. 4). N
Though MurLtHOFP’s method will probably be

- sulficiently accurate for many practical problems,

1t still has the disadvantage of heing restricted to
chordwise pressure distributions of the type

A, eot % + 4,5in9, (1.1)

where 3 is the chordwise angular coordinate
(% = 0 corresponds to the leading edge). It
is true that by a refined choice of the points
where the downwash is taken into account
{pivotal points), the influence of the omitted
term A, sin 23 upon Lft and moment of the
wing is diminished, but only in a two-dimensional
flow this influence vanishes exactly. Eyven if the
wing is parabolically cambered, the pressure dis-
tribution will be more or less different from the
type- (1.1) due to the effect of “induced camber”,

_that 18 due to the chordwise varying downwash

induced by the trailing vortices. And if, more-
over, the profile is S-shaped or “cambered” as a
result of flap deflection, pressure ddistributions
strongly differing from (1.1) will oceur. Though
the formulae of the present report neither ean be
applied immediately to the case of a deflected
control surface, the method secms liable to exten-
sion in that direction.

The present method is developed as a general-
ization of Rmssver’s derivation (refs. 5 and 6) of
WerissiNGER's method, The generalization involves
that this derivation now also applies to tapered or
swept wings and, moreover, that in prineiple no re-
striction needs to be made about the pressure distri-
bution.. This latter feature allows the presentation
as a lifting surface theory and makes the method
also applicable to wings of small aspeet ratio.

It would not have heen possible to present a
method which can handle more intricate pressure
distributions than (1.1} if no simplification with
regard to Murtnorr’'s method would have been
found. This simplification is obtained by remark-
ing a ecertain duality between the accuracy re-




quired for the integration over the vortices (in
Muvraoer’s method the evaluation of the influence
coefficients ¢ and j) and the number of terms
assumed in the series for the pressure distribution.
It will be shown {See. 8) that after splitting off

the two-dimensional downwash, the integration

over the vortices ecan he performed by aid of
as many pivotal points as are used for the deter-
mination of the downwash. This prineiple has
also been employed by WEIRSSINGER to reduce his
F-method- te the L-method without any signiticant
foss of aecuracy. ‘

Finally, the best position for the pivotal points
is given. For the pivotal points required in deter-
mining the downwash, the result agrees with that
of MULTHOPP The plvota,l points required for the
integration of the downwash lie at equal distance
but at the opposite side of the mid-chord Une as
the first mentioned set of pivotal peints.:

Tt is expected that the present method will be

particwlarly useful in cases of small aspect ratio,

where the numher of chordwise pivotal points
has to be inereased, while the number of spanwise
stations may be diminished. The spanwise inte.
gration is not considered in this report, hut it is
advised to perform this in the way deseribed by
Murriorp (ref, 7).

2 List of symbols.

semispan :

the z-coordinate of the wing mld—(’]’lOI‘d line

semichord at ambitrary section ~

semichord at root section

Ve —a)* 3+ (y —y,)°

downwash (positive downward)

eoordinate in flight direction (positive

hackward)

Ty coordinate in spanwise direetion (positive

) to starboard) )

Toy Yo &, y-coordinates of the point,. where the

downwash is calenlated

f local angle between lines gzconstant “and
. n = constant

& n  coordinatés defined by eq. (3.2) |

ve, yy vOrticity eomponents along X- and Y-axes

Yo v, vortielty components in the direetions of

T T o

&-?s"'ﬂ.

.- - flight and mid-chord lne

. ‘e, ratio.of toot chord to wing span,- - I
-r taper ratio o

S p angle of sweep

I 5 circulation
J Tunection detlned by eq. (3.18)
#  funetion defined by eq. (5.3)

3 The integral equation of a lifting surface.

" The expression for the downwash in an arbitrary
point x,,¥, of the lifting surface is found by ap-
pheatmn of BIO’[‘ and SsvART’s law as

1 :__h L
w(xf,%) [f

I ff Sl ys da dy (3.1)

A4 47

Yz.' dr ‘l?f +

¥ 18

The X-axis coincides with the direction of un-
disturbed flow relative to the wing (see fig. 3.1},
while the Y-axis is perpendicular to the X-axis
in the plane of the wing, v, and vy, are the vorti-
city components in X- and Y-directions, while r

o

n=-1 n-+1

§=+1,

x
Fig. 3.1. Wing plan form.

denotes the distance between the points x,, ¥, and
z,y, 1le

r= VG a T G

A denotes the wing area and A’ the avea of
the wake. In the wake v, vanishes and y, is con-
stant in X-direetiomn,

It has heen shown by REmsxer (ref. 5) how for
rectangular wings without sweephack eq. (2.1} can
bhe reduced to a form from which Praxpri’s in-
tegral cquation for the lifting line as well as
Wessmiorks L- and F-methods follow by suitable
approximations. The reduetion given by REISSNER
is only valid if both the leading and the trailing
edges are perpendicular to the-main stream velo-
city. However, it appears to be possible to gener-
alize this reduetion to wings of general plan form
provided new eoordinates, ¢ and n are introduced
by the transformation

r= + &(n) :
flg) +&(n) (32
Y= b n

where 1 ="{(4), i.e. in the new coordinates £ =10,
denotes the mid-chord line . (fig. 3.1) and I{y)
stands for the semi-chord; £=-—1 and £é=1
determine the leading and trailing edges respect-
ively, while y= =21 denote the two tip-chords.

—_—
Consequently the vortieify veetor % is now de-
composed {see fig, 3.2) into C .

Yy =yg— yylan «a
and
Yy

" T eone

where « denotes the local angle hetween the lines.

£=constant and 5= constant. In general, a will
vary over the whole plane of. the wing. It is
determined by the formula

(3.3)




; Faey (%:_)z 'A1 , 1 |
tMai(@%=ng==?U&¢),wm
o /e

the accent denoting differentiation toward
: : !

N =CONSTANT

&= consTANT

Fig. 3.2, Deeomposition of vorticity veetor y,

“The reverse ‘formulae of (3.3) are

ye==y,+ v, 8h e
T T (3.5)
Yy T Yy COSa.

The advantage of the transformation (3.2). is

.o q
that at the leading edge y lies in n-direetion
which means that Ye vanishes. Due to this property

a trunsformation of eq. (3.1) by aid of partial
integration hecomes possible, which could not he
performed in the z,y coordinates. This partial
integration is based upon the following formulae
in x, y-ecordinates

r— X, ]

. y—1tt,
‘ P by r(r—a,) |
and o ; {3.6)
Y—4, _ 8 ' z—um, ]
e _—55 :"'('y—?g‘) )

which easily ean he verified. In the ¢ 4 coordina-

tes the operators a%lamd‘ N are to he replaced
o : oy 0%
by '
o8 3B tp 0O 9 @ dy 2 ‘
AT/ B L vy 9 @
oy o I wnd GI + dz  dx .L(3.7)
Since ' .
s—f Y
£ = S and y= b

it follows that

o
o%

:_-i o f+&0 - tana
I’ 2 I ’

oy

=
o
L N ]

1
635 »0, TJ-—-—-—T- (3.8?

Hence, cgs. (3.6) can bé replaced hy

T—% _§_ tane o 1 3 Yy,
v 0T 88" b ) rx—ux,)
and "
y—y, _ 1 2 _z—uz ,
AT ry—yy B9

As final preparation for the transformation of
eq. {3.1) into { and 4 eoordinates, it is remarked
that the surface dlement dx dy must be replaced
hy

Ge Bz
“of . Oy
At dy = bldEdy. (3.10)
e
8¢, on

By aid of eqgs. (3 5) and (3.10), formula (8.1)
now hecomes
1

. 1
T v s
= y, cosabldédy +
4z S J .
1
|
4
-1

while after apphcatmn of egs. (3.9) the result is

b a
.w=4— y,,‘;ma—

L— ¥y r
r(y —y,) !

/‘ i —Uo (vgT vy sine) bLdE dy,
4 ,

y

Y —Y.
(ﬁ—"ﬂ')o)

df dy —

1

1 ,
1 [f ; t —

_ Sa ~— -»——-—u—-——d dy '+
. J 1i,'y,,,(:osa I p—— £ dy

1. o

b ] & —

dn ff” far r(J_ﬁ N dé dn, (311)
el

where use has been made.of the faei that y, =0
for £ > 1. _
Similarly, the equation of continuity
02, Ow
+ =0
0% oy

will now he transformed to ¢- and w-coordinates.
By aid of eqgs. (3 5), (3.7) and (3.8) it is obtained

that
1 Blyg+ 'ywSina) tane Dy, cOSa )
R
1 9y,cos
SRR R
b o
or
1 3y, yy 0sina  y, tana dcosa
—— 4
[ o8¢ A A ot
1 2y co8e

lT'aq



By using ecq. (3.4)-it is found that

2 sin a - tan d cos a —‘l*cos dtane -
o BT T T
dcosa 4
=tana T + 5y €08 a,
and the continuity equation becomes
1 ays+ vy ¥ » 1 2y, eo8e B
T TR TNy ey T
or
8 0
ag (l‘y“ cos oy =0, {3.12)
Integration to § botween f=—1 and {="+1
vields for the wake vortieity- (1. e. £> 1)
1 dr -
YE=—7 (3.13)
£ b dy

where the circulation I is given by

1 1
D=t [y esads=t [ yae 310
-1 -1

In deriving eq. (3.13) use has been made of the
first and second of the following boundary con-
ditions

b=, yg=0; £ 2 1, 3, =0;

p==1, y,=0. (3.15)

By partial integration to £ the last term of eq.
(3.11) becomes cequal to

1
b (r8)e-., 2
ir J Ty—y, T
4 1 .
b T Ty Byé
- L 241 ’?'(‘l}--— 1]0) BE dEd'q,

which by aid 'of egs. (3.12) and (3. 13) _may he
replaced by

1 dl"/d'q dn+
4 xb n— N
11
&=z, o(ly, cosa
f[ () }’;4 )déd'r}
Zp g T — 1Y) o7
and this is equal to
. 1
1 f dr/dy
47"3’_1 7% I —
11
1 j‘ 2 £—x
- 7 A AR Y 79
4r_j1_1 BT T —w) tn
Sinee
L— Ty Y—te r
ry—y,)  NE—x) (m—w)y—u)

T 20

this yields together with the first and second terms
of the right hand side of eq. (3.11) the following
expression for the downwash

wié,, ) =
1

b f/ . g T
. sne o —— - dfdy—
= LR e =) s

N

1

1

2
f[l'y,, eos:xa W(m—wo)(u——yu) dédy—

(H‘/d'q
T—"%

T Tdab . .

Making use of eqs. {3.7) and ‘(3.8) and replacing
moreover y, ¢ose by yy, it is obtained that

w(‘fo ’ "70} -

f f Y, d é
Y3y B'y (m—mo)(J~yo)
dI‘/do}
d A
47rb = 7, (3.16)
where the differentiation to ¥ must be performed
by keeping x constant. Thus
9 r T— &,
2 S ——— . (337
G G—i9 = W=yt 10
Let this form be put equal to
1w v
b oy r(y—u)?
or
VAR
J(fo,no;f,ﬂ)=—b2fmdﬂ (3. 18)

The funetion J is only determined by its deri-
vative to ] and hence it is equal to the indefinite
integral given in (3.18). J appears to be a
funection whieh has a finite discontinuity in those
sections », where either leading or trailing edge
has a kink. Assuming that this ocenrs only in the
centrve section, partial integration to n of the first
term of eq. (3.16) leads, after substitution of egs.
(3.17) and (3.18) to

101
_ 1 a(l)’y) ___
k90 = f [ 7 20 agay

47:'1)./.

1
_]"‘“ m‘[ J(g[f",_%; Er 0+)-_' .

0-)} (Byy)ymo @£

dar/ dﬂ; dy +
"%

‘—J(fo:"lu; E: ) (3~19)

sinee




F 2}
— 1 o 1

flw——dq—%-fl-yya dij= T .1y, . Ty,
ot

%J( 0:’?(1:&0 )_“J(goz"?O?EO-*-)%(LYU)uO _/J ?ud

I there are more.seetions where J has a finite
dlseontmmty, eq. (3.19) can easily be generalized.

Henee, in lifting surface theorv, the downwash
in a point =z,,y, 18, without any approximation,
given by a formula of the type of eq. (3.19). This
expression contains a single unknown funetion, viz.
the funection y,(§ ») in the wing region A. The

& — == b (n — ) f‘é“? +L{E—¢& —r(nt ~— by }

By substitution of eqs. (4.1) and (42) into eq.
(3.2} it is found that

z=b|pltang+ L{1—1|9|)§
y="bq,

Assuming », to bt positive, it is obtained that

re=VT0(g—mn) tang + L, (£~ & —v(nf—nuko) } 1+ [0(r—no) 1*
*::-—(J(‘q'{‘ "’To) taﬂtp‘+ lr{‘f_“fu + T("Jé + W-uéu) }

& — 1,

% it >0 (43)

r= V=00 + ) tang + L {(§—& F r(né + 0d) J P+ Bly—n) I*

funetion J(¢,,n,; &) can he cvaluated for any
riverr wing plan form.

The derivation of eq. {3.19} 18 not quite rigorous
since the first term of the right hand side of
cq. (3.16) contains an improper integral of which
the prineipal value in the sense of Caucuy does
not exist. However, a more careful but also more
laborious derivation is possible by caleulating the
downwash in the point (x,, y,, &), and then
letting approach z, the value 0. This leads to the
same equation (3.19) as is shown in Appendix L

Finally, it may bhe remarked that for an un-
¢ 13

oy ) B
eqs. (3.17) and (3.18) that

swept wing, where — , it follows from

P

J=b ——
" T—a) ( — )

which is in accordance with refs. b and 6.

4 Calculation of the function J(¢,, n,; & 7).

For any given plan form of the wing the fune-

tion J can be calenlated; this mlculatmn will now
he performed for the case that each semi-wing is of
trapezoidal form.

Then the mid-chord linc has the equation

s=[(3) ==0]y|tane, (4;1)

where ¢ 18 the angle of sweephack. The chord is
determined by the relation

L==T, {1—1)n]|}, (4.2}
where !, denotés the root chord and - the taper

ratie defined by b—k

if Iy is the tip chord.

Henee r==0 denotes a wing of constant chord
and r=1 a triangular wing,

s ity <0 (44)

With the substitution 5 —n,=¢, the integral
(3.18) becomes of the tw,pe

J:—f el L

P TN T
which is equal to .

VieT gty + 0°2

di

2

J= pr , (4.5)
where for g >0
a=at=1L(1—m)({—§
PP L
and for » < 0
e=a— ==L {E—¢& + m, (¢ F E(, }—2by, tany
B=pR—=—>0tang + l+i (4.7)

Tt follows from eq. (45) that J is discontinuous
tor n =0. In faet

/a _ z 2
T(€os mo; £0%) =— Var— pg) + 07y

. @t .
and . (4.8)
]/’____W
J (&, "Tosgr 0=) = — (o ﬁ_z) - )

whieh, in general, are two different values.

5 Isolation of . the two-dimensional downwash
term.

In chordwise direerion the funetion J becomes
infinitely large for

=§, it >0

s

{(5.1)
£=¢,; where

& =

E(I'“'”?ﬁ)gn'f' Zb%tang f

0;
L(LF om0) <




¢ =¢, denotes the line of constant £-coordinates
on the left wing passing through. P(&,,9,), see.
fig. 51, This follows by remarking -that BP =
(1l —1my)é,, BC=CD=by,tany and DE=

L (1 + m,). It may oceur, as. in fig. 5.1, that the

A1
Y

. Pig. 5,1. Positions of the lines ¥ =% .and E=§;

ling §=2£§ falls behind the trailing. odge of the
teft wing (£, > 1). 'In such case the chordwise
integration on the left wing does not contain the
singular point but it remains advisable to split
oft the singularity.

At will now be shown that separation of this

 singularity is identical to isolation 'of the two-

dimensional downwash.

It foliows from eqs. (4.5) through (4.7) that
the  singular part (i.e. singular in £ of the
funetion J(&,,9,; &) is given by
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The substitution g,lves risc to the follomng in.
tegmls to n:

!W‘—TIOI a(]?)

hom—me B

Ul

. (ly,) s
_f 3 =)

f}"?._"%‘ : a("'yy) d

0 "?_"'"7}0'.67?.

3 =01
1 i

-y

P I .‘ ! . |
[0 0 [ 30,
— dy+ |- iy =
aﬂ 7 “o aq !

\

=2y, _, Fn),

Yly=vp ’

Hence, the first and third terms of the R.H.S.
of eq. {(3.19) become after substitution of eys. (5.2)
for J . equal to .

1 }/W l'}’u(é; ’?n)

Y (tany—bré) "+ b7 &,
e d T LTt it &

(5.5)
as can eastly he verified.
Tt follows from eq. (3.4) that
S 5
i+ ay+
and, From eqs. (417 and (42) that =D tane
and ¥=-—1Lr (it > 0). Henee
PP .
N == — -
 Vibtan p— 1087 + 07

o8 o =

Jqpo—= | if o ’
Hm J(E,n0; £ 9) = . 9>0
E_Lm (Eoymos &) = (qﬂﬂn)'(f*‘fn) B (1 — vy,) 7
A — (5.2)
) — btan ¢ — Lr&,))2 4 b%
i S s Eip) e oAl VBtang —hrb )T B e
5":‘1’“2'9 (E 7 f ’7} . (7? - TI(:) (5‘—?0') l’(1'+ "'7?0) n
H‘nn‘ce the funection H(£, g4; f,'q),. defined by y - S
K:V{E(l—‘ﬂ?ﬂ) (5—“So)+.(ta-n?"“_£7$)("?—"?o)}2 +(’?__'f770)2_‘ 'lfl—“‘f]gl ]/(tallrp—-—sffu)z +1
. : e(l—1m) (£— &) ('?““Wn)
‘ if 3 >0,
: oo {5.3)
e V0eQF mJE— &/ —(tang—erd) (— ) )2 T (g — 1) — | n— 50| V (tang— eré )7 + 1
5(1‘+.77?0)‘(§“_§o’)A(7]‘“770)
: if n <0,
where ; and (5.5j‘ may be replaced. by ‘
=T, C(54) ' K _
. £ 2 . ‘ 1 [ Ye(é 70) d. (5.6)
iS I‘Ggulal‘ in E- 2‘.’1’@08(!(50) B 5——5;, -

It will now be investigated what is the contri-
hution of the singular part of J to the right hand
side of cqg. {3.19). When substituting eqs. (5.2)
inte the fivst term of the right hand side of eq.
(3.19), the integration to 5 caw be carried out,

It will he clear that- ——Z"(g’ (n;)) ig the eomponent
aL\sy

of .the vortieity parallel {o the Mine £—§, U =

were zero, i.e. o« constant, (5.6) would represent




. : ‘ F 23

exactly the two-dimensional downwash. In order
that the conception .two-dimensional downwash
exists for a tapered wing, it has to be interpreted
as that value of the downwash in £ which would
oceur if the dimensions in the local spanwise
direction at P are stretched infinitely, eompared
with chordwise dimensions. In this generalized
sense, (5.6) represents also for a ta'pered.wino" the
two-dlmenswnal downwash.

The result is that instead of eq. (3.18) one may ‘

write )
4 :
1 '}'U(ér 770)
—_—— ALz 8 e
W(S())no) 2 COSd_(ifo) 4 E_g;(} E
1 i 4
1 ar/dy 1 f[ i a(t.n,). .
_ b Al — d
-’117!5 —— d'q+ K gd*q‘i'

4 I f {h(éu o s ‘E:OJ:) -
—K(Emnm £0)) (by) _ do.  (5.T)

4y =0
6 Investigation of the function K(Eu,'q_g; &)

This funetion will first be investigated as func-
tionn of 5 and 1 for fixed values oi & and u,,
while x, i positive.

1°. The region where [z;—g(,i € dn—1i
(Region I in fig. 6.1). After substitution of
§=2¢, + & into the first cquation (5.3) the
resuli Is

The sigh of K is determined hy  that of
tan ¢ — erfy; it is “independent of .. For most
swept-hack wings, K will he positive in region L
It the point £,,, is chosen in such a way that
evf,=tane, K vanishes at the line £==£,.

in the necighhourhood of the fine £==¢/ at “the
left wing (region IV} X is given similarly by .

K 1 - tang —evéy
- i’]‘—ﬂu{ V{taﬂqab—effo')z‘*‘l )
+ 0(8) 5 <9 (6.2)

2°, The region where }r;———r;(,] « | E—4 | :

(Rc ion 11 in fvr 6.1). |
BEq. {5.3) leads immediately to the approxi- \

mation in region 1I: ' ,
f—&f 3
E“_Sn e

3°. The curve where K vanishes (III in fig.
6.1). L

The nominator of the first eq. (5.3) becomes
equal to 0 if

= (I Ve

|

(6.3)

(1~ 7q) %25 _
1—y =0

Ztanyg
- e_(l_——_-_‘rq} {n— 1) (64)

4%, The funetion K is discontinucus in % for
n=0. !

g Ve —ryy)s + (tanyg —er)(n—no)}* + (g —n)* — |n—no | M (tanp—er)? + 1
eI —7n,) §(q9—n.)

From cgs. (5.3) it is obtained that

K(f, 705 &04) =

’5(1 — ""’Ju) (¢ — Eu)‘?o

V { (L — 7o) (F—£&,) — (tan g —eré)ng I° T 76* — [ 7 | i/(‘m‘n,,p_sfgo) +1

(6.5}

VO = &1 (an g — el ¥ Lo lf(tan?—srsn

}i(én s Bos £, D~)

e(1'4 ) (E-— &) ny

Fig. 6.1. Positions of different regions.

. Making use of the assumption 181 ¢ 9 —m.],
the funetion can he approximated in region I by

I tan ¢ — eré, :
A= e ———
9—mn,| V (tanp—erd)? +1
+0{8}, 7 >0 : {6.1)

Since the right hand sides of these two expres-
sions are unequal, I is discontinuous in 5 for 3 =0.

Fig. 6.2 shows lines of constant K values on the
wing for the partieular case

ei=1/2, re=1/2, g=u/d,
£,=1/2, 5,==1/2.

The function will now he. investigdted for the
case that 5,=0. According to eq. (H.1) £/ 15
then equal to &,.

19, Near the lines £=4¢, and £=§, the func-
tion K 'is determined by (-qs {(6.1) and (6.2) if
7, ==0 is substituted. ' -

2°, At both sides of the centre section K fol-
Yows from ecq. (6.3) with ,=10. .

3°. K vanishes at the curve obtained by sub-
stitution of 5, ==0 in eq. (6.4) while y may assume
hoth positive and negative values.

4°. The discontinuity in K for »==0 remains
finite if 5, approaches 0, since eqs. (6.5) yield
that hoth K(‘Eny Mg s gr 0+) and K(E(}; Mo g} 0_) be-

have as — ~— for n,— 0.
o




5% For p,=0 the second and third terms of
the right’ hand side of eq. (5.7) contain integrais
of whieh no prineipal value exists though the sum
of the two integrals remains finife. This 1s due

to the fact that yr and hence, according to eqgs.
r

{3.13) and (3.14), also g'}’u dndg——— have opposite
7 n

values for 3 =0+ and.n=0- Since it follows

-

_| [l ISR
o KO 4 \
IND o
/A“:_%li&sz—;‘; ‘8ihe =27
/ | l/‘g\-}'—? 100 4
7
| A N

17 T
. //7‘ \1\&

-10 -08 -06 -04 02 ©O-+02 04 - 06 08 r-L.‘l.O

Fig. 6.2, Values of K (i/,, Y, & w) on the winé; plan form.

from egs. (5.3) that, if »,=0, the funetion K
hehaves near 5==10 as 1/y and the denominator in

1
the mte*nand ot the beLOHd term bEhd‘V e also a8 —

L

it will be elcar‘ that no prmelpdl xalue exists, If
however, the expression (3.14) for I'(y) is sub-
stituted, the-sum of the second and third terms
in eq, (5.7) becomes

{1
NI
7 o

dab 2 |

. T 1 . . . .
and since K — — remains finite everywheve, in-

7
cluding » =0, it is seen that this sum gives always
a finite contribution to the dowmnwash.

"7 TIntroduction of chordwise vortxclty distribu-
tion.

‘The approximate solution of eq. (5.7) will be
ohtained hy introdueing a series expansion towards
£ for Zy (&n). It iz wellknown from two-dimen-
sional theory that the vorticity at the leading edge
becomes -infinitely large, while # vanishes at the
trailing edge due'to the Kuita condition. These
features are retained for a finite wing and hence
the following expansion exists:

3 . x , .
Tyy (& ) = ¢o(x) eot—f%- 2 21 cu(p)sinnd, (7.1}
ne=

where
== — 08 3, (7.2)

i.e. $=0 and = at the leading and tmﬁmv edges
respectively.

When eqs. (7.1) and (7.2) are substituted into
eq. {5.7), the integration toward £ can be perform-
ed. From eq. (3.14) follows that

I'(g) == { ¢o(y) + ¢,(n)}

and henece
w(éu ' "h}) =
- % 1 20 M
=W,%%(7]o) —2 E Ca{0) CO8 3,
¢ (g} +e'(g) , .
dy 4+
) f M e 7

~

1z
+ = 4}.‘ [ K‘n(‘ftl » s 7]) Cu’(ﬂ)dﬂ +
21

4 kg b _u.—ei}
A S (Rt om0 —
4 Trb Fromer Sy L1
— K (&, 005 0-) } e (0) (7.3)
where _ '
1
- L. . S .
htl(gu ’ 770?"]} == / h—(‘fo y Mo & 7?} cot ”é’ ité,

21

a ‘ (7.4)

']("(‘fu y Roy £y =2 j K(EO » Moy £ ’?) sin w3 d"f}

~1
n=1,2,...

The functions ¢;(y) ave determined by this in-
tegral equation in 2 variables together with their

. houndd ry eonditions ¢; (== 1) = 0

Since eq. (7.3) must he satistied identically in
&, the coefficients in the Fourier cxpansions of
lett. and right hand sides toward 3S,, where
£ ==-——cos 9,, must be the same. Before expand-
ing into Fourier series, eq. (7.3) will be multiplied
by eosalé,).

Introdueing

2 E W (1,) cos msn »
ni=1
(7.5)

w(gn 3 7?0) cos d(ge) _:wﬂ(nu) -+

K&, n; 7} eos a(&,) :Krm(% ym)

+2 ¥ Kulne,n)cosmS,, n=0,1,... (7.6)
=1 .

where
-
1
Win{n) === fu, (&5, 7)) cos a(§,) cos mD, dY,,
: m=0, 1, (7.
mn('fh y T]) == ¢

=_¥_\[ A (‘-n:%: 7]) C()Sa(fo) GOS??LS dsm
™
wn,m=>0, 1, (7.8)




eq. (7.3) yields the following infinite set of inte-
gral equations in 1 variable:

Weln,) =

1
:—'W(}o(ﬂu} + 5 f Kuo(no, ) ed (n)dy +

4 Tl'b na=0

+ 471'b 24 {hvln("lo:o+}— nu("}oroﬁ)} C,.(U)——-
1
1 ¢ (n) + ¢,/ (4)
- 1—6—_:1/ L/ B ¢ (7.9)
. 1 |
Waln,) =— “2—3%»(1;0) +

1

¥
k5 8, [ Rt citiin s

+ T Z { Konta, 0%)— K (10, 0=)} €a(0),
m=1,2,. (7.10)

Together with the boundary eonditions ¢; (£ 1)=0,
these determine the unknown functions c;(y).

8 Approximate solution. Choice of pivotal points.

In practice only a few, say r, of the functions
Gi ('q) will be taken into aceount Henee, 1=10,
i,...,r—1. However, the method to he dealt thh

in ‘bhlS seetion should only he applied for r/ 3.
© It r s taken equal to 1 or 2, the method of Sec 9
is to be preferred sinee it allows in these cases
4 more aceurate determination of hift and moment
than the method given in this section.

It only the fonetions c;{y), 1=0,1,..,
are considered, eq. (7.10} is left out of account
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.provided .it is of .the type (8.2).

By giving the value of f(£) in » + 1 arbitrary
values of £, the funetion is completely determined
The integrals
(8.1). then can he caleulated. However, it appears
to he possible to choose » spectal values of ¢ so-
called pivetal points, and if f(£) is known in these
points and is, moreover, of the type (8.2), the in-
tegrals (8.1) can also be obtained exactly. This
procedure is the same as that used in a similar
case hy Muurhopr (ref, 4) for r=1 and 2.

The integrals will become equal to

‘ f (&) COt%dEZ E Poaf(gx).’
A . 5=1
; ) {8.3)

ff(&) sin a3 dé'-: Zipmf_(‘&s) n==1,2, ..r—1.
-1 8= .

It appears (see App. 2) that the position of the
pivotal points is determined by the general formula
2s—1 .
SK_WW, s=1,2,..7r .
The values of the quantities p;, are obtained by
substituting eq. {8.3) into eq. {8.2) and equating

‘the coefficients of .

r—1.

for m } r, while the summations occurring in the .

remaining equations must he taken from n==0 fo
f#=1-—1  This means that the functions K,,
eqs. (74), are negleeied for n> r. The problem
is then to determine the functions K, for n <r,
1, ¢. integrals of the types

1
f f(£) eot %fif and
21

[f(f} sinnd dg n==1,2,..r—1 (8.1)
21 .

with sueh an peeuraey that the error is of the
order

f f(&) sinn3ds, = } T
e

sinice the latter integrals are neglected. This means
that the following approximation for f(£) may be
used:

fl&)=a,+2 E by COS MY,

th=A

(8.2)

The values of* the quantities & and pi. are given
in table 81 for r=1.

If it is assumed, as has been done by eq. (8.2),
that K (£,, ne; & 1) s a polynomial of degree r in £,
eqs. (5.3) and (5.4) show that it may also be as-
sumed that K({£,,5,; &) is a polynomial of de-
gree r in & . In case of an untapered wing (r:=10)
the assumptions are exactly equivalent. Moreover,
no greater errors will be involved if it is assumed
that

K&, ;8 "J) cos a(§,) and w{f,, Uu) 0s a(£y)

are also polynomials of degree r in & . Hence for
the evaluation of the integrals (7.7) and (7.8),
i.e. of integrals of the type

3
[ (£, cosmB, 45, m==01,...r—1. (84)
0 .
it may be assumed that
W(g)=b,+2 ¥ b,cosnd,. (8.5)

n=i

Similar to eqs. (8.3) the integrals (8.4} become
equal to

f h(&)Y cosmS, dS, =
3 .

»

= \ Gue N{fos), m=0,1,...r-——1  (8.6)
&=1

Since for any value of m the left hand side of

eq. (8.6) is independent of b,, the right hand side

must also be independent of &,. Hence, it can be

‘coneluded at once that the pivotal points are deter-

mined by the condition
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TABLE 8.1-“ Y s .’(1 : R
‘ : St T . A T
Quantities required for the evaluation of the integrals (8.3).,

1

P S, £, Dy, - 2y, _ 33;, . Py}
= =
1 a7 | —05 2.1416
1 w0809 | 22733 | 04342 :
9 3. | 403090 | 08688 | 11867
1 o | —08010 | 17068 | 01690 0.3045 |
5 §n 02995 | 10973 | ossse | 03ner |
s ;w 406235 | 03380 | 05487 | —o06842 | © -
Lo e ) —omwr | aase | oost 05 | 02068
2. %w — 0:5000 1.0472 | T0.5236 | 0.5236 0
3 g bow0m6 | omies | 0T o252 | o595
4 T 07660 01633 | 02885 | —04429 | 03866
i ] o
:
_ TABLE 82, .
. :Quél.ntit‘ie; i’eqﬁired.' for t-ile evaluation of the i.t-lt'égrals ‘(9.4}. :
|I. .sl .;S." ‘ 2 "pqs‘ | | Py, .pzs | Py
. 2o | 405 31416
1 2. 0] = 03090 | 08683 | 1.1367
2 Lo | o809 | 22738 | o0ds4
L % | —06235 | 03380 | 05487 | 06842
9 o | o5 | rows | oss32 | —o08797
3 % = | 09010 | 17063 | 01690 | — 03045 |
1 2o | —07660 | 01633 | 02885 | 04419 | 03886
9 Lo | —01736 0.5769 | e 02352 | — 0.5954
.3 | o500 | roatz | 05286 05261 o0
‘4 - S|+ 0.5397 13542 | 00817 | 01535 | 02068
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- TABLE 83,

Quantities required for the evaluation of the integra.ls‘ (8.4).

r s 9 ¢, Py P pzb Py,
4 1 i 0 31416 )

2 1 % - —0.7071 __ i.sms 1.1107 | -

2 2 Sa | Ho0mom | 15708 | 11107 -

3 1 Lo | —ose6o | 10472 |- 09069 | 05236

3 2 R 0 1.0472 0 —I1.0472

3 3 % » | F08660 | 10472 | —0.9069 ‘0.5236
. 4 1 % - - | —08230 | 0785 04512.| 05554 | 06041
' i 2 Ja | —o3sr | 07854 0.6011 | —-0.5554 | — 14512

4 3 _;’_ - +03827 | 07854 | — 06011 | —05554 ) - 14512

- 4 o | 409289 | 07854 | 14512 | 05554 | — 06011

28‘—7'1

cos S, =0 or 9,= 57

= s=12 ..,r

Tahle 8.3 contains the resuiting values for £,
and g;, for r=1 1o r=4. ‘

In this way all quantities in eqs. (7.9) and
{7.10) are known except the unknown funetions
¢i{n). This integral equation can be solved by one
of the known methods (ref. T7), which will not be
considered here furthermore.

9 Approximations based on hft first and higher
moments.

Instead of operating with the expa.nsioIn coeffi-
clents ¢;(y) it is possible to use the integral
quantities

go(n) ==T(n) =1 [y,

1

gﬂ(‘f;) =1 [yyeos nd cif, cn={0,1,... {(3.1)
-, ‘_1 .

denoting hft tirst and Ligher " moments respec-
tively. BV quwbstltutmn of eqs. (7.1} and (7.2} into
eq. (9.1) the following relations are found

go(m) == { e{m) + e, (7)),
g (=4~ {Co(n) + ¢, 7?)}: (92)
gn(n) =3 {‘—C»«w« () + CnH(’])} if n 2

-

The advantage of the functions g:(n) compared
with the funections ¢;(y) is that two of them, viz
go(n) and g,(»n) determine already lift and moment
of the wing, while three of the ¢;-funections are
required to attain the same purpose. Before pro-
ceeding to the special cases r=1 and 2, the
general set of integral equations, based on the use
of the gi- funetions will be derived.

Th;s is performed by multiplying eq. (7 3} mth

cos a(£,) tan iz- ,cos a(g,) sin m3,,

L

m=172,. {9.3)
respectively and mtegmtmg to £, from —1to + 1,
Sinee

+

f j Co(0) —2 2:1 Culny) €08 S, g tan 2

5 dbo=

—1

3

= go("]o):
+1

/

-1

o) —— 2 z‘ u(ny) cos 9, [ sinm3, dg, —

. . = gm(?i‘u)
and intreducing moreover

. ) 5
huo(%: "]‘) — fKﬂ(goz Mo 7}) €08 a(gﬂ) tan '?0 dgo:
1

g . . (9.4)

KunCry ) = [ Enl6dmesn) cos a(€e) sin mSqdt,,
1 . )
the result.is:
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+1 N o | : ¥

ifw(éu:ﬂo) cos«(éo) tan E—déo—igo(r)o) il? f cos a(£,) tan %"—dgu J g"_(j’)?o dy +

+1 -
-0 o l =) . . )
EO f It;m(ﬂo s Tf} Cn'(n}d'q =+ #4 s EO { K“G(T’D s O+) - ]lﬂo(nu N 0")} Cn(O) s (95)
n== it} = i ™

+1

[ iy, m) eosaléy) sinm3, &y =4 gu(n) —
~1t c .

+1
1

Apart from the factor cosa(§,) the weight fune-
tions (9.3) are the same as those introduced by

Frax (ref. 8) when solving the bhasic integral .

equation of lifting surface theory by aid of the
adjoint variational - principle.
It may he remarked that if in eq. (7.3)

Kn(fo:ﬂo‘;n) ¢’ {n)
is replaced by H,.(&), 54i )9 (),

where

= .1 . . .
Fottsonisn) 2= — [ B, mi&n)ds,

! x

9

-

Kn(o;’?u:’?):““ Ii (&0 7105 & ) cOsSnS A,

n > 1
and a siniilar reduction is made for the last term
in eq. (7.3), egs. (9.5) and (9. 6) ecan be written in
terms- of the gi-functions only.

- However, when taking into aecount only r un-
known functions, larger' errors are made when
Y+(y) is neglected than when ¢,(y) is neglected
This is due to the fact that g,(n) is of the same
order as ¢r1 () according to eq. (9.2). Hence, the
‘best way is to retain the terms containing c,.(q)
funetions in.the form in which they are given in
eqs. {9.5) and (9.8) and to espress c¢.(y), n=
0,1... v—1 into go(g), »n=0,1...r—1 by aid
of the first » eguations-of the-set (9.2) -while
neglecting ¢,{»). This leads to the same result as
would be obtained when g.(») is replaced by the
linear ecombination of g,(4), g, (9),... 0,1 (%)
which follows from egs. (3.2)and then substituted

into the form Ka(&, 50 1)ga" (n).
- For r=2, cqs. (9.2) yield

1 g
go(’?) —_— gl‘(’?).
w 2y

2 .
c’o("]) = ;ﬂ_gl('?): Cy ("]) -
while for r=1
1 .
Go(")) = go("?)-
T
The maest accurate ivay for evaluating integrals
of the type (9.4) when usmg ‘r pivetal poeints is

similar to that described in Sec. 8 when referring
to the integrals (8.1).

LR
ey f K (o 1) o (q)dy + —— X { Kunlgo,0%) —
4: =0 47Tb A==z

b r A
o _/ cos w(£,) sinmS, d&, () dy +
J“Tb__ _ T
K"m(’lo 3 0‘)} C—,;(O) - ‘(9.6)

" By substitution of 9 = 7 — 39, the integrals (8.1)
transform into integrals of the type (9.4). Hence
the 'pivotal points are determined by the formula

25 :
Sa:'m T, s:l,,2,...,r

5

while the ecoefficients p,.., are closely related to

those used in Sec. 8 (see table 8.2).
After having performed the mtewration w0 &,

. the integral equations (9.5) and (9.6) ean be

solved for the unknown functions gi(q).
10 Comparison with Weissinger’s result.

For the particular case r=1 it might he ex-
pected that the present result becomes identieal
to that of WEsRINGER’s L-method (ref. 2), Indeed
for r =1, eq. (9.3) becomes equal to

0t m) cosag) tan. 5 déy =4 gune) —
_'l . i . - o . , N .

1 ; :
._-93_ ’ go(ﬂ)

- l . PR .
_m—j cos « (&) tgn 5 .flgo J __% dy '+
+ ——l'——-fK { Yo, (g)dy +
’ 4 =2h A oo\ Mo, W18y \n)éln
1 .
+ 2b {hﬂo(’?o: 0+) - ](oo(‘?sn } 90(0

or, after performing the integration to &, :by aid
of the pivotal peint £ =1/2,

1
go(’?u) 1 [Go'(v) dn +
Srlcosa(y)  dmb.) n—n

w(%x T’U) =
+ T:;%F‘[ KO§%s ’Zo; W)gni (ﬂ)dﬂl+

+ ;izb {'Ko(%’ 71-u§. 0+) — N, (4, o3 D—)} 9'0(0)

T, TN

After performing ‘also the integration to £ in-
volved in &, by aid of the pivotal point § =—14%
the result 'is




1

NN 7' ) B f-ge’_(’?_)—d +
W(%: ‘?0)“— 21rlc08a(1/r_)) ) 471,5, "’?‘*TT)o _ 9
—_— K o ,— 3 d +
+ 47_5 _/ 3m0s — &m0 (n)dn

vy

o (K m 1 0) —
o G mai— 4,09

— Kod, m03 =4, 07)} 90(0). (101)

It has been shown by REmssver (ref. 5, see also
ref, 6) that for the case of a rectangular answept
wihg WrstisoEr's L-method leads to an egquation
identieal to that resulting from (10.1) when r and ¢
are taken equal to 0. It can casily be.verified that
Wessisaur's general result used in the L-method
corresponds to eq. (10.1).

11 Recapitulation.

By a suitable reduction of the oxpression for
the downwash in an arbitrary point of a lifting
surface, an integral equation in two variables for
the pressure distribution is ebtained. This equation
contains a funection J (£, n,; & ») which is whelly
determined by the planform of the wing. This
funetion is evaluated in See. 4, where it appears
that J iy singular on the right wing if 5=y, or
f£=¢, and singular on the left wing it £=¢/
(&' heing the &eoordinate of the point (&,,n,) it
this point is considered as a point of the elomgated
left wing, see fig. 51). The &singularity can he
avoided hy splitting off the two-dimensional down-
wash, The remaining funection, ealled K{&,, 1,; & %)
is singular in the section g =1, , while it has like J
a discontinuity for 5=0. This function has been
investigated in See. 6.

By introducing a series expansion for the chord-
wise vortieity distribution the integral equation in
two variables can be transformed into an infinite
set of integral ecquations for an infinite number
of functions of one variable. If the series is cut
oft after, say r terms, a set of r integral cquations
for » functions is obtained. It is shown that with
this approximation certain integrals may alse be
approximated by evaluvating them by aid of »
pivotal points. The position of these pivotal points
is chosen in sueh a way that the errors become
minimum. . '

If only 1 or 2 terms of the series expansion
are taken into aecount, the procedure is slightly
qavied sinee it is advantageous to identify then
the uunknown funections with the 1ift and moment
distribntions. Tt i shown that for r=1 the
method hecomes identical to that of Wrmsvarg.

.
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APPENDIX 1.
More rigorous derivation of eq. (3.19).-

Sinee in the derivation of eq. (8.19) as given
it the main text, integrals have heen used of whieh
no Canchy principal value exists, a more rigorous
derivation is presented here. Then the downwash
is first calenlated in a point (%, , ¥,, 2,) just above
the lifting surface (z, small, but % 0), while only
at the end the transition z - 0 is made. 1

It can casily be verified that for z,0 Brox
and Savart’s formula (3.1) remains unchanged,
provided - .

r=b(o—g) =)+ &

Kgs. (3.6) are to he replaced hy
LTy _:Hi_ (m—‘mn}(y_’yn)
T e TR R R
and
\U_'?/(l :i (.’L‘——-.’I;u) (U‘*Efu)

1 3

B {(y—uy)?+22)r’ :

Pursning the reduetion leading to eq. (3.11),
it is found that cq. (3.11) has to be changed into-

11 .
I a; (2 — ) (4 = Uo)
v T Ui S [ E T

(2 —2) (Y — o) |
{— )%+ 22 ) ?'{ d dn —
(z—med (Y U«)

2
a o e ar}r (igd'-q-i—

b {af &L (:I;r——ﬂ;'”)(y“-—'yo) .
EER R I (AP T

d¢ dy.
-Partial integration of the last term leads final-
Iy to :

dl“/dq iy : -
N

ff 2

1rb

o (£ —24) (3 — Yo) dx
(’05:(1 a.q _{‘(J’k uo)g'_{__' zuz},,,..dé :j
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Since
: 1 1

r2 4 g2

(@—a)® + 2% (Y-—y,)" &7

R A K (T

the final iormula for the downwash replacing eq. (3.16) becomes: : -

w(t;(] H 7]0 =

The funetion & is then introduced as

Yy 5y ay (o= o }m

2 r—1,

Y — Yy r? + g2 1 [ dr/dy i

dfdy — ——
£dy 4frb_ N =1
y_yz .T2+Zo2 d"]

T, mibn) =0 |

and in this indefinite integral the limit z, — 0 can
be taken, which leads to the original deflnmon
of J as given by eq. (3.18). Smce eq. (319) is
also obtained In this way, it is clear that the
results are the same, whether or not a small vaiue
of z, is introduced.

APPENDIX 2.

The hest position of the pivotal peints.

When ealeulating the integrals {8.1) the position
of the pivotal points is determined by egs. (3.3).
After substitution of eq. (8.2), the following set
of r equations is obtained:

(e, + 0,) = Z Dy { 1, + 2 E o, o8 M3, }

w=1

_} Tr((bn -1——!Iﬂ.|.1) ==

2 Das { t, ‘f 2 2‘ thy COS ?REN },

Br=1

n=1,2..r—1 (A21)

AN these equations must be identities in the
coefficients @;. This means that any equation
vields 7 + 1 new equations and hence (A 2.1) is
equivalent to »(r + 1) equations. The unknowns
are ¥ guantities pj, to;,et,hel with » values of 9,.
These nnknowns can be determined uniquely.

The position of the pl\ ofal poinis can be found
in the following way, given by Mr. E. M. pE JAGER.

The r equations (4'\2 1) suhsequently lead to the
following sets of equations

*oo- l » , .
E Pos = E Die =3
s=1 s=1
¥ r . N
C Ppacos 3, =i X paceoss, ==0
g=1 - s$=1
r . . r
Y Poscos2 3, =0 E paeos2d, =TI
se=1 s=1
. -
Pos 083 9, =0 Y, 13003358____0
R -g=1 o

Pl
i
o

MF

© Py COS rS_, =0

Ao

Pos €087y 220

@
-
o
il
-

o (=2 +22) {((1—v)?+ &2) r

For the right -values of 9, each set must be
solvable in the coefficients p,,. This means that
between the r + 1 equations of each set a relation
of the type

Ao AL eos 3, T+ z\zeos2,‘3; o L Meos rS, =10

must exist, where A,,...A, are suitably chosen
constants. These eonstants follow immediately from
the right hand sides of the equations., Hence

2&(1"%‘ A]:D}‘ 2'Aﬂﬂ_"a2-::o; ),1——-13:()...
and it is geen that the relation _
1—2¢c083;, + 20829, —2¢0835,+

+ . =208 rd, =0 (A22)

is sufticient 1o make the equations within any set
linearly dependent.

Multiplication of eq. (A 2.2) throughout hy
cos 9,/2. vields ' ‘

2r 41 :
o8 2212 9.—0
cos 5 ,
or '
2s—1
S.@——WT}‘, 321,2,...?.

Bince integrals of the type (3.4) ave, apart from
a possible change in sign, transformed into the
integrals (81) by replacing 3, by = — 3, the best
position of the pivotal points for cvaluating these
integrals follows immediately fo he

2s
s“,s——m'ﬂ', .5—1,2,...’?.
=2 ete;
2‘ Pos =10 to n=r—1

s=1

E P ds =i=

e
e 1

ngcﬁé235 io
§§l P08 3 S, :’——-}7:

r

> pascosrd, =10,
g=1 -

Completed June 1953.
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A Comparative Investigation on the Fatigue Strength at
Fluctnating Tension of Several Types of Riveted Lap Joints,
a Series of Bolted and some Series of Glued
Lap Joints of 24 ST Alclad

by
Ir A. HARTMAN and G. C. DUYN

Summary.

The report contains the results of fatigue tests at fluetunting tension 6u various standard types of riveted joints
in 24 ST alelad, Ineluded in the investigation are some tests on bolted and glued single lap joints.
The most important results are:
- In line or staggered riveting had no inflience on the cndurance strength of the speecimens with thin sheets. In
fatigne loading all the riveted joints gave nearly the same failing stresses.
Larger static strength was not coupled with increased fatigue strength.
The bonded joint at low stress level and the bolted joint ar both high and low stress level had somewhat higher
futigue strongths than the riveted jeint. . -

Countents. _ 1 Intreduction.
1 Introduction. In the technical literature a numher of papers
. . have been, published dealing with the fatigue

9 T P . . - .

2 Tost 1‘)1ceesa. test equipment and procedure, strength of riveted joints (see e.g. the review of
31) Test pieces. ) the literature up to about 1950, given in ref. 1).
2.2 Static and j‘:atlngue testing. However, the test results prove to depend to a
2.3 Strain measurements. large extent on details of the fabrieation tech-

3 Results of the ‘strain measurements on some mque and the form of the test specimens, so that
tost pleces with smap rivets. it is only possible to derive general trends from

the published information, but no gquantitative

+ Results of the statie tests. results for particular applications,

5 Results of the fatigue tests. When it was therefore desired to obtain some
5.1 Patigne tests on test pieees with snap knowledge. of the fatigue properties of various
rivets (type Pb). trpes of joints used as standard types by the
5.2 Fatiguc tests on test pieces with counter- Netherlands aireraft industry, it was nceessary to
sunk rivets (type V). . carry out a fairly extensive programme of fatigne
5.3 Fatigue tests on test pieces with counter- tests in fluetuating tension. This programime was
sunk rivets (type Vd). established by the Tatigue Committes of the
5.4 Patigue tests on test picces with counter- Netherlands Aireraft Development Beard (N.IV:)
" sunk rivets {type Ve). ' and alse incorporated the fatigne testing of a series
5.5 Fatigue tests on test pieces with counter- of bolted lap joints -— sometimes used for repair
sunk rivets (type.V). jobs — and a series of glued lap joints, whieh
5.6 Tatigue tests on test pieces  with steel by the development of metal adhesives like Redux
. sNap rivets. in many fields are competitive to riveted joints.
5.7 Fatiguo tests on test pieces with 14" The results of the experiments on two types of
T.L.P. Monell-pop rivets. riveted lap joints have already heen published in
58 Fatigue tests on test pieces with steel ref. 2 and those of previous tests on glued lap
bolts. joints of smaller dimensions in ref. 3, Both reports
5.9 Fatiguc tests on test pieces with glued are in Dutch and for convenience of -the readers,
joint. whe do not understand this language the most im-

5.10 Comparison of the results, portant resnlis are repeated in this repert.

The whole investigation was carried out in
charge of the Netherlands Aireraft Development
7 References. Board. .

Conclusions.




2 Test pieces, test equipment and procedure,

2.1 Test pieces.

M 2

fig. 2b — type Vf — front sheet half sunk, half

dimpled — rear sheet dimpled.

fig. 2a — type Pb — both sheets flat — snap
rivets.

fig. 2¢ -— type Vd — bhoth sheets dimpled.
Materials of the test pieces. fig. 2d — type Ve — front sheet dimpled — rear
sheet sunk.
rThe 948{’1‘ dlclad sheet,; materldl for the test fig. 2¢ — type ¥V — front sheet sunk —- rear
}neees was supplied by the Nédetlandse Alumininm- sheet flat.
maatschappij N.V. at Utrecht. The mechanical flo. Of ¢ Pb both shects flat stoel
properties of the alloy, determined from rormal 1g. al — bype s shee — S
static tensile test picces, cut ‘at random fmma‘nvet _ . snap rivets
ed test pieces, are givew in the table. . - fig. 2¢ — type Monell-poprivet — both %heets flat
There is a marked dltterence between the me- — monell poprivets.
chanieal properties “with grain” and “eross grain”. fig. 2h — bolted —— both sheets flat — steel ‘{)ﬁlts,
Adl rivets were 17 8, riveted eold in the solution- with duralumin nuats, assembled with 5
treated temper. to 10 in-lbs torque.
'r’ V \ . 1 {
 Yield - Ultimate Flongation
. . i T h tr tl .
Material Thickuess d,GIal.n' strengt Strengtl 8 in % _
lI‘eCthn o2 Tu . l::;’j.ﬁ':} ]/A
kg/mm? kg/mm?
24 8T alelad 0.8 mm, with 36.5 45,0 ] 22
3 »” Y 36'9 45‘2. V 22 .
» o 376 ( 909 467 ( 460 93 ( 22
,, ” . 364 471 22
; S eross 299 43.6 21
. » » 29.9 441 21
295 { 0 432 { BT 22 (22
. " ;) 26.6 ’ 439 3 24
,, 1.2 mm o with 37T ) 471 22
. . P 385 § 551 169 { 470 Cog | 22
Dimensions and shape of the test pieces.
The. riveted test pieces were single lap joints
with two rows of rivets (bolts) placed.either. in
line or staggered. The 3 types of test pieces are
shown in figs la to le inel. The dimensions of Yo 2 ) Q
the bonded lap  joints are given in figs' 1d to 1g —-——--'-—-———**—" o ————
inel. In most of the joints the grain direction -
of the sheet, material was perpendicular to the
direction of loading. g
3] . : DOVBLER 160 180
o -
T ?‘1‘ i 2.t le
. ;N-g‘gh_?ﬂﬁ :T:tt?fr.*{t "y *_:ffﬁ é E: "
20—
—
ta b ic
-Ii--nwr:"r' HEAD (BOLF) 0O O
"7 Fig. 1. Shape and dimensions of the riveted,
- bolted and glued specimens. T __‘_igg‘__ 9 T rO“ 8
la to c¢. Riveted or bolted joints. -
Type of joint. o O
Thg Vari_ous typgs of, riveted anq holted joints 160 70 |-
are given in the figures 2a to 2h inel, - —

Fig. 1d to g. Glued joints...

i b+




For the glued joints (figs 14 to g incl) “Redux”
was used. All tests pieces were made at the Fokker
Aireraft Co aecording fo eommon praetice, execpt

FIG 2a
TYPE P, $3tmm

o
20, N
Q i
i o
=5 -3
m%m#m
. " l
FIG. 2¢ ) FIG. 2d

TYPE , @ 3 mm

FiG. 2e © A 2r :
TYPE V § 3tmm STEEL RIVET & 3lmm °

o

«© 1]
o o]
i
ek

1/ FIC. 2g ) FIG, 2h
/B TLP MONEL~ NEWALL BOLYT
POPRIVET @ 3tmm $ 47 mm

Fig. 2. Types of riveted and bolted jeints.

§ specimens according to fig. lg which were made
at N.L.L.

The procedure for the bonding with Redux was
as follows:

{1) Degreasing with trichlorethylene,

(2) Pickling according to DTD 915 A,

{3) Applying a thin layer of Redux ligquid (with
brush), sprinkling with Redux powder, tap-
ping off surplus powder.

(4) Setting of the glue by heating on electrically
heated press. Pressure on the glue T kgjem?,
temperature of the glueline 142° C, duration
20 minnutes.

22 Static and fatigue testing.

The static and fatigue testing of the riveted,
bolted and glued joints according to the figs 1
and 2 was carried out in an Amsler high-frequency
pulsating machine {Vibraphore) of 10 tons eapa-
city. As can be seen from fig. 3 the test pieces
were holted to two steel clamping heads of the

same width. The 10 tons dynamometer of the
pulsator was used for the static tests and the
2 tons dynamometer for the fatigue tests, The

Tig. 3. Test set up in Amsler vibraphore.

fatigne testing of the bonded joints of fig. 1g
way made in an Amsler high frequency pulsating
machine of 2 tons capacity also with clamping
heads of the same width as the test 'pieces.

The Wghlér 'eurves (8-N curves) were determin-
ed for fluctuating tension with a“minimum load
of 100 kg, The frequency of the-lead resersals was
about 8000/minute. "If after ahout 50.10° load
reversals the ["fest pisce was not cracked the test
was stopped. "Otherwise the end of the test was
the cracking of the specimen in the joint or in
the clamping head. By adjusting the switeh-off
relay always in the same way it was achieved that
the switching-off took place at the same degrec
of erack formation. It is expected that complete
failure of tite specimen would have oecurred soon
afterwards. Some specimens were fested with a
small compressive lower load limit to cheek the
influence of lead inversion. '

2.3 Strain measurements.

To investigate the load distribution aeross the
width of the specimen at first mechanieal and
afterwards electrical strain measurements were
carried out. ’ e



The mechanical strain measurements were car-
ried out by means of six Huggenberger tensometers,
mounted in pairs at both sides of the. specimen
between the clamping heads and the riveted joint

(fig. 4). For these measurements it turned out to
FRONT ;:REAFI
P
s g
0, 1
Fig. 4. Loeation of the Hn‘ggmubergcr Lengometers.

a .
H

be almost impossible to mount tensoreters at more
than three places on one side of the speéimen,
Moreover ‘these mechanical measurements have
no hetter aceuracy than about 3 %.
. Therefore, it was decided to apply -elecirical
strain-gauges on two specimens of the type shown
in fig, le,
© One of these specimens was very well finished
and flat, the other one was less well finished and
visibly warped.
: The method of measuring made it possible to
determine more aceurately -the local strains be-
tween the rivets and to determine the changes
of the mean strains during dynamie loading (see
below under “dynamic loads”).
The Philips type strain-gauges were located on
the specimens as shown in fig. 5. Using a switch-

**’6054‘*

: 0+ +0slis +0+

| 102 +0sBis 20 |
9 12
o I

-
1%)-d bfg

Fig. da. Location of the Fig. 5b, .Unloaded and
strain gauges. loaded specimen. .
Gauges 1, 2, 3,74, 5, 6, 7,
and 8: front.
Gauges 9, 10, 11 and 12:
rear,

board, it was possible to take readings of the
Baldwin Strain Indicator for each’ strain-gauge
sepamtely For temperature eompensation the
strain-gauges of the unloaded specimen were used
as dummy gauges.

In fig. 6 the test set-up is shown.

Strains were measured for the following con-
ditions: o

Static teads. Twads read from the seale of the
10 tons Amsler H. F: Pulsator, equipped with a
2 tons dynamometer, i

M4

(a) Specimen hanging loosely on the helts of

-, the upper elamping head. .

(b) Specimen fixed in upper and lower clamp-
ing head; in this eondition the loads varied
from 0 to 1000 kilogrammes, with increments
of 100 or 200 kilogrammes,

Fig. 6.

Set-up for ecleetrical strain measurements
(e.f. scetion 2.3).

Dynamic loads. Average load 550 kilogrammes,
read from the secale of the H. F. Pulsatox (hmlt’%
100 kg and 1000 kg).

Strains were read at six numbers of reversals
as indicated by the eyele-counter of the testing-
machine,

The test set-up was oxa,ctly the same as durmrr
the static tests.

Due to the high frequeney of the test.ing ma-

chine (about 8000 cycles/min), the reading of the’

galvanometer of the strain indicator gave no extra
diffieulties; during dynamie loading the inertia of
the indicating .mechanism caused the pointer to
indieate the mean strain. Only the wiring of the
gauges in the vicinity of the specimen sometimes
suffered some damage due to fatigue; this damage
was always easy to repair. .

3 TResults of the strain measurements on some
test pieces with snap rivets.

t The results of the mechanical strain measure-

ments are given in table 1, In this table, for
several specimens, the strains at the fensometers

“haarey®
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TABLE 1,

Results of mechanical strain measurements.

I ) Measured strain N
Specimen Load computed stram °,
no. in kes Position (see fig. 4)
1
1 2 -] 3
300 — — — _

800.. 0.98. 0.93 0.95

ib 1200 1.01 0.97 1.00

1600 1.01 0.97 0.98

1800 1.01 0.98 0.98

800 — — —_

1000 1.13 0,98 1.26

2h 1400 1.03 0.96 1.11

1800 0.93 0.94 ‘ 1.0

2200 0.98 098 - 1.09

300 — — —

800 1.05 0.97 1.02

3b 1200 1.03 0.98 1.05

1600 1.06 1.00 1.08

1750 1.08 1.01 1.09

300 — — _

800 0.98 0.96 0.98

4b 1200 1.05 1.00 1.03

1600 1.06 1.02 1.02

300 — — —

800 0.94 1.02 0.97

5b 1200 0.97 1.03 0.97

1600 0.98 1.06 0.98

'y The strains are all with respeet to the first reading at 300 kg

or 800 kg

"1, 2 and 3, (see fig. 4) taken at different loads,
are given as pereentages of the caleulated aver-
age strain, using a modulus of elastieity of
7000 kg/mm?,

- The results show that the uniformity of the
strain distribution is very good for specimens 1h
and 4b and somewhat less for the other three
speclmens,

One has to consider the -fact that strains were
read from three tensometers which were not situ-
"ated in line. Moreover, the horizonta} position of
the Huggenberger tensometers may induce fairly
large errors caused by the unequal loading of the
knife edges. ‘ )

The results obiained from the electrical strain
measurements are given in the tables 2 and 3
and in the figures 7 and 8.

In these figures the strains of the gauges 1°

and 9, 2 and 10, 3 -and 11, 4 and 12 were added
to eompensate for strains, caused by bending of
the specimen. '

From the graphs of these pairs for the stefic
measurementds (strain versus load) it is evident
that the load distribution is very satisfactory.

Taliing. the zero-position indieated on the seale
of the testing machine as a reference, the langest
scatter meastired amounts to about 7% for the
flat specimen and 4 % for the warped specimen.
Though at -this' location the scatter for the-flat
specimen exceeded that for the warped one, the
stress distribution at the rivet line was, as could
be expected, more favourable for the flat specimen.

For the ganges 5, 6, 7 and 8 bending was not
compensated for, as it was not possible to attach
opposite strain gauges at the same half of the

specimen  because -of the lap joint. The heavy




M.6

JAP
- STRA) A
Si=TEnsue sTRall DUE TO S . STRAIN MICRO
PRELOADING BY CLAMAINGHEADS IN
Bc=COMPHESSIVE STRAIN DUE To - . - 1000
BRELOADING - BY CLAMPINGHEADS . .
Chie s ~..a-'++++-++++
LOCATION OF THE
! : FRONT] Lsrmm ~GAUGES
A =g CHANGE OF THE AVERAGE 2T b(\a 800
< ETRAIN DURING DTNAMIC 11 4 "
LOADING a4t \,_{ 1
oLt + “+ 2
[ SO0
. ] '
STRAIN MICRD !/ -
INS — + i 400
N J / /f
| CALCULATED STRAIN / | ’ ’.fj
2000} — AT 1090 ket | {/ //, : A 200
1500 o
1200 600
BOO 200
400 200
a Q
<] 1200

. SCALE B
N L S
100 300 500 FOOKIOY REVERSALS

Tig. 7. Rosults of strain measurements on speeimen 2k (flat); further details are given in table 2.

/
/7& t o+ 4+ o+

N + + + + +

e =TENSILE STRAIN DUE TO ’ .
PRELOADING  8Y CLAMPING HEADS

€=COMPRESSIVE STAAIN DUE TO
PRELOADING @Y CLAMPING HEADS

LOCATION OF THE
STRAW - GAUGES

12

* #——%-—% CHANGE OF THE AVERAGE ;A
* STRAIN DURING DYNAMIC "

LOADING ~3

STRAIN MICRO

NS/ oy
STRAWM MICRO
ns/
2400
I
- "—CALCULATED STRA/I
2000] AT 1000 ar. /) | ‘ weay, |20
/ / 4
/ /1 S
1800 o o
1200 oo°
a
8co 400
00 — e Z- 200
K
i1 ___,Z e /SCALE B
o ——— o -~
—4005 %00 800 ) 200 800 ° %o 8O0 00 B0 200
T . . sy SCALE B . PN kgs
o . L I | | e .
o Lo 0 - 200 400 . 600x10? REVERSALS o

- Fig. 8. Resultss‘ of strain measin'egr-mnt-s on specimen 21 (warped); further details are given in table 2.




bending of the specimen near the joint was due
to asymmetry (fig. 5b).

This asymmetry caused a compressive stress at
the place where the gauges were attached. In the
graphs this compressive stress results in pronounc-
ed curvature of the lower part of the load-strain
carves 5, 6, 7 and 8.

In the flat speecimen 2 k the bending stresses
were ghout the same at all four gauges 5 to 8.

Tu specimen 2 1, however, at stralu gauge 8 extra
low straing were medsured. This meant that at
the same speeimen half, but at the inside of the
joint extra high tensile stresses occurred.

The bending stress near gauge § is about 3 times
as high as near gauges 5 and 6. As was to be
expected the first cracks developed near this
vauge 8. Nevertheless, the Iife of the poorly finish-
ed specimen 2 1 is only about 10 % less than that
of the hetter specimen 2 k.

The influence of the clamping of the specimen
in the clamping heads is shown by the sloping,
dotted lines. This clamping eaused loeal prestres-
sing, varying between 0.3 and 0.6 kg/mm?,

During the dynamic fests (lower parts of tables
2 and 3 and curves B in figs 7 and 8), at about
70 9% of the life of the specimen a econsiderable
increase of the strains was observed at a number
of pauges, in partieular at gauges between the
rivets. At these places the first cracks were ob-
served. Strain gauge 8 of specimen 2 k failed in
conseguenee of eracks which originated from the
neighbouring rivets,

4 Results of the static tests.

Table 4 gives the results of the statie tests,
which are also indicated in fig. 18. The scatter
in the results of these static tests is legs than
5 % with the exception of the results for the type
Ve and the strength of the specimens riveted in
line is slightly higher than that of the specimens
with staggered rivet rows. Beeause the failure was
by shearing of the rivets and the staggered speci-
men has one rivet less than the specimens riveted
in line, these results are quite reagonable. Because
shearing of the rivets was critical it is clear that
the heavier sheet of the type V has no important
influence on the ultimate strength. For the riveted
joints with steel rivets and the bolted and glued
joints failure always oeccurred at the clamping
head. The real ultimate load of the joint is
higher than the value indicated in fig. 18,

The joints with pop rivets have the lowest
strength.

5 Results of the fatigue tests.

5.1 Faligue tests on test pieces with snap rivels
(type Pb).

The results of these tests are given in table 5
and in fig. 9, in which is also drawn the seatter
hand. From the sitnation of the points in the
scatter band it is elear that there is no marked
difference in fatigue strength of the 3 types of
test pieces la to le. The mean enduranece strength
at a minimum load of 100 kg for a life of 5107

i

:

cycles is estimated at 550 kg. In nearly all cases
the erack initiated in the front plate at the lower
row of rivets ({fig. 1), i.e. at the side of the pre-
formed rivet heads and regardless of whether there
were 7 or 8 rivets in this row. It can therefore
be concluded that the damage and stress concen-
tration caused to the front plate during the rivet-
ing roperation is critical in fatigue testing (for
this type of rivets),

In this report the fatigue strength of this type
of lap joint with snap rivets has heen taken as
standard of eomparison and for this purpose the
scatter band of fig. 9 has been redrawn in the
figures of all other joints.

3.2 Patigue fests on lest pleces with countersunk
rivets (type V7).

Table 6 and fig. 10 give the results for these
riveted lap joints. The situation of the points in
fig. 10 indicates that probably the fatigue strength
at 10° eyveles for the test pieces riveted in line
is somewhat higher than for the staggered speci-
mens, but the difference is unimportant. As a
whole the fatigue strength of the joints type 2a
and 2h is the same. Contrary to that for joints
of type Pb the start of the erack for joinis of
type Vf was not in the front plate, but in the
rear plate, heginning at the shank of the rivets,
i.e. at the head formed during riveting:

As iz ghown in fig. 10 the result of test picce
1 I with a compressive Jower limit tits well in-the
seatter band for tests with tensile loads only. To
plot this result with the compressive lower limit
in the same figure a fatigue load from + z to
— 1y kg was taken ecquivalent to a load from
+{z+ ¥+ 100) ke to 100 kg. '

5.3 Fuatigue fests on test pieces with countersunk
rivets (type Vd).

In this and in the following series the number
of test pieces according to the figs 1b and le was
diminished, beeause the results for the specimens
of the two preceding series indieated no significant
differences between these two types. The results
of the tests arve given in table 7 and in fig. 11.
All the results are within the seatter band for the
lap joints with snap rivets; there i$ a slight in-
dication that the mean life at low stress levels is
somewhat higher for the type Vd.

54 Fatigue tesls on test pieces with couniersunk
rivets (type Ve).

Table 8§ and fig. 12 give the results for the
specimens with eountersunk rivets and with 0.8
and 1.2 mm sheets. Here also all the points are
within the secatter band for the lap joints with
snap rivets in thin plate. As eould be expected the
formation of the crack was always in the thin plate
(the front plate). In fig. 12 like in fig. 10 the
result of a test piece with a compressive lower
limit fits well in the seatter band for tests with
tensile loads only. : o
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55 Patigue tesis on fest pleces with countersund
rivets (type V).

The results of these tests are given in table 9
and in fig. 13,

The points in fig. 13 indicate a marked increase
m fatigue’ 5t1‘en°th as compa,red to the speeimens
Wwith snap Tivets and at low. stress levels greater
lives for the ‘test pieces riveted in line than
for, those with . staggered rivets. The endurfance
streno'th at 50. 106 eyeles for the test piecés in
line amounts to 900 kg and for the staggered test
pieces to 750 kg. ThlS inerease in fatigue strength
has to he chiefly attributed to the greater
sheet thickness. The ratio hetween the endurance
strengths of test pleces riveted in Hne- according

1o figs % and’ 2a, viz:_‘—zoé—%i nearly equals the

ratio between the ' sheet thickness, % so the
tensile stress in hoth test pieces i mactledllx the
same. ’

The cause of the failure of these test pieces with
1.2 mm sheet -thickness was in all cases-eracking
of the- plate. '

5.6 F(mgue tects on test pieces with steel sHhap
-«)wets

The- resu]tq for the test pmaes with steel rivets
are collected in table 10 and in fig. 14, At low
stress: levels :all points lie in the seatter hand for
similar tést ‘pieces: w1th A7 8 rlvets, rat7high stress
levels the cracking -of thé' plate in”the clam'pmg
head indicates greater strength for the specimens
with steel rivets but the difference does not seem
to be large. If the eracking started near the rivets
this oceurred in all cases in the rear plate which
is just the reverse of bhe behavmur of speemlem
with 17 8 rwets

I

5.7 Fuatigue tcsa‘s on test pwcm with 14" TLP
Moneleopmvets

able 11 and’ fig. 15 gve the résults.” The snu—
ation of the-points in fig. 15 clearly demonstrates
that these pop-riveted joints have lower fatigue
strengths than the corresponding snap-riveted joints,
The ratio’shetween fatigue strength and statie
strength are for both types almost the same {sec

table benea‘rh} ’
\< Life in_cycles ‘ L0 l 7.107
snap rivet’ | 023 | 044 |

pop vivet - . 0.20 0.12

The seatter “for the pop-riveted joints is sur-

prisingly low, |

5.8 Fatigue tests on lest pieces with steel bolts.

s

The results for the bolted joints are given in

“table 12 and fig. 16. Many specimens broke at

Lot e gl e, e

M 10

the eclamping head which makes it difficult to
draw a conclusion. The points in fig. 16 indicate
both at low and at high stress levels a somewhat
higher “fatigue Strenﬂ’bh for the bolted than for
the riveted joints.

5.9 Fatigue tests on test pieces with glued gon'ct

The results of the fatigue tests on the various
glued joints are given in table 13 and plotted in
fig, 17. Also ineluded in this figure are the scatter
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Fig. 17) Results fatigﬁe tests with fluctuating tension on
glued 24 87T alelad single lap joints

band for the test picces with 17 S snap rivets
and the results of the tests of ref. 3 on glued
joints in 0.8. mm sheet aceording to fig. lg. -
The loads on the specimens lg have heen multl-
plied hy 160/70 = 2.29 beiore plotting them - in
fig. 17, in order to male them comparable with

the other results, Also, slight corrections have

been made to reduce all results to a low er load
limit of 100 kg at 160 mm width. : '

The "test results show the usual secatter and it
is not possible to draw any definite conelusions
with regard to the influence of the length of the
gluchne (15 or 20 mm), the free length of the
‘speciment (150 or 40 mm) and the width of the
speeimen (160 or 70 mm). Also there seems to
he no influence of the grain direction of the shect
material with respect to the direction of load ap-
plication, despite the marked differences in static
strength.

The glued joints may be said to be somewhat
superior to the snap-riveted joints aecording to
fig. 2a, but most of the results lie considerably
below the §—AN curve from ref. 3. Abtually, the
discrepancies hetween this curve and the test
results for- specimens 1d and le promptéd the
execntion of the further tests on specimens 1f
and 1g. It should be observed that the tests of
ref, 3 do not properly cover the range of N >

N 11 A A e

3
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2.5 10 and in drawing the S—N curve too
much stress was appammly laid on the few test
results for high values of N. “Another possible ex-
planation is suggested by the lens shape of the
¢lne line with the specimens of ref. 3, which may
have caused a more favourable stress distribution
than will normally be encountered, giving high
fatigue strengths at the lower stress levels.

For pmctwdl purposes it must be concluded that
the honded joints were somewhat superior to the
snap-riveted joints, but did not show the large
superiority indicated .in ref. 371).

510 Compurison of the resulls.

To facilitate a survey of the most significant
results the static strength and fatigne strengths
at 10° and 10® eyeles for the different types of
joint are collected in fig. 18,
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Fig. 18, Principal resalts of static and fatigue tests
o 24 8T alelad lap joints.

Under statie load the riveted joint with steel
rivets, the holted joint and the glued joint in
strength far outmeasure the other riveted joints.
The real ultimate strength of these test pieces
condd not he determined owing to cracking in the
plate at the elamping head.

As expected the pop-riveted joint had the lowest
strengrth,

The large difference in static streng‘uh of test

pieces riveted with 17 S and with stecl snap rivets
does not greatly affeet the fatigue strength.

At high stresses the steel rivet has some ad-
vantage but at fatigue lives of 10® cyeles no im-
provement is apparent.

The remaining types of test piceces with high
statie strength, viz, the bolted and glued joints,
“have some superlority at low stress level. Exeept
for pop rivets the endurance strength is about the
same for all types of riveted joints in 0.8 mm
24 ST -alelad, indieating that the stress concen-
tration in the plate is almost independent of the

NTA rveview of all tests on bonded joints earried out
to date ju this country will shortly be issued as a rcport
of the Fokker Aireraft Co.

type of riveting used. The: eracking of the plates
in jeints type 2¢ with 1.2 mm plate at the same
nominal tensile stress as in JOII’ItS w1th 08 mm
plate confirms this assumption.

The greater fatigue strength of the Joluts tvpe V-
has to be attrlbuted to the greater sheet thickness,

With the exception of the type V the endurance
strength was not influenced by the rivet pattern
(rivets in line or staggered).

The results of the two tests with a negatwe
tensile ‘stress on the tdtlgue eyele indicate (see
fig. 10 and flg 12) that with a low pomtwe or
negative minimum lead the amplitude of the eyele
determines the fatigue life. The change of the
gtress ratio (R} from low positive to low negative
values causes no jump in fatigue strength.

No results have been found in the literature on
the fatigne strength of riveted single lap joints
ot 24 ST alelad suitable for a direet comparison
with the results of this report. In ref. 4 it is
stated that riveting in line or staggered has no
influence on the fatigue strength, which agrees
with the results in this report.

6 Conclusions.

1 T'he load distribution over the width of the
test piece was cxeellent.

2 The bending stresses in the plate near the
rivets of flat test picees did mnot vary over
the width of the fest piece, as they did for
the warped ones (see figs 7 and §8).

3 The elamping of the test picees caused a pre-
stress (tension and compression) of ahout 0.3
to 0.6 kg/mm?® {(sec figs 7 and §).

4 Increase of the mean strain (at econstant mean
load and amplitude of the fatigue load) in the
plate hetween the rivets did not appear until
70 % of the fatigue life had been passed. There-
after the strain change, as well as the cracking
had a strongly progressive character.

5 .With the exception of the results for test
pieces type V' (1.2 mm sheet) there was no
difference in fatigue strength by riveting in
line or, staggered. .

i
6 Change of 17 8 . snap rivets to stecl rivets
gave a higher statiec stremgth, but no higher
endurance strength.
High static strength is not coupled with high
enduranece strength,

7 Al types of riveted joints (except pop rivets)
have given almost the same stress coneentration
m the plate.
The greater strength of joints type ¥V has to
be attributed to greater sheet thickness.

§ The pop-riveted joints had smaller static and
fatigue strengths than the other joints,

The ratio bet\\een static 'strength and endur-
ance strength was almost the same as for snap-
riveted joints.

9 The bolted joints had both at high and at
low stress levels somewhat greater fatigue
strengths than the riveted joints in the same
sheet thickness,
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The fatigue strength of the bonded joints of
0.8 mm 24 8T — alelad sheet with a normal
glueline was somewhat superior to that-of the
riveted joints,. but did not show the large
superiority indieated in ref. 3.
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{For table 1 see p. MH)



Bleetrical strain measurements on speeimen 2 k. Static loading.

TABLE 2

%)

Measured strain in micro-ins/in in strain-gauges no:!)
- Load SR T
1 2 3 4 5 6. # 7 r 8 9 _ 10 ' 11 v 12
Specimen hanging loosely on the bolts —68 | —174 | —182 | 149 { —092 | — 69 — 27 9 4 100 —7 + 251
Vibraphore indication : 0 kg 0 0 0 0 0 0 0 0 0 0 0 0
" . 100, 55 63 63 40 9 12 18 42 149 127 131 180
y : 200, 133 152 150 131 38 53 59 92 257 241 241 320
- . 300, 323 361 351 320 130 159 160 200 467 443 429 542
., 600 522 563 570 530 252 282 281 319 654 645 620 753
N y 800 732 775 790 737 393 430 420 451 850 851 820 963
" " 1000, 931 982 1000 942 532 575 053 582 1041 1051 1017 1172
Dynamie loading. Average load 550 kg (min 100 kgs; max 1000 kes)
. Changes of the strains in mievo-ins/in
" Indication cycle-counter ?) o
1 ; 2 P 3 ” 4 H 6 7 8 9 10 _ 11 12
Reference indication: 036925 0 0 0 _ 0 0 0 0 0 0 0 \\ 0.
- " 037090 — 4| — 5 + 8 | +210 | —~1 | — 8| — 9 0| —15 | — 6 —1 —2
. " (37200 —14 | —28 O 0O |— 8| —11 | — 10, —25 | — 9 — 38
. Y 037314 — 10 + 13 0O | — 8] —8 | — 8| —25 | — 4 -—2
. ., 037440 —1 |9 +29 % +8 |+ 6| -5 -2 —15 | + 1 0 )
" " 037600 — 5 + 50 + 5 +230 0 + 2] 4253 —15 | —10 + 8

All measored “strains are
- tensile strain.

— compressive strain.

1 unit = 1000 reversals,
These rcadings could not he taken.

-+: deviation in direetion of tension.

-—: deviation in direction of compression.

reduced to the strains in elamped

speeimen at

vibraphore-loading of 0 kgs.
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- TABLE

Results of statie tension tests on 24 ST alclad

Number Test piece sheet L(J{'Id at
of . thickness Type failure
test piece .jceol-dmg to in mm . in kg
3a fig. la | fiz. 2a | 0.8 Pb — 178 snap rivets 3800 |
3b , - ., , o m 3800
s ! osig . T . 3700
- 4b ., ., R .o 3600
2a fig. le " . , ” " " 3750
2b 1 " » " b om 3550
la fig. 1a fig. 2b . Vf front plate partly. sunk -— rear plate dimpled 3850
1h . - ., e e . . 3750
ba fig. 1b " . N, ,, " " " " " 3400
6h . . . o . ., . y N 3500
Ha fig. le » . o s N ., . , , 3400
oh . " . . " ) . . " 3000
8a fig. 1a fig. 2¢ " Vd both plates dimpled 4100
8b » ” . . . 4050
% fig. 1b , ) YL ; 3850
9b fig. le o " o . . 4000
14a fig. la fig. 2d 0.8 and 1.2} Ve rear plate sunk -— frout plate dimpled 3450
14h . A R s » n , 4050
1%a fig. le o a , . " " " , 4500
19b " " s w . " » . " 4150
13a fig. 1a fig. 2e 1.2 V front plate sunk 4200
13h . ; N L 4000
84 tig. le ) ; e 4050
18 fig. 1h N 3y . 4950
 12a fig. la | fig. 2f 0.8 Pb steel rivets 4600
17a fig. le ” ; . " 4650
1a fig. la fig. 2¢ N 1" Monell T. 1. P. pop rivets 3004
11b . ., . . w 3200
16a fig. 1b . . y 2800
161 . ) Y .. 2850
10a fig. la fig. 2h " steel bolts 4400
15a fig. 1b ) . 4550
20a fig. le " " glued 4550




L

riveted, bolted and zlued simpl

g+

e lap joints.
! .

M 17

Fimiax Tmax
in sheet in rivet Remarks
W=160 mm | ¢=31 mm

| 29.6 31.6 Failure by shearing of all rivets — little distortion of rivet holes
29.6 - 316 " » » w o om »” » ”» w o on »
28.9 32.6 Rear plate teared at vivets of lower rivet row
281 - 31.8 Failure by shearing of all rivets — little distortion of rivet holes

| 203 . 33.1 » » oo ” 9 # woow 0
2779 314 " " ” - " » " w oo ”
30.1 31.9 Upper rivet row pulled through the plate —— lower rivet row sheared
293 311 Rivets pulled through the plate
26.6 30.0 Some rivets sheared, all others pulled through the plate
274 31.0 o v " . O »om
26.6 30.0 Some rivets pulled through the plate, all others sheared
234 26.5 » " " " » oo "
32.0 34.0 . Failure by shearing of all rivets — large distortion of rivet holes
316 33.6 " " " v o " . »o o "
30.1 3.0 Crack at the elamping head under the doublers
31.2 35.3 Wailure by shearing of all rivetheads in longitudinal direction W

i 27.0 98.6 Y ) . '
316 33.6 Rivets pulled through the front plate _
351 39.7. Crack at the clamping head under the doublers
324 36.6 IFailure by shearing of all rivets -
222 . 352 , . ” ) )
20.8 33.2 " noonom
21.1 357 . v
292 37.6 Y I, )
35.9 38.1 Cracle at the clamping head under the doublers
36.3 41.7 w ’ o " " -
234 249 Shank of the rvivets pulled throngh the rear plate
25.0 26.5 L . s
21.9 24.7 o oo " " , yo "
99.3 95.1 o N ‘
34.3 — Crack at the clamping head under the doublers l
35.6 — o " " " " "
356 — )




TABLY 5.

Results of fatigue tests with fluetuating tension on 24 ST alelad single lap joints riveted with
178 snap rivets {fig. 2a).

o~ Load in o Oz 1M )
Numher Yest . . Tmax M1
. kg Life sheet .
of the piece rivet
. ——  {eycles) kg/mm*® Remarks
test . jaccording ke/mm? -
pieee to min ‘ nax X §==0.8 mm ¢ 3.1 mm
. w=160 mm - .

de fig. 1a 160 1520 243 119 12,6 erack in the front plate in the lewer rivet row . -
3d - 1340 151 10.5 S11a w o, o tear . upper
3k, y 3 1340 169 105 131 wm o fremt lower -

3e ” 1140 410 8.9 94 o a h o e w

3 » 960~ 784 7.5 7.9 ’ o . . " " ,

3g " " 760 - 812 5.9 6.3 o ., Dear s . ., upper

. 3h. ’s " 5380 9488 4.5 4.8 " w4, fromt w o w lower

31 " 460 T 1 > 52318 36 ‘38 test piece did not fail

4c fig. 1b . 1480 144 11.6 13.1 crack jn front plate in the lower rivet row

-4d. » ” 1280 . 202 10.0 11.3 ' v 3w . " "

4e N . 1120 340 8.7 9.9 " , , n e s , . .

4f " 920 600 7.2 8.1 o , v 5 N ,

“dg 740 3412 5.8 6.5 e

- 4h; " . 560 > 50734 4.4 5.0 test piece did not fail )
4k » 560 2084 44 5.0 erack in front plate near the riveted reinforcing plates
4] - - . 560 40144 44 5.0 w mmm o . .
2e fig. 1c .Y 1480 140 118 131 » » " ,, in the lower rivet row

2d " N 1280 301 10.0 113 w s s " b

2e o . 1120 342 8.7 9.9 " ’ » . ” o »

2k »s 1000 720 7.8 89 v mm w » " "

21 ' 1000 617 7.8 8.9 . ” ’s s s " " R

2f " " 920 950 7.2 8.1 e s ” 1 "

2z . 740 1553 5.8 6.5 s ” » w1 ’ , , Sstarting

_ from the edge of the plate
2h . . 560 7225 4.4 5.0 erack in the rear plate in the upper rivet row

The test picces 2 k and 2 1 were used for the measurements with strain ganges.

81 W
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TABLE 7.

Results of fatigue tests with fluctuating tension on 24 8T alclad single lap joints riveted with
17 8 countersunk rivets (type Vd fig. 2¢),

Nurm‘ber Tést Load in . Tmax in Tmax i1

of the plece ke Liife sheet‘ rivet - .

test ageording | (eycles) kg /mm? kg /mm? . Remarks

] . X 10% t=10.8 mm
piece to min max S w160 mm ¢ 3.1 mm

8c fig, la 100 1600 | 85 125 133 erack in the rear plate in the upper rivet row

8k , ., 1600 99 125 13.3 e e e e

8d ’ e | 1400 124 11.0 11.7 b o m w m

8e . , 1290 : 357 94 100 o s w ; ,

8t , . | 1000 643 7.8 8.4 b m i
8g . 500 9293 6.3 6.7 e e e e e e =
8] " N 700 1710 5.5 5.8 s . o front , near the riveted reinforcing plate

8h » " 600 > 58953 . 4.7 5.0 test piece did not fail

9¢ fig. le . ]600 - 109 125 14.1 crack in thé rear plate in the upper rivet row

2d fig. 1h 1400 152 11,0 12.3 e m e e e

9e . . | 1200 273 | 94 106 w o m m m e

5t " o 1000 638 78 © BS po ) v m ” » 0

% . , 800 1898 6.3 70 e e e e e

9k fig. 1e " 700 2323 55 6.2 " o w m o a ' , ’

9h , y 600 | >53528 | 47 5.3 fest piece did not fail




TABLE 8-

Results of fatigue tests with fluetuating tension -on 24 8T alclad single:lap joints riveted with
178 countersunk rivets (type Ve fig. 2d).

‘ Fmax 1N

Number Test Load in . Tmax i
. kg Life | sheet g .

of the piece . rivet
test aceording (eycles) kg/mm? .k /H'lmQ Remarks
i to ) min max X 10° ¢=08 mm gl mm

pieee L 4 w=160 mm | * o

| :

C 144 1 fig. la 100 1400 182 110 1179 erack in the front plate (0.B mm) in the lower rivet row
149 . ” 33 -1200 202 94 100 2] i1 ” » a 2y [N I ] 2 ” LH
14f bEl ” ]000 504 7‘8 8;4 ¥ " r»? HE 13 n I b4l 1 bsl mn
-14g bis ’;. 800 - 615 6'3 6‘7 Ff rr 2 2 » 3 n n " b3} b
]41{ b} 1t :700 1888 5'5 5'8 ” " r3 A 2 » 1 bb] n 1 1
141 ” 1 TOO ‘ 2501 5‘5 5'8 17 rr El kR ” 12 9 ”n ¥ bh

- 14h " » 600 > 56220 4.7 5.0 test piece did not fail
14m " — 60 1000 492 7.8 8.4 erack in the front plate in the lower rivet row
19d 'Elg 1(3 100 140‘0 179 11-0 12.3 51 1 2 EES " ] EE 1 ’ L]
lge ~ ” 3t 1200 336 9'4‘ 106 EE 1 J1] » » 1] 27 b2 2 "
vt |, , 1000 851 T8 - 88 b o m o mm
lgg " EH] 800 R 2600 63 7'0 ' LR »” 1 b FH] 3y bH 2 » 131
]911 3 13 700 """3197 55 62 IH ” " 2 ». on 1 ” 7 1
19k ., 600 | > 51138 4.7 5.3 test piece did not fail

e W



TABLE 9,

17 S countersunk rivets (type V fig. 2e).

Results of fatigue tests with ﬂuetuat‘ing tension on -24 3T alelad single lap joints riveted with

Number ’l:éét - Load in ™" Tmax I Tmax I
of the piece Llie ksheet . rivet Re K
t.est according - {(?(m]?)?) t-«;gf;?nm kg/mm? THATES
ple?? to min ma,)?. ' w =160 mm ¢ 371 mm .
13c fig. 1a 100 1600 633 84 13.3 crack in. the front p]a‘;e m th;e lower 1'1v'et romw
134 L 1400 1158 73 11.7 . ., rear . .. upper .,
13¢ ) : 1200 1182 6.3 10.0 e e
13¢ N ; 1000 2346 52 84 . e
131 ; ) 900 | > 54979 47 75 test piece did mot fail
13m " 900 > 55036 47 75 o
i3g ) ; 800 | > 57061 4.2 6.7 o
13h N 700 > 58077 3.6 5.8 o e
18¢ - fig. 1b " 1600 400 84 141 crack in the front and in the rear plate
181 fig. le ; 1600 746 84 14.1 ., rear plate in the upper rivet row
184 ) ) 1400 746 7.3 12.3 e e e
18e . 1200 993 6.3 10.6 b e s e e s e
18t ., N 1000 1833 5.2 88, S e e e e
18g . . 900 24m 4.7 79 W fromt L, . . lower ., .
18m " ' 800 16895 42 7.0 . . s Tear ,, ., , upper ., ° ,,
18h " " 700 > d6T700 3.6 6.2 test piece did not fail
18k ., 700 | > 57850 3.6 6.2 |

ot W




TABLE 10.

Resuits of fatigne tests with fluctuating tension on 24 ST alclad single lap joints riveted with

steel snap rivets (fig. 2f).

X | Iioad in Cmax 111 D T
e e R

test aceording (cyeles) kg/mm? kg/mm? Remarks

. . x 108 t=0.8 mm
plece fo min max w— 160 mm ¢ 3.1 mm

12d fig, 1a 100 1400 287 10.9 1.7 arack in the rear plate near the reinforcing plate
12m " » 1400 340 10.9 11.7 N ” » 2 Y
12¢ ., § 1200 858 04 10.0 T 3
12£ " " 1000 1175 7.8 8.4 v w o .. In the upper rivet row
12¢ " " 800 2566 6.2 6.7 w w y ” .

12h " ; 700 3021 5.5 i 5.8 mm ., ' » .
12k Y . 600 5309 4.7 5.0 o ww » near the reinforcing plate
121 ” " 600 > 53458 NI 5.0 test pieee did neot fail

17d fig. e " 1400 280 10.9 ‘ 12.3 erack in the rear plate in the upper rivet row
17e " " 1200 ‘42-5 94 10.6 " » » Tront ,,  near the reinforcing plate
17T " " 1000 1072 7.8 3.8 s w ., rtear , in the upper rivet row
17¢g - 800 1771 6.2 . 1.0 s o e . " ,,

(R . 800 2801 62 70 e m e m
17k . , 700 1869 5.5 6.2 o e e e e

171 fig. 1b . 600 > 66742 4.7 5.3 test piece did not fail

17m ” -—40 1000 291 | 7.8 8.8 erack in the rear plate in the upper rivet row
i7e . =50 1000 390 7.8" 8.8 " o ,»  near the reinforeing plate

g6 W




TABLE 11.

Results of fatigue tests with fluetuating tension on 24 8T aleclad single lap joints r.iveted‘with ;
Monell pop rivets (fig. 2g).

Number Test - Lioad in _ ' o Tmax 111 Tmax ill
\ ke . Lite sheet . - L
of the piece . I rivet
- ; - (eyeles) kg/mm? . Remarks
test: according . kg/mm ‘
i t in max K10 =08 mm 31 mm

pece i m ' ° w=160 mm ¢
11d fig. la | 100 1200 137 94 10.0 crack in the rear plate in the upper rivet row
11e N 1000 144 7.8 8.4 w s e m e e
]]P ” 2 900 . 254 70 75 3y b1 EE] 3] 3 3 1) i "
llf' b2l x 800 N 338 6’2 6'7 23 L4 b2 1 »” » » L] 1 ]
1]g 7"“ " 700 -504 5'5 5'8 2 bR 1 1) bl EE) 3! ” ¥ . 1 g
1(1.h :); 1 600 865 4-‘7 5'0 ' i 31 13 LE e ¥ ] b1 2] R} b"i

i _
111{ !’J *r 500 }381 3'9 4'2 EH » 1 ] L] 3 ” b3 i sy
1'11 J-f bR 400 3420 3'1 '3‘3 3 3 1 22 7 1y n »” bE] ”
161 fig‘-b']c 1" 1000 136 7°8 8'8 B 37 1 n ” Eal 13 ” 2 n
16k fig' 1b E2 800 314 6'2 7'0 Ebd 2 1 27 2 H Eh 1 kA n
16h fig. ¢ " 700 435 5.5 6.2 » v o a1 " " "

. 16g '.!J i3 600 909 4'7 ’ :' 5‘3 L 3 " 1 I ” ” » " *y
16f fig' ]‘b ;‘ . 500 | 1784 3'9 . . 4'4 2 JI! b2l » m ¥ 13 1 ki bA
16¢ fig. lc L | 400 4117 3.1 35 S,
16e fig. 1b . 340 > 51874 2.6 3.0 test piece did not fail
164 fig. le - 300 > 55699 23 - 26 . o " »

‘ | |




Results of fatigne tests

TABLE 12.

with fluctuating tension on 24 8T Alelad single lap joints

(fig. 2h).
\ Load in Trmax 1D .

test . according (eyeles) kg/mm? kg /mm® Remarks

. . X0 {t=—0.8 mm -
plece to mitl max w— 160 mm ¢ 4.7 mm

i

10h fig. 1a { 100 1600 ! 199 125 5.8 eraclk in the front plate near the reinforeing plate
104 y " 1400 499 10.9 5.1 v w ’ P " -
101 . 1200 390 9.4 43 e
10e " " 1000 664 7.8 3.6 " s ., in the lower holt row
10g . " 500 1392 7.0 3.3 o m »  hear the reinforeing plate
10k . y 900 3295 7.0 3.3 y s .. rear ., L, . .
101 1 " v 800 18939 6.2 2.9 " » s front ,  in the ]()-W(:l‘ bolt row
10f " 700 > 51220 55 ;2‘5 test piece did not fail

16g ’ fig. 1h . 1600 197 125 | ;6_'.2 erack it the rear plate in the upper bolt row
15d ! " . 1400 602 10.9 i .'5.4 - v ,»  near t-]ie reinforeing plate
151 1 fig, 1¢ “ 1200 261 10.9 ) 5.4 ' w1 ,» 1 the upper bolt row
15h r fig. 1b . 1400 ! 629 94 ! 4.6 " w s, front ', . . lower

15e | . . 1000 1029 7.8 39 o rear , ., . ipper

15m H fig. 1e o, 900 638 7.0 35 " » 5, front . near the reinforcing plate
15¢ 1 § i 800 9357 6.2 3.1 L,

15k l N 800 > 60129 6.2 3.1 test piece did not fail

15e i Y N " 700 > 52406 5.5 27 N o

¢z W
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'C.CL. Class. C470-4

REPORT S4167).

Comparative Fatigne Tests with 24 S.T Alclad Riveted
and Bonded Stiffened Panels

J. H. RONDEEL, R. KRUITHOF and F. J. PLANTEMA,

Summary.

The purpose of the investigation was to compare the fatigue strengihs of bonded and riveted flat sheet-stringer panels

of identieal comstruetion except for the sheet-stringer joints.

The results of fatigno tests on panels stiffened with angle seetion stringers and top-hat stringers are given.
The bonded panels proved to be superior both in static strength and in fatigue strength and showed no dangerous

propagation of damages.

Contents,

1 Introduetion.

2 The test programme, the specimens and the
test set-up.
2.1 The test programme.
22 The specimens,
2.3 The test set-up.
3 The test results.

3.1 TDescription of failures.
3.2 Discussion,

4  Conelusions.

5 Referenees.
Acknowledgement.,
Appendix A.

1  Introduection.

Considerable intcrest for the application of
metal-to-metal  bonding  for aireraft structures
has developed in this country, and hoth at the
Fokker Aireraft Co and the National Aeronautical
Researeh Institute a numhber of investigations in
this field have heen and arc being made. These
investigations deal with static and dynamic tests
of honded specimens in shear, peeling tests, as
well as manufacturing and testing of honded air-
craft eomponents. At the Fokker factory an ex-
perimental installation for manufacturing sueh
parts has been developed and the experience gained
with this installation led to the decision to install
a glueing press having platens of 2 X 1 metres,
whieh is now in operation.

An cxcellent summary of most of the investig-
ations carried out so far with struetural eompo-
nents has been published in refs. 1 and 2. Among
others, static tests with stiffened panels showed

) Abbreviated version of Report 8411 (unpublished).

a superiority in failing load of about 20% of
honded panels as compared with riveted panels.
Tt could be expected that the absence of stress
raisers and the Ilarger-siahility -due to the eon-
tinuons attachment between stiffener and _shect
with bonded panels would caunse similar advantages
in fatigue loading. On the other hand, information
received from abroad suggested that fatigue failure
of bonded panels might progress very, rapidly, onhce
cracks or peeling hetween stiffener and sheet had
started. .

Under sponsorship of the Netherlands Aireraft
Development Board a fairly extensive series of
comparative fatigue tests with riveted and hond-
ed stiffencd panels was therefore carried out.
The panels were manufactured at the Fokker fae-
tory and tested -in-the 50 tons hydraulic pulsator
of the N.LI.

Preliminary results of these tests have already

"been published in ref. 1. In this report the

results will be given in a more definite and
detailed form.

2 The test programme, the specimens and the
test set-up.

2.1 The test programme.

The purpose of the investigation was to compare
the fatigue strengths of stiffened panels, which
only differed in the joining of the stiffeners to
the sheet, viz. Redux bonded and riveted.

Two types of panels were tested:
type I avith angle-seetion stiffeners, and
type Il with hat-seetion stiffeners.

From each type at least one bonded and one

" riveted panel were loaded statically to failure and

then the other panels werc tested in fluctuating
compression. The static load the panel could sus-
tain at the end of the fatigue test was determined
in a number of cases, The fatigue loads ranged



from 1000 kg as:a-lower limit to about 45, 60
or 75 % of the statie fa,lhng load.

The minimum load of 1000 ke was deeided
upon becanse this simplified the test procedure
to a large extent. Some reserve panels were
fabricated and the tests on these were made de-
pending on the results of the tests alrcady car-
ried out.

The following tests were made:
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2.2 The specimens.

The sheet material used for the panels was
24 ST alelad, the thickness for the type T panels
being 0.6 mm and for the type II panels 0.3 mm.
The mean values of panel and stringer thicknesses
are given in tahle 2.1,

The panels type I were provided with four

24 ST d,lclad angle sectlons 20 X 20 X 1.5 mm,

Number of panels loaded | Total

Panel f_rom 1000 kg to ahout?) namher
static of

. THh% 60 % 45 9 of statie load panels
1 riveted 1 1 1 1 4
twpe bonded 2 3 2 10
C Iil _ riveted 1 1 1 1 4
WP} bonded 1 3 3 2 9

1) Sec figs, 3,20 and 2.22 for aciual perecniages.

In this report the panels are indicated as ap
pears from the following examples:

b —715-—-2 and TIr-—s—1.

and II refer to the type of stringers.

. b.or r refer to bonded or riveted.

- 45-60-T5 indicate the maximum fluetuating load
' in % of the static strength.

~

hent from sheet material {fig. 2.1). The width of
the panels was 600 mm and the stiffeners were
spaced 150 mm apart. On the riveted panels 3 man
snap rivets were used to attach the angle sections,
the pitch being 20 mm.

The panels type II were stlffened with four
hat section stringers, spac@d 150 mm apart. For
the riveted panels the same rivets were used as

s * indicates the statically loaded panel. with the type I pamels. Originally the width of
1-2-3 serialnumber. these panels wag also 600 mm, but as it appeared
TABLE 21.

Mean thickness of panels and stringers,

CTe51 0.61

Mean thickness in mm Mean thickness in mm
Panel no. — - Panel no. —_— X :
‘ Sheet " Btringer ‘ Sheet - Stringer
Ih-s-1 0.64 1.56 Tlbus-1 054 .- 1.01
. Ths2 . 0.60 1.56 . _
Ih-45.1 0.59 1.56 Th-45-1 0.54 101 -
1h-45-2 0.60 1.54 1Ih-45-2 0.53 1.00
1b-60-1 0:67 154 - 11h-60-1 " 053 101
Tb-60-2 0,64 1.57 h-60-2 0.53 1.00
Th-60-3 " 061 1.57 1th-60-3 - 0.53 1.01
1b-751, 067 . 1.53 IIb-75-1 0.54 1.00
1h-75-2 0.64 157 Ih-75-2 0.54 1.00
1b-75-3 ©0:61 1.57 1Th-75-3 0.54 1.00
. TIr-s-1. 060 1.51 ITr-s-1 0.53 1.01
. Trdb-1 067 1.53 Tir-45-1 0.53 1.0
© Tr-60-1 ©0.64 1.52 11601 0.54 1.00
159 )] [r-’?_“[‘r-l

0.54 1.00

S IO




from the tests on the type I panels that peeling
of the glue joint mostly started at the outer edges
of the outer stiffeners because of the heavy
buekling of the strips outside of thesc stiffeners,

75 15C 20%x20 x1.5 3rmm SNAP
RIVETS PITCH
20mm
MILLED FLAT

AND PAR&EF

T F ot T fr

[+ Y+ -+ R+ +

574

TR TR T TR T
SHEET THICKNESS O.6 mm
R RN N E AR RN RN

TR EONRES . BHEASTIEN

K/EJ'(TRUDEB SECTION 25x25x3

luﬁ“ﬁﬁﬁ%\.m&%&&m

Tk Al F o+ AL F > e o+ K I: '

600 MILLED ;L\-ﬂﬁl

IAND PARALLEL

T

Amm SNAP RIVETS

RIVETED PANEL IF’ITCH 20mm

Fig. 2.). Nominal dimensions of the panals, type L

these strips were removed. Thus the total width
of the type II panels ranged from 510 to H15 mm
(fig. 2.2).

L4150 150 ., 150

3mm _SNAP
RIVETS PITCH
mm

MILLED FLAT AND
PARALLE]

T Tt T+ 15 "
- V
B i
5% i ;
g A EH
. THR1 .
5 e b :
7 bl I
1 \d

T ' MILLED FLAT AND.

PARALL
1ﬂm RIVETED PANEL

52015

3Imm SNAP RIVETS
PITCH 20 mm

Fig. 2.2, Nominal dimensions of the panels, type IL,

For introducing the load into the panels, the
top and bottom ends of cach panel were provided
with heavy extruded angle sections 25X 253 mm
riveted to the shect. The ends of a panel were
finally milled flat and parallel to cach other, to
obtain an even load distribution.

The total height of the panels thus became
about 574 mm.

All panels were manufactured at the Fokker
factory. Some particulars of the bonding process
are given in Appendix A,

23 The lest sel-up.

The tests were run in a standard 50 tons Amsler
hydraulic pulsating machine,

As the platens of this machine are too small
to apply an evenly distribuged load to the panels,
two rigid loading beams were designed and fasten-
ed to the platens. They consisted of two beams
{Duteh speeification NP 10, i.e. 10 em 'height and
5 em width of flanges) welded together in such
a manner as to form a box heam. To the top and
bottom planes of this beam steel plates of 10 mm
thickness werc welded. These plates were milled
flat and parallel and then the heams were holted
to the platens of the pulsating machine. The beams
are elearly shown in fig, 3.17. Between these heams
and the speeimen a strip of fibre of about 1 mm
thickness was inserted.

In this manner an even distribution of the load
over the panel width was obtained, as conld be
seen from the regular pattern of the buekles in
the panels during the tests. Moreover, the panels
were placed as aceurately as. possible with the
neutral axis in the centre line of the machine,
and were prevented from moving perpendicularly
to their plane by small ¢lamps on the beams., Such
a movement might oceur when the panel started
collapsing.

With the first few tests, the pamels were puls-
ated at about 260 load reversals per minute.
To accelerate the test programme, later on
525 reversals per minute were applied. Before
this was done the amplitudes of the buckles of
two panels were determined at each fregueney
over ahout three wave lengths. It appeared that
in hoth cases the amplitudes were cxactly the
same, so that the wave formation was not diminish-
ed by the higher frequency of load application,

3 The test results.
3.1 Description of faitlures.

A review of the prinecipal results of the fatigue
tests is given in tables 3.1 and 3.2, while figures
3.1 to 3.19 inel. show details of the appearance of
the fractures in the sheets and the length and
location of the peeling of the bonded joints during
and at the end of the tests. The depth of the
pecling was measured with a thickness gauge of
0.05 mm. If no depth of the pecling is indicated
the flange of the stiffener was separated eom-
pletely from the sheet (complete peeling) over
the marked distance.

311 The rwveled panels, type 1.

The statically loaded panel failed at a load of
4550 kg and thus the faligue panels were subject-
ed to a pulsating compression load varying from
1000 kg to 2000, 2700 or 3400kg respectively. The
tests were ended after 2.65, 4.07 and 2.68 X 10°
load veversals had heen applied, The static loads
after the tests were 4910, 4200 and 3700 kg.

A great diffieulty with the tests was the choice
of the useful life, at which the tests should he
stopped. It was not intended to comtinue the test



TABLE 3.1.

Principal results of the fatigue tests on panels type I.(fig. 2.1).

Number of loading cyeles X 10-° endured before Total Ultimate
Number of ;
, ) ) ¢ ) y ‘1 loadin static load
. ) partly peeling of the total peeling of the 8 g :
. Panel no. .eracking of the sheet oo bonded joint. bonded joint cycles }1]11 kg at
- - apphed the Cnd of
1st erack 2nd 3rd ist peeling Znd ( 3rd 1st 2nd 3rd X 10-8 the test
Irs-1 — — — - — — — — — — 4,550
Ir-45-1 11871) 1.871) 2.571) ' 2,65 4910
143 257 2.65
(3 X)
Ir-60-1 0.27 0.67 1) 1.15 407 4,200
111
Ir-75-1 0.026 1) 0.87 %) 1.60%Y) 2,68 3,700 w
0.75 1.16 1.88 =
: {5 X) (6 X) (4 X)
Ihs-1 — — — — — — — - — — 5,500
- Ib-g-2 —_ — — — — — — — — —_ 4 580
Thd51 | 0.70 108 — 0.70 0.83 — 1.08 — — | 110 —
ITh-45-2 - 030 0.37 0.68 0.30 1.03 1.79 — — — 3.04 -
Th-60-1 1.99 — — — — — - — . 2.797) -
Ibh-60-2 011 0.36 - 0.11 0.22 — — e — 0.37 —
Th-60-3 011 -— — 0.11 — — _ 0.11 0.13 — 0.24 3,800
ITh-75-1 0.25 0.32 0.39 029 — — 0.35 0.63 i — 0.64 —
Ih-75-2 0.067 0.09 0.10 0.05 — — 0.10 — — 011 —
Ih-75-3 0.010 0.012 0.019 0.009 — — 0.017 — -— 0.026 —
. | . —L

') At the first number of c¢yeles the panel was inspected without eracks being found, The number between the brackets indicates the number of cracks detected simaltaneously.
*) This panel failed.by trouble of the pulsator. ’

A;_




to eomplete destruction of the panel, but to stop
it when the panel was considered to he “severely”
damaged. This condition is, of course, not clearly
defined and that the choiece made was rather ar-
Litrary is illustrated by comparing the numbers
of load reversals at which the first fracture in
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Fig. 3.2, The cracks in panel I1-60-1. n=4.07 X 10°

(Also see fig, 3.1).

the sheet oceurred with the total numbers of load-
ing cyeles applied to each panel (table 3.1). The
first numher appears to be roughly inversely pro-
portional to the maximum pulsating load. The
last number did not correspond to an equal degree
of erack formation for different panels, as may
be seen from figs. 3.1 to 3.3. They clearly show
that the number of fraetures in the 45 % panel
is far less than that in the 60 9 or even in the
75 9% panel. Thus the fatigue tests on panel Ir-45-1
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and Ir-75-1 should have been continued to a larger
number of loading cyeles to obtain a life eom-
parable to that of panel Ir-60-1, though it is evi-
dent, by comparing the fractures, that the 75 %
panel was nearer to this condition than the 45 %

panel.
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Fig. 3.3. The cracks in panel Ir-75-1. n=2.68 X 10°
(Also sec fig. 3.1).

11
F i nrrraodnm

N

A
[ ovs |

,]7
&

3.1.2 The bonded panels, type I.

The first panel of this series failed at a static
load of 5500 ke and the maximum pulsating loads
were calenlated from this value. During the tests
on the riveted panels, which were investigated
after nearly all bonded panels, type I were tested,
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Fig. 8.4 The eracks and peeling of panel 1.b-45-1,

n=1.10 X 108,

d eycles X 10—% when the erack or

—after 0.70 % 10° load cyeles the peeling was




it proved ‘desirable to cvaluaté the static load of
the panels Ib once again (e.f. static load of Ir-s-1
and Ir-45-1). The last panel of series Ih was there-
fore again loaded statically and its ultimate load
was 4580 kg, This dlqercpancy can partly be ex-
plained by the differenee in thickness of the shects
of both panels (c.f. table 2.1) and must further he
due to normal scatter.

Figs. 3.4 to 3.8 incl give typieal examples of
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Fig. 3.5. The cracks and peeling of panel Ib-45-2.
7= 3.04 X 10" (Also see fig, 3.4),
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Fig. 3.6, The eracks and pecling of pancl Th-60-2.
n=0.37 X} 10° (Alse sece fig. 3.4).

the location and length of the fractures in the
sheets and the peeling of the bonded joints at the
end of the tests.

It must be remarked that panel Ib-60-1, being
the first panel investigated, was only subjected to
a maximum pulsating load of 55% of the static
Ioad mentioned before and that the panel falled
after 2.79 X 10° load reversals aby trouble of the
pulsator.

~
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As stated in® 3.1.1 the tests were stopped
when the panels were considered to show “severc
damage” and the degree of damage with different
panels is rather wvariable.

Considering the figures it is clear that many
panels might have endured a higher numhber of
load c_&cles than were apphed Only panels
Ih-75-1 and 1h-75-3 failed by a erack in the free
ez of the angle scetion and may thus be consider-
ed to have reached their fatigue lifée. The fracture
in the first pancl was probably eaused hy pecling
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of the greater part of the stiffener, thus ecaunsing
the stiffener to hend. The fracture in the other
stiffener was not accompanied by peeling, and was
perhaps caused by hending of the sheet-stringer
as a whole,

The panels Ibh-45-2 and 1h-60-3 were rathcr
heavily damaged at the end of the test and were
perhaps near to complete destruction.

Only with four panels type I, pecling test
specimens  were  manufactured, giving peeling
strengths of 102, 13.8, 16.0 and 188 kg (e.i.
Appendix A).




3.1.3 The rvefed panels, type II.

The static load of one of these panels was
10,050 kg and the pulsating loads were caleulated
according to this load.

The ecrratic results of the tests on the type I
panels gave rise to the decision to test the type [l
panels until- complete destruetion of at least one
of the stiffeners occurred.

3.13

N

SN
i

: 283 o3 '
\SSJ% B
NNy 2
233-%4.12

4.90

AN

EE

356

TS

SRS
F‘\‘ 3 st
0.%3 -
-

SNSRI
AN

NS 683

6.80

7 M V4 ARZ)

TPig. 3.9. The cracks in pane] 11r-45-1. n=7.23
(Also see fig. 3.1).

Y

17

r—
$.
o5 /

SEE | . )
FIG. 3N . 3
2/
S |'.§ /
— skl

053
0.53
==

AN NN
NVAANN

ﬂ&imﬁ?‘

d
2

Fig. 3.10. The cracks in panel IIr-60-1. « .= 0.80 X 10%
(Also sce fig. 3.1).

In figs. 3.9 to 3.12 inel. the eracks in the panels
at the end of the tests are given. The cracks in
these panels differed from those in the panels
tyvpe I, where only eracks in the direction of the
load oeenrred. The horizontal cracks caused the
hat scetions to take a much greater part of the
Ioad and econsequently failure of the stiffener
took plaec, '

In one corner of panel ITr-45-1 horizontal eracks
appeared after some vertical ones and this caused

-1

a hole in the sheet. Then after some load cycles
the hat section lailed at this spot (fig. 3.9).

In panel 1Ir-60-1 horizontal eracks appeared in
many places, and after some further load eycles
three stiffenérs failed at those spots as can he
seen trom figs. 3.10 and 3.11.

Panel TIr-75-1 showed far less cracks in the
sheet, but nevertheless the horizontal eracks eaused
two stiffeners to fail after 0.099 X 10° load cycles
(fig. 3.12).

The static loads of the panels, sustained aiter
the fatigue tests were performed, were nearly
proportional to the number of undamaged stif-
feners, as might he expected.
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Fig. 3.12. The cracks in pancl TTr-75-1. n == 0.009 X 10%
{Also sce fig. 3.1).

3.1.4 The bonded panels, type I1.

The static lead of one of these panels was
11,930 kg. This was in very good accordance with
the static load of panel TIb-45-2, which after having
endured 2022 X 10° load cycles without any
visihle damage collapsed at a static load of
12,300 ke

As for the riveted panels (e.f. 3.1.3) the fatigue
tests were continued to complete destruetion of
at least one of the stiffeners except that the test
on panel IIh-45-2 was stopped after reaching
20 million cyeles withoit any visible damage.

Panel 1ih-45-1 showed a beginning of pecling
after 341 X 10° load eycles, while cracks in the
sheet, and total peeling oeeurred after 535 and
6.57 X 10° load cycles. At last the stiffener col-
lapsed after 20.44 X 10° load eycles.

The three panels loaded between 1000 ky and
60 9% of the static load behaved quite differently.
Two panels {IIh-60-1 and 3) showed complete peel-
ing after nearly the same number of load cycles
and only minor eracks in the sheets. Panel 11b-60-2



showed a beginning of muny more cracks of the
sheet in the direction of the load after nearly
the same number of load cyecles, hut peeling oc-
eurred much later, although the peeling strength
of the specimen manufactured simultaneously with
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+++++ = fracture in the bonded part of the stungcr
++++, = fracture in the bonded. part and side wall of the
stringer.
0.35 = number of load cyecles X 10 % when the fracture
_ or total peeling had the indicated length.
3.25 = after 5.35 X 10° load eycles the peeling was 8 mm

deep.

Tig. 3.18. Uracks and pecling of panel ITh-45-1.
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Fig, 3.14.° Cracks and peeling of panel IIb-60-2.
n=425 X 10°, {Also see fig. 3.13).
the panel was abnormally low (tab. 3.2). Perhaps

this peeling strength did not agree with that of
the panel. Figure 315 shows this panel after the
test. From the lack of peeling the high number

of load eyeles sustained before collapse of the
panel may be explained. ‘
In general, after complete peeling of one or

both flanges of a stiffener had developed, trans-
verse cracks started first in the flange and after-
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Fig. 3.18. Cracks and peeling of panel TTh-75-3.
m=0.038 X 0% (Also sce fig. 3.13).

wards progressed over part, or whole of the top-
hat part of the cross section (figs. 8.14 to 3.16).
The corresponding loss of stiffness -caused the -
stiffener to bend and its collapse followed guickly.
As long as the stiffener romained attached to the
sheet, even seévere cracks in the sheet along its
edges did not cause such disastrous effects {sce
figs. 3.14 and 3.15).

Fl‘TS 3.17, 3.18 and 3.19 show the results for
the panels loaded from 1000 ke to 75 % of the
statie load (9000 kg).

Figs. 317a and b show panel 1Ibh-75-1 at the
end of the tests in the testing machine. Sinee this




Fig. 3.11, View of pancl T0r-60-1 ufter the test,
(Reverse side of arca indiented in fig, 3.10),

TFig. 3.15. View of panel 1Ib-60-2 after the test
(same side as fig. 3.14).
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panel was tested overnight no deseription of the
starting of the fractures ean he given. The num-
hers of load eyeles from these panels are in rather
good acedrdance. With panel I1h-75-2 failure of
the hat section stiffeners again started when eom-
plete peeling had reached a certain extent.

Panel 1Th-75-3 showed an exeeptional behaviour.
Here again the first stiffener collapsed because

811

should be expected, owing to the fairly arbitrary
choice made in stopping the tests. This expeetation
is confirmed and it ¥s therefore impossible to draw
any definite conclusions with regard to the fatigue
lifes of panels of this type. Part of the scatter
will probably be due to variations in the statie
strengths of the panels, whiech may apparently be
fairly large (table:3.1). In fig. 3.20 the statie
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Results of the fatigue tests on panels type II.

the peeling exceeded a certain limit. Then two
other stiffeners collapsed without peeling from
the attached sheet. (ef. figs. 3.18 and 3.19).

The results of the peeling tests of the specimens
manufactured with the panels are given in Ap-
pendix A and table 3.2,

3.2  Discussion.

321 Panels type I.

Figures 3.20 and 321 give diagrams of the
number of load e¢ycles against the percentage of
statie load of the panel, and against the maximum
pulsating load.

From the deseription of the tests in sections
3.1.1 and 3.1.2 it is clear that a large scatter

failing load for the honded panels has bheen taken
as 5040 kg, being the average of the results for
panels Th-s-1 and Ih-s-2, whereas the static strength
of the riveted pancls was assumed to be 4730 kg,
the average for panels Ir-s-1 and Ir-45-1. It may
he assumed that the prior fatigue doading will
hardly have affected the static strength of the
latter panel. The lower load limit of 1000 ke cor-
‘responds to 20 9% and 21 9% respectively.

In view of the foregoing, only eurves_indicating

" a lower limit for the start of cracking or pecling

have been drawn in figurcs 3.20 and 3.21. How-
ever, here again it should be ohserved that the
results were influenced by the presence of the
strips of sheet outside of the outer stiffeners, which
showed more severe buckling than the sheet be-
tween two stiffeners. Therefore, the results are




TABLE 32

Prineipal results of the fatigue tests on panels tvpe 1T (fig. 2.2).

- Number of loading eveles X 10-* endured before - : Taotal Ultimate
' a . ¢ rotal veeling of th Peeling 1\1‘2:33 _Of static load
el o ) partly peeling o e atal peeling o e ‘ g : 4
Panel no. cracking of the sheet bonded joint bonded ;ti’oint st'rength eyeles m kg Lt.
0§ in kg applied |the end of
1st erack 2nd \ 3rd Ist peeling 2nd 3rd Ist ‘ 2nd \ 3rd X 10-¢ the test
Hrs-1 — — — — — — — \ — — — — 10,050
ITr45-1 0.65
- 0.76 1.32 165 — — — — — — — 7,480
0.04
IIr-60-1 0.29 0.40 0.53 — — — — — — — 4,580
1Te-75-1 0.031 0.097 J — — — -— = — — — — @
L. _ ' .‘ =
IIb-s-1 — — — — — — — — — — — 11,930
5.31 ' 3.16
1Th-45-1 5.35 — — 3.41 3.89 — 6.57 7.30 — 218 2044 10,550
TTh-45-2 o _ — _ — _— — — — 15.6 2022 | 12,300
0.18
b-60-1 0.68 — — — — - 0.68 0.82 — 24.8 0.88 " 8,050
|| 1h-60-2 0.54 0.75 078 | 211 — — 2,82 3.60 — ~ 3 4.25 0
( 2.19 |
TEh-60-3 0.11 -— - — — — — 0.61 0.70 — 228 0.72 —
Mhsd | - — — ! - — — — — — 26.2 0.25 0
Ilh-75-2 012 0.15 — — — — 0.12 0.13 0.14 189 0.15 —
TIh-75-3 0.058 ®) — — 0.043 — — 0.049 — — 222 0.058 —

1Y After 20,22 3% 100 load eyeles the panel was still undamaged.
) At the location of peeling a erack in the stiffener appeared after 0,047 X 10° load reversals,
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not representative for practieal applications of
this type of panrel, but will be on the conservative
gide.

All eracks in the sheet of .the riveted panels ran
just along the hcads of the rivets and appeared
sooner in the case of the higher loads, as might
be expected from thé heavier buckling of the
gheets under, these loads. ‘

The ultimate compressive load of these pancls
was not very much influenced by those cracks
{cf. table 3.1). Tn one ease (panel Ir-d5-1) it
was évenr 10 % higher than of the statically loaded
panel, but this was partly caused hy the greater
thickness of the sheet (e.f. table 2.1).

All cracks in the shects. of the bonded panels,
and in nearly all rivéted panels, appeared near
the corner of the angle seetion. This may be due
_ to the greater stiffness of the shect-stiffener com-
hination- at these points‘in a planc perpendicular
to the sheet than on the frec side of the stiffener,
where the bonded leg of the angle seetion followed
the buckling of the sheet to a eertain degree.

From figs. 3.1 to 3.8 inel. it may be eoneluded
that small eracks in the sheets generally propagate
rather slowly and do not influence the strength of
the panel, so that there is ample warning of any
impending fatigue failure hoth for the riveted and
for the bonded panels.

3.22 Panels type II.

Figs. 3.22 and 323 give diagrams of the total
numher of Ioad -eyeles endured against the per-
centage of the statie lcad and the maximum pulsat-
ing load. Also the points giving the start of
eracking or -peeling are included. '

Except on panel ITh-45-2 which' showed no
damage after having sustained more than 20 X 10°
load cyeles, the fatigue tests on all panels were
continued until failure of one or more stringers
occurred. ‘

It may therefore he expected that the seatter
will he mueh less than with the panels of type I
and this is confirmed by the test results.

The decrease of seatter may also have heen
caused by a pgreater uniformity of the statie
strengths of the panels. This is indicated by the
results of panel ITh-45-2,

In fig. 3.22 the average results for failure of
the bonded panels arc more favourable than those
for the riveted panels. Two of the three riveted
panel results are, however, within the seatter band
for the bonded panels, so that it is not possible
to say more than that the honded panels appear
to be at least as good as the riveted panels when
compared in pereentages of their statie strengths.
The difference in the lower load limits, heing 8 %
and 10 % respectively, makes the comparison slight-
lv in favonr of the riveted panels, 'When eompared
in absolute maximum loads at the same lower load
limit. the honded panels are superior to the riveted
panels, as shown in fig. 3.23. The fatigne lives
of the former range hetween 4 and 14 times those
of the latter.

Cracking of the sheet of the riveted panels starts
earlier than cracking or peeling of the bonded
panels; at the same load fig. 3.23 shows ratio’s

of & to 11 of the numbers of eyeles. An important
result is that after the start of cracking or peeling
the damage propagates only gradually until at a
mileh higher number,of cycles eracks oceur in one
or more- sfiffeners. With the riveted panels these
cracks followed upon the development of horizontal
cracks in the sheet due to interrivet buckling, after
which the stiffener had to carry more load locally.
With the bonded panels cracks in the stiffener
develop after pecling has occurred over a certain
distance, by which cause thie stiffener has to earry
more load and its flange is left unsupported by
the shect. '

After cracking of the stiffener it looses bending
stiffness  and starts to bend out of the plane of
the panel. Collapse of the stiffener then follows
guickly. The static loads the panels could carry
at the end of the fatigue test were reduced ap-
proximately in proportion to the number of failed
stiffencrs.

The superiority of the bonded panels over the
riveted panels can be aseribed to the. continuous
joint between stiffener flanges and shect. The
rivets give only local attachments and permit inter-
rivet buekling at high loads.

4 Conclusions.

41 Tests were carried ont with two types of
honded and riveted panels, which were of
identical econstruction except for the sheet-
stringer joints:

The tests on the panels of type I (angle
section stiffeners) must be considered as pre-
- liminary tests from which no quantitative
conclusions can he drawn. They gave Tise to
some improvements of the testing technigue
..and showed that after cracking or peeling
first oeeurs, the.damage to hoth riveted and
honded panels progresses only gradnally.

49 The static strength of the honded panels is
“higher than that of the riveted panels, which
can he explained by the stabilizing effect of
the eentinuous glue joint.

4.3 The fatigue strength of the bonded panels of
type TL is at least equal to that of the riveted
panels when hoth are expressed as percentages
of the static strength. Hence, the ahsolutc
fatigue strength is higher for the bonded
panels than for the riveted panels. At the
same load the fatigue lives of the honded
panels were 4 to 14 times those of the riveted
" panels,

44 Cracking of the sheet of the riveted panels
starts carlier than ecracking or peeling with
the bonded panels, the ratio’s between the
corresponding numbers of reversals at the same
load ranging from 5 to 11

45 Tor all panels the propagation of eracking
ar peeling was very gradual. When these
damages had reached such an extent that
eracks in the stiffeners developed, collapse of
those stiffeners followed quickly.

+ 4.6 The static strengths of the panels after the
fatigue tests were reduced roughly in propor-
tion to the number of failed stiffeners.
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APPENDIX A.
The Manufacturing of the Bonded Panels.

All panels were manufactured in an experimental
press hy the Fokker Aireraft Company, Holland,
using the “Redux” process. . .

The surfaces to bhe bonded were carefully de-
greased in a chromicsulphuric acid according to
DTD-915 A. Before application of the liquid com-
ponent of the glue they weare rinsed thoroughly in
eold and hot water. Curing was cavried out at
temperatures of 140—145° C for 15—20 minutes
at a pressure of 7 kg per sq.em. After curing,
the joints were cooled to 100° C before release of
pressure. .

With some of the type I panels {angle scetion
stiffeners) and with all type IT panels (hat section
stiffeners) standard peeling test specimens (0.8 mm
sheet, width 25 mm, length of bonded part 180 mm)
were pretreated and fabricated simultaneously,

The results of the peeling tests which were taken
at the Fokker factory, together with some parti-
culars of the fabrication of the panels are given
in the following table.

Mean
Peeling
strength

in kg

Panel no. Particulars

wa first five panels fabrie-
very |ated had a very low peeling
low |strength, because of a too
high curing temperature;
colour of the bond dark-red.
Type 1 13.8 . o
16.0 . [ The eorresponding panel
188 |[\numbers eould not be
102 |/ascertained.

ITh-s-1 — No pressure on the peeling
test specimen; colour of the
bond light red.

I1h-45-1 21.8
ITh-45-2 15.6
1Th-60-1 24.8

HCuring temperature tenipo-
varily too high; eolour of the
hond dark-red.

11b-60-2 =3

ITh-60-3 22.8
ITh-75-1 1262
ITh-75-2 189
IIh-75-3 222

' Completed: December 1952
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Note on the General Stress-Strain Relaiti'on.s__of Some Ideal
Bodies Showing the Phenomena of Creep and of Relaxation

s

J. P. BENTHEM.

Summary.

The general stress-strain relations of the Kelvin-Solid and the Maxwell-Tiguid are derived from the cases of pure change
of shapo and of purc change of volume. Tt is shown that tho relations of the Kelvin-Solid in pure tension may be much
more complicated. The extension of the Kelvin-Solid and Maxwell-Liguid to general Lincar Bodies is ‘indicated.

Somo remarks are made about viscosity effects, which may accompany plastie - deformation,
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1 Introduction. ..

A one-dimensional model of. the stress-strain
relations of the Hookian Solid is a spring showing
a displacement linear to the applied force. A model
for the Newtonian Liquid is a dashpet, whose
resistance to the displacement of the piston is
proportional to the vcloclty of . this- displacement
(in fact the shear-siress is proportional to the
rate of shear-strain),
relations may be represented by models eonsisting
of more or less complicated combinations of such
linear springs and dashpots, linked in series or
parallel, dre called Linear Bodies. It is not ne-
cessary, and mostly even not desirable to infer-

.Bodies, whose stress-strain

pret these models as a picture of the behaviour
of the molecules of the material and of their
mutual forces and velocities. These models do not
serve any other purpose than to give a simp}ified
picture of a mathematical relation. :

The report deals with the general stress-strain
relations of isotropic Linear Bodies and something
is said about the viseosity phenomena which may
accompany plastic .deformation. For this case,
however, only states of pure {and non-rotating)
shear are considered in order to avoid a dis-
cussion of the many questions which arise, even if
viscosity effeets are not present at all, if plastic
deformation for arbitrary states of stress and
stress-histories is ‘considered. For a survey of the
extensive lhterature on (non-viscous) plastic de-
formation, see e.g. refs, 1, 2, 3.

2 Linear Bodies.
21 The Hookian Solid,

The isotropic Hookian Solid has various elas-
ticity constants, the elasticity modulus E, modulus
of rigidity @, the Poisson-ratio v, the bulk modu-
lus %, Lodes’ coefficient A (the other coefficient
of Lode being ¢). Only two of these coefficients,
however, are independent and choosing these two,
the stress-strain relations may bhe written in gif-
ferent forms. The most na.tural form seems to be

Tij- —2 GBH + 1631; Eua ) (2.1)
whme@_123 3_123 §;; =20 ﬁz%g,

.8y = 1 if i=j;
Ty ;s Gag,y Oy are the normal stress COmpo-
-nents; : .
013 =20y, Gj3 = 04§ 0ay == 03y BTE the shear-
stress components ;-
 Eyy, Ean, £, are the nomal strain eompo-
! nents;




© 2g,7=2¢, ete. are the shear-strain compo-
nents;
Faa == £, T £gp T £4q; €1y 1S the strain-
deviator;
eij == £ij— /5 Bij £aa;
. e, + e, + e,y =0
The first term of the right hand side of (2.1)
refers to the change of shape, the second to the
change :0f volume. Egquation (2.1) can also he
written as two independent rclations
(2.2
(2.3)

Sij— 26G €ij,
Tag =— 3 k Eaa ,
where s,; is the stress-deviator,

sij:':’ij—l/s 8ij oaa,
8 T syt 85, =0,

and caa= o, + oy 't o4,

. Again (2.2) refers to the change of shape, and
{2.3) to the change of volume.

It ¢ =0 the Hookian-Solid degenerates into a
non-viscous compressible fluid. Rubber e. g, which
for small strains (and vanishing rates of strain)
may be considered as a Hookian-Solid, is nearly
incompressible eompared to its resistance to change
of shape (k iy very large compared to G).

“The inverse relations of (2.1) to (2.3} incl are

1 1

g4f = ?é S{j + ‘9——- 31'} Tag , (24)
or the two independent relations
1. .
= g $i5, (2.5}
1
tga — ‘3? Fag . (26)

29 The compressible wviscous liguid (Newtonian
Liguid},

The stress-strain relations of the compressible
viseous liguid are

(2.7)

The dot indicates the derivative with respect to
time ¢. The first term of the right hand side is
identical to the right hand side of (2.1) if G=0.
The .second and the third terms together are a
differential form of the complete right hand side
of (2.1). Equation (2.7) is equivalent fo the two
independent relations for change of shape and
change of volume respectively

Ui ﬂkaﬁsaa + 2 ;L éi;‘ + Ho 83‘;‘ E:aa .

(2.8)
(2.9)

The eovefficient p is the viscosity eoefficient (of
change of shape) and pu, is the velume-viscosity
cocfficient. Very little is known about this coeffi-
cient u,, mainly due to the fact that in lguids
a nhon-vanishing volume-strain-velocity eoq is in
general only possible for a very short time, be-
cause the volume strain eqa remains small {(k is

8y = 2 peij,

Tgag — 3k80a+ 3].14:;.‘3.‘5(11.
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large), and soon approaches its equilibrium value,
at whieh eea=0. After a sudden application of

a congtant state of stress, the term figaijéaa in (2.7)
may he of comparable magnitude to the other
terms during a short time. This duration of time
can only last longer if the change of shape deve-
lopes very slowly duc to an extraordinarily high
viseosity-ecefficient p. Some further remarks on
the volume-viseosity will be made in see. 2.3. In
general, however, the volume-viseosity in Newtoninn
Liguids need not he considered. For 1-atomiec
gases it has been proved on theoretical grounds
that u, =0, and in aerodynamies p, may be as-

sumed to vanish,

2.3 The Kelvin-Solid.

2.3.1 Stress-strain relations. .

The stress-strain relations of the Kelvin-Solid are
o1 =2 G ei; + k Sijean +

+ 2 p e+ podis tea. (2.10)

The first and second terms of the right hand side
together are identical to the right hand side of
(2.1), whereas the third and fourth terms arc
identical to the differential form of the right
hand side of (2.1}, Eguation (2.10) .may again
be written as two relations for change of shape
and change of volume

sij=2Gey + 2 weis, {2.11}

vae= 3k eaa + 3 pocaa. (2.12)

It =10 the Kelvin-Solid degenerates into the
Newtonian Liguid. In contrast to the Newtonian
Liquid, the Kelvin-Solid has two viscosity coeffi-
cients g and p, of equal importance, owing to the
existenee of both moduli & and 4. ,

A problem in which only & and » play a role
is that of a eylindrical rod executing torsional
vihrations, or that of a vibrating helical spring.
These are not only cases of pure change of shape,
but also of pure shear {(there is, in a suitable co-
ordinate system, only one non-vanishing component
cij, Vig a,7=0, = $, =28, —r7 and the relation

r=0y + ‘u'i/ (2.13)

is valid; y(=2¢e,=2¢,) is the shear-strain.
The relations for pure tension are mnot of such

a simple form. From (2.10) follow the linear

simultaneous differential equations '

= % Gle—e) . E{e +2¢)+
'h%.u(é—‘ét)‘}‘ m(é-ﬁ—?.ér): )
) (2.14)
t=—= Gle—e)+ ke + 28) —

3
9 .. . .
— E}L(G—* ei) + pe(e T 2 ),
where o is the tensile stress, e the longitudinal strain
and e; the transverse strain, If p==p, =0, it can

easily 'be ‘derived that e =9kG /(3% + G) = E;
{E = elasticity  modulus). Rummr (ref. 4) exien-

e




sively troats the tensile test with a rod of a very
viscous liqgnid (G =0, and p very large), sub-
jeeted to constant tension (TwrOUTON’s experiment).
1t in this experiment it may he assumed that
the volume-strain-velecity, which approaches zero

(e + 2 — 0), has -beeome small with respect to
the ehange of shape, then the relations (2. 14) are
rcduced to

g:k(5+28t)+‘—§‘u;(£—83), * -
' : 2 : (2.15)
0=Fk{s+ 2 &) ~—-fp.(e—— Et),

oy

o=2ple— ) =3 pe. {2.16)

- It should he remembered that the relations
(211} and (2.12) of the Kelvin-Solid are gener-
alizations of the relations (2.2) and (2.3) of the
Hooklan law which rcfer to the change of shape
and the change of volume respectively, It is also
possihle maﬂlématically, though less evident phy-
sieally, to start from equivalent expréssions of the
Hookian law, c. g, referring to pure tension and
purc hydrostatic pressure, :

Oaqg — 3 & £aa.

o == EE ,
Generalization of these relations leads to

o ==Fe + we, {217

Taa :3]1: Eag + 3 HMe £ga - (2.18)

The difference in (2.17) and the two relations
(2.14) illustrates the relativity of the starting
point. Conversely, the v, s relation following from
(217) and (2.18) will then be much more com-
plicated than (2.13). But it must he repeated,
that without the knowledge of the true forces
between the molecules, the separate treatment of
the change of shape and of the change of volume
is the most natural, and in faet the only right
way for the Newtonian-Liquid (G =0) and the
Maxwell-Liquid (par. 2.4).

232 Mcch\mﬁcal and. electrical model.

The stress-strain relations (2.13) for pure shear
and (2.12) for a hydrostatic state of stress may
he illustrated by the mechanical model of fig, 2.1,
consisting of an elastie spring and a- dashpot
(filled with a viseous liquid) eoupléd in parallel.
The spring has a linear force-displacement relation,
and the foree on the ‘piston of the dashpot linearly
depends on -the veloeity of -displacement. -By
frictionless arrangements, the rods AR and €D
canhot rotate. - It will be seen that the relation
between the dl%phlcemeht of the point @ and the
apphed foree P is -

=e,d + c,d, (2.19)
being of the form (2.12) and (2.12). The foree P
is the image of siress and the dlbplaeemcnf d. of
point § the image of strain. As equation (2.13)
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also completely defines” the Zeneral &tress-striin
relations (2.11), the model is also valua,ble for
geenerdl change: of shape

A B
SPRING ) ¢
DASHPOT
c = D
ZERO POSITION OF POINT Q-
i o DiSPLACEMENT d - -
. FORCE p
TFig, 2.1. Mechanical -model of the Kelvm Sohd
VOLTAGE V
CORRENT T
RESISTOR R ..SELF- INDUCTANCE L
Flectrical model of the Kelvin-Solid.

Fig. 2.2.

In fig. 2.2 a resistor R and & self-inductance I
are coupled in series. The relation between the
voltage ¥V and the eurrent [ is

V=RI+ LI - - (2.20)
and eomparing with (2. 13) and (2.12), it-follows
that the voltagc V is the image of stress and the
current I the image of strain. The model of the
Hookian-Solid is a pure resistor, the model of the
change of shape of.-a l\ewtonmn Liguid a pure
sclf-indnctance. Somewhat different-electrical mo-
dels are used hy AerY (ref. 5) and Burarrs
(ref 6).

233 (*re-ep of the Kolvin-Solid.

It is supposed that a part of a Kelvin- Solid
material is, from an unstressed and nstrained
state,. instantaneously subjected tv a state of pure
shear at the time t=0. The shear strain will
follow with retardation- aeceording to (2.13) and
the solution is

(2.21)




1t is said that the niaterial ereeps lnder con-
stant stress. For £==0 the strain y =90, for { = w0
the equilibrium value is reached: y=+/G. To
obtain the creep curve of the longitudinal strain e
after the application of a constant tensile stress o,
the equations (2.14) for ¢—=constant and =0,
=0 at t=0 must be solved. It must be re-
membered that it is actually impossible fo impose
an instantaneous consiant stress throughout a body
by instantaneous external forces, but when g is
large the solution for this ideal case will reason-
ably approximate actual conditions some time after
the applieation of the load.

If from the final equilibrium state y—=+/G,
the shear-stress is suddenly removed, the shear-
strain tends to zero according to

G

-
ée Lo
This type of strain-history is ealled elastic after-
effect. Tn {2.21) and (222) the guantity uw/G is
called retardation time t,.
- In the Kelvin-Solid the strain follows the
stress with retardation. This fact is called delayed
elasticity or Firmo-viscosity.

If in a certain equilibrium position the load is
suddenly changed at time t==0, and the strain
starts to change to its mew equilibrium value,
the difference between actual strain and final
strain is after the retardation time f, reduced to
1/e = 0.368 of the initial value at time f=—=0.

For constant strain the Kelvin-Solid behaves as
the Hookian-Solid.

TG0 (Newtoman—quuld), the ereep function
{2.21) reduces to :

y= (2.22)

1
Y=
. OB
whiech is also the obvious result Wlth the stress-
strain re]a‘cmn of the Newtonian- L1qu1d M
T=py. '

24 The Mm;welbL{gm'd.

2. 4 1 Stressistrain relations.

The differential form of the relatmns (24) of
the Hookm,n Solid is

1
fij = = 5 @ $i;

A new form of siress-strain relations ean he ob-
tained by adding to the right hand side a form
identieal to the non-differentiated right hand side
of (2.4),

_1_,
9k

aij Taa .

oiy = 219 81 +—9% 845 vaa + —2-1;&, +-ﬁf;3,~,~ aa -
. . _ : (2.23)
" 1t is, however, DBvious‘thai'p;ﬁop. 1t not, for
constant hydrostatic pressure P=-—50a
} 1 -
Eaq — 3 Py Taa

818

would hold and an equilibrium would never be
reached, which. is, of course, impossible?),

. From (2.23) the. stress-strain relations of the
Manell-Liquid' .

1

X 8 Em +

. 1
Bij = o Su "+ oK —2~—~ si; (2.24)
remain.

Separation in relations for change of shape and
for change of volume yields -

Al

1 1
gy == 7. Sw + o $ij (2.25)

and
Eaa—Bk Toa. ( )
The physical meaning of G and x in (2.24)

and (2.23) (and also of p, in (223)), iz quite
different from that of the constants in (2,10).
For y= oo in (2.24), these rclations are those of
the Hookian Solid (ecompare 2.4)). The same
applies to (2.10) for u=0 and p,=0. {(Compare
also the spring-dashpot model of the Kelvin-Solid
fig. 2.1 and that for the Maxwell-Liguid fig. 2.3
to bhe diseussed in par. 2.4.2).

For G= = equations (2.25) and (2.26) arc
identieal to the equations (2.8) and (2.9) for the
Newtonian-Liquid with u, =0.

The behaviour of the Maxwell-Liguid at a hydro-
static state of stress is like that of the Hookian-
Solid and Newtonian-Liquid.

"In pure shear (shear stress 7, shear sirain y)

1 - 1

‘ y:*—.—GTT+ — T, (2.27)
In pure tension (stress o, longitudinal strain )
2k+1 .. 1
‘ s———————QkG _q+._—3p.o"
or -
. ¢ 01 ‘ ’
£ =g + ?'u—o.- (2.28)

2.4.2 Mechanical and glecm’cal model.

The stress-strain relations (2.25), (2.27) and
(2.28) may be symbolized by the mechanieal model
fig. 2.3. The two elements used are the same as
in fig. 2.1, but they are now placed in series.
Obviously, the force-displacement relation of this
construction is

d=c,P+c,P,

and the force P is the image of stress and the
displacement d of point § the image of strain.

1, the stiffness of the spring is infinitely large
(G =05, ¢, =0) only the viscous element remains.
If the viscosity of the fluid in the dashpot is in-
{initely 1arge {p= o, <,=10) only the elastic
element remains. '

‘

*)- This fact seems to have been overlooked by REINER
(ref. 4), who supposes that the coefficient I of the
Maxwell-Liquid may have a finité value.
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The ‘electrical model (compate fig. 2.2) ecorisists
of a resistor and self-inductance coupled.in parallel
(tig. 2.4) and

. V¥
7 =3 + I

Again the current I is the image of the strain
and the voltage V the image of the stress.

SPRING

DASHPOT i""——",

ZERO POSITION OF POINT @

DISPLACEMENT d

FORCE P

Pig, 2.3, Mechanical model for the change of shape
of the Maxwell-Liquid,

RESISTOR R

———
CURRENT I

SELF  INDUCTANCE L

. 1 -
. VOLTAGE V

Fig. 2.4. Electrical mode] for the change of shape
of the Maxwell-Liguid.

2.4.3 Creep and relaxation of the Mazivell-Liquid.

If a constant shear stress + is suddenly applied,
at the same moment a shear-strain y‘:% arises

and continuously inereases”at the rate %r_—-r,/ e I
a constant tension is applied, at the same moment
¢ ==go/E, and this strain increases further at the
rate e ='c/3 . Also in these cases it is said that
the material creeps, but this creep is of quite ‘an-
other type than the creép accordifig to <(2.2.1). of

the Kelvin-Solid, and does not tend to a final
equilibrium value.

If a Maxwell-Liguid is suddenly foreced in a
state of pure shear strain y, the eorresponding
ghear stress is 7,=— 1y, and this shear stress di- -
minishes to a final zero value according to the
solution of the differential equation (ef. (2.27))

1- 1
0—~é~r+~; T
g
i1
e, r=1,¢ . (2.29)

The time ¢ = u/G is called relezation time.

After guddenly forcing the Maxwell-Liguid in
a state of pure longitudinal sirain ¢ the initial
tension stress is o, = eE, and this stress diminishes
to a final zero value according to

o — cro [4] 3 (230}

the relaxation time being 3 9/E.

The diminishing of stress, without ehange of
strain, is called relaxzation.

If in a eertain equilibrium position the Maxwell-
Liquid is suddenly forced into a state of strain
and the stress consequently follows Immediately
according to the Hookian Law, it will last the
relaxation time #., before this stress has again
reduced to 1/e=0.368 of the initial value.

The. Maxwell-Liguid is said to show the pheno-
menon of elastico-viscasity.

2.5 (eneralized Lincar Bodies.

With springs and dashpots mueh more involved
models may be constructed than are given in the
figures 2.1 and 2.3 and such models may possibly
serve for representing stress-strain relations for
change of shape and for change of volume. The
model of fig. 2.5, where a Hookian element A
(sprihg), many (eventually a continuous distri-
bution of) Kelvin-Solid elements B (ef. fig. 2.1)
and a viscous element ¢ (dashpot) are linked in
series, represents a general system of springs and
dashpots, to which any other system may always
be reduced. The force P is the image of stress,
the displacement of the point @ the image of strain.
An equivalent representation of fig. 2.5 is fig. 2.6,
which model consists of many (eventually a con-
tinuous distribution of) Maxwell-Liquid elements
(e.f. fig. 2.3) coupled in parallel. The rods AB
and CD are prevented from rotation by friction-
less arrangements. The force P is the image of
stress, the displacement of the point ¢ the image
of strain.

The behaviour of a continuous set of Kelvin-
Solid elements in series (the set B in fig. 2.5) Iy
completely defined by a funetion J{(¢,), such that
J{t.)dt, represents the total strain (in the model
the total extension}, caused after infinite -time hy
a unit-stress (unit-load of the model), of all those
clements, whose retardation times (e.f. see. 2.3.3)
Ye between ¢, and f. + dt.. The total strain (the
total displacement in the model) of the set of
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continuotsly  distributed © Kélvin-Solid elements
after - the "application- of -a cotstant -stress to the

r L

FORCE P

Fig. 2.6, Model cquivalent to that of fig. 2.5,

unstressed and unstrained state, increases from
zero ill the final value according to

y—r [ 0t (1—e "ryd, (2.31)

(supposing the model to represent relations of
pure ehange.of .shape. or pure shear).

To this strain y the part of the strain vepre.
sented by the spring 4 (fig. 25) y=+/G and
the part represented by the dashpot y=r+t/y
must still be added. For the general differential
equations of the complete model fig. 2.5 see vef, 5.

All. materials, whose stress-strain relations for
change of shape and change of volume may be
represented by the model fig. 25 with linear (
springs and dashpots, are called Linear Bodies.
Ag far as change of volume is concerned, the
dashpot € cannct be present (eompare the remark
about we in the discussion of the Maxwell-Liquid)
(see, 2.4.1). The stress-strain reclations (2.14) con-
cerning the behaviour of a rod in tension of the
Kelvin-Solid can be represented hy a generalized
model fig, 2.5.

The stress-strain (foree-displacement) relation
of a medel fig. 2.5 is not only completely deter-
mined by the constants of the springs and dash-
pots, and eventually by the funection J{¢.) if the
set of Kelvin-Solid eclements is continuous, but

. . . . also by the ereep function (change of strain after

LL:_l . initiating a eonstant stress in the unstressed and

c . .

unstrained state) or by the relaxation function
(chanwe of stress after initiating a eonstant sty am
in -the unstressed and unstramed state). -
Hourvemskr and Pracer (ref. 7) started from
generalized stress-strain relations in pure shear:

Q
Co+ CprFCr+ Oy + Coy=0, (2.32)
where O ...... C, are constants. With ¢, =0, =0
Y Force P L (2.32) refers to the Kelvin-Solid, with €, =C; =0
o ) . 1o the MaxwellTigquid, with ¢,=0,=0C,=0 fo
Fig. 2.5, Generalized model of .the Linear Body. . thc 1deal leStl(‘, bOdy (qec 31) \Vlth OHIV ¢, =0

) it can be scen that this model may consmt*—‘éf ar ’

i b . : . .- T T -

"‘_f'-"-’—
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Hookian element and a Kelvin-Solid clement linked
in series, or a Hookian element and a Maxwell-
Liquid element coupled in: parallel. -

- 11]&10*’011& to the models fig. 2.5 and 2.5 elec-
trical models are possible. In electncal engineering
the characteristies of a network are sometimes
represented in a diagram of Nyquist, where the
impedance is plotted as a funetion of the fre-

guetiey o of voltage and current. Similar diagrams -

are possible to express the stress-strain relations
of arbitrary Lincar Bodies?). Tor further work

on the analogy to electrical: networks see ALI‘RLY

(ref. 5}.

3  Plastic deformation in pure shear.
3.1 Plastic deformation without viscosity effects.

The ideal plastic body in pure shear hag the
stress-strain relation according to fig. 3.1. The

T
P
T, |—-
" Y'
Fig. 3.1, Strcss-strain relation in pure shear

of the ideal plastic body.

SPRING

FORCE
[een—AMAMAMAEE ©
Q

/  ROUGH BOTTOM

Fig. 3.2, Model of the stress-strain relations of fig. 3.1.

5.21

able strain. This stress-strain relation may be ve-
presented by the model fig. 3.2. To a spring a
weight is connected placed on a rough bhottom. The
weight only starts to move if a critical foree is
attained, and during the movement of the \\uﬂ*ht
the foree acting on the Dbottom remains constant”
The foree P is the image of shear stress, the dis-
placement of point € the image of shear strain.
The model in fig. 3.3 represents a body that
shows linear strain hardening and a Bauschinger

T

Fig. 3.4, Btress-strain relation in pui‘e shear according
to the model fig. 3.3.

cfteet. The corresponding stressstrain curve 1is
gshown in fig. 3.4.

Many weights with springs in series represent a
more general hardening material (fig. 3.5). The
corresponding stress-strain curve is given in fig. 3.6.
If the set of weights is made continuous (but for
the first spring and block), the sharp hends in
fig. 3.6 are removed, as must he the case in a
quite proper model *).

1t during stressing or unstressing no weights are
moved, behavionr is purely elastiec. 1f the shear-
stress is inereasing monotonically, the total shear-
strain, and thus the plastic shear-strain is a unigue
funetion of the stress.

SPRING

WEIGHT

/7/ T T,

ROUGH BOTTOM

Fig. 2.3,

yield limit is the shear stress »,. If = <, the
stress-strain relation is linear, if r =+, the strain
may have any arbitrary value., In point P (fig. 3.1)
the shear stress is r,. If unloading takes place,
¥” is the permanent strain, ¥’ the elastic or recover-

Y It be remembered, that the recal and imaginary parts
of the impedance are not independent funetions of the
frequency.,

#) Other appropriste models with weights and springs
coupled in paraliel ave possible.

e e

Model of the linearly havdening material,

A noteworthy property of the plastic stress-
gtrain relations, like those of the model fig. 3.5,
is that they are independent of time.

32 Plastic deformation with wiscosity effects.

Many extensions which may introduce viscosity
effects inte the model fig. 3.5 are possible, the
most reasonable seem to be those shown in fig, 3.7
and fig. 3.8. Again the force P is the image of
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stress and the displacement of point @ the image
of strain. If a. constant rate of (total) shear

strain v is applied to the model fig. 3.7, then
the values of both the total shear strain and the
shear-stress at initial yielding (the starting of the
movement. of the first block) are independent of

4" -Notations.

a ! . modulis of rigidity.
B : modulus of elastieity.
k bulk modunlus.

aig stress tensor.

WEIGHTS CONNECTED WITH SPRINGS

e

-

| joef ] fof b

SPRING

| FORCE P

ez 7. s
RQUGH BQOTTOM

s 4 PELELETE

4 7 o

Fig. 3.5. Generalization of the model fig, 3.3.

Y

Flg 3.6. Btress-strain relation in pure shear according
- to the model fig. 3.5.

g1, Oz, U5y Are normal stress compo-
nents.

Oy TS0y, Oy T= 0y, Ogy 7= 0gp AFE shear
stress components,
oy 1 oop ooy,

Taa
$ij stress deviation tensor
1
§ij = 0ij — 3 Bij0aa,
Sea =8y, T 8y + 85, = 0.
8 Kronecker delta
T shear stress (o, = oy == 3, == 8, == 7).
tensile stress (o, = o, all other ¢;; are
zero). '
g4 strain- tensor.

11, £20, 853 TlOTIRA]l Strain components.

‘ =
L FORCE P
‘__.d\/\/\,‘p-—-—-—-*Q : »
Y, |-
7T TSI 7T 7 7
' Fig. 8.0
= :
i } L . ST ' FORCE #
s e e
~ e
T T T TT I I 77 et .
Pig. 3.8.

Fig. 3.7 and 3.8. Possible extensions of the model fig. 3.5,
introducing viscogity cffeets.

the rate..of.strain, If the model fig. 3.8 holds,
this is only true for the total shear-strain at initial
vielding.. The.value of the shear stress at this
moment, however, is increased if the rate of strain
is high.

It is evident from the model fig. 3.7 that the
material it represenis, may show creep, i.e. change
of strain at constant stress and relaxation, i.e.
change of stress at constant strain. If ‘fig. 8.8 is
valid for a material, this materxal will show _ereep,
but no relaxation. L e e

2e,=26y., 2e5=2¢5, 25, —2¢, shear strain

components
€19 + E€93 + Eaz -

Eaa -
ST Cstrain deviation tensor
B €ij = Ejj —— (1/3) dijean,
Caa =8y t g, + 5, =10.
Y . shear strain (26, =2g, =2 612 =
S . 2 65 =1y). -
e longitudinal strain (£, =e).
e .. " - transyerse Stram (512 = ey =Ry =

Eq1 = 8*)




t time,

(;'ij, oaa, ete. differentiation with respect to time.

& viscosity coefficient in pure shear and
in change of shape,

Mo viscosity coefficient in change of volu-
me, )

M viscosity coefficient in pure tension.

i, retardation time. .

trel relaxation time,
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1 . Introduction.

This paper deals with the torsional strength of
thin-walled D-tubes of 24 8T Alelad, D-tubes oe-
eur in aireraft struetures at the leading edge of
an airofoil and their torsional strength is an im-
portant property for the structural engineer. It
can not be computed by theoretical means due to
the complex nature of the oceurring failures. The
aireraft industry was strongly interested in obtain-
ing experimental information about the problem

and thus made the first proposals for the present -~

investigation.

Both in the design of the test specimens and -

in the development of the methods of eonducting

S 26

Apart from one example of a complete experiment-
ally determined torque-twist diagram the latter in-
formation is not imeluded in this paper.
After the set up of the testprogramme had heen
completed publications on two other investigations
concerning the ultimate shear strength of D-tubes
became available (ref. 1 and ref. 2). The tests of
ref. 1 and vef, 2 partly refer to D-tubes stiffened
in both chordwise and spanwise direction, partly
{0 specimens comparable to the speeimens tested
at the NLL, although the range of parameters
covered was not identieal. Especially the speei-
mens deseribed in ref. 2 differ considerably from
the NLL-specimens,

After a deseription of the specimens (see. 2),

1 2 3 4 5 [S]
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Fig, 2.1. General layout of specimens,
Dimensions vary with specimen: see table 2.1,

the tests and evaluating their results a close eo-
operation was maintained with the aireraft factory
which manufactured the test specimens. In total
36 specimens were fested in pure torsion. The

_ specimens had a cross-section similar to the nose

portion of the NACA 0009, 0012 and 0015 air-
foil sections with a closing web at 15, 20 and
25 percent of the chord. They were reinforced by
equally spaced ribs, having a full web mthout
lightening holes.

“The tests were performed sueh as to yield in-
formation not- only on the prebuckling stiffness,
the ‘buckling stress and the ultimate shear strength
but also with regard to the postbuckling stiffness
and the development of permanent deformation.

the testing apparatus (sec. 3) and the test proce-
dure (see. 4), the test resulls of the present in-
vestigation are being diseussed in sec. 5. As to
the prebuckling stiffness snbstantial agreement was
found with the Batho-Bredt formula. Though the
buekling limit itself proved to be not well-defined,
a semi-empirieal formula is given for the stress at
which the development of wrinkles may be expect-
ed to start.

In ref. 1 as well as in ref. 2 an empirical for-
mula is given for the ultimate shear strength of
D-tubes. In sec. § it is shown that neither of these
covers the results of the present investigation.

In see. 7 the ultimate shear strength is being
considered as a funetion of the parameters of the




TABLE 2.1.

Nominal dimensions of speeimens.

¢ =1250 mm L =250 mm R:;l:lhzlc

A t tw 28 8 Angle-section t,

No. em?® mm mm. We a/c mni m;a stiffeners of the spar mm

333 136.7 0.6 1.0 0.09 0.15\' 406 102 20X-20 X 1.5 0.5
334 08 1.2 405 102 0.6

335 1.0 15 406 102 ' 0.8
336 12 2.0 405 102 ' 1.0
343 201.8 06 | 10 0.09 06.20 530 107 20 X 20 ¢ 2 0.5
- 344 .08 1.2 530 | 107 0.6
346 1.0 15 530 107 : 0.8
346 ; 12 2.0 530 107 1.0

353 270.4 0.6 1.0 (.09 0.25 651 | 110 25 X 26 X 2 0.5

354 (.8 1.2 651 110 . 0.6

355 1.0 15 651 110 : 0.8

3566 12 2.0 651 110 1.0

433 182.3 06 | 1.0 012 | 0156 | 417 137 20 X 20X 156 0.5

434 ! 0.8 1.2 417 137 0.6
435 1.0 1.5 417 137 0.8

436 1.2 2.0 417 . 137 . 1.0

443 269.1 0.6 1.0 | 012 0.20 545 145 - 20 X 20 X 2 0.5

444 4.8 1.2 545 145 0.6

445 1.0 1.5 545 - |- 146 0.8

446 1.2 2.0 545 145 1.0

453 368.9 0.6 1.0 0.12 0.2 667 150 25 X 25 X 2 0.5

454 0.8 1.2 667 150 , 0.6

455 1.0 1.5 667 |- 150 . 0.8
456 1.2 2.0 667 150 1.0

533 227.8 0.6 1.0 015 0.15 435 172 20 X 20 X156 0.5

534 0.8 12 - 435 172 0.6

535 1.0 1.5 435 172 0.8

536 1.2 2.0 435 ) 172 : 1.0

543 336.4 0.6 1.0 0.15 0. 361 181 20 X 20 X 2 0.5

544 - 0.8 1.2 561 181 0.6

545 1.0 15 ) 561 - 181 . 0.8

546 1.2 2.0 561 181 1.0

553 450.7 0.6 1.0 0.15 0.25 631 187 256 X 25 X 2 0.5

554 0.8 12 : 631 187 0.6

555 1.0 15 681 .| 187 0.8
556 1.2 2.0 651 187 1.0

specimens. An empirical formula is obtained from
the NLL-test results, -giving the ultimate shear
strength within the limits of the scatter of the ex-
perimental data. Analysis of the test results of
ref. 1, ref, 2 and ref. 3 finally leads to a design-
chart, covering all data available, its precision
heing less, however, than that of the formula for
D-tubes, corresponding with the results observed
in the NLIL-specimens,

The conclusions to which the investigation has
led are summarized in sec. 8.

2 Specimens,
21 Structure and dimensions.

The general layout of the specimens is shown
in fig. 2.1. All specimens were of the same con-
struction. The rihs were of rubberpressed sheet.
The spar flanges were -angle sections, bent from
sheet material. Between two suceessive rib stations
angle section stiffeners were riveted to the web
to prevent buckling. The specimens were made
according to mnormal aircraft manufacturing
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standards, They were made to NACA-0009, 0012 -

and (015 airfoil shapes and they had a elosing
web at the 15, 20 or 25 percent station. The in-
side skin line was the mold line:

As for the NACA airfoil sections the nose
radins B is given by

B=11h2/c,

a specimen (e.f. fig. 2.1) is fully determined,
apart from the rib and the spar dimensions, by
five of the six ‘dimensions A, R, L, ¢, ¢ and f{,
where h and c¢ refer to the imaginary complete
airfoil section of which the specimenl forms the
nose part, The chord ¢ and the rib spacing L
had the same value for all specimens (¢ = 1250 mm
and L=—=250mm). By taking four values for the
skin thickness £, three for the closing web position
@ and three for the height h (corresponding to
the airfeil sections 0009, 0012 and 0015) 36 dif-
ferent combinations of these parameters and hence
36 speeimens were obtained. The main dimensions
of these specimens are listed in table 2.1. The rib

- parts of the skin.

thickness, the web thickness and the size of the
web stiffeners were inereased and the rivetspacing
was diminished as the skin thickness increased.
The size of the spar flanges was varied with the
web station, the size of the flanges increasing as
a inereased, in view of the Wagner loads (diagonal

- tension -field}. At either end of a specimen an

endfitting was riveted to the skin, the web and
the sparflanges.

22 Material properties.

The material used for the skin, the ribs and
the web was 24 ST Alelad. The grain of the skin
and the web was in the direction of the longi-
tadinal axis of the specimens.

Alffter the speeimens had heen tested in torsion
till failure occurred, tensile eoupons were taken
from the web and from the apparently undamaged
Table 2.2 gives the ultimate
stresses for a typical group of tensile coupons.
Also the results of two compression tests have been

TABLE 2.2,
Material properties.
' . . R . Ta,2 U8 3 E

Specimen | Part Bay Direction Type | kemm-2 1) | kegmm-2 89 %) kgmm-?
343 skin I longitudinal tensile 35.6 443 — 7160
343 skin v transverge tensile 324 434 14.0 6950
343 web — — tensile 35.3 47.3 20.5 7050
344 web — — tensile 35.3 47.2 19.0 6940
345 skin 111 longitudinal tensile 33.8 4592 175 6770
345 skin v transverse tensile 29.8 434 14.3 6890
345 weh - — tensile 35,0 5.2 20.2 6880
454 skin I longitudinal tensile 36.0 46.7 21.3 7010
454 skin I transverse tensile 31.5 451 19.7 6750
456 skin I longitudinal tensile 375 46.7 19.0 6700
456 skin IIr transverse tensile 331 . 45.3 19.0 6890
456 web — P— tensile 352 43.3 172 6620
534 skin I longitadinal tengile — 46.3 19.0 6930
534 skin 111 transverse tensile 298 44.9 20.0 6750
534 web — — tensile 373 46.5 168 | 6830
543 skin 1 longitudinal tensile 34.8 44.9 17.0 6880
543 skin A% transverse tensile 309 43.6 20.0 6780

_ 543 skin I longitudinal compressive 29.0 — — 7300
543 skin 111 longitudinal eompressive 30.0 —_ — 7250
543 web — — tongile 342 43.3 169 6760
585 skin I transverse tensile 292 44.0 17.8 6730
555 skin III longitudinal tensile 322 40.5 15.0 .| 6970
555. | web | — — tensile 344 44.8 255 | 6880
556 skin I transverse tensile 318 43.8 17.3 6780
556 skin I longitudinal tensile 376 46.3 16.8 6730
bbb weh — — tenstle 350 433 16.2 6950

%) Normal stress producing 9.2 9% permanent pormal strain.

?) Ultimate tensile stress.
*} Permanent elongation after failure,




added, Some typical stress-strain curves, for the
material of the web are plotted in fig. 2.2. Figs.
2.3 and 2.4 contain some stress-strain curves, de-
termined on tensile coupons taken from the skin.
The differences hetween the curves of coupons in
chordwise and spanwise direction become more
apparent as the skin thickness increases. This is
due to the fact that the amount of plastic deform-
ation of the material in the torsion test, before
failure of the specimen oceurs, increases thh in-
ereasing skin thickness.

The portion of the skin volume in which plastic
deformations oceur before failure of the specimen
beecomes larger when the skin thickness increases,
because buekling beeomes less severe. enee the
relative magnitude of the bending strains and
thus the ratio between the largest and the average
strains, decreases.
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‘he average modulus of elasticity was found
to bhe

E = 6870 kg/mm?,

the scatter in the tension  tests heing = 2.5 %.
The shear modulus @ is given hy

E.

,Gzza+w'

With »=0.32 it follows that

@ = 2600 kg/mm?.

3 Description of testing apparatus.

31 Loading frame and load measurements.

The apparatus used to load the specimen in
torsion is shown in fig. 3.1, The specimen is
tested in a vertical position. The upper end of the
loading jig consists of a 1 em steel mounting plate,
welded to a rigid frame work of sieel channels.
The flanges of the upper end fittings of the speeci-
men are attached to this plate by bolts with 25 mm
piteh. The lower end fittings are bolted, likewise
with 25 mm piteh, to a 1 em dural plate, carrying
the two parts of the loading arm. The torque is
applied by two opposite cahle forces, working on
the loading arm on either side »f the specimen.
By means of an adjustable cable guide the effec-
tive nominal arm length can be made 1.0 m, 1.2 m
or 14 m. The cable forces are applied by tighten-
ing the turnbuckles, included in the cable loop.
The load is measured by means of two strain
gauge dynamometers, placed in the cable loop

near the attachements to the loading arm. Fig. 3.2
| [kornamMoMETER CABLE—_  PULLEY:
CyRR

ADJUSTABLE CABLE GUIDE

LOADING ARM
FSPECIMEN
TURNBUCKLE

ZDYNAMOMETER cAaBLE—

Fig. 3.2, lLoading system.

gives a pieture of this loading system. The pul-
leys are mounted on ball-bearings in- order to
obtain a praectieally pure torsion load on the
specimen, by climinating friction effeets, which
tend to cause unegual eable forces on either side
of the specimen. Three types of dynamometers in
conjunetion with a Baldwin type X strain indica-
tor have been used while carrying out the test-
programme, the accuracy of their indications being
0.75 kg, 1.7 kg and 7.5 kg respectively. Table 3.1
gives the possible errors in the torque measure-
ments,



TABLE 3.1. -

Possible errors in the torque measurements.

Precision of | Nominal | Possible error
No. dynamo-  |arm length in the
meter, kg “m torque, kem.
333 0.75 1.00 0,75
334 0.75 1.00 0.75
335 1.7 1.00 1.7
336 1.7 1.00 1.7
343 1.7 1.00 1.7
344 1.7 1.00 1.7
345 17 1.00 1.7
346 1.7 1.00 1.7
353 1.7 1.00 1.7
354 1.7 1.00 1.7
355 1.7 1.00 1.7
356 1.7 1.00 1.7
433 0.75 1.00 0.75
434 0.75 1.00 0.75
435 0.75 1.00 0.75
436 1.7 . 1.00 1.7
443 0.75 1.00 - 075
444 0.75 1.00 0.75 .
445" 1.7 1:00 1.7
446 1.7 1.00 1.7
453 1.7 1.00 1.7
454 1.7 1.00 1.7
455 1.7 1.00 1.7
456 1.7 1.60 1.7
533 1.7 1.00 17
534 1.7 1.00 1.7
535 1.7 1.00 1.7
536 1.7 1.00 1.7
543 0.75 1.00 0.75
44 0.7 1.00 0.75
545 (.75 1.40 1.05
546’ 7.5 1.40 1.05
" 553 0.75 1.00 - 075 |
554 0.75; 75 1.20 0.90; 9.0
555 |. 0.75; 175 | 140 1.05; 10.5
556 0.75; 75 1.40 1.05; 10.5

3.2 Twist measuring equipment.

At the stations 3, 4 and 6 (fig. 2.1) the twist
of the speeimen with respect to’its upper end, was
measured by means of two dial gauges at each
station. Fig, 31 gives a general view of the
measuring equipment.

At station 4 and at station 3 a measuuncr frame
is attached to the specimen. The frames are sup-
ported in three points, one at the nose and two
in the web. The nose support consists of a ‘small
piece of wood, fastened to the frame and fitting
to the nose of the specimen. Pop rivets in the web

furnish seats for two pins attached to the frame.
The pins are spring-loaded -in order to provide
the dlamping pressure of the nose supporti. '

At stations 4 and 6 the dial gauges are mounted
on a vertical column, attached to the upper part
ot the loading jig. The lower dial ‘gauges hear
against fittings, bolted to the loading arm. At
station 4 they bear against fittings, welded to the
measuring frame at that station. The dial gauges
at station 3 are attached to elevations of the
measuring-frame at station 4  and they bear
against fittings of the frame at station 3.

By this measuring equipment the twist was
determined over the full length of the specimen,
over 3/, of the length and over the part of the
speeimen hetwesn the ribstations 3 and 4. The
latter readings should be useful to investigate if
any end effecls are present.

The dial gauges nsed were accurate to the nearest
0.01 mm. The readings at station 3 correspond
with a twisting arm of 0.5 m nominal length
and at stations 4 and 6 with an arm of 0.7 m
nominal length.

4 Testprocedure.

After the specimen was bolted into place the
reference zeros for the measuring instruments were
determined, While applying the load, the full-
length twist readings and the indications of the
dynamometers were closely followed by making a
graphical plot of the results during the test and
by comparing the cable forces on either side of
the specimen. Tf these forces showed differences
of some importance or if some anomaly was found
in the diagram, the testing. apparatvs was immedi-
atély subjected to a eclose inspection in order to
trace the eause of the departure. This procedure
proved to be advaniageous in some cases, where
a correetion could he made in time.

The appearance of wrinkles was often accom-
panied by a hang. The load at which the first
wrinkle was observed was recorded.

The load inerement chosen depended upon the
magnitude of the anticipated failing load. Usually
three loadlng eycles were performed before failure
occurred in order to investigate the development
of permanent twist and permanent wrinkles. The
first loading cyecle was chosen sueh, that the
permanent twist ecould be expected to be less
than 5 % of the total twist reached in that eycle.
Fig. 4.1 gives an example of a complete torque-
twist diagram.

Photographs were made of the wrinkles in the
specimens at different stages of loading; only a
few of these have Deen included in this report.

At loads near the failing load the load indica-
tions were observed elosely and the type of failure
was recorded photographically.

5 Results and discussion,
5.1 Prebuckling stiffness.

In order to compare the Batho-Bredt theory as
presented it ref. 4 with the experimental twist
data, caleulations were made, using the basie
equation




B:Tf rdfi /4 A2, (5.1)

where $ is a coordinate measured along the median
line of the skin in the cross section of the tube
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Fig. 41. Complete torque-twist diagram,

(fiz. 51); the shear modulus & bad the value
given in see. 2.2. The stiffness properties of a
speeimen were simulated by considering a simpli-
fied eross-section as shown in fig. 5.1. The rigi-

de

Fig. §.1. Simplified cross-section of specinten.
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1 = 0.6 mm,

531

dity of the four angle-section stiffeners of the
spar was taken into acecount by adding the flanges
of two of them to the skin and the web. The dif-
ference between the values for the stiffness, cal-
culated with and without this contribution of the
spar flanges, varied between 9% and 2 percent.

The measured and caleulated values of unit twist
have been plotted versus the torque in figs. 5.2,
5.3, 54 and 5.5. Substantial agreement is found
between theory and experiment.

In plotting the diagrams of the figures mention-
ed above the full-length twist data have been used.
The other twist readings were found to be less
accurate for small torques. This is probably due
to the not perfectly rigid attachment of the meagur-
ing frames to the specimen at stations 3 and 4.
As no evident end effects proved to be present
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the data obtained with these measuring frames did -

not require further consideration in this paper.

5.2 Buckling stress.

The buekling limit in the various tests was not
well-defined. In most cases the specimens showed
a continnous transition from the unbuckled to
the buckled state. For several specimeris there
was an appreciable seatier in the loads at which
the various skin panels of one specimen hbuckled,
thus showing the large influence of small initial
waviness of the skin due to imperfect fabrication.

The shearing stress in a skin panel at a given
torque follows from the equation. :

r=7T/2 At {5.2)

The recordings concerning the appearance of the
first wrinkles, in combination with the observed
points of departure from the linear parts of the
ecurves in the diagrams of figs 5.2, 53, 54 and
55, lead to a semi-empirical formula for the
stress at which the development of wrinkles may
be expected to start. In deriving this formula the
theory of ref. 5, concerning the stahility of thin-
walled tubes under torsion, ig taken as a starting
point. Ref. 5 gives for the buckling stress of
medium length ecireular tubes the theoretical
formula

E

rori= A (/L) (V1200 Leidy™s, (5.8)

where d ropresents the diameter of the tube and
wihere

4 == 118 for hinged edges;
A = 129 for clamped edges.

This formula for eireular tubes has heen proved
to give.fair agreement with experimental data. Im-

proved formulac of a similar character are propos-

ed in ref, 6.
The influence of the eurvature of the skin panel

of 2 D-tube will largely depend on the parameters
a/c and hfc. In the experimental investigation of
ref. 1 it was already found, that a rough estima-
tion of the eritical stress for ID-tubes, shaped con-
form to an NACA-0012 airfoil section and with
a/c =10.30, can be made by substituting 2¢ in-
stead of & into (5.3). The present investigation,
dealing with NACA-0009, — (012 and — 0015 air-
foil shapes and with elosing-web positions a/c=
0.15, 0.20 and 0.25, leads to the same result. No
apparent interference was found between the value
of a/c and the influence of the parameter h/c.
Thus the buckling stress for D-tubes could be ex-
pressed by

W:BlEzwmwaMM, (5.4)
where

B = 0.31 for h/c = 0.09;

B = 038 for hfc = 0.12;

B = 0415 for A/c = 0.15.

An interpolation graph for B is heing proposed
in fig, 5.6
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Fig. 5.6. Interpclation graph for the .faelor B, oecurring
in the formula (5.4) for the buckling stress.

The torques corresponding with the shearing-
stresses caleulated from (5.4) are given on figs.
5.2, 5.3, 5.4 and 5.5. It is seen that the buckling
limits, estimated from the change in siope of the
unit-twist curves, and the calenlated buekling
torques may diifer considerably. For the greater
part of the speeimens the differenece is less than
10 90, however.

It should be mentioned here, that the speeimens,
for which formula (5.4) has been derived, all had
the same value of L/c. As interaciion may exist
between the parameters L/c and h/c, formula (5.4)
should be used with caution for values of L/c othet
than L/c =102,

5.3 Postb‘uckh’ng behauiour.

.. Generally, the specimens were subjected to three
loading eycles (sec. 4) before failure occurred.
Fig. 41 gives an example of a complete torque-
twist diagram, derived from the full-length twist
data of specimen no. 434, Such diagrams are avail-




able for all three twist gauge lengths. Together with
the ohservations and the photographic recordings
of the development of wrinkles they may form the
hasis for a study concerning the postbuckling stiff-

TABLE 5.1.
Fajlure data.
Type Ultimate
No. of Remarks stress
failure 7 . kgfmm?
333 AlLb 3.27
334 Alb 4.02
335 Alb 5.16
336 Alb 5.91
343 AZ2b | damaged rib 2.88
344 Alb 4.43
345 Alb 4.78
346 Alb 5.50
353 | A2b |damaged rib 2.67
354 B.2.a, |damaged rib 4.21
355 B.l.a, |damaged rib 457
356 Bl.a, b.44
433 Alb 3.83
434 Alb 4.98
435 Alb 5.73
436 Alb 6.29
443 Ala, 3.28
444 | B.2a, 438
445 B.1.a, |failureinend panel 5.83
46 | Ala, 6.58
453 B.2a, 3.59
4hH4 B2a, 432
455 B.2a, 4.99
4b6 A2a ldamaged rib 6.24
533 B2.a, 3.51
534 Bla, 5.50
535 B.l.a, 6.07
" 536 Ala, |failure in end panel 6.86
543 A2a, 3.09
GEE Ala, 444
failure in end
540 Az, panel ; damaged rib 523
546 " | Ala, 6.47
553 | B2a, 3.30
554 B2a, 431
565 B2.a, 5.21
556 B.2.a, !failureinend panel | . 6.52
“A. Collapse after the torque had reached a& maximum,
B. Collapse before tho torque had reached s maximum,
1. Collapse with one wrinkle in a gkin panel.
2. Collapse-with two wrinkles in & skin panel
a. First type of failure.
a; Buckle erossing over the nose.
a;, Buckle rapidly extending into the nose.
b, Second type of failure; bending failure of the nose.
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ness and the growth of permanent twist. This falls
beyond the scope of this paper, however, which is
primarily econeerned with the ultimate torsional
strength of Ditubes,

54 Types of failure and wiltimate stresses.

In all cases failure of a specimen was due fo
collapse of the strongly curved nose portion.
During the tests two types of failure were ob-
served. The typieal failure for low «/¢ and large
I/c values was characterized wy a buckle erossing
over or rapidly extending into the nose, usually
accompanied by a sudden decrease of the load.
With the second type of failure the wrinkles
eradually deepencd, finally leading to a kind of
collapse in which the nose bent suddenly in the
form of an S-eurve in the plane normal to the
chord after the torque had reached a maximum.

Failure oceurred with one or with two wrinkles
in a skin panel. The initial wrinkle started ncar
the beam. 17 of the 36 specimens falled alter a
second wrinkle had appeared below the initial
wrinkle. Usunally failure oeccurred shortly after
the development of this second wrinkle, as it rapid-
ly extended into the nose in most cases.

The points of failure of the various speeimens
were well spread over the five skin panels of a
specimen,  Only four specimens failed in an end
panel, It may be concluded therefore that nearly
no end effect was present.

Some typical examples of failure are given in
figs, 5.7, 5.8, 5.2 and 5.10. The ultimate stresses
and other information econcerning the failure of
the specimens are supplied in table 5.1.

In some eases visible damage was done to a

rib. The kind of damage was always the same;
Fig. 5.11 rcpresents a severe case. The picture
shows that the ribs may be loaded perpendieular
to the chordwise direction by forces from the skin
in the huckled state. Tt is found in tables 5.1 and
2.1 that, for low values of #/a in particular, the
ribs are heavily loaded when the specimen is near
failure.
6 Comparison of test results from the present
investigation with empirical formulae for the
ultimate stress, derived in earlier investig-
ations.

According to ref. 1 the average ultimate strength
in torsion for stiffened or unstiffened D-tubes,
having a cross section similar to the NACA 0012
airfoil section and a elosing web at 30 percent of
the chord, can be caleulated from the formula:

LM

1— E{Ls

S 1N Y
=3-24(V1“sz) . (6.1)

#)

The left and right hand sides have the dimen-
sions of the 2.25th and the 1.48th power of a length
respectively. )

It is thus evident that this formula can hold
only for D:tubes of approximately equal size as
the specimens of ref. 1.. In all other cases (6.1)
must lead to erroneous results.
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Taking (6.1) as a starting point a dimensionless termined such as to yield the best ecorrelation with
formula was obtained hy puiting the test data from the present investigation and
sz S T the data for unstiffened D-tubes from ref. 1. The
(1 — u) kS ( 1o a’v[) . (6.2) analysis resulted into the following expression for
Bt 2at the average ultimate shear strength (§— 0.68):
where 5 =2.25/5 —2. The power & bas been de- = 0.288 E(t/L)061(a/8,)0-21(£/8,)043. (6.3)
TABLE 6.1,

* Comparison between experimental values of the ultimate stress and the results of the modified
NACA-formula (6.3).

No. /T, a/8, 48, 74 Kg/mm? 74 K2/mm? percent
formula test difference
333 | 0.002¢ 0.925 0.00297 3.37 8.27 — 3
: 334 00032 | 0925 0.00396 4.59 4.02 —125
NLL 335 0.0040 0.925 0.00492 5.79 5.16 —11
336 | 0.0048 0.925 0.00591 7.05 5.91 16
. 343 0.0024 0.943 0.00226 3.00 2.88 — 4
344 0.0032 0.943 . 0.00302 4,09 443 + 8
345 0.0040 0.943 0.00377 5,19 478 - 8
346 | 0.0048 0.943 0.00453 | 631 5.50 —13
353 0.0024 0.960 0.00185 2.76 2.67 — 3
354 0.0032 0.960 0.00246 3.76 421 +12
355 0.0040 0.960 0.00306 476 4.57 — 4
256 0.0048 0.960 0.00368 . 579 5.44 - 6
433 | 0.0024 0.900 0.00288 3.29 3.83 + 16
43¢ | 0.0032 0.900 0.00385 4 50 4.98 ' + 105
435 0.0040 0.900 0.00478 5.68 573 + 1
436 0.0048 0.900 0.00575 |- 6.93 6.29 Y9
443 0.0024 0.917 0.00220 295 3.28 +11
444 0.0032 0.917 000299 | 405 4.38 + 8
445 0.0040 0.917 0.00366 509 . 5.83 +14
446 0.0048 0.917 0.00440 6.19 6.58 + 6
453 0.0024 0.936 0.00180 |- 272 3.59 432
454 0.0032 0.936 | 0.00240 3.70 4.32 T+ 165
455 0.0040 0.936 0.00299 4,69 4.99 + &
456 | 00048 0.936 0:00359 5.69 6.24 4+ 95
. 533 0.0024 0.862 0.00276 3.92 351 + 9
53¢ | 0.0032 0.862 0.00369 438 5.50 49255
535 0.0040 0.862 | 0.00461 5.55 8.07 + 95
‘536 0.0048 0.862 0.00550 671 6.86 + 2
543 0.0024 0.891 0.00214 2.90 3,09 + 65
544 0.0032 0.891 0.00286 3.95 144 +12
545 | 0.0040 0.891 0.00356 5.00 5.23 + 45
546 0.0048 0.891 0.00427 6.07 B.47 o+ 65
553 0.0024 0.914 0.00176 2,68 330 "+ 23
554 0.0032 0,914 0.00235 3.65 431 + 18
555 0.0040 0.914 0.00293 4.63 521 + 125
- 556 0.0048 0,914 0.00352 5.62 6.52 + 16
vof. 3 0006 0.00718 0944 . | 0.00372 7.85 6.01 12
0009 0.00718 0.929 0.00366 7.75 7.10 — 85
0015 0.00718 0.892 0.00351 7.55 7.54 0
16.012 0.00718 0.969 0.00229 6.34 6.45 + 2
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TABLE 6.1 (continued).

No. /L /S, /8, 7u kg/Tom? 4 Kz/mm? percent
: formula test | difference
1 0.000646 0.914 0.00157 1.15 0.98 —15
2 0.00102 N.914 0.002485 1.88 1.50 —20
ref, 1 3 (.00148 0.905 0.00357 2.78 2.54 — 85
4 0.00121 0.914 0.00197 1.67 1.905 + 14
5 0.00204 0,914 0.002485 2.92 2.96 + 1
] 0.00296 0.905 0.00357 4.33 3.625 — 165
7 0.001815 0.914 0.00147 2.16 2.54 + 15
8 0.003065 0.914 0.002485 3.79 3.455 —.9
9 0.00444 | 0.905 0.00357 5.61 - 565 + 1
10 0.00387 0.914 0.00157 3.61 3.98 + 10
11 0.00613 0.914 0.002485 5.90 5.82 — 15
12 £.00888 0.905 0.00357 8.73 8.65 — 1
[ — where A, represents the eross-sectional area of one
K sl typical chordwise stiffener or effective ribflange
10 {for rubber pressed ribs a width of about 15 %, of
P the rib web has to hbe added to the ribflange to
74 give 4,, according to ref. 2).
J7 / Calenlation of the ultimate stress with (6.4) for
o8 ’ﬁ 174 all specimens from ref. 1, ref. 2, ref. 3 and from
/] the prekent investigation leads to results, listed in
—] table 6.2. In many cases the corrdlation between
caleulated and experimental ultimate stress turns
08 out to be rather poor. This could be expected, how-
ever, as the range of parameters for which for-
- mula (6.4) was derived lies ouniside the range -of
‘ parameters covered by the other investigations.
T4y o3 o6 o6 08 1, 10 . Extrapolation thus proves to give insufficient
s correlation. :
Fig. 6.1. Faetor in formula (6.4} for stiffening effect of
chordwise stiffencrs, according to ref. 2.
In table 6.1 the ecalenlated and experimental — AN T, Y2

ultimate stresses are listed for the NACA- and the.

NLI-specimens. Also four unstiffened specimens
from ref. 31) have been ineluded. It is seen that
the correlation is rather good, thongh a systema.
" tical variation of the error with the value of h/c
and with the skin thickness may he observed.
The test results of ref. 2 ean not he eompared
with formula (6.3}, as the dimensions of the speci-
mens are given incompletely in ref. 2 (8, nor @
is mentioned).
The formula for the ultimate shear strength of
unstiffened D-tubes, proposed in ref. 2, reads

re=h (R/LYO 7, (6.4)

where k& depends on the rib dimensions and where
r, I8 a function of R/t. Graphs for % and r,,
taken from ref. 2, are included in this paper as
figs. 6.1 and 6.2, The rib dimension parameter &,
follows from :
t,=A,/L, . {6.5)

1) Ref. 3 is a continuation of ref. 1. The test results
given in ref. 3 have not been published by the NACA,

= 22
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Pig. 6.2. Typical buckling stress in formula (6.4) for wing
leading edges, according to ref. 2.
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TABLE 6.2,

Comparison hetween experimental values of the ultimate stress and the results of the
SAAB-formula (6.4).

. s kg/mm? 74 kg/mm? pereent
No. Ek/t 10° R/L ta/t formula test ’ difference
333 : 3.27 1 —1014
343 s 18.57 44.56 0.0750 3.65 % . 2.88 —21
353 2.67 —97
334 ) 4.02 — 2
344 ; 13.93 44,56 0.0720 411 % 4.43 + 8
354 421 + 214
335 . 5.16 + 914
345 11.14 44.56 0.0864 4.70 4.78 + 114
355 4.57 — 3
336 5.91 + 1114
346 9.98 44.56 0.1000- 5.30 5,50 + 4
356 5.44 + 3
433 3.83 + 9
443 33.00 79.20 0.0750 3.52 3.28 — 7
453 - 3.59 + 2
434 4,98 + 924
444 g 2475 79.20 0.0720 4.01 4.38 + 9
2 454 432 + 8
& 435 ) : : 5.73 + 25
445 19.80 79.20 0.0864 4.59 ? 5.83 + 927
455 S 4.99 + 9
436 6.29 + 2014
446 16.50 79.20 0.1000 5.22 ? 6.58 + 926
456 ' 6.24 + 1914
533 3.51 + 6
543 51.57 123.76 0.0750 3.32 3.09 — 7
553 3.30 — 1%
534 : 5.50 + 44
544 38.68 123.76 0.0720 3.81 % 4,44 + 1614
554 431 ‘ + 13
535 6.02 + 35
545 30.94 123.76 0.0864 4.46 % 523 + 17
555 ' 521 + 161%
536 6.86 + 34
546 25.78 123.76 0.1000 5.10 6.47 + 27
556 A 6.52 + 928
1 29.65 0.0224 1.79%) 0.98 --45
2 18.65 © 198 0.0261 293 - 1.50 — 33
3 13.20 0.0363 2.69 2.54 — 6
4 2965 0.0448 2.54 1.90 ——925
5 18.65 39.6 0.0522 3.22 2.96 — 8
3 6| 1320 |} 0.0726 4.01° 3.62 —10
3 7 29.65 ) 0.0672 3.23 2.54 — 2114
8 18.65 59.4 0.0784 415 3.45 —17
9 13.20 s 0.109 5.30 5.65 + 6Lh
10 29.65 2 0.134 5.20 3.98 — 2314
11 18.65 1188 | 0157 6.73 " 5.82 — 1314
12 13.20 S _ 0.218 8.73 8.65 — 1
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TABLE 6.2 (continued).

) 4 kg/mm? o Kg/mm?® pereent
No. B/t 10° BT bt formula test difference
0006 4.667) 0.24881) 6.54 6.90 + 51
* 0009 | 1048 7535 | 0.2488 8.38 7.10 —15
E 0015 29.10 209,40 0.2488 7.94 7.54 — 5
16.012 8.309) 59.60 | 0.2488 8.08 6.44 —90
10 75.0 811 0.45 9.10 1025 +12
1 75.0 1072 0.59 10,73 11.00 + 2
12 69.0 580 0.70 9.40 9.76 + 4
13 69.0 580 0.70 9.40 10.10 + 7
14 92.0 171 0.50 10.10 9.57 — 5
15 225 | 168 0.50 10.05 10.70 + 6
o 16 22.5 126 0.376 8.25 8.40 + 9
= 17 70.0 870 0.48 9.97 10.00 0
p 18 56.8 584 0.567 10.30 9.70 — 6
19 491 h34 0.483 10.82 9.40 —12
20 492 320 0.922 9.60 8.93 -1
21 10.6 76 0.227 8.15 8.00 — 2
22 10.6 76 0.272 8.66 9.00 + 4
25 100 245 0.175 4.00 3.78 — 6
26 67 296 0.277 5.78 5.83 + 1

'} The width of the ubf]ﬁ.nge has bheen estimated” v/

%) For values of R/t = 9.5 =, has heen taken 28 kg /imm? (ﬂg 6.2).

7  An empirical formula for the ultimate shear
strength, covering the NLL-specimens, and
analysis of test results, leading to a design
chart covering all data available.

As mentioned in sec. 2.1 a specimen of the type
considered is fully determined, apart from the ribs
and the spar, by five of its dimensions, eg. R,
L, , ¢ and . Then. it is also determined by one
of ity dimensions and four properly choscn dimen-
sionless parameters. As size effects may be neglect-
ed, the ultimate shear strength of D-tubes, with
the same relative rib and spar dimensions as the
NLL-specimens, must be a funetion of these dimen-
sionless parameters. The parameters should be
chosen such that the least interaction possible exists

between the influences, which eaeh of them has on

the ultimate stress.

The parameter L/c was held constant in the test
programme {(L/c=02). A suitable choice for the
remaining parameters was found to he

R/L, afc, B/t, - (7.1)

where R/t is primarily eoncerned with the buckling
resistance of the nose (compare vef. 2). The ulti-
mate stresses of table 5 1 could he covered by the
formula

o= 0137 XE (R/L) (t/R)09 (7.2)
where A = 110 if a/c = 0.15;
A= 102 if a/c = 0.20;
A = 100 if a/c == 0.25.

An interpolation graph for A is being proposed in

tig. 7.1. For convenience, ({/R)%% is represented
as a function of ¢/R in fig. 7.5.

SN

108 \
N —
. Le=02
102, |
058
Q10 Q4 0B 0.22 Q26 30

¥

FLg 7.1. Int,erpolamon graph for the factor A, oecurring in
formula (7.2), determining the influence of the cloging weh
: pesition on the ultimate stress.

Augmenting the value of a/c at a constant value
of L/c will make it possible, that more than one
wrinkle is originated in one skin panel. Failure of
a specimen, caused by collapse of the strongly
curved nose portion, will primarily be affeeted by
wrinkles developing near the nose. It may be ex-
pectéd that the influence of a second wrinkle will
he'small becanse only one of the wrinkles extends
into the nosc region, the other being confined to
the less eurved portion of the skin adjacent to the
closing web. The development of a third wrinkle
will affect the ultimate stress cven less. The graph

TN il
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of fig. 7.1, intended for a value of L/c =02, is-  show two wrinkles in one skin panel at failure
drawn in accordance with this conception. Above ftable 5.1), it gives only a very small variation
afc = 025, where all specimens but two did . of the ultimate strength with e/c.
(/) | l
m Q24 I I
Ty=04371 E(F!/L)(t/n)qg /
Q20 /
B —
’ /
016 7 ﬂ
~/
o012 A - j—«'
-
. ‘ __l
(LR 2 (t/R)
Q08 QC4
.---""-_-,-
/ ———rd ‘
004 7 ‘/ — {002
S _ )
L .

o 004 o0e  oi2 016 Q20
Fig. 7.5. Diagram for the determination of (¥/E)0.2,
TABLE 7.1.

Comparison between experimental values of the ultimate stress and the results of the
NLL formula (7.2).

No. 4 kg/mm? lru kg/mm? pereent 4 kg/mm? J 7x Kg/mm? pereent
formula test difference formula test difference
— :
333 3.34 3.27 — 2 453 |° 3922 3.59 +11.5
334 4.32 4.02 — 7 454 417 432 + 35
.335 5.29 5.16 — 25 455 5.09 499 . — 2
336 6.23 5.91 — 5 456 6.00 624 + 4
343 2.10 2,88 — 533 3.68 3.51 — 45
344 4.00 443 + 105 534 4.78 5.50 - 415
345 4.90 478 — 25 535 585 6.07 + 35
46 | 577 5.50 — 45 536 6.90 £.96 . — 05
353 - 8.04 2.67 —12 543 - 342 3.09 —10
354 - 392 421 + 7 544 444 4.44 0
355 4.81 457 - — 5 545 | 5.42 523 — 35
356 566 5.44 — 4 546 6.40 - 6.47 + 1
433 . 354 3.83 4+ 8 553 3.35 3.30 — 15
434 4.59 4.98 + 85 554 435 431 — 1
435 5.60 573 + 2 555 5.32 5.21 — 2
436 6.60 - 6.29 — 5 556 6.27 6.52 + 4
443 3.29 3.28 — 05
444 426 - 448 + 3
445 | 520 583 ° + 12
- 446 612 6.58 + 75
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A comparison between experimental stresses and
stresses calculated from formula. (7.2), is given in
table 7.1. No systematic errors are present any-
more and the overall correlation is within the
limits of the scatier to be expected in the cxperi-
mental data. :

Formula (7.2) with the given values for A dodes
not cover the experimental results of ref, 1 and
ref, 3, as is being shown in figs. 7.2 and 7.3,
o (R/ )09
— has been plotted versus R/L. If
again the ultimate stress is expressed by a formula

where

os Ne. 1231456\739|101112‘
Tu (R/'-) )
£ r_rc{ 0.8 l G4 ) 0.267 } 6.133 J
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Fig. 7.2. Comparison between the NLL-test results and the
data from ref. 1. (afo:=10.30, t /t =089 —0.78).
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Fig. 7.3. Comparison between the NLL-test results and the
data from ref. 1.

like (7.2), then it is clear from fig. 7.2 that A is
not a constant anymore for a given value of a/e.
The values of the parameters R/L and R/t, used
in ref. 1, ref. 3 and in the present investigation
lic within the same range. In ref. 1 and ref. 3

a/c =030, except for one specimen of ref. 3,
where /¢ =0.50.

As was pointed out above for values of a/c >
(.25 only a very small variation of the ultimate
stress with a/c may he expected, when the ratio
L/c is held constant at L/¢=0.2. For values of
Ljc > 0.2 the influence of a¢/c may extend further
than that, as the appearance of a second and a
third wrinkle, due to angmenting the value of a/c,
will be delayed by increasing the ratio IL/¢, while
the buckling resistanee of a skin panel is diminish-
ed. However, the deviations from formula (7.2)
oceur just for small values of L/¢, so that the poor
correlation hetween the results of ref, 1 and ref. 3
and the NLL formula (7.2), being illustrated in
figs, 72 and 7.3, can hardly be explained by a
possible influence of the parameter a/c.

In ref. 1 nor in ref. 3 a serious distortion of
the sparflanges is reported. Therefore the diver-
gence, found hetween the results of ref. 1 and ref. 3
and of the present investigation, must be mainly

" due to the faet, that the value of L/¢c was not

held constant in the programme of ref. 1, while
the ribs of the specimens of both ref. 1 and ref. 3
were weakened by lightening holes. From figs. 7.2
and 7.3 may be concluded, that the slope of.
Tu(R/t)0'9
E
lower values of L/c, this effect becoming more
serious in general if a smaller relative rib thick-
ness is chosen and if the ribs are weakened by
lightening holes. This means that the weakening
effect of taking lower values of R/c or h/c is not
compensated by the relatively smaller rib distance,
if at given values of R/L and R/t the value of
L/c is diminished. Taking a smaller value of L/c
at given values of K/c and R/t leads to a higher
ultimate sirength, the value of R/L being then in-
creased simultaneously. However, the amount of
the experimental data available does not allow the
establishment of reiiable design charts.
. The analysis of the data of ref. 2 is seriously
hampered by the fact, that the dimensions of the
specimens are supplied inecompletely. No informa-.
tion has been ineluded on the values of ¢ and a,
while from the rib dimensions in most cases noth-
ing is known except the values of t,/t. A faector &,
depending on the ratio ¢,/t like in formula (6.4)
of ref. 2, proves to be of no value for explaining
the divergence between the test results of ref. 1,
ref, 3 and the present investigation. A possible
influenee of the parameter f,/t dces not even
show up. It is to be expected that both for full
ribs and for ribs with' lightening holes f./t will
have a marked influence upon the ultimate stress
only when it is very small, but that its influence
wil be practically negligible for most practical
cases such as those covered by the present tests,
The rather large variation of k with t,/¢ in fig. 6.1
must be attributed to the fact that the test speci-
mens from ref. 2 had only chordwise stiffeners
instead of ribs. .
Though the closing-web position of the specimens
of ref. 2 is not known, it is expected to lie between
925 and 30 percent of the chord. So the data of
ref. 2 have been put into one diagram (fig. 74)

versus R/L is diminished by taking
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with all data from ref. 1, ref. 3 and the present
investigation, concerning closing-web positions be-
tween a/c=025 and @¢/c=0.30. Fig. 7.4 may
be used as a design chart, giving the ultimate

SAAB specimens
No. 10 11 12 13 . 14 15 16 17
Einem 90 00 58 58 18 18 1.8 8.7
Linem 111 84 10,0 100 105 10.7 142 10.0
finmm 1.20 1.20 084 084 082 080 080 124
ts/t 045 059 070 070 050 050 0376 048
No. 18 19 20 21 22 25 26
Rinem 59 5.9 3.2 1.9 1.9 5.0 4.0
Linem 101 101 100 250 250 145 135
tinmm 1.04 120 065 1.80¢ 1.80 05 0.6
et 0.5367 0483 0.922 0227 0872 0175 0.277

Ty (R/1)9°
E
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Fig. 7.4. Outline map of all data available on the ultimate
shear strength of D-tubes, stiffened in c¢hordwise direction
“only and having 0.25 < aje < 0.30.

shear strength of D-tubes, stiffened in chordwise
direction only. By making a eareful comparison
between the dimensions of the specimens and the
dimensions of an actnal design it should be pos-
sible to estimate the ultimate stress with a greater
amount of accuracy than would follow from the
differenge between the upper and lower boundaries
for the ultimate stress, drawn in fig. 7.4. For
values of a/¢ < 025 the ultimate stress, estimated
from fig. 7.4, may possibly always he multiplied
by the factor A, given in fig. 7.1. Further it
should be mentioned that the test points of ref. 2
refer to specimens with chordwise stiffeners in-

stead of ribs. For D-tubes with rubber pressed
ribs, having a full web, the ultimate strength may
be underestimated by using the diagram of fig. 7.4
in the range 10® R/L > 150 approx.

8 Concluding remarks,

For the range of parameters covered by the
36 specimens, tested at the NLL (table 2.1}, an
empirical formula, (7.2), has been derived for the
ultimate shear strength of D-tubes, stiffened in
chordwise direction by ribs having a full web. The
precision of the formula (7.2) is within the limits
of the scatter, to be expeeted in the actual strength
(table 7.1). Also a semi-empirical formula, (5.4),
has heen given, which yields an approximation to
the huekling stress,

The experimental prebuckling stiffness has been
compared with the stiffness after the Batho-Bredt
theory for a single cell below the buckling limit.
Substantial agreement was found betwecn theory
and experiment (see. 51).

The tests have heen performed sueh, that also
valuable information was obtained econcerning the
postbuckling stiffness and the development of
wrinkles and permanent distortion. These data,
not yet included in this paper, may form the basis
for a further study (sec. 5.3).

The results of the present investigation have
been compared with the empirical formulae for
the ultimate shear strength of D-tubes, given in
ref. 1 and ref. 2 (sec. 6). The formula of ref. 1
is not dimensionless. Therefore it must lead to
erroneous results for all specimens, which are not
of equal size as the specimens of ref. 1. After
being transposed into a non-dimensional form the
formula of vef. 1, (6.3), yicelded reasonable values
for the ultimate stresses, though some systematic
errors could be observed (table 6.1}. The stresses
according to the formula of ref. 2 in many cases
differed considerably from the experimental values
of the present investigation {(table 6.2). This could
be expected, the range of parameters of the NLL-
specimens not heing covered by the range for which
the formula in ref. 2 was derived. However, in
an analysis of all test results available this proved
to be an insufficient explanation for the diver-
gence,

TABLE 8.1

Range of parameters, for which experimental data are available concerning the ultimate shear
strength of D-tubes, chordwise reinforced by ribs,

Ref. 1 : Ref. 2 Ref. 3 NLL-tests
R/t 13.20— 18.65 . 10.6—75 4.66— 29.10 9.28— 5157
10 R/L 198 —1188 76 —1072 33.46—209.40 44 56—123.76 .
-Lfe 0.8 — 0133 9 0.118 0.2
ale 0.30 - ? 0.30; 0.50 0.15; 0.20; 0.25
h/c ' 012 2 0.06--0.015 0.09; 0.12; 0.15
Type of Rubber pressed ribs | Stiffeners, bent from | Rubber pressed ribs | Rubber pressed ribs
ribs with lightening holes sheet metal with lightening holes with a full web
./t 0.78 —0.89 — 1.0 0.83 —0.75
t./t 0.0224—0.218 0.175—0.922 0.2488 0.075—0.100
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The main reason for the observed discrepancy
is that test specimens with full ribs, such as in the
present tests, or with ribs having lightening holes,
such as in the tests from ref. 1 and 3 ean not be
compared, strietly speaking, with the specimens
from ref. 2 which had only chordwise stiffeners
instead of ribs. As a conseyuence, the influence
of the ribh dimensions included in the formula
from ref. 2 does not apply to the specimens of
refs, 1 and 3 and of the present investigation.
Tn addijtion the influence of other parameters was
negleeted. ’

R4 o3 ) d i
t 0022 0044 COB7 0134 0.249%
28— | |
24 L
N L
20
Q [¢] g
— 0026 Q052 Q078 0157
16 l |-~
[¢]
0036 0073 0105 0218
12
x
Q249 —1
8 0249 i T
0 NACa 0012 SPECIMEN REF 4
‘ x NaCa 0008, 0009 AND 0012
% SPECIMENS REF 3
e 0249 -] * NaACA 16012 SPECIMEN REF 3
| NUMBERS INSCRIBED ARE ts/l

o 40 a0 120 180 200
A

Fig. 8.1. Range of parameters covered by the tests from
refs, 1 and 3.
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Fig. 8.2. Banpe of parametcrs covered by the tests
from vef, .

An analysis of the data of ref. 2 was greatly
hampered by the faect, that no information was
supplied econcerning the closing web position and
the chord of the specimens.

All data available have been put into one dia-
gram, tig. 7.4, which can be used as a design chart,
determining the ultimate shear stress of ID-tubes
stiffened in chordwise direetion only. It should be
noted, however, that for D-tubes with normal vibs,

60 — T
R _
0 0075
50 — i
40
00072
B q 0075 .
30— h Wr 00086
: o
q4 0072 0100
20— 4o
o 0075 Co8s
i 4100
00072
o 0085
1058506 ‘
NUMBERS INSCRIBED ARE LS/L
L
o {
40 60 80 100 120 140

103 RAL

Trom 8.3, Range of parameters covered hy the
present tests,

the diagram may be conservative in the range
108 B/L > 150 approx., where it is based on the
data of ref. 2.

In case an actual design lies within the range
of purameters, covered by the NLL-specimens, the
use of formula (7.2} ig recommended however, The
data.of-ref:- 1 and- ref.- 3; ineluded. in. this paper,
reveal the trend of the ultimate strength when
changing the ribspacing or weakening the ribs
(figs. 7.2, 7.3). For more detailed information on
this matter some additional tests will be necessary.

The range of parameters, covered by the tests,
deseribed in ref. 1, ref. 2, ref. 3 and the present
paper, is given in table 8.1. For the most impor-
tant parameters the vange covered in these tests
is shown in a more convenient way in figs. 8.1
to 8.3 inel.

9 Notations.

4  Cross-sectional area of a specimen,

4, Cross-sectional area of one typical ehordwise
stiffener or effective ribflange {see. 6).

B TFactor, oceurring in the formula for the buck-
ling stress.

E  Modulus of clasticity.

& Modunlus of rigidity.




oy

T RO R Ng® I

T

(5}

Distance between ribs.

Minimum radius of the nose of a specimen,
Actual length of a skin panel in chordwise
direction (fig. 2.1).

Height of the sparweb (fig. 2.1).

Applied torsional moment,

Distance from nose to web.,

Chord of the airofeil seetion.

Diameter of a circular tube.

Height of the airofoil seetion. .

Faetor, oceurring in the formula (6.4) of
ref. 2 for the ultimate stress.

Thickness of skin,

Thickness of ribs.

Rib dimension parameter, used in vef, 2;
ty=A4,/L.

Thickness of web.

Factor, occurring in the formula (7.2} of the
present investigation for the uIt}matc stress.
Poilsson ratio..

Shear stress in a skin panel.

S 42

Tg-

T

Ter

6

10
lﬂ

Typical stress, occurring in the formula of
ref, 2 for the ultimate stress.

Ultimate shear sfress.

Buckling shear stress.

Unit twist, rad/cm.

References.

Kavanavon, E. 8. and Danvgwater, W, D.  Torsional
Strength of Stiffened D-Tubes, NACA-TN 2362, May
1951

TURNER, F. An emtrirical formula for the ultimate
shear strength of wing leading edges, SAAR-TN. 5,
Sweden, December 1661,

Kavanaven, B, 8. Torsional Strength of Stiffencd
D-Tuhes, Pa:t H, University of Notre Dame, Notre
Dame, Ind 1948,

TI\]OS}IFNKO, 8. Theory of FElasticity, Me. Graw-Hill
Book Co., Ine., 1934,

DoNNELL, L. H Stability of T]un-Walle'd Tubes under
Torsion, NAOA TR 479, 1933,

PLAI\'FE\‘[A, F. I. Colhpsmg Stresses of Cireular Cy-
lynders and Round Tubes. Report 8,280, Nationaal
Luchtvaartlaboratorium, Amsterdam, 1946.

Completed June 1953,




Fig. 3.1, General view of testing apparatus.

Fig. 5.5, Buckle erossing over the nose. Failure of type a. Irig. 5.8, DBuckle fa.pid-ly extending into the nose.
Fuilure of type a.




Fig. 59. Bending fallure of the nose. Failure of

type b. Tig. 5.10.

Damage done (o the rib.

Failure in end panel.
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whilst
g=gq.
When a solution of these equations is tried by
substitution of

K

=l
it is found that X has to satisfy the well-known
stability quartie, the roots of which show the char-
acter of the disturbed motion:

MABA4CAN+DAFE=0 (23)

ete,

where, neglecting the unimportant derivative z,,

g H

B=—uo—2p———— — My,
i %8
. ) I3 ,
C = Ly — By — —— Wy +
iz
S m my,
+ (:nu+zw)—i+ L0 (B + d et )

ip

Dz—;—mw (B + 4 catg o) +
B

+ o (3 e 2w) — =4
iz : .

_ lni (xuzw-— .'I:wzu) +
ig

+ 2’”‘13 Mo {2y — Zu t2 @)

_ ftCa
= 9% 3 (Mg — MyuZy) —

— (mwa:u —— My Typ) T p} .

"3 The coefficients of the characteristic quartic.

In order to investizate the effect of the com-
pressinility the influence of speed on the deriva-
tives &, 24, etc. must be taken into account,

As an example the derivation of the coefficient B
is given in detail, for the other coefficients only
the ultimate results are given.

In the expression for B {(eq. 2.4) the derivatives
Tw, 2w ete. have to he written in terms -:)f the aero-
dynamie coefficients,

The component of the aerodynamic forees along
the X-axis in disturbed flight can be written in
the form

;’;’G _ %%‘"— (ao + %)}.(3.1)

Differentiation of this expression with respeet
to w or V (=V,+ u) yields:

X=4p(V,+ u)?

ig . dr ig

—cha) f=
d
#)——gcatg¢:ﬂ=0 (2.2)
-
w d? mg d )
Tf + (drz _H—i_; dr 8=10
Xy = oF (V, + )[ od 9‘3—"’( +w)]+
w=p o T U Caﬁ‘**a« ) v,
0Ca W g e w )]
2 w YT G+
o eF (Vo dw) [av V., oV B« (“" Vs
or after neglecting small quantities:
X, = pFV [—ﬁow——% v Bc‘”]: (3.9)
So the corresponding dimensionless coefficient
X
P = —— = ean be written:
Nt
Ty =—C—} V a““’ . (3.3)

In a similar way the expression for the derivative
2w can he derived.
The component of the aerodynamic forces along

the axis of Z is
9Ca ( w ) w ]
2 N0 T ) Ty )

Z =14 pF (V,+ u)? [m

(3.4}
Differentiation with respect to w gives:
’ 1 aC'a. Cyp 1
— 2l P
Zo=3%pF (V,+ u) [ V., 7 7. (3.5)
and for the dimensionless coefficient z,:
—— 1 [% va. (3.6)

‘This expression for 2, is identica.l with the one
found in the ineompressible caze; in the eorapres-

sible ease, however, —— and ¢, are functions cf

speed.

It appears that only the derivatives with respect
to ¥ or u, give expresgions which differ from those
in the incompressible case.

So it follows that according to the incompressi-
ble theory

4, Fu

My = — 3T F (3.7)
and ’
A‘l F;[ dﬁ
where
Yo==1 4 —Ei”a— %L(L_‘;).

Substitution of %, 2., m, and m,; In equa-
tion (2.4) for the coefficient B and putting
my—=—11 Ma, ylelds




V3

M Bew- ¢,
5w T e T
Fyd, de

+ lm(ll +E;-). (3.9

. Tt is easily seen that B increases with Mach
number sinee all four terms in (3.9) increase with
speed. In the sub-eritical speed range the first
two terms are small and can be neglected.

The coefficient €' can be dealt with in a similar
manner. Expressing the derivatives @, #w, etc.
in terms of €., €y, ¢u and their derivatives with
respect to speed yields:

. 2 M e\ 0C40
C“(‘““J“ ) ﬁ> (e~ » )+
Bca . M A af_:'a

Piws T T W A

B———'—‘g‘ Gw‘+

. wt Doy
+”‘°(*1"""+T )=
FyA, de,
Ry ol |
AlFH (3 M %cw ( de
9L FT \g T W) 1'1+E}._)

which can be approximated with a sufficient de-
gree of aeeuracy by

A (1.1 AIFH' -2i§£ aCM

i ' - ) (3.10)

C =

The effect of speed on €, which Is proportional

to the manceuvre margin is not very large at for-
. ward c.g. positions. For rearward c.g. positions,
however, the changes in ¢ with M can be consider-
able. More details will be given in the next section,
The coefficient D appears in the following form:

3 Cwﬂt aCA(
D—=_— : —_—
415l Ba
Fudy [, , M Bcf )( de
LighT (c’ Ty e/t +"@)
]J.t.pll _a_C_wn aCM —11 FTHA.ICQZ j- (&)
44l Qo M T 4T O Co

At high speeds (small c¢,-values; see ref. 3) this
formula ean be simplified further to

t .
D= B( _gg, 2y Tyt

4 ’?:Ba O Co an aca o
4 it il -
11 15,7 Cw . (3.1‘1)

The trend in the changes in & with Mach num-
ber are not immediately elear since formula (3.11)

i nie aﬂ dCyr
contains the dem\a‘tlnes i and B!
dependent on wing profile camber and c.g. position.
In order to get a better insight in the possible
variations of I} and the character of the disturbed
motion & few numerical elucidations will be given
in the next section,’ oL

- Finally the evaluation of the coefficient E’
leads to: )

which are

Caz_,ut 0Cq f OCy aCy M )
i e ae Tl 2q) (312
which is proportional to the static stability margin.

So changes in E are proportional to the changes in
this margin as they are dealt with in ref. 1.

E=—

4. The short period oscillation.

The character of the disturbed motion of the
aeroplane is given hy the roots of the equation
(2.3). According to Bairstow this equation can be
factorized giving as a result two guadraties in an
approximated form. In most cases both guadratics
show a pair of conjugate complex roots correspond-
ing to two osecillations: a short period heavily
damped one and a long-period slightly damped or
unstable one. The roots of the quadratic charae-
terising the short period oscillation c¢an be ap-
proximated by

B B
Ma=— I/T"‘C (4.1)

in which H—Ig— stands for the damping and

1 LB
5 CNT defines the frequenecy both ex-

w
pressed in aerodynamic time. .

As an illustrating example, the variation of B
with Mach number for a partienlar single-engined
high speed aeroplane is given in table 1 (see ref. 1
for the required data of this aeroplane; the quan-
tity 15 not mentioned in ref. 1 == 0.087),

TABLE 1.
o ' 0.4 | 0.6 0.7 ] 0.8
B ] 6.42 | 712 ' 775 | 8.82
o8
(;;’f:) H=2500m
Q
O4 \\
iy
02 e = RCOMPR
""--—.:,_:_-_-_
COMPR.
o Q.2 04 06 08
MACHNUMBER
1.4

T, 1
12 \ .
10 \

o p—+— R

‘\\ L
o6
S
=y
-

Q4 ] S—e.JNCOM‘i'R.

OMPR
o2

0 0.2 0.4 0.6 0.8

. ~ MACHNUMBER
Fig. 1. Short period damping as a funetion of
Msach number, . B




Tt follows from this tahle that the damping of

the short-period oscillation inereases with M as
2

long as the motion remains periodic (%———C

remaing negative). It may be remarked that

neither altitude nor c. g. position affeets B.

The time 7'y to damp the oseillation to half
amplitude is given in fig. 1, in which ecurves
for the compressible and ineompressible case are
plotted.

The frequeney of the oscillations depends also
on the coefficient €, the variation of which can
he seen ifrom table 2 for two different altitudes
and four ec.g. posmons The most rearward c.g.
(h-—h,=10.07) is located at a point 2% MAC
in front of the neutral point at low speed.

Only for the most rearward c. g. position at high
altitude the changes in ¢ appear to be considerable.
In fig. 2 the period of the oscillation is plotted
against Mach number for three c.g. positions and
two altitudes. The dotted lines refer to the in-

TABLE 2,

The cocfficient € as a function of M.

H h—fltn ﬂl
(m) (% MAC) 04 06 0.7 08
—0.05 43.5 46.5 479 51.6
0 30.8 32.0 324 4.2
2500 0.05 173 175 16.9 17.0
0.07 12.0 1.7 10.7 10.0
—0.05 17 96.4 98.3 108.8
0 61.3 62.9 62.4 63.7
10600 0.0 30.7 29.4 26.5 235
0.07 185 16.0 13.2 - 74
PERIODER-homacy compressible case. It is seen that the compressi-
sec, X005 H=2500m nility effect is noticeable only for the rearward -
\1 ] c.g. position.
N APER. So it ean be coneluded that at forward e. g
a \ positions (large values of € or manoeuvre margins)
N e the character of the short period oscillation is al-
~J S INCOMPR: most unaffected by an increase in Mach number
-008™~ ~+-47 up to the eritical Maech number, but that if the
P = manoeuvre margin is small (¢ small) the periedic
o i motion can pass into a damped and at still higher
oo 0.4 o6 08 Mach numbers into an unstable aperiodie motion
MACHNUMBER (C < 0).
PERIOD
ool h-hotMAC) [H=10.000m .
7h+0. 5 5 The long period oscillation or phugoid
‘ motion,
6
. \' 51 General
' - The roots of the seecond quadratie originating
‘ from the factorizing of the stability quartic aec-
k \ / J cording to Bairstow determine the character of the
3 \ p— g0 called phugoid motion and cau be written in
5 005 a T~ L wcoven, the form _
R 1 OD—BE CD—BEY £
i | w=—t ==/ (e )T
o . ' {5.1)
02 04 08 o8 :
: MACHNUMBER It is seen from this expression that these roots
Tig. 2. Deriod of rapid oscillation as a funciion of are also dependent on the coefficients D and E,

Mach number for different e.g. positions.

which in turn are strongly affected by the varia-




fion of the derivatives - and —. with Mach
dca oM
number. :
The expression for %‘Iu—is derived in ref. 1 and
reads
aCM — M 1 Emyg Al
oM Vi—MPor | 1—M
Fy A de A« Ae
+ Ba 2 1_*)€_ Aa ; s
I F A ( da t, + Aa‘m Gmfus
Y .
el Jes—T A b S — -
&g ay
Az '
+ V1i—wu ‘i 1
PSR —  ——ar |
1/1 +—ar) {7
(5.2)

The dominant term in this formula is the one
with ¢ny, which is almost entirely dependent on
the wing camber. The guantity c., is positive for
negative and negative for normal positive eambers,

dou . . .
So =i will increase with M for negative and

decrease for positive cambered wings.

The variation of the eoefficients D and ¥ with
Mach number for the above-mentioned high-speed
aireraft is given in the following tables,

Vb

It appears from table 3 that the effect of profile
camber or &m, on the coefficient D iy relatively
smaller for forward c.g. positions than for rear-
ward ones and from comparing table 3 and 4 it
follows that the influence of camber is considerably
larger on F than on D.

As the e. g. position plays an important part on
the character of the phugoid motion differentiation
will be made between forward and rearward c.g.
positions. For each of these extreme cases ap-
proximative formulae ean be derived for frequeney
and damping, from which an insight ean he gained
into the trends for the intermediate locations of
the ¢. g. The data for the graphs and tables given
in this report are, however, derived irom the for-
mulae, as they follow from the stability quartic
according to Bairstow without any further ap-
proximation. It will be seen that the general eon-
clusions, which ecan be drawn from the approxima-
tive formulae, derived in the next paragraphs are
in good agrecment with the numerieal resalts of
these more accurate formulae.

5.2 Forward c. g, position,

In the ease of forward e.g. positions the expres-
sions for frequency and damping can be approxim-
ated as follows.

As at a forward position of the centre of gra-
vity the second term in the formula (3.10} for
the coefficient C is relatively large the expression
for € can be approximated by (putting T'=1)

TABLE 3.
The coefficient 7 as a funetion of Mach number.

H (m) h—hy=—005 MAC | h— hy= + 0.07 MAC

M Cmy—= — 004 |  —0.02 +0.01 { —0.04 —-0.02 L + 0.6

04 1.305 1.309 1.314 0.302 0.306 0.311

o 0.6 1.317 1.323 1333 0.956 0.262 0.272
W 0.7 1.334 1.345 1.360 0.209 0.219 0.235
0.8 1.395 1.417 1.449 0.144 0.1686 0.198

- 0.4 4.095 4118 4154 0.736 0.760 0.795
g 0.6 3.088 3.126 3.182 0.403 0441 0.497
= 0.7 9.991 3,058 3.159 0.207 0.274 0.376
0.8 2.838 2,976 3,183 — 0192 — 0.054 0.153

TABLE 4.
The coefficient ¥ as a function of Mach number.
u(my | B — fy = — 0.05 MAC hoehy o= + 0.07 MAC

| M| ep=—004 | —-002 +0.01 —0.04 0,02 +0.01

0.4 0.370 0.385 0.408 0.035 0.050 0.073

2 0.6 . 0.048 0.073 0.114 —0.034 — 0.007 0.033
2 0.7 —0.019 0,024 0.088 —0.070 ——0.027 0.038
0.8 —0.118 — 003 0.101 —{.157 -—0.069 0.063

- 0.4 7.301 7.400 7.549 1.019 1114 1264
S 0.6 1.474 1.651 1.916 —0.024 0.153 0419
S 0.7 0.621 -0.800 1.322 —0.317 — 0.036 0.384
: 0.8 - 0160 0.418 1985 — 0.879 —-0.301 0.566
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At By
C —_—— w— .3
3 I e, (5.3)
The damping term § — (2__@) J-(see 5.1)
Y

can now he written in the form (¢ heing large the
term with €2 ean be neglected) :

s L [e,— 200 g SN
At gce doa /0,
VA, ¢ ] .
C o dew/Be.]” (5.4)

With the same assumptions the corresponding
expression for the frequeney heeomes:

M Bcu/eM

€ l/2 ;
0= [
A Ca aCM/aCa )

47t

(0.8)

_ As it appears from equation (5.4), the damping
is almost unaffected hy compressibility as the term

with is only small in comparison with the

dey
aM
others. So, as long as the motion remaing periodie,
it will be a damped one. For case of comparison
numerical values of damping times to half ampli-
tude are given in the following table for the above-
mentioned example of a high speed aeroplane for
both the compressible and incompressible ease.

400 - B
PERCS ™ |°  |H=2s08m
seg. -
. P B . l
Cmg=-{I .
. 3
200 — ;
- - PER. i
N Cmg=-0.04 2 .
100 —
—thm
- e e
o l
oz - C4 [#13] 8 -
. MACHNUMBER
PERIOD. [ <
sec. T EESCSDm
200 ,—* -
As;En.C"‘&;
. ‘ Cme=-Q041 IN%%P?[TFI
100 —1 -
. -0005
+ 001
o | I
Q2 C4 Q6 08
MACHNUMBER

Fig, 3. Period of phugoid metion as a function of
Mach number for different values of op,
(forward c.g. position; h——ky=—0.06 MAC).

TABLE 5
Time to damp to half amplitude as a function of Mach number in seconds (forward e. g. position).
h—h,=—0.05 MAC.

.. : F
H —=2500 m H = 10000 m
Incompr, ! ’ Compress'ible Incompr, Compressmle
M | ey =— 0.02 | ¢y = +-0.01 Omp == =002 | g =+ 0.01
0.4 49.2 499 "49.9 95.7 939, 93.3
0.6 332 84.0 338 79.6 79.0 78.0
0.7 28.7 294 29.3 69.0 69.4 67.8
0.8 251 — & - 959" 615 65.1 622

*) motion is aperiodie.

As gc‘“ does not vary much with M for the c. 2.

positions considered here it appears from (5.5) .

that the freguency of the disturbed motion will .

relative to the incompressible case inerease with
inereasing Mach number for negative and decrease
for positive cambered: wings. For large positive

camber the derivative —" is negative and de-

oM

creases rapidly with M. As a consequence the ex- -
pression under the radical sign . will change sign, -

'the motion heeoming aperiodie.
An illustration of these faets is given in fig. 3
for two altitudes (2500 m and 10000 m). .The.

period (in see) is plotted as a function of Mach
number for different values of en, or wing eamber.
The graph shows that for negative or even small
positive cambers the " period decreases relative
to the inecompressible case with increasing Mach
number, but that for positive values the period
is becoming larger and in particular at an alti-
tude of 2500 m the motion converts into an
aperiodie one for a normal positive cambered wing

{Cmy=—0,02) when the speed inecreases above
M=07.
Aperiodicity oeccurs .r:u,ecovr‘dlrl.alr to formula (5 D)
when : M Bdcu/OM -
o Bouloea ~ ° 65)




With inereasing Maeh number the periodie mo-
tion will at first split up.in two subsidences, one
of which will almost immediately change into a
divergenee, as the dampi G O —BE

s ping term 4 o of
equation (5.1) is only small. Thus it is elear that
the veloeity boundaries between which the motion
is damped aperiodic are very close to each other.

Summarizing it ean be concluded that at for-
ward c. g. positions the effeet of compressibility on
the damping can he neglected as long as the dis-
turbed motion remains periodie, that the frequency
for negative cambered wings increases (decreasing
period} with Mach number and that a divergence
can oceur for positive cambered wings the soconer
the Ianger the camber is.

53 Rearward c.g. position.

In the case of a rearward . g. position the effecs

of eompressibility on the derivative is rela-

@
tively large, but the quantity itself is small and
_ean be negleeted in the approximated expressions

v

for frequency and damping. With this assumption -

the formula for the damping can after some redue-
tion be written in the following form:

oc gc
_ L A 10
= ’\[: VMBMgaca
de
1+
F 15 da ) ' :]
—_ = £ 4 : . (5.
Ca(FH A i + cw |- (B.7)
‘Writing for ¢
o = Gy + 1\ o (5.8)
it follows that
0Cw 2
= 0. 5.9
9c. A G ( )
Substituting this expression in (5.7) gives:
BE 2 _F w _
[ v % Fa 4
de
—— da + cw:]. (5.10)
“The corresponding formula for the frequeney
reads:
a(}y
— . {511
A
9 2¢, M
The damping term § decreases for negative
cambered wings (%;I"i increases with M ) with

ingreasing Maeh . number.

This follows from the -

fact that the negative terms between the braces

n (6.10) dominate the term ,%‘\_
i

tive.. relations may even he so.that. an unstable

The guantita-

‘vseillation will oceur.

The trends in the variation of the damping with
Mach number are illustrated on fig. 4 and fig. 5
(the incompressible case is plotted as a dotted
line) for the single-engined high speed aeroplane
mentioned before. On fig. 4 the e. g. is in a vear-
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Fig. 4. Damping of plugold motion as a funetion of
Mach number for different values of ¢ .
(resrward c.g. posxtmn h— Iy = 0.05 MAQC).

ward pOSlthn defined by. h——ho — 0.05 MAC. The
damping given as the time required to halve the
amph’tuda is plotted against Mach number for dif-
ferent valueg of Cu, at two altitudes (2500 m and
10000 m). It is seen from this graph that at an
altitude of 2500 m, the influence of eompressibility
is small and that there is no practical difference
hetween the curves for various ecambers. At an
altitude of 10000 m, however, the negative camber-
ed wing shows a distinet deerease in damping.
For a 2 %. MAC more rearward located ec. g.,
the variation of damping with Maeh number, as
plotted in fig. 5, shows that for negative and even
small positive cambered wings the stable oscillation
passes into an unstable one by inereasing speed
above M =07 at an altitude of 10000 m. The un-
stable oscillation does not oecur -at H=2500 m
for the chosen example; so it will be more likely

10 encounter this phenomenon at high altitudes.
< At the same time according to formula (5.11) the

corresponding frequency - will increase with M

deyr

M As the static
. oM ' ]
margin is in the same way influenced by this

caused by the ineréase of
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derivative, the instability will he accompanied by

heavy stick forees, which ecan cause serious .diffi-
culties in handling the aeroplane.

o¢

When on the other hand BB;!

as in the ease of positive eambered wings, it fol-

decreases with M,
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Fig. 5. Damping of phugoid motion as a function of
Mach number for different values of om,
{rearward e, g, position; kh— k,== 0.07 MACGC}.

lows from (5.11) that the frequency will decrease
muech more rapidly {ef, eq. (5.5)) and divergence
will occur at smaller values of ¥ and camber than
for forward located c.g. positions. Similar to the
case of the forward e g. positions the range of
veloeities where the motion is damped aperiodie
is only small and by increasing speed the stable
oscillation will almost immediately pass into a
divergence,

The variation of the frequency with change of
speed is illustrated in fig. 6 and 7 for the same
values of the variables as for the damping. Com-
paring the two figures shows that shifting the
e. 2 2% MAC in a rearward direetion aggravates
the shove-mentioned tendencies. The character of
the divergence for positive cambered wings is
shown in fig. 8, where the time required to double’
the amplitude is plotted against M for four e. g
positions at two altitudes. It appears that the most
rapid divergence occurs at rearward c¢. g. positions
and for positively cambered wings,

5.4 Intermediate ¢.g. position,

Having treated the extreme c. g, positions separ-
ately, conelusions ean now be drawn for the effeet
of shifting the c.g. from extreme forward to ex-
treme rearward positions,
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The decrease of the damping of the phugoid due
to inereasing Mach numher will increase by shifi-
ing the c. g. in a rearward direetion and will final-

“ly result in an unstable oscillation, at first for

-
1
[}
2
> -002 -0
= S —
g | ]
%
« Prh(MAC!
W 1-0.05
B20 Py
3 olMACH
a o 005
o)
[ Q05
W 0_03 QO7
0
= o8 07 08 07 08 0%
MACHNUMBER
a .
U
&
8 [Eoooem] |
5 0 Cmz-Q04 -002 -0.01
% h-hg (MaC)
< 1-00
“
i h-hotMACY
ga0 1 T oo7 —
’ hrho(MAC)
° \_to 005
¥ vﬁ*ggg .07 J
= 1
OOG 07 Q8 o O7 08 o7 O8 09
MACHNUMBER

Fig. 8. Time required to double amplitudes of aperiodic
modes of phugeid motion.
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negative cambered wings and mnext for small
positive cambered ones too (fig. 4 and 5). So it
seems that in applying negative cambered wings
the greatest care must be exerciséd because of the
heavy stick forces accompanying the instability
mentioned in the preceding section, For the most
rearward ¢. g position (R — h,==0.07 MAC, that
is about 2 % MAC in front of the neutral point
at low speed) for which the phugoid motion has
heen caleulated the time to double the amplitude
at an altitude of 10000 m amounts at M = 0.8 for
the wing cambers defined by ¢u,-= -+ 0.01, 0 and
— (.005 to resp. 26.5; 56.0 and 126.7 sec. These
values can hecome more unfavourable hy shifting
the e. g. still more rearward.

FFrom a comparison of the two expressions
derived for the frequency at forward and aft c. g
positions it can be coneluded that the change in
the period due to increasing Mach numher will
inerease by rearward shifting of the c.g. As the
c. g. is loeated more rearward, divergence will oc-
cur af lower values of M and begin at less positive
values of wing eamber. This is clearly demonstrat-
ed by the figures 3, 9, 6 and 7, where fig. 9 and 6
give the relations for the interjacent e. g. positions
(h—M,=10 resp. + 0.05 MAC). The divergence
time to double the amplitude for the different para-
meters is plotted on fig. 8.

6 Summary and conclusions,

An investigation was made of the influence of
the air compressibility on the dynamic longitudinal
stability of an aeroplane below the critical Mach
number.

The following conclisions can he drawn from
the formulae derived and the calenlations per-
formed :

1 The damping of the rapid oseillation with
regard to the incompressible case increases with
increasing Mach number and is independent of
e. g, position (fig. 1).

The period of the rapid oscillation experiences

hardly any influence of compressibility for

forward c. g. positions. At more rearward loeat-
ed c. g. positions the period inereases with Mach
number (fig. 2} and for extreme aft positions
the motion becomes aperiodie, at first damped
and finally divergent. The period is indepen-

dent of wing camber (fig. 2).

3 For forward e.g. positions the damping of the
phugoid motion is nearly unaffected by cor-
pressibility. As long as the motion remains
periodie it will be damped.

4 TFor aft ¢ g positions the damping of the
phugoid motion will decrease with respeet to
the incompressible case with increasing Mach
number for symmetric and negatively cambered
wings (fig. 4 and 5). Rearward shifting of the
e. g, results in an inerease of the eompressibility
effects. At aft positions the motion changes in-
to an unstable oscillation (fig, 5).

5 For forward ¢.g. positions the period of the
phugoid will decrease with regard to the in-
compressible case with inereasing Mach number

(]




" for small positive and negative camber.

With
normal positively eamhered wings the period in-
creases with inereasing Mach number and for

"high positively ecambered wings the motion

changes into an aperiodic one, almost immedi-
ately divergent (fig. 3). ’

For aft e. g. positions the period of the phugold
decreases with M for negative and small posi-

. tive wing cambers with respeet to the incom-

pressible case, the decrement heing largér than
for forward c.g. locations.

For positively camhered wings the per:lod in-
creases with M and dwergenee oceurs' at lower
Mach numbers and sets in at less positive wing
cambers than at forward c¢.g. locations (fig. 6
to 8),

Finally it can he concluded that although in
most cases no serious difficulties are to be ex-
pected in the dynamic longitudinal behaviour
of the aeroplane up tfo the critical Mach

-numher, troubles ean be encountered at high
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suberitical Mach numbers in the case of an
acroplane with a rearward located c.g. and a
negatively camhbered wing, sinee the phugoidal
oscillation may become unstable, whilst the
frequency may become high. The large positive
static margins ocecurring in this eondition in-
volving heavy stick forces can give rise to un-
favourable handling. qualities of the aireraft.
Moreover the rapid oscillation passes into a
divergence when the manoeuvre margin is small
at low speeds, which also is the ease for rear-
ward ¢ g. positions.

List of symbols.

i/ . .
—a—C“— of aeroplane without tail.
Li 4

aCuH

Oarr

low speed values of A, A

values of @, a, for infinite agpect ratio.
coetticient of A° in the stability quartie.
coefficient of A? in the stability quartic.
lifteoefficient of complete aeroplane.
lifteoefficient of horizontal tail sur-
faces.

pitching moment coeffmlent (positive
when tail heavy)..

Cy wing When lift 18 zero,

drag coefficient of complete aeroplane.
low speed value of cy.

fow speed value of ¢y, .

fuselage pitehing moment coefficient.
acmfus

Oa
coefficient "of resultant aerodynamie
foree on eompl]ete aeroplane.
coefficient of A in the stability gquartie.
constant in the sfability quartie,
wing: area. -
‘area of horizontal tail surfaces.
aeroplane weight.
acceleration due to gravity.

alO

A | 1

il I

I

tus

H

i

ing

H Il

I

f

I

H

I i

1

= 2 ul?

I I

![ I

Il

altitude.

distance of centre of gravity aft of lead-
ing edge of mean aerodynamic ehord.
distance of aerodynamic centre of aero-
plane without tail aft of leading edgé
of mean aerodynamie chord,

moment of inertia of aeroplane about

Y-axis. .
distanee of aerodynamic centre of ail
aft of aerodynamic centre of aeroplane
without tail.
pitching moment of the complete aero-
plane.
Machnumber,
G/y — aeroplane mass.
Vi ey
21 v
t v S
21 Be
Vi Qey
0
Vi oCar
21 3q
angular velocity about lateral axis.
semispan of wing.
mean aercdynamie chord (MAC).

unit of aerodynamic time
(=G/pgFV see).
inerement in ¥ in disturbed flight.
forward speed.
Ful tailved
g+ tailvolume.
veloeity component along Z-axis in dis-
tarbed fhght

 dw

H

i

(I (|

i

I

Tdt
aerodynamic force along X-axis.
aerodynamie foree along X-axis in equi-
librivm condition.
(0X/aV)/oFV.
(0X/0a)/pFV2
aerodynamic foree along Z-axis.
(8Z2/V)/pFV.

(0Z/oa)/ pF V2,

(0Z/3g)/oFV>L
angle of incidence of zero lift line of
aeroplane without tail.
angle of incidence of horizontal tail-
plane.
damping term (positive when damped)
sec.

= angle of inclination of the flight path

to the horizontal in equilitbrium con-
dition in straight flight (positive in the
climb).

= angle of downwash at the horizontal

l

U

tail.
FHA ds '

14 (1— da).

angle of rotation of X-axis from equi-

librium eondition,

root of stahility quartic (eq. (2.3)).

aspect ratio of wing,

aspect ratio of honzontal tallpla.ne




g 4 ®

[= ~]

i—, relative density of aeroplane.
pa k'l

alr density.

time in aerodynamic units.
frequency (oscillations/see).
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Airflow through Helicopter Rotors in Vertical Flight

J. MELJER DREES,

. R. LUCASSEN and W,

. HENDAL.

Summary.

Tu this report an attempt is made to describe the field of flow through a helicopter roter, in various working
conditions in vertical flight. The limitations of the momentum theory are diseussed. The spread of the slipstream
explains the existence of an airbody around the rotor, working in the vortex ring state. By considering the properties
of this airbody, the working conditions and the rough behaviour of helicopters at moderate rates of descent can be

understood more clearly,
Contents.

Introduetion.

B

List of symbols.

3 (Graphical presentation of the working econdi-
tions.-
4 Momentum equation.

>

Deviations from momentum theory.

51 Vortex ring state.
51.1 Veloeity distribution along rotor axis.
51.2 Low rates of descent.
5.1.3 Region of roughness.
5.1.4 Spread of the slipstream.
5.1.5 Higher rates of descent.
5.2 Windmill hrake state.

6 Refercnces.

Appendix: The field of tlow from windtunnel
smoke tests.

11 Figures,

1 Introduction.

At low rates of descent in vertieal flight, the air
passes downwards through a helicopter rotor, i.e.
in the same direction as in the case of an ascending
rotor. The sign of the relative velocily changes
at increasing rate of descent. This implies the
existenee of various rotor working conditions,

The eorrespondmg fields of flow have been
studied by many investigators. A comparison of
their results with the results obtained with the
momentim theory shows that a fair approximation
of the actual field of flow for the propellor state
and for a part of the windmill brake state ean be
obtained.

This theory does not hold in the vortex ring state
- condition. In this report an attempt is made %o
deseribe the. flow through rotors in these inter-
jacent conditions with the object of elucidating the

characteristic belmmur of a helicopter in vertical
flight.

2 List of symbols.

“ ratio of frontal area of airbody to rotor dise
area. _

@ actual spreading angle of the slipstream.

B angle describing the spread of the slipstream
generally,

p drag coefficient. )

f (Flauert’s rate of c¢limb factor,

fa Hafner’s. rate of climb factor.” |

F Glanert’s rate of axial flow factor.

k ratio between the actual and ideal induced
velogity,

x rate’ of climb coefficient.

A rate of axial flow coefficient,

Aoorr corrected rate of axial flow coefficient.

fid rotor radius.

K. radius of the slipstream ecross-section at a

distanee z ‘helow the rotor.

I, radiug of the slipsiream cross-section at a
distance z, below the rotor,

p air density.

it axial flow veloeity.

err correeted axial flow veloeity.

u, . axial velocity at a distance z behind the
rotor.

B induced veloeity.

w rate of climb.

w weight of the helicopter.

2 distanee along the rotoraxis under the dise.

2 distance of the stagnation point under the
dise,

3 Graphical presentation of the working con-
ditions,

Results of former investigations are usually plot-
ted in a graph, showing 1/f against 1/F, these
coefficients being defined by
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Fig. 1. Relationship between axial flow coefficient 2 and rate of elimb coefficient &,

1 §72
T:w?.zp.%,.—, (3.1)
1 R?
=2 —'”W . (3.2)

Hence, the non-dimensional coefficients are based
on the squares of the axial velocity (rate of climb)
w of the airscrew and the mean axial velocity
through the rotordise, respectively,

In this report, use has bheen made of

B — 53
"ZWVgPlé;i, *)

(3.3)

w2

X:u 2p W

these coefficients being based on the first powers
of w and w. The parameter « is essentially the
same as Hafner’s l/l/fu (ref. 1),

- Fig. 1 presents two curves obtained from heli-
copter flight tests (ref. 1) and two caleulated

(3.4)

*) The symbols x and A without overlining are reserved
for the climb- and airflow ratios w/v, and wu/v,, with

v, = tipspeed.




curves (see Sect, 4 and 5), showing the relation-

ship between A and «.
The mean line through these experlmental and

theoretieal eurves is divided by the x and XA axes
into three distinet parts, each belonging to one of
the -main working conditions: propeller - working
state, vortex ring state and windmill brake state.

The rotor i1s working in the propeller state if
its thrust is acting along the direction of motion
relative to the undlsturbed flow. This case, whieh
prevails if a helicopter climbs vertically, includes
two extreme conditions, namely very fast climhb-and
hovering. The air moves downward through the
rotordise. Its rélative speed always exceeds the
rate of climb, as shown by the straight line AB
through the origin under 45 degrees. The differ-
ence is called the induced velocity v,

v =% — w. (3.5)

Obvmusly v; is represented in fig. 1 by the hori-

- zontal (or vertical) distance of point (x; &) to AB.

The seecond working condition, i.e. the vortex
ring stute, is limited by the hovering— and the ideal
autorotation conditions, In this region the air
passes through the disc in the same direction as
in the propeller working state, but the helicopter
descends vertically.

Beyond the region of ideal auntorotation the
rotor enters into the windmill brake state. In this
case the flow through the dise is direeted upwards.

4 Momentum equation,

The familiar relationship between thrust or
weight W of the helicopter, the mass flow through
the disc and the indueced veloeity Zv; at infinity
in the slipstream is

1‘V=parR2\u{2m. 4.5

From this equation, making use of egs. (3.3), (3.4)
and (3.5), the following relation hetween the coef-
ficients « and A is obtained.
- 1 :
k—i+ —=0. (4.2)
|2
A representation of this equation is shown by the
dotted line in fig, 1. It is obvious that the results
obtained in this way, will only hold if the velocity
of the flow throngh the rotordise differs consider-
ably from zero, large deviations are to he expeet-
ed at low and moderate rates of descent.

5 Deviations from momentum theory.

A better agrecement between the results from
cq. (£2) and those from flight tests, may be ob-

tained by intreduecing a correction factor %, which -

accounts for the deviations of the flow through the
rotordise from the ideal flow of momentum theory
(the radial and tangential velocities at the dise).

Let kv; be the true indueed velocity. Then it

follows that '
kvi‘:uﬂ)rr‘—w, (5.1)

and after eliminating v; with eq. (3.5)
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Neorr = KA — (k—1) . (5.2)

From results of flight and tunnel tests follows
that %k is about 1.2 or 1.3.

With this value of k& and making use of eqs.
(4.2) and (5.2) the theoretical curve has been
recalenlated and is shown by the drawn line in
fig. 1.

As can be seen from this figure, a reasonable

- agrecment between experimental and calenlated

results is obtained for the propeller state and for
the windmill brake state at large negative values

of the axial flow coefficient A.

Due to several hasic assumptions, the momentum
theory breaks down in the interjacent working
states. The remarkable behaviour of helicopters
under these conditions and the lack of an explan-
ation for the difference between the experimental
results and the curve obtained by the momentum
theory, justify the following investigation into the
corresponding airflow patterns.

51 Vortex ring state.
5.1.1 Velocity distribution along rofor axs.

The momentum theory considers a slipstream of
infinite length (i.e. without stagnation points), in
whieh the induced velocity at infinity egquals twice
its value at the dise. The continuous acceleration
of the air implies a contraction of the slipstream.

Aetually the induced velocity along the axis in
the vortex ring state inereases from zero far above
the rotor to a value at the dise which excecds the
rate of descent (sec fig. 2). This means the exist-
ence of a stagnation point above the rotor (A in
fig. 2}, A similar point shoeuld also oceur helow
the rotor as the induced velocity of the slipstream
decreases and again hecomes equal to the rate of
deseent (B in fig. 2). This retardation of the flow
is due to an exchange of energy by frietion and
mixing between slipstream and surrounding air.
It is accompanied by a spreeding of the slipstream.
Fig. 3 shows the eorresponding flow pattern and
explains the name “vortex ring state”. Thus the
helicopter rotor is probably surrounded by an eir-
body the dimensions of which are comparable with
the rotordiameter,

5.1.2 Low rates of descent,

As the lower stagnation point will oceur at low
rates of desecent, i.e. at high downward veloeities
through the rotordise, at a rather large distance
below the rotor, the airbody has un elongated shape
in axial direction. A large boundary-arca between
this body and the surrounding air 1§ available for
cnergy exchange. Moreover, small horizontal dis-
turhing velocities may alter the flow direction of
the slow moving slipstream air in the lower part
of the airbody. Henee, only a small proportion of
the original slipstream air will be redrawn through
the dise. These considerations explain the fact
that, as shown by fig. 1, the results of the momen-
tum theory still give a reasonable approximation
of the actual eircumstances.




5.1.3 Region of roughness.

The working condition of a helicopter between
certain limits of moderate rates of descent iz called
the region of roughness, because the bhehaviour
may then be very rough, in attitude as well as in
control, and unexpeeted loss of altitude. and/or
large mose-down pitching moments may oeecur.
These phenomena may be explained as follows.
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down in the region of roughness, due to the ab-
sence of a large tailboom with anti-torque rotor.

A rough behaviour oceurs between 500 and
1500 ft/min_R.Q0.D., as has heen measured with
the Sikorsky R.4 {ref. 3). A reduction with W =

1200 kg; R =58 m; p=0125 kg see®/m* to x
and A leads with fig. 1 to

When the rate of descent is higher than in the upper limit «=—038 A=11 «/A=-—035
case treated in Section 5.1.2, the lower stagnation L - — — .
point approaches the disc; then the airbedy will lower limit  x=—114 A=085 «/A=—134
more of less resemble a sphere. Due to its relatively
small surface area, it is impossible to impart suf- These values are shown in fig. 1.

DISTANCE ABOVE
ROTOR -
v
AXIAL VELOCITY ROTORDISC
OF AIR RELATIVE
Al ‘ TO THE ROTOR
UPWARD DO\_T'-NWARD
CONTCOUR OF
THEORETIC AL .
VELOCITY AIRBODY
w
<0 |
/ SPREAD OF
e SLI PSTREAM
ACTUAL ____|
VELOCITY
T

DISTANCE BELOW
ROTOR

Fig, 2. Average axial veloeity necar a rotor
in the vortex ring state (moderate rate of
deseent).

ficient kinetic energy to the surrounding air. The
air in the closed circuit will therefore to a certain
degree he speeded up. An unstable increase  of
collective piteh and/or power supply is necessary
to maintain the relative position of the helicopter,
in gpite of the accelerating flow through the rotor.
Thus, the distance hbetween the lower stagnation
point and the dise inereases again and hetter possi-
bilities for cnergy exchange arisc.

The probable cause of the nose-down pitching
moment is indicated by fig. 4. The eentral part
of the fuselage, being in the downwush of the rotor,
is rather symmetrieal with respeet to the C. G. and
cannot give any serious contribution to the pitehing
moment. The tailboom, however, is placed in an
upflow of rather high velocity, giving a nose-down
pitching moment, in particular if this hoom is not
streamlined.

A horizontal tailplane, installed on some types
of helicopters to improve their high speed stability
characteristics, may for the same reason show an
even more unfavourable effect on the pitching mo-
ment in the region of roughness.

It would bhe interesting to study the behaviour
of helicopters with coaxial rotors In this respect.
This type should not show any tendeney to nose-

Fig. 3. Airflow pattern near a rotor in the
vortex ring state (moderate rate of deseent).
See also fig. 2.

Fig, 4.

A helicopter in the region
of roughness.




vV 17

5.1.4 Spread of the shipstream,

This paragraph presents a coarse theoretical con-
firmation of the fact, that the momentum theory,
which for a part of the vortex ring state still may

the ratio between the prinecipal axes of the air-
. bedy is found to be )

give acceptable results, may not bé used for-values (5.6)
of k/A below about — 0.5. 2 o 2 (1 —_ ﬂ) o '
Consider the spread of a slipstream (fig. 5) as t w
Zs \
2Rz, a
paat —,:::
3 L - —_ —
. 7 gkl \
o) / u \ w<o
% [ |
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> 1/ = \
)
N /\ /
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\6‘0 ~ 1
W, ACTUAL FORM
OF THE AIRBQDY Z
—
~,
G, on
\Q‘ R’OUG
\\
— |
— —
e
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Fig. 5. Rough theoretical approximation of

et

the principol axes & and E_ of the airbody,

calenlated with g — 0.135.

produced by the intermixing of air at its boundary.
Let the velocities at the dise and at a distance 2
downstream he % and w., and the corresponding
radii of the slipstream £ and £, respectively. To
tind 2, for the stagnation point below the dise and
the radius R.,, suppose that the air which is blown
down through the rotor, turns upwards after reach-
ing the stagnation level. Further suppose that it
passes the dise level through an annulus with an
inner radins K and an outer radins K., This is
expressed by

Reu + (B, —R®) w=0. (5.3)

The spreading of the slipstream may be ohtained
aecording to ref, 4 by making use of the relation:

H— W

a=p (5.4)

Va
. With

R.,=K + az, (5.5)

After plotting 2,/2 B, against w/u for §=0.13b
(according to the results of windtunnel experi-
ments, see below), it is found (fig. 5} that the
airbody is about spherical for w/va=«/A =~ —0.5.
This value gives a rough estimate for the limit of
validity for the momentum theory, because the
length of the slipstream in this ease beeomes com-
parable with its diameter, The agreement with the
value of /A, as found during flight tests for the
upper limit of the region of roughness (Seet. 5.1.3)
is satisfactory. .

An cxperiment has been earried out to investigate
the spread of the slipstream and to estimate the
form of the airbody around the rotor. A tube,
which was connected to a smoke generator, was
mounted in an open jet windtunnel, The open end
of the tube, representing the helicopter rotor, faced
the airstream. Fig. 6 clearly illustrates the spread
of the slipstream when the tunnel windspeed equals
zero. In the next photograph (fig., 7) the airbody




has an elongated shape, corresponding to the air-
flow pattern as deseribed in item 5.1.2. The air-
body is very unsteady and waves periodically. A
good mixing of fresh air is possible. Fig. 8 gives
an example of the flow if the ratio «/A is ahout
— (4, this being a condition eomparable with the
flow pattern int the region of roughness. The axial
dimension of the slipstream is smaller; the airbody
is nearly spherieal. The form of the body is more
stable biat a waving of its lower end could he
observed. This last phenomenon may in this case
result in an additional effect in relation to the
rough hehaviour of the helicopter rotor,

5.1.5 Higher rates of descent.

At higher rates of descent, the axial dimension
of the airbody becomes small compared with the
rotorradius. In that case the situation resembles
that of a flat solid body moving through the air
and having a drag equal to the gross weight of
the helicopter. A wake exists downstream of the
airbody, enabling the air inside and outside to mix
sufficiently to exchange the energy delivered by
the rotor. Thus, the rate of descent depends on
the drag of the airbody. Supposing a ratic ¢
between the areas of the horizontal cross section
of the body and the rotor radius, we find

W=4%pw?.aR*. a.¢p, (5.7}
and after transformation with eq. (3.3):
ra
T.a.cbzl. (5.8}

In the extreme case of ideal autorotation, there
ig no axial tlow throungh the votor and i may then
be supposed that the rotor can be replaced by a

golid disc with the same diameter, the factor ¢ being

equal to unity. From fig, 1 it ean be deduced that

. in this ease (A=10) the rate of climb coefficient
equals — 1.7, so that with a=1, ¢p hecomes
Cp— 138

In the vortex ring state, the factor ¢ will have
a value slightly higher than unity, because the air,
moving downwards through the disec will be foreed
to return outside the dise radius. The dragcoeffi-
eient c¢p depends on the form and surfaece condition
of the airbody. As this body will be very flat,
¢p may be roughly equal to the value 1.38 as men-
tioned above. From this may be concluded that

for a condition (A =10.5) well into the vortex ring
state, the factor « will have a value of about
e==13.

5.2 Windwmill brake state.

From fig. 1 follows, that the momentum theory
gives a. rather good prediction of the flow con-
ditions in the windmill brake state at-very high
rates of descent. It fails, however, near the ideal
autorotation condition. This can be understood
by considering the development.of the slipstream

line of the rotor axis (see fig. 9). Far below the
rotor, the airspeed is equal to the rate of descent;
near the rotor, the upward flowing air is deceler-
ateéd to a value u=1w + v; in the plane of rotation.
Downstream, the relative airspeed is further de-
creased to an extreme value of about vy = 1w+ 2 v;.

DISTANCE ABQVE

ROTCR
\2Vi __J
!;‘_w-rzvi
A |
we<o E\,uz
| axiaL veLaciTy
8 IRELATIVE TO ROTOR
i
UPWARD | DOWNWARD
]
A u<o
DISTANCE BELOW
€ poton
Iig. 9. Average axial veloeity near & rotor

in the windmill brake state.

The air then accelerates again, resuming the rate
of descent far above the rotor.

No stagnation points {A and B) will exist if
. < 0. The condition for a well developed slip-
streamn in the windmill hrake state is therefore:

—
U A

(5.9)

This eondition has been plotted also in fig. 1. The
momentum. theory may only be employed if con-
dition (5.9) is fulfilled. If on the other hand:
w/u > 2, the rotor ean be considered as a porous
dise, having a drag egual to the weight of the
helieopter. Its wake enables the exchange of -ener-
gy. Egs. (5.7) and (5.8) will also apply to this

_case. Again the drageoefficient ¢p will be nearly

equal to that of a solid dise, but the factor «
will now have a value slightly less than unity,
beeause the effective area of a porous disc is
smaller than the area of a solid one. From fig, 1
can be ealeulated, that e =0.83 for ¢, =1.38 and

X == 0.5

above the rotor. A figure resembling to fig. 2 was

prepared, giving the axial velocity along the centre

The conditions on both sides of the ideal auto-
rotation state are treated seperately in items 5.1.5
and 52. It is realised, however, that this range
of flow eonditions may he treated as a whole by
considering the veloeity distribution along the rotor
radius.
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APPENDIX.

The field of flow from windfunnel smoke tests.

Although with the aid of the calculations de-
scribed a more or less comprehensible pieture of
the field of flow through a helicopter rotor can
he obtained, its value will remain questionable as
long as no experimental data exist to confirm the
hypothesis developed in the aforegoing sections.
For this reason an investigation was carried out,
in the free jet windtunnel of the N.L.L. whereby
the field of flow through a simplified rotor with
“gee-saw’ Dlades was made visible with the aid
of smoke-threads, produced by a number of hot-
wire smoke generators. For a complete deseription
of the test-method, the apparatus and the results
obtained, reference iz made to N.L.L. Report
A, 1205,

The various pictures concerning the vertical
flicht eonditions are shown in figs. A.1 and A, 2.

In order to get a clear picture of the field of
flow, two test series were made.

The first with a rotor of small diameter, the
seeond with a votor of about twice the diameter
of the first. With this rotor only half of the field
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‘of flow was made visible, thus enabling a more

detailed study.

Fig. A.1a,b, e show the wellknown pattern for
a rotor or propeller in the windmill brake state.
The air passes upwards through the dise. The
streamlines show the divergence due to the loss of -
momentum. [Fig. A.Ib was obtained by placing the
smoke generators downstream of the rotor and gives
a clear picture of the airbody as predieted in
section 4.2 for this condition.

By inereasing the rotor tip-speed, the working
condition ehanges from the windmill state into the
autorotation (see figs., A.l-¢c and d and A.2%h).
The “wake” of the roter already shows the ten-
dency to close, while the “stagnation point” as
mentioned in sect. 5.1.4 lies in the plane of the

" rotordisec. The method of treating the rotordise

in the ease of autorofation as a round flat plate
is confirmed by fig. A.1-d where the smoke gener-
ators are placed behind the rotor plane and no
smoke passes through the dise.

By again increasing the tip-speed, the rotor enters
into the various eonditions of the vortex ring state.

As can be seen from figs. A.l.e to j and A. 2-¢
to g the form of the airbody arcund the rotor
resembles more and more the spherical, the stag-
nation point moves still further downward till
at last the flow becomes unstable (see fig. A.1-i
and f and A.2-e f,g) and the region of rough-
ness 1§ reached.

In this condition no elear picture of the field of
flow could be obtained. One point, however, is
made clear, namely that the flow through the rotor-
dise has a periodieally changing character. While
at one side of the dise a vortex is huilding up, at
the opposite side it reaches, while moving upstream, -
its ultimate unstable condition and detaches itself
from the rotor. It could be observed that in the
region of roughness the rotor performs a slow
periodical tumbling motion.

By making the tunnel windspeed zerc the hover-
ing condition is obtained (see fig. A.2-h) and
from this condition by turning on the windspeed
the rotor enters into the propeller working state
{fig. A.2-1). Both pictures obtained show the
wellknown flow conditions.

Completed: December 1549
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Fig. 6. Tunnel speed 0 m/fsee - Fig. 1.

méaan jet veloe, 1.5 m/=ce

Fig, 8. Tunnel speed 2.0 m/see
mean jet veloe, 5.0 m/sce

Tunnel speed 1.3 ni/sec
mean jet veloe. 149 m/see
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