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This Volume of "Verslagen en Verhandelingen" contains a selection of , ,  , . . .  
reports published 'by the NLL. 

To give a better survey of the scientific work, carried out at the NLL, 
and of its organization, it is decided to include a shortened version of the 
Annual Report into the Volume, which will he issued in a y e d y  edition 
from now on. 

In section A a survey is 'given of the oFganiBation of the .NLL and the 

work of the various sections, when possible accompanied by the number of 
the rcport, in which the results are published. A list of non-printed technical 
reports and other' misdlaueous pu'blications published during 1953 concludes 
this section. 

. ,  . ... . ' 
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constitution' of the Board;in Section B a .description is given of the. scientific ' 9 ,  ' \ 
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C .  ZWIKKER, i 
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Director. 

July 1954. 



Contents 

Pages 

Preface 

Thirty-fourth Annual 

List of publications . . . 

. . , , , . . . . . . . . , , , . . . . , , , . . . . . . , , . , , , . , . . . . . . , . . . , . 
, I  

Rt&l.t 

A. 1205 
.+?-:+ ;:s:, 
Ar1263 

, ' .,. i. 
.:. 

. I  

F. 118 

F. 122 

F. 129 

M. 1557 

S. 416 

S. 421 

S. '426 

V. 1535 

V. 1648 

Author (s ) 

Meyer Drees, J. and 
Hcndal, W. P. 

Wijker, H. 

IJff, J. 

Bergh, H. and IJff, J. 

Van de Vooren, A. I 

Hartman, A. and Duyn, 
G. c. 

Rondeel, J. El., Kruibhof, 
R. and Plantema, F. J. 
Besseling, J. F. and 
Floor, W. K. G. 

Benthem, J. P. 

Meyer Drees, J., Lucassen, 
L. R. and Hendal, W. P. 
Kalkman, C .  11. and Buhr- 
man, J. 

Title 

The field of flow t.hrough a #helicopter rotor 
obtained from windtunnel smoke tests. 

Experiments on the two-dimensional flaw 
over a NAGA 0018 profile at high angles 
of attack. 

lnfluenee of compressibility on thc calculated 
flexure-torsion flutter speed of a family of 
roctangu1a.r cantilever wings. 

Application of experimental aerdynamic 
coefficients to  flutter calculation. 

An arpproach to lifting surface theory. 

A comparative investigation on the fatigue 
st,ntn,gth at fluctuating tension of several 
types of riveted lap joints,, a series of bolted 
and some series of 8glued lap joints of 24 ST 

Comparative fatigue tests wit,h 24 ST alclad 
riveted and bonded stiffened panels. 

Torsional strength and st,iffness tests of wing 
leading edges. 

Note on the general stress-strain relations of 
some idcal bodies showing the phenomena of 
creep and of relaxation. 

Airflow through helicopter-rotors i i  verticail 
flight. 

The effect of the compressibility, of the air 
on therdynamic longitudinal stability of an 
aeroplane in gliding flight. 

A,lclad. 

p. A. 17-A. 20 

p. A. l-'A. 14 

p. F.I--F.16 

p. F. 1-F. 6 

p. F. 17-5'. 30 

p. 11.1-PI. 26 

p. S.1-S.14 

p. S. 25--S.42 

p. S. 1 5 4 3 . 2 4  

p. V. 13-V. 20 

p. v.1-v.12 



! 

Thirty-fourth Annual Report 

National Aeronautical Research Institute 

N.L.L. 

of the 

1953 

A. Board and organization. 

In 1918 the Ministry of War esta.hlished the “Studie-afdeling van de luohtvaartdienst”, which 
soon changed its name to “Rijksstudiedienst vwr de Luehtvaart” (R. S .  L.). 

By ‘Royal Decree of 16 February’ 1920, no 67 the RSL has theen incorporated into the Ministry 
of “Waterstaat” and regulations werc’ given as to its task and duties, ‘being aeronautical research. 
in the hroadest Sense of the word. 

I n  1937 the “Rijksstudiedienst voor de Lueht,vaart” has ‘Deen transformed into the Institution 
“Nationaal Luclitvaartlaboratorium” hy the Government ’ in co-operation with bhe Association of 
Dutch Aircraft *Eanufacturers, the Royal Dutch Airlines (KIAI) and the Royal Dutch Aeronautical 
Association. Members of the Board of the Institution werc appointed by the participating govern- 
mental and private bodies. All memhers serve as such dchout  compensation. 

On 31 Decem’ber 1953 the Board consisted of the  following members: 

for the illinistry of Education, Arts a,n& Sciences Prof. I lr  Ir €1. J. van der Maas 
Technical University, Delft 
President 

J. W. F. Backer 
llir. Gen. Department of Civil Aviation 
Vice-President 
1,. Neher 
Postmaster General . .  

for t,he Ministry of Transport and “Waterstaat” 

Prof. Dr D. Dresden 
President National Council cor Industrial 
Rcsearoh TNO 

for bhe Ministry of War 

for the Ministly of the Navvy 

. .  
Maj. Gen. J. A. Bach 
Dir: of Ordnance and Supplies, Royal Dutch 

’ Air.,Force 

.I Commander, 3. Lugtcnhurg 
. I !~ ;Dir ,  Air iVIaterie1 Division, Royal Dutch: Na,vy ’ 

for ,  the Ministry of Overseas Territories l h  J. W. de Stoppelaar 
&ad Department of Economic Affairs 

Ilrs H. P. Jongsma 
Dir. for Financial Participations 

C. Wijdooge 
KLAI Head Techn. Sales Department 

Scient. Advisor Royal Dutch Shell 

Mr 0. W. Vos 
Prof. llr C. Zwikker 

Mr G. C. Klapwijk. 

. .  . .  
,. for the Ministry of Economic Affairs 

for the Royal Dutch Airlines, KLM 

for the Royal Dutch Aeronautical Association 

and a,s ohsener $or the Ministry of Finance 

Director of the Laboratory, 

Secretary-treasurer of the. Institution, 

. ,  

’ Prof. nr W. J. D. van DGck 

. ,  
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Under the Act ,of Incorporation, the Board is assisted. by an Advisory Scientific Com- 

Chairman to ,he appointed, 

mittee appointed by bhe Minister of Transport. The present members are: 

Prof. I r  I). Dresden Vice Chairman 
National Council f,or Industrial Research TNO 
Prof. Dr J. M. Burgers 
Technical University, Delft . .  

Technica.1 TJniversity, Delft 
Prof. Dr W. Bleeker 
Royal Dutch Meteorological Institute 
Prof. Dr Ir W. T. Koiter 
Technical University, Delft 
Maj. Gen. Prof. I)r Ir G. 0 t h  
Air Materiel Command, Royal Dutch Air Force 

Prof. D,r Ir W. F: Brandsma , . .  

Dr J. H. Greidanus 
Royal Dutch Aircraft Factories Fokker 
Secretary; Ir J. van' Buuren. 
. . .  ,.. 

Dr J. H. Greidanus 
Royal Dutch Aircraft Factories Fokker . . .  ... 
Secretary; Ir J. van' Buuren. 

, .  
- 

scientific activities have (been divided into 7 scientific sections : 
' During 'the year the organianization of. the Laboratory, has been. changed in such a way that the 

. , .  Aerodynamics (A) 
. .  Comb,ustion (C) 

'Flutter and t,heoretical Aerodynamics (F) 
Helicopters (H) 
Materials .and Structures ( M  and S) 
Flying Models (0) 
Flight Testing (V) 

Electronic Lslboratory 
Windtunnel Equipment 
Ifode1 Construction 
Analogues . .  

Library and Doeumentation 
Catalogue of Aerodynamic Measurements. 

: 

and 7 scientific services: . .  , 

' Computing Office 

I n  the middle of May 1953 the Government approved the proposals of the Board for continuing 
the extension of the windtunnel equipment of the laboratory. I n  ,the second half of the year the 
B'oard was able to  contract the completement of the Pilottunnel (small high-speed t,nnnel) and t,hc 
power station. 

The President of the Board and tihe. Director of the Laboratory were appointed National 
1)elegates. to AG@D by the.  Minister .of War and attended the meetings of Dhe AGARD 

* Windtunnel-pa,nel in'U:SA, the General Assembly in London and of the Combustion Panel in 
Cambridge (Engl.). ' ,,k . 1 . h  

1 General. 

The '1,dboratoly was staffed #by 42 scientists (engineers, mabhematicians and . physicists),, 
33 'graduates of Technical Colleges, 87 technicians, 32 administrative officers and 20 other em- 
ployees, 214 in total. 15 members of the staff, among whom 8 engineers, were in military service. 

Researah contracts were given by the Netherlmds Aircraft Development Board (NIV), the 
Air Materiel Command of the Royal Dutch Air Force and Navy, trhe Royal Dutch Airlines and 
the Department of Civil Aviation. 
' ' A number' of small orders from thc industry, including testing and calibration of apparatus 
and wind-tunnel measurcments on ship-models etc. has moreover been carried ont. 

The planning and design for bhe new windtunnels monopolized the attention of a number of 
engineers. T,he cooperation within the Advisory Group for Aemnautical Research and Development 
was of gkeat d u e  'for tliese7:and other problems in the bboratory. 

The projects for the 'high-speed windtunnel, the pil'ottunnel .and thk supersonic +ndtunnel are 
being adapted to  the new. divelopments. The pilottunnel will be in service in 1954, giving tlie 

' : 'I1, ii  i v  lx~ 
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NLL"the-&posal of a windtunnel with a working-section of 0.42 X 0.55 mz for high subsonic 
speed (to ~i!h= 0.95). nhe large high-speed windtunnel, which was originally planned 'for high; 
subsonic speed, has been redesigned as a transsonic tunnel for Maoh nu.mbem up to 1.3 with .a 
working section of 2.00 X 1.60 mz. The 'design of the supersonic tunnel has also been revised in 
view :of the newest developments. 

'New methods of model-construction were studied including copying-lathe machining. A high- 
altitude, low-temperature instrument-testing cabinet and a Siemens apparatus for ultrasonic research 
of materials have 'heen put into use. 

&search 'has been started on the use .of strain-gauge balances, on measuring aerodynamic 
and flight characteristics of wings and completc aircraft by means of free-flying models, on the 
applicdbility of analogue computers and on combustion problems, in ramjets. 

2 Aerodyimmics Section. 

. , .  
. . ,  

, .  . .  

Besides model measurements For the development of various aircraft designs, investigations have 
been made on the folloxving subjects: .. , 

M o d e l  o f  S i  e b  e I - l a  b o  r a  t o  r y  a e r o p l a n e . .  , .  

the wing alongside the fuselage-wall or :by a fairing (Report A. 1310). 
Measurements have been made on the influencing of the wing-fuselage interference by splits in 

Rcsults of model tests with the Siebel aeroplane and Gfivier sailplane have been summarized 

T,he influence of working propellers and flaps on the indication of an angle-of-attack and slip- 

, .  

and compared with flight tests (Report A. 1292 (Siebel) and Report A. 1322 (Gijvier)). 

indicator before the fuselage-nose has ,heen investigated (Rcport A. 1324). 

S w e p  t w i n g s .  
The influence of a flat plate i n  the plane of symmetry on the flow along a symmetrical swept 

wing has  been investigated in view of the application of wall-mounted half-models (Report A. 1328). 
The flow an'd pressure distribution over swept wings have been investigated, particularly the 

influence of the variation of camber along the span (Report A. 1332). 

3 Flutter and theoretical nerodyuzmics section. 

B o u n d a r y  l a y e r  t h e o r y .  
T m m " s  one parameter method for the 'calculation of laminar boundary layers (F. 35) was 

extended to compressible flow. Since there exists an interaction betwecn the velocity and the tem- 
pekture profiles in compressible flow, .at first a separate investigation towards the temperature 
boundary layer in incompressible flow 'has been performed (Report F. 127, F. 130). Report F. 141 
contains the description of this mebhod for flows with arbitrary'pressurc gradient, B"L and 
hL\Cni numhers and for the cases without and wit,h 'heat transfer at the  wall. The method can 'be 
applied for twwiimensional and for rotationally-symmet,ric flows. 

A semi-empiric method for the ealeulstion of turbulent boundary layers in compressible' flow 
was developed. (Report F. 132). 

The investigation of the laminar part of the boundary layer of a swept wing was continued. 
The general method of calculation has been described in Report F.66. mhe. swept-wing has been 
schematized by a flat ellipsoid. T,he potential flow about this ellipsoid at zero incidence has been 
calculated in Report F. 74. 

L o a d  d i s t r i . h u t i o n  of s w e p t  w i n g s  i n  s t e a d y  f l o w .  
A generalization of ~ ~ ' s  equation was derived for the calculation of t.he load distribution 

on. swept wings of large aspect ratio, (Reports F. 95, F. 121). For wings of arbitrary aspect ratio 
a lifting. surface theory-, which nses a series expansion for  the chordwise vorticity distrkbntion, was 
developed @port F. 129). If this chordwise vorticity distribution agrees ,with that of an infinite 

T h e o r y  of t r a n s s o n i c  a n d  s u p e r s o n i c  f l o w .  
A study was made of the theory of supersonic conical flow (Report F.152).  By aid of this 

theory stability derivatives f,or rolling motion have been calculated for a certain swept wing in the 
h b a i  number range from a little over 1 to 1.5. 

An investigation is being made about GUI,I.STRAKO'S method for the calcul,aGon of the flow 
&out a profile in steady transsonic flow. 

O s c i l l a t i n g  ,.. a e f o f  o i l s .  

. .  

. ,  I \ . , .  . ,  . 

flat plate, the method becomes idcntieal with WELWNGER'S mebhod. .I 
' I <  . .  

. I t .  ' 

! n I" 

The calculation of aerodynamicT,coefficients for an oscillating ,wing-flap,?system in- twddimen- 
subsonic 'flow. was continued. It was shown in report F. 142 that the solution of' the exact 
(Tmf.4"~ thesis, F. 54) satisfied the Posro quiltion. .For a.numher of values of redneed 
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aqueney ,U,LCH. number 'and 'ratio between flap and wing chord, exact numerical-results are avail- 
able: These..results have been interpolated toward the rccluced frequency with an interval of 0.02 
in the .range 0 t o  1 (Report F. 151). Results will also be intcrpolated toumrd the chord ratio. 
,. A strip theoly'was developed for the calculation of the, aerodynamic forces on an oscillating 

swept wing of large aspect ratio (Report F. 146).  T'hcse forces depend only on sectional quan- 
tities. and contain corrections due to the anglc of sweep compared with the forces given by strip 
theory for a straight' wing. Acrodynamic forces liave 'been .measured for  a win,g-flap system at low 
speeds. I n  order to eompafe experimental and theoretical results bhe influcnee of tunnel wall cor- ,I 
rections has been investigated (Reports F. 69, F. 140). 3 I 

. .  
F i u t  t e r. 

, /  

T,he influcnee of compressibility on the flutter speed of a family of rectangular wings was in- 
vestigated. Report F. 118 contains result for a wing without flap, while in report E'. 147 results 
for a wing with flap are given. 

The influence of a gust alleviator, producing flap deflection due to wing bending, on the flutter 
speed was investigated for a certain configuration. 

. , .  . ,  E x p e r i m e,n t a 1 s u p e r s o  n i c f low. ;  ' I ., , .  
Some measuremcnts of the prcssnre distribution. around a rotationally sym,metric halfmodel in 

the 3 X 3 em2 supersonic windtunnel at increased sta.gnation prcssurc wcre msde (R,eport F. 133) 
and' compared with the results obtained @broad in largcr tuimels. 

4. . itfataria.& aid structu.res section. 
T h e o r e t i c a 1 s t r u c t u,r e s w o r k. 

The theoretical work of the department was mainly concerned with continuations of ' studies 
initia,tcd in 1952 on the stress and deflection analysis of swept wings, plastic hrrckling theories on 
flat plates, as well ,as a comparison with experimental results, and the calculation of design charts 
for diagonal tension field webs, supplementing prcviously published charts. 

The design charts for incomplete diagonal tension fields give the effective stresses according 
t,o HUBER'S yield criterion and thus enable the determination of the range of validity of the pre- 
vious charts, concerning average stresses and strains in the elastic range (Report S. 427). 

The work on swept wings led to an inclusiom of the principal dia,gonal of the deflection matrix 
between fairly narrow limits (Report S. 417). Fnrther improvement of the computed stresses in 
the reinforced skin will bc attemptcd. As a resnlt of the literature search on plastic 'buokling a 
krogramme for tests with fl,at plates and square tubes ~ v a  set up (Report 5.423).  

S t a t i c  t e s t i n g  o f  s t  r n e t u r a l  c o m p o  n c n ts .  
Shear tests were carried out on a second series of welis with lightening holes. Reports on the 

first test series and on torsion tests of wing lending edges, carried out in 1952, were 'published 
(Repurt"L'413, S.421). Likwise, a rephrt .on %ts t u  determine the effective mi'dlh of 24 S-T flat 
plates in the plastic range was completed and a second test series on this subject was carried out. 
Tho t&t results led to  simple design rules for determining the effective ividth and tlie load-car- 
rying capacity (Report S. 414). 
. I A' report was'completed, containing the rcsnlts of i qualihative study and some tests on the 
effective radius' of aircraft tyves (Report S. 428).  

F a  t i  s u e .  
Various fatigne investigations cpntinied, to form an important part of the resea.rch programme. 

Among the tests on stnictural.,components may he mentioned: 
' 

' repeated 1,oad tests in tension on lugs and ,?I1 rivetcd joints ' in'bi '%T alclad sheets toijnves- 
tikate 'the effect of a variation of same important 'design parameters (Report If. 1932, M. 1943) ; 

repeated load tests,in tension to investigate the cffect of the fit (positive and negdtive ciear- 
ances) of pin-hole joints on their fatique strength; 

repeated load tests in compression or t,hrec-point 'bending with various types of glued huilt-up 
?par .booms oE~ simple or more complicated shapes (Report &I. 1936). 

A more investigation was concerned with the verificat,ion of the cumulatire-damage )hypothesis 
for rivet,ed joints (Report 11. 1923) and simple notched a.nd unnotched 24 S-T alclad strips. 
.' . The international collaboration on fatigue between various European laboratories, which was 
started in 1951, was continued, the most important evcnt being a conference at the Aeronautical 
Researoh Institut,e of Swcden in Stockholm. 

. .  

, .  . .  . .  
. .  . .  ..; 

. .  . . .  

. .  

I 

, / , I *  

R a p i; d - 1.0 a d i n g ,ot e s t s'. . . 1111. ..;. , , I : , - .  I , ,i 
' 

' Rapid-loading tests represcntative of gust or 1anding"loa.ds on aircraft ,w&e carried out on 
riveted.,and bolted' joints in tension, strips of various weldable materids in tension (Report S. 415) 
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and simple U-sections of the same materials in 3-point h i d i n g  (Report S. 430). The riveted joints 
showed ultimate strengths up to  15'% less than the static, strength; the U-sections showed a signi- 
ficant increase in strcngth compared with a static test. 

A d h e s i v e s  a n d  p l a s t i c s .  

Apart from the tests on bonded spar booms,' mcntioncd. under "Fatigue", and 'a nu,&er of 
ad-hoc tests on bonded st,iffcned panels, the secoird part of a systematic investigation concerning 
the.'Aero Research peeling test was carried out (Rcport J1.1940). . '  

After the completion of a literature search on glassfiber. and similar laminates a series of tests 
t o  dcterminc the mechanical properties of glassfilicrpolyester lanlinates was started (Report If, 1917). 

5 Fliglbt testiqig section. 

S t a b i l i t y  . a n d  c o n t r o l .  

Besides flight tests and calculations *concerning sevcril prototype and commercial aircraft, 
measurements have been made of the longit!idinal stability and control of the Siebel- lwboratory- 
aircraft in gliding flight rvitli fcathered propellers for  eo,mparison with windtunnel measurements 
(Report V. 1698). 

The inflocnce of tlic compressibility (unto a Mtachnumher of about 0.8) on the dynamic longi- 
tudinal stahility k a s  .Iieen studied (Report V. 1648). 

.An inmstigation has been made into the cause of' tightening and its connection with stability 
characteristics (12eport V. 1725). 

V a r i o u s. 

Some model-tests on $lie problem of lighten,ing hazard have been carried out. An apparatus 
for determining the drag ' of pneumatic ducts and a nl'achmeter calibration stand Iuwe been 
constructed. 

Some memormda have becn drafted for AGARtF on special flightkcsting methoils and 
apparatus. 

The. Siebel Lalmratory aeroplane assist,ed in the droppings of food and materials during the 
floods in February 1953. 

.. . , .  

. ,  

. .  , 

. .  

6 Helicopters section. 

Amista,nce has been given for the dra.Fting of airworthiness requirements for helicopters. I n  
cooperation with the SOBXH an electrical analogue is under construction for the investigation of 
vibrations. 

7 Docunie?station Publicmtions. 

C e n t r a I I) o c u m e n t a  t i o n  . o f  A e r o n  a n t i c a 1 1, i t  e r a  t u r e (C. C:L.). 

Through the activities of the A~ARIj-nocumentation Committee a cooperation has been started 
between the C .  C..IJ. and the Index Aeronnnticus, t,he Inst,itute of Aeronautical Sciences and the 
Service de Documentation ct d'hformation Techniqne Abronautique. 

With some representatives of the ASLIB Aeronautical Group the improvement of bhe aero- 
nautica1"ehapkers of U. 11. C. has ,heen discussed witli the oldject of att,aining an internationally 
usable code. Moreover prpposals have 'heen ,made iinder an ces' of the AGARll-Documentation 
Committee for  revision of the NACA classification with the d of the C.C.L.-classification. 

C a t a 1 o g u e o f  A e r o d y n a m  i c 11 e a s  11 r e m  e n t s (CAN). 
The interest which AGARD took in the CAN, resulted in a joint meeting of the ASLIB- 

Aeronautical Group and some tlGhRD-representatives in Cranfield, dnring which meeting the 
N.L.L. initiative was encoura,ged. At the following . AGARD-meeting in September in London all 
-country-members were recommended to subscribe to 'che catalogue. The definite manufacture of bhe 
ca.rds was started and at the end of the year it was possible to send 400 cards to each of the 
28 institutes, which had entered a. subscription t o  the CAM at that time. 

1' 11 b 1 i c a t  i o 11s. 

I n  the Septemher-meeting of the AGARD-Documentation Committee some recommend'ations 
were made on standardization of size and format of reports and on including catalogue cards in 
reports,, which., caused some alterations in the publishing of the 3.L.L. reports. 

\<'! I n  1953 152 reports were completed, of which the following were pufilished: 

. . .  

( 1  

. .  , .. . . .  . % ,  

. .  



a) Nkltigraqhed and ozalided 

F. 92 Bossehaart, A. C. A. 
Van de Vooren, A. I. 

F. 115 Van de Vooren,,A. I. 
' IJff ,  J. 

F. 121 Van de Vooren) A. I. . .  

I F. 125a De Koek, A. C. 

I 
I 
I 

Van de Vc" ,  A. I. 

F. 127 Zaat, J. A. 

. . .  
I F. ,129 Van ie'Vooixn, A. I. 

F. 133 Arthur, P. D. 

F .  134 MeGer, A. W. 
Arthur, P. D. 

M. 1893 Harbman, A. 

M. 1917 Hartman, A, 

S. '405 Benthem, J .  P. 

S. 407 Besseling, J. F. 

S: 409 Floor, W. K. G. 

. . .  . .  , . 

S. 411 Rondeel, J. H. 
Kruithof, R. 
Plantema, J. F. 

S. 413 Floor, W. K. G. 

S. 414 Beseling, J. F 

S. 419 Rondeel, 3. H. 

I 
V. 1587 Lucassen, L. R 

V. 1704 Scherpenhuisen 
Rom, 6. 

, .  

b) Niscellancous Publications: 

MP. 75 Van de Voorcn, A. I. 
I .  

MF. 80 Rondeel, J. H. . .  
. ,  

I 
I 

MP. 81 Bartelink,, J. A. .' 

t 

x 

. ,  reports: . .  

Survey of some, theories on lift distribution. of wings with 'large 
aspect ratio. ( In  Dutch). 

Aerodynamic coefficients of an oscillating aerofoil with a pressure- 
seal balanced aileron. 

The generalization of ~ N D T Z ' S  equation for yawed ,and swept 
wings. 

The N.L.L. card system cat;tlo&e of aerodynamic measurements. 

, .  . .  , 
. .  

A one-parameter method for the calculation of the temperature- 
profile of lamimr incompressible boundary layer flow with 'a pres- 
sure' gradient. 

An approach t o  lifting surface t,heory. 

Discussion of some hypersonic wind tunnel problems and condens- 
ation 'of water vapor in wind. tunnels: 

Test at high reservoir pressure of a rotationally sym,metric half 
model mounted on the wall of 'a supersonic wind tunnel. 

T,he peeling tests of ReduxJhonded light alloy sheet, I. ( In  Dutch). 

Literature search on asbestos and glass-fiher laminates. (In Dutch). 

On  bhe stress analysis of.swept wings. (In Dutch). 

On the buckling of rods and plates in the ,plastic region. I. Theory. 
( In  Dutch). 

Additional investigation 'on. the failure of .flat stiffened plates in 
diagonal tension under shear loads. ( In  Dutch). 

Comparative fatigue tests with 24 ST Alelad, riveted, and bonded 
stiffened panels. 

Shear tests on 24 ST unstiffehd and stiffened webs with flanged 
holes. Part I. 
The experimental determination of the effective width of flat plates 
in the elastic and the plastic 'range. (In Dutch). 

A semi-automatical impact testing-%chine for structural compo- 
nents. (In Dutoh). 

. - .  

Take-off tests with a Tiger Moth towing a Gavier sailplane. ( I n  
Dutch). 

Literatuce search on all-weather approach lighting 
: 1) 

. .  

. .  
... .I 

. I  . I  , I  $ . r  , , . . .  

Aerodynamic coefficients of an kcillating airfoil with. control sur- 
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KEPOR'I' A .  1263. 

Experiments on the Two-Dimensional Flow over a N.A.C.A. 0018 
Profile at High Angles of Attack 

€1. WIJKER. 

Summary. 
Prcssu~e distributions over the surface of x model with N.A.C.A. 0018 profile in t.,,,o-,limensio,~~l f low were measured 

at a Reynolds number of about 2.7 X lW. Transition points wcro found by the liqgid film method and separation plrenomcnae 
r x r o  studied mainly with the aid of tufts. 

nho lift emfficients at high angles af att.ttaiek nerc ealeulntt!d for a model with q e e t  n t i a  6. 
~ I I O  influence uf tho tunnel walls on the pressure distrilmtion owx bhc suction side TVZS doteimincd theoretically, 

Contents. 1 Introduction. 

1 Introdnetion. In order to check 'ZAI~T'S method for the ml- 
2 Lift measurements. culation of the soparation point of il tnnhulent 
3 The transition point. boundary layer (ref. 1) , some experiments vere  
4 Turbuleiit separation and stallin& carried out on a cylindrical mcdcl wit.11 N;A,C.A. 
5 0018 profile at  high angles of attack and a t  a 
6 Rcfercnccs. REUSOLDS number of about 2.7 X 10". The model 

l i d  u chord of 0.6 m and a height of ahout 2 m. 
It extended from the floor to  the ceiling of the 
test section of tunnel 3 of the N.L.l>., the vertical 
wiills of whicli are 3 m a,part. T,lie intcnsity of 
the turbulence at the test section of the empty 
tunnel is nboi i t  31/2 

The lift was calculated from the measured pres- 
sure distrihution oyer the surface of the model, 

Comparison of theory and cspcnmcnt. 

Appendix I. Calcnla,tion of the lift at  high 
Of attack for an 

ratio I\ = 6. 

pressure distrihution. 
Appciidis It. Influcncc of tunnel walls'oli the 

3 t,ahlcs. 
14 figures. 

Fig. l a  
Pressure distrihution along the chard of 5 N.A.C.A. 0018 profile a t  Re = 2.7 X 10'. 
(For lcgcnd p. t. 0.) 
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Fig. l b  
Pressure distribution along the chord of a. N.A.C.A. 0018 profilo a t  Re = 2.7 X loe. 

Fig. 10 
Pressure distribution along the chord of a N.A.C.A. 

Legend: 
- The loft  sidc of the model is suetion siac 
- -_ 
h .= total Iioad; p ,= static. pressure;, p (  m ) =statio pressure' nt infini:y 
q = dynamic prossum at ' infinity;  ap,= p - p ( m  ) = p -  h + q 
0, = origin of bhhe wardinat= at LI' angle of ineidmee 

The right side of bhhc model is suction side 

0018 profile a t  R e =  2.7 X 10.. 



the transition point was dotermined by tlie liquid 
film method (ref. 2 )  and separation phenomenae 
were studied mainly with the ';lid of i.uEts. 

The experiments were 'Ilerformed on bclialf o,f 
hbe "Noderlands Institnut yoor Vlie~ituigont~yil~kc- 
ling" (Netherlands Aircraft Development' Board,). 

2 Lift meaurements. 

T,he lift was calculated from t,he measured pres- 
sure distrilintion' along thc chord 90 cm from the 
tunnel floor (fig. 1 ) .  Though the tunnel floor 
and ceiling introduced strong secondary flows mer  
the surface of the model (fig. 3a), it  may he as- 
sumed, that t;he pressure dist.ri'liution in the middle 
part of the model is hardly influenced' by them 
(ref. 3).  

The lift, coef'fjeiemts C,, i r e  giseu in fig. 2. I n  
order to geCa better approximat,ion to the free 
flow value, a, the angle of ,  tisttack in the tiinnel, 
is usually corrected (ret"3, vol. 111, p. 301). I n  
the case on hand, however, tlicse correct,ions were 
smaller than 0.lo for the whole range of memired 
lift coefficients and Iiave therefore heen omitted. 
Some asymmetry in the model and the tunnel flow 
caused differences Iictween the lift. eocfficie!ils at 
correspondin,g positive and negative angles of 
incidence. 

I n  the stalled flow condition C,, floctl?ates with 
t,ime; only a fen, instantaneous d u e s  are given. 

C,, ,,,ilx , the maximum value of C,, , and bhe eor- . responding angle of incidence a,,, , are compared 
with those, found in several N.A.C.A. reports 
(table 1). 

All N.A.C.A. measurements, however, w r e  car- 
ried out wit.11 n model with an aspect ratio i\ = 6. 
From t,his, a mas corrected v i b h  the aid of the 
formula. given on p. IO of ref. 5 ,  .leaving C L  con- 
stant, in order t,o get values for infinite aspect 

Source 

N.A.C.A. Re],. 460 
fig. 8 
N.t\.C.A. Rep. 586 
fig. 5. 

RT.A.C.A. Rep. 647 
fig. 9 
N.A.C.A. Rep. FG9 
fig. 34 
N.II.L. Rep. A. 1263 
fig. 2 

ratio. T.his formula only holds for a , l inear  CL-a- 
relation aitd therefore the values of C,, mX1 an$ am 

for infinite aspect. ratio,. given in the N.A.C:A. 
reports, referred to in table I, haye to be rejected. 

In order to be a'ble to make a. comparison, the 
C,-a-rclation for  z\ = 6 has been calculated from 
the measnrements .for A = m using iXur.impr~'s . .  

;\speet Rat,io I\ 

6 
( G + ) m * )  

(6+)  W 

6 -  

6 

. VJ. 

( m e )  6 

' Fig. 2 
C, xs fuiictioii of D for it tvo-dimensional model wibh 

N.A.C.A. 0018 profile at I le  = 2.7 X 10'. 

' 1.5. 
1.5 

' 1.43 
1.43 
1.33 

' 1.28 
1.30 

1.34 
1.43 
1.26 

- 1.16 
-+ 1.05 
I 

T41ILE 1. 

Maximum lift cocfficieiit C,,, ,,,,,1 and .  stalling nirgle a,, for a cylindrical aerofoil with N.A.C.B. 0018 

2 3 O  V.1I.T. = Vnri;il)le 
1 i . 5 O  Dcnsit,y 'I'uiinel 
110 V.D.1'. 
170 
16.50 ? ' '  

15.50 . .  
16.50' Ful l  G a l e .  Tuiinel 

. .  

210 - .  ~ . V.D.T. .. 

21.50, 

:16:3' 
. 16.80 ' ' N.L.L. ,'llnnnel 'No. 3 

. .  
I 

. .  

. 17.90. . , 

profile. 

leG IZe 

3.15 

2.97 
2.36 
1.25 
0.65 
3.4 

3.33 
7.84 
2 . i  

I I 

* )  ( 6  -) means, that  the vnlue for infinite aspect fa t io . i s  derived from the measured one at A =.6. . .. . . . 
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method (ref. 6 ) ,  the experimental stalling contours 
givtn in ref. 7 and tlie flow characteristics of 
fig: 3h (see appt;ndix I). Tlie result is line I11 of 
fig:6 .on page A7. The values of CL, mU and all, 
I'rom this liiic are inserted in table 1. Though t,he 
shape of line I11 of Pig. 6 rcssembles that of line 11' 
closely, (line I\' gives esperimental results of 
N.A.C.A. measurements (ref, 7)), the d 
in CL,  and onr are cvidciit. These d 
can not he explained a s  being due to the influence 
of the trinnel walk on  the pressure distribution ; 
011 the contrary, calciilations,, carried out in ap- 
pendix 11, show, that this inflncnce consists of ii 

flattening of t,he pressure c u i w  over tbe suction 
side, so that scparation is delayed. That means, 
one may expect somewhat 'higher valens oE C,,, 
and a,81 in the tiinnel than in frec flow. IIorvercr, 
in t.he eases under coilsideration the flattening 
effect of the tunnel walls on the pressure distri- 
bution appears to be extremely small (fig. 10 
'gives t,he diffeiences n I - of the calculated 
static pressurc coefficients in free fl,oiv and in 
tuilnel flow (additional suffix z) as well as tho 
differences of, their gradients along. the chord). 
It may be pointed out that tlie difference in 
CL, o r  arc 'between the lines I11 and IV, of 
fig. 6 does not deviate much from the differencc 
in CL,  or ,a,,, betmen the lines I and 11. So, 
if the CLa-linc for A = 6 would have bee11 eal- 
culated from line 11, the resiilting !line might have 
been in close agreement xvith 'line IV. 

3 The transition point. 

Transition'points, as obtained by .the liquid film 
method (ref. 2 ) ,  are g i ~ c n  in fig. 3b. At high 
angles of attack transition niay 'be preceded Iiy 
laminar. separation, in  which case the liquid film 
method indica,tes the point, where the main flow, 
tiirhulent I ~ V ,  rejoins the surface. 

4 Turbulent separation and stalling. 

I 

Originally an attempt was made to get some 
informatiun about regions of sepamtd  flow Srom 
the speed of evaporation of A ,liquid rnhhed onto 
the surface. Following ref. 8 the movement of 
the lines, separating wet and driecl 'parts of thc 
snrfaee,, may give the required information in a 
nuniber of eases. The cxperimcnt,s, however, fail- 
ed, prohalily hccaose the variation of drying time 
~ i t l i  place in the esplored regions is small com- 
pared with the .variations introduced hy inequality 
of the thickness of the liquid layer oTw tlie surface. 

T,hereEore we passed over to the usud technique 
xvith tufts, ncglecting the influence of the tufts 
011 the flow. 

The following oliservation \cere made :- 
For those eases, in which the turbulent boundary 

layer separates from the surface a t  a < onL (a, is 
the angle of attack a t  which C ,  is a maximum), 
the separation point does not fluctnate appreciahly 
with time, nor does the pressure at any point \\-hat- 
soever. So C L  is constant with time. 

For a > an, s t a l h g  occurs. The separation point 
moves irregularly to and fro along a region of the 

cbord, tlmt will be called the "swept over region" ; 
t,he changes vith time iii tlie pressure distribution 
m~1y be considerable and the changes in C ,  as well. 
From the movements of the tufts an  estimation 
has I~.ccli made of the place and cstcnt of the 
sivept over region, the onter points of whic~i eonld 
he defined oiily to tlie ncarest 5 'j6 chord (fig. 3h) .  
'l'lic results for tlie case, Tvkicre tlie left side of 
the .model (fig, 3a.) is the suction side, are giwn 
in fig. 3h.. It is questionable, whet,her alie position 
of the separation piiiiit 011 the middle part of the 
model will he the same with and witbont strong 
secondary floms on the upper arid the lowcr part. 

For very sinall positive values of a -a,,& sepai'. 
atioii took place a t  the back of the swept over 
region nearly continually, only n o ~ v  a d  then the 
separation point moved forward. For liiglier ralnes 
of a - a,, , the separation mostly took place in the 
front, region of the swept over region; occasion- 
;dly it moved back. 

A vortex indicator (ref. 9 )  was placed at a 
distance z from the plane through the chord and 
tlie .trailin,g edge at, the suction side of tlie model. 

. Fig. 3 

Flow clr.zraeteristics OLI B txo-dimensional model d t h  
X.A.C.A. 0018 profilr at Re = 2.7 X IO* in  a Wnnel 

mith about 3% olao turbulence intmsit.y. 

.Direetiun of f h u .  

Fig. 3s ' . .. 
' Left hand sidz of thE model. a = l Z Q l  
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The projection of the indicator on this plane lay 
a'bout 20 em behind the trailing edge. 

d H l d ( s / c )  along the surface ( H  = ratio of dis- 
placement thickness to momentum thiokness, s the 
distance from the leading edge of the 'point eon- 
sidered, measured along bhc surface) first increases 
with increasing s, then decreases and finally in- 
creases rapidly to very great values (ref. 1, fig, 6). 
The value of s, at which the line d H / d ( s / c )  versus . 
s has a vertical asymptote, is the dheissa of tht 
separation point. For a = 10' the maximum and 
minimum were missing, but a vertical asymptote 
existed already. 

Lines I, I1 .and I11 of fi'g. 3b' give the points 
of the maximum, minimum and vertical asymptote, 
obtained by ZAAT, vemus a (the coordinates of 
ref. 1 arc reduced to d c ) .  

It appears, that the calculated values of the 
separation points t h e  111) lay about 15 % nearer 
to t,he leading edge than the measured values; t,he 
gradients of the lines, however, are very much 
the same. 

Line I, the line of the maxima, eoi'ncides with 
the forward boundary of the swept over region 
at a = a n r ,  Though the directions of the two lines 
are somewhat different, the deviations are un- 
important. 

The agreemmt of calculated and measured valnes 
is sunprisingly good, considering the inaccuracies 

''0 0.1 a2 0.3 0.4 as 06 0.7 as a9 imolvcd both in measurements and theoretical 

Tho left liand sicle of' the modal is suction side. ZAAT reasoned that the distance between the 
maximum and the asymptote is. maximum for the ref. 1. sta1,Iing angle a, (the distance [between maximum 

ref. 1. and minimum appeared to he greatest for  a=a,,  
as well). From this he found that a , = 1 G 0 .  The 

ing ref. 1. measured value was 1 6 1 / 4 O  if the left side and 
1fi3Lo if t,he right side of the model was the 

Fig. w method. 

I poinb, wherc ' all/ d(s /o )  .has a m a x i "  following 

+icro dn/d(s,o) has a -hm 
111 points, where d n : / d ( s / o )  becoaas very h g o  f o h w  

zn1 is the vdulue, of r for mhieh C, ,= CL,,, 

For small'positive values of a -anb the follow- 
ing ihehaviour of the indicator was observed :- 

1st for small values of z the blade wlieel of the 
indicator turned round eontinually; 

2nd for high values of z it did not move at ai l ;  
3 d  for intermediate values of z it started and 

Correlation between eitbcr rotation or non rota. 
tion of the blade wheel and the pmition of the 
separation point was not very marked. Only fo r  
those cases in which the time interval, ,during which 
tile sepa.ration point stayed at one of the outer 
poiilts of the swept over region of the chord, was 
rather long, the following correlation seemed to  
oee11r :: , .  

When the separation point stayed. as close as 
possible. eitlier to the leading edge or to the 
trailing edge,, the blade wheel respectively moved 
and was stationary during bhc greater ,part of the 
time interval. ' . 
5 Comparison. of 'theory and ,experiment. 

ZMT has ohbtained a number of theoretical results 
(ref. l), which may he compared with the results 
of the measurements given in this. report. As for 
the pressure distributions, ZMT himself has already 
compared the ealenlated~ ones with those given in 
fig. 1. The agreement is reasonable. 

Furthermore ZMT found, that for  a greater 
than Some value between 10" and lZo the gradient 

' stopped alternately. 

. .  

~ / f  ~ ~ ~ ~y 

suction side. A very #good agreement again he: 
tween theoiy and. experiment. 

The fluctuations of the separation point may 
I)e explained as follows :- 

During the formation of a vortex behind the 
d,ead region (ref. 1) the separation point moves 
forward. If  the vortex is carried amay, the hlade 
wheel of the vortex indicator, placed at an inter- 
mediate value of z (z='distance from the plane 
through leading and trailing edge), Will turn 
round. If tJhe separation point stays in its for- 
ward position for a longer time, it is believed, 
that 'a series of strong vortices is formed be- 
hind the dead region and carried along with 
the flow, so that the blade wheel turns round 
continuously. k., long as the separation point is 
in its rear position,, however, the flow does not 
carry along such strong vortices and the wake is 
smaller, so that the blade wheel of the vortex in- 
dicator in its intermediate-z-position 'is not hit by 
vortices an6 ,does not revolve. 

So the hehaviour of the indicator, described in 
5 4, though not being extremely expressive, sup  
port,s ZAAT'S explanation of the fluctuations of 
the separation point reasonably well. 
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APPENDIX I. 

Calculation of the lift at high angles of attack 
for an aspect ratio A = 6 .  

The lift L of an aerofoil can he calculated from 
the formula 

i-+* 

. L=,,v / r &  (I - 1) 
- 4.' 

in which o = span, I' ='circulatiou per unit of 
length, =coordinate in the direction of tlie spa.n, 
V = velocity, p = density. 

.As cL = L / t  pVzcs (we shall write cL for the lift- 
coefficient of a n  aerofoil with finite aspect ratio 
A =s/c ,  C, for the two-dimensional lift coefficient 
(h = m ) ) ,  we find Cor a symmetrical acrofoil with 
constant chord c 

.. . 
. .  

1 

c,;= '\ S y d 7  (1 - 2 )  
-1 

/ /  
. .  

in which y = r / V s  and l = y / & s  ( - lN7\ l ) .  
. Once C, versus a is known, the calculation of y 
for the Case when the.spm is normal to the velo- 
city, may he based on the foblowing formulae 
(ref. 10, p. 137) 

- - 1  

Here eff. = effective, ind. = induced, w = in- 
duced velocity (negative in the direction. of the 
lift),  C,,(asff.) means C, as a function of asll .  

MULTROPP (ref. 6) has worked out a method of 
calculatioq, which may he used also for the case, 
when C, is not proportional to a,,f, .However, one 
element of the method is 6he intersection of a 
line PQ with the CL-a-line (fig. 4) and this 

- a  P 

Fig. 4 

may lead to more than one solution. Indeed, for 
a number of a's it appeared poss?hle to  get con- 
sistent solutions following MULTHOPP'S method with 
an arbitrary choice of y" in a certain region along 
the span. Rcrein y* is the value of y for that 
cross section, vhieh separates the stalled flow 
from the unstalled one. It must be pointed out, 
that of the mutiial injlucnces of the flow in a 
neighhouring cross section only the influence due 
to  the induced velocity has been taken into account; 
the other iiifluences have hecn neglected, so that 
velocity components in the direction of the span 
have not been considered. 

I n  order to  he able to carry out calculations 
for an aerofoil with i\ = 6, we used values of ?P, 
derived from experiments in the following way:- 

Fig. 13 of ref. 7 gives stalling cont.ours of an 
aerofoil with N.A.C.A. 0018 profile and A = 6 at 
Re = 3.10e. This Rm"oLosnumber is nearly the 
same as that at which our measurements: were 
carried out (vi'z. 2.7 X 1P). From fig. 3 of this 
report me conclude, that 01 > a, for those cross 
sections, for which the separated flow extends to  
more than 30 % chord from the trai,ling ed'ge. So 
dra,win,g lines parallel to  the trailing edge a t  a 
dista.iice of 30 % in fig. 13 of ref. 7 (fig. 5h), one 
finds tlie d u e  of y* from the intersection of bhis 
line with' the given stalling contours. Fig. 5b 
gives 7* = u" l&  s veixus a. 

The values of y arc given in table 2 on page A 6. 
I n  order to he able to draw graphs y us 7 (fig. ?a), 
the following considerations have t o  h e  taken into 
account :- 

1st y iuust b e  n coutinuous function of 7. A dis- 
continuity would mean, that a concentrated 
vortex leaves t,he surface. This ,vortex would 
induce velocities, Which tend to infinity in thc 
neighbounhond of the voptex. So Erom.physic- 
a1 point of view a discontinuity of y has to  
be excluded. 

w d y / d ,  ?nust a continuous function. of 7 .  
Assuming a diseontiiiuity for = v d ,  dy/d?l 
can be considered as the sum of two functions, 
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- w(v*-.O) -tu(?* + 0)  - a continuous funct,ion (dy ld7) ,  and a discon- 
tiniions function (dy/d7) ,  which will bo as- V 

w - 7 *  + O)-w((-q*-O) 
V = a., say. - Fig. 5% Di8t.ribution of bho dimensionless circulation - 

Y = r/sV along the q a n  f o r  an aerofoil with N.A.C.A. 
0018 pmfila and xspcet ratio = G calculated from the (1 - 4) 

Wc sepa.rate both w and d y / d l  into two parts : 

1 ( 1 - 5 )  

drawn G,,vs d i n e  of fig. 2. 

0 0.1 0 03 04 0 5  06 07 0.8 0.9 -"*. 
w =w, + w* 
dyld7 = dy,/dq,+ d7.ld.l 

1 (dvJdq)dq' 

2 1 ; .  7 - 4  

in such a wap, tha.t 

( i = 1 , 2 )  ( 1 - 6 )  w , / v  = - 
-1 

and 

w* = - p p  

w,=-bV + ILV 

Thc constant b mill he chnscn later. 

cont,innoiis function of 7. 

for - 1 < 7  < - I* and for 

?"<?I<] 

for -7: < 'I < 'If (1 - 7) 

By choosing w, Sollowing (I - 7), w, will be a 

Now we introduce the new coordinatc 3 wherc 

(1 - 8 )  7 =-cos 3. 
Then formula (I - 6) hecomcs 
Wi(3)/V = 

(dy i l d  cos 3') sin 3'd3' 
( i = l , Z ) .  ( 1 - 9 )  

F:xj~anuion of w,(>)/V in FOURIER series with 
period 1; gives 

21; , cos 9' - cos 3 
0 

2 n  . 2u,(S)/17= 2 --s1n2n>*cos2~i9. ( 1 : l O )  

IIcrc the constant term for  n = O  'lias lDecn choscn 

b = (1 -2 3*/1;)~. 

n=l n1; 

15 16 17 18, 1% 20 21 .22 o( zcro, which is the case for 
Fig. 5 and 6 

snnied to hc zero for 'I > 7d  and 'I < - 7 d  
a .1~1 to havc a constant valne c for . 
-I& < 7 < ' I d .  

Thcn afnd. =- 

,From (I- 9) and (I- 10) it f o l l o ~ s  that 

4 n  . dy,/d cos 3' = 2 -sin 2 113* sin 2 n9' = 
n E j  n.v 

2 n  =$ -( cwZm(>'->*) -cos2n(>'+3')  } 

( I  - 11) 
whicli may he easily verified with the aid of the 
definite irltegral 

"=+ n1; - 1  

e ' I f 7 d  thc term - In -, which tends to in- 
finity if 7 approaches cither ?,, or - 7 d .  So 
from physical point of Tiem a discontinuity 
of dy/d7  is impossible. 

3rc' wf. ahows a discontinuitu, if t k e  C,-a-grupl, 
skows n di.$continzcity. For, assuming that using the formula 
t,licrc is no discontinuity, a.rI, would decrease 
cont~innonsly from ap?,. > o+,& t o  ceCf, < anl for 

a discontinuity and, as y = C ~ / 2  .%, the Y-T 
graph as well. This is in contradiction with to 
the 1st point. 

vert iwt  tangen.t where acft ,  sliwws n disconti- 
nuitu. a e i f . ,  and as  a consequence w have 
discontinuities for 7 =7*  and 7=-7*,  in 
which 

21; 7 - w .  

(ref. 10, p. 93) sin n3 
sin 3 

- cos n9' d3,  
cos 3' - cos 3 -1;- 

COS TLX 
111 (2 sin ;i) X (e, g. ref. 11, p. 390) 5 -z- 

increasing 17 1 .  So the CL-q-graph would show n = t  n 
and omitting the ,dash of 3, formula (1-11) leads 

12) 

filrom (1.12) it  follows, that dy,/dcos 3 becomes 
arbitrarily laqc if 3 approximates either 3" or 
n--9%. 

2 n sin ( 9 . f  3") (I 
dy2/d cos 3 - - In 4th Ths y-7-grap7i hns n point  of inflexion wit71 7T sin (9-9*) 



TABLE 2. 
Circulation coefficient y = T/Vs  ems v = y J ( + s )  and a for an aerofoil with N.A.C.A. 0018 profile and aspect ratio 6 

0.9952 

(Centre line of the model : 7 = 0). 

0.9808 

__ 

0,2903 

__ __ 
- 
- 

0.0 9 0 0. 
m 
0.0773 
0.0775 
0.0783 
0.0788 

__ 

__ 

170 
18O 
18.5' 
19O 
19.50 
200 

__ 

0.1951 

- __ 
0.0924 
0,0958 
0.0783 
0.0767 
0.0771 
0.0775 
0.0783 
0.0787 

__ __ 

TI, from fig. 1 - 
, == l G O  

TI 
from 

a 110c 

2.00 
4.39 
.3.53 . 

2.63 
2.11 
1.78 
1.52 
1.32 
1.18 

0.5988' 
3.2890 
2.8'291 
2.3388 
1.99S4 
1.7481 
1.5278 
1.3476 
1.1875 

0.0021 35 
0.0027 45 
0.0033 55 
0.0036 65 ' 

0.0039 75 
0.0042 85 
0.0046 95 
0.0047 

2.5 
2.2 
1.8 
1.6 
1.6 
1.2 
0.6 

I I I 
0.7071 

__ __ 
0.0849 
0.0886 
0.0889 
0.0893 
0.0902 
0.0900 
0.0858 
0.0908 

0.6344 0.5556 0.4714 0.3827 

0.0913 
0.0948 

I l l  0.9569 0.9239 

0.0615 
0.0647 

stalled part (b  

0,0928 
0.0958 

1 
OW at  the right) from the unstal d one, following fig. 5 b. 

TA4BLE 3, 
Pressnre distributions and their gradients over the suction side of a N.A.C.A. 0018 profile in tunnel flow (suffix z )  and free flow (no suffix) a t  angles 

of attack a = loo and a = 16O. (TI = dynamic pressure coefficient, TI, =static pressure coefficient). 

% chord f rom 
leading edge 

lated 
1-23) 
1=16 

1.9982 
4.3904 
3.5299 
2.6288 
2.1079 
1.7773 
1.5167 
1.3164 
1.1761 
1.0858 
1.0654 
0.9753 

__ 
__ 
~ 

__ 
I = 1 o c  

0.0012 
0.0010 
0.0009 
o.ooi2 
0.0016 
0,0019 
0,0022 
0.0024 
0.0025 
0.0026 
0.0025 
0.0026 

__ 
~ 

__ 

1 = 100 

0.60 
3.29 
2.83 
2.34 
2.00 
1.75 
1.53 
1.35 
1.19 
1.03 
0.91 
0.85 

__ 
~ 

r = l G C  
~ 

~ 

17.2 
9.0 
5.2 
3.3 
2.6 
2.0 
1.4- 
0.9 
0.2 
0.9 

r = l O C  
~ __ 

9.198 
4.903 
3.404 
2.503 
2.203 
1.802 
1.601. 
1.601 
1.201 
0.601 

I =  16' 
__ ___ 

17.210 
9.011 
5.209 
3.306 
2.606 
2.003 
11.403 
0.903 
0.204 
0.901 

0 
5 

10 
20 
30 
40 
50 
GO 
i o  
80 
90 

100 

. .  
0.010 
0.011 
0.009. 
0.006 
0.006 
0.003 
0.003 
0.003 
0.004 
0.001 

- 0.002 
0.003 
0.004 
0.003 
0.003 
0,002 
0.001 
0.001 
0.001 
0.001 
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.4PPRNDTX II. 

Influence of tunnel walls on the pressure 
distribution. 

The influence of the tunnel walls is a curvature 
of the flow in which the model is placed. In order 
to calculate this influence, the z-planc of the tun- 
ncl flow is transformed to the [-plane, in which 
this curvature is reduced to zero. The dynamic 
'pressure ratio of corresponding points of z- and 
[-plane is calculated. Then the dynamic pressure 
over the contour in the <-plane is lnlarvri from, the 
dynamic pressure, measiired in the tunnel. The 
profile in the [-plane, however, is cambered. The 
camhcr is calculated as well as the contrihution 
of this camber t o  the dynamic pressnre. By snb- 
tracting the latter from the dynamic! pressure in 
the [-pla,ne, the dynamic pressure over the contour 
of t,he profilc in free flow is obtained. 

A,  , A, 
B tunnel-width (3  m ) ,  
C chord of the model in the tnnnel 

(0.6 m). 
C* chord of the transformed profile (in 

The following nominclaturc will be used : 

constants (see I1 - 3) .  

[-plane). 
c -  = 4  HU C O S ~ .  
C ,  lift coefficient, 
I ,  f., , fp, , f p .  coefficients (see 11 - 5 ) .  
H 
i I C 1 .  
A P , ,  APy  dynamic prcssurc in z- and <-plane. 

constant (see 11 - 9a). 

velocity at, infinity. 
see definition of w .  - 
components of V - U for flow w e r  a 
flat plate. 
components of V - V  for flow over a 
cambered plate. 
velocity over surface of a profile in in- 
finite parallel flow. 
V for a flat plate and a cambered plate. 
velocity over the surface of a model in 
the tunnel. 
velocity over the contour of the profile 
in the <-plane. 
=u + iu,, complex velocity in the 
z-plane. 
=u--2u. 
coordinates in z-plane. 
coordinates in <-plane following fig. 11. 
= m / B  and nyfB. 
= z + i g  (z-plane). 
angle of incidence in z-plane. 
difference of angles of incidence in 5- 
and e-plane. 
angle between chord and ta,ngent of the 
mean line. 
= $/4 BTJ (Rfind %hat y is not a vorti- 
oity/area). 
vorticity per unit length and width of 
'a flat plate and a cambered plate. 
circulation per unit Icngth of span. 
= nzI2 B.  
= E  + i v ,  complex coordinate in <-plane. 

i' = 6 - i?. 
'1 see [. 
9 defined hv z* = - 4 C* COS 3. 
x = l o  (p -0 .05 ) .  
IL 

t I see 5. ' 
n dynamic pressure coefficient. 
n, static pressure coefficient. 
Q angle (see fig. 8, p. AlO). 

I n  order to find the influence of tunnel walls 
on the pressure distribution, we shall transform 
the z-plane ( z  =z + iy) of the tunnel into the 
[-plane ([=( + ( v ) ,  so that the velocity V,  in 
the tunnel (see below) is transformed into a paral- 
lel flow with V( = U ,  in which U is the velocity 
of the flow in the tunnel without model. Using 
the methods of images (ref. 4, Vol. 111, p. 300), 
one finds, that the model seems to be placed in a 
flow with curved stream lines. The curvature is 
mused by the images of the vortex, which may 
represcnt the model in a first approximation. 

length along ehord from axis of model, 
devided by B (see fig. 8, p. AlO). 

so 
V,=U + w,  

in which w = u + iu and u and 2) are the velocity 
components (fig. 7 )  due to the row of images. 

The conjugate complex velocity w* = u - iu 
has beer1 calculated: 

1 w*=ir I=- 2 B . sh ( d B )  / ?  

Here r is the circulation per unit of length 

I I ' Y  
I 

i'l 
I 

1 Y2ze I 

Z PLANE . .  
Pig. I 

The transformation is giwn by 
10 a< = (1 + c) dz. dz U -=___. 

d[ U + w '  
[", the conjugate function of %, may be calculated: 

W* 1 2 !s-mL _- aw -1 + -=1+ iy 
dz U 

in which S = ?I z / 2  B and y = r/4 BU. 

1) This formula may be derived from the formula (4.2) 
of ref. 4, Vol. 111, p. 300 by suh tmt ing  the central vortex 

- - and after ,putting. k ,= B and k , s  f B,  wing the 

rolation 

i r  
2ar ' 

~ o ~ h ~ - ~ ~ ( ~ t ~ = ~ ) = ~ t h 9 - ~ = ~  w t h  9 r h 2 9  
1 2 
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1ntegra.tion ,gives 

2 B  gr.= - ( 6 + iy In 6 - iy In t,h-S ) , 
x . .  

TGe integration consta.nt has the arbitrarily chosen ralue',zero. 
. I  

As y = {  C d B ,  which may be  derived from formula ( I  - 1) (c=chord),  and p = < - i ~ ,  wc find 

i 
The dynamic pressure ratio in corresponding points of the e- and <-plane is 

which leads to 

c 1 C a  c 2 

I3 4 133 APJAP,  = 1 + c,, -A> .+ - c:. - (A,* + A,*) = ( 1 + 4 c, A, )' + (+ cL +A, ) (11 .2)  

in which 

BIJ 
x(x2 + f )  

Bx 
x(xz + y2) 

+ .ch (xx/B) sin ( q / / B )  
sh" ( d B )  + sinZ(xy/B) 

?,h2 ( d B )  + sinZ(xy/B) 

2 A , = -  

2 A , =  i - sh ( x x / B )  C O S  (au/B)  

Por the points of a line 2 (fig. 8), which makes 
an anglc 9 with the axis of the tunnel, 

s = p B c o s p  , 
?/ = - p B  sin p, 

in which p is the distance of a point of 2 from 
the origin expressed in B as unit of length. 

With these values of x and IJ our  formulae 
change into: 

1 (11-4)  

1 Fig. 8 

in which 

. .  . .  
cos p -__ sh ( x p  cos q )  ..oos (np sin ?) 2 A, = shZ (xpcos?) + sin2 ( ~ p s i n  p) . xp ' 

(I1 - 6) 



For small values c 
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rix/Z$ = X ,  and q / / B  = Y, say, expansion in series may he useful : 

1 
24 7r 

f 5  =-- 

1 I (X2-P) _- 
fq=- 48 lr 120 

i 
I ?  . .  

( X ' - 6 P Y 2 +  Y') + ... 7 

31 ( 5 X ' - l O X Z Y 2  + Y') + f - A n , = - - Y / l + - ( I  1 7 ';2 -33X2)+-- 

A 2 = - - - X / l - -  1 7 (X'-3Y2) + ... /  
12 60 2520' PI - 

12 60 
1 

30 

and with z = p l l  cos 9 and y = - pB sin 9, so that X = ~p cos 9 and Y = - 7rp  sin 9 
. .  

I 1 7 

1 '  7 

ft == npzsin29 1 1 - F + p 2 e o s ~ 9 +  ._ .  

x2pz (1  + 2 c o s 2 p )  + 
12 

1 
12 

A -_- 
2 -  

712pzeos29 + . .  7 
. . 30 

Wit,li the aid of these formulae Al',/APc has 
heeii calculated for points on the suction side of 
the N.A.C.A. ,0018 profile, chord 0.6 m, phced in a 
tiinnel with I( = 3 in at  (I = loo (CL(lOo) = 0.832) 
and at  a =  1 6 O  (C,,(16O) =1.150) (fig. 9) .  Z'runi 
ii  comparison with the values of AP,/Al'<, follow- 
ing the formulac for poiiit,s on the chord (fig. Y ) ,  
it  appears that it is not permissalble, to use the 
latter values as an ;ipproxima.tion t,o the foimer 
ones. Division of the values A P ,  , measu'red in the 
tunnel, by A P , / A P ~  gives the dynamic pressures 
A P ~  on the contour of t,he model, obtained by 
transforming the points on the contour of the 
N.A.C.A. 0018 profile in the z-plane to tlie [-plane. 
Instead of carrying ont this cumbersome calcul- 
ation, it seems reasonahle to use a.11 approximated 
contour in the [-plane, viz: a contour with the 
samc tliiekness-distributioii as the N.A.C.A. 0018 
profile and with the line into which tlie chord of 
t,he profile in trhe e-plane is transformed, :is 
mean line. 

As the values .of p of the points on the 
chord in the z-plane are rather small in our ewe 

the mean line in the c-plane may 'tie cdcnlatecl 
%th an accuracy of a few percent with the aid 
of the following formulae: 

(-O.O5<;y / 0.15) the coordinates < and 7 of 

I . - X  x ~- - C,- p2 sin 2 a 
C '48 

(I1 - 7) 

(I1 - 8 )  

Fig. 9 
Ratio of the dynamic @ r e s "  in e- and <-plane for the 
suction side of tho N.A.C.A. 0018 pw3fik &nd for a flat rr - 7  - =e,,- p2 cos 2 a 

C : 48 plate (points .bf the ahmd). 



A 12 

Elimination of either p or a gives either I n  these cases the line 

or 
lr approximates the line, given by (11-9) for r = c C r i .  -pz  with r z =  ( ( - ~ ) " + . ( - 7 - i ~ ) * .  
48 - 1 X 1 within 0.4 o/oo.  

T,he meaning of these formulae is illustrated in :. i  the dynamic pressure A P c  over the contour of 
fig. 10 in which Y in the [-plane is the transform a cambered ppofile with the mean 'line (11.12) 
of P in the z-plane. and the same thickness distri,bution as the N.A.C.A. 

0018 profile may bo written (ref. 12, p. 11) 

/ /  

I 

in which p = density, V = velocity of the potential 
flow over the surface of a N.A.C.A. 0018 profile, 
placed 'at an angle of attaok ao in a parallel flow 
with velocity TJ, V ,  = contribution to the velocity 
in potcntial flow introduced by the camher of the 
profile. 0 1 ,  equaling the quotient of the dynamic 

, pressure measured in the tunnel and the factor 
A P ~ A P ~  (fig. 9),  is known. 

I' 

! 

. . 

! 

I n  order to find A P  = & pVz, an approximate 
value of V J U  will %e calculated theoretically. 

Consider two plates, a fldt one and a cambered 
one, both with the same chord, placed in a parallel 
flow, velocity U ,  with an angle of attmk a (fig. 12). 

Fag. 10 

The equation of the mean line on the coordinates 
Z* and y* (fig. 11) is 

f '" 
Fig. 11 

?/*/C* = H ( l  -A2) 

C* =>IC. 

X = 10 ( p  -0.05) ; 

H=-cos(a+Aa); J = -  sin(a+An); 

x b / c ' = + A -  J(1-A*) (11.9) 

Here 

211 2K 
M N 

(I1 - 9a) I 77 K =-- C L ;  N2 = 1+16 KZ+16 K sin ,a; 
19200 

As -0.05 4 p 4 0.15 it follows that -1 4 h 4 +l. 
For a = 10' calculation gives An = O.wo and 

x'/c* 1 + A - 0.000047 (1 -AZ) 
y'/c* = 0.00027 (1 -A2) 

(11-10) r C* = 1.0002 c 

and for  a=16° we find Aa=O.MO and 

y'/Gf = 0.00036;(1 -A*) 
.. , .. 

I X*/G*'=+ A - 0.000104(1-Az) 
' I  , 

' c* ,=1 .m.c .  .. 

u rora*ir.G 

Fig. 12 

The difference of the velocities a t  corresponding 
points may be ? -? (the sign - above a charac- 
ter indicates, that it refers to the cambered model! 
the sign - is connected with the model without 
cani,ber). It is supposed, that - is the same 
for two models, the mean lines of mhieh are those 
of.fig.  12, provided that those two models 'both 
have the same thiokness distribution. I n  other 
words, c-7 is independent of the bhiokness dis- 
tribution, As for the ,plates of fi,g. 12 V has to 
he tangent to the mean line, it foillows that < 

! 

Now the mean lines will be covered with vortices, 
the intensities per unit of length '. and of which 
will be determined in  such a way, that the obtain- 
ed velocities fulfil the conditions (I1 - 14). How- 
ever, the following simplifications will be made 
for the cambered model: 
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a)  the vortices will he placed on the chord line 
instead of on tlie mean -line; 

b) the conditions (11 - 14) will be fulfilled at  
points on the chord line. 

These simplifications are allowed if the camber 
is small compared with the chord, which is the 
case here. 

We chose the o r i ~ n  at the mid point of the 
chord and the positrve z-axis along the chord in 
the direction of the trailing edge. 

The velocity components at  the point (z; + O ) ,  
due to the vortex sheet, are (ref. 4, vol. 11, p. 34) 

u = + & y  

+ 4 c  
v =  / (I1 - 15) 

,(z'-z) - i .  
As u << U eosa, tlie conditions (11- 14) may lie 
written 

From (I1 - 12) it follows (the asterisks are omitted) 

Now introducing IC = - 4 c cos 3 and subtracting 
(11-l6h) from ( I I - l 6 a ) ,  we find 

{.;(>*) -;(>') sin>'d>' 
cos 2 - cos 9' 

= 4 HTJ COS a cos 3 (I1 - 18) 

This is an integral equation for ~ ( 2 ' )  -;(>') of 
thc same type as (I  - 9). 

The solution is 

L/ -= 
2 7 .  

11 

" 

., 
y ( 3 )  -7(2)  = 8 HU cos a s i n > .  (I1 - 19) 

Further 
" 
- v -  u cos a + u 

cos p v, =v - V = 

-- (U cos a +U) % (0 cos &+ u") (1 + 4 p') - 
- v -  " 

- (Ucosa + u )  = t L - u  + 4 / 3 2  (Ucosa + u)  = 
v -  - -  

z 5 u - u u + p v = + ( y - y )  + & p ' V =  

= 4 1 1 U c o s a s i n 9 + & p Z V =  

= 4  HU COS a. v1- (z/c)' + & p'V. 

The term 
hclow. 

p'V may be neglected, & will be shown 

As p is a small a.ngle, /3 % t gp=-8H(z /c ) .  
so . .  

As H is very small, (e, g. If = 0.00036 for a = 16") 
and -O0.5<z/c < 0.5 (fig. ll), this ratio is 
negligible compared wieh 1. So we can use $he, 
f ormula 

with (11.20) 
VJU = C 111 - x2 /cz  

c = 4 I1 cos a. 

This formula is in accordance with the formula 
given in ref. 4, vol. 11, p. 49, but for the factor 

So the differences of the velocities at  correspond- 
ing points of a cambered and a flat plate at eo 
angle of incidence may bc derived from the differ- 
ences at  Oo by multiplying the latter by c w a ,  a 
factor, which only equals one for small values of a 

VJU=0.00106 V I -  (Z/C)~ (11-21) 

cos a. 

For a = 7 O o  

and for c = 16' 

V J U  = 0.00138 VI - ( ~ / c ) ~ .  (11 - 22) 

The dynamic pressure coefficient for the N.A.C.A. 
0018 profile in parallel flow is 

From (I1 - 13) it follows, that 
n'l, e - v,/u = v/u = nl'$ 

As 

nr = 11; ( A P J A P ~ ) - ~  and V,/U = C I/i-- (z/c) '  

Fig. 13 
Differonce of static p r m r e  coefficients wi thout  and 
with tunnel aalls (n8-n8,s) rwd its gradient v e m s  

position an chord. 
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it.is ~ . 

n = , n ,  t '1: ( A P ~ A P ~ ) - ' / ~ -  c (s/e)2 I*, 
(SI - 24) 

Table 3 gives n: from fig. 1, n is ealcnlated follov- 
ing (11.24) with the aid of fig, 9, the gradients 
of the static pressnre coefficients dn,,Jd(s/c) ,  
d n . / d ( x / c )  and their differences (fig. 13) for 

. .  

. . .  . .  
, . .  

a=lOO and a = 1 6 O .  (The gradient of the static 
pressurc coefficient is the opposite of the gradient 
of the dynamic pressure cocificient). 

I t  a,ppears, that the gradient in free flow is 
greater than in tunnel flow. So the tunnel walls 
flatten the presure  distribution line, so that 
separation is 'delayed and a,, the angle of maxi- 
mum lift,' is increased. The inflncnec, however, is 
extremely small for the cases under consideration. . .  . .  

. .  . .  
I . .  

. . .  

, . . . .  

. .  
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The. field of flow through a helicopter rotor obtained 
from wind tunnel smoke tests 

J .  iVLlkJER IIREES and W. P. HENDAL. 

Summary. 

In this report results are given of wind tunnel smoke tests c m i c d  out on 8. simplified helieoptcr rotor in the 
open.jct wind tunnel of tho N.L.L.. For thoso tests a new niethod of sinoko generation %-as dewlopcd. 

Contents. 
1 Introduction. 
2 Apparatus and test-method. 

2.1 Apparatus. 
2.1.1 The hot wire smoke generator. 
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1 Introduction. 
For the calculation of ' the flow through a heli- 

copter rotor maay ,methods are available, in all 
of which more or  less simplifying assumptions have 
been made. This is due' to the complicated charac- 
ter of the rotor-flow, and to the absence of suffi- 
cient experimental data. 

For this reason a windtunnel investigation of 
the field of flow through and in the neighbour- 
hood of a simplified see-saw hinged helicopter-rotor 
was undertaken with the object to get as complete 
as possible a picture of the flow pattern for the 
primary working conditions. 

The flow was made visible by means of a number 
of hot-wire smoke generators. 

2 Apparatus and test-method. , 
2.1 Apparatus. 
'2.1.1 The hot wire snaoke.generatir: 

The working iprinciple' of the hot wire smeke 
generator is based on the evaporation of oil by 

heating. A schematic drawing of the apparatus is 
shown in fig. 1. Common lubricating oil is led 
throagh a plastlc tube from a reservoir, in which 
the pressure is slightly more than' atmosferic, to 
the smoke generators These consist of the metal 
parts (a) and (b) separatcd by the insulating 
layer (e) and kept together by insulated wires To 
the lower half (h) of the smoke head a piece of 
copper tubing (a) is soldered through which an 
insulilted wire (e) is led to the upper part. 

d 

rifi. 1. Ilot wire smoke generator. 

These parts form a circnit by which an electric 
ciirrent can 'be introduced into a platinum wire ( f )  
(0 = 0.1 mm) soldered across the mouth of the 
smoke 'head. 

: I n  order to  distribute the oil evenly over the 
wire and to prevent a rapid loss of pressure in 
the oil reservoir, the mouth of the snioke.head is 
filled up with cotton (g). At some distance from 
the smoke head,a flexible joint (k) enables the 
smoke head to  be placed .parallel to the direction 
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of t,he flow. The wires are heated with A.C. cur- 
rent obtained from a low tension transformer fed 
via a rariac, thus enshling a simple regulation of 
the aniouut of smoke generated. 

The advantages of this method of smoke pro- 
duction are: 
a. the velocity..jntpduced into the. field . .  of, . flow 

under observance'is negligible,. .: : ' . .  ' 

b. smoke can be produced or cut off instantane- 
ouly. .,. .. 

e. a non-corrasive smoke is obtained, 
d. the easy regulation of the amount of smoke 

ena,bles the observer to  pcrform preliminary 
observations with very thin smoke, .thus pre- 
venting a filling up with smoke of the tunnel- 
circuit, 

c. the amount of smoke can be controlled from 
any point the ohserver chooses. 

. . .  .. . .  . . 

2.1.2 l ' h e  rotor. 

For the investigation a small two hladed rotor, 
wit,li, constant pitch and see-saw ,hinge, of -ahout 
0.3 m diameter waS made. ,A-. schematic dravjng 
of the cxperimytal set-up is given imfig. 2.  Thc 

. ,  

Fig. 2. Experimcrital ?ct up'of  model. rotor. 
. .  

rotor was driven by a small single phase AC- 
motor, the number of revolutions of vhich could 
be rcgulated with a variae. By turning the foot- 
plate a.ronnd AB and varying the rotor tip-speed, 
all possible working conditions could be imitated. 

2.1.3 Light sources mltd camtern mounting. 

As light sources two Philips f4P 300~highpressure 
mercury vaponr hmps were mounted downstrcam 
of the rotor 'model. Due to  the fact that light from 
these lamps is emitted from 'a line source it has 
becn passihle, by adjiFting the distance between 
the lamp 'and a lens'pasitiouned in front of the 
lamp to obtain a 'horizontal plane of light coin- 
ciding with the plane of the smoke threads. In  
this way a shaip contrast between the dark back- 
ground and the smoke was obtained. The camera 
was mounted in the line A-B. 

. 

. .  

2.2 T e s t  method. 

During the tests the windtunnel speed wq - 
except for the hovering condition - kept constant 
at a velocity of ahout 2 m see'. The smoke gener- 
ators, four of which were used, were placed in 
various points of the horizontal plane throngh the . .. . , .. rotor axis.: : , :, ')- '_. - 1 .I . ., ~. -. . . . , .. . . , .  . 

.. ~~ . , , ~. . ,_,,.. 
3 The''fie1d of flow. 

3.1 General remarks. 

1 The obtained pictures of the flow pattern are 
given in fig. 4 to  fig. 15. The object of this 
investigation was in the first place to get a11 im- 
pression about the possibilities of this method of 
'visualizing the flow pattern. Thercfore, the wind 

.. velocity, the number. of. revolutions of the rotor 
" an& the thrust of the. rotor. were not measured., 

To get a t  least some idea of the flight oonditions 
corresponding with the given flow patterns,, the 
parameters ;/;and h/F*) were roughly ,dctermin- 
ed from the angle petween the direction. of the 
flow in front of the rot& and the rotor axis and 
from that one between the direction :of the slip- 
stream'at some distance ,behind the rotor and the 
rotor axis. The relations betweeli..these angles and 
the parameters mentioned a:hove 'are given in ref. I .  
Tliese paramcters define the working condition of 
the rotor; they can he plotted>in a. diagram:like 
fig. 3, from which the working condition can be 
read easily. . , .  

. .  . .  . 
, -  . .  

' .E' ' .  . .  . 

Fig. 3. Relationsliip bdtwxn diniensianlcss 

Points 6 1 :  i'efcr to fig$. G I s ,  
. ' rotoreocfficirnts. 

. .  - 
") = mte of e l i d ,  coefficient. - 

F = forrvard velocity eboffioicnt. '. 

A = axial flow weffieient. 
- 

The mto of elimh is memured peqmu3ieul.zr to the fotordkc, 
the fanvard veloeity parallel with the disc. 

These wcfficioots are qual to bhe corresponding velocity, 
diTtded by bhe the6retioal induwd velmity thmugh the 
howring disc. 
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3.2 2'ke flow pattern for various rates of climb 
and forward speeds. 

The pictures obtained fo r  these conditions are 
shown in fig. 4 to 15. Tlie corresponding values of 

x 2 and = are given in the subscripts. T,he flow 
P P 
patt,crn shows no desia.tions which are in contra- 
diction to the assumptions generally made with 
regard to  the induced flow through the  rotor disc. 
The increase in axial relocity when moving i n  
duwnst.reani ilirect,ion along the rotor axis, is 
clearly visible from t,he change of the diyection 
of the flow midei the rotor disc. 

3:3 

- - 

Ifoorizontal flights m d  climb u t  uas*ious for- 
ward speeds. 

The flow patterns for  these. conditions are shown 
in figs. 4 to 6 and do not show any new points 
of view. I n  horizontal flight the upflow in front 
of and through part of the rotor disc is shown 
clearly for the various working conditions. Fig. G 
presents a climb at low forward speed. 

3.4 Descending f l igh t  at "%om forward speeds. 

The vortex ringstate and the so-called region of 
roughness hcing the less known flight conditions, 
the flow patterns occurring in this region m r e  
tested more elaborately than those already dis- 
cussed. 

The results of these tests are shoxvn in fig. 7 
t o  15, from which some interesting results can be 
olitained. In the first place it became definitely 
clear that the rough behaviour of the rotor as 
already mcntioned in ref. 3 and 2, is due to the 
fact that in this working condition the flow has 
an nnstzble character. 

A continuous changing of the flow pattern with 
a constant periodicity can he observed. This mark- 
ed periodicity 'occurs especially at very low forward 
spec& and may explain the ehange in the rate of 
descent of a helicopter in the region of .mughness 
as ohserved during flights tests (see ref. 3).  

That the periodical shedding of vortices in pure 
vertical descent does not show the pronounced 
regolarity whicli occum when descending at a low 
forward speed may ,be due to the fact that in the 
last case the flow parallel to the rotordisc creates 
a direction of preference while in vertical descend- 
ing flicht disturbances in any direction may occur. 

Herefrom may be concluded that the possibility 
of a purc vertical descent will 'be utterably ques- 
tionnahle. The mechanism of the flow in this con- 
dition is not quite clear, a t  the time of writing 
of this report but more information may come 
available from cinematographic pictures which are 
being taken ,(see appendix of this report). 

The second point of interest lies in the oh- 
servation that at higher forward spceds tlie 1111- 

.stability of the f h v  pattern disappears completely : 
'tllis means that t,he region of roughness, when 
cliara.cterised as a flow with an unstable character 

, \  

I I' 
i 

I 
i ' 
I, 

is limited to a rather sharply bounded region of 
flight conditions as shown by the shaded area of 
fig. 3. 

4 Conclusion. 

1. The region of roughness i s  shown to be eharuc- 
terised hy a periodical changing of the flow 
pattern. 
From this unstable flow the observed changing 
of the rate of descent in this region may be 
explained. 

2. Tlie region of roughness occurring in descend- 
ing flight does not extend into the whole range 
of flight conditions, but is shown to he limited 
to  a rather sharply bound region a t  low for- 
vard speeds. 
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APPENDIX. 

The flow pattern in the region of roughness and 
vertical descending flight. 

Although the pictures shown in the preceding 
report, give a clear view of the flow pattern in 
stationary conditions, for the non-stationary con- 
ditions the results are not completely satisfactory, 
especially with regard to the region downstream 
of the rotor. 

Thanks to an order received from the "Dutch 
IIeliwpter Foundation" the making of a film of 
the various flow patterns became possible. From 
this film a series of pictures showing a complete 
cycle of the flow in the region of roughness when 
descending at low forward speed, are given in 
figs. 16.1 to 16.47 incl. They illustrate quite clearly 
the conclusions drawn from the observations al- 
ready obtained. 

In  Sigs: 17.1 t o  17.5 incl. some pictures are  shown 
taken with a normal t m e  camera. illustratina the 
typical flow patterns 'if the hefieopter rotor in 
vertical descent. 

These pictures show that the flow patterns as 
constructed by Brotherhood from flight tests are 
probably incorrect, due to the fact bhat daring 
these tests only part of the field of flow mas 
obse1ved. 

Completed: Fehr. 1950. 
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in the ea~leulation of the tunnel wall-interference. 
With these experimental values of thc aero- 

dynamic coefficients some flutter ealculations. have 
been performed for the case of bcnding-tor.;ion 
flutter of a rectangular wing, rigidly fixed a t  the 
root, with several values of the relative density 

parameter + and the positions of elastic and 
inertia axes. 

The results have hecn compared with t'l~osc, oh- 
tained with theoretical values of the aerodynamic 
eoeff icicnts. 

1.0 O8 w 0 0 . 2  0.4 06 

Fig. 1. Aorodpmmie farm noefficient, due to translation. 

in = k; + i k; 
Fig. 3. Aerodynaniio moment eoefficiont,.duo ta  translation. 

m = m 6 i  + i mor? 

Fig. 4. Acrodyunmic moment coefficient, duo to rotation. 
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span'visc 1 0 ~ 118 1) 1 2/8 b 3 / 8  b 418 b coordinate 

2 Procedure. 
The bendjng-torsion flnt,ter calc,nlitions have 

becn carried oiit for a. rectangular ming, fixed at, 
the root. 

According to the linearized theory of ref. 1, the 
aerodynamic force IC acting on the wing and thc 
momcnt 31 ahout the qnarter chord axis, both for 
unit span, can bc \rrit,ten as: 

71 ivl K = -  , ,, , 2 .  c .  [k,. A + k D .  B ]  . e , 
, I  

71 iu l  df == - p . u Z  , C' . [n~,. A + ntb. B ]  . e , 4 .  

Ac 
2 wherc - denotes thc amplitude of translation at  

the qnart.cr chord axis and B the amplitude of 
rotat,ion. The forcc K is positive when directed 
upward and the momcnt 81 .is positive whcn it is 
nose-heavy. The theoretical rallies of t,he Goeffi- 
cicnts k,, , l i b ,  n~. and n i b  have 'been ohtainecl from 
ref. 1, while the experimcntal values of the cocffi- 
cicnts l1i;rve hecn obtained from ref. 5 and arc 

5/S b 1 6/8 b 1 7/8 b I b 
__ 

T,he procedure means physically that,, f o r  an 
assumed value of the reduced freqricncy ,a har- 
monic oscillation is only possible, wl~en the ca3- 

VI? culated d u e  of the ratio corresponds with 

t,lie act.iial ialne of that ratio. 
Several differcnt wings hare hecn investigated 

with the following values of the positions oE 
clastic and inertia. axes, E A  and IA respectively, 
and of thc relative density parameter p. 

Y T  

v - ] T d 0 . 0 6 8 2  

1 EA 10.2 c 10.2 c 10.3 c 10.3 c 10.3 c 10.4 c 10.4 e 1 

0.1547 0.2152 0.4268 ~ G m  

The radins of gyration of the acrofuil aliont, tlie 
inertia. axis has hcen chosen 0.3 c for all1 ciises. 
It ,  Pias been assnmed that no internal.damping is 
present. 

3 Results and discussion. 
given in t,aihle 1 of this report. The results of the calculations are given ill 

In orilcr to  reduce the number of degrees of  fiwres sa to ya, tl,c 
freedom of the mechanical system with eontinuous- 
1y distributed elasticity and mass from infinite to nun-dimcnsional flutter specd cocffieicnt __ 
two, it has been assumed that hending and torsion 

VI? arc determined each by one prescribcd deformation is plotted aLqinst the ratio -T , while in the 
fonetion. VT 

fignres. 5b, c, d to 7b, e, d cross-plots of figures 5a 

the fi,oures to 7 ,  
2 V?, 

VTC 

Tshus: 
YEA 

iv t  irt : to 7a are given for three vulues of A = - . z = y2 ql . z, . c . F and = q2 . 'p i  . e , " T2 
Tile fignrcs 5a to 7a. show, that the expcrimcntal 

where q, and q2 dellotc t h e  llcw Trariallles and 5 ,  lie ,below partly a\)ovc tlrc 
and 7,  the awnmed deformation functions for hend- t~leorctical curves, SOme cases, flutter hecomes 
ing of the clastic axis and torsion respectively. for small values of the frequency ratio 
The functions z1 aud 'p, are given in the following 

, if the experimental coefficients are used (fig. 5s V 2  table. - 
vTz 

The two cquntions of motion have 'been solved 
liy aid of the C+&mm* procedure. The two pres- 
crihcd defoimation functions have also hecn chosen 
as weight fiinctions. (RAPLEMH-RITZ analysis), 

The flutter dcterminant 'has been solved for 
seaeral riilncs of the rcd,ueed frequency o with 

- and - as iinknown quantities, where vB 

m d  vT are tlic natura.1 angular frequencies of the 
wing in vacuum for bending and torsion. 

Thc non-dimensiona,l flutter speed coeffieiant. 
2 l lc,  __ t,hcn. follows from the formula 
"7 .  c 

"2 VH2 

V"Z VT* 

and 6a). T,he ,boundary curve through the point,s 
of intersection bctwecn the theoret,ieal and t,he 
cxpeiimcntal curves for differcnt vdnes of t,he 
relative dcnsity parameter p is also plotted in tbe 
figures Sa to 7a. It is seen, that the position of 
t,liese bonndary curves varies for the differen t 
eases investigated. This means, that the question, 
irhcther the flntter speed is increased or dccrcascrl 
by using the experimental aerodynamic cocfficicnts 
instead of the theoretical values, does not, only 

depend on t,hc parameters - and p, ,hut also on 

the positions of elastic and inertia axes. From 
the present invcstigation, it is impossible t,o dcrivf 
general rnlcs about this 'change in flutter speed 
for  the differcnt wing configurations. 

1'82 
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Considering the fact, that  bhe calculations with 
experimental coefficients give a reduction of the 
Oheoretical flutter speed u p  to a maximum of 
20 per cent in the cases investigated, it will be 
recommendable to use the experimental aerodyna- 
mic coefiicients €or future flutter calcul~ d t’ 10118. 

An analysis has been made about the influence 
of the separate experimental aerodynamic coeffi- 
cients on t i c  fluttcr qpeed. 

This has been done by replacing alternatively 
one of the theoretical coefficients by an experi- 
mental one in the calculations. The results of thls 
investigation, which has been performed only for 
one case, are given in figure 8. It is seen that, 

for the values of the frequency ratio which “2 
”,- 

may mcnr in practice (‘g < lj, tlie imaginary 
. .  

part of the coefficient ma is chiefly responsible 
for the decrease of the flutter speed. The,  fact, 
that the experimental cume is dosed, is caused 
presumably by the coefficient m a .  Hoivcvcr, it  is 
not certain whether this conclusion will hold UISO 
for other wing configurations. 

Since the experimental aerodynamic cocfficitmts 
are given only in three decimals, it can he dis- 
cussed, whet,her this is safi’iciently accurate. The 
results show that the points, compntcd with the ex- 
perimental values of the acrodynamic coefficients, 
lie on “0th cuwes without any perecptible scat- 
ter. Therefore, it  may he concluded tlrat the given 
cxperimental aerodynamic coefficients arc accurate 
enough for flutter calculations. 

4, Final remark. 

The question can rise, whether Elutter expcri- 
ments would give results, which agree with the 
flutter \speed, calculated with the experimental 
aerodynamic coefficients. Though it will he con- 
si,dered, whether such experiments will he carried 
out in due time, it may be remarked, that some 
reassons exist, which make it probable that the 

- experiment,s mill confirm the calculations. The 
first reason is, that the experimental aerodynamic 
coefficients have been determined from the equa- 
tion of motion by measuring the response of ‘ a  

means of springs (“forcing through a spring”). 
Since in flutter experiments also thc response of 
the model is measured and since, moreover, the 
assumption of linearity of the system has- Iieen 
confirmed in the prcsent experiments, it may be 
expected that the experimental fl’utter speed a.grecs 
with the enlculated one. 

Finally, it may be added., that in the cxperi- 
ments the REYXOLIS ‘number had only a small 
influence, provided that the boundary layer trans- 
ition was fixed by. a disturbance mire (ref. 2 ) .  

! 

l 

I wing mbdel, which is given forced motions hp 

I 

5 Conclusions. 

The ‘foblowing conclusions ’ can be drawn from 
the present investigation : 

i It is rocommendable to use the experimental 
aerodynamic coefficients, because the disere- 
pancies, as compared with theory, are not negli- 
gible, A decrease in flutter speed up to 20 per 
cent is ionnd by using the experimental coeffi- 
cients instead of the theoretical ones. 

ii For flutter calculations, the given experimental 
aerodynamic coefficients have a sufficient ac- 
curacy. 

6 List of symbols. 
A amplitude of translation at  the quarter chord 

axis divided by semi-chord. 
1: amplitudc of rotation. 
K aerodynamic force on the wing per unit span. 
11 aerodynamic moment about the quarter chord 

axis ‘per unit span. 
0 semi-span. 
c chord. 
t .time. 
?J airspeed. 
vC, flutter speed. 
z tramlation of the clastic axis. 
z, prescribed function of translation of the quar- 

ter chord axis. 
p relat,ive dcnsity parameter (ratio of wing mass 

to mass of cylinder of air  with diameter equal 
to wing chord). 

Y frequency (rad/see). 
Y~ uncoupled an,gular frequency of wing bending 

vT uncoupled angular frequency of torsional vibra- 

p .  a.ir density. 
9 coordinate of rotation. 
0 ,  orescribed function of rotation 

in vacuum. 

tion about the elastic axis in vacuum. 

.. . 
o rednccd frcqnency, (s) . 
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lnfluence of Compressibility on the Calculated Flexure-Torsion 
Flutter Speed of a Family of Rectangular Cantilever Wings 

h i  

J. IJFF. 

Summary. 

The fiutt,er speed of 27 sings with different positions of elastie and ilicrtia a e s  aid different ~ d m 8  of tho relatire' 

It ha.? been found that the infhiemec of eomprcssibility a n  be as well favorable BS unfavorable, depending npon the 
All results w e  preseritcd in a number of diagrams vllich also sliow the influence of blue other gam- 

i 

I 

density parmeter  hns ken  ealoulsted for three vahe-5 of thc Maoh number. 

m investig;Lted. 
, meters 0" the flutter 4pcod. 
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Influence of compressibility on flutter speed. 

speed. 

30 figures. 

This investigation has been performed by order 
of. the Netherlands Aircraft Development Board 
(S.1.V.) .  

1 Introduction. 

The rise of aeroplane speeds during the 'fmt 
two decennaries has made flutter calculations, 
based on the aerodynamic theory of a compressible 
.Elow, of increasing importance. 

Now that the aerodynamic theory of an oscil- 
lating wing in two-dimensioaal subsonic cmpres- 
sihle flow has been developed by in a 
rigorous analytical way and the numerical results 
of that theory hive hecome available ' (ref. 1) , . it 
is possible to correctly 'investigate the influence 
of compressibility upon the flutter speed. 

For this purpose a number of flutter calculations, 
referring to rectangular wings with various values 
of the relative density parameter, the positions of 
elastic and inertia axes and the flexurad-torsional 
st,iffness ratio, has been performed for the Mach 
numhers 0, 0.5 and 0.7. 

This work can be Seen as a. continuation of older 
work (ref. 2 )  carried out at bhe Nat. Aero. Res. 
Inst., where only incompressible flow was consider- 
4. Besides the introduction of compressibility, a 
further difference with ref. 2 is that the wings of 
ref. 2 have a taper ratio of The reason for 
this 'difference is that calculations for a tapered 
wing would have required the aerodynamic coeffi- 
cients in a compressible flow to he known for morc 
values of the reduced frequency y) then are given 
in ref. 1. This >vould compel to extei!sive inter- 
polation in the tables of ref. 1, which has been 
performed in the mean time, but which was not 
yet availahle when commencing the present in- 
vest,igation. 

This dilference entails the additional advantage 
of permitting a comparison between the flutter 
speeds for a rectangular and a tapered wing, pro- 
vided t,he flow is incompressible. 

Results obtained will also be compared' with 
those of GAI~RICX (ref. 3),  who has made some 
flutter calculations based on aerodynamic coeffi- 
cients tis computed lip FU~ER a n d  SKAX from 
Possro's integral equation. 

2 Procedure. 

Calculations for bending-torsion flutter of rect- 
angnlar mings, rigidly fixed a t  the rmt, and 
moving in a non-viscous .compressible fluid, have 
hecn performed on the basis of the aerodynamic 
theory of ref. 1. T,he aerodynamic forces. and 
moments, acting on the 'three-dimensional win's, 
have been ohtained by aid of strip-theoly. 

Bending and torsion are determined by one 
prescrihea 'deformation function each., thus intro- 
ducing a system .of two degrecs of freedom. The 
assumed deformation functions are given , i n  the 
following table: 



j 0 1/8 h j 2/8 b 1 3/8 b 4/8 b 14 6 / 8  h 7/8 b h 
spanwise 
coordinate ___ 
bending 1 0 0.0169 0.0682 I 0.1547 F . 2 7 5 2  1 0.4268 c y 9 8 3  1 

The two equations of motion have been solved 
by aid of the GAL-- procedure. The weight 
functions have been taken identically to  the de- 
formation functions. (RAYLEIGH-RITZ anitlysis). 

The flutter determinant has been solved for 
several assumed d u e s  of the reduced frequency o 

with -- and - as unknown quantities. YB and 

vT arc the uncoupled frequencies of theswing for 
bending and torsion in vacuum. The non-dimen- 

sional flutter spced __ then follows from the 

V 2  2 
vTz VIJZ 

2 u  
YT . e , 

I .formula 

I n  this way results are obtained which have the 
physical meaning that for the chosen value of the 

VlJZ reduced frequency those values of the ratio --r 
are determined, for which the wing can perform 
a hermoriic oscillation. 

Mathematically it is possible that a negative 

value of ~ - -  will he found, hut it will be clear 

that no physical meaning can 'be ascribed to nega- 

tive values of - . I n  actual wing constructions 

the values of *vi11 range from 0 to  about I .  

'The posit,ions of the elastic axis ( i A ) ,  the 
inertia axis ( I A )  and the value of the relative 
density paramcter y have heen varied and the 
following values have been used: 

VI( 

VBz 

UTz 

Y E z  

V2.2 

4 

' 

j E A  ~ 0.2 e I 0.3 c ~ 0.4 c 
I -I 

i I I I 

Thus the flutter speed has 'been calculated for 
27 cases, each for  three values of the Mach number. 

The radius of gyration of the aerofoil about the 
inertia axis has been assumed to be 0.3 c for all 
positions of the inertia axis. Internal damping has 
been neglected in all cases. 

The results of the flutter calculations are given 
in 'the figs. 1 to 30: The liondimensional flutter 

VB2 
has becn plotted against the  ratio - ' 2 u  

V 2  
speed __ 
in the figs. 1. to 27 for each combination 'of the 

YT . c 

papimeters which have been varied. Six combin- 
ations show no flutter possibility at all ( E A =  
l A = 0 . 3  e and E A  = 0.4 e, IA=0.3 e) .  

2 ' U  I n  fig. 28 the non-dimensional flntter speed __ 
has been plotted against the relative density para- 

Y E 2  meter y for three values of the stiffness ratio - 

'(1, 0.5, 0). I n  the same way the non-dimensional 

flutter speed -- has been plotted in fig. 29 

against the position of the inertia axis and in 
fig. 30 against the pasition of the elastic axis. 

It is possible that for a certain value of the 
airspeed, the divergence speed, the steady moment 
of the aerodynamic forces about the elastic axis 
exceeds the restraining elastic moment (static in- 
stability). By putting v . = 0  (and 0 = 0 )  in the 
flutter determinant it is possible to calcrilate the 
divergenee speed and the results of that calcula- 
tions can also 'he found in the figs. 1 to 27, where 
it is seen that the divergence speed is independent 

of the ratio 2. 
I t  will be clear that the divergence speed forms 

an upper limit to the speed range of the wing, 
jnst as the flutter speed, but it is seen that in 
all cases vhera a finite flutter speed is found the 
flutter speed is the Iower limit. 

The divergence speed increase!; with the relative 
density parameter +, This can he explained, since 
the increase in p can he realized either by de- 
creasing air density or . b y  increasing wing den- 
sity; in the first case the aerodyrlamic forces are 
diminished, while in the second c a e  the elastic 
moment is increased. 

When the elastic axis lies forward of the quarter 
chord axis, the moment of the aerodynamic forces 
is always stabilizing and thus the divergence speed 
is infinite (cases 1 to 9) .  

3 Influence of compressibility on flutter speed. 

In  ref. 4 it is suggested that the effect of 
compressibility can be taken into account by ad- 
ding a correction fa&or 1 - $fa. based on the 
PRAXOTL-GLAUERT d e ,  t o  the critical speed, de- 
termined by aid of an incompressible aerodynamic 
theory. This means that compressibility Tould 
always lower the flutter speed. 

However,. it bas been shown by GARRICK (ref. 3) 
and it is confirmed by .the more complete d d a -  
tions in this report that, depending on .the value 
of other parameters (st iffnm ratio and relative 
density parameter), compressibility may as well 
rise as lower the flutter,speed. 

YT . c 

vT2 

2 U  
YT . c 

"T 
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I t  follows from figs. 1 to 27 that compressibility 
is favorabli if us'> v T ;  however, for the more im- 
portant rekion vB < vT its favorablc effect cxists 
only for d u e s  of the relative density paramcter 
p smaller than 16 (see fig. 28). In  general, the 
conclusion of GARRICK .(ref. 3) that the influence 
of Compressibility is small, can he rctained if 
V B  < v T ,  though thcre are some cases where larger 
differences appear (e.g. E A = 0 . 2  c, I A = 0 . 3  c 
and E A  = I A  = 0.4 e ) .  

I n  conclusion, it may be remarked .that present 
airworthiness requirements for flutber speech in 
compressible flow, which are based on the P R ~ ~ L -  
G L A ~ R T  rule, will in most cases be f a r  too con- 
servative for large Mach numbers. 

4 Influence of other parameters on the flutter 
speed. 

Although these ealculatioion~ have been primarily 
intended to study the influence of compressihilit? 
on the flutter speed, it is possible' t o  study 
also the influence of some other parameters, viz. 
positions of elastic and inertia axes, relative den- 
sity parameter @, uncoupled wing frequencies vB 
and v T  of the first unconpled hending and torsion 
mode and the taper. 

Some conclusions about bhe influence of these 
parameters on the flntter speed can he taken from 
the older NLL work (ref. Z) ,  while a general 
survey of British work has been presented by 
WILLLWS (ref. 5). 

Since in an early stage of thc development of 
a new design it is very difficult to obtain rather 
accurate data concerning the positions of the elastic 
and inertia axes, it is important to know how the 
flntter speed varies with the positions of elrratic 
n n d  inertia nzes. This can he found in figs. 29 
and 30. The fol1,oiving conclusions can hc drawn: 

a) for positions of the elastic axis af t  of the 
inertia axis no flutter is possible unless both 
axes are f a r  behind the quarter ohord axis 
(e. g. is 0.4 e) .  In the latter case, the aero- 
dynamic coupling miiy induce flntter. Hence 
it is more advisable to diminish the distance 
hetween the t v o  axes hy shifting forward 
the inertia axis than hy shifting baokkward 
the elastic axis. 

varying the position of the elastic axis ahead 
of the pasition of the inertia axis, i t  is seen 
(fig. 30) that there exists a minimum in 
flutter speed \Then the distance hetwecn 
both ' n e s  is about 0.1 .e. As this is a 
common case i t . is  seen that either a small 
variation in the position of the elast,ic.axis 
or a small variation in the' position of the 
inertia axis causes in enera1 very small 
variations in the flutter speed. 

: 

. .  

b) 

A further important parameter in a flutter cal- 
culation is the relative densit$] parameter p. 

It follows from. fig. 28 that in general an in- 
crease in p causes an increase in flutter speed, 
provided the frequencies are kept constant. This, 
for instance, is realised when the air density p is 

diminished. The same'is found in ref. 2 for a wing 
with a taper ratio of hut tlie increase in 
fliittcr speed with p is slou.er in the case of ref. 2. 
This result is confirmed by the measurements of 
refs. 6 and I. 

The increase in flutter speed with increasing 
value of p is such that the critical dynamic pres- 
sure $ pwz decreases towards an asymptotic value. 

T,his conclusion, which holds independently 
whether fi increases by decrease of air density or 
by increase of wing density, provided this occii~li 
uniformly - a l l  over the wing, can he shown as 
follows : 

Let it first be assumed that the non-dimensional 

flutter speed coefficient __ varies ' proportion. 

ally to V p: Since Jc = - = , it follows 

im,mcdiately that + pu* will 'be constant. As in reali- 
ty the flutter speed coefficient increases less than 
proportionally to v, the conclusion is that ;t 
decreases slightly with increasing p. 

The influence of  the uncouppled frequencies of 
bending and torsion vg and vII on the flutter speed 
can' be examined from figs. 1 to 27. It must he 

YB2 kept in mind that the values of -, occurring "2 
in actual wing constructions, are nearly always 
smaller than 1, and hence, only tlie part  of t,he 

diagrams for  which 2 is between 0 and,  1,, >has 

to be considered. 
When the hending frequency vg is increased, the 

flutter speed will first decrease to a certain mini- 
mum and thcn increase to infinity. The minimum 
is in nearly all cases of a.ny importance found at 

values of - between 0.6 and 1.4 and hence it 

YE2 may be concluded that for actual values of - 
VP2 

an increase in will decrease the flutter speed. 
It is well known that one of the mast effective 

ways in which 21 can. be increased is to increase 
the torsional stiffness, i. e. vT. 

Indecd, if all other parameters, including the 

ratio - are kept constant, the flutter speed will 

"P2 be proportional to vT. If, however, vB and not -- 
"TZ 

is kcpt constant, it 2ollo1vs from nearly AI fi,rmres 

that for -!% bctween '0 and 1, the 'flutter speed 

increases more than proportionally to vT. 
For other values of the Mach number the same 

conclusio~~s bold. As has already heen mentioned 
in see. 3, the influence of compressibility on the 

"2 flutter speed is changing a t ' a  certain value of - 
"? 

from unfavorable to  favorable. 
The results of the present calculations referring 

to M = 0 have been compared with those of ref. 2, 
mere a wing with a taper ratio of l/a (tip chord = 
'/, root chord) was considered. Comparing a reet- 
angular wing and a tapered wing with equal mean 

. . "T.C 
- ni constant 

P pv? 

Y T 9  

4 
VTZ 

'"2 ' 

"** ' . .  

YT 



area, i. e. equal mean chord,’ and taper ratio ‘ / i t  
it follows that the ordinates of the figures in ref. 2 
must be multiplied by a fa.ctor 1.5, since the flutter 
specd is then made dimensionless in both cases by 
aid of the mean semi-ohord. This. leads to  the 
dotted lines in figs. 1 to 27. It. is seen that in 

the region 0 < < 1 the tapered wing, in gener- 
”7 

ai, has a smaller flutter speed than the rectangu’lar 
wing if vT and 

TO simplify the evaluation of the aerodynamic 
force,  flutter calculations for a tapered wing are 
sometimes made by assuming a rectangular wing 
with the same reference chord as the tapered wing. 
The reference section is usually taken at 0.75 b. 
For ‘comparing rasults the ordinates of .the figures 
in ref. 2 have to be multiplied by 2, i. e. the 
ordinates’ of the dotted lines in the.pres:nt report 
by 1.33. It then follows th t  the dotted lines come 
usually above the drawn lines for M = O  and 
hence, the approximation by a rectangular wing 
of the same reference chord at ?/=0.75 h and 
the same uncoupled frequencies will mostly be 
conservative. Taking the chord of the rectangular 
wing equal to that of the tapered wing in the 
soction y = 0.7 b, wonl~d for taper ratio I/:, yield 
results which, on the avera.ge, are slightly better. 

The conclusion that a tapered wing has a 
smaller flutter speed than a rectangnlar wing of 
equal area and frequencies is in agreement with 
ref. 8, where the same conclusion is reached for a 

are assumed to be t,he same. 

v -  coefficient K=,, vT denoting the coupled 

torsional frequency. It is shown also in ref. 8, 
that if instead of frcqncncies stiffnesses are kept 
constant, the flutter speed increases if the wing 
becomes more highly tapered. 

V T  c 

5 Conclusions. 
&l’i 

The flutter speed of 27 rectangular wings with 
different pmitions of elastic and inertia axes and 
different values of the relative density parameter 
has hem calculated for Mach numbers equal to 0, 
0.5 and 0.7. The main eonelusions are: 

lo) For oalues of p smaller than 15 the influence 
of compressibility on the flutter speed is 
favorable, but for larger values of p the 
effect may be adverse, especially if vg < v T .  

Zo) The well known fact, that  increase in the 
relative densitu parameter p causes an increase 
in the flutter speed, is not generally valid 
when compressibility bas been taken into ac- 
count. Then, there are cases where a minimum 
in flutter speed exists for a certain value of p. 

3 9  The rapid increase in flutter speed, which 
occurs when the inertia and elastic nzes ap- 
proach each other, is, in general, more pro- 
nounced for higher Mach numbers. 

4O)’ The conclusion that for  fixed position of the 
inertia axis and varied position of tke elastie 
asis, the flntter speed becomes minimal if the 
elastic axis lies about 0.1 c ahead of the inertia 
&is, ,holds for all Mach numbers. 

59 I n  the actual range of values of the ratio of 

the bending and the torsional frequency 2 
”T 

(from 0 to l), an increase in bending frequency 
decreases the flutter speed while increase in 
torsional frequency increases this speed very 
rapidly. This conclusion holds also for all 
Mach numbers, though both effects are less 

pronounced for values of the ratio - near 1, 

if the &Inch number is higher. 

Y E 2  

“ 2  

. . .  6 List of symbols.. .. . 
M - Mach number. , . 
b - semi span. 
c - wing chord. 
1 1 semi chord. ” 

w - flutter speed. 
p ’- relative density parameter (ratio of mass 

of wing to mass of cylinder of air of dia- 
meter equal to chord of wing, both taken 
for equhl len@h along span). 

’ 
’ 

- frequency (rad/see). 
Y E  2 uncoupled frequency of iving bending in 

vT - uncoupled frequency of torsional vihrations 
shout the elastic axis, in vacuum, (rad/sec). 

p - air density. 

o - reduced frequmcy -_ 

vacuum (rad/see). I’ ’ ’ , .  

4 
u 

. .,,. 
. r , ’  , 7 List of references. 

1. T~I&LAK,  R., VAN DE V o o m ,  A. I. and G m m w s ,  J. H. 
“Aorodpamic CoPffieients of an Oscieillating -4irnfoil 
in “wo.Dimenjioni4 Subsonic Fuow”. J. Aero. Sci. 18, 
no. 12, Deo. 1951. , ’ , .  

2. VAN DE VOOKEN, A. 1. and C m m m s ,  J. R. “Diagrams 
of Critical Flutter Speed f o r  Wings. of B Certain 
‘Stsndard.Type”. Report V. 1297, Nat. Aero. Res. Inst., 
h t e r d a m  1947. : 

3. &“OK, I. E. “Bcnding-Torsion Flutter Calculations 
Xodifiod by Subsonic Compkssibility Corrections”. 
NACA TR 836. 1946. , ,. I 

4. TKEOWRS~, T. an,d G ” i ,  I. E. “Mechanism of 
Flutter - A Theor&iexl and Experimental lnveritiga- 
tion of the Flutter Problem”. NACA, TR 685, 1940. 

5. WILLWM, J. “Aircraft Flutter”: :;R: and M 2492, 
1948. 

6. CASTILE, G. E. and &a, R.. W. “Some Effects of 
Density and Maoh Number o p  the Flutter Specd of 
‘Two Uniform Win@’. NACA T N  1989, 1949. 

7. WWIAT&, D. S.’snd CASTGE, G. E, “Some Effects 
of Variations in Sovoral Paiamcters Including Fluid 
Density, on the Flutter Speed of Light Uniform Canti- 
lover W i n d ? .  NACA TN 2558. 1951. 

8. DUNCAN, W. J. and G R I F P ~ ,  C. L. T. “The Influcnwe 
of Wing Taper on the Flutter of Cantilever Wings”. 

‘ R  and X, 1669, 1939.’ 

F 10 



- 7  

Figs. 1-9 



I- , I  

Figs. 10-18. 
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lnfluence of Compressibility on the Calculated Flexure-Torsion 
Flutter Speed of a Family of Rectangular Cantilever Wings 

d. IJFF. 

Summary. 

Tho flndter speod of 27 wings with diff,ermt positions of elastie and inertia axes and diffemnt vdues of the relative 
density parameter hw becn calculated for three rahw of the Maoh number. 

I t  Im I m n  found bhat the influem? of eompressihility can be m well fauonble as un%:morahle, depending upon the 
PIL*C investigated. All resalts axe prweated in 3 number of diegrms which also show thc influence of the other para- 
meters nn the flutter spoed. 

Contents. 

1 Introduction. 
2 Procedure. 
3 
4 Influence of other parameters on the flutter 

5 Conclusions. 
6 List of symbol?. 
7 List of references 

Influence of compressibility on flutter speed. 

spced. 

30 fi, wres. 

This investigation has been performed by order 
of the Netherlands Aircraft llerelopmcnt Board 
(X. I. V.) .  

1 Introduction. 

The rise of aeroplane speeds during the last 
two decennaries has made flutter calculations,. 
based on the aerodynamic theory of a compressible 
flow, of increasing importance. 

Now that the aerodynamic theory of an oscil- 
lating wing in two-dimensional subsonic cmpres- 
sible flow has been developed by in a 
rigorous analytical way and the numerical results 
of tAhat theory have become available (ref. 1), it 
is possible to correctly investigate the influence 
of compressibility. upon the flutter speed. 

For this purpose a number of flutter calculations, 
referring to rectangular wings with various values 
of the relative density parameter, the positions of 
elastic an4 inertii axes and the flexural-torsional 
stiffness ratio, has been performed for the Mach 
numbers 0, 0.5 and 0.7. 

T:his work can he seen as a continuation of older 
.work (ref. 2) carried out at the Nat. Aero. Res. 
Inst., where only incompressible flow was consider- 
d. Besides the intrwluetion of compressi'hility, a 
further difference with ref. 2 is that the wings of 
ref. 2 have a taper ratio of ' I 3 ,  The reason for  
this difference is that caleulations for a tapered 
wing would have required the aerodynamic coeffi- 
cients in a compressiblc flom to be known for more 
valnes of t,he reduced frequency o then are given 
in ref. 1. This would compel to exteusive inter- 
polation in the tables of ref. 1, which bas been 
performed in tlie nienii time, hut wlhich was not 
yet available when commencing the present, in- 
vestigation. 

This difference entails the addit,ional advantagc 
of permitting a comparison hetweeii the flutter 
ape& for a rectangular and a tapered wing, pro- 
vided the flow is incompressible. 

Results obtained will also be compared with 
those of G.mrncii (ref. 3 ) ,  who ' has  made some 
flutter calculntions hased on aerodynamic coeffi- 
cients as comput,d by Fu'm and S K A x  from 
Pmsro's integral equation. 

2 Procedure. 

Calcnlations fo r  bending-torsion flutter of rect- 
angular wings, rigidly fixed at the root, a.nd 
moving in a non-viscous compressible fluid, have 
been perfomned on the basis of the aerodynamic 
tlieory of ref. 1. T.he aerodynamic forces and 
moments, acting on the three-dimensiollal wings, 
have been obtained by aid of strip-theov. 

Bending and torsion are determined by one 
prescribed deformation function each, thus intro- 
ducing a system of two degrees of freedom. The 
assumed defoma.tion functions are given .in t'hc 
following table':. 



1 0 I 1/8 h 1 218 h 1 3/8 b 1 4 / 4  5/8 b 6/8 b 1 718 b b 

0 0.0169 0.0652 0.1547 0.2752 0.2268 0.6039 0.7983 1 

spanwise 
coordinate 

bending I= 
The two equations of motion have been solved 

by aid of the G ~ ~ E R K I N  procedure. The weight 
functions have been taken idcntically to the de- 
formation functions. (RAYLEPGH-RITZ analysis), 

The f,lutter determinant has been solved for 
several assunied values of the reduced frequency o 

with -- and - as unknown quantities. vB and 

Y T  are the uncoupled frequencies of the Iving for 
bending and torsion in vacuum. The non-dimen- 

siond flutter speed __ " then follows from the 

formula 

4 V Z  

4 vB2 

"T . c 

__=- 2 vc? 1 I/ YB2 Y2? , 

Y T . C  O YYZ ' "E- , 

I n  this way results are ohtained which have the 
physical meaning that for the chosen value of the 

reduced frequency those values of the ratio --r 

are determined, for .xhich the wing can perform 
a harmonie oscillation. 

Mathematically it is possible that a negative 

value of 3': will be found, .but it will be clcsr 

that n o  physical meaning can he ascribed to  nega- 
YB2 

tive values of- . I n  actual wing constructions 
4 
"2 

the values of -will range from 0 to ahout 1 
VTZ 

The positions of the elastic axis ( E A ) ,  %he 
inertia axis ( I A )  and the value of the relative 
density parameter p have been varied and the 
following values have been used: 

VBz 

VZ' 

VTZ  

Thus the flutter speed has 'been calculated for 
27 eases, ea.ch'for three d u e s  of the Mach number. 

The radius of gyration of the aerofoil about the 
inertia. axis has heen assumed to  be 0.3 c for all 
positions of the inertia axis. Internal damping has 
been neglected in all cases. 

The results of the flutter calculations are given 
in the'figs. 1 to 30:' The non-dimensional flutter 

"2 
speed __ 2v has hem plotted against the ratio - 

Y T  . c VTZ 

in the figs. 1 to 27 for  each combination 'of the 

' 

parameters which have been varied. Six combin- 
ations show no f,lutter passihility at all (EA= 
IA  = 0.3 c and E A  = 0.4 e, I A  = 0.3 c). 

2 'U In  fig. 28 the non-dimensional flutter speed __ 
"T . c 

has been plotted against the relative density para- 
Vi+* meter p for three values of the stiffncss ratio - 
"? 

(1, 0.5, 0). I n  the same way the non-dimensional 

flutter speed -- has been plotted in fig. 29 

aga.inst the position of the inertia axis and in 
fig. 30 against the position of the elasbic axis. 

It is possible that for a certain valuc of the 
airspeed, the divergence specd, the steady moment 
of the aerodynamic forces ahout the elastic axis 
exceeds the restraining elastic moment (static in- 
stability). By putting v = 0  (and w=0) in the 
flutter determinant it is possible to calculate the 
divergence speed and the results of that calcula- 
tions can also 'be found in the figs. 1 to 27, where 
it is seen that the divergence speed is independent 

of the rat,io 2. 
I t  will be clear that the divergence speed forms 

an upper. limit to the speed range of. the wing, 
just as the flutter speed, but it is seen that in 
all cues where a finite flutter speed is found the 
i'lut,ter speed is the lower limit. 

The divergence speed increases with the relative 
density parameter p. T,his can he explained, since 
the increase in p can be realized either by dc- 
creasing air density or .hy increasing wing den- 
sity; in the first case the aerodynamic forces are 
diminishcd, while in the second case the elastic 
moment is inereasod. 

When the elmtic axis lies forward of the quarter 
chord axis, the moment of the aerodynamic forces 
is always stahilizing a.nd thus the divergence speed 
is infinite (cases 1 to 9).  

3 Influence of compressibility on flutter speed. 

In ref. 4 it is suggested that the effect of 
eomprcssibility can he taken into m o u n t  by ad- 
ding a correction factor 1 - If?. based on the 
PRAXDTL-GIAUERT rule, to the critical speed, de- 
termined by aid of an incompressible aerodynamic 
theory. This means that compressibility would 
always lower the flutter specd. 

However, i t .has been shown by GARRICK (ref. 3) 
and it is confirmed by -the more complete calcula- 
tions i n  this report that, depending on the value 
of other 'parameters (stiffness ratio and .relative 
density parameter), compressibility may as well 
rise as lower the flutter speed. 

2L. 
Y T  . c 

"7 
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I t  fdlows froin figs. 1 to  27 that compressibility 
is favorable if vB > v T ;  however, for  the more im- 
portant region vB < vT its favorable effect exists 
only for values of the relative density parameter 
p smaller than 15 (see fig. 28). I n  general, the 
conclusion of GARR~CK (ref. 3) that the influence 
of compressibility is small, can he retained if 
vB < v T ,  though there are some cases where larger 
differences appear (e.g. E A = 0 . 2  e, I A = 0 . 3  c 
and E A  = I A  = 0.4 e). 

In  'conclusion, it may be remarked that present 
airworthiness requirements for flutter speeds in 
compressible flow, which are based on the PR.4KDTL- 
GLAUERT rule, will in most eases be f a r  too con- 
servative for  large Mich numhers. 

4 Influence of other parameters on the flutter 
speed. 

Although t,hese caleulatioils have been primarily 
intended to study the influence of compressibility 
on the flutter speed, it is possible to study 
also the influence of some other parameters, viz. 
positions of elastic and inertia axes, relative den- 
sity parameter *, uneoupld wing frequencies w B  
and vT of the first uncoupled bending and torsion 
mode and the taper. 

Some conclusions ahout the influence of these 
parameters on the flutter speed can he taken from 
the older X I L  work (ref. 2), while a general 
survey of British work has been presented hy 
WILLIAMS (ref. 5).  

Since in an early stage of the development of 
a new design i t  is very difficult t,o obtain rather 
accurate data concerning t,he positions of the elastic 
and inertia axes, it is important to know how t,he 
flutter speed varies with the positions of elaatic 
and inertia m e s .  This can be found in figs. 29 
and 30. The following conclusions can :be draum: 

a) for positions of the elastic axis aft of the 
inertia axis no flutier is possible unless hoth 
axes are far  hehind the quarter ohord axis 
(e. g. is 0.4 e) .  In  the latter ease, the aero- 
dynamic coupling m a r  indnee flutter. Irenee 
it is more advisahle to diminish the distance 
between the t,wo axes by shifting forward 
the inertia axis than by shifting backward 
the elastic axis. 

varying the position of the elastic axis ahead 
of the p,osition of the inertia axis, it is seen 
(fig. 30) that there exists a minimum in 
flutter speed' when the distance hetween 
hoth axes is about 0.1 e. As this is a 
8common case i t , i s  seen that either a small 
variation in the position of the elastic axis 
or a small variation in the position of the 
inertia axis causes in general very small 
variations in the flutter speed. 

. .  

h) 

A further important parameter in a flutter cal- 
culation is t h e  relatiue density parameter p. 

It follows from fig. 28 that in general an in- 
crease in p causes an increase in flutter speed, 
provided the freqnencies are kept constant. This, 
for instance, is realised when the air density p is 

diminished. The same is found in ref. 2 for a Fing 
with a taper ratio of hut the increase in 
fluttcr speed with p is slower in the case of ref. 2. 
This result is confirmed by the measurements of 
refs. 6 and 7. 

The increase in flutter speed with increasing 
value of p is such that the critical dynamic pres- 
sure 2 @ decreases towards an asymptotic value. 

T,his conclusion, whieh holds independently 
whether p increases by decrease of air density or 
by increase of wing density, provided this occurs 
uniformly all over the wing, can be shown as 
follows : 

Let it first be assumed that the non-dimensional 

flutter speed coefficient __ varies proportion- 
2 u  

. .  "I. c 
constant , n I 

ally to  V ,  Since p = - 0 = 
O " 2  

, It follows 
, .  

immediately that 2 pu2 wi7Il 'be constant. As in reali- 
ty  the flutter speed coefficient increases less than 
proportionally to  v, the eonelusion is that + ,,v2 
decreases slightly with increasing fi. 

The influence of the uncoupled frequencies of 
bending and torsion vB and, vT on the flutter speed 
can be examined from figs. 1 to'27. It must be 

kept in mind that the values of ..', occurring 
Y T 2  

in actual wing constructions, are nearly always 
smaller than 1 and hence, only the part of t,he 

diagrams fo r  which - is between 0 and 1, 'has 

to he considered. 
When the hen'ding frequency YB is increased, the 

flutter speed will first decrease to a certain mini- 
mum and then increase to infinity. The minimum 
is in nearly all cases of any importance found at 

values of - between 0.6 and 1.4 and hence it 

VI? may be concluded that for aetua:l values of 

an increase in v g  will decrease the flutter speed. 
I t  is well known that one of the most effective 

ways in which u can. be increased is to increase 
the torsional stiffness, i. e. vT . 

Indeed, if all other parameters, including the 

ratio , are kept eonstant, the flutter speed will 

vBz 

v r z  

Y B l  

y r l  

V1' 

VBZ 

"2 
"LIS be proportional to w .  If, however, y B  and not - "2 

is kept constant, it follows from nearly all figures 

khat f o r %  between 0 and 1, the flutter speed 

increases more than proportionally to v T .  
For other values of the Mach niimber the same 

conclusions hold. As has already been mentioned 
in see. 3, the influence of eompressihility on the 

"2 flutter speed is changing at a certain value of - 
"72 

from unfavorable to favorable. 
The results of the present ealcu'lations referring 

to M = 0 have been compared with those of ref. 2. 
were a wing with a taper ratio of (tip chord = 

root chord) was considered. Comparing a rect- 
angular wing and a tapered wing with equal mean 

"T 
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area, i,. e. equal mean chord, and taper ratio ‘I/:, 
it follows bhat the ordinates of the figures in ref. 2 
must he multiplied hy a factor 1.5, since the flutter 
speed is then made dimensionless in hoth cases by 
aid of the mean semi-ahord. This leads to the 
dotted lines in figs. 1 to 27. It is seen that in 

the region 0 < - < 1-the tapered wing, in gener- 

al, has a smaller flutter speed than the rectangular 
wing if vT and vB are assumed to be the same. 

To simplify the evaluation of the aerodynamic 
forces, flutter c&lculations for a tapered wing arc 
sometimes made by assuming a rectangular wing 
with the same reference chord as the tapered wing. 
The reference section is usually taken a t  0.75 h. 
For comparing results the ordinates of the figures 
in ref. 2 have. to  he multiplied by 2, i. e. the 
ordinates of the dotted lines in the present report. 
hy 1.33. I t  then follows that the dotted lines come 
usually above the drawn lines for M = O  and 
hence, the approximation by a rectangular xving 
of the same reference ch0r.d at u = 0.75 h and 
the same uncoupled frequencies will mostly he 
conservative. Taking the chord of the rectangular 
wing equal to that of the tapered wing in the 
section y.=0.7 b, wodd for taper ratio yield 
results which, on the average, are slightly bet,ter. 

T,he conclusion that a tapered wing has a 
smaller flutter speed than a rectangular wing of 
equal area and frequencies is in agreement with 
ref. 8, where the same conelusion is reached for a 

coefficient IC=--, vT denoting the coupled 

torsional frequency. It is shown also in ref. 8, 
Ghat if instead of fiequencies stiffncsses are kept, 
constant, the flutter speed increases if the lvving 
becomes more highly tapered.’ ’ 

L’B 

”T 

v -  
VT c 

. .  

6 Conclusions. 
ll’! 

The flutter speed of 27 rect,angular wings with 
different positions of elastic and inertia axes and 
different values of bhe relative density parameter 
has been calculated for 1\Zach numbers equal to 0, 
0.5 and 0.7. The main conclusions are: 

lo) For vcllzces of p smaller than 15 the influence 
of ‘compressibility on the flutter speed is 
favorable, but for larger values of p the 
effect may be adverse, especially if vB < vT. 

Zo)  The well known fact, that increase in  the 
relative density parameter p causes a.n increase 
‘in the fliitter speed, is not generally valid 
when compressibility has been taken into ac- 
count. Then, there are cases where a minimum 
in flutter speed exists for a certain v,alue of p .  

3 9  The rapid increase in flutter speed, which 
wcum when the inertia and elastic nzes ap- 
proach each other, is, in general, more pro- 
nounced for higher Mach numbers. 

4’) The conclusion that for fixed position of the 
inertia axis and varied positich of the elastic 
axis, the flutter speed becomes minimal if the 
elastic axis lies ahout 0.1 c ahead, of the inertia 
axis, holds for all Mach numbers. 

5 9  I n  the actual range of values ,of- the ra,tio of 

the bending and the torsional frequency 2 
(from 0 to l), an increase, in, bending frequencv 
decreases the flutter speed while increase in 
torsion.al f iequeney increases this speed very 
rapidly. This eondusion holds also for all 
Mach numbers, though both effects are less 

pronounced for vahes of the ratio - near 1. 

if the Mach number is higher. 

YT 

“B2 

v? 

, . ,  . .  . . .  6 , .  List of symbols. 

W - Mach number. 
b - semi span. 
e - wing chord. 
2 - semi chord. 
v - flutter speea. 
p - relative density parameter (ratio of mass 

of wing io mass of cylinder of air of dia- 
meter equal to chord of wing, both taken 
for equal lcn’gth along span). 

Y - frequency (rad/see). 
vg - uncoupled frequency of wing hending in 

vacuum (rad/”. 
yT - uncoupled frequency of iomional vibrations 

ahout the elmtic axis, in vaeuum . (rad/sec) . 
p - air density. 

1 .  

. .  o - reduced frequency ” 2  . - 
v 

~I I 
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An Approach to Lifting Surface Theory 
I 

I A. I. VAN 1113 VOOREN 

Summary. 

By using B =r ia  expansion for the eliorfi!vix vorticity distrilr~tian, x set of integral rquations fo r  the coefficients 
i; this expansion is ahtairuxl. I n  t,ke simplest e;uc this set of integral cquat,ions simplifies into VIIEEBIXGEER’S quetion. 
kll chordwise integrations can be performed by aid of pivotal points for \\-liieh tlre lmt positions arc derived. A function, 
given explicitly in the report, must be cvvaluated in these paints. 
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This investigation has been performed by order 
of the ’ il‘etherlands Aircraft, Development Board 
(N. I.V.). 

1 Introduction. 

In report F.121 (ref. 1)  a generalization of 
PRANUIZ’S equation has ,h&n given for swept wings. 
Like the original P R M ~ L  equation it yields good 
approximations to the actual pressure distribution 
on the wing as long as the aspeet ratio is not too 
small. For the case of small aspect ratios one has 
to resort to more accurate methods, such as there 
are on one side WJILSEWER’S method (ref. 2) which, 
however, yields only the lift ‘but not the moment 
distribution, and on the other side methods more 
c1,osely related to lifting surface theory. Among 
the lifting surface theories there are available 

FALLYEX’S method ,(ref. 3) and ‘a recent method 
developed by NULTHOPP (ref.. 4).  

Though M U L ~ O P P ’ S  method mill probably lbe 
snfficiently accurate for many practical problems, 
i t  still has the disadvantage of being restricted to  
chordwise pressure distributions of t;lie type 

3 
2 

A,eot - + A ,  sin3,  (1.1) 

where 9 is the chordwise angular coordinate 
(3 = 0 corresponds to  the leading edge). It 
is true that by a refined choice of bhe points 
where the downwash is t a h n  into account 
(pivotal points), the influence of the omitted 
term A, sin 2 2  upon lift and moment of the 
wing is diminished, !but only in a two-dimensional 
flow t,his influenee vanishes exactly. Even if the 
wing is parabolically cambered, the pressure dis- 
tribution will ,be more or less different from the 
type (1.1) due to the effect of “induced ember” ,  
t,hat is due to the chordwise varying ‘downwash 
induced by the trailing vortices. And if, more- 
over, the profile is ,“-shaped or “cambered“ as a 
result of flap deflection, pressure . distr?hut,ions 
strongly differing from (1.1) will oceur. Though 
the f o p u l a e  of the present report neither can be 
applied immediately to  the ease of a deflected 
eantrol siirfaee, the metho& seems liahle to exten- 
sion in that direction. 

The present method is developed as a @neral- 
ization of REWXER’S derivation (refs. 5 and 6)  of 
WXJSIXGER’S method. The generadimtion involves 
that this derivation now also applies to tapered or 
swept wings and, moreover, that in prineiple no re- 
strietion needs to be made about the pressure distri- 
Imtion.. This latter feature allows the presentation 
as a lifting surface theory and makekes the method 
also applieahle to wings of small aspect ratio. 

It would not have ‘been possible to present a 
method whioh can handle more intricate p r w u r e  
distrihntions .than (1.1) if no simplifieation wW1 
regard to  MIJLTH~PP’S method would have been 
tonnd. This simplification is obtained by remark- 
ing a certain duality between the accuracy re- 
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quired for the integration over the vortices (in 
MULTEJOPP'S method the emluation of the influence 
coefficients i and j )  and bhe number of terms 
assumed in the series for the pressure distribution. 
I t  mill :he shown (See. 8) that after splitting off 
t,he two-dimmsional downwash, ,the integration 
over the vortices can he performed by aid of 
as many pivotal points as are used for  the.deter- 
mination of the downwash. nhis principle has 
also been employed by W m o m  to rQduce his 
F-method. to  the C-method without any significant 
loss of accuracy. 

Finally, the ,best position for the pivotal points 
is given. For the pivotal points required in deter- 
mining the downwash, the result agrees wit,h that 
of Mu~,morr .  nhe pivotal point,s required for the 
integrat,ion of t,he downwash lie at equal distance 
hut a t  the apposite side of the mid-chord line as 
the first mentioned set of pivotal 'points. 

I t  is expected that the prescnt m e t h d  will be 
particularly usefnl in cases of small aspect ratio, 
where the number of ehordwisc pivotal points 
has to be increased, while the number of spanivisc 
stations may h e  diminished. The spa.nwise inte- 
gration is not considered in this report, but it is 
advised to  rperfonn t,his in the way described by 
~ J ~ L T H O P P  (ref.. 7) .  

2 List of sykbols. 

7) semispan 
f ' I 

-1, . 

the z-coordinate of the wing mid-chord line 
semichord at nnbitrary sect,ion 
semichord at mot section 

1' I/ (z-zo)* + (y-y")z 
w domilwash (positive downivard) 
z coordinate in flirht direction (nmitive 

I .~ . . ,hackward) 
?I coordinate in spanwise direction (positive 

xo ~ ?yo 5, u-coordinat,es ,of the point,, where the 
downwash is calculated . .  

' a local angle hetween lines (=constarit and 

to stanhoard) 

. 7 =constant 
f , ~ ,  coordinates defined 119 eq. (3.2) , 

y., yu vorticity Components along X- and Y-axes 
.vorticity components in the directions of :': .''~ fli& and mid-chord line 

' ' . c ,  ratio.of foot chord to wing span,- 
I,( 

I : . 11 

.r taper ratio 
q aixle of sweem 
i.. .. 'eiriulation 
.7 
Ii 

fnnction defined by cq. (3.18) 
f.nnetion defined by eq. (5.3) 

3 The integral equation of a lifting surface. 

The expression for the downwash in an arbitrary 
point zo, yo of the lifting surface is found by ap- 
plication of BIOT and SATART'S law as 

The X-axis coincides with the direction of un- 
disturbed flow relative to the wing (see fig. 3.1), 
while the Y-axis is perpendicular to the X-axis 
in the plane of the wing. yo and yv are the T-orti- 
city components in X- and Y-directions, while 1' 

I X  

Fig. 3.1. Wing plm form. 

denotes the distance between the points zo , yo and 
z, y, 1. e. 

r = v (z-$L, )z  + (y  - y0)Z. 

A denotes the wing area and  A' the area of 
the wake. In the wake yv vanishes and y .  is con- 
stant in X-direction. 

It has heen shown by XEL%%ZR (ref. 5 )  haw for 
rectangular wings without sweepback eq. (3.1) can 
he reduced to a form from which P R A X ~ L ' S  in- 
tegral equation for the lifting line as well as 
\!'.F.!S"Ei's A- and F-methods follow by suitahle 
approximations. The rodiiction given' hy REIS~XR 
is only valid if both the lcading and the trailing 
edges are perpendicular to  the.main stream velo- 
city. IIowever, it appears to he possihle to gener- 
alize this reduction to wings of :general plan form 
provided new coordinates, 6 and 7 are introduced 
hy the t,ransformatioil . ,  

where 3: = f ( v ) ,  i. c .  in the new coordinates e = 0, 
denotes ' the mid-chord line (fig. 3.1) and Z(7) 
stands for  the sem-chord; (=-l and t = l  
determine the leading and trailing edges respect- 
ively, while '7 = i- 1 denote the tTvo tip-chords: 

Conseqnently the vorticity vector y is now dc- 
composed (see fig. 3.2) into . .  . 

4 

wl~erc a denotes the local angle between the lines 
t=constant an$ ?=constant. I n  *nerd, a will 
cary over the whole 'plane of .  the wing. It is 
determined by the foimula 



the accent denoting differentiation toward 7, 
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Hence, ccp. ( 3 . 6 )  can he riplaced shy 

n,nd 

As final preparation for the transformation of 
eq. (3.1) into < and ,7  coordinates, it is remarked 
that the surface dement dxdg must he replaced 
I)?. 

By aid of eqs. (3.5) and (3.10), formula (3.1) 
now becomes 

. .+ 
Deeoinporitioii of vortjcity T i r t o r  y .  Fig. 3.2. 

'Thc rcversc 'foimulnc of (3.3) are 

The advnntage of the transformation (3.2). is 

that at  the leading edge y lies in 7-direction 
u~liich nieans that yE vanishes. Due to this property 
a transfoimation Of cq. (3.1) by aid of 'par t ia l  
integration j1)ecomes pussi'ble, which could not be 
performed in the x ,  eoorGinatcs. This partial 
integration is ,liascd iipon t,he followin,g formulac 
in  x, !j-eoordinates 

+ 

l 
' 

-=_ 

(3.6) 

Z - X ~  a Y--?/,, 
IJ  

and 

mhile after application of eqs. (3.9) t,he result is 

I t  

whieli easily can he verified. In the (, n rwrdin;~. - .  a a 
au ax 

tes the operators - m d  - arc to he replaced 

hy 

(3.8) 

where use has heeti made of tlie fact that Y,, = 0  
for t> 1. 

Similarly, the equation of continuity 

mill now ,he transformed to #- and 7-coordinates. 
By aid of cqs. (3.5), (3.7) and (3.8) it is obtained 
that 
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Uy nsing eq. (3.4) i t  is found that 

a sin a a cosa a tan a +cos=-= __ =tana __ 

+ - cosa, 

at a t  at 

a t  
a cos- E' 

b = t a n 0  __ 

and the continuity equation becomes 

1 a?,, Y u  i' 1 a y , e o s a  -_ f - - cosa + - 

. 

= o  
* L a g  Z b  1) a7 

Or 

Integration to [ bctween (=-1 and $='+ 1 
\ yields for the wake vorticity (i. e. 5 1)  

(3.13) 1 dr 
YE =-- - b d7 ' 

where the circulation r is giveii by 

i I 

= 1  1 Y r  eosadf=1 Y u d [ .  (3.14) 

I n  deriving eq. (3.13) use has been made' of the 
first mill second of the following boundary eon- 
ditions 

-1 -1  

\ f=-l  I Y E = o ;  t /  1, y * = O ;  

? = * I ,  y,=o. (3.15) 

By partial integration to [ the last term of eq. 
(3.11) heconies cqual to 

which by aid 'of eqs. (3.12) and (3.13) may he 
replaced by 

Sinco 

this yields together with the first and second terms 
of the right hand side of eq. (3.11) the following 
expression for the downwash 

W ( C " ,  70) = 

M&ing use of eqs. (3.7) and (3.8) and replacing 
moreover yr  cos a by yv , it is ohtained that 

w ( h  I 7") = 

where the differentiation to 1~ must be performed 
by keeping z constant. Tl~iis 

I,ct this foim he put equal to 

or 

The functiou J is ouly determined hy its deri- 
vative to 7 and hence it is equal to the indefinite 
integral given in (3.18). J appears to he a 
function nhich has a finite discontinuity in those 
sections 7, where either leading or trailing edge 
has a kink. Assuming that this occurs only in the 
centre section, partial intcgration to  7 of the first 
term of eq. (3.16) leads, after siihstitution of eqs. 
(3.17) and (3.18) to 
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I J ( f o , 7 < , ;  & 0 - ) - J ( t 0 , % ;  t , O + ) I  (h )v=~  - .I'+?. 
-i 7 

If there are more.scctioIis where J has a finite 
discontinnity, eq. (3.19) can,casily he. generalized. 

Hence, in lifting siirface theory, the downwash 
in a point zo, yo is, without any approxi'mation, 
given by a formula of the type of cq. (3.19). This 

t,he function y u ( f ,  7 )  . i n  the wing region A. Tlhe 

By substitution of eqs. (4.1) and (4.2) into eq. 
(3.2) it is f o m d  that 

z = b I 7 j tan p ' +  b(1- 7 1 7 j ) f ,  
cxpression contains a single unknown function, viz. u = b q .  

. homing  to bc positive, it is ol~taiiied that 

iiinction J ( & ,  , q o ;  <., 7)  can .lie cvaluatcd for any 
given wing plan form. 

The denration of cy. (3.19) is not qnite rigorous 
since the first temn of the right hand side of 
cq. (3.16) contains an im'proper integral of which 
t,he principal vitlne in the sense of C~ucnr- does 
not exist. Howrer, a. more careful ,but also more 
laborious derivation is possible ,by ealciillat,ing the 
downwash in the point (zo, yo ,  eo), a i d  then 
letting apuroach z, the value 0. This leads t,o the 
same equat,ioii (3.19) as is shown in Appendix I. 

1~'indIv. it mav hc remarked that for an tin- " ,  . 
a l a  

a!! b a, swept wing, wlic~e - = --, it follou~s from 

cqs. (3.17) and (3.18) that 

1' .I = I, 
(Z--")(!/-?/?/a) ' 

which is in  accordance with refs. 5 and 6 

4 Calculation of the function J ( , t , ,  qo ; f ,  7)  

For any given plan form of the wing t h e  fqlc- 
tion .7 can be caleul@xl; this calculation will now 
lic performed fo r  the case that eaeh semi-wing is of 
traipczoYda1 form. 

Then the mid-chord linc has the cquation 

5 s f ( ? )  = I 7 I tan Q, (4.1) 

rrlicrc p is the angle of sivecphnck. The chord is 
determined Ily the  relation 

l = L (  I - - r l 7 l ) ,  (4.2) 

wherc I ,  denotes the root chord and 7 the taper 

ratio defined by __ ' - ' I  if 1, is the tip chord. 

IIcnce ? = O  denotes a wing of constant chord 
and ~ = l  a triangular wing. 

1, 

With the ~n l~~ t i t i i t i on  7 -7" = t, tlle intcgral 
(3.18) becomes of tlic type 

ivliicli is equal to , 

(4.5) 
v(a + Pt)' + bZtZ 

at J =  

and (4.8) 

which, in general, are two different vahies. 

5 Isolation o f .  the two-dimensional downwash 
term. 

In chordwise direction the function J becomes 
infinitely largc for 



f = &' denotes the line of constant [-coordinates 
on the left wing passing through. P(&, q 0 ) ?  see ,, 
fig. 5.1. This follows. by remarking .that B'Pf 
Z , ( l - q , ) [ o ,  BC=CD=bT,tanp and D E =  
1,(1 + ~ 7 ~ ) .  I t  may occur, as in fig. 5.1, that the 

. ,  . .  
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Fig. 5.1. Positions of thr lines i; = ~ , . : u ~ d  f =  f ;  

. 
line $=to' falls behiud the trailing edge of the 
left wing (.$:> 1). ' I n  such case the chordwise 
integration on the left wing does not contain the 
singular point hut it remains ad,visuble to split 
off the singularity. 

.It will now die s h o m  that separation of this 
singiilarity is i & n t i d  to isolation"of the two- 
dimensional downwash. 

I t  follows from eqs. (4.5) through (4.7) that 
the . singula,r part (i. e. singular in [) of the 
function J ( & ,  v 0 ;  t, 7 )  is given ,hy 

The snbstitutiou gives rise to the folloning in. 
tcgrals to 7: 

Hencc, the first and third terms of the R.H.S. 
of eq. (3.19) become after substitution of eqs. (5.2) 
for J .equal to 

as cati easily be verified. 
It follows from eq. (3.4) that 

b 
cos a =' . V ( y +  (Z')'+ bZ 

, 
a i d ,  t'rom eqs. (4.1) arid (4.2) that f ' = b  tan ip 

id 1' = - LT (if > 0). Hence 

. ,  I b  
cos a = __ V G l ,  1 , J f ) Z  + 02 

Hcnce the function If((", 'lo; f ,  q ) ,  defined 'by , .  

ri = 

--I I t  will now be investigated what is the contri- 
hntion of the sinqilar part of J to the right hand It will be clear that yu15' lo)  is the component 
side of co. (3.19). When substitutinz eus. ( 5 2 )  cos a((,>) 
into the first term of the ,right handu@& of eq. 
(3.19), the integration to q can he carried out. 

of .the vosticity parallel to the line 6 - 5, .  If 7 

were zero, i.e. a constant, (5.6) would represent 



exactily the two-dimensional downwash. In order 
that the conception . tvio-dimensional downwash 
exists for a tapered wing, it has to he interpretcd 
as that value of the do\vnwash in P which Rould 
occur if the dimensions in the local spanwise 
direction at, P arc stretched infinitely, compared 
with ehordwise dimensions. la dhis generalized 
sense, (5.6) represents also for a eipered.wing the 
two-dimensional downwash. ' , 

Thc result is that instend of eq. (3.19) one may 
writc 

6 Investigation of the function S(<, , q o ;  <, 7). 
This function will first be investigated as fuiw- 

tion of 5 and 7 for fixed virlucs of to titid I ) ~ ,  
13-Iiile qa is positive. 

1". The region whcre It-(" (<. [ 1 - qo 1 
(Region I in fig. 6.1). After snbstitutton of 
( = <" + 6 into the first equation (5.3) thc 
result is 
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The. sign of K is determined b y ,  that of 
t an  t+ - E&;  it is .independent 'of .q .  For' most 
swept-hack wings, K will lie positive in region I. 
If the point [ o , ~ o  is chosen in such a way that 
U& =tal i  9, K vanishes at the line 

In  the ireigh,hourhood of the iline 6 =E; at the 
left wing (region IV) K is given: similarly by 

= to . , 

+ O ( 6 )  q <o.  (6.2) 
2". The region whcre 1 q - q o  1 (( .I <-to 1 
Eq. (5.3) leads immediately to the approsi- 

(ltcgion I1 in fig. 6.1). 

mation in region 11: ' 

3". The cnrve wherc IC vanishes (111 in fig. 

The tiominator of the first eq. (5.3) becomes 
6.1).  

q u a l  to 0 if 

4". The function K is discontinuous in  1 for 
7 = 0 .  

I 
Fig. 6.1. Positions of different mgians. 

ILzkin'g tise of the assumption 1 S 1 < . 7 I , 
the function can be approximated in region I by 

tan p - ET<,, + __ - 1 K =  ~ 

17--7"1 V(tanp---r5,)2+ 1 
+ O(S),  'T > 0. (6.1) 

Since the right hand sides of these two 'expres- 
sions are uneqnal, IC is discontinuous in 7 fo r  7 = 0. 

Fig. 6.2 sho\vs lines of constant IC values on the 
wing for the particular case. , 

E = 1/2, T = 112, Q = 7/4, 
= 1/2, qo = 1/2. 

The frinction w311 now be. investigated for  the 
case t,hat q o = O .  According to cq. (5.1) &,' is 
tlren cqiial to t o .  

Near the lines E = &  and 6=&' the func- 
t,ion K ' i s  determined ,l)y cqs. (6.1) and (6.2) if 
7" = 0 is suhst,it,uted. 

At both sides of the centre section K fol- 
lows from cq. (6.3) with vO=O.  

K vanishes at the cume obtained )by snb- 
st,it,ut,ion of = 0 in cq. (6.4) mhile 7 may assume 
lrot,h positive and negative ralues. 

The discontinuit,y in K for q = 0 remains 
finile if 7" approaehes 0, since eqs. (6.5) yield 
that, both K ( < o , 7 0 ;  & O + )  and K ( t o , v 0 ;  [,e) he- 

1 have as - - for v a +  0. 
% 

1". 

2 O .  

3". 

4". 
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'5": For & = 0  the sccord and third terms of 
the right: hand. side of eq. (5.7) contain integrals 
of which no principal value exists though the sum 
of t,he two integrals remains finite. This is due 
to the 'fact, that .YE and hence, according to eqs. 

(3.13) and (3.14), also -and- have oppdite 

valnes for q = O +  and.?=@-. Since it follows 

ayy d r  

tl '.O 
-1.0 -aa -0.6 -0.4 -a2 0 .  to.2 0.4 . 0.6 0.6 

Fig. 6.3. Value@ of li ( ' I z ,  BIZ; f ,  u )  OIL the iviik plan fumm. 

from eqs. (5.3) that, if q,,=O,. the function Ii 
behaves near q = 0  as I/q and the denominator in  

1 the integrand of t,he second term behaves also as -, 
'I 

it mill be clear that no principal value exists. If, 
however, the expression (3.14) for r(4) is su1)- 
stituted, the. sum of the second and t l~ i rd  terms 
in  eq., (5.7) hecomes 

. .  . .  

1 
'I 

and since K - - remains finite everywhere, in- 

eluding q = 0, it is soeii that this slim give9 always 
a finite eontrihotion to the downmash. 

7 Introduction of chordwise vorticity distribu- 
tion. 

. ' The ap11roxiniate solution of eq. ( 5 . 7 )  will bc 
ohtained #by introducing a scries expansion towards 
C for Z y U ( t , q ) .  It is well-known from two-dimen- 
sional thepy that the vorticity a t  the loading edgc 
h'qomes infinitely large; while it vanishes at the 
trailing .edge due'  to the Kutta condition, Tbese 
features are retained for a finite wing and hence 
the following cxpansion exists: 

where 

i. e. 3 = 0 and 71 a t  the leading and trailing edges 
rcspeetively. 

W,hen eqs. (7.1) and (7.2) are substituted into 
cq. (5.7), the integration toward t can be perform- 
ed. From er~. (3.14) follows that 

5 s -  cas 3, (7.2) 

F ( v )  = X  (%('I) + %(?) I  
aiid hence 

U ( t 0  > 'I") = 

I 

- a t o , q o ; + ) l  c,2(0) (7.3) 
\r11ere 

i 
I i c , ( to ,v , , ;7 )=  1 I ( ( E ~ , ~ ~ ; L ~ )  eot ,a<, 3 

--1 . 
I (7.4) 

I i , , (<u ,q , , ; t )=2  J ' ~ ( ~ ~ , ' I ~ ; ~ , q ) s i t i n > d t ,  
-1  n = 1,2, . . , 

The fuiictio~~s ci (7) are &ermined hy t,liis in. 
tegral equation in 2 variables together with their 
hounrlary conditions ci ( -C I)  = 0. 

Since cq. (7.3) must bc satisfied idelltically in 
<", the coefficients in the Foourier expansions of 
lef t .  and right hand sides t.oward 9,, where 
&, =-cos  9,, must he the same. Before expand- 
ing into Fourier series, eq. (7.3) will hc multiplied 
I,?. C O S . ( t " ) .  

W ( t " , ? " )  cos&) =w,('I,1) + 2 xw2u, , ( ' I , J  cos?n9,, 

~ " ( t " , , ? , , ; ? ) c o s 4 ( ~ o ) = K . o ( ' I o , ' I )  + 

Introducing 
. m  

-!=I 

(7.5) 

(7.6) 
m + 2 

whcrc 

2 K,,,,,(q,, q )  cos m9,, I t  = 0, 1, ... 
m=i  

x 

." 
1 =-J  7 Ii,(t,,,,;'I) eosa(&) cos1~t90d30, 

, n, m = o ,  1, ... (7.8) 
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cq. (7.3) yields the following infinite set of inte- 
grd equations in 1 variable: 

WO(70)  = 
t 

1 "  
4 m b  , , S O  

+ __ { ~ , , " , ( ~ ~ , O + ) - K ~ ~ ~ ~ ( ~ ~ . , O - ) } C ~ ( O ) ,  
n1=1,2, ... (7.10) 

Togctlier with the boundalyconditions ci (-C 1)=0, 
these dctermine the unknown functions c i  (7). 

8 Approximate solution. Choice of pivotal points. 

In practice only a few, say r ,  of the functions 
~ ~ ( 7 )  will be taken into aceoulit. Hence, i= 0, 
1, ..., 1'- 1. However, the method to be dealt with 
in this section should only be applied for r~ 3. 
Hi T is taken equal to 1 or 2, the method of See. 9 
is to ,be preferred since it allows in these cases 
a more accurat,e determination of lift and moment 
tllau the methcd givcn in this section. 

i = O , 1 ,  ...,?- 1. 
arc considered, eq. (7.10) is left out of account 
for  1 1 1 ,  r while the summations occurring in the < '  remaining equations must .be taken from n = 0 to 
11=r.-l1. This means that the functions IC,, 
cqs. (7.4), are neglected for ?t> r. The problem 
is then to deteiminc the functions KO for ?z < r, 
i. e. integrals of the types 

\ 

If only the functions c i ( 7 ) ,  

\ 

(8.1) 
- I  

wit11 s w h  an occnracy tha t  the error is of the 
order 

f ( ( )  sin 113 d& $1 \ r, 
--1 

since the latter iiitegrak are neglected. This means 
that the folloming approximation for f ( f )  may be 
used : 

Y 

f(E) = n o  + 2 &eosm>. (8.2) 
,,,=I 

By giving the value oE f(.$) in 1' + 1 arbitrary 
values of <, the function is completely determined 
provided . i t  is of  the type (8.2). The integrals 
(8.1). tlicn can be calculated. However, it appears 
to ,be possible to choose r special values of -(, so- 
called piuotul points, and if f ( f )  is known in these 
points and is, moreo\'er, of the type (8.2), the in- 
tegrals (8.1) can also be obtained exactly. This 
Ilrocedure is the same as that used in a similar 
case hy klmrmom (ref, 4) for r = l  and 2. . 

The integrals will become equal to 

/f(*) sin 1~3 d< = p,, f ( & )  11. = 1 ,2 ,  . . . r - 1. 

It appears (see App. 2 )  that the position of the 
pivotal points is determined by the general formula 

*=1 --1 

2 s - 1  
9 ,  = 2 v , + 1  T, s = l , Z , . : . . r .  

The values of the quantit,ies pca are btitainecl by 
substituting cq. (6.3) into eq. (8.2) and equating 
the coefficients of u,. 

The values o f  the quantities & and pie are given 
in table 8.1 for r = 1 .  

It it is assumed, as has ,been done by eq. (8.2), 
that K ( t o ,  v 0 ;  (, 7)  is a polynomial of degree T i n  f ,  
eqs. (5.3) and (5.4) show that it may also bc as- 
sumed that H(&,, f , ~ )  is a polynomial of de- 
gree r in <" . I n  ease of an untapered wing (. = 0) 
t,he assumptions are exactly equivalent. Moreover, 
no greater errom d l  be involved if it is assumed 
tlrat 

~ ~ ( 6 0 , v o ; t , 7 )  c o s 4 L )  and ~ ( t o , q d  e o s 4 & )  
are also polynomial? of degree r in f o  . Ilknee for 
the evaluation of the integrals (7 .7)  and (7.8), 
i. e .  of integrals of the type 

11 (to) COS m9, d3, , W L  = 41, .. . T - 1. (8.4) d i 

j7 7. 

it may be assumed that 
v 

h(&)  = bo + 2 b,  cos 11.9,. ( 8 . 5 )  
?,=I 

Similar to eqs. (8.3) the integrals (6.4) hccome 
equal to 

h(t ,)  cosnt>,d>,= 

= 2: ~ , ~ . 8 ? ~ ( & , , s ) ,  nz=O, l ,  ... T-1. (S.6) 
*'=I 

Since for any value of nt the left hand side of 
eq. (8.6) is independent of b,  , the right hand side 
must also bc independent of b , .  Hence, it can be 
concluded a t  once that the pivotal points are deter- 
mined by the condition 
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TA!J3LE 8.3. 

Quantities required for the evaluation of the integrals' (8.4). 

3s 

1 

1 
4 
3 

1 
6n i  
1 
2 
5 
6 =  
1 -= . 8 
3 
S T  
5 

.8 
7 
8 =  

- 
2 :  

-7 

- 
4 7  

- 

--a 

- 

- 

-7r 

- 

I 
- 

t* . 
- - 

0 

- 0.7071 

f 0.7071 

- 0.8660 

0 

+ 0.8660 

-0,9239 

:- 0.3827 

f 0.3827 

'f 0.9239 

- 

i.1107 

- 1.1107 

0.9069 

0 

- 0.9069 
: 

0.4512. 

0.6011 

.- 0.6011 

- 1.4512 

0.5236 

1.0472 

0.5236 

0.5554 

- 0.5554 

- 0.5552 

0.5554 

I 

. .  

3 1 3  

1 

2 

2 

4 4 I .  

1 

1 

2 

3 

3 

2 s- 1 
2 r  cORr99,=0 o r  9,= __ x s = l , 2  ,..., 1: 

Tarhlc 8.3 contains the reslilting values for 
and qis  for r = 1 to r = 4. 

I n  this vay  all' quantities in eqs. (7.9) 'and 
(7.10) ~ P C  known except the unknown functions 
c;(?).  This integral equation can ,be solved by one 
of the known methods..(ref. 7) ,  which will not 6c 
considered hcre fnrthermore. 

1 

2 

9 Approximations based on lift, first and higher 
moments. 

Instead of operating mith the expansion ,coeffi- 
cients c i ( q )  it is possible to usc the integral 
quantities . .  

, .  I 

9 , ~  ==r(V) =I  / "uvd~,  
-i , , .  

; 1  

g , ( q ) = L  [ u " e o s n 3 d b .  n=o;l, ... (9.1) 
I , -,t 

. '\:; 

dcuoting lift, first and higher . moments rcspec- 
tively. By suhstitution of eqs. (7.1) and (7.2) into 
eq. (9.J) the following relations are found: 

% ( V I  =- (Cd?) 'f %(?I) I 

% ( V ) ' = & ?  { G o ( ? )  f G * ( ? ) ) ,  (9.2) 
~ , ( q )  =h r{ -c , , - t (q )  f cn+t(q)) if II 4 2 ;  \ 

.. 

PO* 

3.1416. 

1.5708 

1.5708 

1.0472 

1.0472 

1.0472 

0.7854 

0.7854 

0.7854 

0.7854 

0.6011 

- 1.4512 

. 1.4512 

- 0.6011 

The advantage of the functions gi(q) compared 
with thc functions ci(q) is that two of them, viz. 
g o ( ? )  and g , ( q )  determine already lift and moment 
of the wing, while, three of the ci-functions are 
required to attain the same purpose. Before pro- 
ceeding to the special cases r = l  and 2, the 
general set of integral equations, based on the use 
of the gi-functions, will he derived. 

This is performed 'by multiplying eq. . .  (7 .3)  with 

3 
2 

cos a($) tan 3 , cos a($) sin m9,, 
. ,  

m=1,2, ... (9.3) 
respectively and integrating to & from - 1 to f 1. 
Since , .  

co(7ij-2 ~,i, ,(qo)co~iio 
. f  

- 1  

-1 
the result is: 
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&part from the factor cosa( f , )  the weight func- 
tions (9.3) are the, same as th.ose introduced by 
FLAX (ref. 8) mhen solving the ,basic integral 
equation of lifting surface theory hy aid of the 
adjoint variational. principle. 

It may he remarked that if in eq. (7.3) 
. .  , 

K" ( t o  3 l o  ; I) C d  (7) 
is ,replaced by .K,(t,, q.; i)g,,'(V), 

where , . .  
i .  

2 '  ZJt" 2 7"; 7 )  = 7 / Ji(t,, v 0 ;  t, 7) cos n9 as., 
\ n H l  

ai;d a similar rednetion is made for the last t e m  
in cq. (7.3), eqs. (9.5) and (9.6) can be written in 
terms of the gi-fuiictions only. 

However, when taking into accouht only r un- 
known functions, hrger '  errors are ' made when 
g r ( q )  is neglected than when a(7 )  is neglected. 
This is due to the fact that g,(t)) is of the same 
order as (7) according to eq. (9.2). Hence, the 
-best way is to retain the terms containing e,(?) 
fnnctions in.tlie form in which they are given In 
eqs. (9.5) and (9.6) and to express c . (?) ,  % =  
0,"l .._ rt-1 into gn(l), n=0,1 ... r -1  by aid 
of the first r equations .of the. set (9.2) while 
iieglecting & ( q ) .  This leads to the same result as 
would be obtained when &(I) is replaced by the 
linear, combination of go(q ) ,  , gl(7), ... g , . - ~  (7) 
which follows .from eqs. (9.2)iand then substituted 
into.the form ~ m ( & , ~ o ~  qjq,, ':(~). 

For r =  2, cqs. (9.2) yield 

U 

irhile for r = I 
1 

cd7)  = RO(7) 

The mmt accurate way for evaluating integrals 
of the type (9.4) when using r pivotal points is 
similar to that described in Sec. 8 when referring 
to the integrals (8.1). 

By suhstitution of 3 = T - 2, the integrals (8.1) 
traFsform into integrals of the type (9.4). Hence 
the pivotal points are determined hy the formula 

2 s  
2 r + l  >,= __ ~ , s = l , 2  ,.._, r 

while the coefficients p i ,  are darely related to 
t,hose used in. Sec. 8 (see table 8.2). 

After having performed the integmtion to' to 
the ,integral eynations (9.5) and (9.6) can be 
solved ?or t h e  nnknovn functions g i ( 7 ) .  

10 Comparison with Weissinger's result. 
, ' .  

. , -  . 

For the particular case r = l  it might .be ex- 
pected that the present result becomes identical 
to that of Wnss~vont's L-method (ref. 2 ) .  Indeed 
for r = 1, .eq. (9.5) becomes equal to 

2 1 w (4, io) cos a(&), tan , ,+ d L  = d oo(qo)  - 
' I  . 1 , .  

. . .  -1 

. .  
or, after performing the integration to to by aid 
of the pivotal point t ,=l /2 ,  

After performing also the integration to 6 in- 
volved in K ,  by aid of the pivotal point t = - ?h 
the result is 



. 1  t ( u$, 70;-+ ,  o+)  .- 4 7rb 
- ~ W , q o ; - + , @ ) I  IlO(0). (10.1) 

It lias h e m  shown by &msx (ref. 5 ,  see also 
ref. 6) that for  the case of a rectangular unsmept 
wing’ W ~ S I K ~ R ’ s  L-method leads to  an equation 
idcntieal to that resulting from (10.1) when T and q 
are taken equal to 0. It can casily .be.verified that 
WELS-SLXGER’S general result used in the L-method 
corresponds to  ell. (10.1). 

11 Recapitulation. 

By a suita’ble reduction of the expression for 
the doi~nwasli in an arhitrary point of a lifting 
siirfacc, an integral cqnat,ion in txyo variables for 
the pressore distrhution is ohtained. This eqiiation 
contains a function J [&,, 7<,; 6, 7 )  which is wholly 
dctermined <liy the phu~form of t,lie wing. T,his 
funct,ion is evaluated in See. 4,  where it appears 
that J is singular 011 the right, wing if q = or 
[ = &, a n d  singu1~1.r on t,lie . left, wing if t = f,,’ 
(t,: ,Iiciiig the [-coordinate of the point (E< ,  , qo)  if 
this point is con side red^ as a poiiit of tlie elongated 
left wiilg, sce fig, 5.1). The (-singularity ea i i  ‘lie 
avoided 11. sj)lit,t,ing off t,he tmo-dimensional down- 
n“. The remaining fi~nction, c;illed I < ( ( ” ,  v ~ , ;  (, q) 
is singular in tlie section 7 =‘I,, , while it lias like J 
II diseontinuity for 7 = 0. This fnnction bas hecn 
investig;ited in See. 6. 

By introducing a series expansion for  the clrord- 
wise vorticity distribution the integral eqiia.tion i n  
two variables can he transformed into an infinite 
set of integral equations' for  an infinite numiier 
of fiinctioiis of one variable. If the series is elit 
o f f  after, ~ u y  r terms, a set, of 1’ integral equations 
for I~ fnnctions is ahtained. It is shown that n i t h  
this approsinintion cert;iin int.egrals may also die 
;ipproximat,ed. by cralnat,ing them hy nid of 1’ 

pivotal points. The pmit,ion of these pivotal points 
is chosen in siich a way that the errors Imome 
iiiinimum, 

If only 1 OP 2 terms of the series cspoiisioii 
tire tal~cri .info account, the procedure is sliglit,ly 
vnricd since it is adva.nt%cous to identify then 
the unknown functions with the l if t  and mommt 
distrihntions. It is shown that for r= I .the 
method liecomes identical to that of We~msc.eI{. 
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APPENIIIS 1 
. .  

More’rigorous derivat,ion of cq., (3.19). . . . 

Sinre in t,he deriration of cq. (3.19) as given 
i n  the main text, integrals have (been used of which 
110 Cauohy principal value cxists, a more rigorous 
derivat,ion is yrcscnted here. Then the downwash 
is first, calcnlatcd i n  a point (2 ,  , uo , z,) just a h e  
t,lie liftin,g surface ( 2 ,  small, hut # 0), ivhile only 
at, the end the transition z+ 0 is made. I 

It ciiii ci~qily ‘he verified that for  s o #  0 BIOT 
and S . ~ A I W ’ s  formnla (3.1) remains uncha.nged, 
I”%led 

‘r= I/ (z.-zo)2 -+ ( y -  u O ) z  i- z , , ~ .  
, . . .  

Eqs. (3 .6 )  arc t o  hc rcplaced 

: I n d  

Pnrsuing the reduction leading to  eq. (3.11), 
it, is l‘oond tliat cq. (3.11) has to he changed into 

* *  

” 1  
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.: ., Siiice 
. . rz + so2 - - 1 

(u-,&)* + x o S  [(z-z0)Z -t 2,") ((y-yyo)2 + 2: ) ' 
f 1 

(Z-Zg)2  + z,;p 

the final formula for the  downma.sh replacing eq. (3.16) becomes: 

"".J)=-,// -1 -1 ly!, ay ( ( r - Z 2 , ) ~ + z 0 * ) ( ( y - - ! / D ) 2 + Z g Z }  

The iniictii~n .I is'tlicn introduced as 

1 .i 1 

lit&-- __ 
4 T h  - , ?-q0 ' f dr'a7 d t l .  

b a X - Z 0  V - Y o  r2 f zgZ 
1' 

. a  2-zo y-yz r2 + zgz 
. .  J( t " ,%;b?)=rJ2  / - au {(z-z,)~+z:) { ( I V - L ) ~ + Z ; Z )  r a? 

and in t,his indefinite integral t,lie limit z, --f 0 caii For the right .values of 3, emh set must 'be 
he taken, which lea& to the original defjnitioii sol\-a.hle in the coefficients p i a .  This means that 
of J as given by cq. (3.18). Since eq. (3.19) is lietween the r + 1 equations of caclr set a relation 
also obtained in this way, i t  is clear that the (if t,lie type 
results are the same, \diether or not a small valne 
of z, is iiitroduccd. A" + A, cos>, +  cos^ 9; + ... ..'. + i ,cos 1'>,=0 

- miist exist, \vlierc A,, ... A? are suitably chosen 
constants. These eonstants follow immediately from 
the right hand sides of t,he eqnatiom. Hen,ce 

, 

APPI.:XI)lX 2. 
2A, , '+  A , = O ,  2A,-A2=0, A, - A ,  = 0 .. , 

I 

I 
I 

The hest position of the pivot,al points. , and it  is sew that the relation 
\Vben calculating the integrds (5.1 j the position 

of the  pivotal points is determined kip eys. (8.3). 
After sul~st~it,iition of eq. (R.2), the following set 
of 1' equations is o1ita.ined: 

1-2  eos.3, + 2 cos2 3, -2 cos 3 >,'+ 
+ ... F 2 c o s r 9 , = 0  (A2.2) 

is sufficient to "mke tlic eqiiktiotis wibliin any set 
linearly dependent. 

Jtiiltiplieation of eq. (A 2.2) tlirongliout Iig 
cos 3,/2. yields 

r 

n(n, -t a,) = 2 p,,, { [Lo + 2 2 i!#& cos ?idja } , 
, s=i nzzz 

1- 2 r . i - 1  9,=0 
1 7 r ( a n - 4 - [ l n + , )  = 

cos ___ T 

= 2 ' p,18 [ /!.,, i- 2 a*, cos ?113$ ) , 2 
8-1 *,=I or 

n = 1 , 2  ,... r - . l .  (A2.1)  2 s - 1  
s = I, 2,  . , . r. 

2 1' + 1 x1 
9." = 

All these :equations must b e  idciitities in the 
coefficients a,. This means that any cquation 
yields r + 1 new equations and' hence (A 2.1) is 

itre P quantities p i .  tog~t~hei. with r values of 3,. 
These unki1oF-m ca.n be ' dcteuniined uniqnely. 

1'he position of the piyotal points can ,$IC found 
in  the following way, given hg l t r .  3, ht.' DE JnGRR. 

The 1' equations (A 2.1) snhseqnent,ly lend to the 
following 'sets of  cqiiat,ions 

Since integrals of the type (9.4) are, apa.rt from 
i~ possil~le change in sign, transfomned into the 

position at' the pivotal ,points for claluatin,g these 
integrals follows immediately to dic 

( v i i = l e n t  to ).(r + 1) equations. The unknows illtegrals (8,1j by rcplacillg by T-3 ,  the best 

2 s 
s= 1,2,  ... 1'. 2 ? . + 1 1 '  3",* = 

n = 1 I a = Z '  I etc. I 11 = 0 

Completed June 1953, 
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somevhat liighcr 

1 Introduction. 

In the technical literature a nunvl,er of paiiers 
have been. published dealinsg with the fatigue 
stiwiL%h of riveted joints (see e. g, the review of 
t,he literature up to about 1950, given in ref. 1). 
However, the test results prove to depend to  a 
large extcut on details of the fabrication tach- 
nique and the form of the. test specimens, so that 
it is only possihlc to derive S n e r a l  trendv from 
the puhlished information, hut no quantitatiye 
ri:sults fo r  particular applications. 

When it was therefore desired to obtain some 
linowledge . of the fati,gue properties of various 
t,ypes of joints nsed as standard types by t,he 
Netherlands aircraft inamtry,  it, x a s  uecessary t,o 
carry, out a fairly extensive programme of fatigue 
tests in  i'luctuatinmg teneion. This pr'ogramme was 
estzldished hy the Fatigue Conunittee of the 
Netherlands Aircraft Development B o a d  (hT.1.V:) 
a.nd also incorporated $he fatigue testing of a series 
of boked lap joints - sometimes used for repair 
johs - and a series of &led lap joints, vhich 
hy the development of metal adhesives like Redux 
in many fields are competitive to  riveted joints. 
The results of the experiment,s on two types of 
riveted lap joints have already been published in 
ref. 2 and those of previous tests on glued lap 
joints of smaller dimensions in ref. 3. Both reports 
are in l lu tch  and for convenience of.the readem, 
who do not understand this Imgiiagi the most im- 
portant results are repeated in this report. 

The wholo invest,igation was carried out in 
charge of t,lx Netherlands Aircraft Dex-elopment 
Roard. 
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2.1 Test pieces. 

Test pieces, test equipment and procedure. fig. 2b - type Vf - front sheet half sunk, half 

fig. 2c - tvne Vd - both sheets dimnled. 
dimpled - rear sheet dimpled. 

__ 
Ultimate 
strellgtll 

kg/nimz 

i 
Vl' 

Yield 
strength . .  Graiu Thickness 

direction CU.2 

Materids of the test pieces. 

.!:The 24S;T:$ilclad sheet;;ma\erial for the .test 
$ec& was supiliod by the Ne&xlandse Aluminiuni- 
maatsehappij N.V. at Utrecht. The mechaiiical 
properties of the alloy,. determined from normal 
static tensile test pieces, out  at random fro$i,five,b 
ed test pieces, arc givew in tlle tdilc. 

There is a muked diffeuxee between the me- 
chanical properties ''with grain" and "cross grain". 

All rivets were 17 S, riveted cold in the solution- 
treated temper. 

i 

I 
>:ibngatioii * 

6 ill 70 
1=5.65 VA 

I I_  

fi,g, 2d - type Ve - front sheet dimpled - rear 
sheet sunk. 

fig. 2e - type T' - front sheet sunk - rear 
sheet flat. 

fig. 2f - type Pb - both sheets flat - steel 
snap rivets. 

fig, 2g type Ifonell-poprivet - both sheets flat 
- monell poprivets. 

fig. 2h - bolted - both sheets f:lat - steel holts, 
with dnralumin nuts, asemlrled with 5 

. .  to 10 in-lbs torque. 

0.8 mni, 

__ - 

Material 

with 
36.9 
37.6 
36.4 
29.9 

363  

26.6 
37.7 
38.5 ) 38,1 

>, 
>, 
>, 

,, 

. .  ,> 

. .  ' 2  

, I .  

cross 

1.2 mm : with 
. .  

43.6 \ 

43.9 

47'1 1 47,O 46.9 

Diw~enswiis (c7d  shape o f  the  test pieces. 
The. riveted test pieces were single lap joints 

with two rows of rivets (bolts) placed. either. in 
line or staggered. The 3 types of test pieces arc 
shown in figs l a  to  l e  incl. Tlie dimcilsions of 
the bonded lap .joints are given in figs' Id to lg 
incl. I n  most. of the joints the grain direction 
of the sheet. material was perpendicular to the 
direction of ioading. . ,  

,a ~ l b  k 

$-RIVET HEm (SOCT) 
. .  

Fig. 1. Shape &d dimomions of the riveted, 
bolted and glned spccimens. 

Is to e.  Riveted or bolted joints. 

Type  of  joint. 
The various types of, riveted and bolted joints 

are given in the figures Z a  to 2h incl. 
fig. 2s  - type Pb - both sheets flat - snap 

rivets. 

ED- 0 0  c .  

1 1  . - : I 3  

Fig. I d  to g. Glued joints ... . .. . ~' 
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).or the glued joints (figs Id tog  incl.) "Redux" 
was used. A.11 tests pieces were made at  the Fokker 
.iircra,ft Go according to common practice, except 

.. 

TYPE Pb @3,1mm 

FIG. 2s 

TYPE % @ 3jmm 

N '  ' N 

1L .-  i 
I1 
N a I 

1 

FIG 2 c  

TYPE V Cp 3.l" 

FK 2b 

TYPE Vr @ 3.l mm 
I , 

' FIG. 2 d  

T w E  y $ 3jmm 

F I G . 2 f  

STEEL RIVET @ 3,lmm ' 

FIG. 29 

'/8"TLP MONEL- 

POPRIVET Cp 3.1- 

FIG. 2 h  

NEWALL BOLT 

47" 

Fig. 2. Typm of rivrted a d  bolted joints 

S spximens according to fig. 7g which were made 
a t  N.L.L. 

The procedure for  the bonding with Redux was 
i l S  folloT\.s: 
(1) llegreasing with trichlorethylene. 
(2 )  Piokling aceonding to DTD 915A. 
(3) Applying a thin layer of Redux liquid (with 

brush), sprilvlrling with Redux powder, tap- 
ping off surplus powder. 
Setting of the glue by heating 011 electrieally 
heated press. Pressure on the glue 7 kgicm", 
temperature of tlie #glueline 142O C, duration 
20 minutes. 

(&) 

2.2 Static and fatigue testing. 

The static and. fatigue testing of the riveted, 
bolted and glued joints according to the figs 1 
and 2 was carried out. in an h s l e r  high-frequency 
pulsating machine (Vibraphore) of 10 tons capa- 
city. As can 'lie seen from fig. 3 the test pieces 
were bolted to  two steel clamping heads of the 

same width. The 70 tons dynamometer of the 
pulsator was u s d  for  tlie static tests and tlie 
2 tons dynamometer for the fatigue tests. The 

fatigue testing of the bonded joints of fig. Ig 
was made in an Amslcr 'high frequency pulsating 
machine of 2 tons capacity also with clamping 
lieads of the "me width ar the test 'pieces. 

The Wohler 'curves (S-N curves) were determin- 
ed for fluctuating tension with a, .hinimum load 
of 100 kg. 'The frequency of Che..load resersale was 
about 8000/m~ute .  ' If after ahout '50.106 Io;~d 
rcversals t,he test piece was not cracked bhe test 

the cracking of the specimen in tlie joint or in 
the clamping head. By adjusting the switch-off 
relay always in the same way it was achieved that 
t,he switehin::-off took place at the simc degrcc 
of crack formation. It is cspeeted that cmpletc  
failure of tlie specimen would ,have occurred soon 
aftenwards. Some specimens were tested with a 
small comprcssive lower load limit to check tlie 
influence of load inversion. 

2.3 Sturiu nierasiawnieats. 

To investigate the load distribution across the 
width of the speeimeii a t  first mechanical and 
afterwards electrical strain measurements were 
carried out. 

was stopped. I Othciwise the end of the test was 

. .  



The mechanical strain measurements were car- 
ried out by means of six Huggenbeiiger tensometers, 
mounted in pairs at both sides of the. specimen 
between the clamping hcods and the riveted joint 
(fig. 3). .. For,,these. geasurcments ,.c , ..._._i it ... turned out . .  t o  

. .  
: . , ,  

Fig. A. Lwatina 'of the Hnggcii,herger tcnsumetera. 

, '  
he almost impossible .to mount tensometers at  more 
than three places o n  one side of the specimen. 

Moreover 'these nimlianieah measurenients liave 
110 lxtter accuracy than. a b u t  3 %. 
, Therefore, it was decided to apply electrical 
strain-gauges on two specimens of the type shown 
in fig. IC. 
: One of these specimens was very well finished 
and flat, the other one was less well finished and 
visibly warped. 
: The method of measuring made i t  possible to 
aetermine 'more accurately 'the local strains be- 
tween the rivets a.nd to determine the changes 
of the mean strains during dynamic loading (see 
helow under "dynamic loads"). ' 

The Philips ' type straingauges Were located on 
the specimens as shown in fig. 5 .  Using a switch- 

U 

Fig. 5%. Location of the Ng. 5b. .Unloade and 
strain gauges. loaaed specimen. 

Gauges1,2, 3,4,5,6, 7, 
and 8 :  front. 

mugs 9, in ,  11 1 2 :  
rear. 

boaid, it was 'possible to take readings of the 
Baldwin Strain Indicator for em11 strain-gauge 
sepa&tclp. For temperature compensation the 
st,riiin-gauges of the unloaded specimen were used 
as dimmy gauges. 

In fig. 6 the test set-up is shown. 
Strains were measured for the following con- 

ditions : 
Static kiads. Loads read from trhe scale of the 

10 tons Amnsler 1%. h': I'ulsator, equipped with a 
2 tons dynamometer. 

(a) Specimen hanging loosely on the bolts of 

( I ) )  Specimen fixed in upper and ,lower clamp- 
ing head; in this condition the loads varied 
from 0 to 1000 kilogrammes, with increments 
of 100 or 200 kilogrammes. 

. ' .  the upper clamping head. . 

Dyimiic lords.  Average load 550 kilogranimes, 
read from the scale of the H. F. Pulsator (limits 
100 kg ilnd 1000 kg).  

Strains were rcad a t  six numbers of reversals 
as indicated hy the cycle-eonnt,er of t,he testing- 
macliinc. 

The test set-np was cxactly the samc as during 
t,lie static tests. 

Due to the high frequency of the testing nia- 
chine (ihout 8000 eycles/min), the reading of the ' 
galvanometer of the strain indimtor 'gawe no extra 
difficulties ; 'during dynamic loading the inertia of 
thq indicating mechanism caused the pointer to 
indieatc the mean strain. Only the miring of the 
gau,ges in the vicinity of the specimen sometimes 
siiffered some danr;ige dtie to fat,igtie; this damage 
was always easy t o  repair. 

3 Results of the strain measurements on some 
test pieces with snap rivets. 

> The results of the mechanical strain measure- 
ineuts are given in table 1. In this table, for 
several specimens, the strains at the tensometers 
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TABLE 1 .  

Kesnlts of mechanicnl strain measurements. 

ipecimen 
no. 

l b  

2b 

3b 

4b 

5b 

___ 

1,oild 
in kgs 

300 
800 

1200 
1600 
1800 

800 
1000 
1400 
1800 
2200 

300 
800 

1200 
1600 
1750 

300 
800 

1200 
1600 

300 
800 

1200 
1600 

') 
Measured strain 
computed strain , 

Position (see fig. 4) 

1 

- 
0.98 
1.01 
1.01 
1.01 

- 
1.13 
1.03 
0.98 
0.98 

- 
1 .05 
1.03 
1.06 
1.08 

- 
0.98 
1.05 
1.06 

- 

0.94 
0.97 
0.98 

__- 
2 

- 
0.93 
0.97 
0.97 
0.98 

- 

0.99 
0.9F 
0.94 
0.98 ' 

- 
0.9i 
0.98 
1.00 
1.01, 

- 
0.96 
1.00 
1.02 

- 
1.02 
1.03 
1.06 

3 

- 
0.95 
1.00 
0.98 
0.98 

- 
1.20 
1.11 
1.07 
7.09 

- 

1.W2 
1.05 
1.08 
1.09 

- 

0.98 
1.03 
1.02 

- 
0.97 
0.97 
0.98 

___ 

r 

I )  Thc &rains are all with respect to the first reading at 300 kg 
or 81111 kg, 

' 1, 2 and 3, (eee fig. 4) taken at different loads, 
me given as percentages of the calculated aver- 
age strain, using a modnlns of elasticity of 
io00 kg/mmz. 

The results show that the uniformity of the 
strain distrihution is very good for specimens l b  
and Ib  a;nd somewhat less for the other three 
specimens. 

One has to consider the .fact that stra.ins were 
read from three tensometers which were not situ- 

'ated in line. Moreover, the horiwntd position of 
the Hnggenberger tensometem may induce fairly 

, hrge  errors caused by the unequal loading of the 
knife edges. 

The results obtained from the electrical strain 
measurements are given in the tables 2 and 3 
and in the figures 7 and 8. 

In these figires the strains of the ganges 1 

and 9, 2 and 10, 3 .and 11, 4 and 12 were added 
to  compensate for strains, cawed by knd ing  of 
the specimen. 

,b7rom the grap'hs of these pairs for the static 
inensureinents (strain versus load) it is evident 
that the load distribution is very satisfactory. . . 

Taking $he zero-pmition' indicated on %he scale 
of the testing machine as a reference, the largest, 
scatter measured amounts to abont 7 % for  t,lie 
flat specimen and 4 %  for the warped specimen. 
Though a t - t h i s '  lucation the scatter for  the--flat, 
specimen exceeded ,that for the warped one, the 
stress distribution at the rivet line was, as could. 
he.expected, more favourable for. the.flat .speeimpn. 

For the gaugcs 5, 6, 7 and 8 bending wm not 
$ompensated for, as it was not posskble to attaoh 
opposite strain gauges at the same half of the 

. ,specimen because .of the lap joint. ' The heavy 



I P IN *4. 
. ' 0 . 2 0 0  (MI . 600.1)) R~"EF15ALS . .  - B . .  .. , . . .  

. . .  . .  



sr 'i I 
cycles is estimated at 550 kg. In nearly all cases 
tlie crack initiated in the front plate a t  the lower 
IWV of rivets ((fig. l), i. e. a t  the side of the prt- 
formed rivet heads and regardless of whether there 
were 7 or 8 rivets in this row. It can therefore 
he concluded that the damage and stress concen- 
tration cansed t,o the front'plate during the rivet- 
iiig /;oI)eration is critical in  fatigue tcsting (for 
this tj-pe of r k t s ) .  

In this report the fatigue strength of this type 
of lap joint with snap bets has been taken as 
standard of comparison and for t,his pnrpose the 
scatter band of fig. 9 has been redrawn in  *he 
figures of ad1 other joints. 

5.2 FnfiiViie tes ts  0 1 1  test pieces m'tk co.rr?zterswdi 
rivets (type Vf). 

lxndiiig of the specimen near the joint was due 
to  asymnretry (fig. 5b). 

This asymmetry caused a compressive stress at 
the place where the gauges were a t t z h d .  In the 
graphs this compressive stress results in pmnounc- 
ed curvature of the lower part of the load-strain 
cl'irres 5,  6, 7 and 8. 

I n  the flat specimen 2 k the hending stresses 
were about the same at  all fonr gauges 5 to 8. 

Tn speeimeii 2 ,I ,  however, a t  straiii gangc 8 extra 
l ow strains were measured. This nieant that at  
the same specimen half, hut at  the inside of the 
joint extra high tensile stresses wcurred. 

The ,bending stress near gauge 6 is a h u t  3 times 
as 'high as near gau.ges 5 and 6. As was to .be  
expected the first cracks developed nea.r this 
yangc 6 .  Nevert,heless,, the life of the poorly finish- 
ed specimen 2 1 is only i~hont~ 10 % less t,han tha t  
of the better specimen 2 k. 

The ii~flnence of the clamping of the spec,imen 
i n  the clamping heads is shown by the sloping, 
dotted lines. This cla,mping caused local prestres- 
sing, varying between 0.3 and 0.6 kg/mm2. 

During the dplanric tests (lower parts OF ta:hles 
2 and 3 and curves B in figs 7 and 8 ) ,  at about 
70 % of the life of tlie specimen a considerable 
increase of the strains mas observed at  a number 
of ganges, in particular a t  gauges ,between the 
rivets. At these places the first eraoh mere oh- 
served. Struin gauge 8 of specimen 2 k ftiiled i i i  

comcqiicnce of cracks mhicdi originated from tthe 
ncighbouring rivets. 

4 Results of the static tests. 

Tahle 4 gives the results of the static tests, 
~vliich are also indicated in fig. 18. The scatter 
in the resu.lts of these static tests is less than 
5 % with the exception of the results for the type 
V e  : i d  the strength of the specimens riveted in 
l int  is slightly higher than that of the sjiecimens 
.ivitIi staggered rivet rows. Because the failure was 
hy slicaring of the rivets and t,he sta.ggered speci- 
nien has one rivet less t1ia.n the specimens riveted 
in line, these results are quite reasonable. Because 
shearing of t.he rivets  vas critical it is clear that 
the heavier shcet of the type V has no import;int 
ii~fluencc on the nltimate strengt'h. For the riveted 
joints with steel rivets and the bolted and glued 
joints failure a.lmays occurred a.t the clamping j 
head. The real ultimate load of the joint is 
higher t,han the value indicated in fig. 18. 

The joints xyith pop rivets have the lowest. 
strength. 

5 Results of the fatigue tests. 

5.1 fi'iitigue tests o n  test pieces with s n a p  ,rivets 
(type Pb) .  

The resnlts of these tests are given in table 5 
and in fig. 9, in which is also drairn the scatter 
hand. From the &nation of the points in the 
scatter Iiand it is clear that there is no marked 
difference in fat,igne strength of the 3 types of 
lest pieces l a  to IC. The mean endurance strength 
:it a rrrin~nnim load of 100 kg for a life of 5.10' 

Table 6 and fig. 10 give the results for these 
riveted la,p joints. The situation of t h e  points in 
fig. 10 indicates that probably the fatigue strength 
a t  10" cy.clcs For the test pieces riveted in line 
is somewhat higher than for trhe staggered speei- 
mens, .but the difference is unimportant,. As a 
whole the fatigue strength of the joints t.vpe 2a 
a.nd 2h is the same. Contrary to that for joints 
of t!pe Pb the start of the crack €or joints of 
type Vf was not in the front plate, hut in t,he 
mar plate, heginning at  t,he shmk of the rircts, 
i. e. at the head formed during riveting: 

A s  is shown in fig. 10 ?lie residt of test, picec 
1 1 with a coinprcssive l o w r  limit fits well imtlie 
scatter hand for tests ivith tensile loa& only. To 
plot this result with the compressive lower limit 
in the same figure a fatigue load from + 5 to 
- - 1 ~  kg was talken equiva.1ent to a load from + ( 5  + + 100) kg to  100 kg. 

5.3 Fi t t iq i ie  tesfs on  test pieces u i th  cowibersiiiik 
rivets (type Vd). 

In this and in the following series the number 
of test pieces according to the figs l h  and IC was 
diminished, hiecause t,hC results for t,he specimens 
of t,he two preceding series indicate8 no significant 
differences hetwceii bhse two t,ypes. The resnlts 
of the tests are given in table 7 and in fig. 11. 
All the resnlts are )Tithin the scatter ,band for the 
1a.p joints with snap rivets; there is a slight in- 
dication that, the mean life at low stress levels is 
somewhat higher for the type lid. 

5.4 F'iitigue tests on test pieces with wu.iiiersioilc 
rsiwets (type Ve) .  

Table S aitd fig. 12 ,give the results for the 
specimens with countersnnk rivets and wibh 0.8 
and 1.2 mm sheets. Here also all the points arc 
within tlie scatter band for the lap joints wit11 
snap rirets in thin plate. As could be expected t,hc 
formation of t,he crack v a s  always in the thin plate 
(the front plate). In fig. 12 like in fig. 10 the 
result of a test piece with a compressive lower 
limit fits well in the scatter hand,for tests with. . .  
tensile loads only. .. . 
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5.5 E'u,tigue tes ts  O N  test pieces with wuntersud; 

qlie' kesults of t~iese 'tests are given 'in table Y 
and in fig. 13. 

!@he points in  fig. 13 indicate a marked increase 
iii fatigue ' ~ t ' ~ n g t 1 i  as compa'r6;d to  the specimens 
i%th snap 'i-ivets and at '  Idw. stress levels greater 
lives for tlie 'test pieces riveted in line than 
for ,  those with. staggered rivets. The endhFance 
stren@h at 50.10: cycles for the test pieces in 
line amounts to 900 kg'and for the staggered' test, 
pieces to  750 kg. This increase in fatigue strength 
lias to he chiefly attributed to the greater 
sheet 'drickness: The ratio between the endurance 
strmgths 'of test pieces .riveted in line ' aceoiuiiny 

t,o f igs Zc 'an t i  2a, viz: 00 i nearly cqnals the 

ratio betiveen the ~ sheet diickness, - ~ so the 

rivets (type V)'. . ,  

550 
1.2 
0.s 

tetisile st,ress in ilot,h test pieces is rra,ctically tlic 

, .  

', 

same. 
The ca&e of t,hc failnre of t'llese test pieces witli 

1.2 mni sheet -thickness mas in all cascs-.crackine: 

' I , .  __ 
.. ... . .  

0.23 0.14 
0.20 0.12 

snap  rivet^ 
pop &et ,  ' , 

of the plate. 

5.6 Fatigue t e s t s  on t e s t  p i e c e s  with steel s ? q i  
: r:ivet,Y." 

The.results for the test pieces with steel rivets 
are collectecl in tahle 10 and in fig. 14. At  low 
stre@: levels .all ,points lie in h e  scatter band for 
similar t ,b t  ,piec;es :y$h .17, S .rivets'; ;at"high stress 
levels the crackit@ .of ttie plate iU.'the clamping 
head indicates greater stmngth for the specimens 
with steel rivet,s hut the difference does not seam 
to be large. If the cracking started near the rivets 
this occnrrerl i n  all cases in the rear plate whieli 
is just, t.he reverse of the hehaviour of specimens 
with 17 S rivets. , . . .  . 

. .  . .  . .  ;~., : . c .  , .  . .  . : , ,  ,, , ~ ; %  : I . ,  . . , ,, , . . . 
. . , . . . . -  .,  . . .  

. , . .  . . . . .  , . i , . .  ,. 

the clamping head which makes it difficult to 
draw a conclusion. !@lie points in fig. 16 indicate 
both at low and at high stress level+ a ,somewhat 
higher 'fatigue strengbli for the bolted than for 
tlie riveted joints. 

5.9 ~ i c t i g u e  tests' o1L tkst pieces with glued joi<t: 

The results of tlie fatigue tests on the various 
glued jo ints are given in table 13 and plotted in 
fig. 17. Also included in this fi.giirc are the scatter 

'. . 
MAX LOLID IN k g  

(MIN LOAD 100 Xg) 

" x REF.3 W D  WPPCIED WlTn GRNN 

. .. . . . FATIGUE LIFE -[CYCLE$ 
- *  

~ i g .  ~ i :  ttesults fatigue tmts with fhetuating tension O I I  

24 S'l' slo1:td single lap joints. 

band kor' the test pieces with 17 S snap rivets 
and the results of the tests of ref. 3 on glued 
joints .in 0.8 mni sheet according to  fig. lg .  

The loads on the specimens l g  hare heeii millti- 
plied by 160/70 = 2.29 hefore .'plotting them in 
fig. 17, in order t o  maike blieni comparable witli 
the other results. Also, slight correct,iorls have 
heen made to redncc'sll results to a lower load 
'liniit of 100 kg a t  160 nim width. ' " 

The 'test results show $lie usual scatter and it 
is not pmsible to draw any definite conciusions 
with regard t o  the influence of the Icn@h of t,lie 
glncliqc (15 or 20 rmn), the free. h @ h  of the 

'specimen (150 or 40 h) and the width of t'he 
specimen (160 or 70 mm). Also there seems to 
he no influence of t~he grain direction of t,he sheet 
material with respect to the direction of load a$)- 
plication, despite tlie marked diffcn:nces in static 

The glued joints may he saidl to he somewhat 
snperior to t,hc snap-riveted joints according t u  
Ei,g. 2a, hut most of the results lie considerably 
below the S-h' enme fram ref. 3. Actually, the 
discrepancies hetiwen this, curre m d  the test 
results for. specimens I'd and l e  prompted the 
execution of the further tests on specimens If 
and lg .  It should he observed that the tests of 
ref. 3 do not properly cover the range of N > 

. 

strength. 

. .. , .  . .. 
. .  , . , ..: . . . I .  ~. ,... ,.,, 1 : .  ' 

, . . . . . . .: , , . i  .,,. :; . . . 
- .  . .  . .  , 



L5.X 10:. and in drawing the' S-N. curve too 
&h stress,iras appairntly laid on the few, test 
results for high values of h'. 'Another passible ex- 
planation is suggested by the lens shape of the 
gluc line with the specimens of ref.. 3, which may 
hare caused a more favourzhle stress dist,ribution 
tlian mill ncirmally be encountered, giving high 
fatigue s t~tngt ,hs  at  the lower stre= dcvels. 

F o r  practical purposes it must 'be concluded that 
t.hc ,bonded joints were somewhat superior to the 
snap-riveted joints, hut did not shox~ the large 
superiority indikated .in' ref. 3 '). 

5.10 Coi~ip i i i i so ic  of the  results 

To facilitate a survey of the most significant 
results the static strcngth and fatigue strengths 
at, 10" and I O 8  cycles for the diffexnt types of 
joint are collected in fig. 18. 

L a 4 0  IN *4 

, FILVDE AT STATIC 0 0  , . . CLPNPIND WEAD 
- hlsm F4TIC"E LIFE >0e CYCLES . I I , . l o a "  

6000 
1- IN i lNC 

r i  4TAGOEFIED 

5000 

Under static load the riveted joint with steel 
rivets, the 'bolted joint and the glued joint in 
strength far  outmeasure the other riveted joints. 
The real irltimate strength of these test pieces 
coudd not be determined owing to cracking in thc 
plate at the clamping head. 

As expected the pop-riveted j h t  had the lowest 
strcngth. 

The largc difference in  static strengbh of test 
pieces riveted with 17 S and witti steel snap rivets 
does not greatly affect the fatibwc strengh. 

At  high stresses the steel rivet has  some. ail- 
w i t age  but a t  fatigue lives of lo8 cycles no im- 
provement is apparent. 

The remaining types of test pieces wit11 high 
static strength, viz. the bolted and glued joints, 
have some superiority at low stress level. Except 
for pol, rivets the endurance strcngth is about the 
same for all types of riveted joints in 0.8 mm 
24 ST 'alelad, indicatintg that the stress concen- 
t,ration in the pdat,c is almost independent of the 

type' of 'ribet,ing~ used. The. cracking of the plates 
in  joints type 2e with 1.2 mm plate,at  the same 
rioniinal tensile stress as in joints with'' 0.8- mm 
plate confirms this assumption. '.-' ' 

The greater fatigue strength of the joints type V 
has to lie attributed. to, the greater sliest' thickness, 

With the exception of the type 1' the endnrance 
st,rength \vas not infli~eiieed by the rivet pattern 
(rivets in line or staggered), 

The results of t,he .two tests . Tvitli a negative 
tensile 'stress on the fatigue cycle iiidicate, '(see 
fig. 10 and fig. 12) that witifi a~ low .positive or 
negative minimum load the amplitude of the cycle 
det,emines the fatigne lifc. The change of the 
stress ratio (Rj  from low positive to low negative 
vnloes eaiises no jump in fatigue stren8gt;tb. 

No results hare heen found in the literature on 
the fatigue strength of riveted. single lap joints 
of 24 ST alclad suitahle for ti direct, comparison 
with the results of this report. In ref. 4 it is 
stated t,hat riveting in line or staggered has no 
influence on the fatigue stnmgth, which agrees 
with the results in this report. 

6 Conclusions. 

1 The load distrihntion over the width of t!he 
test piece was excellent. 

2 The bending stresses in  the plate 11ear @lie 
rivets of flat test pieces did not vary over 
the mi'dth of the test pike,  as they did fov 
the irwped ones (see figs 7 and 8 ) .  
The chmping of the test picces caused a pre- 
stress (tension and compression) of ahout 0.3 
to 0.6 kg/mm2 (see figs 7 and 8). 
Increase of the mean strain (at  constant mean 
load and amplitude of the fatigue load,) in the 
platc hntnwn the rivets did not appear iuitil 
70 % of the fatigue life ha~d becn passed. T lwe-  
after the s h i n  change, as well as the cra&in,g 
had a strongly progrcwire character. 

5 .With the exception of the results for teat, 
pieces type I' (1.2 mrn sheet) there was no 
difference in fatigue strength by riveting in 
line or, staggered. 

6 Change of 17 S snap rivets to steel rivet,s 
pave a higher static stren'gth, but no higl~ei~ 
elldurance strength.. 
High static stnmgth is not coupled with high 
cndnrance strength. 
All types of riveted joints (except pop rivets) 
have given almmt the same stress concentration 
in the plate. 
The greater strength of joints type V has to 
be attrihnted to greater sheet thickness. 
The pop-riveted joints had smaller static and 
fatigue st,rcngths than the other joints. 
The ratio between static 'strtingth and endnr- 
anee strcmgth mas alniost the same as for snap- 
riveted joints. 

9 The bolted joints liad hotl; at high and a t  
low stress levels somewhat greater fatigue 
st,renNgt.hs than the riveted joints in the same 
shcot thickness. 

3 

4 

' /  ' 

'7 

8 
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10 The fatigue strength of the bonded joints of 
0.8 mm 24 ST - alclad sheet with 5 normal 
glueline was somewhat superior to that of bhe 
riveted joints, but did not show the large 
superiority indicated in ref. 3. 
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T 4131,E 

Results of static tension tests on 24ST alelad 

Nuinher 
of 

est piece 

3a 

3b 

4a 

. 411 

2a 

211 

l a  

I I) 

6a 

6b 

5a 

51, 

8a 

8b 

9a 

9b 

14a 

141) 

19a 

1911 

13a 

13h 

I8a 

18b 

3 28 

17a 

I l a  

I l h  

16a 

1 6 6  

1 On 

15a 

20a 

Test piece 
according to 

fig. l a  

fig. Ib 

fig. l e  

fig. In 

fig. l h  

fig. I C  

fig. l a  

fig. l h  

fig. IC 

fig. I n  

fig. l e  

fig. la  

fig. I C  

fig. :Ill 

fig. l a  

fig. l e  

fig. l a  

fig. S I )  

,, 
fig. l a  

fig. 111 

fig. l e  

- 
fig. 2a 

fig. 21) 

fig. 2c 

1, 

fig. 2d 

fie. 2e 

fig. 2f 

fig. 2g 

fig. 2h 

__ 

Type 

- . .  

.. Pb - 17s snap rivets 

>, ,, >I 

,> n ,, 
3 ,  9 ,  

I ,  ,, 
,, ,, 

Vf front plate partly. sunk - rear plate dirnpled 

,, 1, 

, I  3, 

plate dimpled 

. .  1/8" Aloiiell T. 1;. P. pop rivets 

,, 
,> 

>, 

steel holts 

,> 9 ,  

glued 

-__ 
Load at  
failure 
in kg 

3800 

3800 

3700 

3600 

3750 

3550 

3850 

3750 

3400 

3500 

3400 

3000 

4100 

4050 

3850 

4000 

3450 

4050 

4500 

4150 

4250 

4000 

4050 

4250 

4600 
4650 

3000 

3200 

2800 

2850 

4400 

4550 

4550 
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4. 

I .. riveted, bolted and ‘glued simple lap joints. ... . 
i’. 

0,mx 

in sheet 
W == 160 miii  

“.ti 

29.6 

28.9 

28:l 

29.3 

21.i 

30.1 

29.3 

26.6 

27.4 

26.6 

23.4 

32.0 

31.6 

30.1 

31.2 

27.0 

31.6 

35.1 

32.4 

22.2 

20.8 

21.1 

22.2 

35.9 

36.3 

23.4 

25.0 

21.9 

FL.3 
34.3 

35.6 

35.6 

TmaX 

iu riret 
+ = 3 . 1  ruin 

31.6 

31.6 

. 32.6 

.. 31.8 

33.1 

31.4 

31.9 

31.1 

30.0 

31.0 

30.0 

26.5 

34.0 

33.6 

34.0 

35.3 

28.6 

33.6 

39.7 

36.6. 

35.2 

33.2 

35.7 :$ 

37.G 

38..1 

41.7 

24.9 

26.5 

24.7 

25. I 
- 

-. 

- 
_____ 

Remarks 

k’ailure 113 shearing of all rivets - little distort,iou of rivet holes 

,> > I  , I , ,  n >, I )  

Rear plate teared a t  rivets of lower rivet TOW 

Failure by shearing of all rivets - little distortiou of r i re t  holes 

,, ,, , , , ,  ,. ,, ,, 
, I  ,, , , > ,  > 2  ,! I2 

Upper rivet row pulled tlirougli the plate - lower rivet row slieared 

Rivets pulled through the plate 

Solme rivets sheared, all others pulled through the plate 

>, ,, > >  , I  >, >> >> 

Some rivets iiiilled through the idate, all others shenieil 

,, ,, ,, , ,> 
L’ailure by shearing of all rivets - large distortiou o f  rivet holes 

, , , ,  3 3  ,, ,, 
Crack a t  the elamping head under the doublers 

Failure by shearing of a11 rivetheads iii longit,udiual direet.iou 

, I  I ,  ,, ,, 1 2  > > .  

Rivets pulled through the front plate 

Cmck at. t,lic clamping head under the doublers 

I*’ailnre Iiy sliearirig of all rivets 

,, 1 ,  >, 
,, >, >, 

,, ,, ,, >, :, 
Crnr:li a t  the clanipiiig lienrl under the doublers 

>, ,, ), ,, ,. ,, 
Shnuk of the rivets pulled through the rear plate 

? >  2 ;  .1 >, >> 

! 
i 1: ,? ,> > 9  ’3  >, ,, 
I I ,  >, >, ,, ,, 

i Crack a t  the clainpiug head under the doublers 

. 



TABIJE 5. 

Rcsolts of fatigue tests wit,h fluctuat,ing ,teiisioii 011 24 S‘T alclacl siiigle lap joiiits riveted wit,h 
17 S snap rircts (fig. 2 n ) .  

Numher 
of the 

piece 
test , 

Um-x 111 
Tmar 111 

rivet (cycles) kg/mm’ . .  . , 

nwordirig kg/nim2 
miti lllax + 3.1 inn1 

Lond i n  ;,,, Test 
piece 

t o  

Life sheet kg 
Reniarks 

x 103 t = 0.8 111111 

I zv=160 iiiiit 
I I I 1 I t I - - 

3c I fig. I n  IO0 I r,m 243 11.9 12.G crack in the froilt plate in tlhe Iinvcr viret row . 
.. ,, ,, rear .>, :: , ;, upper ), ,, 3d 1:440 15 1 10.5 11.1 

3k: I340 169 10.5 11.1 ~, ., ,, front ~, ’.,, ,. 11iwer :>:. ., 

3f : 960 784 7.5 7.9 
3g iG0 812 . .  5.9 6.3 ., ,, ,~ ?ear :: ,. ’ ), upper ~, .. 

: 311: 580 9488 4.5 4.8 ,, ., i, front, ,. ,; ,, 1,oiwr .: .: 

4c fig. l b  1480 144 11.6 13.1 cmck in h n t  Iilate in t h e  lower rivet, row 

3e . .. 1140 410 8.9 ’ 914 3 ,  >, i: >, ., ’,> > >  ,, ,,I I. 

> >  >, >i i/ i : , > . >  ,, >, , I  

31 460 I I >52518 3.6 3.8 t,est piece d i d  not fail 

.: .>> .. > >  > 1 > >  :, > >  : 4d: 3, 1280 , 202 10.0 11.3 

4f 920 600 7.2 8.1 
‘4g. 740 3412 5.8 6.5 
:4h: 560 > 50734 4.4 5.0 test piece did not fail ’ 

4k 560 2084 4.4 r, . 0 

2c fig. IC 1180 140 11.6 13.1 ~, ,, ,, ,, in the lower rivet, row 

8.7 9.9 2 )  .> : s ;  > >  >, >, 4e :: I 1120 340 

,, 1. . I  1:  > >  >> I ,  > >  .. .: . . :  ,, ,, >: ,, > >  

crack in f ront  plate near the vivctd veitiforcilig plates . .  
41 560 40144 4.4 5.0 9 ,  >, I ,  1, 1, 1 ,  

2(1 1280 301 10.0 11.3 >, ,, ,, , , , , , ,  3 ,  

2e I L20 342 8.7 9.9 ,, 1, ,, ,, ,, ,> 1. ,, 
~1000 720 7.8 8.9 ,, 3, ,, 1 ,  ,> ,, ,, >, I >  

21 1000 617 7.8 8.9 ,> , I  ,, I ,  ,, ,> ,, I >  

2f 0% 0 950 7.2  8.1 % I  >> >, 2, ,, ,I >, 
2g >, i40 1553 5.8 6.5 2 ,  I ,  2 ,  ,, ,> ,, . ,, 

2k 

:, ,, stnrt,ing 
!“in the edge of the plate 

560 7225 4.4 5.0 crack in the rear plate in the upper rivet row 
~’ I - 

2h 

5 - 
cc 



c 
c 
.- ,. 

hl: 19 

^ _ " "  _ _ - -  _ . -  - " - : 2  
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Nnmlicr 
of the 
test 

piece 

' Load in umar 111 Test in 
Jlife sheet 

aGcording kg/mmz X lo" 

rivet kg 
- (cycles) kg/m& Remarks 

1)iecc 

t = 0.8 mm 
w = 160 mni 

. to mill inax . .  + 3.1 mni . .. 

- 

fig. l a  77 8e 

8g 

81 

8 11 ,, 

9C fig: I C  

9d fig. SI) 

9e 

9f 

9g 

9k fig. l c  

9h 

1600 85 12.5 13.3 crack in the rear plate in the upper rivet row 

> >  i, ,. !I I, ,, >> ,, >, ,, 12.5 13.3 

>, 1200 1400 lG00 
124 357 . .  99 11.0 9.4 1 . 11.7 10.0 

,, 1000 643 7.8 8.4 

800 2293 6.3 6.7 

500 1710 5.5 5.8 ,, ,, ,, f ront  ,, near the riveted reinforcing plate 

600 > 58953 4.7 5.0 best piece did npt fail 

1 2  > ?  I ,  1 )  I ,  I ,  >, >, ,, 1 ,  

.! ;, I ,  I )  I ,  ,, ,, 
-, - 
N 
0 

9 ,  I ,  ,, 1 ,  ,, ,, ,, 9 ,  ,, ,> 

>, > , , ,  I ,  ,, , , , ,  , I  > I  ,, 

1600 7 09 12.5 14.1 crack ili th4 rear pli te  in t,he upper rivet row 

1 400 152 11.0 12.3 

I200 273 ' 9.4 

1000 638 7.8 8.8 

ROO 1898 6.3 7.0 

700 2323 5.5 6.2 

600 > 53528 4.7 5.3 t.est piece did not fail 

. .  . 
3 )  1 ,  I ,  , > .  ,, ,, I ,  ,. ,, , I  

10.6 ,, ,, ,, , I  3 3  ,, 1 ,  > %  ,> 
I 

> >  2 2  I ,  :I ,i ,, ,, 1 ,  ,, ,> 

2 9  ,, :, 1, >, 1, ,, ,, ,> 

>! 3 ,  ,, , J  ,, ,, > >  >, ,, 

_____ __ - _ _ _  .- __~__ 



I TABLE 8.' 

1 
Number 1 of the 

[ test 

R,esults of fatigue tests with fluetuatii~g tension .on  24 ST alclad single .lap joints riveted vit,h 
I7  S count,ersiink rivets (Qpe V e  fig. Zd)., 

, .  
omar in 

kg/mm2 

I 
Load ill 

T ~ " ~ .  in 
rivet 

kg/mm' 
+ 3.1 mm 

Test kg Life 1 shect 
piece 

according 
I .  (cycles) 

min mas  

3 ,  

fig. I C  

~ I ,  

1 . 74d 1 fig, l a  1 100 1 1400 1 182 1 11.0 I 11.7 

1200 I 202 
I 

IO00 I 504 

800 . - 615 

700 1888 

700 2501 

600 > 56220 

- 60 1000 492 

100 I400 179 

1200 336 

14e 

14f 

14g 

14k 

141 

1411 

14111 

19d 

19e 

19f 

19g 

1911 

19k 

,, I :: 
..> 

1000 851 

ROO 2600 

700 ---3197 

$00 > 51138 

, I  

9.4 

7.8 

6.3 

5.5 

5.5 

4.7 

7.8 

11.0 

9.4 

.7.8 

6.3 

5.5 

4.7 

10.0 

8.4 

6.7 

5.8 

5.8 

5.0 

8.4 

12.3 

10.6 

. 8.8 

7.0 ' 

6.2 

5.3 

.- 

I I 

Remapks I 

crack in the front plate (0.8 mm) in the lower rivet row I ' 



Load in '''I1' 

kg 

mnx i mill 

vmSx in 
T~~~ in Life sheet 

(cycles) kgfmm' 
X 1 0 3  t 5 1 . 2 m m  

rivet 
kg/mm2 

+ 3.1 mm . w s 1 6 0  mm 

7 811 

18k 

Number 
of the 

test 
piecc . .. 

TAI3I;E 9 

Results of fatigue tests with flnct,nating tension on '24 ST alelad single lap joints riveted with 
17 S countersunk rivets (type T' fig. 2e). 

... 

I I I I 1 

, 1  ' lest 
piece 

according 
to 

13c 

1 3d 

13e 

13f 

131 

13nl 

i 3g  

13h 

??e 

181 

18d 

18e 

18f 

1% 

1 8m 

Remarks 

fig. I n  

>, 

' fig. l h  

fig. I C  

100 

>, 

. .. , 

1600 ! 633 814 13.3 crack in the front plate in the lower rivet row 

i ioo 1158 7.3 11.7 :1 ) I  , , r e a r  J >  ,, ,> w w  ,, ,, 

900 

900 

800 

i o 0  

1600 

1600 

1400 

l2W 

1000 

900 

800 

700 

700 

1200 1182 

j 1000 2346 . .  
> 54979 

> 5503G 

> 57961 

> 58077 

400 

746 

746 

993 

1833 

2471 

16895 

> 56700 

> 57850 

10.0 ,I ,, ,, >, , , ) ) > ,  ,, ,, ,, 6.3 

5.2, 8.4 I ,  ,I 2 ,  J ,  . , I > , , ,  ,, ,> ,> 
4.7 

4.7 

4.2 

3.6 

8.4 

8.4 

7.3 

6.3 

5.2 

4.7 

4.2 

3.6 

3.6 

. 

7.5 test piece did not fail 

7.5 n ,, I I  ,, > I  

6.7 ,> ,, ,> ,I 

5.8 0 , I  ,, >, ,, 

. .  

. .  

14.1 

14.1 

crack in the front and in the rear plate 

,, ,, ,~ rear plate in the upper rivet row 
. .  

12.3 > >  1 ,  I ,  > >  I,' ,> > 9  ,, n ,, 
10.6 ,, >, ,, ,> , I  ,, >, I ,  ?, ,, 

8.8.  >, ,, ,, ,, >, ,) > I  ,, ,, 
. .  

. ,  
7.9 ,, ,, ,, front ,, ,, ,. lower 

7.0 ,, ,, ,, rear ,, ,, ,, w p e r  , . '  ,, 
6.2 test piece did not fail 

6.2 > 3  ,> , I  I ,  , I  

.. . 



\Tu;;r1,er 
of the 

test 
piece 

i2a  

12111 

12e 

12f 

12 g 

1211 

12k 

121 

i7a  

l7e 

17f 

17g 

l‘ih 

17k 

lil 

17m 

17c 

_ ~ _ _  

Test 
piece 

.ccording 
to  

fig. l a  

fig. I C  

?I 

!> 

fig. l b  

>I 

TABLE 10. 

Resiilts of fatigue tests with flnctuatiilg tension on 24 S1’ alclad single lap joints riveted with 
steel snap riyets (fig. 2f ) .  

inin 

100 

- 40 

LL 50 

max 

1400 

1400 

1200 

1 oon 
800 

i o 0  

con 
GOO 

7 400 

1200 

1000 

800 

800 

TOO 

GOO 

1000 

moo 

Life 
(cycies) 
x 102 

287 

340 

658 

1175 

2566 

3021 

5309 

> 53458 

280 

425 

1072 

17i l  

2801 

1869 

> 66742 

291 

390 

3 .  

10.9 

10.9 

9.4 

7.8 

G.2 

5.5 

4.7 

.4.7 

10.9 

9.4 

7.8 

6.2 

6.2 

5.5 

4.i 

i . 8  

7.8 

vmnr  111 

sheet 
kg/lnm2 

t=0.8 mm 
v=160 mni 

_- I_. 

r& in 
rivet 

kg/mm2 
+ 3.1 nim 

~ 

11.7 

11.7 

10.0 

8.4 

6.7 

5.8 

5.0 

5.0 

12.3 

10.6 

8.8 

7.0 

.7.0 

6.2 

5.3 

8.8 

8.8 

- 

r _ -  

Remarks 

rnaek in the rear plate near the reinforcing plate 

,, 2 )  

,. , .. ,I >> I ,  ,, 
1.. 

,, I ,  ,, , I  11 2,  >, 
>, > >  I ?  ,, ,~ in the upper rivet row- 

,> 2 ,  ,, > >  , , > > , ,  ,, 2 ,  ,, 

,, > I  I ,  I ,  ,, ,, 1 ,  ,, > >  ,, 
,, 3 2  ,, ,, ,, near the reinfolcing plate 

test piece did not fail 

crack iu the rear plate in the upper rivet row 

,, ,. .) front, :, near the reinforcing plate 

,, ,, ), I’CXP ,, in the upper rivet row 

., 1 ,  , I  ,, ,> 3 )  ,, ,> ,, 

,, 3: ,> :> ?, 1 ,  I ,  n ,, $ 1  

I ,  > I  ,, ,> , a  >, > >  ,) ,> 

test piece did not fail 

crack in the rear plate in  the upper rivet row 
,, . ,, , I  ’ , ,, ,, ,, near the reinforcing plate 



I 

Numher 
of the 

TABLE 11. 

Results of fatigue tests with .fluctuating tension on 24 ST alclad single lap joints riveted with ' 

Monell pop rivets (fig. 2 g ) .  
, .. 

. ,  
. . .  

' Load in vmmar ill 
Life sheet 

. .  
7" 111 Test 

piece rivet kg 
- ~ - _ ~ ~  (cycles) 

x 10". 
m ti x 

i 
piece 

111 

161 

16k 

1611 

16f 

16c 

16e 

1 Gd 

kg/mm' 
t = 0.8 mm 

w = 160 mm 

kg/mIn2 
+ 3.1 mm 

I, 

fig. I C  

fig. I b  

fig l e  

fig. l b  

fig. l e  

fig. l b  

fig l r  

9.4 

7.8 

7.0 

6.2 

5.5. 

4.7 

3.9 

3.1 

7.8 

6.2 

5.5 

4.7 

3.9 

3.1 

2.6 

2.3 

1000 

900 

800 

700 

600 

500 

400 

ion0 

800 

700 

GOO 

500 

400 

340 

no0 

10.0 

8.4 

7.5 

6.7 

5.8 

5.0 

4.2 

.3.3 

8.8 

7.0 

6.2 

1. 5.3 

4.4 

3.5 

3.0 

2.6 

144 

254 

338 

504 

865 

1381 

3420 

135 

314 

435 

909 

1784 

4117 

> 51874 

> 55699 

Remarks 

crack in t h e  rear plate in the upper rivet row 
. .  

,, :, !> >: ,, ,, ,> ,> > >  ? >  

test piece did not fail 

1 I 



TABLF: 12. 

Results uf fatigne tests with flnct,intt,ing t,ensiou on 24 SI' Alclad single +p  j o i n t s  
(fig. 2h).  

Nnmliei 
of the 

test 
piece 

1011 

10d 

101 

10e 

iog I 

10k 

Test 
piece 

wording 
t o  

fig. l a  

101 I 1 ,  

1Of 

16g j fig. 11, 

15d 1 ,, 
151 i fig. I C  

fig. 11) 

150 15h 1 t, 

15m ~ fig, I C  

15f 1 ,, 
15k 1 ,, 

,I 

15e i 

niiu 

100 

I, 

I l l i l S  

1600 

1400 

1200 

1000 

goo 

900 

800 

700 

 ion 

1400 

1200 

1400 

1000 

goo 

800 

800 

' 700 

Life 
(cycles) 
x 101 

__ 
199 

499 

390 

664 

1392 

3295 

18939 

> ,51220 

197 

602 

261 

629 

1029 

638 

2357 

> 60129 

> 52406 

-__ 

umai in 
sheet 

kg/minz 
: = 0.8 111111 

1=lG0 inni 

12.5 

10.9 

9.4 

7.8 

1.0 

7.0 

6.2 

5.5 

12.5 

10.9 

10.9 

9.4 

7.8 

7.0 

6.2 

6.2 

5.5 

rmaX in 
holt 

kg/min2 
+ 4.7 111111 

5.8 

5.1 

4.3 

3.6 

3.3 

3.3 

2.9 

2.5 

6.2 

5.4 

5.4 

4.6 

3.9 

3.5 

3.1 

3.1 

2.7 

Remarks 

zravlz i n  thc front plat,e near the i,einforcing plate 

,, , I  ,> ,, I )  ,> . .  
., >. ,, I ,  8 ,  ,I 

I ,  I: i, >, I ,  in the  lower h n l t  m y  

-2 ,  ,, ,, :. ,, near  t,he reinforcing plate 

,, ,, , , r e a r  ',, I ,  ,> 
,, ,, ., front ., ji i  *he lowcr holt IYIW 

test biece did not fail 

crack it1 the rear plate in  the upper bolt row 

near the  ~einforeing pl;iie 
" ?, >, I ,  ,, 

,, I ,  2 ,  >, ,, i l l  the upper Iiult, i 'nw 

,, ,, ., front ',, ,. ,, lo\\.er ~~ .. 
~, ~, ,. rear ,, ,, ,) ripper ?: .I 

~, ,, ,, front  ), near the reinforcing plate 

,a ,. ,. ,, 2 ,  . I ,  i, ,, > >  

lest piece did not f d  

>, 3 ,  ,, , I  I ,  
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Comparative Fatigue Tests with 24 S-T Alclad Riveted 
and, Bonded Stiffened Panels 

bY . . .  

J. H.  RONDI~~EL, R. KRUITHOF aiid F. J. PLANTEMA. 

Summary. 

Thc purpose of the investigation was to  compsre the fatigue strengths of bonded aud riveted flat sheet-stringer. panels 

The results of fatiguo tests on panelv stiffened with angle .%tion stringers and top-hat stringers BIO given. 
Tho bonded ,pnels p r o d  to be supcrior both in static strength and in f a t i y e  strength and showed no dnngcraus 

of identical eonstmction except for  the dilled-stringer joints. 

propa@ion of dmilgcs. 
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1 Introduction. 

Considerahle interest f o r  thc application o f  
metal-to-mctal handing for aircraft structures 
has developed in this count,rJ., and both at, the 
Fokker Aircraft Co and the National Aeronautical 
Research Inst,itiite a number of investigations in 
this field haye been a n d  arc being made. These 
iiivchgations dcal with stat,ic and dynamic tests 
of honded specimens in shear, peeling tests, as 
well as manufacturing and tcst,ing of bonded air- 
craf,t compoiicnts. At  the Fokker factory an ex- 
perimcntal installation for manufacturing such 
parts has been developed aiid the experience gained 
wit,li this installation led to the decision to install 
a gliieing press halving platens of 2 X 1 metres, 
which is now in operation. 

An cxcellnnt summary of most of the investig- 
ations carried out so Far with strnct,nral eompo- 
ncnts has hecn pnhlished in refs. 1 and 2. Among 
others, static tcsts with stiffened panels showed 

') Abbrwiated vcrsion of Report S 411 (unpublished). 

R superiority in  failing load .of ad,ont 20, % of 
hondcd panels as compared with' riveted panels. 
It, eoiild hc expected that t,he absence . of stress 
raisers and t,he larger. stahilit,y. due to  t,he eon- 
tinnons at,tachmcnt hetween stiffcner and . sheet 
with bonded panels would eiiiisc similar advantages 
in fatigue loading. On the other hand, i n f o r m  a t' ion 
received from abroad suggested that fatigue failure 
of bonded panels might progress very rapidly, once 
cracks or peeling between stiff'cner a n d  sheet had 
started. 

Under sponsorship of the Netherlands Aircraft, 
Dc.velopmetit Board a fairly extensive series of 
eompai-ative fatigue tests with riveted and hond- 
ed stiffened panels was therefore carried out. 
The panels wcre manufactured a t  the Fokker fac- 
tory and tested -in-t,he 50 tons hydraulic pulsator 
of -the N.L.L. 

Preliminarv rcsults of these tests have alrcndv 
been pih1isl;cd in ref. 1. In this report t,he 
results will he given in a more definite a i d  
detailed form. 

2 The test programme, the specimens and the 
test set-up. . .  

2.1 Tho test progmmme. 

The purpose of the in+estigation mas to compare 
t.he fatigue stren,@hs of stiffened panels, which 
only differed in the joining of the stiffeners to 
the sheet, viz. Redux bonded and riveted. 

Two types of panels were tested : 
type I with an,glc-section stiffeners, and 
type I1 with hat-section stiffeners. 

From each type a t  least one bonded and ,one 
rivetcd panel werc loaded static;llly to faihire and 
then t;he other panels were tested in fluctuating 
compression. The stat,ic load the pane1 could SuS- 
tain a t  the cnd of the fatigue test was determined 
in ,a nnmher of cases, The fatigue loads ranged 



s 2  

.' Nnniher of panels loaded 

from 1000 kg to about ') Panel 
static 

, 7 5 %  " " ' 1  G O %  45 % of static load 
- 

from 1000 kg as.am4over limit t o  &bout 45, GO 
or 75 % 'of the itatie failing load. 

The minimum load of 1000 kg was decided 
upon because this simplified the test procedure 
to a large extent. Some resenre panels were 
fabricated and the tests on these werc made dc- 
pending on the results of the tests already. car- 
ried out. .. 

The following.tests were made: , , . . 

Total 
nu111 hcc 

of 
panels 

2.2 The specintens 

The sheet material used for  the panels was 
24 ST alelad, the thickness for the type I panels 
being 0.6 mm and for the type I1 panels 0.5 mm. 
The mean value8 of panel and stfinger thicknams 
are given in table 2.1. 

The panels type 1 were provided with four 
24 ST alclad angle sections 20 X 20 X 1.5 mm, 

Ih-s-I. 
Jh-s-2 . 

Ib-45-1 
Ib-45.2 
Ib-60-1 
-1b-60-2 
'lh-60-3 . .  
Ib-75-1, 
lh-75-2 . 
Ih-75-3 

Ir-s-1. , 

Ir-45-1 . 
Ir-60-1 . 
ry-75-I. . .  

0.64 
0.60 
0.59 
0.60 
0:6'i' 

' "0.G4' 
0.U. 
O.G7 
0.64 
0:GI. 

.. 

0.60 
0.43 

" ' 0.64 
0.61 

I 
1 i 1: I 1 type I bonded 1 2 1 3 I I 2 

riveted 1 1 

I I I I I ! -  . I '  

I I ___ I 
. .  .~ I 

') Scc figs. 3.20 and 3.22 for actual percentages. 

I n  this report the panels are indicated as. ap- bent from sheet material (fig. 2.1). T h e  width of  
D e a r s  from the following examnles: the Danels was GOO mm and the stiffeners were " 

Ib-75-2 and Ilr-s-I. 
I and I1 refer to the tvue of stringem 

spi\eed 150 mm apart. On the r ixted paiicls 3 min 
snail rivets were used to attach the angle sections, 
the uitch h h e  20 nun. 

b or r 
45-60-75 indicate the maximum flluctuating load 

refer to hondeci, or rivete; 

in % of the stat,ic strength. 

T i e  paneis Type I1 were stiffened wit;h four 
hat scetion stringers, spaced 150 mm apart. For 

. I  the riveted pa.nels the same rivets were used as 
' 6' indicates the statically loaded panel. with the t,ype 1 panels. Originally the width of 

these panels vas also GOO mm, hut as it appeared 1-2-3 serialnumber. 
~. 

TAnLE 2.1. .~ . . .  

Mean thickness of panels and stringers. - .  

1 Mean thickness in mm 
Panel no. 

Sheet ' .  
___ 

Slringer 

1.56 
1.56 
1.5G 
1.54 
1.54 
1.57 
1.57 
1.53 
1.57 
1.57 

1.51 
1.63 
1.22 
I.% ' 

Panol no. 

11r.s-1 
1 I r.45-I 
11 r-60-1 
I tr.75-l . . . . . . , 

. /  .1. 

Mean thickness in nim 

Sheet 

0.54 : 

0.54 
0.53 
0.53 
0.53 
0.53 
0.54 
0.54 
0.54 

0.53 
0.53 
0:64 
0.54 . .  ,, . 

Stringer 

1.01 

.1.01 
I .no 
1.01 
1 .no 
1.01 
1.00 
1.00 
1.00 

1.01 
1.01 
.LOO 
1.00 .. . . 

. 
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from the tests on the type I panels that peeling 
of the glue joint mostly started at  the outer edges 
of the outer stiffeners because of the heavy 
hnekling of the strips outside of these stiffeners, 

MILLED FLAT 
AND P A R b L i S 7  

rc 

1 MiLLED F h .  
AND PbnnLCir 

600 

Fig. 2.1. Nominal dimensions of tho pnni.ls, typc 1. 

these strips were removed. Thus the total widtll 
of the type I1 panels ranged from 510 t,o 515 mm 
(fig. 2.2). 

MILLED FLAT AND 
P&R*LLEL--;, 

Fig. 2.2. Nominal dimensions of tho panels, typc 11.. 

For introducing the load into the panels,, trhe 
top and bottom ends of each panel \\'ere provided 
with heairy extrnded angle sections 25X25X3 iiim 

riveted to the sheet. The ends of a panel vere 
finally milled flat and parallel to each other, to 
ohtain a n  even load distrihiition. 

The total height of the panels thus became 
ahout 574 mm. 

All panels were. manufactured at  the Fokker 
factory. Some particulars of the bonding process 
are given in ikppendix A, 

2.3 The test set-up. 

The tests w r e  run in a standard 50 tons Amsler 
hydr~rulie pulsating machine. 

As the platens of this machine are too small 
to  apply ail erenly distrihnted load, to the panels, 
two rigid loading 'beams mere designed a,nd fasten- 
ed to the platens. They consisted of t\To beams 
(Dutch specification N1' 10, i. e. 10 em height and 
5 cm width of flanges) welded together in  such 
n nranner as to  form 5 ,box heam. To the top and 
bottom planes of this beam steel plates of 10 mm 
thickness were ivelded. These plates were milled 
flat and parallel arid tfihen the beams were bolted 
to the platens of the pulsating machine. The 'beams 
are clearly shown in  fig. 3.17. Betmeen these hcams 
and the specimen a strip of fibre of about 1 mm 
thickness was inserted. 

I n  this manner an even distribution of the load 
over the panel width ivas obtained, as could be 
seen from the regular pattern of the bnckles in 
the panels during the tests. Itoreover, the panels 
m r e  placed as accurately as. possihlc with the 
rieutml axis in the centre line of the machine, 
and were prevented from moving pei~endiciila.rly 
t,o their plane by small clamps on the heams. Such 
a movement might occur when the panel started 
coll:~psing. 

With the first few tests, the panels mere pnls.. 
ated at  about 260 load reversals per minute. 
To  accelerate the test programme, later o i l  
525 reversals per minnte were applied. Before 
this was done the amplitudes of the buckles of 
two panels ii'ere determined at  each freqnefiey 
over about  three wave lengths. It appeared that 
ill hoth cases the amplitudes nere  exactly t,he 
same, so that the wave formation was not diminish- 
ed hy the higher frequency of load application. 

3 The test results. 

3.1 Description of failures. 

h review of the principal results of the fati,giie 
tests is given in t d h s  3.1 and 3.2, \ d d e  fignrcs 
3.1 to 3.19 incl. show details of the appearance of 
the fractures in the sheets and the length and 
locaiion of the peeling of t,he bonded joints d,nring 
and a t  the end of the tests. The depth of the 
peeling \\-as measnred with a. t,liiokness gauge of 
0.05 mm. If no depth of the peeling is indicated 
the flange of the stiffener was sepa.rated com- 
pletely from t,lie sheet (complete peeling) over 
the marked distance. 

3.1.1 5% riveled pchnels, t u p e  I .  

The sta,tically loaded panel failed at a load of 
4550 kg and thus the fat.igne panels were subject- 
ed to a pulsating compression load mryiag from 
1000 kg to 2000, 2700 or 3400 kg respectively. Thc 
tests were ended after 2.65, 4.07 and 2.68 X 10" 
load reversals ,had been applied. The stat,ic loads 
adter the tests were 4910, 4200 and 3700 kg. 

A great difficulty with the tests mas the choice 
of the useful life, a.t which the tests should IJC 
stopped. I t  was not intended to continue the test 



Panel no, 

Ir-s-1 

Ir-46-1 

11.-60-1 

Ir-75.1 

~ 

Ib-s-l 
Ib-s-2 

Ib-45-1 
Ih-45-2 

Ih-60-1 
Tb-60-2 
lh-60-3 

Th75.1 
lb-75-2 
Ib-75-3 

TABLE 3.1. 

Principal results of the fatigue tests on panels type I (fig. 2.1). 

Number of loading cycles X lo-" endured before 

cracking of the sheet 
~ 

s t  crack 

- 

1.18 ') 
1.43 

(3 X )  

0.27 

0.026 1 )  

(5 X)  
0.75 

- 
- 

0.70 
0.30 

1.99 

0.11 

0.25 

0.010 

0.11 

0.07 

zl1d 

- 

1.87 I) 
2.57 

0.67 I) 
1.11 

0.87 1) 

(6  X)  

1.16 

- 
- 

1.08 
o x  
- 

0.36 
- 

0.32 

0.012 
0.09 

3rd 

- 

2.57 1) 
2.65 

1.15 

1.60 ') 
1.88 

(4  X )  

- 
- 

- 
0.68 

- 
- 
- 

0.39 
0.10 
0.019 

total peeling of the 
bonded joint 

partly peeling of the 
bonded joint 

rt peeling 

- 

- 
- 

0.70 
0.30 

- 
0.11 
0.11 

0.05 
0.009 

0.29 

3rd I/ 1st 

- I1 - 

2nd 1 3rd 

Total 
Number of 

loading 
cycles 

applied 
x 10-e 

- 

2.65 

4.07 

2.68 

- 
- 

1.10 
3.04 

2.79 *) 
0.37 
0.24 

0.64 
0.11 
0.026 
, 

Ultimate 
static load 
in kg a t  

the end of 
the test 

4,550 

4,910 

4,200 

3,700 

I )  A t  the f i rs t  number of cyelcs.thc panel was inspectcd without cracks being found. The number b c t m c n  tho brackets indicates the number of cracks detected sirnultsneously. 
*) This panel failed.hy trouble of thc  pulsator. 



t o  complete destruction of the panel, hut to stop 
it when the panel was considered to hc “severely” 
damaged. This condition is, of course, not clearly 
defined and that the choice made was rather ar- 
i:it,rary is illustrated by comparing the numbers 
of load reversals a t  whieh the first fracture in 

Fig, :Xl. Tho ~raolrs in panel I r-45-1. 71 = 2.05 X IO‘. 
Thc n u m h c ~  indicak the loading eyoles X 10- at whiolr 
the crack in tho slxet had tho indicated length; + rivals. 

Fig. 3.2. Tho e m k s  in panel I r-00-1. n = 4.07 X lo.. 
(A,lsa x fig. 3.1). 

the sheet occurred wit,h the t,otal numbers of load- 
ing cycles applied t,o caah panel (table 3.1). The 
€irst number appears to  he roughly inversely pro- 
portional to the maximum pulsat,ing load. The 
last number did not correspond to an equal degree 
of crack formation for different panels, as may 
be seen from figs. 3.1 to 3.3. T,hey clearly shmv 
t,hat the number of fraeturcs in the 45 % panel 
is far less than that in the 60% or even in thc 
75 ’fh panel. Thus the fatigue tests on panel Ir-45-1 

and Ir-75-1 should have been continued to a larger 
number of loading cycles to dbtain a life eom- 
parable to that of panel Ir-60-1, though it is evi- 
dent, by comparing the fractures, that the 75 % 
panel was nearer to this condition than the 45 ’jh 
pnnel 

3.1.2 The bonded panels, typo  T 
The first panel of this series failed a t  a static 

load of 5500 kg and the maximum pulsating loads 
were calculated from this value. During the tests 
on the riveted panels, which were investi:.dted 
uftcr nearly all bonded panels, type I werc tested, 

~- - eraeking of the sheet. . . = peeling of tho glue joint. 
0.70 = n n m l ~ r  of load cycles x, 10- when the crack or 

total peeling had  tho indicated length. 
0.70 12 = a f t e r  0.70 X 1V load cydes the peeling wla4 

12 mm deep. 

a,= 1.10 x lo.. 
Fig. 3.4 Tho cracks and peeling of p m d  I,b-45-1. 
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it proved desirable to cvaduate the static load o f  
the panels I h  once again ( e l .  static load of Ir-s-1 
and I,r-45-1). The last panel of series l'h was there- 
fore again loaded statically and its ultimate load 
was 4580 kg. This discrepancy e m  partly be cx- 
plaincd by the difference in thickncss of t,he sheets 
of both panels (c.f. table 2.1) and mnst fnrther hc 
dne to nofraa,l scatter. 

Figs. 3.4 to 3.8 incl. givc typical examples of 

2.94 
9 

- 154 
6 

218 
I 

- 

- 

Fig. 3.5. The c r x k a  arid pceliiig of panel Ib~45.2. 
1c = 3.04 X 10". (Also see fig. 3.4). 

Fig. 3.6. The erwks and ;peeling of panel It-60-2. 
n = 0.37 X IOa. (Also 500 fig. 3.4). 

the ,location and length of the fractures in the 
sheets and tlie peeling of the bonded joints at  the 
end of tlie tests. 

It must be. remarked that panel Ih-60.1, 'bcing 
t.he first panel investigated, was only subjected to 
a maximum pulsating load of 55,% of the static 
loall mentinned bcfore and that the panel failed 
after 2.79 X IOe load reversals #by trouble of the 
pulsator. 

As stated i n  3.1.1 the tests , W C T C  st,opped 
when the panels wcrc considered to show "scizerc 
damagc" a i d  the degree of damage with diff.crcnt 
panels is rather variable. 

Considering the figures it is clear that many 
panels might have endured a higher number. of 
load cycles than were applied. Only panels 
18h-75-1 and 11)-75-3 failed 'l)y a crack i n  the frce 
leg of the angle section and may thus he consiclcr- 
ed to have reached their fatigue life. The fract,nre 
in the first panrl ivas prohahly caused hy pecling 

Fig. 3.7. Thc erarks and peeling of panel Ih- i3-1  
n = 0.64 X IO-. (Also see fig. 3.4). 

Fig. 33 .  The cracks a n d  peeling of panel Ib-i5-3 
1 = 0.026 x IP. (Also 2Cc fig. 3.4). 

of the greater pu t  of the stiffener, thus causing 
the stiffener to bend. The fracture in the other 
stii'l'cner m s  not accompanied 'by peeling, and was 
pcrhaps cansed by hcnding of the sheet-stringer 
as a diole.  

T,he panels I,l-45-2 and l,h-G0-3 were rather 
heaxilp damaged a t  the cnd of the test and w r c  
perhaps near to mmplcte destruction. 

Only with f o u r  panels type I, pecliirg test, 
specimcns wcre manufactured, giving 'peeling 

Appendix A).  
strengths of 10.2, 13.8, 16.0 and 18.8 kg (c.r. 



3.1.3 The r k t e d  pu?iels, t ~ p e  I I .  

Thc stat,ic loa,d of one of these panels WIS 
10,050 ky and the pu'lsating loads w r c  calculated 
according to this load. 

The erratic results of the tests on the type I 
panels gave rise to the decision to test the t,ype I1 
panels until. comp1,ete destruetion of a t  least one 
of the stiffeners occurred. 

Fig. 3.9. The cracks in  pmel IIr-45-1. n = 7.23 X IO'. 
(Also scc fig. 3.1). 

SEE 
FIG. 3.11 

Vig, 3.10. The cracks in p n n c l  IIr 60-1. % =  0.80 X 10'. 
(Also see fig. 3.1). 

In figs. 3.9 t,o 3.12 inel. the cracks in the  panels 
at the end of  the tests are given. The cmcks in 
these panels differed from those in the panels 
t.ype I, where only craoks in t,he direction of t'he 
load occnrred. The horizontal cracks caused the 
hat, sections to take ? much greater part of the 
load and  cunsequently failure of the stiffcner 
took placc. 

In  one corner rif panel IIr-45.1 'horizontal cracks 
appeared after some ~ e r t i c a l  ones and this coiised 
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a hole in the sheet. T11t:n after'some load cycles 
the hat section failed a t  this spot (fig. 3.9). 

I n  panel 111.-60-1 liprizontal cracks appearcd iu 
many places, and after some further load cycles 
three stiffeners Jailed a t  t,hose spots ns can 11c 
seen from figs. 3.10 and 3.11. 

l'meT IIr-75-1 showed far less cracks in the 
sheet, but nevertlreless the horizontal cracks caused 
two stiffeners to  fail after 0.099 X loo  load cycles 
(fig. 3.12). 

The static loads of t,he panels, sustained after 
the fat ia ie  tests mere ncrformed, were nearly 
proport,i&al to the nilinher of nndamaged stit. 
h e r s ,  as might be expected. 

Fig. 3 . l t  Tho cracks in pand IIr-7:-1. 7~ = 0.090 X IO'. 
(Also SCD fig. 3.1). 

3.1.4 Tke bonded p a n e l s ,  t y p e  I I .  

The stat,ic load of one of these panels \vas 
11,930 'kg. Tliis was in vel good accordance mitlr 
the static load of panel 1% -2, which after hwing 
endured 20.22 X load cycles without any 

Ijle damage collapsed a t  a static load of 
12,300 Irg. 

As for t,hc riveted panels (c.L 3.1.3) the fatigiic 
tests ~ ~ e r c  continued com$letc dest,riiction of 
at, least one of the st ners except, that bhe test 
on p;rnel 111)-15-2 was stopped lifter reaching 
20 million cycles vithoiit any visible damage. 

Panel 111)-45-1 shoived n heginning of peclilig 
aft,er 3.41 X 10" l a a d  cycles, while cracks in the 
sheet, and t,otal pcclin,g occurred after 5.35 a n d  
6.57 X loo load cycles. At, last the stiffener col- 

The three panels loaded het,wecn 1000 kg and 
GO "/o of the  static load behaved quite differently. 
Two pancls (TTli-60-1 and 3) s,hoived complete peel- 
ing after nearly the same niimher of load cycles 
and only minor cracks in the sheets. Panel IIh-60-2 

iHI)RCd tIftev 20.44 x i n "  land cycles. 
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showed u hcginniug of inany more cracks of the 
sheet in the direction of the load after nearly 
the same number of load cycles, 'hut peeling oc- 
curred much l,ater, although the peeling. strength 
of the specimen manufactured simult&neously with 

of load cycles sustained before Collapse of the 
panel may he esplained. 

I n  general, after complete peeling of one or 
both flmges of a stiffener had dereloped, trans- 
verse cracks started first in the flange and after- 

$ 
__ = cracking of the shcct. . . = pceling of the glue joint, 

++t++ = fracture in thc lioii,led part of thc stringer. 
++++ . = f m t r i r o  in tho lm~ded.piirt and side wall of the 

= numbor of load cycler X IO- '  when the fraoturo 

= after 5.35 X 10" 'load cycles tho peeling IV&Y 8 mm 

stringer. 
5.35 

5.35 - 
OP total peeling had t.he indicated length. 

8 deep. 
Fig. 3.13. Orach and peeling of  panel IIb-45-1. 

n. = 20.44 X 10'. 

a 
5 

Fig. 3.14. Ornclrs m d  peeling of panel IIb-60-2. 
n = 4.25 X lV. (~3.1~0. sce fig. 3.13). 

the panel was abnormally low '(tal). 3.2). Perhaps 
this peeling strcn~gth did not, agree mit,h that of 
the panel. Figure 3.15 shows this panel after the 
test. From the lack of peeling the high number 

Fig. 316.  Craelw and peeling of pand IIb-60-3. 
?L = 0.72 X 10'. (Also see fig. 3.13). 

WERE 
OF 
PEELING 

Fig. 3.15. Cracks and pce!hg of panel IIb-75-3. ~ . 
'm= O.(158 X 10.. (Also soe fig. 3.13). 

wards progressed over part, or whole of the tnp- 
hat part of ' the  cross section (figs. 3.14 to 3.16). 
The corresponding loss of stiffness caused the 
stiffener to bend and its collapse followed quickly. 
-4s long as the stiffener rcmained attached to bhc 
sheet, even serere cracks in the sheet along its 
edges did not cause such disastrous effects (see 
figs. 3.14 and 3.15). 

Figs. 3.17, 3.18 and 3.19. show the. results for 
the panels loaded from 1000 kg to 75 % of the 
static load (9000 kg) .  

Figs.' 3.17a and b show panel IIb-75-1 a t  the 
end of the tests in the testing machine. Since this 



. . .  
Fig. 3.15. View of pnncl Ilb-ti&.' a f t c r  the  t e a t  

(same8 side BY fig. 3.14). 
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I1 panel was tested overnight no description of the I hc cxpceted, owing to the fairly arhitrary 
ktarting of the fractures-can be givci;. The num- choice made in stopping tlic tests. This expectation 
hers of  load cycles from bhese panels are in rather is confirmed and it is therefore impossible to draw 
good accordance. With panel IIh-75-2 failurc' of any definitc conclusions with rcgard to tihe fatigue 
the hat section stiffencrs again started when corn- lifes of panels of this type. Par t  of t'he scattcr 
plcte peeling had reached a certain extent. will probably ,bc &e to variations in the static 

Panel IIb-75-3 showed an  exceptional behaviour. strengths of the panels, which may appaxntly l)e 
Ilerc again the first stiffener collapsed because fairly large (table :3.1). I n  fig. 3.20 the static . .  

-. .... 
Fig. 3.22. Fig. 3.23. 

Results of the fatigue tests on panoh typc 11. 

the peeling exceeded a certain limit. Then two 
other stiffcners collapsed. without peeling from 
the ntt,aehed sheet. (e.f. figs. 3.18 and 3.19). 

The results of the peeling tests of .bhe specimens 
manofactnred with the panels arc given in Ap- 
pendix A and table 3.2. 

3.2 Discussion. 

3.2.7. Pnnels t ! j p e  I .  

Figures 3.20 and 3.21 give diagrams of the 
num'her of load ,cycles against the percentage of 
static load of the panel, and against the maximum 
pulsating load. 

From the descri,ption of the tests in sections 
3.1.1 and 3.1.2 it is clear t,hat a lasge scatter 

failing load for the bonded ptinels bas been taken 
as 5040 l g ,  being the average of the results fo r  
panels 1,)i-s-1 an,d lh-s-2,. whcreas the static stre~igtll 
of the riveted panels was assumed to be 4730 kg, 
the average for panels Ir-s-I and Ir-45.1. I t  may 
he assumed that the prior fatigue ,loading will 
hardly have affected the static strength of the 
latter panel. The lower load limit of 1000 k, cor- 
'respoiids to  20 % and 21 % rcspectively. 

I n  view of the foregoing, only curvesjndicating 
a lower limit for the start of cracking or pecling 
have been drawn in figurcs 3.20 and 3.21. ,How- 
ever,, ,here again it should ,be ofbserved t.hat the 
results were inflnenccd by t'hc prcsence of bhhe 
strips of sheet outside of the outer stiffeners, which 
showed more severe buckling than the sheet he- 
tween two stiffcners. 'Xhcrefore, the results are 



Principal results of the fatigue test5 011 panels type 1J (fig. 2.2) 

total peeling of the 
bonded joint 

TF 

Peeling 
strength 

LE 

Total 
umber oi 
loading 
cycles 

applied 
x 10-0 

- 

7.23 

0.80 

0.099 

- 

20.44 
20.22 1) 

0.88 
4.25 

0.72 

0.25 
0.15 
0.058 

jltiinate 
atic load 
111 kg at 
le end oi 
the test 

10,050 

7,480 

4,580 

- 
-__ 

11,930 

10,550 
12,300 

8,050 

cracking of the sheet I partly peeling of the 
honded iuint Pnnel no. 

1st crack 

- 

0.G 
0.76 

0.04 
0.29 

0.031 

21ld 

- 

1.32 

0.40 

0.097 

3rd 

- 

1.65 

0.53 

- 

Ilh-s-1 - 

G.5i 
- 

0.68 
2.82 

0.61 

- 
0.12 
0.049 

- 

21.8 
l5.G 

24.8 
0 3  

T2.8 

2G.2 
18.9 
22.2 

- 

5.31 
5.35 
- 

0.18 
0.68 
0.54 

0.1 1 

- 

0.12 
0.058 2 ,  

- 

3.16 
3.41 
- 

- 

2.11 
2.19 
- 

- 
- 

0.043 

- 

i.30 
- 

0.52 
3.60 

0.70 

- 

0.13 
- 

I1\)-60-1 
11 h-60-2 0 

- 

0 - I  - 

I )  Aftw 2 0 2  X 1V load cycles tho pand vas still undnmngea. 
!) At' the location of peeling a crack in thc  stiffehur appeared after U.04i X l o *  load rc~ersals  
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not, represenfative for pract,ical applications 'of 
this type of panel, hut mill he on the conservative 
side. 

All cracks in t,he sheet of .the riveted panels ran 
just along the heads of the rivets and appeared 
sooner in t,he case of the higher loads, as might 
he expected from the heavier buckling of the 
sheets under. these loads. 

The illtimate compressive load of these panels 
was not very much influeliced by  those cracks 
(c.f. table 3.1). In one case (panel 1~45.1)  it 
\vi? even 10 % ,higher than of the staticamlly loaded 
panel, ~ I i u t  t,liis .?vas .partly caused by the greater 
thickness of the sheet (c.f. table 2.1). 

All cracks in the sheets. of the (bonded panels, 
and in nearly all riveted panels, appeared near 
t,he corner of t,lic angle seetion. nhis may 'he due 
to t8he greater stiffness of the sheet-stiffener com- 
hination. at  these points'in a plane ,perpendicalar 
to the sheet than on the free side of the stiffener, 
where t,hc bonded l ~ g . o f  the angle section followed 
bhe buckling of the sheet to  a certain dwree. 

From figs. 3.1 to 3.8 inel. it  may he eonclii~ded 
t,hat, small craeks in the sheets generally propagate 
rather slo~dy and do not inflaence the st,rcngth 'of 
the panel, so that there is amplc warning of any 
impending fatigne faillire hoth for the riveted and 
for the honded panels. 

3.2.2 P(17lek t$/pe IT 
Figs. 3.22 and 3.23 give &grams of t,he total 

niimher of load .cycles endured against the per- 
eentage of the static I iad and the maximum pulsat- 
ing load. Also the points gi7,ing the start of 
cracking or .peeling arc included.' 

Except on panel IIh45-2, which showed no 
damage after having sustained more than 20 X loG 
loa,d cycles, tihe fatigue tests on all panels were 
continued until failure of one or more stringers 
oeciirred. 

It may therefore he expected that, the seatter 
will he much dess' than witli the panels of type I 
tind this is confirmed hy the test results. 

The decrease of scatter may also have heen 
caused hy a greater uniformity of t,he static 
st,iwgths of t,he panels. %his is indicated hy trlic 
results of panel IIb-45-2. 

In  fig. 3.22 the averagc results for failure of 
the honded panels arc more favonrahle than t,hosc 
Ton t,hc riveted panels. Two of the t,hree riveted 
panel resiilts are, however, within t,he scatter hand 
for t,he honded panels, so that it is not possihle 
to  say more t,han that the bonded panels appear 
t,o hc a t  least. as good as hhc riveted panels when 
compared in percenta.ges of t,heir static strengt,hs. 
The difference in the lower load limits, being 8 % 
and 10 % respectively, makes the comparison slight- 
ly in fasour of the riveted panels. When compared 
in ahsolute maximum loads at, the same loir-er load 
limit,. the honded pa.nels are superior to the riveted 
panel.;, as shown in fig. 3.23. The fatigue lircs 
of t,he former range hetween 4 a.nd 14 times thosc 
of the latter. 

of 5 to 11 of the nunhers of cycles. Ail important, 
result is that after t.lie sta.rt of cracking or  p e e h g  
the damagc propagates only. gradually nntil a t  ii 
m u c h  higher numl)er.of cycles cracks occur in one 
or more. stiffeners. With t,he riveted panels thesc 
cracks followed upon the development of horizant,al 
cracks in the sheet due to,interrirct huckling, after 
which tlic stiffener hdd to  ca , rv  more load locally. 
Wit,li the honded panels cracks in the stiffener 
develop .after peeling has occurred over a certain 
distance, hy which cause the stiffener has to carry 
more load and its flange is left unsupported ti? 
the sheet. 

After cracking of the stiffener it looses bending 
stiffness and st,arts to bcnd ant of the plane of 
the panel. Collapse of the stiffener trhen follows 
quicldy. The static loads the panels conld carry 
at  the end, of the fatigue test were rednced ap- 
nroximatclv in monortion to the numhcr of failed ~. 
st,iffencrs. 

The superiority of the bonded panels over the 
riveted nanels can he ascribed to the. cont,innous 

L 

joint het,ween stiffener flanges and sheet. The 
rivets give only local attachments and permit intcr- 
rivet buckling at, high loads. 

4 Conclusions. 

4.1 Tests were carried ont with two types of 
bonded and riveted panels, which were OC 
identical construct,ion except for the shcet- 
st,ringer joints, 

The tests on the panels of type I (angle 
seetion stiffeners) must he considered :IS prc- 
liminary tests from d r i e h  no  quantitative 
conclusions can he drawn.~  T8hey gave rise t o  
some improvements of the test,ing t,echniqnc 

... and showed tha t  after cracking or peclinz 
first occiirs, the.  damage to .hot,li riveted and 
honded panels 'progresses only gradually. 

4.2 The static strength of the honded panels is 
higher than t,hat of'  the riveted panels, ivhicll 
can he explained by the stabilizing effect of 
t,hc coiit,inuous glue joint. 

4.3 T,he fat,igiie strength of the honded panels o f  
t,ype 11- is at, least equal to that of the riveted 
panels whcn hoth are expressed as percentages 
of the st&t,ic strmgth. Hence, the ahsolutc 
fatigue strength is ,higher for the honrletl 
panels than for the riveted panels. A t  the 
same load the fatigue lives of the honderl 
panels were 4 to 14 times thosc of the rivet.e.1 
pnnels. 

4.4 Cracking of the sheet of the riveted panels 
starts earlicr than cracking or peeling with 
t,he bonded panels, the ratio's ihetwmn t,he 
corresponding numhers of reversals a t  t,he same 
load ranging from 5 to  11. 

4.5 For all panels the propagation of cracking 
or peeling mas very gradual. When t,liese 
da,mages had reached such an extent t h a t  
cracks in t,he stiffeners ,developed, colln'pnc of 
t,liosc st,iffeners fol'lowe,d quickly. 

I 4.6 The static strengths of t,he panels aftcr t.he 
faticue tests vere rednced roiwhlr in manor- 

Cmekinz of the sheet .of the riveted panels starts 
earlier than cracking or peeling of the bonded 
panels; a t  the same load fig. 3.23 shows ratio's tion" to t,tic nnmmIicr of failed stiffeners: 
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rarily too high; colour of the 
bond dark-red. 

5 References, 

1. SC!D.EKEL.\IM-N, It. J. De tocpnssing \-an golijmde 
metmlrc~bindingen in rliogtuigeonstruetios. De In- 
geniuur, &cl 64, no. 16, blz. L 1&L 18, 18 April 195% 
Translated into English and pulrlished &8:  Bonded 
joints in thc camtruetion of metal aircraft, Aero Re- 
smrdi Toolinieal Kote no. 114, June 1%2, Acro Research 
Ltd, Duuford, Cambridge. 

2. Scmmx?.u~hh-t i ,  It. J .  The sppliutioa of metal-to- 
nictal sdhcsivos in eompsi te  spar booms. Report R~16, 
Fokkcr Aircraft Co. -l$Jrjl. 

Acl;nolL.lerl~jenioiIt. The test programme was pre- 
pared by the Structures Department of thc F’akker 
Aircraft Co. and tlie tests were executed in  COII- 
sultation with nZessrs 13. J. TAX BEEK and R. J. 
SCIILIEKELXLAX of . the .said depart,ment, whose 
raluahle assistance is gratefully. ,aeknoir-leclgcd: 

. .  

. . . .  

AI’PIWDIX A. . .  

The Manufacturing of. the Bonded Panels. : . .  

All panels werc manufactured in an espcrimcntal 
press by the Fokker Aircraft Company, Holland, 
using t,he “Reclux” process. . 

The surfaces to be bonded were carefully de- 
greased in a chromic-sulphuric acid aecordin,g to 
TJTII-SI5 A. Before application of the liquid com- 
ponent of the glue they were rinsed thoroughly in 
cold and hot water. Curing was carried ont a t  
tcmperat,urcs of 140--145’ C for 15-20 minutes 
a t  a pressure of 7 kg per sqcm. After curing, 
the joints were cooled to 10O0 C before release of 
pressure. 

With some of the type I panels (angle section 
stiffeners) and with all type I1 panels (hat section 
st,iffencrs) .standar,d peeling test specimens (0,s mm 
sheet, width 25.mm, length of bonded part IS0 m m )  
werc pretreated and fahricated simultaneously. 

The results of the peeling tests which were taken 
at  the Fokker factory, together with some parti- 
culars of the fabrication of tlie panels are given 
in the following table. 

’ailel no. 

Type 1 

Meall I I 
’eeling Particulars 
t r e n d  I 
in kg  I 

The first five panels fabric- 

strength, because of a too 
high curing temperature; 
coloiir of the bond dark-red. 

pauel 
13.8 

- 

2L8 
I5.G 
24.8 

= 3  

22.8 
2G.2 
18.9 
22.2 

~ 

, .  
. .  

No pressure on the peeling 
test specimen; colour of the 
hond light red. 

Completed: December 1952. 

. . .  

I .  . .  

. .  . 

.. 

I _ .  . . ,  
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Note on the General Stress-Strain Relations of Some Ideal 
Bodies Showing the Phenomena of Creep and of Relaxation 

by I 

J. P. BENTHEM 

. .  
Summary. 

Tho general stress-strain relations of tho Kslvin~Solid and tho Maxwrll-Ljqpid are dcrired from the ess~s  of pure ohango 
of shapo and of puro'ehaiipe of volume. I t  is shown that tho relatiom of tho Kelvin-Solid in pure tonsion may be much 
more complicated. The extension of tho Kelvin-Solid and Maxwell-Liquid t o  gencrd Li,near Bodies is 'indicated. . .  Somo remarks are made ahout yisco9ity effaets, which may ueompmy plastio -doformation. 
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1 Introduction. . 
A onedimensional model of., the stress-strain 

relations of tbe Ewkian Solid i$ a spring showing 
a displuement linear to the applied force. A model 
for. the Newtonian Liquid is a dashpot, whose 
resistance to the displacement, of the. piston is 
proportional to  the velocity o f .  this- displacement 
(in fact the shear-stress is proportional to the 
rate of shear-strain). .Bodies,- whose stress-strain 
relations may he represented by models consisting 
of more or Jess complicated combinations' of such 
linear springs and dashpots, linked in series~ or 
parallel, arc called Linear Bodies. It 'is not' ne- 
cessary,, and mostly even' not-desirable' to inter- 

pre.t these models as a picture of the behaviour 
of the molecules of the material and of their 
mutual forces and velocities. These models do not 
serve any other purpose than to give a simplified 
picture of a mathematical relation. 

The report deals with the general stress-strain 
relations of isotropic Linear Bodies and something 
is said ahout the viscosity phenomena whioh may 
accompany plastic .deformation. For this case, 
however, only states of pure (and non-rotating) 
shear arc considered in order to avoid a dis- 
cussion of the many questions which arise, even if 
viscosity effects are not present a t  all, if plastic 
deformation for  arbitrary states of stress and 
stress-histories is 'considered. For a survey of the 
cxtcnsive literature on (non-viscous) plastic de- 
formation, see e .  g. refs. 1, 2, 3. 

2- Linear Bodies. 

2.1 %'he Ilooliinn Solid. 

The isotropic Hwkian Solid has various elas- 
ticity constants, the elasticity modulns E,  modulus 
of rigidity G,  the Poisson-ratio Y ,  the bulk'modu- 
Ius K, Lodes' coefficient A (thc other coefficient 
of Lode being G ) .  Only two of these coefficients, 
however, arc independent a,nd choosing these two, 
the stress-strain relations may be writtcu in dif- 
femnt forms. The most natural form seems to be 

uij= 2 G e i j  + kSij  E" , (2.1) . .  

w h c r e i = l , 2 , 3 ;  j = l , 2 , 3 ;  s i j = O  if i # j ;  . .  . . . s , j=1  If 2 = j ;  . .  
uI,, u22 ,pa3 are the normal-stress eompo- 

u12 - u2,, b,, = uil ; '0, = u8* arc the shear- 

E ; ,  , eQ2 , '  tj8 are the normal-strain compo- 

. .  . .  .nents ; 
- 

stress components ; 

. .  nenti.; 1. . . . .  . 



:: . . . 2 E L Z  i 2 etc. are the shear-strain compo- 
ncnts; 

deviator ; 

e , ,  f e,, + eS3 = 0. 

E . ~  = + + ea?;  e i i  is the strain- 

e . .  t , - E ; j - , l / a s i i e m l ;  - 

The first term of the right hand side of (2.1) 
refers to the change of shape, the second to the 
elvange ;of volume. Equation (2.1) can also he 
written as two independent rclations 

s i j = 2 C e ; j ,  (2.2) 
Daa = 3 lc c o o ,  (2.3) 

where s i j  is the stress-deviator, 
s.. - 

2, ~ uij - L I S  sij D O G ,  

SI, + s*z '+ s13 = 0, 
nnd = ail + uZ2 '+ uaa. 

. ' Again (2 .2)  refers to the ahhange of shape, and 
(2.3) to the change of volume. 

If G = 0 tlie Hookian-Solid degenerates into a 
non-viscous compressible flaid. Rubber e. g., which 
for '  small st,rains (and vanishing rates of strain) 
map be considered as a Hookian-Solid, is nearly 
incompressible compared to its .resistance to change 
of shape (li is very large compared to G).  

The inverse relations of (2.1) to (2.3) inel. are 

or the two independent relations 

2.2 The conaprcssihle viscous liquid (Newtonian 

The strcss-strain relations of the compressible 

D i j = k S i j e o o  + 2 & e i j  + p,,Sij~... (2.7) 

The dot indicates the derivative with respect to 
time t. The first term of the right hand side is 
identical to the right hand side of (2.1) if G=O. 
The .second and the third terms together are .  a 
differential form of the complete right hand ride 
of (2.1).  Equation (2.7) is equivalent to the two 
independent relations for change of shape and 
change of volume respectively 

Liqnid). 

viscous liquid are 

Si! = 2 p e i j ,  (2.8) 

0.0 = 3 k Fa.? + 3 p" Eon. (2.9) 
The eocfficient p is the viscosity coefficient (of 

change of sbapc) and pLv is the volume-viscosity 
coefficient. Very little is known about this coeffi- 
cient p v ,  mainly due to the fact that in liquids 
a non-vanishing volume-strain-veloeity saa is in 
general only possible for a very short time, hc- 
cause the volume strain znO. remains small (IC is 

large), and soon approaches its equilibrium va'lue, 
at  which m = O .  After a sudden application of 
a constant state of stress, the term puSi jeon in  (2.7) 
map be of comparable magnitnde to the other 
t e r m  during a short time. This duration of time 
can only last longer if t,he change of shape deve- 
lopes very slowly due to an  extraordinarily high 
viscosity-coefficient p. Some further remarks 011 

the volume-viscosity will 'be made in see. 2.3.  In 
general, however, the volume-visconit,y in Newtoninn 
Liquids need not !tie considercd. For i-atomic 
gases it has been proved on thcoretieal grounds 
that p.=O, and in aerodynamics may be as- 
sumed to vanish. 

2.3 The Iielvi&3olid. 

2.3.1 Stress-strailz relations. 
The stress-strain relations of the Kelvin-Solid are 

- 2 G eij + k + 
+ 2 p e i j  + /&"Si, L a c .  (2.10) 

The first and second terms of the right ,hand side 
together are identical to the right hand side of 
(2.1), whereas the third and fourth terms are 
identical to the diffcrential form of the righ't 
hand side of (2.1). Equation (2.10) .may again 
be written as two relations for change of shape 
and change of volume 

sij = 2 G eij + 2 p e i j ,  (2.11) 

(Tail = 3 IC eoo + 3 p" Ens. (2.12) 

If G = 0 the Kelvin-Solid degeneratcs into tbe 
Newtonian Liquid. In contrast to the Newtonian 
Tiquid, the Kelvin-Solid has two viscosity coci'fi- 
cients p and p" of equal importance, owing to the 
existence of both moduli IC and G. . 

A problem in which only G and p play a role 
is that 'of a cylindrical rod executing torsional 
vibrations, or that of a vibrating helical spring. 
These are not only cases of pure change of shape, 
but also of pure shear (thcre is, in a snitable eo- 
ordinate system, only one non-vanishing component 
u i j  , viz. and the relation = D z ,  = s,, = s,, = 

r = G y + p ~  (2.13) 

is valid; ~ ( = 2  ~ , ~ = 2  eJ is the shear-strain. 
The relations for pure tension are not of such 

a simplc form. From (2.10) follow the linear 
simultaneous differential equations 

' 4  
3 ~ = ~ G ( . - - t ) + . k ( c + Z e f ) +  

2 . .  
- i jP("-"t))f  pm(i + 2;*)> J 

whcre D is the tensile st,ress, E the longitudinal strain 
and z t  the transverse strain, If p = p+ = 0, it can 
easily'bc'derived'that 0 = 9 b G c / ( 3 k +  G )  = E &  
(E = elasticity' modulus). Pimm (ref. 4). exten- 
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sivcly treats the tensile t e t  with a rod of a very 
viscous liquid ( G  = 0, and p very large), sub- 
jected to constant tciision ( T R Q ~ N ' S  experiment). 
If in this experiment it may be assumed that 
the volume-strain-velocity, which approaches zero 
(1 + 2 --f 0), his .)become snail with respect to 
tlic change of shape, then the relations (2.14) are 
rednced to 

also completely defines the general St,ress:strBin 
rclat,ioris (Z.ll),. the model is 'also valuable for 
general ehangc:of shape. . .  

. .  

or 
. .  

a = 2  p ( z -  e t )  = 3  p'E. (2.16) 

It should he remembered that the relations 
(2.11) and (2.12) of the Kelvin-S,olid a.re gener- 
alizati~ms 01 t,he rcl;it,ions (2.2) and (2.3) of the 
l!ookian lam which refer to the change of shape 
and the change of volume <espeetivcly. It is also 
possililc niathematic;illy, thongh less evident phy- 
sically, to start from equivalent cxpr6ssions of the 
lfooki;in 'law, c. g. referring to pure tension and 
pure hydrostatic pressure, 

#=E.; a a q  = 3 k e . , .  

Cki~crdization of t,hcse relations leads to  

* = = I C E  + p , e ,  (2.17) 

(2.18) caao = 3 li Eo0 + 3 p" *an. 

erenee in (2.17) and the two relations 
(2.14) illnst~ratcs the relativit,y of the st,;irting 
point. Conversely., the y ,  T relation .following from 
(2 .17)  mid (2.25) will then be much more com- 
plicated than (2.13): But it must be repeated, 
tha t  withont the knowledge o f '  the true forces 
hetwccn the molecnles, the separate treatment of 
the change of shape and of the change of volume 
is t,hc most, nntnral, and in fact the only right 
way for the Newtonian-Liqiiid~ ~ ' ( G  = 0) and the 
nla,xircll-Liqnid (par. 2.4). 

2.3.2 ~lochanicnl (I?& electrical model .  
. .  

The stress-stra.in relai,ions '(2.13) for pnrc 'shear 
and (2.12) for a hy.d,rostatic state of stress may 
he-illustfated hy the mechanical model of fig. 2.1; 
consisting 'of aii elastic spring a.nd' a .  dashpot 
(filled TTith a viscous liquid) coupled in parallel. 
The spring has a linear,~orce-displaccment relation, 
alii1 the force on the'piston of the dashpot linearly 
depend3 on .the velocity of displacement. .By 
frictionless arrmgemcnts, the rods AR and CD 
cannot rotate.. It will I,e seen that the relation 
hctiveen the displacement of the point Q and the 
iipp4ied .force P is . . . .  

. .  
P = c,a t- c,a, . (2.19) 

being. of .tlje.form (2.13) and (2.12). The force P 
is the image of dress ami the displacement d. of 
point @ the irnage of strain. A5 eqmtion (2.13) 

. .  
. .  , . .  

- ,  . ,  .. 
' , .  

. , . .  

. . .  FORCE P 

Fig, 2.1. hladcrnieiul .moilcl of ,the Felvin-Solid. 
. .  . .  

_,_ . , .  

, .., . . .  . .~ 
~ 

C W I  
RESISTOR R ... SELF- INDUCTANCE L 

Fig. 2.2. Eleetrical'niodel o'f tltc Kelvin-Solid. 
, .  . .  , , .. . . . .  

I n  fig. 2.2 a 'resistor E and a self-inductance L 
arc coupled in series. The relation I>etmccl l  t,lie 
voltage V and the eiiil.ent-Z is 

v=RI .+J;I  .. . .  . ' (2.20) 

and comparing with (2.13). and (2.12), it.folloivs 
that the voltagc V is, the image of stress a,nd the 
Corrcnt Z tlie image of strain., The model of t.he 
lliookian-Solid is a piire resistor,. the model of the 
change of shape of- a ~ei~~toniai i -Li(~t i id  a pure 
self-indnctanee. Someivliat dif fercnt -electrical mo- 
dels are used by ALFREY (ref, 5 )  and BIJRORRS 
(ref. 6).  

~ . .  . .  . .  . 
. .  

2.3.3 G,.e.ep 0) the i(ek,irrSolid. . . .  

It is supposed that a part of a l<clvin-solirl 
mat,erial is, from an ' unstressed aad :nnstrained 
state,. instantaneously snmhjected t u  a. state of pure 
shear a t  the time t = O .  The shear strain will 
follow with retardation: according to (2.13) . .  ,and 
the solution is . .  . .  . . .  

G - - 1  

y = L ( l . - e  w : ). (2.21) 
G 
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It is said that the material creeps under con: 
stant stress. For t = 0 the strain y = 0, for t = m 
the equilibrium value is reached: y = r / C r .  To 
obtain the creep curve of the longitudinal. &rain E 

after the application of a comtant tensile stress O, 

the equations (2.14) for o=constant and E = O ,  
st  =0 at t =0 must be solved. It must be re- 
membered that it is actually impmsible to  impose 
an instantaneous constant stress throughout a body 
by instantaneous external forces, but when p is 
large the solution for this ideal case will reason- 
ably approximate actual conditions some time after 
the application of the load. 

If from the final equilibrium state y = r / G ,  
the shear-stress is suddenly removed, the shear- 
strain tmds to zero according to 

G ---I 

p .  (2.22) 
y = c e  

This type of strain-history is called elastic after- 
effect. I n  (2.21) ana (2.22) the yumtity p / G  is 
called retardation time t,. - I n  the Kelvin-Solid the strain follows the 
stress with retardation. This fact is called delnyed 
elasticity or firmo-viscosity. 

If in a certain equ?librium position the load is 
suddenly changed at time t=0 ,  and the strain 
starts to change to its new equilibrium value, 
the diffemxe between actual strain a.nd final 
strain is after the retardation time t ,  reduced to 
l / e  = 0.368 of the initial value at time t = 0. 

For constant strain the Kelvin-Solid behaves as 
the H'ookian-Solid. 

If G - t  0 (Newtonian-Liquid), the creep function 
(2.21) reduces to  

7t y=  - 
Y. 

which is also the obvious resnlt with the stress- 
strain relation of the .Newtonian-Liquid, ' : ' 

. ,  

' 
. I .  . .  

r = py. 

2.4 Tke NaxwelZ-Liquid. 

2.4.1 Strewstrain relations. 

the Hookian-Solid is 
The differential fo&of the relations (2.4) of 

A new form of stress-strain relations can'he ah: 
tained by adding to the right hand side a form 
identical to the nondifferentiated right hand side 
of (2.4), 

1 '  1 1 1 
E i j  = - 

. .  

,2 
s j j  + - &j,uen + -si1 -I - 2 6 ; ;  O U d .  

9 k  1 2 p  9 P" 
, , . .  . . . .  , (2.23) 

It is, however, obvious: that '  & = m . 'If not, for  
1 
3 constant hydrostatic pressure p =--(roo 

1 . .  . zoa=-= - (1.. 
3 P O  

would hold and an equilibrium would never be 
reached, w h h  is, of course, impossible I ) .  

. From (2.23) the stress-strain relations of the 
Maxwell-Liquid 

remain. 

for change of volume yields 
Separation in relations for change of shape and 

and 
1 .  

ea0 = - 0.0. (2.26) 3 I;. 
. .  

The physical' mea.ning of G and p in (2.24) 
and (2.25) (and also of in (2.23)), is quite 
different from that of the constants in (2.10). 
For p= a in (2.24)., these rclations are those of 
the Hoakian Solid (compare 2.4)). The m e  
applies to (2..10) for = 0 and pLu = 0. (Compare 
also the spring-dashpot model of the Kelvin-Solid 
fig. 2.1 and that for the Maxwell-Liquid fig. 2.3 
to be discussed in par. 2.4.2). 

For G = m  equations (2.25) and (2.26) are 
identical to tKe cquations (23 )  and (2.9) f,or the 
Newtonian-Liyui'd with pLu = 0. 

Thc beha.viour of the Maxwell-Liquid at a hydro- 
sta.tic state of st,ress is like that of the Honkian- 
Solid and Newtonian-Liquid. 

I n  pure shear (shear stress T, shear strain y )  

I n  pure tension (stress 0, longitudinal strain E )  

" 2 k f l . .  1 
o+- (1, 9 kG 3 P  

E =  

or . .  

(1. (2.28) ' ( r  1' 
E =- + -  E 3~ 

2.4.2 Mechanical and electrical model. 

The stress-strain relations (2.25), (2.27) and 
(2.28) may be symbolized hy the mechanical modcl 
fig. 2.3. The two elements used are the same a8 
in fig. 2.1,' but they are now placed in series. 
Obviously, the forcedisplacement relation of this 
construction is 

d = c, P + c2 P, 
and  the force P is the image of stress and the 
displaekment d of point Q the image of strain 

If.the stiffness of the spring is infinitely large 
( G  : m , c1 = 0) only the viscous element remains. 
If the viscosity of the fluid in the dashpot is in- 
finitely large ( p  = ?,, .c2 =0) only the elastic 
element remains. I )  

. ,  , . '  
').This faet iooms to hare been overlooked by  RE- 

(ref. 4), n.ho s u p p w  that  the ooeffidcnt pu of t h e  
hf-dl-Liquid &;lay have a finite value. 

! 

'! 
! 



The electrical moilel (eompake fi'g. 2.2) eorisists 
of a resistor and self-inductance coupled.in parallel 
(fig. 2.4) and 

v v  I = -  + -. 
R L  

Again the current I is the image of the strain 
and the voltage V the image of the stress. 

DISPLACEMENT d 

FORCE P 

of tho h l ~ x r ~ l l - l ~ i q u i d .  
Fig. 2.3. Mcchanieal marlel for  t.hc chango of 8ha.po 

RESISTOR R 

SELF INDUCTANCE L 

VOLTAGE V 

Fig. 2.4. Electrical model far  the change of shape 
of the hlaxivelbliqnid. . .  

2.4.3 Creep and relaxation of tke  Illnxiuell-Liquid. 

If a constant shear stress r is suddenly applied, 

a t  the same moment a shear-strain ,=-I_ arises 

and continuously increases'at the rate y = T/F. IF 
a constant tension 3 s  applied, a t  the same moment, 
t. =,,/E, and this strain increases further a t  the 
rate ='a/3 p. Also in these kases 'it is said 't,hat 
the material creeps, but this creep i s  of juite 'an- 
other type than the creep awofdidg to c(2.2.1). of 

. .  

. G  

- *  

'. 

the Kelvin-Solid, and' does not tend to a final 
equilihrinm value. 

I f  a Maxwell-Liquid is suddenly forced in a 
state of pure shear strain y ,  the correspoiiding 
shear stress is r , = y G ,  and this shear stress di- 
minishes to a final zero value according to the 
solution of the differential equation (cf.  (2.27)) 

OL 

/1 
_ _  

(2.29) 

The time t,,l = p / G  is called relaxntioqr time. 
After snddciily forcing the nlaxwell-IJiquid in 

a state of piire lo~~gitudinal  strain E ,  t,lie initial 
tension stress i s  a. = cE, a.nd this stress &minishes 
to  a final zero value according to 

1. e. r = r ,  e 

t E 
31 

__  
(2.30) o = a , e  

the relaxation time being 3 ?/E.  
The diminisliing of stress, without change of 

strain, is called relaxation. 
If in a certain equili1)rium position the Maxwell- 

Liquid is suddenly forced into a state of strnin 
and the stress consequently follorrs imniediately 
according t,o the Hnokian Law, it will last t,he 
rchxation time t,,, before this stress has again 
reduced to l /e=0.368 of the initial value. 

The nlax~vell-Liquid is said to show the pheno- 
menon of elnstico-tiscoaity. 

2.5 Genernlized Linear Bodies. 

With springs a.nd dashpots much more involved 
models may he constructed than arc given in the 
figures 2.1 an& 2.3 and such models may possibly 
serve for representing stres-strain relations for 
change of shape and for change of volume. The 
model of fig. 2.5, where a Hookian element A. 
(spring), many (eventually a continiious distri- 
hution of) Kelvin-Solid elements B (c.f. fig. 2.1) 
and a viscous element C (dashpot) are linked in 
series, represents a gtneral system of springs and 
dashpots, t,o d i ich  any other system may always 
be reduced. The force P is the image of stress, 
the displacement of the point Q the imasc of s h i n .  
A n  equirnlcnt rcprcsentation of fig. 2.5 is fig. 2.6, 
which model consists of many (eventually a con- 
t,i'nuous distrihution of) nlaxwell-Liqnid elomcnts 
(c.f. fig. 2.3) coupled in parallel. The r d s  AB 
and C D  are prevented from rotation' hp friction- 
less arrangements. The force P is the image of 
stress, the displacement of the point Q the h i n g e  
of strain. 

The hehavioiir of a continuous set of Kelvin- 
Solid elements in series (the set B in fig. 2.5) is 
completely defined hy a fiinction J ( t , ) ,  siloh t,hat 
J ( t , ) d t ,  represents the total strain (in the model 
the total extension), caused after infinite t,ime hy 
a unit-st,rens (unit-load oE the model), of all those 
elements, 'whose retardation times (c.f. see. 2.3.3) 
lie between t ,  and t ,  + dt , .  The total strain (the 
total displacement io the model) of the set of IC -4 
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Hookiarl elcmerl,t and a Kelvin-Solid clement linked 
ill series, or il Hookian elcment and a llaxwell- 
lJi uid element. coupled in: 11a~l!!& 

%~ialogOns to thc m6dels fig. 2.5 and 2.6 elec- 
trical models are'possihk. I n  electrical engineering 
the cliaracteristies of a getrvorlc arc sometimes 
reprcsented in a dia,grarn of NYQUIST, mhcrc the 
impedance is plotted as a fiuiction of tlie f r o  
quency a of rolttrge and current. Similar di;rgi.ams 
arr: possible to express the s t ress t ra in relations 
of ailiitrary Lincar Bodies I). For further work 
on the analogy to electrical. networks, see ALFREIT 
(ref. 5). 

3 Plastic deformation in pure shear. 

3.1 Plastic defornia.tion without viscosity effects, 

The ideal plastic body in pure shear has the 
stress-st,rabn relation according to  fig. 3.1. The 

- . . ~ - -  

. .  , . .  . . .  

5 

P _ _  

II 

Fig. 3.1. Strcss-strain ralation in pure shear 
of tlio ideal plastic body. 

FORCE P * 

ROUGH BOTTOM 

l'ig. 9.2. Modcl of tho strcs.7-strain relatiom of fig. 3.1 

able stmin. This stress-strain relation may he rc- 
presented by tlie modcl fig. 3.2. To a spring a 
weight is connected placcd on a rough hottom. The 
weight only starts to  move if a critical force is 
attained, and diiriug the movement of the +ght 
the force acting on thc !bottom remains constant. 
The force P is the ima,ye of shcar stress, the disl 
placement of point Q the image of shear strain. 

The model in fig. 3.3 represents a body that 
shows linear strain hrdening and a Baiischingcr 

1 . .  

6 

Fig. 3.4. Stress-stmi" rclatian in pure dienr according 
to the modd fig. 3.3. 

effect. The corresporiding s t ress t ra in cume is 
shown in fig. 3.4. 

Many weizlits with springs in series represent a 
more general 'hardening material (fig. 3.5). The 
corrcsporiding stress-strain curve is givw in  fig. 3.6. 
If the set of weights is made continuous (but for 
tlie first spring and block), the sharp ,bends in  
fig. 3.6 are removed, as must 1)c the case in a 
quite proper model '). 

If during stressing or unstressing no veights are 
moved, helrarioiir is purely elastic. If thc slicar- 
stress is iiicreasing monotonic;dlly, t,hc total shear- 
strain, and thus the plnslic shear-strain is a iiniqiic 
function of the stress. 

SPRING SPRlNG 

WEIGHT 

///////////////////////////////////////////////////////~ 
ROUGH BOTTOM 

Fig. 3.3. X o d d  of the linearly hwdeniag m a t m i d  

yield limit is the shear stress T ~ .  If T < the A noteworthy property of the plastic stress- 
stress-strain relation is linear, if I = T~ the strain strain relations, Ifke those of the modcl fig. 3.5, 
may hare any a.rhitmry value. I n  point P (fig. 3.1) is that they arc indcpendent of time. 
the shcar strcss is r 0 .  If unloading takcs place, 

3.2 Pla..~tic deformation with uiscosity e f fec t s .  y" is the permanent strain, y' the elastic or recovcr- 

. 

') It bo rcmcmhercd, that the real and imsginan. parts 
of Imnn"n.... tho impedance are not indcpenderlt functions of the 

X m y  extensions which niay introcluce viscosity 
effects into the model fig, 3.5 are possible, the 

I l r ~  yllli_ L .'. 
%) Other :~ppropfiinto modf:ls with ,vvoights ana most reasonable seem to be those shown in fig. 3.7 

and fig. 3.8. Again the force P is the image of couplcd in pnrxllol &no possible. 
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stress and the displacement of point Q the image 4'  ,.Notations. I '  .- I 
of strain. If a. constant rate of (total) shear :, 

strain $ is applied to the model fig. 3.7, then 
the values of both the total s h u r  strain and the ' 13 moduius of elasticity. 
shear-stress at initial yielding (the starting of the 
movement of the first block) are independent of aij stress tensor. 

G ' 

k 

.. modulus of rigidity. 

bulk modulus. 

WEIGHTS CONNECTED W I T H  SPRINGS . .  

1 

SPRING 
FORCE P 

ROUGH BOTTOM 

Fig.  3.5. aenorslization of the model fig. 3.3. 
. .  

all ,' ozz , 0353 are-normal stress compo- 
nents. 
oI2 = a*, ; u , ~  = oa1 , oz3 = (rap are shear 
stress cmponents. 

uno all + a 2 2  t .,a. 
S i j  stress deviation tensor 

s.. $, - - ~. I) . - 

Kronecker delta 
a i j = l  if % = j ;  S i i = O  if i f j .  
shear stress ( oL2 = 021 = s,, = s,, = 7 ) .  

tensile stress (uLl =a, all other ai, are 

I 
sijo.. , 

Soa = s,, + SZ2 + SS3 = 0. 
. .  6 i i  

U F T  ., zero). ' 
E i i  strain I tensor. 
e l l ,  s Z 2 ,  ea3 normal strain components. 

Y 
Fig. 3.6. Strewstrain relation in pure shea amorrliq 

to thc model fig. 3.5: 

FORCE P - 

Fig. 3.8. 

. .. 

Fig. 3.7 arid 3.5. Possihlc extmsiom of the made1 fig. 3.5, 
introducing r k o s i t y  effects. 

the rate..of .strain. If the modcl fig. 3.8 holds, 
this is only true for the total shear-strain a t  initial 
yielding.. The value of the shear stress. a t  this 
moment, however, is increased if the rate of strain 
is high. 

It is evident from the model fig.'3.7 that the 
material it represents, may show creep, i.e. change 
of strain at constant stress and relaxation,' i.e. 
changc of stress at constant strain. I f  'fi. 3.8 is 
valid fo r  a material, this material ~ d l  show creep, 
hut no ?elaxation. , . ..I.. . , .~ . ,.. , 

2 E I Z  = 2 E 2 , ,  2 zl3 = 2 cg,, 2 gZ3 = 2 ea2 shear strain 

E m  . , E l l  + % 2 ' +  €33. 

components. 

eii  .. . s t ra in  detiation tensor 
e . . -  $1 - ~ i j  - (1/3) S i j ~ o a ,  
cas = e,, + e?% + e.; = 0. . 
shear strain ( 2  eIZ = 2 ~ ~ ,  G-2 e, ,  = 

longitudinal strain I;.. = e ) .  . 

. .. 

y .  . ' .  2 e , , = . / ) .  " '  



t 1 1  time. 
Dilr (re., etc. differentiation with respect to time. 
r viscosity coefficient in pure shear and 

in change of shape. 
IJ-J viscosity coefficient in change of volu- 

me. 
In viscosity coefficient in pure tension. 
1, retardation time. 
trel relaxation time. 
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1 Introduction. , 

This paper deals with bhe torsional strength of 
thin-walled D-tubes of 24 ST Alclad. D-tubes oc- 
cur in aircraft structures at the leading edge of 
an airofoil and their torsional strength is an im- 
portant property for the structural engineer. It 
can not be cmpu ted  hy theoretical means due to 
the complex nature of the occurring failures. The 
aircraft industry was strongly interested in dbtain- 
ing experimental information about the problem 
and thus made the first proposals for the present 
investigation. 

Both in the design of the test specimens and 
in Mie development of the methods of conducting 

kart >m one example of a coml te experiment- 
aliy determined torque-twist diagram the latter in- 
formation is not included in this paper. 
After the set np of the testprogramme had bsen 
completed publications on two other investigations 
concerning the ultimate shear strength of D-tubes 
became available (ref. 1 and ref. 2 ) .  The tests of 
r0f. 1 and ref. 2 partly refer to D-tubes stiffened 
in both ehordwise and spanwise direction, partly 
to specimens comparable to  the speeimem tested 
at the NLL, although the range of parameters 
wovered was not identical. Especially the speci- 
mens described in ref. 2 differ considerably from 
the NLL-specimens. 

After a description of the specimens (see. Z),  

L 5 6 

r C  LOWER END 

I d 

CROSS- SECTION A-P .CROSS- &TION e-e 

CROSS-SECTION C-C SCALE 1:2.5 

Fig. 2.1. General layout of rpoeimm. 
Dimensions vary with specimen.: sco table 2.1 

the tests and evaluating their results a close eo- 
operation WG maintained with the aircraft factory 
which manufactured the test specimens. I n  total 
36 specimens were tested in pure torsion. The 
specimens had a cross-section similar to the nose 
portion of the NACA 0009, 0012 and 0015 air- 
foil sections with a closing web at 15, 20 and 
25 percent of the chord. They were reinforced by 
equally spaced ribs, having a full w@b without 
lightening holes. 

The tests were perfomed such as to yield in- 
formation not only on the prebuekling stiffness, 
the buckling stress and the ultimate shear strength, 
but also with regard to the posbbuckling stiffness 
and the development of permanent deformation. 

the testing apparatus (see. 3) and the test procc- 
dure (see. 4), the test results of the present in- 
vestigation are being discussed in sec. 5. As to  
4he prebuckling stiffness substantial agreement was 
found with the Batho-Bredt formula. Though the 
buokling limit itself proved to be not well-defined, 
a semi-empirical formula is given for the stress at 
which the development of wrinkles may be expect- 
ed to start. 

I n  ref. 1 m well as in ref. 2 an empirical for- 
mula is given for the u l t i d e  shear strength of 
D-tubes. I n  see. 6 it is shown that neither of these 
covers the results of the present investigation. 

I n  see. 7 b h  ultimate shear strength is being 
considered as a function of the parameters of the 
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__ 

No. 
__ __ 
333 
334 
335 
336 
343 
344 
315 
346 
353 
354 
355 
356 
433 
434 
435 
436 
443 
444 
445 
446 
453 
454 
455 
456 
533 
534 
535 
536 
543 
544 
545 
546 
553 
554 
555 
556 
__ 

__ 
A 

emz 

136.7 

__ __ 

201.8 

270.2 

182.3 

269.1 

368.9 

227.8 

336.4 

450.7 

__ 
t 

mm 
__ __ 

0.6 
0.8 
1.0 
1.2 
0.6 
0.8 
1.0 
1.2 
0.6 
0.8 
1.0 
1.2 
0.6 
0.8 
1.0 
1.2 
0.6 
0.8 
1.0 
1.2 
0.6 
0.8 
1.0 
1.2 
0.6 
0.8 
1.0 
1.2 
0.6 
0.8 
1.0 
1.2 
0.6 
0.8 
1.0 
1.2 

__ 

TABLE 2.1. 

Nominal dimensions of specimens. 

L = 250 mm c = 1250 mm R = 1.1 kz/c  
__ 

ttc 
mm 
__ __ 
1.0 
1.2 
1.5 
2.0 
1.0 
1.2 
1.5 
2.0 
1.0 
1.2 
1.5 
2.0 
1.0 
1.2 
1.5 
2.0 

1.2 
1.5 
2.0 
1.0 
1.2 
1.5 
2.0 

1.2 
1.5 

1.0 

1.0 

2.0 
1.0 

2.0 

1.2 
1.5 

1.0 
1.2 
1.5 
2.0 
__ 

__ 

hle 
__ __ 
0.09 

0.09 

0.09 

0.12 

0.12 

0.12 

0.15 

0.15 

0.15 

-_ 
a/c 

__ __ 
0.15 

0.20 

0.25 

0.15 

0.20 

0.25 

0.15 

0.20 

0.25 

__ 

2 8, 
mm 
__ __ 
405 
405 
405 
405 
530 
530 
530 
530 
651 
651 
651 
651 
417 
417 
417 
417 
545 
545 
545 
545 
667 
667 
667 
667 
135 
135 
436 
435 
561 
561 
561 
561 
681 
681 
681 
651 
__ 

__ 

$2 

nim 
__ __ 
102 
102 
102 
102 
107 
107 
107 

110 
110 
110 
110 
137 
137 
137 

. 137 
145 
145 
145 
145 
150 

107 

150 
150 
150 
172 
172 
172 
172 
181 
181 
I s1 
151 
187 
187 
187 
157 
__ 

Angle-section 
stiffeners of the spar 

20 X 20 X 1.5 

20 x 20 x 2 

25 x 25 x 2 

20 x 20 x 1.5 

20 x 20 x 2 

25 X 25 .X 2 

20 X 20 X 1.5 

20 x 20 x 2 

25 X 25 X 2 

__ 
t ,  

m 
__ __ 

0.5 
0.6 
0.8 
1.0 
0.5 
0.6 
0.8 
1.0 
0.5 
0.6 
0.8 
1.0 
0.5 
0.6 
0.8 
1.0 
0.5 
0.6 
0.8 
1.0 

0.6 

1.0 
0.5 
0.6 

1.0 
0.5 
0.6 
0.8 
1.0 
0.5 
0.6 
0.8 
1.0 

0.5 

0. s 

0.8 

__ 

specimens. An empirical formula is ohtained from 2 Specimens. 
the NLL-test results, giving the ultimate shear 
stxneth within the limits of the scatter of the ex- Structure and dimensions. 

Y 

perimental data. Analysis of the test results of 
ref. 1, ref. 2 and ref. 3 finally leads to a design- 
chart, covering all data available, its precision 
being less, however, than that of the formula for 
D-tubes, corresponding with the resdts observed 
in the NLL-specimens. 

m e  conclusions to which the investigation has 
led are summarized in see. 8. 

The general layout of the specimens is shown 
in fig. 2.1. All specimens were of the same con- 
struction. The rilk were of rubherpressed sheet. 
The spar flanges were angle sections, bent from 
sheet material. Between two successive rib stations 
angle section stiffeners were riveted to the web 
to prevent buckling. The specimens were made 
according to normal aircraft manufacturing 

\ 
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standards. They were made to  N&CA-0009, 0012 
and 0015 airfoil shapes and they had a closing 
web a t  the 15, 20 or 25 percent station. The in- 
side skin line mas the mold line: 
As for the NACA airfoil sections the nose 

ra.dius R is given !by 
R = 1.1 hZ/C, 

a specimen (c.f. fig. 2.1) is fully determined, 
apart fmm the rib and the spa.r dimensions, by 
five of the six .dimensions h, R, 4, c, a and t ,  
whew h and c refer to Qhe ima.giiiary complete 
airfoil section of which the specimenl forms the 
nose part. The nhord c and the rib spacing L 
hacl the same value for all specimens ( c  = 1250 mm 
and L = 250 mm). By taking four valucq for the 
skin thidrness t, three fur the closing web position 
a and three for the.hei@ht h (corresponding to  
the airfoil sections OOO9, 0012 and 0015) 36 dif- 
ferent combinations 'of these parameters and hence 
36 specimens were obtained. The main dimensions 
of these specimens are Uisted in table 2.1. The rib 

jpecimen 

343 
343 
343 
344 
345 
345 
345 
454 
454 
456 
456 
456 
534 
534 
534 
543 
543 

- 543 
543 
543 
555 
555 
555 
556 
556 
556 

Part  

__ __ 
skin 
skin 
web 
web 
skin 
skin 
m b  
skin 
skin 
skin 
skin 
web 
skin 
skin 
web 
skin 
skin 
skin 
skin 
veb 
skin 
skin 
web 
skin 
skin 
web 

thickness, the web thickness and the size of the 
web stiffeners were increased and the rivetspacing 
wa diminished as the skin thickness increased. 
The size of bhe spar flanges was varied with the 
web station, the size of the flanges increasing 'ds 
a increased, in view of the Wagner loads (diagonal 
tension;field). At either end of a specimen an 
cndfitting ?vas riveted to the skin, Che web and 
the sparfhnges. 

2.2 Jfo.terial properties. 

The material used for the skin, the ribs and 
the web wilol 24 ST Alelad. The g r i n  of the skin 
and the web was in the direction of the longi- 
tiidinal a,xis of the specimens. 

After the specimens had been tested in torsion 
till failure occurred, tensile coupons were takcn 
from the web and from the apparently undamaged 
parts of the skin. Table 2.2 gives the ultimate 
stresses for a typical group of tensile coupons. 
Also the results of two compression tests have been 

TABLE 2.2. 

&teririal properties. 

Direction 

longitudinal 
transverse 
- 
- 

longitudinal 
transverse 

longitndinal 
transverse 
longitudinal 
transverse 

longitudinal 
transverse 

longitudinal 
transverse 
longitudinal 
longitudinal 

transverse 
longitudinal 

transverse 
longitudinal 

- 

, -  

- 

- 

- 

- 

- 

T m e  
____ _____ 
tensile 
tensile 
tensile 
tensile 
tensile 
tensile 
tensile 
tens i 1 e 
tensile 
tensile 
tensile 
tensile 
tensile 
tensile 
tcnsile 
tensile 
tensile 
compressive 
compressive 
tensile 
tensile 
tensile 
tensile 
tensile 
tensile 
tensile 

1) Norm1 stress producing 0.9 70 pemmnent normal strain. 
s, Ultimate tensile stress. 
$) Permanent dongstion aftei failure. 

cg.2 

rgmin-: 
__ __ 

35.6 
32.4 
35.3 
35.3 
33.8 
29.8 
35.0 
36.0 
31.5 
37.5 
33.1 
35.2 

29.8 
37.3 
34.8 
30.9 
29.0 
30.0 
34.2 
29.2 
32.2 
34.4 
31.8 
37.6 
35.7 

- 

44.3 
43.4 
47.3 
47.2 
45.2 
43.4 
45.2 
46.7 
45.1 
46.7 
35.3 
43.8 
46.3 
44.9 
46.5 
44.9 
43.6 
- 
- 

43.3 
44.0 
40.5 
44.8 
43 8 
46.3 
43.8 

- 
14.0 
20.5 
19.0 
17.5 
14.3 
20.2 
21.3 
19.7 
19.0 
19.0 
17.2 
19.0 
20.0 
16.8 
17.0 
20.0 
- 
__ 

16.7 
17.8 
15.0 
25.5 
17.3 
16.8 
16.2 

__ 
E 

gmm-z 
~ __ 

7160 
6950 
7050 
6940 
6770 
6890 
6880 
7010 
6750 
6700 
6890 
6620 
6980 
6750 
6830 
6880 
6780 
7300 
7250 
6760 
6780 
6970 
6880 
6780 
6730 
6950 
__ 
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added. Some typical stress-strain curves, for Ohc 
material of the web are platted in fig. 2.2. Figs. 
2.3 and 2.4 contain some stress-strain curves, de- 
termined on tensile coupons t,aken from the skin. 
The differences between the curves of cou'pons in 
chordwise and spanwise direction becomc more 
apparent as the skin thickness increases. This is 
due .to the fact that the amount of plastic defonn- 
ation of the material in the torsion test, before 
failure of the specimen occurs, increases with in- 
creasing skin thickness. 

The .portion of the skin volume in which plastic 
deformations occur ,before failure of the specimen 
becomes larger when the skin dhickness increases, 
because buckling becomes dess severe. Hence the 
relative nmgnitnde of the #bending strains and 
thus the ratio hctwecn the largest and the average 
strains, decreases. 

Whe average modulus of elasticity was found 
to be 

E = 6870 kg/mm2, 

the scatter in the tension tests fbcing t 2.5 s. 
The shear mdulus  G is given *l)y 

E .  G =  
2 (1 + y )  ' 

With Y = 0.32 it follows that  

G = 2600 kg/mm2, 

3 Description of testing apparatus. 

3.1 Loudi?ig frnnie a,d, load naensurements. 

The apparatus used to load the specimen in 
torsion is shown in fig. 3.1. The specimen is 
tested in a vertical position. Yhe upper end of the 
loading jig consists of a 1 em steel mountin,g plate, 
welaeled to a rigid frame work of steel channels. 
The Slanges of the upper and Pittings of the speci- 
men are attached, to this plla,te by bolts with 25 mm 
pitoh, The lower end fittings are bolted, likewise 
with 25 mm pitch, to a 1 em dural plate, carrying 
the two parts ,of the loading arm. The torque is 
applied by two 'opposite cable forces, workiirg on 
the loading 8rm on either side ;if the specimm. 
By means of an adjustable cable guide the effec- 
tive nominal arm length can (be made 1.0 m, 1.2 m 
or 1.4 m. The cable forces are applied 'by tighten- 
ing the tnrnl)uekles, iiicludcd in the cable :loop. 
The load is measurcd hy ,means 'of two strain 
gauge dynamometers, placed in the caihle loop 
near the attachemcnts to the loading arm. Fig. 3.2 

Fig. 2.2. Some typieril tensile stress-strain curves for the 
web material. 

YN4MOMETER CABLE- PULLE ' 

ADJUSTABLE CABLE GUIDE 
- 

0 40 80 i 2 0  160 2 0 0  240 

Fig. 2.3, Some typical longitudinal tensilc stress-stisin 
E U I W ~  for the skin material. 

? O L E .  

Fig. 3.4. S a m  t s i e a l  transvcrso tensile stress-strain 
.curves for the skin matelial. 

LOAOING 4RM 

TURNBUCKLE IFspEc1MEN 
PULLEY 

0 
- 

/DYNAMOMETER CABLE> 

Fig. 3.2. Loading system. 

gives a picture of this loading system. The pul- 
leys are mounted on hdl-bearings in order t o  
obtain a practically pure torsion load on the 
specimen, by climinating friction effects, which 
tend to cause unequal cable forces on either side 
of the specimen. Three types of dynamometers in 
conjunction wibh a Baldwin type K strain indica- 
tor ,have been used while carrying out the test- 
programme, the accuracy of their indications beinr 
0.75 kg, 1.7 kg arid 7.5 kg respectively. Talble 3.1 
gives the possible errors in  the torque measure- 
ments. 
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TABLE 3.1. 

Possible errors in the torque measurements. 
__ 

No. 

_- __ 
333 
334 
335 
336 
343 
344 
345 
346 
353 
354 
355 
356 
433 
434 
435 
436 
443 
444 
445 
446 
453 
454 
455 
456 
533 
534 
535 
536 
543 
544 
545 
546 
553 
554 
555 
556 

~ 

'recision of 
dynamo- 

meter, 'kg 

0.75 
0.75 
1.7 
1.7 
1.7 
1.7 
1.7 
1.7 
1.; 
1.7 
1.7 
1.7 
0.75 
0.i5 
0.75 
1.7 
0.75 
0.75 
1.7 
1.7 
1.7 
1.7 
1.7 
1.7 
1.7 
1.7 
1.7 
1.7 
0.75 
0.75 
0.75 
7.5 
0.75 

0.75; 7.5 
0.75; 7.5 
0.75; 7.5 

'Jominal 
.m length 

m 

1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
PO0 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.00 
1.40 
1.40 
1.00 
1.20 
1.40 
1.40 

'ossible erroi 
in the 

orque, k p .  

0.75 
0.75 
1.7 
1.7 
1.7 
1.1 
1.7 
1.7 
1.7 
1.7 
1.7 
1.7 
0.75 
0.75 
0.75 
1.i 
0.75 
0.75 
1.7 
1.7 
1.7 
1.7 
1.7 
1.7 
1.i 
1.7 
1.7 
1.7 
0.75 
0.75 
1.05 
1.05 
0.75 

0.90; 9.0 
1.05; 10.5 
1.05; 10.5 

3.2 Twist measuring equipment 

A t  the stations 3, 4 and 6 ( f i g  2.1) the twist 
of the specimen with respect to'its upper end, was 
measured by means of two dial gauges at each 
station. Fig. 3.1 gives a general view of the 
measuring equipment. 

At station 4 and at station 3 a measuring frame 
is attached t o  the specimen. The frames are sup- 
ported in three points, one at the nose and two 
in the web. The nose support consists of a small 
piece of wood, fastened to the frame and fitting 
to the nose of the specimen. Pop rivets in the web 

furnish seats for two pins attached to the frame. 
The pins are spring-loaded in oraer to provide 
the damping pressure of the nme support. 

At stations 4 and 6 the dial gauges are mounted 
on a vertioal column,' attached to the upper part 
of. the loading jig. mhe lower dial 'gauges bcar 
against fittings, bolted to the loadhg arm. At 
station 4 they ,bear against fittings, welded to the 
measuring frame at that station. The dial gauges 
at station 3 are attached to elevations of the 
meauring-frame at station 4 . a n d  they bear 
against fittings of the frame at st'ation 3. 

By this measuring equipment the twist was 
determined over the full length of the specimen, 
over "/, of the length and over Uhe part of the 
specimen 'between the ribstatiois 3 and 4. The 
latter readings should be useful to investigate if 
any end effects are present. 

T,he dial gauges used were accurate to  the nearest 
0.01 mm. The readings at station 3 correspond 
with a twistin,g arm of 0.5 m nominal length 
and at stati,ons 4 and 6 with an arm of 0.7 m 
nominal ilcngth. 

4 Testprocedure. 
Aftw the specimen was bolted into place the 

reference zeros for the measuring instruments were 
determined. While applying the load, the full- 
length twist readings and the indications of the 
dynamometers were closely followed hy making a 
graphical plot of the results during the test and 
by comparing the cable forces on either side of 
the specimen. If these forces showed differences 
of some importance or if some anomaly was found 
in the diagram, the testing. apparatus was immedi- 
ateily subjected to  a close inspection in order to 
trace the cause of the departure. This procedure 
proved to be advantageous in some cases, where 
a correction could he made in time. 

The appearance of wrinblcs was often accom- 
panied by a ban8g. The load at which bhe first, 
wrinklc was observed was recorded. 

The load increment chosen depended upon the 
magnitudc of the anticipated failing load. !Usually 
three loading cycles were performed ,before failure 
occurred in order to investigate the development 
of permanent twist and permanent wrinkles. The 
first Poading cycle was chosen snob, that the 
permanent twist could be expected to be less 
than 5 % of the total twist reached in that cycle. 
Fig. 4.1 gives an example of a complete torque- 
twist diag&m. 

Photoeranhs were made of the wrinkles in the 
Y l  

specimens at different stages of loading; only a 
few of these thave been included in this report. 

At loads near the failing load the load. indica- 
t,ions were dhserved closely and the type of fa ihre  
was recorded photographicaldy. 

5 Results and discussion. 
5.1 P r e b w k h g  stiffness. 

I n  order to compare the Batho-Bredt bheory as 
presented in ref. 4 with the experimental twist 
data, calculations were made, using the basic 
equation 
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(5.1) 
B = T $  dS 14 AZG, 

where s is a coordinate measured along the median 
line of the skin in the cross section of the tube 

160 

140 

1 0 0  
E 
x. 80 

a 6 0  

m 

2 
ro 

6 0  

M 

0 

00001 

Fig. 4.1. Campleto torque-twist diagram. 

(fig. 5.1) ; the shear modulus G bad the value 
given in sec. 2.2. The stiffness properties of a 
specimen were simulated by considering a simpli- 
fied cross-section as shown in fig. 5.1. The rigi- 

Fig. 5.1. Simplified crowseetion of spccinieri 

q o  0.15 0.20 0.2: 0.25 0.20 0.25 0.15 0.20 0.25 
0.09 0.08 0.09 0.12 0.12 0.12 0.15 0.15 0.15 

No. 333 343 353 434 44.3 453 533 543 553 
kgni 

27.6 4G.4 69.4 45.5 74.4 121.8 65.5 113.9 172.8- 
thco: . md/en1 

Tc* 

(5.4) 
form.25.6 30.5 34.4 41.8 49.7 54.9.57.1 68.2 71.3kplll 

theoretical stiffness 

120 

IW 

E 
m60 t 
P 
60 

' 0  

20 

0 

Oooo l  

dity of the four angle-section stiffeners of the 
spar was taken into account by adding 'che flanges 
of t y o  of them to the  kin and the web. The dif- 
ference ~hctwecn the values for the stiffness, eal- 
eulated with and without this contribution of the 
spar flanges, varied between 9% and 2 percent. 

The measured and.caleulated values of unit twist 
have been plotted Versus the torque in figs. 5.2, 
5.3, 5.4 a i d  5.5. Substantial agreement is found 
between theory and experiment. 

I n  plotting the diagrams of the figures mention- 
ed above the full-length twist data have been used. 
The other twist readings were found to .be less 
accurate for small torques. This is prahably due 
to  the not perfectly rigid attachment of the measnr- 
ing frames to the specimen at  stations 3 and 4. 
As no evident end effects proved to be present 

q~ ~ . I ~ ~ o . z o o . z ~ o . I ~  0.20 0.26 0.16 0.20 0.25 
i i j ~  0 . 0 9 n . n ~ o . n 9 1 1 . i ~  0.12 0.12 0.15 0.15 0.15 
KO. 334 344 354 44 444 454 534 544 5.54 

form.49.0 5S.4 866.2 80.2 Lh5.1 105.5 109.3 13808.2 147.1 kgnr 
(5.4) 

tlieorctical Stiffness - _ _  
240 

200 

$160 
2 

5 120 
8 
0 
c 80 

<O 

0 

Fig. 5.3. Themtical  and cxperinientnl prebuekling stiffness, 
t r 0.8 mm. 

Fig. 5.4. Theoretical and experimental prcbuckling stiffness, 
t = 1.0 ". 

. 
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qc 0.15 0.20 0.25 0.15 0.20 0.25 0.15 0.20 0.25 
iqo 0.09 0.09 0.09 0.1: 0.12 0.12 0.15 0.15 0.15 
No. 316 346 356 4% 446 456 536 546 556 

kgm 
53.6 91.2 135.7 88.7 151.6 238.5 127.7 22'2.9 WS.9 - ''' 

thew. rad /m 
rcr 

form. i2z.n 146.3'164.2 i99.j  23i.O 203.0 2v8.3 523.7 366 7 kgm 
(6.4) 'I 
- - - t,licoretieal stiffness 
500 

SM,  

E LOO 
m 
3. 
y300 

8 
to 2 0 0  

1 0 0  

0 

00001 

Fig. 5.5. Theorctieal and experimental prebuokling stiffness, 
t = 1.2 mm. 

the data obtained with these measuring frames did 
not require further consideration in this paper. 

5.2 Buckling stress. 

The buckling limit in the various tests was not 
wdll-defined. I n  most cases the specimens showed 
a continuous transition fm the unbuckled t o  
the buckled state. For several specimens there 
was an appreciable scatter in the loads at which 
Che various skin panels of ,one specimen ,buckled, 
thus showing the large influence of small initial 
waviness of the skin due to imperfect falbrication. 

The shearing stress in a skin panel at a given 
torque follows from the equation. 

T = T/Z At. (5 .2 )  

'Dhe recordings concerning the appearance of the 
first wrinkles, in eonhination with the observed 
points of departure from the liiiear parts of the 
curves in the dia,grams of figs 5.2, 5.3, 5.4 and 
5.5, lead to a semi-empirical formula for the 
stress a,t which the develnpment of wrinkles may 
be expected to start. In  deriving t k i s  formula the 
theory of ref. 5 ,  concerning the stahility of thin- 
walled tubes under torsion, is taken as a starting 
point. Ref. 5 gives for the buckling stress of 
medium length circular tubes the theoretical 
formula 

where d represents the diameter of the tube and 
where 

A = 1.18 for hinged edges; 
A = 1.29 for clamped edges. 

This formula for circular tubes has been proved 
to give .fair agreement with experimental data. Im- 
proved formulae of a similar character are propos- 
ed in ref. 6. 

The in3luence of the curvature of the skin panel 

of a D-tube will largely depend on the parameters 
a / &  and h/c .  I n  the experimental investigation of 
ref. 1 it w21s already found., that a rough estima- 
tion of the critical stress for 11-tubes, shaped con- 
form to an NACA-0012 airfoil section and with 
a /c  = 0.30, can )be made lby sutbstituting 2 a in- 
stead of d into (5.3). The present investigation, 
dealing with NACA-0009, - 0012 a,nd - 0015 air- 
foil shapes and with closing-w#h positions a/c = 
0.15, 0.20 and 0.25, leads to the same result. No 
apparent interference was found between bhe value 
of a/c  and the influence of the parameter h / c .  
Thus the buckling stress fo r  D-tubes could be ex- 
pressed by 

(t/L)* (Lz/ta)o.75, (5.4) E 
re, = B __ 

1 - " 2  

where 

B = 0.31 for h / c  = 0.09; 
B = 0.38 for h / c  = 0.12; 
I! = 0.415 for h./c = 0.15. 

An interpolation graph for B is being proposed 
in fig. 5.6. 

Fig. 55. Interpolation grtbpli for  tho . faelor  8, occurring 
in tho formula (5.4) f a r  the buckling stress. 

The torques corresponding with t,he shearing- 
str6:sses calculated from (5.4) are given on fig% 
5.2, 5.3, 5.4 and 5.5. It is secn that the huckling 
limits, estimated from the aha.nge in slope of ,the 
unit-twist curves, and the calculated buckling 
torques may differ considerzbly. For the greater 
part of the specimeiis the difference is less than 
10 %, however. 

I t  should be mentioned here, that the specimens, 
for which formula (5.4) has heen derived, all had 
the same value of L,/c. As interaction may exist 
hetween the parameters L/e  and h/c ,  formula (5.4) 
should be used with caution for d u e s  of L / c  other 
than L/G = 0.2. 

5.3 Fostbzcckliny behauiour. 

. . Geluerdly, the specimens were subjected to three 
loading cydes (see. 4) before failure occurred. 
Fig. 4.1 gives an example of a complete torque- 
twist diagram, derived from the full-length twist 
data of specimen no. 435. Such diagrams are avail- 



able for all three twist gauge lengths. Togcther mith 
the ohsewations and the photogmpliie recordings 
of the development of wrinklcs they may form the 
basis for a study concerning the posthueldling stiff- 

TABLE 5.1. 

Failure data. 

NO. 

-_ -_ 
333 
334 
335 
336 
343 
344 
345 
346 
353 
354 
355 
356 
433 
434 
435 
436 
443 
444 
445 
416 
453 
454 
455 
456 
533 
534 
535 
536 
543 
544 

545 

546 
5 3  
554 
555 
556 

~ 

Type 
of 

'ailure 

A.1.h 
A.1.h 
A.1.b 
A.1.b 
A.2.h 
A.1.h 
A.1.b 
A.1.b 
A.2.b 
B . 2 4  
B.l.a, 
B.l.a, 
A.1.b 
A.1.b 
A.1.b 
A.1.h 
A.2.a, 
B.2.a2 
B.l.a., 
A.l.a, 

B.2.a, 
B.2.a, 
A . 2 4  
B.2.a, 
B. lh2  
B.l.a, 
A.l.a,  
A.2.a; 
A.2.a, 

A.2.a, 

A.l.a, 
B.2.a, 
B.2.a., 
B.2.a, 
B.2.a, 

~ 

~ 

B.2.a, 

__ 

Remarks 

Iamaged rib 

lamaged rib 
lamaged rib 
lamaged rib 

iahlure in end panel 

lamaged rib 

iaillure in end panel 

)failure in end 
Ipanel; damaged ri'r 

Caiiurc in end p n e l  

Ultimate 
stress 

u ,  kg/mm 

3.27 
4.02 
5.16 
5.91 
2.88 
4.43 
4.76 
5.50 
2.61 
4.21 
4.57 
5.44 
3.83 
4.98 
5.73 
6.29 
3.28 
4.38 
5.83 
6.58 
3.59 
4.32 
4.99 
6.24 
3.51 
5.50 
6.07 
6.86 
3.09 
4.41 

5.23 

6.47 
3.30 
4.31 
5.21 
6.52 

A. Collapse sftcr the torque had rezhed e m2ximum. 
B. Colla;pse &farc tho torque had rewhed a mnximunr. 
1. Collapse with one wrieklc in a skin panol. 
2. Collapse-1vit.h two mrinkleu in a ski= panel. 
a. First tvno of failure. .. 

a, 
"1 
Second type of failure; hcnding fsiloro of the nose. 

Buckle erassins ovcr the nose. 
Buckle mpidly extending into the IIOYC. 

b. 

~ ~~ 

ness and the growth of permanent twist. This falls 
beyond the scope of this paper, however, which is 
primarily concerned with the ultimate torsional 
strength of DLtuhes. 

5.4 1'ype.s of failure and ultimate stiesses 

In all cases failiire of a. specimen was due to  
collapse of the strongly curved nose portion. 
I>uring the tcsts two types of faillure were ob- 
served. Tche typical failure for low a/c and large 
k / c  values w ~ l s  characterized toy a 'buckle crossing 
over or rapidly extcnding into the nose, usually 
accompanied hy a sudden decrease of the load. 
With the second type of failure the wrinkles 
gradually deepened, finally leading to a kind of 
coblapse in which the nose lbent suddenly in the 
form of an S-eume in the plane normal to the 
chord after the torque had reached a maximum. 

Failiirc occurred with one or with two wrinkles 
in a skin panel. The initial wrinkle started near 
Clre hcam. 17  of the 36 specimens failed after a 
second wrinklc had appearcd below the initial 
wrinkle. Usually failure occurred shortly after 
the development of this second wrinldle, as it raqid- 
ly extended into the nme in most cases. 

The points of failure of the various speeiniclis 
were well spread over the five skin panels of a 
specimen. Only four specimens failed in an end 
panel. It may be concluded therefore that nearly 
no end effect was prescnt. 

Some typical examples of failure are given in 
E&. 5.7, 5.8, 5.9 and 5.10. The .ultimate stresses 
and ohher information wncerning the failure of 
the specimens ape supplied in table 5.1. 

I n  some cases visible damage was done to a 
r h  Tthe kind of damage was always the same; 
Fig. 5.11 rcprcsents a severe case. The pictiire 
shows t h a t  the ribs may ,be loaded perpendicular 
to the chordmise direction by forces from the skin 
in the huckled state. I t  is found in tables 5.1 and 
2.1 that, for low values of k / a  i n  partieular, the 
ribs arc heavily loaded when the specimen is near 
failure. 

G Comparison of test results from the present 
investigation with empirical formulae for  the 
ultimate stress, derived in earlier investig- 
ations. 

According to  ref. 1 the arerage nltimate strength 
in torsion for stiffened or  unstiffened D-tubes, 
having a cross section similar to the NACA 0012 
airfoil section and a closing web at 30 percent o€ 
the ohord, can he calculated from the formula: 

The left and riglit hand sides have the dimen- 
sions of the 225th and the 1.48bh power of a length 
rcspectirely. 

I t  iu thus evident that this formula can hold ~ ~~ 

only for Wubes  of approximately equal size as 
the specimetls of ref. 1. . In all other cases (6.1) 
must lead to erroneous results. 
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Taking (6.1) as a starting point a dimensionless 
formnla was obtained by putting 

(I-/?) __-- r$z-c ( v ~ ~ s v ) j 6 ,  (6.2) 

termined such as to yidd the best correlation with 
the test data from the present investigation and 
the data for unstiffened.D-tubes from ref. 1. The 
analysis resulted into the following expression for 
the average ultimate shear strength ( 6  = 0.68) : 

where ,=2.25/6-2. The power 8 has heen de- T= = 0.288 E(t/L)0.64(d/S~)0.21(t/S~)0.43, (6.3) 

TABLE 6.1. 

Compa,rison ,hetrTcen experimental values of $he oltimate stress and the results of the modified 
XACA-formnla (fi.3) 

__ 

No. 

~ 

c_ 

333 
334 
335 
336 
343 
344 
345 
346 
353 
354 
355 
356 
433 
434 
435 
436 
443 
444 
445 
446 
453 
454 
455 
456 
533 
534 
535 
536 
543 
544 
545 
546 
553 
554 
555 
556 

0006 
0009 
0015 

16.012 
__ 

t /L  

0.0024 
0.0032 
0.0040 
0.0048 
0.0024 
0.0032 
0.0040 
0.0048 
0.0024 
0.0032 

0.0048 
0.0024 
0.0032 
0.0040 
0.0048 
0.0024 
0.0032 
0.0040 
0.0045 
0.0024 
0.0032 
0.0040 
0.0048 
0.0024 
0.0032 
0.0010 
0.0048 
0.0024 
0.0032 
0.0040 
0.0048 
0.0024 
0.0032 
0.0040 
0.0048 
0.00718 
0.00718 
0.00718 
0.00718 

0.0040 

dS, 

0.925 
0.925 
0.925 
0.925 

0.943 

0.943 
0.960 
0.960 
0.960 
0.960 
0.900 
0.900 
0.900 
0.900 
0.917 
0.917 
0.917 

,0.917 
0.936 
0.936 
0.936 
0.936 
0.862 
0.862 
0.862 
0.862 
0.891 
0.891 
0.891 
0.891 
0.914 
0.9i4 
0.914 
0.914 
0,944 
0.929 
0.892 
0.969 

0.943 

0.943 

___ 

t lS,  

0.00297 
0.00396 
0.00492 

0.00226 
0.00302 
0.00377 
0.00453 
0.00185 
0.00246 

0.00368 
0.00288 
0.00365 
0.00478 
0.00575 
0.00220 

0.00366 
0.00440 

0.00240 

0.00359 
0.00276 
0.00269 
0.00461 
0.00550 
0.00214 
0.00286 
0.00356 
0.00427 

0.00591 

0.00306 

o.noz.99 

n.ooi8o 

o.no299 

0.00176 
0.00235 
0.00293 
0.00352 
0.00372 
0.00366 
0.00351 
0.00229 

T,, kg/mmX 
formula 

3.37 
4.59 
5.79 
7.05 
3.00 
4.09 
5.19 
6.31 
2.76 
3.76 
4.76 
5.79 
3.29 
4.50 
5.68 
6.93 
2.95 
4.05 

6.19 
2.72 
3.70 
4.69 
5.69 
3.22 
4.38 
5.55 
6.71 
2.90 
3.95 
5.00 
6.07 
2.68 
3.65 
4.63 
5.62 
7.85 
7.75 
7.55 
6.34 

5.09 

7% k g / m z  
test 

-___ ____ 
3 27 
4.02 
5.16 
5.91 
2.88 
4.43 
4.78 
5.50 
2.67 
4.21 
4.57 
5.44 
3.83 
4.98 
5.73 
6.29 
3.28 
.4.38 
5.83 
6.58 
3.59 
4.32 
4.99 
6.24 
3.51 
5.50 
6.07 
6.86 
3.09 
4.44 
5.23 
6.47 
3.30 
4.31 
5.21 
6.52 
6.91 
7.10 
1.54 
6.45 

.percent 
difference 

- 3  
- 12.5 
- 11 
- 16 
- 4  
+ 8  
- 8  
- 13 
- 3  
+ 12 
- 4  
- 6  
f 16 
+ 10.5, 
+ 1  
- 9  
+ 11 
+ 8  
+ 14 
f 6  
+ 32 
+ 16.5 
+ 6  
+ 9.5 
+ 9  
+ 25.5 
+ 9.5 
+ 2  
+ 6.5 
+ 12 
+ 4.5 
+ 6.5 

' + 23 
+ 18 + 12.5 
+ 16 
- 12 
- 8.5 

0 
+ 2  
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T.4BLE 6.1 (continued) 
~ 

- 
ref. 1 

NO. 

__ ___ 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 

t lL 

0.000646 
0.00102 
0.00148 
0.00121 
0.00204 
0.00296 
0.001815 
0.003065 
0.00444 
0.00387 
0.00613 
0.OOS88 

alS, 

0.914 

0.905 
0.914 
0.914 
0.905 
0.914 
0.914 
0.905 
0.914 
0.914 
0.905 

n.914 

tis, 

0.00157 
0.002485 
0.00357 
0.00197 
0.003485 
0.00357 
0.00147 
0.002485 
0.00357 
0.00157 
0.002485 
0.00357 
- 

7" kg/mm2 
formula 

1.15 
1.88 
2.78 
1.67 
2.92 
4.33 
2.16 
3.79 
5.61 
3.61 
5.90 
8.73 

- 

7% log/mmz 
test 

0.9s 
1.50 
2.54 
1.905 
2.96 
3.625 
2.54 
3.455 
5.65 
3.9s 
5.82 
8.65 

- - 

! 

percent 
,difference 

- 15 
- 20 
- 8.5 
+ 14 
+ 1  
- 16.5 
+ 7.5 
-. 9 
f l  
+ 10 
- 1.5 
- 1  

K 

10 

0 8  

0 6  

a4 
0 02 0 4  06 08 t i t  1 0  

Fig. 6.1. Factor in formula (6.4) fo r  stiffening effeet of 
ohordwivise stiffeners, moording to  ref. 2. 

In  table 6.1 the calculated and experimental 
ultimate stresses are ,listed fo r  the NACA- and the. 
NLl,-specimens. Also four unstiffened specimens 
from ref. 3 ' )  (have been included. It is seen that 
the correlation is rather good, though a systema. 
tical variation of the error with the value of ~ L / C  
and with the skin thickness may be observed. 

The test results of ref. 2 can not be compared 
with formula (6.3), as  t,he dimensions of the speci- 
mens are given incompktely in ref. 2 (S, nor a 
is ment,ioned) . 

The formula for the ultimate shear strength of 
unstiffened D-tubes, proposed in ref. 2, reads 

7% = k (R,/L)O.3' . r 2 ,  (6.4) 
\nherc k depends on the rib dimensions and where 

is a function of R/t. Graphs for k and r l ,  
taken from ref. 2, are included in this paper as 
figs. 6.1 and 6.2. The rib dimemion parameter t ,  
follows from 

t, = AJL, (6.5) 

where A, represents the cross-sectional area of one 
typical chordwise stiffener or effective ribflange 
(for rubber pressed ribs a width of about 15 t ,  of 
the rib web has to she added to the ribflange to 
give A , ,  according to ref. 2).  

Calculation of the ultimate st,ress with (6.4) for 
all specimens from ref. 1, ref. 2, ref. 3 and from 
the preient investigation leads to results, listed in 
table 6.2. In many cmm the correilation ,between 
calculated and experimental ultimate stress turns 
out to  be rather poor. This could be expected, how- 
ever, as the range of parameters for mhich for- 
mula (6.4) was derived lies outside the range .of 
parameters covered 'by the other investigations. 
Extrapolation thus proves to give insufficient 
correlation. 

~ 

') Ref. 3 is a continuation of ref. 1. The test results 
given in ref. 3 hava not been published by the NAOA, 

Fig. 9.2. Typical h&li strcse in formula. (6.4) for  wing 
leading edgea, meording to ref. 2. 
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TABLE 6.2. 
Comparison between experimental values of the ultimate stress and the results of bhe 

SAABformula (6.4). I 

r 
1 - 

453 3.59 + 2  
434 4.98 + 24 

4 454 4.32 + s  
5.73 -I- 25 

445 79.20 0.0864 4.59 5.83 + 27 
4.99 f 9  
6.29 + 20'h 

16.30 79.20 0,1000 5.22 1 6.58 + 26 
6.24 t 19y2 
3.51 + 6  

553 3.30 - Y2 
5.50 + 44 

38.68 123.76 0.0720 3.81 I 4.44 + 16y2 
554 4.31 ' + 13 

6.02 + 35 
30.94 123.76 _.. 0.0864 4.46 1 5.23 + 17 

6.86 + 34 

556 6.52 + 28 

444 j 24.75 79.20 0.0720 4.01 1 4.3s f 9  

51.57 123.76 0.0750 3.32 [ 3.09 - 7  

546 25.78 123.76 0,1000 5.10 1 6.47 + 27 

1, 39.6 0,0522 3.22 2.96 - 8  

i 

52 

I 

456 

555 5.21 + 16y2 

0.0224 1.79 I) 0.98 - 45 
18.65 . 19.8 0.0261 2.23 . . 1.50 - 33 

0.0363 2.69 2.54 - 6  . 
0.0448 2.54 1.90 - 25 

0.0726 4.01 3.62 - 10 

18.65 59.4 0.0784 4.15 3.45 - 17 

1 29.65 
2 
3 13.20 
4 29.65 
5 18.65 
6 13.20 

8 
9 13.20' ( 0.109 5.30 5.65 + 655 

10 29.65 0.134 5.20 3.98 -~ 231,'~ 
11 18.65 1 118.8 -0.157 6.73 5.82 - 13$" 

4 u 
2 4 7 29.65 ' 1 0.0672 3.23 2.54 - 21% 

12 13.20 \ 0.218 8.73 8.65 - 1  
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I 

I 

i n  75.0 811. 0.45 9.1 0 10.25 + 12 
'. 11 75.0 1072 0.59 10.73 i i .no + 2  

12 69.0 5sn 0.70 9.40 9.76 + 4  
13 69.0 580 0.70 9.40 10.10 1 7  
14 22.0 171 0.50 in.10 9.57 -. 5 
15 22.5 168 0.50 in.% 10.70 + 6  
16 22.5 126 0.376 8.25 8.40 + 2  
17 70.0 870 0.48 9.97 in.nn n 
18 5 6 3  5s4 0.567 10.30 9.70 - 6  
19 49.1 584 0.483 10.82 9.40 - 12 
20 49.2 320 n.922 9.60 8.93 - 7  
21 10.6 76 0.227 8.15 6.00 - 2  

p3 

3 m 

. .  I L  
tlie ultimate stress. 

Drogramme (L/c=0.2).  A suitahle choice for  the 

Fig. 7.1. Interpolation graph f a r  the factor A ,  Wurr ing  i n  

position on the ultimate stress. 
The pilramet6r L/c was held coilstant in the test formula (.i.n), dcttemining thD influenee of the closing wrR 

22 10.6 
25 ion 
26 67 

I 

~I 

remaining parametcis was found to he 

where Illt is primarily concerned witih the buckling 
resistance of the nose (compare ref. 2). The ulti- 
mate stresses of table 5.1 could be covered hy the 

R l L ,  alc, R/t ,  (7.1) 

76 0.272 8.66 9.00 f 4  
345 0.175 4.00 3.7s - 6  
296 0.277 5.78 5.83 + 1  

where X = 1.10 if 5,'c = 0.15; 
A = 1.02 if alc  = 0.20; 
A = 1.00 if a le  = 0.25. 

An interpolation graph for A is being proposed in 

Augmenting the value of a / c  at, a constant value 
of L / c  will make it possible, that  more than one 
ivrinkle is originated in one skin panel. Failure of 
a specimen, caused by collapse #of the strongly 
curved nose portion; will primarily be affected hy 
wrinkles developing near the nose. It may be ex- 
peitcd. that the influence of a second wrinkle will 
be'smnll #because only one of the wrinkles extends 
into the nose region, the other being confined to 
the less cum& portion of the skin adjacent'to the 
clasiug web. The devdlopment of- a third wrinkle 
will affect the ultimate stress eren less. T,he graph 



/ 

S 38 

of fig. 7.1;intended for a value of L / c =  0.2, i s . '  
drawn in accordance with Chis conception. Above 
n/c  = 0.25, where all specimens but  ' two did , of the ultimate strengbh with a/c. 

show two wrinkles in one skin panel at failure 
(table 5.1), it gives only a very small variation 

. .  .. . 

No. 

333 
334 
335 
336 
343 
344 
345 
346 
353 
354 
355 
356 
433 
434 
435 
436 
443 
444 
445 
446 

Fig. 7 5. Diagram for the determination of ( t / l l )  0.9 

TA8LE 7.1. 

Comparison betwecn experimental values of the ultimate stress and the results of the 
NLL formula (7.2) 

7% kg/mmz 
formula 

3.34 
4.32 
5.29 
6.23 
3.10 
4.00 
4.90 
5.77 
3.04 

, 3.92 
4.81 
5.66 
3.54 
4.59 
5.60 
6.60 ' 

3.29 
4.26 ' 

5.20 
6.12 

r z  kg/mniz 
' test 

~~ 

3.27 
4.02 
5.16 
5.91 
2.88 
4.43 
4.78 
5.50 
2.67 
4.21 
4.57 
5.44 
3.83 
4.98 
5.73 
6.29 
3.28 
4.38 
5.83 ' 

6.58 

- 
percent 

difference 

- 2  
- 7  
- 2.5 
- 5  
- 7  
+ 10.5 
- 2.5 

- 12 
+ 7  
- 5  
- 4  
+ 8  
+ 8.5 
+ 2  
- 5  
- 0.5 
+ 3  
f 12 
+ 7.5 

- 4.5 

__ 

No. 
-__ -_ 
453 
454 
455 
456 
533 
534 
535 
536 
543 
544 
545 
546 
553 
554 
555 
556 

T* kg/mm2 
formula 

3.22 
4.17 
5.09 
6.00 
3.68 
4.78 
5.85 
6.90 
3.42 
4.44 
5.42 
6.40 
3.35 
4.35 
5.32 
6.27 

7% kg/mm2 
test 

3.59. 
4.32 
4.99 
6.24 
3.51 
5.50 
6.07 
6.86 
3.09 
4.44 
5.23 
6.47 
3.30 
4.31 
5.21 
6.52 

percent 
difference 

+ 11.5 
t 3.5 
- 2  
+ 4  
- 4.5 
+ 15 
+ 3.5 
- 0.5 
- 10 

0 
- 3.5 
+ 1  
- 1.5 
- 1  
- 2  
+ 4  

- - 
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A comparison between experimental stresses and 
stresses calculated from fomnula (7.2), is given in 
table 7.1. No systematic errors are present any- 
more and the overall correlation is within the 
limits of the scatter to be expected in the cxperi- 
mental data. 

Formula (7 .2)  with the given, values for A does 
not cover the experimental results of ref. 1 and 
ref. 3, as is being shown in figs. 7.2 and 7.3, 

TU ( R  f t)Q.9 
where ~ has been plotted versus R l L .  If 

I 

again the ultimate stress is expressed by a formula 

No.1 1 2  3 1 4  5 6 1 7  8 9 I 1 0 1 1 1 2  
Tu (W'L)~' 

E LICI 0 8  I 0.4 1 0267 1 0 . 1 3 3  

a/c=0.30, except for one specimen of ref. 3, ' 

where a/c = 0.50. 
As war pointed out above for values of a l c  > 

0.25 only a very small variation o f .  the ultimate 
stress with a l c  may be expected, when the ratio 
L / c  is held eonstant at L/c=O.2. For values of 
L l c  > 0.2 the influence of alc may extend further 
tha.n that, as the appearance of a second and a 
third wrinkle, due to aiigmenting the value of alc, 
wilil be delayed by increasing the ratio L l c ,  while 
the buckling resistance of a skin panel is diminish- 
ed. However, the deviations from formula (7.2) 
ocour just for small values of Llc ,  so that bhe poor 
correlation between the results of ref., 1 and ref. 3 
and the hZL formula (7.2),  ,being illustrated in 
figs. 7.2 and 7.3,  can hardly he explained 'by a 
possible influenee of the parameter a/c. 

I n  ref. 1 nor in ref. 3 a serious distortion of 
the sparflanges is reported. Therefore the diver- 
gence, found between the results of ref. 1 and ref. 3 
and of the present investigation, must be mainly 
due to the fact, that the value of L f c  was .not 
held constant in the programme 'of ref. 1, while 
the ribs of the specimens of both ref. 1 and ref. 3 
m r e  weakened by lightening holes. From fi,gs. 7.2 
and 7.3 may be concluded, that the slope of 

versus R f L  is diminished iby taking 

lower values of L / c ,  this effect becoming more 
serious in general if a smaller relative rib thick- 
ness is chosen and if the ribs are weakened by 

( R l t )  0.9 

E 

10'. R/L lightening Xoles. This means that the weakening 
effect of taking rower values 'of Rlc  or hlc is not 
compensated by the relativdly smaller rib distance, 
if at given values of R / L  and Rlt the value of 
L l c  is diminished. Takine a smaller value of LIC 

Fig. 7.2. Comparison h t w e e n  the ATLL-trst m l t s  and the 
data from ref. 1. (a jo=0.30 ,  t r / t z 0 . 8 Q - O 0 . i 8 ) .  

10. VL 

Fig. i .3 .  Comparison betwoon the NLL-test results and the 
data from ref. 1. 

like (7.2),  then it is clear from fig. 7.2 that h is 
not a constant anymore for a given vdue  of alc .  
The values of the parameters RIL and Rlt ,  used 
in ref. 1, ref. 3 and in the present investigation 
lie within the same range. I n  ref. 1 and ref. 3 

ai given values of R / c  &d R,/ t  leads to a higher 
ultimate strength, the value of R f L  being then in- 
creased simultaneously. H,owever, the ainount of 
the experimental data available does not allow bhe 
establishment of rriliable design charts. 
. The analysis of the data of ref. 2 is seriously 
hampered by the fact, that the dimensions of the 
specimens are supplied incompletely. No informa- 
tion has been included on the values of c and a, 
while from the rib dimensions in most eases noth- 
ing is known except the values of t,/t. A factor k, 
depending on the ratio t , / t  like in formula (6.4) 
of ref. 2, proves to  be of no value for explaining 
the divergence between the test results of ref. 1, 
ref. 3 and the present investigation. A possi,hle 
influence of the parameter t,lt does not even 
show up.. It is to be expect,ed thai both for fuM 
ribs and for ribs with. lightening holes t , / t  will 
have a marked influence upon the ultimate stress 
only when it is very small, but that its influence 
wil he practically negligible for most practical 
cases such as those covered by the present tests. 
The rather lhrge variation of k wibh t , / t  in fig. 6.1 
must be attributed to the fact that  the test speei- 
mens from ref. 2 had only chordwise stiffeners 
instea.d of ribs. 

Though the closing-web pmition of the specimens 
of ref. 2 is not known, it is expected t o  lie between 
25 and 30 percent of the chord. So the data of 
ref. 2 have been put  into one diagram (fig. 7.4) 

-1 
I 
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with all data from ref. 1, ref. 3 and the present 
investigation, concerning clusing-+eh positions be- 
tween a/c=0.25 and a/c=0.30. Fig. 7.4 may 
he used a.s a design chart, giving the ultimate 

SAAB meemens 
No. 10 11 12 13 . 14 15 16 17 
Rinem 9.0 9.0 5.8 5.8 1.8 1.8 1.8 8.7 
L i n m  11.1 8.4 10.0 1'0.0 106 10.7 14.3' 10.0 
tin" i.ao 1.20 0.84 '0.84 0.82 0.80 0.80 1.24 
t,/t . Q.45 0.59 0.70 0.70 0.50 0.50 0.376 0.48 
N o ,  18 19 20 21 22 25 26 
R i n m  5.9 5 3  3.2 1.9 1.9 5.0 4.0 
Lincm 10.1 10.1 10.0 25.0 25.0 14.5 13.5 
tin" 1.04 1.20 0.65 1.80 1.80 0.5 0.6 
t8/t  0.567 0.483 0.922 0.W7 0.872 0.175 0.277 

T u  (R / t ) "  

0 08 

E 

006 

a04 

0 . 0 2  

0 
0 200 430 600 800 ,ow ,200' 

Fig. 1.4. Outline map of all data available on the ultimate 
shear stmmgth of D-tubes, stiffmad in ehordwiw direction 

only and ha-g 0.25 <a/* 4 0.30. 

ro' R/L 

shear strength of D-tubes, stiffened in chordwise 
direction only. By making a careful comparison 
between the dimeGions of the specimens and the 
dimensions of an actual design it should be pos- 
sible to  estimate the ultimate stress with a greater 
amount of accuracy than would follow from the 
differewe 'oetween the upper and lower boundaries 
for the ultimate stress, drawn in fig. 7.4. For 
values of u/c < 0.25 the ultimate stress, estimated 
from fig. 7.4, may possibly always #he multiplied 
by the factor A, ,given in fig. 7.1. Further it 
should be mentioned that the test ,points of ref. 2 
refer to specimens with chordwise stiffeners in- 

stead of ribs. For D-tubes a n ber pressed 
ribs, having a full web, the ultimate strength may 
be underestimated ;by using the diagram of fig. 7.4 
in the range 109 R/L  > 150 approx. 

8 Concluding remarks. 
For the range of parameters covered by the 

36 specimens, tested at the NLL (tahle 2.1), an 
empirical formula, (7.2), has been derived for Dhe 
ultimate shear strength of D-tubes, stiffened in 
chordwise direction by ribs having a full web. The 
precision of the formula (7.2) is within the limits 
of the scatter, to he expected in the actual strength 
(tahle 7.1). Also a semi-empirical formula, ,(5.4), 
has ,been given, which yields an approximation to  
the 'buckling stress. 

The experimentail prebuckling stiffness has been 
oompared .with the stiffness after the Bath+Bredt 
theory for a single cell below .the buckling limit. 
Substantial agreement was found between theory 
and experiment (see. 5.1). 

The tests have been performed such, that also 
valuable information was obtained Concerning the 
postbuckling stiffness and the development of 
wrinkles and permanent distortion. These data, 
not yet included in this 'paper, may form the basis 
f'or a further study (see. 5.3). 

The results of the present investigation have 
been compared with the empirical formulae for 
the ultimate shear strength of D-tubes, given in 
ref. 1 and ref. 2 (see. 6).  The formula of ref. 1 
is not dimensiodless. Therefore it must lead to 
ermneous results for all specimens, which are not 
of equal size as the specimens of ref. 1. After 
being transposed into a non-dimensional form the 
formula of ref. 1, (6.3), yielded reasonable values 
for the ultimate stresses, though some systematic 
errors could be observed (table 6.1). The stresses 
according to the formula of ref. 2 in many eases 
differed considerably from the experimental values 
of the present investigation ,(table 6.2). This could 
be expected, the range of pKameters of the NLL- 
specimens not being covered by the range for which 
the formdla in ref. 2 was derived. However, in 
an lanalysis of all test results available this yroved 
to be an insufficient explanation for the diver- 
gence. 

TABLE 8.1. 

Range of parameters, for which experimental data are available concerning the ultimate shear 
strength of D-tubes. chordwise reinforced by ribs 

R/t  
103 R/L  

-L/c 
a/c 
h/C 

Type of 
ribs 
t,/t 
tdt 

Ref. 1 

1 3 2 C  18.65 
19.8 -118.8 

0.30 
0.12 

Rubber pressed ribs 
with lightening holes 

0.78 -0.89 
0.022G0.218 

0.8 - 0.133 

Ref. 2 

10.6-75 
76 -1072 

a 
a 
? 

Stiffeners, ibent from 
sheet metal 

0.175-0.922 
- 

Ref. 3 

4.66- 29.10 
33.46-209.40 

0.118 
0.30; 0.50 

0.06-0.015 
Rubber pressed ribs 
wibh lightening holes 

1.0 
0.2488 

NLL-tests 

9.28- 51.51 
44.56-123.76 

0.2 
0.15; 0.20; 0.25 
0.09; 0.12; 0.15 

Rubber pressed ribs 
with a fdll web 

0.83 -0.75 
0.075-0.100 
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The main reason for the observed discrepancy 
is that test specimciis with full rihs, such as in the 
present tests, or witli ribs having Iigliteidng holes, 
such as in t,lic tests from ref. 1 and 3 ea11 not hc 
compared, strictly speaking, with the specimens 
from ref. 2 \filiieh hiid only chordwise stiffeners 
instead of ribs. A s  a consequence, the inf;lucnce 
of the rib dimensions inoluded in the formula 
froin.ref.  2 d'oes not apply to the specimens of 
refs. I and  3 and of the present investigation. 
In addition the influence of other parametcrs was 
neglected. 

100 

vi 
00 

60 

LO 

20 

0 200 4 0 0  600 800 ,000 1200 
ro? WL 

Fig. s.2. li:,ngc of pa1.ametc2.s eovercd 117 the  tCStS 
fl.<ilil rcf. ?. 

An analysis of t.lie data of ref. 2 was greatly 
hampered hy the fact,, tihat no information was 
siipplied conce~ning the closing web position and  
the chord of the specimens. 
MI data availailrle Iiwe heen put  into one dia- 

gram, fig. 7.4, whicli can hc used as a dcsign chart, 
dctermining tlie ultimate shear stress of D-tuhes 
stiffened in chordwise direction oiily. I t  should he 
noted, however, that lor 'Ibtuhes with normal rihs, 

l.rom s.3. R:,,,cc of parmeter% C",.CTC<l I,g the 
lil'Uu?,lt tcsts. 

tlie diagram may be conservatirc in t,he riingc 
1~03 Zi/L > 150 approx., where it is based on the 
data of ref. 2. 

J n  case a n  actual design lies witlrin the range 
of p;rranieters, covered hy the Nl,l-specimens, the 
we of forniitla (7.2) is rccomniended Iiowever. The 
clata-of-ref~1 a n d m i - 3 ;  ineluded in.this paper, 
rcvcnl the trend of the ultimate st,rength when 
cliariging the ri~hspecing or weakening the rihs 
(rigs. 7.2, 7.3). For more dctailed information 011 

tliis matter Some additional tests will 'he necessary. 
Thc range of parameters, covered by the tests, 

descril)ed in ref. 1, ref. 2, ref. 3 and the prcscnt 
papei', is given in talile 5.1. For tlie most impor- 
taiit paranietcrs the rangc covered in these tests 
is shown in a more convenient may in figs. 8.1 
to 8.3 ind.  

9 

A 
A ,  

n 
E 
0 

Notations. 
Cross-sectional area of a specimen. 
Cross-sectional area of one typical chordwise 
stiffener or effective rihflange (see. 6) .  
Factor, occurring in the formula for  the huck- 
ling stress. 
Nodulus of elasticity. 
Moddus of rigidity. 
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Distance between ribs. 
Minimum radius of tlie nmc of a specimcn. 
Actual length of a skin panel in chordwise 
direction (fig. 2.1). 
Beight of the sparweb (fig. 2.1). 
Applied torsional moment. 
Distmee from nose to web. 
Chord of the airofoil section. 
Diameter of a circular tube. 
Height of the airofoil section. . 
Factor, occurring in the formula (6.4) of 
ref. 2 for the ultimate stress. 
Thicknes of skin. 
Thickness of ribs. 
Ril) dimcnsion parameter, used in ref. 2;  
t, = AJL. 

7% 

iu Ultimate shear stress. 
rcr Buckling shear stress. 
D Unit twist, rad/cm. 
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Fig. 5.tl. Ih~magr done Lo the rib. 





whilst 

B = q  

\V,hcii a solution of these equations is tried by 
snbstitution of 

1L - - AT - - , e  , etc. v 
it is found that A has to satisfy the ~vell-knonn 
stahility quartic, the roots of which s h o ~ -  the char- 
acter of the disturbed motion: 

A' + B A3 + G A* + D A 4- E = 0 (2.3) 

where, neglecting the unimportant derivative z g ,  

(2.4) 

3 The coefficients of the characteristic quartic. 

I n  order to investigate the effect of the com- 
pressibfiity the influence of speea on the deriva- 
tives x., z,, etc. must be taken into account. 

As an example the derivation of the coefficient. B 
is given in detail, for the other ooefficients only 
the ultimate results are given. 

I n  the expression for B (eq. 2.4) the deriratives 
xu, z, etc. have t.o he written in t e r m  of ahe aero- 
dynamic coefficients. 

The component of the aerodynamic forces along 
the X-axis in disturhed flight can be written i n  
the form 

w ac, 
x = + p  (V ,  + u)' [ c, v, - (a. + +)I. (3.1) 

Differcntiation of this expression with respect 
to n or V (= T70 + u) yields: 

ac, a ac, W 
av vo av J, V". 

+ &pE' (V, + u)' [- - ~- - -(.. + 4 
or after neglecting small quantities : 

(3.2) 
ac, 
av ,. 

x, = pPV [- G, - 4 r -1 
So the corresponding dimensionless coefficient 

can be written: zu = __ xu 
p 1' 

(3.3) 
ac,  

Z" =- C, - 47,. 
I n  a similar way the expression for the derivative 

z, can be derived. 
The component of the aerodynamic forces along 

the axis OF z is 

(3.4) 

Differentiation with respect to w gives: 

and for the dimensionless coefficient z , :  

This expression for z, is identical with the one 
found in thc inempressible case; in the eompres- 

sible case, however, - and c, are functions of ac, 
au 

qpeed. 
It appears that only the derivatives with respect 

to Ti or U ,  give expressions which differ from those 
in the incompress+ble case. 

So it follows that according to the incompressi- 

Suhstitntion of xu ,  z,, m, and na; in equa- 
tion (2.4) for the coeff,ieient B and putting 
m, I 1.1 in, yields: 

T.4,' 



-- 

~- --I 
V 3  

JI ac,. ac, 
2 a.nl a, .. 

B = + c , + -  - -+&-+  
P,i4 ae 

2 Z B F T  da 
f v (1.1 + -) . (3.9) 

, It is easily seen that B .  increases with N w h  
numher since ah1 four terms in (3.9) increase with 
speed. I n  the sub-critica:l speed' range the first 
two terms are small an,d can #be neglected. 

The coefficient C ca,n be dealt with in a similar 
manner. Expressing the derivatives xu,  x,, etc. 
in terms of c.', cu;, cnl and .their derivatives with 
respect to speed yields : 

ac, + 

4 a.w 
ac. iu ' ac, ac, + * c , - + -  ~ - a, 4 ajf a, 
x ac, 

2iaz aa 
P A dc,, + 1.1 - + 

4 a d T  d a  

which can ,he approximated wi'ch a sufficient de- 
gree of accuracy ihy 

A$" Ptr ac, 
4 in ac, 

C = -  A ( 1 . 1 7  - 2 7  -). (3.10) 

The effect of speed on C ,  which is proportional 
to tihe manoeuvre niargin is not very large at for- 
ward e. g. positions. For rearward c. g .  positions, 
however, the changes in C wibh M can be consider. 
athle. More details will 'be givcn in the next section. 

The coefficient D appears in the following form:  

3 C & t  ac, 
4iBz a, D = - -  -+ 

At high speeds (small c,-vailnes; see re€. 3) this 
fotmnla can be simplified further to 

cw . (3.11) 4AF"  
4 i,P 

'+ 1.1 

The trend in the changes in U witli h c h  num- 
her are not immediately clear since formula (3.11) 

and -, which are contains the derivatives - 
dependent on wing profile camber and c.g. position. 
I n  order to get a better insight in the possible 
variations of D and the character of the disturbed 
motion a few n u m e r i d  elucidations will 'be given 
in the next section.' 

ac, ac, 
ailr ac, 

. .  
.. 

Finally the evaluation of the coefficient E 
leads to :  

xvhich is proportional to the static stability margin. 
So changes in E are proportional to the chaiiges in 
this margin as they are dealt, wibh in ref. 1. 

> 4~ The short period oscillation. 

Vhe character of the disturbed motion of the 
aeroplane is givcn iby the mots of the equation 
(2.3). According to Baimtom this equation can be 
factori,zed giving as a resnlt two qnadratics in an 
approximated form. I n  most cases bo'ch quadratics 
show a pair of conjugate complex roots correspond- 
ing to two osciillations: a short period heavily 
damped one and a long-period sli,ghtly damped or 
unstable 'one. The roots of the quadratic charac- 
terising the short period oscillation can he ap- 
proximated by 

B 
2 .  

27r 4 
pressed in aerodynamic 'time. 

As an illustrating exanple, the variation of B 
with Mach number for a particular single-engined 
'high speed aeroplane is ,given in tahle 1 (see ref. 1 
for the required data of this aeroplane; the quan- 
tity is not mentioned in ref. 1 = 0.087). 

in which -- stands for the damping and 

LvCyz BZ defines the frequency both ex- 

TABLE 1. 

M 1 0.4 1 0.6 1 0.7 I 0.8 

B 1 6.42 7.12 7.75 1 8.82 
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I t  follows from this table that the damping of 
the short-period oscillation incremes with Af as 

Io:g a the motion ramailis periodic ($- 
remains negative). It may be remarked bhat 
neither altitude nor e. g. position affects B. 

to \half 
is given in fi,g, 1, in which curves 

The frequency of the oscillations depcnds also 
on the coefficient C, the $ariation of ivhioh can 
he seen from table 2 for  two different altitudes 
and four 'e. g. positions: 'Dhe most rearivard e. g. 
(k-/h0=0.07) is located at a point 2 % 1\LK 
in front of the neutral point at low sped .  

Only for 6he most rearward c. g. position at ,high 
altitude the changes in C appear to be considerdde. 
I n  fig. 2 the period of the oscillation is plotted 

two altitudes. The dotted lines refer to the in- 

T,he time t,o damp the 

, for the compressible and incompressi,hle are against Mach num%er for three c.g. positions and 

I 
I TABLE 2 .  

plotted. 

H 
( m )  

2500 

10000 

Tile coclfieient C as a function of 'Ai!. 

M h - h, 
0.4 0.G 0.7 I .0.8 (% nlilc) 

- 0 0.05 0.05 ~. 43.5 30.3 17.3 :;:: 17.5 1 34.2 

0.07 , 12.0 11.7 

- 0.05 91.7 96.1 98.3 103.6 
0 61.3 62.9 62.4 63.7 
0.05 30.7 29.4 26.5 23.5 
0.07 18.5 16.0 13.2 7.4 

compressible ease. It is seen that the compressi- 
hility effect is noticeable only for the rearward 

I I C.P. nosition. " .  
So it can he concluded tlmt at forward c. g. 

positions (large values of C or manoeuvre margins) 
the character of ,the short period oscillation is al- 
most unaffected (by an increase in &oh number 
up to  the .critical Mwh number, hut that if the 
manoeuvre margin is small (C sma'll) the periodic 
motion can pass into a damped and at still higher 
Nach numbers into an unstahle aperiodic motion 

2 

0 
0.2 a4 0.6 O R  ~~ ~~ 

MACHNVMBER ( C  < 0). 

5 The long period oscillation or phugoid 
motion. 

' 5.1 Gen,erd. 

The roots of blie second quadratic originating 
from the factorizing of the stabillity quartic ac- 
cording to'Bairstow determine bhe character of the 
so called phugoid motion and can he wi t ten  in 
the form 

CD - BE 
I / E y 2 B E  

E 
x3,4=-* Cz -3' 

(5.1) 
0.2 0 4  0.6 0.8 

MACHWMBER It is seen from this eqression that these roots 
a.re also dependent, on the coefficiciits D and E ,  
whicih in turn are strongly affected ht,p the varia- 

Fig. 2. Period of rapid o%5llation a~ a. funq,tion of 
Mach number for diffcnnt e .& positions. 



with Mach and - aN tion of the derivatives - 
number. 

ac, ac, 
ac, 

ac,= . 
a,v The expression for -IS #derived in ref. 1 and 

reads 

c 
0 
0 - 

v m 2  s2 1 -__ + 
4 1  

The dominant term in this formula is the onc 
with enlo, which is almost entirely dependent on 
the wing camber. The quantity cao is positive for 
negative and negative for normal positive cambers. 

So - will increase with Af for negative and 

decrease for positivc eanfhered wings. 
The variation of ~e coefficients D and E with 

Mach number for the ahommentioned highapeed 
aircraft is ,given in the following tables. 

(5 .2 )  

I 
I 

ac,, 

0.4 
0.6 
0.7 
0.8 
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It appears from table 3 that the effect of profile 
camher or hi on the coefficient D i8 relatively 
smaller for fonvaid e. g. positions than for  rear- 
ward ones and from comparing table 3 and 4 it 
follows that the influence of camber is considerably 
larger on E than on D. 

As bhe e. g. position plays an important part on 
the character of the phugoid motion differentiat,ion 
will he made between forward an& rearward e. g. 
positions. For each of these extreme eases ap- 
proximative formulae can ‘be derived for frequency 
and damping, from which an insight can be gained 
into the trends for the intermediate locations of 
the e. g. The data for the graphs and tables given 
in this report are, however, derived from the for- 
mulae, as they fdUow from the stability quartic 
according to Bairstow without any further ap- 
proximat,ion. It vi11 ,be seen that the general eon- 
elusions, whicrh can be drawn from the approxima- 
tivc formulae, derived in the next paragraphs are 
in good agreement with the nnmericd results of 
these more accurate formulae. I 

I 5.2 PFnrwuxl e. 0. position. 
I 

I n  the case of forward e. g. positions the expres- 
sions for frequency and damping can be appmxim- 

4.118 

3.058 
3.126 

2.976 

atcd as follo\vs. 
As at a forward nosition of ‘&e centre of gra- 

4.154 0.736 0.760 , 0.795 

3.159 0.207 0.274 0.376 
3.182 0.403 0.441 0.497 

3.183 - 0.192 - 0.054 0.153 

vity the second term in the formula (3.10) -for 
the coefficient C is relatively large the expression 
for C can be approximated ‘by (pntting r=l)  I 

0.4 

0.7 
0.8 

0.6 0 
0 
0 
2 

I f ( m )  1 

7.301 7.400 

0.621 0.900 
- 0.160 0.418 

1.474 1.651 

TABLE 3. 
nhe eoeffieient D as a function of 3Iaclr number. 

11 - h” = - 0.05 Nt\C I h - h ,  = + 0 07 AhLC 

7.549 
1.916 

1.285 
1.322 

1.019 1.114 
- 0.024 0.153 

.- 0.879 - 0.301 

.- 0.317 - 0.036 

cmQ= -0.04 

1.305 
1.317 
1.334 
1.395 ____ 
4.095 
3.055 
2.991 
2.838 

The coefficient E as a function of Bhch number. 

+ 0.01 

0.073 

0.038 
0.063 

0.033 

1.264 

0.384 
0.566 

0.419 
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can now he written in the f o m  ( C  being large the 
term with C' can be neglected) : 

(5.4) 

With the same assumptions the corresponding 
expression f o r  the frequency bceumes: 

As it appears f8rm equation (5.4), the daniping 
is admost unaffected 'by compressibiility as the term 

wibh - is only small in comparison with the 

othcls. So, as long as the motion remains periodic, 
it will be a dampcd one. For case of camparisoil 
numerical values of damping times to ,lIdP ampli- 
tude arc given in the following table fo r  the above- 
mentioned example of a high speed aeroplane for 
bobh the compressible and incompressible ease. 

ac, 
an[ 

. .  

R 

0 2  as 0.8 
MACHNUMBER 

Fig. 3. Period of phugaid m'otion a9 a function of 
N d  number far diffemnt values of omn 

(forward e.g. position; h-ha=--0.05 MAC). 

TABLE 5. 

Time to damp to hatlf amplitude as a function of Mach number in seconds (forwa.rd e.  g. position). 
k. - h ,  = - 0.05 MAC. . .  

. .  .~ : ?  

H=10000 m 

Compressihle I 1,ncompr. 
I 
I 

N = 2500 m 
. .  I ~neompr. 1 Compressible 

ni 
I 

49.9 49.9 93.9. 
"" I 34.0 I '338 

0.4 1 0.6 I 33.2 

*) motion is aperiodic. 

ac, does not ,vary "h with M for the As - period (in see) is plotted as a function of Mach 
g. number for diffeRnt values of c,, or wing ember .  

positioIis considered here it appears from (5.5) . . ,  The graph shows that for negative or even small 
that the frequency of the disturbed hotion wilr positive camhers the period decreases relative 
relative to the inoompressible case increase with to the incompressible case with increasing Mach 
increasing Ma;eh number for negative md decrease number, ,but that for positive values the period 
for positive camhered wings. For large positive is becoming larger and in particular at an alti- 

tude of 2500 m the motion 'converts into an 
camber the derivative - is 'nwative and de- aperiodic one for a nomal.positive cambered wing 

pression under the radical sign .will change sign, Aperiodicity occurS according to formula (5.5) 

ac. 

aill 
with F, the ex.. ,. (c,,=- 0.02) when the speed increases *bo= 

when : nI ac,/anr 
for  two altitudes (2500 m and 10000 m), ..The. .~ C, ac,/ac, 

' the motion beeomiug apcridie. 

(5.6) > 2. An illustration of these facts is given in fig:3 - 
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With increasing Mach numtber the periodic mo- 
tion will at first split up .in two swhsidences, one 
of which will almost immediately change into a 

of divergence, as the damping term + 
equation (5.1) is only small. Thus it is clear that 
the velocity houndaries between whiah the motion 
is damped aperiodic are x.ery close t o  each other. 

Summarizing it can be concluded that at for- 
ward e. g. positions the effect of compressibility on 
the damping can be neglected as  long a bhe dis- 
turhed motion remains periodic, that the frequency 
for negative cambered wings increases (decreasing 
period) with Mach number and that a divergence 
can occur for ,positive cambered ivings the sooner 
t)he larger the camber is. 

5.3 Itearward c.'g.  position. 

C D  - BE 
GZ 

In the case of a rearward e. g. posit.ion the effect 

is rela- of compressibility on the derivative - 
tively large, hut the quantity itself is small and 
can ,be neglected in the approximated expressions 
for frequency and damping. With this assnniptioii 
the formula for t.he damping can after some rcduc- 
tion he written in the following form: 

acu 
ac, 

Writing for cm 

it follows that 

(5.9) 

Substituting this expression in (5.7) gives: 

+ cv . (5.10) A 1 - 

The corresponding formula for the frequency 
1 cads : 

T,he damping term S decreases for  negative 

camhered wings (". increases wibh M )  with 

increasing Mach: number. ,Phis. follows from the 
ax . . . , . , . . , 

fact that the negative t e m  between bhe braces 

. The quantita- in (5.10) dominate the term - 
tive.:relatioils may even be so .  that. an unstable 
'oscillation wihl occur. 

'Dhe trends in the variation of the damping ni th  
Maoh numher are illustrated on fig. 4 and fig. 5 
(the incompressible case is plotted as a dotted 
line) for the single-engined high speed aeroplane 
mentioned before. On fig. 4 the e. g. is in a rear- 

2 
Th 

, . .  

80 

34 
csec.> 

40 

0 0.2 0.4 . 0.6 0.8 
MACHNUMBER 

Fig. 4. Damping of phngoid motion as fumtion of 

(resmwd c. g. position; h - I , ,  = 0.05 MAC). 

ward position defined by h, - JI.,= 0.05 MAC. The 
dunping given as the time required to ha.lve the 
amplitude is plotted against Maah numiber for dif- 
ferent vail'nes of cmo at two altitudes (2500 m and 
10000 m).  It is seen from this graph that at an 
altitude of 2500 m, tlie'influence of compressibility 
is small and that thcre is no practical difference 
hetween the curves for various cambers. At an 
altitude of 10000 m, however, the nogative eamher- 
ed wing slows. a distinct decrease in damping. 

For a 2 % MAC more reacivard located e. g., 
the variation of damping with Mach number, as 
plotted in fig. 5, shows that for negative an,d even 
small positive cambered wings the stahle oscillation 
passes .into an unstahle one by increasiq speed 
above nf = 0.7 at an altitude of 10000 m. 'Dhe un- 
stable oseillstion does not omnr -at, H=2500 m 
for the chosen example; so it will be more likely 
.to encounter this phenomenon a t  .high altitudes. 
At the.same time according to formula (5.11) the 
~. corresponding frequency xrill increase w i t h ,  M 
caused by.  bhe increase, of - . A8 the static 

mangin is in the same way influenced ,by this 

Mmh number for different mluas of D 

ac, 
a n i  
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The decrease of the damping of the phugoid due 
to increaing &ch number will increase by shift- 
ing the c. g. in a rearward direction and will final- 
& result in an unstable oscillation, at first for 

Fig. S. Tim0 required to double amplitudes of aperiodic 
modcs of phugoid motion. 

PERIOD 
IN 
sec 
200 

100 

0 a2 0.4 0.6 0.8 
MACMNUMBER 

Fig. 9. Period of phugoid motion as a function of 
Mach numhcr for different valucs of cm0 
(iatenuodiate e. g. position; h - & =  0). 

negative cain'flered wings and nest for  small 
positfie camhered ones too (fig. 4 and 5). So it 
seems that in applying negatke cambered wings 
the greatest care .must lbe esereised ihecause of the 
heavy stick forces accampaiiying the instability 
mentioned in the precediiig~ section. For fie most 
rearward e. g. position (h - h,  = 0.07 MAC, that 
is aihout 2 % 3 U C  in front of the neutral point 
a t  1,ow speed) for which the phugoid motion has 
heen calculated the time to double the amplitude 
at a n  altitude of 10000 m amounts at 111 = 0.6 for 
the ving cambers defined by C,,,= + 0.01, 0 and 
-0,005 to resp. 26.5; 56.0 and 126.7 see. These 
values can become more unfa.r~ourab1e by shifting 
the e. g. still more reanvard. 

From a comparison of the two expressions 
derived for the frequency a t  fonvard and aft e. g. 

the period due to increasing 1\Iacli num'her will 
increase 'by rearward shifting of the c.  g. As the 
e. g. is located more reaiirard, ,divergence' will oc- 
cur at loircr values of ilI and he& a t  less positive 
values of wing camber. This is clearly demonstrat- 
ed by the figures 3, 9, 6 and 7, .shere fig. 9 and 6 
give the relations for the interjacent c. g. positions 
( h  - h, I 0 resp. + 0.05 MAC), ghe dive.epgence 
time to double the amplitude for the different para- 
meters is plotted on fig. 8. 

6 Summary and conclusions. 

An investigation mas made of the influence of 
the air compressibility on the dynamic longitndind 
stability of an aeroplane below the critical Mach 
numher. 

T,he following conclusions can ,be drawn from 
the formulae derived and the calculations per- 
formed: 
1 T,he damping of the rapid oscillation with 

regard to the incompressible case increases wit,li 
increasing Mach number and is .independent of 
c. g. position (fig. 1). 
The period of bhc rapid oscillation experiellces 
hardly any influence of compressibility for 
forward e. g. positions. At more rearwar& 1,oeat- 
ed c .  ,g. positions the period increases with &tach 
number (fig. 2) and for extreme aft positions 
the motion becomes aperiodic, at first damped 
and finally divergent. The period is indepen- 
dent of wing camber (fig. 2).  
For forward e. ,g. positions the dampin,g of the 
phugoid motion is nearly unaffected ,by com- 
pressi,bility. As long as the motion remains 
periodic it will he damped. 

4 For aft e. g. positions bhe damping of the 
phugoid motion will decrease with respect to  
the incomprcssihle case with increasing l h c h  
number for symmetric and nqatively cambered 
win&= (fig. 4 and 5). Rearvard shiftin'g of the 
c. g. results in an increase of the compressi,bility 
effects. At, aft positions the motion changs in- 
to an unstable oscillation (filg. 5) .  
For forirard e. g. positions the period of the 
phugoid will decrease vith regard to  the in- 
compressible case with incrwsing Mach numher 

positions it can he cond'uded that bhe ohange in I 

2 

3 

5 
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for small positbe and nega.tiue cam'ber. With 
normal positively cambered wings the period in- 
creases with increasing' Mach number and for 

' ' high positivdly cambered wings the motion 
changes into an aperiodic one, a lmost  immedi- 
ately divergent (fig. 3).  
For aCt e. g. positions the period of the phugoid 
decreases wibh dI for negative and small posi- 
tive wing cambers with respect to the, incom- 
pressible case, the decrement being. larger t,han 
for formrd  c. g. locations. 
For positively cambered v i n e  the berick in- 
creases with M and divergence' occurs at lower 
Mach numbers and sets in at less positive King 
cambers than at forward c. ,g. locations '(fig. 6 
to 8). 
Finably it can be concluded that although in 
most cases no serious difficulties are to ibe ex- 
pected in the dynamic longitudinal behaviour 
of the aeroplane up to We critieal Maoh 

-number, troubles can 'be encountered a t  high 
subcritical Mach numbers in the case of an 
aeroplane with a rearward located e. g. and a 
negatively cambered wing, since the phugoidal 
meitlation may become unstable, whilst the 
frequency 'may become high. The large positive 
static margins occurring in this condition in- 
volving heavy stick forces can give rise to nn- 
favourable handling. qualities of the aircraft. 
Noreover the rapid oscillation passes into a 
divergence when the manoeuvre ,margin is small 
a t  low speeds, 4hich also is the ease for rear- 
ward c. g. positions. 

6 

7 

7 List of symbols. 

ac, 
aa A - - - of aeroplane without tail. 

( I ,  a, E low speed valu'es of A, A,. 
a o ,  a,, = values of a, a, for infinite aspect ratio. 
B = coefficient of A3 in the stability quartic. 
C = coefficient of A' in the stability quartic. 
C, = liftcoefficient of complete aeroplane. 
cat, = liftcoefficient of horizontal tail sur- 

CU = pitching moment coefficient (positive 

cyo ' = cxvLng when lift is zero. 
C l o  

C?'l 

c,,>, 
em 

faces. 

when tail heavy). 

= drag coefficient of complete aeroplane. 
= low speed value of c K .  
= low speed value of cMo. 
= fuselage pitching moment coefficient. 

CT = coefficient 'of resultant aerodynamic 
force on complete aeroplane. 

D = coefficient of A in'bhe stability quartic. 
E = constant. in the stability quartic. 
F = wing. area. 
F,, = 'area of horizontal. tail surfaces. 

g 

0 - - aeroplane weight. 
= acceleration due to gravity: 

10 

H ' .  
ht ' 

hot 

iBm12 

1 

4 

t 
S 

h 

t 

'16 

V 

W 

W 

x 
xo 

E 

r 
B 

x 
x 
A H  

= altitude. 
= distance of centre of gravity a f t  of lead- 

ing edge of mean aerodynamic chord. 
= distance of aerodynamic centre of aero- 

plane without tail aft of leading edgg 
of mean aerodynamic chord. 

= moment of inertia of aeroplane aibout 
Y-axis. 

= distance of aerodynamic' centre of tail 
aft of aerodynamic centre of aeroplane 
without tail. 

= pitching moment of the complete aero- 
plane. 

= Machnumber. 

I 
= Gig  = aeroplane mass. 

vt 
2 1  7F 
t ac, 

21 a, 

- _  - 

- _  - - 

= angular velocity about lateral axis. 
= semispan of wing. 
= mean aerodynamic ahord (MAC). 

= unit of aerodynamic time 
(= G/pgFV sec) . 

= inmement in V in disturbed flight. 
= forward speed. 

- - P H l  , tailvolume. 

= velocity component along Z-axis in dis- 
turbed flieht. 

- 
F t  

Y 

dw 
d t  

- _  - 
= aerodynamic force along X-axis. 
= aerodynamic force &ong X-axis in equi- 

librium condition. 
= ( a w a v ) / , m .  
= (ax/aa)ipmz. 
= aerodynamic force along Z-axis. 
= taziavi 
= (az/aaji&vz. 
= (az/aq)/,sv21. 
= angle of incidence of zero lift line of 

aeroplane without tail. 
= angle of incidence ,of horizontal tail- 

plane. 
= damping term (positive when dampcd) 

See-'. 
= angle of inclination of the flight path 

to the horizontal in equillibrium con- 
dition in straight flight (positive in the 
climb). 

= angle of downwash a t  the horizontal 
tail. 

= angle of rotation of X-axis from equi- 

= root of stability quartic (eq. (2 .3)) .  
= aspect ratio of wing. . ~. 
& aspect ratio.of horizontal tailplane. 

librium cwtdition. 
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Airflow through Helicopter Rotors in Vertical Flight 

. by 

J .  iUEIJI.:R DREES, I,. R. IJUCASSEN and I\'. I' IIENDAL 

Summary. 

I n  this report 811 at,tempt is made to describe t h c  field of flow through a helicopter rotor, in various n-arking 
wuditions in vertical flight. The limitations of the momcntum theor? are diwxsucd. Thc spread of the slipstrcani 
e ~ p l a i r w  tho cxistonm of an airlrody around tho rotor, working in the vortex ring state. BJ- considering the proportios 
of this airbody, thc working conditions and the rough behnviour of helicopters at "Irate  rates of descent can bc  
u n a e r s t d  llm C I C U I ~ .  
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smoke tests. 

11 Fib *uses. 

1 Introduction. 

At  low rates of descent in vertical flight, the air  
passes downwa.rds thmugh a helicopter rotor, i. e. 
in  the same direction as in the case of an ascending 
sotor. The sign of the relative velvcily changes 
a,t increasing rate of desecnt. This implies the 
existence of various rotor working 'conditions. 

The corresponding fields of flow haye been 
studied by' many investigators. A oomparison of 
their results with the results obtained with the 
momentnm theory shows that a fair approximation 
of the actual field of flow for the propellor state 
i n d  for a part of the windmill brake state can he 
obtained. 

This theory does not hold in the vortex ring state 
coFdition. I n  this report an attempt is made to  
describe the. flow through rotors in these inter- 
jacent conditions with the object of elucidating the 

charecterist,ic hchaviour of a helicopter in rcrtical 
flight. 

2 List of symbols. 

ratio of frontal area of airbody to rotor disc 
area. 
actual spreading angle 'of the slipstream. 
angle describing the spread of the slipstream 
genera11y. 
drag coefficient. 
Glauert's mte of climb factor. 
Hafner's rate of climb factor. ' 
Glauert's rate of axia.1 flow factor. 
ratio between the actual and ideal induced 
velocity, 
rate' of climh coefficient. 
rate of axial flow coefficient. 
oorreeted rate of axial flow coefficient. 
rotor radius. 
radius of the slipstream cross-section at  a 
distance z ,helow the rotor. 
radius of tlie slipstream crom-section at, a 
distance z, helow the rotor. 
air density. 
axial flow velocity. 
corrected axial flow velocity. 
axial velocity at a distance z behind the 
rotor. 
induced velocity. 
rate of climb. ' 

weight of the helicopter. 
distance along the rotoraxis under the disc. 
distance of the stagnation point nnder the 
disc. 

, 

3 Graphical presentation of the  working con- 

Results of former investigations are usually plot- 
ted in a graph, showing l / f  against U P ,  these 
coefficients being defined by 

ditions. 



. 
Pig. 1. Relationship between axial flow caofficicritr nnd rat0 of climb coeffieicnt 

1 TR2 

R 1Y . _ -  -uu2.2p. - 

Hence, the non-dimcnsional coefficients are based 
on the squares of the axial velocity (rate of climb) 
w of the airscrew and the mean axial velocity u 
through the rotordisc, respectively. 

I n  this report, use has been made of 

- K=W 1/2p, *) (3.3) 

(3.4) 

these coefficients being based on the first powers 
of w and u. The parameter is essentially the 
same as Hafner's l/vx (ref. 1) .  - Fig. 1 prezents two curves obtained from heli- 
copter flight tests (ref. 1) and two calculated 

") The symbols x and A without overlining are reserved 
for the climb and sirflaw ratios w / v ,  and u / u t ,  with 
v t  = tipspeed. 



curves (see Sect, 4 and 5 ) ,  showing the relation- 
ship between h and x .  

The mea.n line throng11 these experimental and 
theoretical. cnrves is ,divided by the K and axes 
into three distinct parts, each ,belonging to one of 
the main working conditions: propeller ’ workhg 
state, vortex ring state and windmill brake state. 

The rotor is working in the propeller sta.te if 
its thrust is acting along the direction of motion 
relative to the undisturbed flow. This case, which 
prevaik if a helicopter climbs vertically, includes 
two extreme conditions, namely very fast climb-a.nd 
hovering. The air moves downward thmugh the 
rotordisc. Its relative speed always exceeds the 
rate of climb, as shown by the straight line AB 
throngh the origin under 45 degrees. The differ- 
ence is called the induced velocity vi 

- 

- 

2); = t L -  w. (3.5) 

Obvionsly w; is represented in fig. 1 by the hori- 
zontal (or vertical) distance of point ( A ;  K) to AB. 

The second working condition, i. e. the vortex 
ring stu.te, is limited by the hovering- and the ideal 
antorotation conditions. I n  this region the air 
passes through the disc in the same direction as 
in the propeller working state, but the helicopter 
descends vertically, 

Beyond the region of ideal autorotation the 
rotor enters into the windniill brake state. In this 
case the flow through the disc is directed upwards. 

4 Momentum equation. 

The familiar relationship between thrust or 
weight, 11’ of the helicopter, the mass flow through 
the disc and the induced, velocity 2vi a t  infinity 
in the slipstream is 

_ -  

1 V = p R *  1 u 12u;.  (4.1) 

From this eqnation, making usc of eqs. (3.31, (3.4) 
m d  (3.5),  the following relation between the coef- 
ficients and x is obtained. 

(4.2) 
1 - -  

. - A  f c = O .  
I A I  

A representation of this equation is shown b y  the 
dotted line in fig. 1. It is obvious that the results 
obtained in this way, will only hold if the velocity 
of the flow throngh the rotordisc differs consider- 
ably from zero. Large deviations are to be expeet- 
ed a t  low and m d e r a t c  rates of descent. 

5 Deviations from momentum theory. 

A hctter a.greement between the results from 
cq. (4.2) and those from flight tests, may be ob- 
tained ‘by introducing a correction factor k, which 
accounts for the deviations of the flow through the 
rotordise from the ideal flow of momentum theory 
(the radial and tangential velocities at the disc). 
Let kv; be the true induced velocity. Then i t  
follows that 

and after eliminating u; with eq. (3.5) 

kvi=t&,,-w, (5.1) 
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From resnlts of flight and tunnel tests follows 
that !i is a b u t  1.2 ,or 1:3. 

With this value of k and making use of eqs. 
(4.2) and. (5.2) the theoretical curve has been 
recalculated and is shown ,by the drawn line in 
fig. 1. 

As can he .seehi from this figure, a reasonable 
agrecment ,hetween experimental and calculated 
results is obtained for the propeller state and for 
the windmill brake state a t  large negative values 
of the axial flow coefficient r. 

Due to several basic assumptions, the momentum 
theory breaks down i n  the interjacent working 
states. The remarkable behaviour of helicopters 
under these conditions and the lack of an explan- 
ation for the difference between the experimental 
results and the curve obtained by the momentum 
theory, justify the following investigation into the 
corresponding airflow patterns. 

5.1 Vortex ring state. 

5.1.1 Velocity distribution d o n g  rotor u,x<s. 

The momentum theory considers a slipstream of 
infinite length (i. e. without stagnation points), in 
which the induced velocity at infinity equds twice 
its value at the’ disc. The continuous acceleration 
of the air implies a contraction of the slipstream. 

Actually the induced velocity d o n g  the axis in 
the vortex ring state increases from zero f a r  above 
l:he rotor to a value a t  the disc which excecds the 
rate of descent (see fig. 2 ) .  This means the exist- 
ence of a sta.gnati6n point above the mtor (A in 
fig, 2 ) .  A similar point should also occur below 
t,he rotor as the induced velocity of the slipstream 
decreases and again becomes equal to the rate of 
descent (B in fig. 2 ) .  This retardation of the flow 
is dne to a.n exchange of energy hy friction and 
mixing hetwecn slipstream and snrrounding air. 
It, is accompanied ‘hy a spreding of the slipstremi. 
Fig. 3 shows the corresponding flow pattern and 
explains thc name “vortex ring state”. Thus the 
helicopter rotor is prohahly surrounded by an air- 
body the dimensions of which are comparable with 
the rotordiameter. 

5.1.2 Low rates of descent, 

AB the lower stagnation point will occur a t  low 
rates of descent, i. e. a t  high downward velocities 
through the rotordisc, a t  a rather large distance 
below the rotor, the airhody has an elongated shape 
in axiiil direction. d large boundary-area between 
this body and the surrounding air  is arailahle for 
cnergy exchange. Jloreover, small horizontal dis- 
tnrhing velocities may alter the flow direction of 
t,he sloiv moving slipstream air in the lowzer part, 
of the airlmly. Hence! only a small proportion of 
the original slipstream air  will be redrawn througl~ 
the disc. These eonsiderations explain the fact 
t,hat, as shown by fig. 1, the results of the momen- 
tnm theory stjll giye a reasonable approximation 
of the aetnal circumstances. 
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5.1.3. ILegioii of roz~ghness. 

The working condition of a helicopter between 
certain limits of moderate rates of descent is called 
the region of roughness, 'because the beliaviour 
may then 'be very rough, in attitude a s  well as in 
control, and unexpected loss of altitude. an&for 
large nose-clown pitching moments may occur. 
These phenomena. may be explained as follows. 

WIicn the rate of descent is hipher than in the 

down in the region of roughness, due to the ab- 
sence of a large tailboom with anti-torque rotor. 

A rough behaviour occurs ,between 500 and 
1500 ft/min.R.O.D., as has been measured with 
the Sikorsky R . 4  (ref. 3) .  A reduction with li'= 
1200 kg;  R r 5 . 8  m ;  p=0.125 ks seeelm', to x 

and. h leads with fig. 1 to 

upper limit I( =- 0.38 A = 1.1 u/h =- 0.35 

~ 

- - _ -  
~~ 

- - . case treated in Section 5.1.2, the lower stagnation ~ - 
point approaches the disc; then the airbody will lower limit I( = - 1.14 A = 0.85 K/A = - 1.34 
more of less resemhle a sphere. Due to its relatively 
small surface area, i t  is impossible to impart suf- These values are shown in fig. 1. 

DISTANCE ABOVE 

IAL VELOCITY ROTORDI SC 
AIR RELATIVE 
THE ROTOR _____- -  - 

CONTOUR OF 
A I RBODY 

. ,  

SPREAD OF 
SLI PSlREAM 

' . -DISTANCE BELOW 
ROTOR 

Fig. 2. Avernge a i d  velocity "car a rotor 

deseont ). 

Fig. 3. Airflon- pattcrn n e u  a rotor in the, 
in  thc vortcx ring statc  (niaderatr ratc of rortex ring S t i i t B  (moderntc rate of descent). 

See nlvn fig. ?. 

Eicicnt kinetic energy to the surrounding air. The 
air  it1 the closed circuit will therefore to  a certain 
degree die speeded up. An unstable increase of 
collective pitch and/or power supply is necessary 
to ma.intaiii the relative position of the helicopter, 
in spite of the accelerating flow through the rotor. 
Thus, the distance between the lower stagnation 
point, and the disc increases again and hettcr possi- 
bilities for energy exchange arise. 

The probable cause of the nose-down pitching 
moment is indicated by fig. 4. The central part 
of the fuselage, heing in the downwash of the rotor, 
is rather symmetrical with respect to the C. G .  and 
cannot give any serious contribution to the pitching 
moment. The tailboom, however, is placed in an 
upflow of rather high velocity, giving a nose-down 
pitching moment, in particular if this bmm is not 
streamlined. 

A horizontal tailplane, installed on some types 
of helicopters to improre their high speed stability 
characteristics, may for the same reason show an 
even more unfavourable effect on the pitching mo- 
ment in the region of mughness. 

It would be interesting to study the behaviour 
of helicopters with coaxial rotors in this respect. 
This type should not show any tendency to nave- 

Fig. 4. A helicopter in the region 
of roughness. 

l 
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5.1.4 Spread of the slipstream. the ratio between the principal :axes of the air- 
. M y  is found to be 

This paragraph presents a coarse theoretical eon- 

which for a part of the i'ortex ring state still may 

of x/x below about - 0.5. 

finnation of the fact, that bhe momentum theory, 

give acceptahle results, may not be used for-values VG-1 U 
-. ( 5 . 6 )  -- - 2 0  

2 11:, 
Consider the spread of a slipstream (fig. 5 )  as 

I 

+$ 
~ i g .  5. Bough t h e o r c t i d  approximation <If the prineipol RXCS 5" and of  the nirhody, 

oslculatcd with (3 = 0.135. 

produced by the illtennixing of air a t  its boundary. 
bet tlre ve1,oeities a t  the disc and a t  a distance z 
downstream tic u and u,, and the corresponding 
radii' of the slipstream K and Kz respectively. To 
find so for the stilgnation point ,helow the disc and 

. the radius R?, , suppose that the air which is blown 
dowu through the rotor, t,nrns upxtrrds after reach- 
ing the stagnation l e d .  Further suppose that it 
passes the disc level t,hi.ough an annulus with an 
inner radius II a.nd a n  onter radius E,,,. This is 
expressed by 

zl?u + (K2,, -- E * )  w = 0. (5.3) 

The spreading of the dipstream may be obtained 
according to ref. 4 Iiy making use of the relation: 

With 
E,, = II t mz, (5.5) 

After plotting z; /2  X,,, against w/u for p d . 1 3 5  
(according to the results of windtunnel experi- 
ments, see hclow), it is found (fig. _ _  5) that the 
airbody is about spherical for w/cd = K/A = - 0.5. 
This d u e  gives a rough est,imate for the limit of 
validity for the momentum theory, because the 
lcngth of t,lie slipstrea,m in t,his ease becomes eom- 
psra.hle with its diameter. The a&eement with the 
ralue of x/x, as found during flight tests for the 
upper limit of the region of roughness (Sect. 5.1.3) 
is sa.tisfactory. 
An cxpcriment has 'been carried out to investigate 

the spread of the slipstream and to estimate the 
form of the airbody around the rotor. A tube, 
irhich was connected to a smoke generator, was 
mounted in an open jet windtunnel. The open end 
of the tube, representing the helicopter rotor, faced 
the airstream. Fig. 6 clearly illustrates the spread 
of the slipstream when the tunnel windspeed equals 
zero. I n  the next photograph (fig. 7) the airhod? 



~ _ _  

v 18 

has an  elongated shape, corresponding to t,he air- 
flow pattern as described in item 5.1.2. The air- 
body is very unsteady and waves periodically. A 
good mixing of fresh air is possible. Fig. 8 gives 
an example of the flow if the ratio ;/I is about - 0.4, this being a condition comparable with the 
flow pattern in the region of roughness. The axial 
dimension of the slipstream is smaller; the airbody 
is nearly spherical. The form of the 'body is more 
stable but a waving of its lower end could he 
observed. This last phenomenon may in this case 
result in an additional effect in relation to the 
rough hchaviour of the helicopter rotor. 

5.1.5 Higher rates Of descent 

At higher rates of descent, the axial dimelision 
of the airbody becomes small compa,red with the 
rotorradius. In that ease the situation resembles 
that of a flat solid 'body moving through the air  
and having a drag equal to the gross might  of 
the ,helicopter. A wake exists downstream of the 
airbody, enabling the air inside and outside to mix 
sufficiently to cxcha.ngc the energy delivered hy 
the rotor. Thus, t,he rate of descent depends on 
the drag of the airbody. Supposing a ratio a 
between the areas of the horizontal cross section 
of the ,body and the rotor radius, we find 

( 5 . 7 )  1V = 2  pwz . r R a .  a. cD , 
and after transformation with eq; (3.3) : 

In tlie extreme case of ideal uutovota,tion, there 
is no axial flow through the mtor and it may then 
he supposed that the rotor cam be replaced by a 
solid disc with the same diameter, the fastor a ,being 
equal to unity. From fig. 1 it eah be deduced that 
in this ease G=O) the rate of climb coefficient; 
equals -1.7, so that y i th  a= 1, cg hccomes 
CB = 1.38. 

I n  the vortcx ring state, the factor a will have 
a value slightly higher than unity, ,because tlie air, 
moving downwards through the disc will he forced 
to return outside the disc radius. T,he dragcoeffi- 
cient cg depends on the form and surface condition 
of the airbody. As this hcdy will be vcry flat, 
co may be roughly equal to the value 1.38 as men- 
tioned above. Fkom this may be concluded that 
for a condition (2=0.5) well into the vortex ring 
state, t,hc factor' 11 will have a value of about 
<I.= 1.3. 

5.2 ll'iiidniill ~ W I ~ E  state 

From fig. 1 follows, that the momcntiim theory 
gives a .  rather good prediction of the flow con- 
ditions in the windmill brake state a t .  very high 
rates of descent. 'It fails, however, near the ideal 
autorotation condition. This can be understood 
by considering the development ,of the slipstream 
above the rotor. A figure resem'bling to fig. 2 was 
prepared, giving the axial velocity along the centre 

line of the rotor axis (see fig. 9) .  Far  below the 
rotor, the airspeed is equal t o  the rate of descent; 
near the rotor, the upward flowing air is deceler- 
ated to a valne u. = w + w, in  the plane of rotation. 
Downstream, the relative airspeed is further de- 
creased to an  extreme value of about = w + 2 u, . 

DISTANCE mam 
ROTOR 

UPWARD - 

DISTANCE BELOW ' ROTOR 

Pig. 9. Average axial velocity near a Totor 
in tho windmill brake state. 

The air thcn accelerates again, resuming the rate 
of descent far above the rotor. 

No stagnation points ( A  and S )  will exist if 
IC, < 0. The condition for a well developed slip- 
stream in the windmill brake state is therefore: 

This condition has been plotted also in fig, 1. The 
momentum theory may only #be employed if con- 
dition (5.9) is fulfilled. If on the other hand 
W / U  > 2, the rotor can be considered as a porous 
disc, having a drag equal to hhe weight of the 
helicopter. Its wake enables the exchange of ener- 
gy. Eqs. (5.7) and (5.8) will also apply to this 
case. Again tlie dra.gcoefficicnt co will be nearly 
equal to that of a solid disc, but the factor n 
will now have a value slightly less than unity, 
hecause the effective area of a porous disc is 
smaller than the a rexof  a solid one. From fig. 1 
can be calculated, that  a ~ 0 . 8 3  for co=1.38 and 

. A  = - 0.5. 
The conditions on both sides of the ideal auto- 

rotation state are treated seperately in  items 5.1.5 
and 5.2. It is realised, however, tha,t this rangc 
of flow conditions may he treated as a whole 'by 
considering the velocity distribution along the rotor 
radins. 
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APPENI)IX, 

The field of flow from windtunnel smoke tests. 

Although with the aid of the calculations de- 
scribed a more or less comprehensible picture of 
the field of flow through a helicopter rotor can 
be obtained, its value will remain questionable as 
long as no experimental data exist to  confirm the 
hypothesis developed in the aforegoing sections. 
For this reason an investigation was carried out, 
in the free jet windtunnel of the N.L.L. whereby 
the field of flow through a simplified rotor with 
"see-saw" blades was made visible with the aid 
of smoke-threads, produced by a iiunrber of hot- 
wire smoke generatom. For a complete description 
of the test-method, the apparatus 'and the results 
obtained, reference is made to N.L.L. Report 
A. 1205. 

The various pictures concerning the vertical 
flight conditions are shown in figs. A. 1 and A. 2. 

In order to get a clear picture of the field of 
flow, two test series werc made. 

Tmhe first with a rotor of small diameter, the 
second with a rotor of a b u t  twice the diameter 
of the first. With this rotor only half of the field 

'of flow was made visible, thus enabling a more 
detailed study. 

Fig. A. 1 a, b, c show the wellknown pattern for 
a rotor or propeller in the windmill brake state. 
The air  passes upwards through the disc. The 
streamlines show the divergence due to  the loss of 
momentum. Fig. A. l h  was obtained hy placing the 
smoke generators downstream of the rotor and gives 
a clear picture of the airbody as predicted in 
section 4.2 for this condition. 

By increasing the rotor tip+peed, the working 
condition changes from the windmill state into the 
autorotation (see figs. A. l-c and d and A. 2-b), 
The "wake" of the rotcr already shows the ten- 
dency to close, while the "stagnation point" as 
mentioned in sect. 5.1.4 lies in the plane of the 
rotordisc. The method of treating the rotordisc 
in the case of autorotation as a round flat plate 
is confirmed by fig. A. I-d where the smake gener- 
ators are placed behind the rotor plane and no 
smoke passes through the disc. 

By again increasing the tip-speed, the rotor enters 
into the various conditions of the vortex ring Rtate. 

As can 'he seen from figs. A. I-e to j and A. 2-c 
to g Che form of the airbody around the rotor 
resembles more and more the spherical, the stag- 
nation point moves still further downward till 
at last the flow becomes unstable (see fig. A. I-i 
and f and A.2-e,f, g) and the region of rongh- 
ness is reached. 

I n  this condition no clear picture of the field of 
flow could be ohtained. One point, however, is 
made clear, namely that the flow through the rotor- 
disc has a periodically changing character. While 
at one side of the disc a vort,ex is building up, a t  
the opposite side it reaches, while moving upstream, 
its ultimate unstahle condition and detaches itself 
from the rotor. It could he observed that in the 
region of roughness 'the rotor per6orms a slow 
periodical tumbling motion. 

By making the tunnel windspeed zero the hover- 
ing condition is obtained (see fig. A.2-h) and 
from this condition by turning on the windspeed 
the rotor enters into the propeller working state 
(fig. A. 2-i). Both pictures obtained show the 
wellknown flow conditions. 

Completed: December 1949. 
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