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Thirty-fifth Annual Report - 

I of the 

.National Aeronautical Research lnstitute 

N.L.L. 
1954 

A. Board and Organization. 

By order ‘of the Minister of Transport ani1 “Waterstaat”, the Xinister of War and of the 
Navy, the Minister of Overseas Territories, t,he Xinister of Education, Arts and Sciences, the 
dlinister of Economic Affairs dnd the Minister of the Interior on 29th ;\.larch 19.54, the Statutes 
of the Institnte have been drawn up in a modified version. 

Under these statutes the Minister i f  Finance has appointed Mr. 0. W. 170s as a member of 
the Board of the Institute. In the course of the year bhe Roya1’A’ethe:lands Aircraft Factorics 
Vokker and the A4violanda Aircraft, Compa,ny, Inc. joined t,he lnst,it,ute as participants and were, 
therefore, entitled to appoint’ a member of the I3oard. 

I 

On 31 December 1954 the Board consistetl of the following n ~ e n i b e ~ ~ s :  

‘Technical University. Delft 
Ministry of Gd.ucat,ion, Arts a i d  Sciences. 

l’wf. D r .  11.. 1.1. J .  van der Maas, President, 

J .  W. F, I h k e r ,  Vice-President IXr. Gcu. Dept. of Civil Aviation, 
Ninistry of ‘I’mnsport, iuid “\Vat.erst,aat~”. 

former I’ostni;~ster G c ~ ~ e r ~ t ~ l .  

Presideiit N;itional Couiicil for lndnst,ri:d 
Research 1’. R. 0. 

Ijirector of Ol~dnancc and Snli1)lies, 
12oyal Dutch Air Force. 

Director -4ir l\lateriel I l ir ision 
Royal. J h t c h  Navy. 

1’. A4. ran de Vel& Director .\violandla Aircraft Coinl~any I n e  

Ir. 11. C. viin hleertcn 

C. Wijdooge 

Chief Ilesigner a n d  -Ass. hlanager, 
Royal Net,herlarids :\ireraft, l.‘actories l?okkei. 

l-lciid Techn. Salcs ljept., 
Royal Dutch ;\iFlines, IC, I,. 1 4 .  

Scient. Adlrisor Royal D&h Shell: for the 
Royal Ihiteh Aeronnutical Association. 

‘Phe execiitire coilinlittee coiisirt,ed of preai~lei~t, ;iiul vicc- ] ) rcs i~ le~~l , .  Mr. (4. C. lilap\rijk 
continued to  be Secretary-t.reasurer of ,t,hc 1nst.itnte. 

The Advisory Scientific Committee u ~ i ~ l c r w e n t ~  110 ch;iiig.es siiicc 19%. Piof .  I h ’  A. 1 ~ 1  der N e n t  
:1nd Prof. Dr. R. Timinan were Scientific Advisors tri thc Latioratory appointed by the Board. 
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V I  

The completion of the new traiuonic niid supersonic windtunnels took inuch tim 
With the Association Intemationale des Constrnctenrs de MatErie1 ABroiiautique , d C N I A )  

agreement could he attained about it contract concwniug part-time use of the transonic tiinnel 
by t,he AICMA. 

Much work was iiirolved in the org;misntion of the. 4th G.eneral i\ssenibly of the NATO- 
Advisory Group €or Aeronautical Research and Lkvelopnient (AGARD) ~ which took place in 
The Hague. 1~1. H .  El.  Prince Eernhard has been found willing to open this meeting. The President 
of the Board has been appointed member of the Exec:ot.ive Committee of AGARI) .  

E. The Laboratory 

1 Geneml. 

1.1 Staff. 

The m;in;igement consisted of: 

Prof. Ilr: C. Zwikker Ijirectir 

Ir. A. Boelen Dep. Director 

Section ~erodyllamies (A) : Ir. .I. F. Hengeveld 
Ir. 3. A. Laiidstra 

Section Coinbostion (C) : 11,. A. J. Narx 
Ihs. 11’. J. Gasting 

Section B’lutter and 
Theoretical Aerodynamics (5’) : 

Section flelieoptcrs: 

I)r. Ir. A. J .  van de T7ooren 

lr.  A. J. Mars 
Ir. 1 1 .  11. Lucassen 

Section Materials and Structures (S and AI) : Dr. 11. 13’. J .  Plantema 

Section Flying Models (0) : 

Section Night ‘I’esting (1’) : 

Jr. A. .J. Mars 
11.. C: .  B. Fokkinga 

lr. A. d. Ilarx 
Ir. T. \wt Oosteroiri 

Windtunnel Construction l3ureait:  

Uocnmcntiltion and Library : 

Administration : 

The stuff of the laboratory has heen extonded to ‘55 scientists (engineers, mathemnt,ieians and 
physicists), 29 grndnstes of Technical Colleges, 96 techniciaus, 34 clerical staff and 19 other 
employees, ‘L34 in total. 8 members of the staff, ainonp whom 4 engineers, were in military serviae. 

1.2 TVindtuniw7.s ond equipment. 

The Pilottunnel has been delivered a t  the end of the year. Uiiring tests with empty tesl- 
section (1.4 X 1.83 ft2) an airspeed comparable with &I.a = I could he reached. Straingauge 
balances and schlieren system were not  yet ready. 

Tr. .J. Uoel 

Dra. G .  ScherpenhiiGsen Rorn 

Drs. J .  de ‘Koning. 

The constriiction of the High-speed ‘l‘uiniel could liegin in the codrse of the year. 
The design of the Supersonic Tunnel is bring studied further. A visit of AGARD-specialists 

in July gave the occasion to discuss the plans with American ‘experts. -4s a result an inter- 
inittant, hlow down typ,e of tunnel was prefeired tu the originally designed continuous tiinnel. 

A linear analog-computer, comprising 18 function nnits and 36 sealing nnits, -has been ordered. 
A study has heen made of digital computers of Jlnteh desigti. 

A 6-tons Schenk horizontal resonance-machine with sloiv mechanical drive has heen put into 
use fo r  fatigue testing. 

A rotating test-stand for the t,esting of helico1)ter rxm-jets has heen installed and wiis in 
. operation during the year. 

1.3 Kesearch contracts, 

The greater part of the research was contracted hy the Netherlands Aircraft Devclo])lnctlt 
Board (NIX’). I t  was related t o .  the developnient of Ijrototypes on the one side, on the other 
side to inore fundamental research and fut,ure develolnnent. 
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A diversity of coiltracts were given hy the Itoyal Dntcli A i r  Force and the Royal Dutch 
Airliues K. L, &I, Cooperation with the Ilepartmeiit of Civil Aviat,ion covered mainly study of Air 
Regulations and assistance in the testing of aircmft. 

A nuinlier of small orders from industry,. iiidiidiug testing and calibration of apparatus and 
windtunnel measureiuents 0x1 ship-models, etc. hnvc hcen carried out,. 

The cooperation in the Advisory Group for Aeronnnticnl Research and I)evelopment (AGARD) 
of the NATO resulted in a most importaut cxchaiigc of opiuions with experts in the various fields. 
The N. L. L. provided also a contribubion i n  the form of reposts a n d  papers on met,hods applied 
and iustniments ilereloped at  the N. I,. L. 

2 Aerodpmiiics Section. 

The larger pa i t  of the wiudt,uiinel-rese~reh \vas devoted to  the development of prototypes 
iuider contract with the 3. I. 17. Ilecause of a contiiiuous lack of staff only Iittlc time could be 
spent on pure research. The following subjects, Iioawer, were tackled: 

C on1 p a r i s  o n o f i v  i n  d t uii  n e 1 m e ii s 11 I’ e in e n  t s w i t ,  h f l i  g h t t e s t  s 
Reasonable agreeuieiit was found in various aspects (c.q.  stick-fixed stability), hut pert,iiieirt 

The influence 011 the stability of the open or closed wheel-well wit,h esteuded landing-gear 
differences wcrc foorid iii stick-free stabi1it.y. which will be investigated further (A 1292). 

has been investigated (V 1741.); 

T u 11 11 e 1 w a 11 i 11 f 111 e 11 c e. 
The tuuiiel\vall influence on three-diineiisioiial f low around an akrofoil with a very high lift- 

Experiments have beeu made 011 ii awelit, wing with fuselage, in the configurations high-wing, 
cocfficieiit has heeii analyzed :issumiiig a certain circolatioii-distri~iitioii along the span. 

mid-wing and low-wing [ A  1370). 

V a r i o u s s it 11 j e e t s 

A new type of sting-iuountiiig has lieen d e s i y c i l  aiid constructed, also a iiew iuigle-of-attack- 
meter and cont,rol-surface deflection indicat,or. 

Igor the coiist,ruction of models a copyiiig-lathe machiiie has been ordered. New applicatioiis 
of plastics in the constinction, mounting a n d  modifying of models have been fouitd. 

X o u n d a r y  l a y e r  t h e o r y  
Thc three-dimensional bonudary layer about a f h t ,  yawed ellipsoyd under zero angle of 

incidence was calculated along 5 different streainliues up to the line of separation (F. 165). The 
differential eqiiatioiis governing the displ:iccmeiit, t,hicknesses referred t,o the velocity Iiiofiles , in 
the direction of the local potential flow nnd perpendicular to it, were iiuinerically solved, ]iartly 
at thc NLL Computing Office and part,ly a t  the SLrtheuiatical Ceutre, where the ARKA electronic 
calculating machine i w s  used. A paper referring to this investig:ition has been contribut,ed to  the 
menrorial hook “50 Jahre nreiizschiclitfoiscbuirg”. 

The geiielnlized Praudtl equation, derived i i i  report E‘. 1.21, was used to calculate the load 
,distribution for v twis ted  swept wing of aspect rat,io G at two angles of incidence (report F’S56). 
I t  may he concluded that, for  aspect ratios larger than G this metkod will be more accurate than 
that. of Weissinger, hut for  aspect ratios smaller than G t,lic reverse holds. Comparison !vas inade 
by aid of Multhopp’s nielhod using two chordwise pivotal points. 

The incrense iir induced drng clue t,o a pertnrl)atiou in the spanwise load rlistrihntion has 
been investigated. A series- of diagrams .permittiug a rapid determination of this increase by aid 
of :I iiuinher of sc11cm:itized eases bas lieen dcsigried (I?.  154). 

T r a n s  o n  i c f I o w .  
By extensiuu of the method of t,he intcgral equations. originat,iug from Oswatitsch and Gu11- 

strand, geneml integral equatioiis for. profiles :it iiicidcnce o r  at zero incidence have been derived, 
which are ralid I?ot,h in the low transonic (&, < 1.) and in the high transonic (N,, < I) region 
(F. 163) .  

i\ st.udy was iuade of slender-body and slender-wing theory (F. 170). 

0 s e i  11 a t  i 11 g a e r o f o i 1 s. 

flow have bcen interpolated with resl1ec.t to  the rat,io of wing to  flap chord (F. 155). 
The ;ierodyiiamic coefficients for a11 oscillat,ilrg wing-flap system ‘in two-dimensional subsonic 
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A method has been presente~l (1%'. 157); which gives 311 'asymptotic solution of the boundary 
value problem .corresponding to .the oscillating aerofoil , in  two-dirnensional subsonic flow. The 
solution is asymptotic in the parameter, which occurs in :the wave equation and- which is large 
if either the frequency is high or 'if the Mach number approaches 1. The method yields an 
exact solutio11 for the aerodynamic forces a t  M = 1 and it is hoped to  ob ta inweful  approxiniatious 
in a certaiii'range of Mach numbers helow &I = 1. 

The strip theory for the c;llculation of the aerodynamic ,forces. on an oscillating~ swept'wing 
of large aspect rat,io was extended to  the case of compressible, .subsonic flow (F. 159). This 
leads to a generalization of Possio's equation. 

A e r o e 1 a s  t i c i t y ;  1.' 1 u t t e r.  
The influence of the chord ratios between wing, flap and tab upon binary flap-tab flutter 

has been investigated (F.166). The results were brought in the form of general criteria for the 
stability against flutt,er of such systems. 

Mathematical methods .for the calculation of the divergence speed. aileron reversal speed and 
of the aileron effectiveness have lieen liresented under revy general assumptions in report F. 160. 

4 Jlaterirrls irird structures Section. 

T h e  o r e  t i c  R 1 s t r IIC t 11 r e s w o r k. 

The stress and deflection analysis of swept wings was coiitiiined by applying bhe previously 
developed approximate methods to an infinitely long swept box beam and by extending the work 
for infinite and semi-infinite clainped root hos beams in ordcr to improve the accuracy of the results. 
Also vibrations of swept box beams were analyzed. 

A theory of plastic flow for anisotropic hardening in plastic deformation of an initially iso- 
tropic material ivas published (Report S. 410). 

An exploratory investigation of the Heal tensioned-skin method of construction was started. 
A report on minimizing a qnarlratic function with additional conditions was completed 

(Report S. 437). 

S t a t i e t e s t i 11 g o f s t 1. n c t n r a 1 c 11 in 11 o 11 e n t s. 
Plastic bnckliiig tests were carried oiit, on plates and sq iare  seamless tubes. 
The report on the shear tests of webs with lightening holes, also containing a comparison 

with i,ecent Swedish tests, was conipleted (Report S. 446). Likewise, a report on the second 
series of tests to determine the effective width of 24 S-I' flat plates in t,he plastic range was 
issued (Report S. 438) and a snoiniary on both t,est-series was prepared for  ~inhlication. 

A third test series with other alumininni alloys is heing carried out. 
Compression tests on open-section thin-walled stiffeners and 3 compression test on a stiffened 

panel to determine its fixity coefficient in the 150-tons compression machine (Report S. 442) were 
evalunterl in final form. 

I.' a t i g u e  
Various invest,igations rnuniug at the heginning of the year mere coinpleted, v i a .  those coil- 

ceriiing fatigne of bonded spar booms (Rejiori ht. 19.36): effect of toleraiice of pin-hole joints on 
their fatigue strength (Report 81. 194fi), coinp;irison. of various types of riveted joints in repeated 
t,ensile loading (Report A t .  1943). New inrestignt,ioiis were started to determine the practically 
important, part of the fatigue (Oooilirwn) diagrani of riveted joints and lugs, and the fatigue 
strength of redux-bonded simple lap joints in 75 S-I' clad sheet loaded in repeated tension 
(Report M. 1969). 

The cuniulative-ilain;lge research un simple notched and nniiotched 24 S-T ' alclad strips is 
nearing its completion and similar. tests with rireted joints w r e  started. 

Dynamic calibrations of various fat igne machines \ve~'c carried out. 

r\ d h e s i Y e s a II d 11 1 a s t, i c s. 

carried (nit (Report If. 1973).  

tinned. Some preliminary tests were made wit,h iuanied-in-place araldite. 

M i s e  e I1  a 11 e o i l s  w o r k. 

cmcks in machine components etc. 

. I I Model analysis by means of plastic and electrical nlodels of st,i,uctnral coiiiponents is beir,g 
studied. 

An investigation concerning thc styength of adhesi~.e-hoii~led joints at, low temperatures \\'!is 

The tests to dctermine the mech;mical pi~) l~cr t~ies  uf  glassfiber polyester laminates were con- 

Some experience has now been gained in nlt,msunic test,ing to determine mat,erial defects, 

Rapid-loading tests were made on  simple franie st,riictures. 
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Structural and material prohleins caused by nerodylmniic heating in high-speed flight are 
the subject of preliiniiiary studies. 

5 Plight testing Section. 

S t a b i l i t y  a n d  C o n t r o l  

In the course of a n  investigation of the dynamic behaviour of an aeropl:ine by means (if 

response measurements, frequency respoiise curves were cnlculated based o n  data from steady 
flight. Some orieittatirig flight-tests by means of traiisieiit response techniques gave satisfactory 
results. 

The influence of elastic deforuiations on the stability and its method of analysis were studied: 
*4 iiumerical analysis for a hypothet,ieal aeroplane with slender swept wings has been carricd ont. 

For the calculation of the liftdistribution a well-known approximation has been chosen, which: 
gave good agreement with air exact method developed by the flutter section. 

1' e r f o r  ni a n  c e R e  d 11 e t  i o 11 M e t  11 o d s 

A study has been performed of the measuring technique aud performance reduction t o  standard 
conditions of the take-off groundrun for aeroplailes with constant-speed propellers as well as 
with je t  propulsion (V. 1711). A survey has been given of the basic principles of lierfornmncc 
testing in take-off and landing; as a coiitriI)utioi~ to the AGARD Flight Test.Manua1. 

I J I i  g h t  t e s t s .  

I 

The flight-testing of protot~ypes t,ook 111) most of the time. 
I n  counection with the "Triton" accident flight tests have beeii carried out ill order to 

compare true and indicated values of heights, aimpeed and rate-of-climb duriiig take-off and 
initial climb, to check position-error correction data and the influence of sideslip o n  Iiitot-st,at,ie 
pressures fo r  a Lockheed Super-Constellat,ion. 

Next to t,he fore-mentioned response uieasuveiuents with the Siebel laboratory aeroplane, 
measurements were made of the influence 011 stability and drag of open o r  closed nacelle during 
extension of landing gear. Comparat,ive iiieasiirenieiits on  stickforce per g in turns  and syiiimctrical 

I climbs have been ride. 
A quant1t:itive ap1)reeiation of the pxforliiancc a i d  control of two  newly-built sai1pl;lnes h a s  

heeu given 

111 s t r II in e 11 t a t  i o n  

For the AGARD Flight 'l'est, M ~ i I u a I  n coniplete list, of instrinoents used tit the N. IJ.L fo;,  
flight tests, with a short, survey of their characteristics, has been drafted and will hc kept u]). 

Various new instruments hare  bee11 developed, iiiel. an aceiirat,e n,ttitude-gyro and a recor?ing 
control-position indicator. 

6 Ilelicopter Section. 

A study has heeii iiiirde of aiiieiidiiients to be incorporated in the draft airworthiness- 

A rotor with tip-ramjets has Iieeii t,ested extensively on the rotating test-stand. 
Performance, stabilit,y and control of minjet-helicopters are being studied. 
A report has been delirered on groufld-resofiance effects aiid its theoretical bnckg:.r.oun~l. 

reqnirements for helicol)t,ers in case of application oE tip-ramjets. 

T Free-flying niodels. 
. .  

A series of RM-IO inodels were launched and nicasarenieirts were made in a very siinplifietl way. 
Determination of the dragcoeffieicnt for Mach iiunil)e?s of 0.9-1.5 yielded a satisfactory 

An clect,ronically timed flashlight was developed as a i l  alternative to the synchionized 
agreement wit,h the values mentioiled in lit,eratiire. 

shutters of the hallistic camems used in these tests. 

S C~mbzistion Section 

The relation between airsyeed, fuel consnnrptiou and thrust of a specific type of ramjets has 
heeu measured. An orient,ating investigation has beeu lllade into t,he nature of the combustioil and 
the pressure distribnt,ioii within the ramjet. 
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9 Documentci.tion mid. Publications. 

C a t a l o g n e  o f  A e r o d y n a m i c  M e a s u r e m e n t s  ( C A N ) .  
A questionnaire has been sent to subscribers to obtain information 011 their experiences with 

the card system. As a result some of the participating instit,ntes'made an extensive investigation 
into the probability of retrieval with this system. At a combined meeting of the AGARD-Wind- 
tunnel Panel and Docunientation Committ.ee these resnlt,s have been discussed. 

C e n t r a l  A e r o n a u t i c a l  A . b s t r a c t , i n g  S e r v i c e  (C.L.D.). 
The by-laws of the Supervisory Committee have 'heen altered t o  bring them into line with 

present practice. The resulting change of name has been approved of. 
The General Assemlily of AGARD in The Hague resulted in fruitful discnssions of the nieriibers 

of the AGARD-Docnnientation Committee with Iluteh ohservers and representatives of NI DXR 
and FID. 

P n  b l i  e a t i o n s. 

The system has been adapted t,o Rollerith-cards also. 

In  1954 I60 reports were completed, of which the following were published : 

a) .  Mnltigrnplted and ozalided reports: 

A. 1292 Landstra, a. A. Siebel (Symniet,rical gliding flight). Coml~arison of Flight-Test 
Results and \\Tindtunnel Measurements (in Dutch). 

I 
A. 1328 Landstra, J. A. Investigation of Tunnelwall Influence on t,he Ilalf-Model of a 

Swept Wing (in Dutch). 

F. 130 &at, J. A. Calculation of the Temperature Field for Incompressible Lalninar 
Bonndary layer Flow with and without Pressnre Gradient. 

F. 132 Zaat, J. A. An Approximate Metho,d for the Caloulation of Turbulent Bomi- 
daw-layers in Compressible Twodimensional an'd Rotationally- 
Yyinnietrieal Threedimensional I?lows (in Dntch). 

F. 140 D e  Jager,  E. M. The Aerodynamie Forces and &forgents on an Oscillatiiig Aerofoil 
with Control-Suvface between Two Parallel Walls. 

F. 742 Van. Spiegel, E. O J ~  the Theory of the Oscillating Wing in Two-Dimensional' Sub- 
Van de Vooren, A.  I .  sonic Flow. 

F, 143 D e  Kock, A. C .  Manna1 for Users of the N. L. L. Card Catalogue. 

F, 146 Van de Vooren, A.'J .  Strip 'Fheory for Oscillating Swept Wings on lneompressible Flow. 

F, 147 I J f f ,  J. Influence of Compressibility on the Flutterspeed of a Vamily of 

Thomas, C. 

. .  .< ' 

Eckhaus, W. 

Kossehaart, A. C .  A. 
Van de Vooren, A. 1. 

Rectangular Cantilever Wings with Aileron. 

I!', 153 Xckhaus, W. On the Theory of Oscillating Airfoils of Finite Span in Subsonic 

17. 154 Eckhaus, \V. The Induced Drag due to Disturbances in the Lift Distribntion. 

F. 155 De Jager,  E. M. Tahles of the Aerodynamic Sileron-Coefficients for a n  Oscillating 

M. 1923 Ilartman, A. lnforinative Investigation to cheek 'the Ciimnlative Damage' 
E= 1 on Riveted Single Lap Joints. 1953 (in Dutch). 
1V 

Flow; 

Wing-Aileron System in a Subsonic, Compressible Flow. 

Hypthesis 
\ .  

M. 1931 IIartnian, A. Some Tests to Detrrmine the Influence of some Factors on the 
Scatter in Endurance Tests on Xxtruded 24 SI' and Rolled 24 ST 
Alelad. 

M. 195'2 'Sohijve, J. 'The J:htigne Strength of R,iveted Lap  Joints and Pin Eole Joints. 

M. 1932 €lart,niaii, A. Comparative Investigation at Fluctuating Tension (R = 0) 011 

l h r a l  Lugs of Different Design. 

M. 1940 Ear tman,  A. The.Peeling Tests of Redux I3onded Light Alloy Sheet. 11. 1954. 
( In  1)uteh.) 
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The Effcet, of Various ],‘its 011 the Fatigue St,rength of ]’in Role 
.Joints. 

‘I’he Possibilit,ies iif Iritcrtial [hict,ion Measun.ements for Mateyial 
‘I’estitig, in Particular for F’atigne Testing. 1954. (In Dutch.) 

A ’l’heoiy of l’lastic ‘I?low for. Anisotropic IIardening i n .  l’lastic 
Deformation of an Initially Isot,ropic Material. 

Investigation on the Stsetigth of 24-S-T Alclarl Riveted and l3olterl 
Lap .Joiitts :it Rapid A]iplierl Loads. 

Oi l  t,he 1:uckliitg of Rods oitd Plat,es in tlle Plastic Kegion. 11. 
,19.54. (In Dutch.) 

The Effcct,ive Rellitig K;irlins of l.’tieiii~iatic-‘l~y~e~l Wheels. 

Note oii Minimizing a Qn;drat,ie Function wit,h Addit,ional Linear 
Conditions by Matrix IIethods, with Ap]~lieatioi~ t,o Stress Analysis. 

The Experimental Deternii~tat~ioti of the Nffective \\‘idth of. Flat, 
Plates i n  the Elastic and t,hc P1:istie Range. Part 11. 1954. (111 
llutch.) 

Method for, I leterfnif~ii~g the 1,ag Correct,ioii for Pitot-Static 
Systems in Noii-Stei~dy ];’light. 

I tepvt  of Flight, Tests with the Aircraft l’Ll-NLL, t,ype Siehel 
204 11-1. Detertuiristioii of Lotigit~udin~l Stabilit,y atid Control 
Characteristics in (7liding F’light, with hoth Airscrews Feat,hererl. 
1953. ( In  Dutch.) 

The 3Ierisurcriient arid Rr;~luntion of t,he ~ ~ ~ ~ ~ ~ i i i t d r i ~ t t  of Lmdplanes. 

‘[’he Influerice of I’ransonic Airspeeds 011 Static Loityitndiiial 
Stability and Contiwl of Aircraft. 

Methods for  I~eterrniiiing Stick I.’oi~:es per g.  Coiiip;irisoii of 
Stick B’orces per g in Syrrii~retrical t,uriiing IJlight of a S i e l d  
‘LO4 11-1. Airwaft. 

I~lrlicopter Groiiiirl Resotiatice in ‘I‘heory : t i id  l‘~spe~iitieirt. 

M. 1946 ‘Ilart,tiian, A. 

M. 1949 Schi.jve, J .  

, .  

S. 410 Eesseling, J. F, 

S. 415 l3enthen~, d. 1’. 

S. 423 Hcnthem, .J. P. 

Krnithof. R. 

S. 428 I”loor, W. I i .  (:. 

S. 437 l:entheni. .I. 1’. 

Y. 438 Ik~tnian. M. 

V. I670 Pool. A 

V. 1698 J h  lioer, 1. 
Iirerhe, 1’. W. 

1 7  1711 Ilouwes Ijekker. E:. 

T7. 1717 l ialkman, C. 31. 

h)  .lliscellaneoxs Publications: 

NP. 93 - 

Alp. 94 Zivikkcr, C. 

XI’. 95 13iirgerhout, ‘l’h, .l. 

311’. 96 Vari der Linden, d .  C .  

MP. 97 ‘ l ~ i ~ i i ~ ~ i ~ i ~ i ,  R. 

MP. 98 Seherpenhuijseii 
Rom, G. 

MI’. 1.00 Van. de Vooreti, A .  I. 

Ml’. 104 Van de Voosen. A .  I. 

NI! 105 ‘Pimiiiati, R. 

hlP. 107 Van Oosterom, ‘1’. 

l i s t  of Journals. Classified ;it N. 1;. L., 1953. 

Mechanisations in Nese;rreh. Polytechnicnl Weekly Nagazine. 

On  *he A’uttiericnl Solutioir of I’artial Differeittial Equnti<it~s of the 
Elliptic Type Part. 1 .  Appl. sei. Kes. Seetioil 13 T701. 4: 1954. p. 161. 

Hesistnriee t,hrrinonieters. 

liinenrized ‘I‘heory of the 0scill;iting Airfoil iii Cornpicssil)le Suli- 
sonic l?low. J. Aero. Sci. 1’01. 21., iir. 4> April 1954. p. 230. 

H,eport om Subject Classification Systems. ACARI). May 1954 

3Teasiirenietits of Aesodyttaniic Forces oil Oseillat,ing Ae,rofoils 
AGARD Nay 1954. 

Strnctnml I’rohlenis Arising from Heatiiig of Siipersonic Aircraft 
Ile Ingenieor, no. 31. 1954. Locht,v. Tech. 5. 

Practical Diffienlt.ies Enconntesed in Establishing t,he N. L. L. 
Card Citalogue of i\ei~~rdpn:tmie Measuren~e~its. NlI1E;X-AGARD 
ill eeting 30-4-1 954. 

Nethods and Results (if Nott-Station;iry Airfoil Theory. i\OARD 
N e i  1954. 

Perforniaiice Testing of Sailplaties. OS1” 31 .Jnly 1954 



S I 1  

Zmn Rezilirozitiitssat,z der Tragfliehentbeorie hei beliebiger 
iiiststionairer Bewegung. Zeitschr. Fliigw. 1953,~ Heft  6. 

Xeport oil Standardisation of Documentation in the hiternational 
0rgsiiisat.ion for Standardisation (ISO) Nor.  1954. 

Recent Experience with the N. L. 1,. Cara Catalognc for  Aero- 
dynamic 3,Ieasiirements. AGA4RD Nov. 1954. 

Shoaktubes. De Ingeniem, 1’01. 67, nr. 13, T-ITr-’55 

Experiinciits at the Xitionaal Luchtvaartl~boratorilull, Anisterdam; 
Cuticeruing Boundnty-L;iyer, Interference of a Wiiig-Wall .Junction. 
De Ingenieur, Vol. 66 No. 50, 10 Dee. 1954 L 43. (Lczing voor 
Ned. Ver. 1.. Luehtraart-techniek.) 

The l’iiysical Causes of the Sound Barrier. 

XI’. 108 Tiiiiman, R. 

AIP. 111 Scbcrpellhuijscll 

Alp. 1.1% Van de Voorc~l, .4. I 

Rom, Pr. 

De Kock, A. C .  

MP.113 Zwikker, C. 

NP. 1.l4 Landntra. J. *4. 



C.C.L. Class. 11 050: 11 055: D 153 

REP0R.T F. 147 

A One-Parameter Method for the Calculation of Laminar 
Compressible Boundary-Layer Flow with a Pressure Gradient 

by 

J. A. ZAAT. 

Summary. 

Bnx,d on tho mom,olt,,m q w t i u n  of vox IZhnhiBx mnd tilt: intcgmtcd hmt  qua.tion suppsitione arc made for  the 
analysis of the vcioeity and temperature profiles in Imiiuar eompressihlo boundary 1:iyer flow. The method is sct up by 
meam of tlx asymptotio belmriour of tlie brmndary layw prufika nnd takcs lato iLcconnt a6 many boundary conditions :rt 
bile ~ $ 1 1  a8 possi,ble. In connection with these lmunundary eoiiditiona thc flow Vibh :ud \i-itimut heat triLnsfer ;It the wall is 
dealt with. 

Contents. 1 Introduction. 

1 . Introduction. Contrary to the incompressible laminar 'boundary 
layer f low where the relocity field is independent 2 Syml1ols. of the tem~~era.tiirc field, there appears to hc a 

3 Basic eyiintionu for the analysis of t,he laminar n,utl,al irlfll,ence of veloeity and tenlperatu~e 
<:onipressihle ,boandary layers. l~oundary layers for compressible flow. This is 

4 The asvmr)t,otir 'hehaviour of tlie sollitions of c;msed 'hv the faa t  that it is not allowed to irealeet 

I 

" _  

the boundary layer equations. 
Approximative functions for the velocity and 
temperature profiles 'of the laminu  compres- 
sible bonndary layer flow- with pertaining 
boundary conditions. 

6 Calculation of the relocity and temperature 
profiles of the laminar compressible houndaiy 
layer vithout 'heat transfer a t  the wall Fur the 
Prandtl number u = 1. 

7 Calciilation of the velocity and teniperaturc 
profiles of t,lre laminar compressible 'boundary 
layer flow without heat transfer a t  the wall 
for  a Praiidtl number u # 1. 

8 Calciilation of the velocity and' temperatiire 
profiles of the laminar compressible boundary 
layer flow with 'heat transfer a t  the wall and 
prescribed wall temperature. 
The flow along a flat plate without pressure 
,gradient, with constant and variable wall tem- 
perature. 

10 Application of the met1106 to a rotationally 
symmetric ease. 

11 literatme. 

Appendix. 

3 Tahlcs 

11 Figures 

5 

9 
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friction a n d  compression h o t  at large i~elorities, 
and that the physical values (e. g. viscosity eoeffi- 
cicnt,) appearing in the analysis, !have to be eon- 
sidered not as constants, but as functions of tlie 
temperature as a result of the la.rge differences 
in temperature. The a,na.lysis, 9Q course, hccomes 
more complicated by this mutual influence of rclc- 
city and temperature field. In  gtncral it appears 
to he impossible to obta.in exact soliitioils of the 
hoondary layer equations. 

Hence, it is tlie more important to dispose of 
methods, which giiara.ntee a. siifficicutly accurate 
tLpproximation of the solutions of the lhoundary 
layer equations. 

l i ke  the ,method for incompressible !boundary 
layer flow deserihed in report E'. 127 (ref. I)  a 
similar method is developed for compressible flow, 
wliieli nses the principle of I'OHIIIL~USF-V and 
SCHILCATLYG wibh the aid of the momentum 'equa- 
tion of SON K i m h  a.md the integrated heat eyua- 
tion. 

This method is ,based on the asymptotic ' l~eha~iour  
of the solutions of the boundary layer equations 
at the onlei' edge of the bouiidary layer flow so 
that all boundniy conditions a t  the outer edge are 
satisfied automatically. 

In choosing tlie number of boundary conditions 
which is taken into account, a compromise must he 
found between the accuracy of the approximation 
at  the one side and the required computational 
m r k  ;it the other side. 

The two eases of flow with and ivitliout lieat 
transfer a t  the wall mill he dealt in this report. 

I 
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Application of the method t o  rotationally sym- 
metric flow gives no difficulty. 

2 S ~ b o l s .  

x, v coordinates along and perpendicular 
to  the wall. 

U velocity at the outer edge of the 
boundary layer. 

u, velocity of undisturbed flow. 
u, velocity components within the 

boundary layer. 
T ahsolute temperature. 
P density. 
P absolute coefficient of viscosity. 

kinematic coefficient of viscosity. P 

P 
v = -  

I shear strew 
x coefficient of heat conduction. 
R = C, - c. gas conrta,nt. 
c, specific heat at constant prcssurc. 
C" specific heat at constant yolume. 
k=GII/cU (k=1.405 for air). 

I (T=- " Prandtl number. 
- .  

x 
Tu + C T '13 - T,:+ 3 T ,  

' 4  Y =  r+ (,) , T =  

, C = 110'K. 3 T" 
2 T , + C  

p=--  
G speed of sound. 
C* critical speed of sound. 

ill= - locd Mach number. 

6 boundary layer thickness. 
H =  2 

6 ,  

U 
C 

form parameter. 
6 

a 

6 ,  = 1 (1  -5) dy displacement thickness. 
0 

d 
8,  = / - PU (1 -+) dy momentum thickness. 

" PxU 
2 

6, = -1% (1 -2) dy loss of enthalpy thiek- 
,I ness. , 
a 

adu 2 
a , =  1 d (m) dy dissipation function. 

U 
d 

S, = [ '" ( 1  -$) dy kinetic energy func- 
P"U tion. 

Reynolds number. 
UL 

IZeL = - 
Y" 

us,2 
# =  __ ,8,=-- > 8 , = -  integration 

vu "" ' . quantities. 

U6,2 
V" 

- u  a=- dimensionless velocity. : - u  . ,  

t=- dimcnsionless temperature. ' 

. E ,  5 ,  : coordinates. 

T 
TU 

0 
a, eo, n = - 

% 
functions of 5. 

' 1  b' '.' fo 1 coefficients (functions of 2). 

Ax Pr> Y l  quantities introduced in section 6. 
p ,  q, A, A,,, Q,  P ynantitics introduced in section 8. 

Po. Po , , . t o  

aT g(z)=--X (-) heat transfer a t  the wall 

Subscripts 
IC and T 
W denoting the wall. 
z, y, f ,  e,) 
t, dcnot,ing tangential, normal direction. 

3 Basic equations for the analysis of the laminar 
compressible boundary layers. 

aY 

denoting outer flow. 

denoting derivatives to z, y, [, &, 

The laminar compressible hoiindary layer flow 
can ,he descri'bed 'by the following equations: 

( i)  The equation of motion 

~ ' I C U ,  + . p ~  %= pu UU& ( p 1 ~ y ) ~ .  (3 .1 )  

This equation is a result of simplifying trhe NAvm- 
SWICFB eqnation according to the usual houndary 
la.yer generalizations. It governs the equilibrium 
hetween the inertia force (left-hand term), the 
pressure (first term of right-hand side) and the 
frictional force (second term of right-hand sicle) 
acting on an element of fluid in the ,boundary 
layer flow. 

(ii) The equation of continuity 

(pu).'+ b)" = 0 (3.2) 
denotes the conservation of mass of the element. 

(iii) The energy eqnation 

pc,(uTe'+ v T , ) = - p p , u U U Z  + 
+ (A2;)Y,+ P%2 (3 .3 )  

gives the variation of the heat content of the ele- 
ment per unit time (left-hand side) caused by the 
coniprcssion cnergy (first term right-hand side), 
the heat condnction or'convection (second term) 
and the frictional eneiyg (bhird. term). 

(iv) The equation of state fo r  thc ideal gas 

p = RpT. (3.4) 

(v) The formula of S ~ ~ K I A ' D ,  yielding an ap- 
proximate relation 'between viscosity and temper- 
ature 

I n  the case of air C will have the value llO°K 
(ref. 2 .3 ) .  In  general, bhe formula of S " D  
can be used up to the hypersonic range, excluding 
very low temperatures. 

To simplify the calculations the linear relation 



I* 
I*u 

for the distribution - across the boundary layer 

(in y-direction) will he introduced besides the 
relation (3.5). 

I n  formula (3.6) is an average temperature 
- a 2' + e2Tm 2' ~ 1u- , thus introducing a weighting 

aI + 
factor o1 for the outer temperature T, and a 
weighting factor a2 for the wall temperature T,. 

 or T = F (3.6) satisfies the formula of Smm- 
I&". For a,=O (3.6) changes into a formula 

which has been used by several authors (ref. 4, 5 ,  
6 and 7 ) .  

For a 2 = 0  (3.6) dhanges into 

a particular form of the usual relation between 
temperature and viscosity 

(ref, 3, 9, 10, 11). At first sight one mi-ht choose 

2 '  for T the arithmetic average value z'= 
since this makes within *he ,boundary layer the 
maximum deviations in positive and negative direc- 
tion Erom the formula of SW-HIIRL~WD about eqnally 
large. 

However, the calculations of drag for  flow along 
a Iieat-insulated flat plate a t  a I ? I W ~ L  number 
(r 

- T, + T, 

1 show that the value 

in formula (3.6) leads to about the same result,s 
8a the formula of STJT~UND. For laminar com- 
pressible ,boundary layers wibhout :heat transfer at 
the wall the viscosity-relation of SUTHFZLAND can 
he applied also within the ,boundary layer at a 
P R A ~ L  number c = l  without making the com- 
putations too laborious (See 5 ) .  This application 
has the advantage that it yields more accurate data 
which can Iie used in determining in (3.6). 
From the calculations for flow along a flat plate 
it is evident that the relation (3.7) must !he pre- 

and ferred to the arithmetic average F= 
the value T=Z", so that tbc relation (3.7) will 
$Is0 he'applied to further calculations. 

In the calculation the specific heat is assumed 
to 'he consta.nt. The same holds for the number 
of ku", introduced in the calculation 

Tu + T, 
2 

I*'GP 
x (r= - 

The solutions of the above-mentioned equations, 
yhieh describe bhe temperature field and the velo- 
city field of the laminar boundary layer in com- 

E 3  

pressihle flow, have to satisfy the following bound- 
ary conditions. 

for a wall with prescribed temperature T = T, 

for a, conipletely heat-insulated wall - = 0 aT 
all  

6 .  is the  thickness of the velocity houndary layer 
(in y-direction) and BT the thickness of the tan- 
perature boundary layer. In general 8, and ST 
will be unequal. 

If the shock waves will he left out of consider- 
ation, then the relation 

k-1 
2 

c2 = kit  To- __ U ' = ~ ( C , - C ~ ) T , -  

k-1 
2 

u2, (3.11) _ _ _  

Or 

hol& for adiabatic flow and, hence, for the flow 
ontside the boundary layer (the subscript 0 denotes 
the undistnrhed condition). 

From the e n e r u  equation the relation 

(3.12) 

follows for the outer flow. Hence, in connection 
with equation (3.11) 

112 

2 
- + C#(Tu-z'o) = o  

Furthermore 

From the definition of the speed of sound 

% =G' and with rhe aid of the equation of 

Binwouw,t UdU = - - dp  = - cz - the relat- 

ion 

dP, 
1 dP* 
PU P" 

(3.15) 

fol lows. 
As the pressure across the boundary layer can 

he assnmed to he constant, it follows from the 
ideal gas equation that 

u P", 

u s  pu 
pz-- - 

(3.16) 

From the relations for adia'hatic flow outside the 

UZ 
lip k - 1  boundary layer cz = - and cz = cg - __ 

I .  . . .  P U  2 
follows 
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(3.17) 

The right-ha.nd side of equation (3.17) holds only if no shock wave is present. If this occurs, the 
ensuing ent,ropy variation will have to  be taken into account. 

Tho description of the laminar boundary layer flow in the compressible flow field will be carried out 
with the aid of the momentum e@mtion of VOW Kiltnl&-U, the integrated heat equation and as fa r  
as necessary of the kinetic m e r 0  aquation of WIBIHARDT 

Integration of the eqnatiom of motion in y-direction gives with the aid of the equation of cuntinnity 
the moment,um equation 

(3.18) 

6 

and 

the displacement bt less (3.19) 

the momentum-loss thickness (3.20) 

(3.21) 

the RESNOLDS number with relation to the momentum-losii thickness. 
Substituting 6' 6 ,  Re6, and taking into account the following relatioils 

and 

The momentum equation (3 .18)  changes into 

(3 .23)  do u, pLl0 aulli T, adu 
dx U pu au/s, u w  - 4 -0 [ 2  I1 + 3-  ( 1 + p ( k -  1)) M2] = 2  - (-1 = 2  y ( ) w .  

T,he integrated heat equation will "he ohLi.ined by multiplying the cqnat,ion of continuity with c,T and 
adding this to t,he energy equation (3.3)),  which gives 

(C,,DI~Z'), + (CnpvT)y =-pp,uuu, + (AT'&+ U%# 8 .  

and then integrating this equation to y hetween y =  0 and y = 6 .  This gives together with the equation 
of co!itinnity (3.2) 

' 6  d d 6 

/" e,p%cTd!) - T ,  
0 0 t 

d / cppudq = - 1 p,u UT&y -(AT,), + / p t ~ 2 d ~ .  . (3.24) 

UZ 
.2 

6 6 6 

I n  connection Kith thc adizbatic relation for the undisturbed flow (3.12), - + epTu = const., equa- 

tion (3.24) elianges into 

pu( T - T,)dy = - UU, 1 U ( ~ .  - ,,)dy- A,( Ty)(u + /' p s z  dg. (3.25) 
U 6 
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Introducing the enthalpy-loss thickness 
6 

the dissipation function 
2 

fLC# 

h 
and tlie PKrlsLyL'L number o =  -, the equation (3.25) changes into 

(3.26) 

(3.27) 

(3.28) 

With the aid of relation (3.13), by substituting the I t ~ n s o ~ m  number 

and differentiating in the following way 

equation. (3.28) changes into 

Substituting 

and its differential quotient 

(3.29) 

2' 

a0, u, s,s, -+ - 0 8 ,  [ l - { 1 + ~ ( f ~ - l ) ) M 2 ]  + - Z ( k - l ) W  T = O .  (3.30) 
as U 8 2  

,The kinetic energy equation of WIEGTIARW. 

h l t i p l y i n g  the cquation of continuity by - and the equation of motion hy u and adding these 
U2 

2 
together, the result is 

Integration to between 0 and 6 gives 
d 6 P 6 

or  (3.31) 
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Introducing the kinetic energy function 
6 

(3.32) 

and substituting 
PJJS, Roa =- 

PU 
chirnges equatiou (3.31) into 

Multiplying with 2 S, and su'hstituting 

changes equation (3.34) into 

(3.34) 

(3.35) 

(3.36) 

A relation ,bettween the kinetic and hcat energy cau he obtained by adding the equation of motion 
(3.1) multiplied by u to the energy equation (3.3) 

I ~' 

By integrating over y from 0 up to  S and applying the cyoation of continuity the relation 

(3.38) 

is obtained. I n  connection with (3.13), (3.26) and (3.32)', (3.38) can be transformed into the equation 

If no heat transfer to the wall takes place, 0, then (339) changers into 

k-1  
p.7J Tu (7 Ma& - Sa) =constant = 0. (3.40) 

The constant value of the right hand side vanishes since the left-hand side of (3.40) becomes equal 
to  zero in tho stagnation point. I n  that case the relation 

(3.42) Af 2 

2 
s a =  - ( k - 1 ) S s ,  

exists and the energy equation of WWHARDT changes into 

(3.42) 

For  a Pam- number o=l and in the case that no heat transfer to *he wall occurs, (-), = 0, 

- do, + - Us 8, [ 5  + {(Z-flp) (k-1)  -1)  M 2 ] ._ -_I. 4648, 
ax (I 6, 

a 2' 
au  

the calculations of the boundary layer can be simplified, hecause the solution 

uz 
- + cn2' = constant 2 

satisfies the differential equation (3.37). The adiabdtic flow condition still exists in this case within 
the boundary layer, so that for c = 1 the following tomperature-*elocity relations holds 

a 2' 
up au  

k - 1 
- 1  -t __ M: (I--- US for o = ~  and(--) = O  

T 
IT, 2 
_- (3.43) 
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When for flow along a flat plate \vithout pressure gradient a constant wall temperature is prescribed, 

(3.44) 

then the relation 
lL2 u uz 
- + e,," = c,,T, + - [- '+ e,,( T, - !ZVw) 1 , 
2 u 2  

satisfies (3.37) for r=l, as lolloms immediately by aid of (3.1). 

for the ablution of the boundary lager flow. 

4 The asymptotic hehaviour of the solutions of the boundary layer equations. 

, 
In  both cases only t,he equation of motion or the momcnt,um equation of vox K h & v  is necessary 

T,he equation of continuity (3.2) yields the cxisteuee of a stream function + ( x , ~ ) ,  for which the 
velocity components in the boundary la.yer satisfy the following relations 

(4.1) 

(4.2) a+ 
ax 

pw=--. 

When introdiieing a new parameter 
3i 

, = i'p,.U(s)ds 
h 

which is connected with the undisturhed flow velocity outside the boundary layer, the quantities 9 and + 
can bo considered as new independent variables. Then 

a a+ .L= a 
aU ay a+ p u - .  a$ 
_- _ -  

Hence, the equations (3.1) aud (3.3) become 

a t 4  d (1 a 
a,, (ip 

l J u - = E U z - - +  

The relation (3.12) for the adiabatic flow condition outside the boundar 

aTu au - _  aT, '0, 
a, a? a+ c , - + u - = o  

Tthis changes equatims (4.3) and (4.4) into 

(4.3) 

(4.4) 

layer yields 

(4.5) 

For the determination of the asymptotic hehaviour at the outer edge of the houndary layer the quantities 

AT = Tu -T 
A u = U - u  

(4.8) 

will be introduced. As AT and AU will be assumed to  be small, their squares or products will 'be negleet- 
ed. I n  relation with (3  U), (3.6) and (4.5) one has 

(4.9) 

Concerning the order of magnitude the follovtng relations exist 
C 

w 
+"=O(l)  )) !!'=0(6), p..=O(62), x = L y c  Z O ( S 2 ) .  

After neglecting all terms of second and higher order in 6 the boundary layer eyuations (4.6) and (4.7) 
change into 



wherc U and pLu are functions of 9 only. After 
subst,itnt,ion of 

$ = V Z Y ,  9=ui (4.32) 

wlicrc Y and $ am of order 0(1), the cqnations 
(4.10) and (4.11) hccome 

In order to consider the asymptotic ,hehavionr 
T 26 T U 

of - and -, i. e. the hehaviour of 7 and ~ -, l', U 7, TI 
for lavge values of Y' the following transformation 
are introdiiced: 

- 
Y = S T  and $- f i l=82#  (4.1%) 

where S rcfers to the 'hoondav laycr tliickncss 
and 9=g1 dcnotes a fixed value. 
- T w  and U bcing regular functions of 6, the 
T, 

following TASI.OR expansions cxist 

+ ... = U ( $ , )  + SqO(1) 

- - 
Hcme near $ = O  - (($) and Ut;) may he 

considered as constants. The differcntial equations 
(4.10s) and (4.11a) become after snhstitntion of 
eq. (4.12) 

I :: 

The pertaining hounday conditions are 
- 

AT=Au=O for  Y = m (4.15) 
- 

AT=I' , -Z '~ A%=U for Y=O 

T,hc eqnations (4.13) and (4.14) with the "ooundary 
conditions (4.15) are satisfied by the solutions 

a 
2 

Au=U-u= - U [e-" dn (4.16) I/; ' "' 

AT'= 2', - T = 

The asymptotic h e l i a ~ h i r  of the velocity profile 
at  the onter edge of the vclocity boundary layer 
will then bc given by 

taking into acconnt (412)  and (4.12a). 
The asymptotic "ohaviour of the temperatnre 

profile at the outer edgc of the temperature boun- 
clary layer mill be given by 

For larger values of 1~ is 

sottiat for the 4- as well as for the y-coordinates 
the same asymptotic behavionr holds. 

From the equations (4.16) a,nd (4.19) follows 
T i  - u tlia,t the asymptotic hchmiour of __ changes 

77 
into that of -___ substituting + = +, VY. 

I-Tcnce the velocity and temperature profiles 
show the same asymptotic bchasiour at the outer 
cdge of the !hhollnddry layer apart from a stress 
factor v, hs a consequence the temperature 
honndary layer will in gcneral have to be thicker 
for PR~LVWTT, number D < 1 and thinner for ERAKDTL. 
nnmhers r > 1 than the velocity boundary layers, 
which agrees with the experiments. 

T u - T  
T" - Tu, 
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5 Approximative functions for the velocity and temperature profiles of the laminar compressible 
boundary layer flow with pertaining boundary conditions. 

When introducing hwides the dimensionless velocities a r i d  temperatnres 

(5.1) 
ZL - T 

= u, r, = t? 

I 
the new coordinates 

(5.2) a ,  a, 
t t at= -du ;  a&,=--du, 

n where [I - 
e o  

described approximately by the following functions 

= n&, and a, a, are functions of z, t,hcn the velocity and temperature profiles can bc 

z 

11=1- (a + b + cp + . . . ) o - ~ z  -f /' e-q2a7  (5.4) 
i 

LT(1-++ b"<"+ c,,<o'+d,,t,; + . . . ) " - T U 2 + f "  I".-+dy] (5.5) 
.to 

Tho Iiuundary conditions a t  the outer edge of the velocity and temperature boundary layers change into 

As these boundary conditions arc sa,tisfied by the functioos (5.4) and (5.51, tlhe coefficients n, b ,  c ,  
f . . . . . . f a ,  which are functions of z, can h e  determined hy the homidary conditions a t  the wa.11. Tthese 
boundary conditions, which follow from the differendial equations (%I),  (3.2) and (3.3) in relation with 
(3.8) for u=O, are 

Tu, 

Pru 
u = o ;  I $ = - ;  (p?L&=-pUuIjI; ( p u y ) w = o  

2(Pl&)&w- (pu), uy= ( P  %)w; ... 

CJ' 
G n ( P U ) U ~ : = - p " I L U U U Z , +  - ( p i l ) w +  ( w y 3 ) y ;  

c,[(PU)wT*'+ Z h U ) ,  Tm- (pu) ,~kl  = - P P . ~ Y I m z  + L! (PTdW" + (P1LY2)lW 

m 

C 

L7 

After substitution of (5.2),  (5 .3) ,  (3 .6 )  and (3.13) tihe first four boundary condit,io~~s at the wall for  
the cqiiation of motion and the equation of energy eliaiigc into 

(5.8) 

In the separation point, ( p  t$) vw c 0 the following relation holds 

(5.1,O) 

(5.11) 

For the calculation of the boundary layer irithout heat transfer a t  the wall, hcnce for (t:J),=O, an- 
other boundary condition can he taken into account without difficulty. The fifth boundary condition at 
the wall, which follows from the energy equation (3.3),  yields the relation 



I n  the separation point the following relation holds 

When no heat transfer at the wall occurs, then 
( 2 c - 4 ( n - c )  = (3b-f)Z.  

( t g O ) - = O  and f , = b ,  

(5.16) 

and the relation 
(5.17) 8 n(a  - c ) b ,  = (f - b )  (2 - n,) 

follows from (4.13). 

pressed in the new variables < and & 
TIE quantities S,, S2,, S,,, 6 ,  and S, appearing in the differential equations of section 3 become, ex- 
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With the aid of. the equations (5.4) and (5.5) the quantities S,, 6,, S,, S,, 6, can be expressed into the 
coefficients a, b,  ... f ,  ... f, (sce appendix) 

as, =-$ V;(Q, + i fc ) .+  & ( b  + f )  --$ l / ~ n ( l - t w ) ( ( ~ ~ ~  + +c,) - ~ ~ ( 1 - - ~ ~ ) ( b 0  + f,) (5.18) 

V w  a + + e -  - vz a2 - -V v2- - ava __ c z  - (1-E) 2 ( Y + b f ) - -  V q  4 -I + a 8 32 

(5.19) 7r + a ( b  + f - n l l - T  a f - - . t b c -  (+)c i ]  

($ + 2 bZ + -'-e2 + f ' - f b  -4 ac) + af - + f c  + 4 bc (5.20) s, 1 V K  - _= __ 
1 G  ass2 Y 4 

a3 + 4 n*c + -$ ab2 + 3 m2 + (T 3v3 - -) ( o b f - & c f Z )  + + b * c +  2 N s , = N 8 , ' +  __ 
2 vT VT [ 

f ( T - Z ) b c f +  3 v3 & e 3 ]  + _ 3 _ _ b g t g V 2 ( a , ~ f + f d ~ ~ + t b " - b h f ' +  & c 2 I - f 3 )  + & n z h +  
2 v 2  

31r 
8 + & UTJC - 4- wf + iIg b3 - -4. b2f + + b l  - +$ c'f + - ( bf2 + f) + 6 a% ( U f '  + -$ cf') f 

+ fV?a+&c) + + ( b + f ) - l / ~ [ a z + i - - ~ 7 P +  ; J , c z +  (VT-l)(f'+TJf) + 4 w l  - 

(5.21) 

The quantity S, appears to assume a very complicated form. For as, a good approximation can be 
obtained, when introducing for u the function 

x - ( a c + * b c - - $ c f ) - - ( ( n f + ~ C f ) .  4 

m 

u= 1 - ( p ,  + q& + r0&Z + s , t 2 ) e - ~ 0 2  - t, / e-+a,,. (5.22) 
Eo 

I The coefficients p , ,  qo, T ~ ,  s, and to are determined from the value of the function and its first three 
derivatives a t  the wall and from the constautness o f  the values as,. Along the wall t h e  following relat- 

i ions hold : 
- - - 
u = 1 - p ,  - + Vx to = 1 -a  - 4 V x  f = 0 

115 = - 11s = - ( t ,  - io) = f - b 
- 1 -  1 

n u n  

(5.23) 

(5.24) 1 
-[+ a v4a + & C Y +  a ( b  + f ) l  =+V&, + $ T o )  + 4 (go+ so + t o ) .  

By means of (5.22) and (5.5) as, can he approximated by 
m 

as,  = 1 i ( t  - l ) d *  = n G( 1 - t)d<" = 
U d 

Ln(t,-l) / [ 1- (p,'+ . . . ) e - t o z  -t,, 1 e-"d7] [(a, + bo& + c&:)e,~zoz + f, 1 e-*'d7]d(, , m m m 

L 
'0 f a  0 

or 

~- -A, , (& + + e ) +  A,,(b + f )  + A,n + A,(&-) a' + A,(a-e)  n3 + A,(3 b - f )  a', as, 
t,-1 
where 

(5.25) 
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A,, = - 0.181 72 (1, - 0.1 8523 bo - 0.20959 c" - 0.07082 f, 

A,,, = - 0.10253 a,, - 0.10451 bo - 0.11825 cu - 0.03995 I,, 
A, = + 0.37549 (io + 0.40285 h, + 0.48333 c<, + 0.14218 f, 

A, = 0.16994n,) + 0,06515 b ,  t 0 . 0 1 3 5 0 ~ ~  t 0.10133f0 

A, = 0.06580 a0 + 0.03238 bo + 0.01270 C, + 0.03594 f,, 
A, = 0.00749 + 0.00433 h, + 0.00225 C, + 0.00383 t o .  

(5.26) 

Prcrious to entering into details of t;he general me thocl to approsimate bhe velocity and temperature 
profiles in la,minar compressible boundary 1a.yer [I ow, the '  particular ease of no heat transfer a t  the 
ivsll with a, F'I~A~TIITL numher u = 1 will ,be dealt with. 

6 Calculation of the velocity and temperature profiles of ' the laminar compressible boundary layer 
without heat transfer at the wall for the Prandtl number 0 = 1. 

When no heat transfer a t  the wall occurs (- = O  for  u = 0 )  and the Pr~\\mvr~ number is v=l, ' aT 
a !I 

tlic simple temperature-velocity relation (3.43) exists 

I 
Withont making the computational work t m  laborious, tlic temperature-viscosity relation of 
SvTIIERL\hTl 

can he used i n  tliis ease for the description of the laminar boundary layer flow 
The houndary conditions at  the ~ m l l  

change into 

- \iy means of (6.1),  ( 6 . 2 )  and (5.2). 

( 6 . 2 ) ,  eq. (6.4) yiclds the relations 
Jn the separation point < = O  and therefore, nlso ui<g =0. With blie .aid of (5.14), (6.1) and 

(6.6) 
11, tJ', + c tin t, - 1 C - t,"T, 

vuh' T ,  + C G + t,T, 
2(n-c) =-- t ,  ; 2 ( 3 b - f )  = t,- - ( I  - b)'. 

As in the separation point c = &  a., it  may he assumed, like in the metkod of "AN (ref, 12) that 
for the accelerated flow c is equal to 0, while f o r  decelerated flow c i d 1  'he taken equal to & a .  
The accelerated and decclcmtcd flow are then described hy  separate solutions which join in  t,he point 
lb=c=o (U,=O). 

In connection with the re.lation (6.1) as, changes into 

ea, is calculated with formula (5.19). The momentum equation of vox K&iu~fix can be mi t ten  hy means 
of (6.1) and (6.2) in the following f o r m :  !I . 
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ao u, a6 - Tu + c - + -0 [ ( ? I 1  + 3 - (  1 + P(k-1)}M21 = 2  "- 2 us = 2  t,T* + c vg aS,(f - b ) ,  (6.8) 
dz u PU tw 

where 

as sum in^ 

eqs. (6.5) and (6.6) yield tlic relations 

(6.9) 

(6.10) 

(6.11) 

For the accelerated flow is c = 0, for the decelerated flow c = 4 ( I .  By nu~nerical integration of the 
momentum equation of vox Kiithrix (6.8) and applying formula (6.1), the whole temperature and velocity 
field of tlic comprcssihle lanunar boundary layer cu i  'lie calculated. 

I n  the stilgria,tiori point the inomentom equatiou o f  5 n . v  K~KIILV (3.16) yields after miiltiplication hy 

,'<e8 = -, the rehition 2 rr(a8, '+ 2a8 , )  = f -  b if the conditions t,,,(O) =I, ~ ~ ( 0 )  = m , y , (O)  = 1 arc 
118, 

2 Y,' 

take11 into account. 
Like lor incompressible flow this is stitisfied by the usable value (c =- 0.41502 (ref. 12), sothat the 

initial value of A, in the stagnation point hecomes i\ ,  = 1.06145. 

following relations : 
Replacement of the formti ls  of S~THERI~LYD 'by the temIiernturc-viscosity relation (3.6). leads to the 

- 
(6.13) 

With the help of a simple exitmplc the influence of the various temperaturc-r,iscosity Idations will 
he investigated. Elor that purpose flow along a flat plate will he considered without pressure gradient 
for a i\L\cn number M=2.5 and with a prescribed temperature Tu of the .undisturbed flow. 

For  flow along a flat plate without pressure gradient is U, = 0 and, therefore, n = c =  0. T,he linear 
temperatnre-riscosity relation (3.6) leads with (6.12) a.nd (6.13) to the relations: 

11Is u, 
ds u - + - a  12 I r  + 3- ( 1 i- p ( l i - 1 ) )  nrz1 =zyas ,uE=2 uas,(f - - h ) .  

The temperature-viscosity relation of SuTHmtr..cn gives for n = c = O  from (6.11) and (6.8) 6he relations 

(6.15) 

When carrying out the calculations with the values k = 1.4, 31 = 2.5, C = 110° K, with prescribed 
temperatures T, = 220' K and T, = 330°K, 'the pertaining quantities of the boundary layer are given 
in table 1 for various tomperatore-viscosity relations across the boiuidary layer.: 

http://SuTHmtr..cn
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T,he pertaining velocity profiles are given lhy the 
equation 

m - 
u = 1 - b ~ e - S 2 - f  e-"cZ~ (6.16) 

5 
where 

In fig. 1 the velocity and temperature profiles 

- 
1" 

Fig. 1. 
The veloeity and tempciaturo profilos of the boundary 
layer flaw dong the heat-insulated flat plate for r= 1, 
,U= 2.5, Tu = 22uo ad 3L10'K and Y ~ O U S  terqrratulo 

viscosity rolntiow 

" 
(Tim thermometer prwblm). 

are drawn for N ~ 2 . 5  for various cases mentioned 
in table 1. The standardized velocity and tem- 

u T 
pcrature profiles - and - appear to be in- 

U T" 
dcpcndent of the prescribed temperature of the un- 
disturbed flow for the temperature-viscosity relation 

(in q-direction within the boundary fL 

layer). For the other a'lmve-mcntionecl tempera- 
ture-viscosity relations the standardized velocity 

T _ -  _- 
l l ~  Ta 

U T 
U T" 

and temperature profiles - and - are, more- 

over, dependent upon the Nach numher and also 
slightly upon the undisturlml flow temperature. 

I n  fig. 2 the edleulated drag coefficient - 
6,) b%= 2% v$ of the heat-insulated 

4 o,.u _ , - ~  I 

flat plate are plottcd for various temperakure-vis- 

2 '  
cosity relations (T  = T ,  ; 1' = T ,  ; T = 

7'=T) u a function of Mach numher for Tu= 
220' and 330" K and 0=1. 

'' t,he drag Coefficient -eD b'% ap- Ii'or - - 
pu Tu 

pears to remain unchanged. For the other tem- 
peraturc-viscosity relations cn V Z  is dependent 
not only upon the Mach number ,hut also upon 'che 
temperature. 

Figure 2 contains also some results taken from 
other autliors (ref. 8, 9, 10, 11) who used the .hasic 

tempcr~turc-viscosity relation - P = (-) . These 

curvcs appear to be independent of the outer flow 
temperature for a constant value of 11.. 

Introducing, as in rcl'. 4, 5, 6 and 7, the tem- 
perature-viscosit>r relation as a linear relation 

, where c is determined in such a _- - - e -  
PLa T, 
way that the ~ r m m R L h K - u  forinula is sat,isi'ied a t  the 

T, + T, _ ~ _ -  
- 

P 

' T 91 

Il" T, 

T 

wall, which means that c =  , I t  1s T ,  + C 
sew that bhis corresponds t,o? = l', for flow along 
a flat plate. The drag coefficients cD V% appear 
t o  ,be also in this case dependent upon the outcr 
flow temperature (see f i g .  2). 

It otppcars iron1 the form of the various drag 
curves in Pig. 2, tbat weighting factors a, and a2 
can .he added to 7',, and T,, such that for 
- a,T, + a,T, 1' = the same drng CIII'V~S are ob- + a, 
taiiied mith formula (3.6) and with the formula 
of S U T m m .  

A good approximation will I)c obtaincd already, 
if in formula (3 .6)  nil1 >be choscn as 

(6.17) 
- T, + 3 T, 1' = 

4 

The relation (6.17) will be used as long as no 
'bcttcr alpproximation is available for compressible 
laminar 'hounddry layer ca~culations with and with- 
out 'Iicat, transfer a t  t,he wall, 

7 Calculation of the velocity and temperature 
profiles of the laminar compressible boundary 
layer flow without heat transfer a t  the wall 
for a Prandtl number f 1. 

If the PRLTFIT number D differs from 1, the 
temperature and velocity distrihutions within the 
boundary layer will no longer satisfy the adiabatic 
flow condition (6.1). The boundary layer quanti- 
ties will be approximated in this case as follows. 



. 

Fig. 2. 

Tlia calculated drag coefficient 

of tho heat insulated flat plate for vmiove temperstwe-vixeosity relations. (T%e thermometer problem). 



-._ .- 

. . . \ii 
I.?' 7 7 , 

. . .  , . .  The lioiindary 'condit,ions. a t  the .\\.all. (5.10) and (5.17) yield'the following relations . . .  

. n(cL - c )  (1 - ( l o )  = (1 - ( I )  (2  C" - n o ) ,  (7.7) 

. "  c = t 1 1  =]/a. . , - .  . .  (7.8) 

1 .  

In t l ic separation point one Ilas hy means 'of eq. (5.16) and iw = 0 . . . .  

. . .  
> 

The pertaining hour&&, layers .b. the accelerated and 'decelerated flow can be. described ,hy separate 
solutions just as with the method of Trani,~v (12). \Vhen choosing for the solution of the iiecelerated f l o y  
( U ,  > 0) the relation G-0 and for the solnt,ion of the. rlceelerated flow ( U ,  < 0) the relation c = ;t a, 
then hoth solutions join in Uz = 0 for c = 11 E 0. 
In connect.ion with 

. .  .. 
u, 111, 1 
/ I  !lf 
_-  -~ - 

'6 - 1 ,,p 1-1- 
2 . ,  

rq. ( i . 5 )  changes .iiito 

. .  
The relocit,y field and the temperature field of the compres8ihle laminar houndiry 'layer flow . .  without 
h c a t  tl~alisfer at,' the wall: call he' described 11y mcnlis of the energy equatioil of % r I l ~ C H i R ~  . .  

S S  (7.110) d o ,  u, 
d!c - -t T f 1 2  15 +. ( ( 2  --p) (7,: -1) -I } , I f 2 1  4 + , 

. .  
(7.11) 2 ( u = c ) y  .u 

t, ' ' uz 
(as,)* = - e , - > = -  

v u .  "*U2 
- (OS. ; )  2, 

usz  u 
> -  

i i n r l  hy ai4 or bhe rclat,ion (3.41) 
. .  
(7.12) 

The difrercntial equation (7.10) rlcpei~cls not only on the knoiTn velocity distribution and temperatiisc 
distribution of the outeP flow :hut ;ilso on the quantit,ics ~n and .to, It is; thedore ;  necessary to  
comliute the sollibion 'by means of an  itela,t,irc method. For tJhe h u " L  numlher c = 1 .the. fo~lowillg 
relat,ioii exists accordina to section 6 . .  

,4P 
2 . ~ .  .. 

as,=^ ( k - l ) a S , .  . 
. .  . .  

. . .  .. . 
. .  . .  M W i  D # 1 the relatioil' - . .  

. .  '., (7;73) . .  . k - 1 .  ' . .  
. .  . . .  . .  t,=-1 + __ ,!lP v, . - 

. .  2 . .  . .  
. ~. . .  . .  . . .  

will .be assumed to hold for ,&e. firs! iterationstep. The ?iffcrci.tial.:.eci"ion. (7.10). can.. tlIe11. \,e :tI:ans-" 
formed with t!ie aid of (7.1.1)::~11? (5.-2?) 'into 4 diffeiential equation for " a "  yith z as indep$~~dent 

. .  

z 
I . .  

. I  . 
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variable. This equation is numerically solved and yields the relation a = a(x). I n  the stagnation point 
( U = O )  the valne a vi11 he obtained from tihe relation 

which follows from (7.10) for U = O .  
k-1 

2 
. (7.4), (7.7) and ( 7 . n )  yield for t,=1 + __ q ill2 the relations 

R ( a - e )  ' _  - 2c,-fln, = A, (1.15) 16 m 
0" - G o  = - - ny1- a)Z = A,; 9 m  4 1-a 1 - uo . .  

(7.16) 

(7.17) A, f A, - A A  . 2 1-2Ax 
v, l + A ,  

, b , = f , = -  2A, + A, 
I _I. a, = ; c,, = 

1 f A, 1 f A, 

From (7.16) R can he c&ulated as a function of 
u = a ( x )  with the aid of (5.21), (5.25), ( 5 . 2 6 )  
and (7.17). The pcrtaining values a, and co are 
then also known. 

The derivative l,* follows from (7.9) with bhe 
. aid of (7.15) and the ensuing values ag and 0. 

Numerical intogration of lu= yields the second ap- 
proximAtion of t,, which again can be written in 
the form - 

k-i t,=1+- g (2) $12 
' 2  

where q(x) is a known function. 
This proces  has: to be repeated as long as t,, 

does not vary amymore. Usually two steps will lie 
sufficient to obtain a good approximation. 

ilemarks. 

1. As the momentum equation of vox K ~ R U ~ K  
depends not only upon the quantities a and 
t,, but also upon 0, while tlie kinetic energy 
equation of W m m m  depends only upon t, 
and a, it is preferable to use for the calculation 
of the boundary layer with pressure gradient 
and without heat transfer at the wall the equa- 
tion of WIEGHARLW. 

2. When 'besides the energy equation' 'of WIFG- 
 HA^ also the momentum equation of TON 
KARMAN is used, it is possible to calculate the 
function rclation 'between thc coefficients a 

,;. and G. However, the computational work will 
probahly become too laborious to instify the 
improved accuracy. 

:number the function R will not vary too much, 
it will be advisable to perform the calculation 
of R from formula (7.16) as follows. One 
chooses as a starting value the value bL = 0, f 
40, where R, is the value of 0 pcrtaining to 
flow along a flat plate. After neglecting all 
terms of higher than the first  order in An, 
An can he solved at once as a function of a 
from (7.16). By means of an iteration process 
it .is possible to calculate the function 11 yery 

. ,  

, 

3.. AS it n a y  be expected that 'for a given 

I . .  . . quickly. . . . ... 

4. The equation of \ V ~ H . A I C ~  can be solved in 8 
simple way by writing it in tlie following form 

.,. 

S 
+ (  ( Z - p ) ( k - l ) - l ] $ P ]  + + L a s s  l d x  

aS ,2  

(7.18) 

Starting from the value a=u(O) a t  the sta,g- 
nation point x = x, = 0, the pertaining values 
of the right-hand side of (7.18) can be calcu- 
lated in a point, where x, is small, by aid of 
two estimated, values a =a,, and a = ar2 . The 
left-hand side yiclrls then the corresponding 
values and d I 2 .  Plotting the values a' 
algainst a, the value a = a,: lying on the 'hi- 
sector can be as:sii,md as: a new approximate 
value hy rectilinear interpolation (see fig. 3). 

'$1 '12 '13 

Fig. 3. 

a 

This gives the pertaining value of a'l3. This 
process ean #be repeated until a, will not vary any- 
more, Usually two steps are sufficient to ohtain 
a good approximation. 



Pahcu lar  case. 

For flow along. a Elat plate the boundary con- 
ditions (7.1) through (7.8) yield the' following 
rclations (using the fact that the wa.11 temperature 
is constant) : 

a " = l ;  c,=y2; f , = b , = O ;  n=c=O; 

f = 3 b =  (7.19) v, 

The relation (7.12) changcs into 
us, 9 n  1 (7.21) t,-1 32 (TW a'' 

in connection with (7.20) and yields the equation 
0.132916 R* -t 0.617150 0' - 

1 
- 0.'243204 a2 = 0.402226 - . (7.22) 

I n  table 2 the pertaining values of 0 a i d  
(I 

t, - 1 
li - 1 
7 1 1 1 2  

are g i x n  for various values of the 
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D 

__ 
~ 

0.6 
0.7 
0.8 
0.9 
1 .0 
l.L 
1.5 

I 

TABLE 2. 

I I 

1.07817 0.78937 0.7746 
0.84737 0.8367 

0.8944 
1.03421 
0.99784 
0.9GiO4 0.9487 
0.94046 
0.91T20 1.04731 1.0488 
0.84636 1.21608 

from which i t  is seen that approximately 

tw - 1 

~ llP 
IC - 1 

2 

= v, (7.23) 

Integration of the differcntial equation of WIIZG- 
HARDT (7.10) yields the relation 

(7.24) 

In co&ection with (5.18), (5.19), (7.19) and (7.20). onc has 

'The velocity arid temperature profiles can be described by the cqnations 
c 

-E? ~ 

1 1 = 1  - b < $  --f i' e-qZdv (7.26) 

t = l -  (l:t,)(a" + C o < ; ) e - f u 2 ,  (7.27) 

L 

wliere 

To verify how f a r  these profiles agrce with the profiles ealcnla.ted in section 6, for .a Prurwr~ nunher  
c = 1 ,  it is sufficient (in connection with the sanic linear factor b ' y q q e a r i n g  in  ,hotti methods of 
analysis), if one compares only the profiles for y = 1.- For (T = 1, 81 = 2.5 and , = 1 tihe veloeity and 
temperature profiles (7.26) and (7.27) appear to coincide with the profiles calculated in  section 6 
(see fig. 1).  - 

Use of the mamentulii equation of TON K i m i h  instcacl of the rnergy equation oE WIIWIKARLW, siclds 
after integration the rclation 

(7.29) 

hence 
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For o = l  and - = y  P (k) the solntions appear 

to bc identical with the solutions ohtaiued in 
Pu 

section 6. 
Application of the energy equation of W m -  

1 1 m  as well as the momentum eqiiatiou of vox 
Kim~ih' yields the relation 

This is satisfied hy the values n=c=-00.W6255. 
F'rom (7.24) it follows that 

and hence 

This valne agrees for y = 1 with the exact value 
calculated by B L ~ I U S  (ref. 8) for constant mate- 
rial quantities. 

I n  fig. 2 the drag coefficients cD V G  = ~- 

""VEof the heat insulated flat plate are + PJ VU 

plotted as functions of %LACII numher for U =  1, 

220° K .  Here formula (7.30) is used. T'he drag 
coefficienty appear to be dependent on the I\l~cir 
number a,nd to a less extent also on tlie tempera- 
tnre of the undisturbed flow and ahe I ~ ~ ~ Y I T ,  
numher. 

8 Calculation of the velocity and .temperature 
profiles of the laminar compressible boundary 
layer flow with heat transfer at the wall and 
prescribed wall temperature. 

'I', = 220O K, l', = 330' K and for u = 0.7, Tu = 

Whcii dealing with the compresqible laminar 
tionndary layer flow with heat transCer a t  the wall 
one eiin start from a prescribed constant wall 

temperature as well as from a . \ d l  temperature 
reriahle in %-direction. The approximate method 
deserihed below will rise, besides the momentum 
cquation of vox K ~ R J I ~ X  a.nd the integrated hcat 
cquat,ion, ei'glit Iioundary conditions a t  the wall, viz. 
t,he first four Iroundary conditions &suing from 
t,lie cquat,ioii of motion arid tlic first Sour boundary 
colditions eiisiiing from the heat eiierhy eqnatioii. 
These eight, houiida conditions yielding the relat- 
ions in (5.15) coii n besides the eoefficicnts 0, 
h ... f,, of' the stja.ndardized velocity and tcm,pera- 
tiire profiles (5.4) and (5.5) an'd the.given qnanti- 

ties f , < : ,  (tt<;)*, U, r/, , AI, u and fc = ~ = 1.4 also 

t,he i inkno~vii  quaiitities'R, a, T., and ( t to ) , o .  These 
unknown quantities arid the six cocffieieiits (I, b ,  
f, n o ,  b,,, f,, can hc calciilsted from the eight 
.liounda~y conditions and the two differential q u a -  
tioris (3.23) and (3.30). The slicar stress, the heat 
transfer at, the- wtill and t,he temperatiire and 
relocity profiles of t>hc ,lioundary layer tire then 
known. 

In the scparation point the relation (5.16) hol,ds 

(8.1) 

Assuming t,hat the relation (6.1) will ,hold .for the  
whole decelerated flow, one can descrihe the acceler- 
iitcd and decelerated flow hy two separate solntions. 
\\Then for the accelerated flow c = 0 aud for  the 
decelerated flow c = p ( s ) f i . ,  bot,h solutions will join 
for c = n = O  in U,=O. 

Wtli c=pn ,  (8.7) can he written in the ~ o l l m -  
iiig form 

c!J 
C,, 

(2 c - IT) ( ~ d -  e )  = (3  b - f)'. 

4 (3  b -f)'= (2 p-1)  (1  - p ) n Z  = -qrl?ll*. 

IIencc, tlic relations (5.15) change into 

(8.2) 
7r 

0 n 
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IVur the ;iccclel;ited f 'lo~r is !J = 0. 
P'or the ~1cceler;itcrl f low is p # 0 

u 
\\rjlicii the t.ciiqicratiiic rlisi,vil)iit,ioii >iIiiiig bhe \ d l  T',L, is prcscrilied atid tlic yelocity distriliutiuii - 

of the outer How is kiiowii (this caii ,lie deserihed lip the local IL\cir ,iiumlier) the qiiaiititics 
iicecssary for t,he description of the comprcssible 1amina.r boundary layer 'flow can ,he calculated hy 
iiiimer.ica.1 inteywt,ion with the aid of the momentum cqllatiom of VOX KBR~IBN (3.23), the integrated 'heat 
cqnat,ion (3.30) and the relat,ions (8.1) a,nd (8.5). 

W i t h  the momcutnm eyiiat,ioii of VOX K A m h  

u ,  

~ 

(8.6) 
d8 11, - + - 8 [ 2  II  + 3 - ( 1 + p ( k -  I ) )  fir'] = 2  y ~ g a S ,  
dz 11 

aiid tlie iiitegratcd heat cqiiabioil 

the rolluiviiig nquatiuns can 'tic est;iljlislied : 

1 1 .  -times cq.  (8.6) --times til. (8.7) gives in coilneetion wit,li 
8 f l ,  

This cqiiatioii bas the solution 

;7,zldz 

(8.9) 
fl fl I) - (z)=-  (0 )o  
8, 0, 

The diffcloiitial equation 

follows from (8.7) in  coilricetion with (3.22), 
This cqiiation lias tile folliiwing solution 

\\'itti t l ic ai(1 of (s.9) and (s.11) 'the computational process c a n  l ie simplified in tlie following way. 
It' fo r  the points zo = 0, z,, z, ..., z,-t the pertaining values 

q0, ql j  ... 4%-ti no, n, ... Rn-1 i A,,, A I ,  ... &-I (6.12) 

hare  b e m  caleula~tcd, then for  zn the quantities q., and R,,, can 'lie estimated' Trith the aid of a differ- 
e w e  soheme. The pertaining value A,,, can ,be caleiilated from (8.,5), Using the values (8:12) as .well 

0 as tihe values lor T , , ~ ,  a,, aiid A,, , the qiinntities - (z,,) and B,(z,) c a n  lie olitained in  first approxi- 
8, 
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niatiun Iiy aid of (8.9) aid (8.11). Thc second 
approximation q,,: follows from 8(zn)' and A,,, . 
The second approxima.tion R,, follows from O,(a,), 
Ana and qn2. Finally cq. (8.5) yields tho second 
approximation A,,,.  when using qn, and On*, .  This 
process vi11 be repcatcd until i\ ",, q. and R, vary 
no longer. 

A p x t  from the neighhourhood of the stagnat,ion 
point and near the point where lJ,=O, it is to 
11c expected tha t  this proecss mill conyerge vcry 
qnickly sot,hat in general two steps will he suffi- 
cient to obtain the a,ceuracy mquircd. Near the 
stagnation point and near the point where U, = 0 
(the function p shows a discontinuity when passing 
from 'accelerated flow to decelerated flow) it is 
useful t,o start from a system of two values q,,,,, 
a,,,; qnlrr n,,, and to ca,lculate with (8.5) the per- 
taining values Aril, and Ai,,, . ") 

Afterwards the  values qf12!, a,,, and yflm, a,,* can 
bc calenl~ated from 8 and 8, with the 8bove-mcn- 
tioned method. 

ruries continuously frvm accelerated to deceler- 
ated flow. 

For the accelerated flow (8.14) takes in the point 
U,=O the valve 

and for the decelerated flow tho value 

Eyualizing tliesc two values yields the rclation 

___- - q1 
4 

1--P 
and in relation with (8.13) 

Fig. 4 

When plotting the calculated values R,, and q7,* 
as functions of On, and qnl rap., the points Qnn 
and q,,, lying on the bisector can bc obtained recti- 
linear interpolation and be assumed as new ap- 
proximated values With the aid of these values 
a,, and qn8 the pcrkining value A,, can be cal- 
culated from (8.5). This iteration process has to 
he repeated uiitil R. and q. will not Y a q ,  anymore 

qnl l  4 9 2  q"l 

Fig. 5 

a - 
1" 
0 

- 0.2 
- 0 4  

-06 

-08 
~ 

As the relation 
- 1  2 

-1 1 
q 
3 0  

2 0  or 

(8.13) 
4 

(2 P - 1) (1 - p )  = - 4 2  
x 

10 is ambiguous, it  is necesary to make an additional 
assumption in order to fix the iiiitial values p 
and q in the point U, = 0 for thc 'decelerated flow 
rinambiguously. T,hc assumption made is that the 
function of heat transfer 

0 

*) Near tho stagnation ,point i t  i8 advisihlo t o  clioose 

'w 
4.0 

3.0 

2 0  

1 0  

0 
1 0  2.0 3!0 LO 5.0 

Fig. 6. 

T ~ s  mlues of t*, q and 2 & the statgnation point plotted 

as functions of II for laminar eompressiblo boundary layer 

thi: values n,,, and- R, as bell  as q, nnrl y,,? at  both 
of the Talus n,  and qo obtained for the s t q m t i o n  point. 
Whcn p%%ing 0 , c O  it is important to pay attention to 

Ip L L  
t.,, 

tho relation (8.15). flw with heat transfer at the mall, for < = 0.72 and r =  1.0. 



4 - y,z + 1 

-y:+2 - y 1 + 2  
y =  _ _ ~  (8.15) 7r 

4 ,  p =  

iT P 

~vhieh fixes onamhignously the  init.ial values 1, and 
y a t  the beginning ( U , = O )  of the decelerated 
flow. A t  this point A = 3. 

The functions n and A are continoous at  the 
point U ,  1.0, TThilc the functions p and q i i r c  clis- 
continnous in t11a.t point. The same mebhod of 
calculation will ,be applied ,at the beginning of 
the dccelerated flow as near the stagnation point. 

Siiicc P = O  and Q Q = #  (from (6.5)) at  the 
stagnation point,, cq. (8.4) yidds 

2 2 - 3  A n,=0, f , = 3 b  - - 
O -  V,' a= 2 + Y  

2 
f=- 

2 1  . (8.16) (1 -a-  A )  y- = - - b=- t m  2 
l/T I -tu 3. R 
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The momentum eqiiation of YON KBIIMLV and the 
integrated heat equation cliannge in' the sta)gnation 
point into 

(8.17) 1 
0 a8,(li + 2 )  + - V-FAtm=O 

For  the 1%wm1, numbers u = 0.72 and (T = 1 the 

values of t ,  , y and - a t  the stagnation point arc 

plotted as functions of 0 in fig. 6, sothat the initial 
valnes can be taken from the diagram. For other 
values of (T, n and y an 'he wlculated, after estim- 
ation, by iteration from the equations (8.17) and 
(5.18). 

n 

t m  

9 The flow along a flat plate without pressure gradient with constant and variable wall temperature. 

hor flow along a flat plate l i ,=O. This changes tllc relations (8.4) and (8.5) derived in section 8 
into 

2 (1-&); b o = -  (l-ao-q- tu n); 
V, 1 - t, f -__ 

O -  v, 

%he momentum equation of VON Kamth (3.16) 

yields tho relation 

(9.4) 

The integrated heat cquation (3.28) can he written for flow along a flat plate without pressure 
gradicnt. in the follo~ving form:  

In connection with (9.4) is 

(9.5) 

which changes (9.5) into 



with the .solution 

F o r  the case that 110 h a t  traiisfer takcs place one lius y = O  which simplil'ies tlic sulntion (9.7) into 

Using again t,lie result, t,hat the cigcntempcrature for a flat plate i~it,hont lieat transfer is eonstaiit, it 
Eolloivs from (9.2) that, n ,=1  a.iid from (9.1) that . .  . .  

This approximat.ion is less acciirate than that f rom scetion 7, tis iii scotion 7 one more I)onndary coli- 

For a prescrihed constant wall temperature tu>= const. t,licrc exists 21. solution g =const., R =const. 
d i t im  is taken into account. 

The equations (9.7) and (9.2) then change into 

(9.9) 

(9.10) 

In the general case of a rariable wall tem,i>eraturc, (9.2) changes in connection with (9.4) into 

r 

The ca,lculations of the boundary layer cnn 'hc carried out according to the method described in  

T,o simiplify the computational work t,lie equations (9.11) and (9.7) are written in the  following form. 
section 8. 

Assuming 

and 

one has 

(9.12) 

(9.13) 



(9.14) 

l r l l e r c  1 f (0.010397 P + 0.26254G I < ) @  + 0.031941 
I 

+43 t', )"' 
2' l', + c _-  - y -, \Sllerl' y = 

7'" + c PLU Tu 1 + 3 t," 
4 

III the starting point z = 0 the eqnations ('3.11) ;ind (9. i)  ehangc into 

( 9 3 )  

(9.16) 

1~'rom ttiesc ciiiiations the values n =a,, and ( q  t ,<.),,  
can be ea,leulated. Near  the starting point x = 0 
one has 

(9.16) 1(= 2 VT(y tW)" 1';. 
The general solntiiin of the '1,onnclasy layer cqrla- 

t,iulls (9.13) and (9.14) is ronnd as follows. After 
h;iving calcnlated for the points of cqnal intervals 
2, =O,  r, , z, , _ _ _  x,~-., the pertaining rallies a,, 
... a,,-, , i t  is possible t o  calcnlnte in tile point 
z = 5, for the valne R = R,, (cstimat,cd by means 

du of a difference scheme) the pertaining valne - ax 
from (9.13) and with that also t,he value g (by 

a!/ intogttt,ioti of the enme - ) .  The relation (9.14) 
az 

yields wit,li t,lie oht,ained valne u = !j(x,,) t,he cor- 
rected ralnc n = n,, in  thc point z = 5 , .  After 

t.his the villlies - and can  lie calcnlated again 

\rit,il the aid of R = R,, and the valne R can he 
corrected 'Iiy means oC (9.14). T'lris process has to 
be repeated until the valne 0 = R, does not r i ~ r y  
myinore wit,lrin t,he l~oondnries of the prcseri1)ed 
acenracy. 

In general t,lris process will corivclrgc very qniek- 
I?. I f  A z  is sul'ficicntly small, the relation 

0 

d!J 
dr 

u=2VT(qt,), vx 
llolds within thc ,bonndarics of the prcscrilied a(!- 
cw~aey. By ;lid of this relation tlrc init,ial scheme 
for  the solutioii of tlrc diff. cq. can \)e ol)t;hed 
in il simple way. 

For  that pnrpose 

is pbt ted iii a graph 'hetwecn the points z.=0 
and 5 =xi  . 

S t a r h g  from the value nro = R,) in the puint 
d!, x=z,, the value - (formula 9.13) in  the point . (12: 

z = z, can lie corrected with the aid of the vdac <I  
obtained fioni (9.14). By fairing again the curve 
dll -from the point Ax unti l  2: = 2, the, Ixrtainiiig as 
valne !I = ! j ( n ; > )  ~ a , i i  he determined (c.q. hy means 
OS a pD1;inimcte~). This process has to  'lie repented 
nntil t,he valne will not, vary anymore wibl~in 
the 1iouiiil;irics of the prcscrilml neenmey. The 
initial sclrenie will lie more aeennrte if the init,ial 
intervals are chosen smaller. A better Sairing of 

the curve - eaii lie obtained if the mlciilatioti 

is carried ont for moi'e noints d h i n  the inteiv;il 

du 
az 

< ax, n;, > 
T'he calculation has Iieen carried ont for f low 

along a flat 1)late with the riiriahle wall ternper- 
at lire 

t,,> - I = 0.5 (1  - # <) (9.19) 

and the qnant,it,ies 

T,, = 230°K, C = llO°K, (T = 0.72, If = 1.3. 

5 .  < = - IS t;lie dinrcnsiiinless Iengt,h of t,he plate. 
1 

I'hpressing all results in terms of n ,  one obtains 

I 

c ~ 



TBI~LE 3.  

Calculated d u e s  for flow aloiig a flat plate without presswe gradient and with variable wall-temperatune. 

T,=1.5 T, (1 - + 2) = 1.5 T,(l-+ 5 )  L 

b Y 

-02 

- n.42150 

+ 0.03536 
0.16594 
0.26343 

0.42332 
0.47569 
0.53291 
0.58591 

- 0.18397 

0.34366 

f 0.63571 

.vz 

0 
- 0.05615 

- 0.076% 
- 0.06685 
- 0.04547 

+ 0.022:iY 
0.06690 
0.11740 
O.li328 

- o.n'io49 

- n.ni 5 ~ 2  

+ 0.23428 

~ 

0 
0.21683 
0.30501 
0.43523 
0.63434 
0.61649 
0.69318 
O.iFl18 
0.8'2416 
0.88319 
0.93899 
0.99212 

0 
0.05 
0.1 
0.2 

0.4 
0.5 
0.6 
0.7 
0.8 

0.3 

0.9 
1.0 

~ 

+ 0.6197'1 
0.66996 
0.72907 
0.88530 
1~.12675 
1.54928 
2.47884 

+ 6.19712' 
-12.3942 
- 3.09856, 
- l . i i060 
- 1.23942 

1.298 
1.283 
1 261 
1 .Ti9 

1.183 
1.165 
1.149 
2.135 
1.122 

1 . m  

1.110 
1 . m  

0 
+ 0.05824 

0.30562 
0.58066 

0.12645 

.I ,05943 
2.10884 

+ 6.29696 
- 14.6259 
- 4.16055 
- 2.66358 
.- 2.06383 

~~ ~ 

ca 
f 1.34037 

0.87406 
0.5126i 
0.33128 
0.2101~7 
0.11833 
i- 0.04352 
- o.o2nz9 
- O.Oi642 
- 0.12691 
- 0.173n~ 

. .  

- 0.13i61 
- 0.09696 
- n.o~,964 
+ 0.01609 

0 09283 
0.16712 

0.31660 
0.39082 
0.46490 
0.53862 
0.61223 

n:mor2 

2.20082 
2:2108 
2.2135 
2.2188 
2.2252 
2.2296 
2:mn 
2.24n5 
2.2459 
2.2513 
2.2566 
2.2630 

( t E )  *P  

- 0.20159 
- 0.140:36 
- 0.08484 

0.124i3 
0.22307 
0.31812 
0.11051 
0.50044 
0.58853 
0.67450 

+ 0.7.5894 

+ n.o2m 

n .3m ' i  
0.32072 
0.32187 

' 0,32421 
0.3 2 6 5 6 
n . m m  
0.33130 

0.33599 
0.33365 

0.33828 
0.34051 
0.34259 

~ 

m 
n .3 9 9 1 I 

0 . i 6 m  

0.28322 
0,20172 

0.14471 
0.13037 
0.11986 
0.11174 
0.10224 
0.09987 
0 o m 3  

(1" 

+ 0.46404 

0.51.508 

0.7 2 5 5 8 
0.96351 
1.4950 

+ 3.636i 

- 1.i334 
- 0,96926 

0.49005 

n.:im-L 

- 7.0939 

- n . e ~ 4 ~ 2  

1 Y - $9, - 
3 vm 

0 
n . o 6 7 6 3 
o.n95'i5 

n.iti665 
0.13574 ' 

0.19390 
0:21619 
0.23i40 
0.25704 
0.27546 
0.2 9 2 8 6 
0,30943 

.fhl 

+ 0.201?9 
0,27193 
0 .3475 

0.i6320 
1.15G5 
2.9864 

+ 5.2351 
- 10.884 

- l.F32i! 
- 1.1.573 

- z.m1n 

fo 

+ 0.ti04ii 
O.ii54x 
'0:.54ili 
0.45819 
0.30965 

i- 0.04118 
- 0.,558.5.5 
- 2 . 9 7 s  
+. 9.1330 

3.0843 
2.zL.21. 

+ M i 8 5  

an 
+0.151.33 
+~0.06746 
- 0.01356 

- 0.11144 
- 0.15360 
- 0.19605 

-0,28946 _ _  
-oO.4o'i21 

- 0.06mi 

. - 0.24071 

- 0.34411 



T ,  + C 1 i- 3 t," % i 4 > =  Tu'+ C 
'= 1 + 3 t ,  

4 

(1 + g (1-4 6 )  ) 'i: '1 = 
1 + + (1 - $ 5 )  

L 

In tahle 3 the calculated valaes of y, l/G P ,  It, 
sl, s z ,  s, a.re given for < = 0 ,  0.05, 0.1, 0.2 ..., 1.0. 
For [=0 (9.16) and (9.17) yield the values 
n = 1.29800 (9 t,)o = - 1.13764. 

Near y=O the relation 
0.13331 _- dl, 

d6 vr  
holds. 

It is asumed t1ia.t this relation holds until the 

point 5=0.01. The values -, y, n and qt,, are 

calcnlated according to the above-described method 
with the aid of (9.12). (9.13) and (9.14). After 

dl, 
d i  

that also the quantities a,, bo, f,, - 
a - 

and - 7, w z a r c  ealcnlateci from (9,1), (9.3) 

md (9.4) (see tahle 3 ) .  
p u u =  

dy  - 
dC 
08 

06 

0 4  

f 0 2  

0 

- 0 2  

-06 

A 
13 

12  

I, 

I O  
0 0 2  0' 06 08 10 

5 
Fig. I .  

v i th  the variable wall temperature T., 4 Tu ( I - 4 c) 
(e=$). 

. .  

In fig. 7 and S tlie quantities a, 
iilntted as fiinctions of [. 

0' 

t O Z  

0 

- 0 . 2  

-01 

-06 
0 . 0 2  0 4  06 

Y 
06 

O *  

t 0 2  

0 

-02 

-0' 

o.8 c 0 0 2  0.4 

Fig. 8. 
Tho diiticssiunlws quantity fa r  the hwt t,iansfer at the 17mll 

1 q.4 

A T ~ V % ,  
s n d  tlic quimtity y fur flaw dong a fh t  plate with the 

wriable xvvall tmpcrature T, = 1.5 T,, (1 - f C ) .  

The velocity and temperature profiles are dcs- 
cribed by the functions 

- io . 
(9.21) 

where ' 

5 They are plotted for the points - = 0, 0.1, 0.3, 

0.5, 2/3, 0.8 and 1.0 in figure 9 and 10. Fig. 10 
contains also the field of isotherms t=eonstant 

1 

plotted against u 
For the particolnr point C s 2 / 3  is t,=1. By 

transition to the limit, (9.14) yields with y = 
0.05153 the Dertainina value a= 1.1393. 

I 

Hence in connection with (9.11) bhe ~ n l u e  
q t& = 0.41705 is obtained and according to (9.1) 
( t ,  - l)a, = 0.17875, ( tw  - l)f, = - 0.20170 and 
(t,:-l)b0=0.26S89. 

The velocity profiles show a point of inflexion 
(see fig. 9) at the frontside of the plate, mherc 
t,lic wall temperature is maximal. This indicates 
the unst.able character of tlie houndary flow in that 



1: 2s 

In dimciisioiilcss iorrii t,liis formrila, elinii&s into 

(SCC (is. S). 
Fig. Y shows that, Iicait will  'lic tmtisl'errcd from 

tlic n.;ill to the oiitcr flow iiiitil the point [= 0.179, 
lroyoiid t,liat. point, lictit t,ransfer takes placc in the 
opliositc direction. Vhc dicat transfer from the 
outor- flow to the ivall takes plnce before the cigcti- 
temper;i.t,iirc ill' thc irall is rcached, mhicli d l  
happt:?n in the point 5 = 0.284, according to for- 

1; - I 
mula ( f , , ,  - 1 )  / F  $12 = I/, 

10 Application of the method to a rotationally 
symmetric case, 

Tlic ~1,oiinrl;n.y l;i)-cr ix~Iciil~it,itiiis (dixit);  a i d  
tcmpcratiirc ilist~rilii~tioiis) for a rott~tioii;ilIy 
irictric \i(dg can  Iie rcdiiecd to calculations or it 

t,~r.,r~llimciisioiial profile 1iy mearis of' a simplo tnins- 
rwnrnt,ion, dcsarilied Irg iVlah-r:i,nt (ref. 14). 

TVlicn s is t.hc arc length of tlie meridian section 
of  t,he ,horly of revolution,, r,, t,lie distance of a 
poiiit irf the surf;icc to tlie axis of symmetry, such 
t.liat, t,hc eotitour is gircri Iiy r=r , , ( . s ) ,  11. thc length 
of t,lie pcrpcridieular of n point, of the f h i d  to the 
vxll, L thc unit of lcii,gt,h, 3; a i d  y the are lengths 
;rlong aiiii pcrpeiidicular t o  the t~wc+crIimensiorml 
ini;ipc plaiic, t,hm t,lie i'olloxing t,ransform;ition has 
t o  IIC ciii,i&l iiiit in order to obtaiii tivo-dimcn- 
siiriial flow-. 

~ - 

Tlic laminar lioiindarg la)-cr flow of t,lie body 
oC rcrolotion is determined l iy the prcssnrc distri- 
hntion p ( . ~ )  m d  t,lie contour r,(sj. It is obtained 
Iiy eiileulat,illg firstly the tTTc-dimcnsional honndary' 
hyc r  ivit,ii thc pressure disirihution and the arc 
ICllgtlI 

ninl  t,i'aiisl'ormiiig aftelwa,rds the obtained rcsults 
by mciins of (10.1 j in three-dimensional qimntitics. 

\\lhcn the free flow along the 'body of revolution 
is knowii, the free flow for the t,wo-dimensiolral 
case is also known and the Imundary layer eal- 
crilatinns can 'lie earrierl out. 



Introducing the dimolsionless quaiitities 

where 

gives 

APJ' IGN I>IS. 

The calculation of some integrals. 
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Y /  
Fig. 11. 
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Tables of Aerodynamic Coefficients for an Oscillating Wing -Flap 
System in a Subsonic Compressible Flow. 

Summary. 

This rcport emtxins the numer id  rcsudts fo r  tlic aerodynamic c,ocffieimits of a t  oscillating wiq - f l ap  system, where 
thc fllnp hinge a i s  eoincidcs wit,h the flap nose. Tlis eompicte s& of 9 eornplm eocffilcicxtl; is givm for tks Maoh number8 
p =  0.33, 0.5, 0.l;, 0.7, 0.6. Thc ratio of flap t o  wing diard is U.1, 0.2, 0.3. Kxact edculatimi h w c  beon m d e  far @ or 
10 values of the redueod frcqucwy w in CLV: of tile ,ving coefficicntil arid fo r  7 or S W-vsrlues in a m  of the flap coeffi- 
eiet i t i .  Intcr~iulated ~ ~ I L I O P A  an: prescutoil for w = 0 (0.02), 0.00 if p = 0.8 and for  w = 0 (0.02), I for dl other p-values. 

Contents. 
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1 W e s  2, 3, 4. 

This investigztion has hem performed by order 
of the Netherlands Aircraft Ilcvelopmetit Board 
(N. I. V,). 

1 Introduction. 

The numerical results presented in this report 
have limn ohtained ,by aid of an analytical method 
originally developed ,by Tnmw in his thesis und 
described in full dctail in N.li.L.-Report F. 54 by 
Tnca~m- and v u  IJE Vmnifi7. The numerical com- 
putations of the hasic points of whicli the rcsults 
a.rc presented in tables 1 through 2 f h v c  been 
carried out at the PIathematicaI Centre m d e r  the 
direction of VAK \VLTNGAARDES a d  with the assist- 
ance first of S m "  and later of B ~ l t ~ m m .  The 
interpolated results of tables 5 through 28 have 
heen calculated for the greater part at t,lie N.L.L. 
under the direction af BURGERKO~ and W O I I T ~ S  
BY n h s  C ~ A V F S ~ L T X  atid JGss PIJL and for a small 
part  a t  the fiEatIiematica1 Centre. 

The interpolation ,has been carried out in view 
of flntter calculations to be made for tapered wings. 
I n  such case it is uriial practice a t  the N.IJ.L. t o  
introdiice T,n'roR expansions f o r  tlic aerodynamic 
coefficients toward the reduced frequency. Wlieii 
i ising the C+AU~KLK method, the generalized aero- 
dynamic forces assume the form 

wlicre wiL == p lz  denotes the mass of air in the 
surroundin,g cylinder and xl the amplitndc of tram- 
lation at t,lie elastic axis. The integration is over 
the span. Similar expressions are obta,iiicd in con- 
nection with the other eocffieimt~s. 

Let now Lo be the semi-chod in the refcrence 
section and oo B value of the reduced frequency 
in that section. T'lien 

0 % 

is constant along the span. 

expansions are used : 
For the aerodynamic coefficients the following 

li,(o) =7La(mo) + 

The ealciicnlation of the expression (1.1) then can 
be separated into the calculation of, for instance, 
3 tams, viz. 
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b The advantage of this method is that .all inte- 
grals hocome independent of the red'uced frequency. 

d.%, a.nd - 
d w 2  

I, The values of the derivatives - 
are easily obtained from the t'ahles 5 through 2s 

"2 + 1 2  ka(wo) J niLz2Q, 
dk,, 
dw 

% 

b 
z 2 dk* 

Y z  dT ( m o l  Jnw2i (J!/, by aid of t,he formulae 
0 dk, - (u") = 2 5  { k"(." + 0.02) -k ,~(w, -0 .02)} ,  

(I du 
a%,& 
- (w,) =2500 { k , ( w ,  + 0.02) - 

U do2 

wo 

-.Zk"(.,,) + k,(w,-0.02) }. 
0 - 0 "  Z-l0 
0" 10 

Completed 3lay 1954. where t= __ = _ _ .  

f 

- 





,R = 0.35 

p = 0.50 

p = 0.60 

P = 0.70 

io = 0.80 

0 

0.12536 
0.25071 
0.37607 
0.50143 
0.62679 
0.75214 
1.00286 
1.25357 
1.88036 
3.25929 

0.150 
0.300 
0.450 
0.600 
0.750 
0.900 
1.125 
1.650 
3.000 

0.10637 
0.21333 
0.32000 
0.42667 
0.53333 
0.64000 
0.80000 
0.96000 
1.17333 
1.70667 
3.20000 

0,10929 
0.21857 
0.36429 
0.54643 
0.65571 
0.80143 
0.94714 
1.1657 1 
1.74857 

0.1 125 
0.2250 
0.3375 
0.4950 
0.5850 
0.7200 
0.9000 
1.0800 
1.8000 

ka’ 

- 0.03780 
- 0.04504 
- 0.00721 
+ 0.07066 

0.18513 
0.33416 
0.73149 
1.25435 
2.98984 
5.65269 

- 0.05383 
- 0.05380 
+ 0.00624. 

0.11513 
0.26531 
0.44866 
0.7 6 2 7 0 
1.40780 
1.59994 

- 0.04943 
- 0.07629 
- 0.06854 
- 0.03375 + 0.02226 

0.09424 
0.22008 
0.34792 
0.48458 
0.60559 
1.39471 

- 0.06374 
- 0.09728 
- 0.09030 
- 0.03728 
+ 0.00165 

0.04668 
0.07896 
0.12721 
0.49529 

- 0.08660 
- 0.12970 
- 0.14243 
- 0.14150 
- 0.13596 
- 0.11381 
- 0.04437 + 0.04905 

0.31751 

TP 

Table of aerodynamic coefficients for an oscillating 1% 

k,” 

- 0.20708 
- 0.35479 
- 0.48870 
- 0.62280 
- 0.7G311 
- 0.91357 
- 1.25889 
- 1.68831 
- 3.3583i 
- 10,76088 

- 0.24597 
- 0.41753 
- 0.58574 
- 0.76998 
- 0.98147 
- 1.22993 
- 1.69025 
- 3.20087 
- 6.94061 

- 0.19575 
- 0.32752 
- 0.44809 
- 0.57275 
- 0.70547 
- 0.85986 
- 1.12305 
- 1.43253 
- 1,90226 
- 3.05676 
- .6.71096 

- 0.20i32 
- 0.34V27 
- 0.60905 
- 0.74653 
- 0.90813 
- 1.13908 
- 1.37216 
- 1.69741 
- 2.64753 

- 0.21965 
- 0.35128 
- 0.47812 
- 0.66100 
- 0.76387 
- 0.91241 
- 1.12005 
- 1.37509 
- 2.51642 

nid 

0.02805 
0.0 5 8 3 5 
0.0 8 3 5 8 
0.10669 
0.13000 
0.15526 
0.21672 
0.30040 
0.66249 
2.26230 

0.04232 
0.08578 
0.12756 
0.17467 
0.23275 
0.30397 
0.44459 
0.973i3 
1.45510 

0.03421 
0.07321 
0.11022 
0.14944 
0.19407 
0.34636 
0.34174 
0.45668 
0.62640 
0.92567 
0.66588 

0.04436 
0.09261 
0.15803 
0.25654 
0.32502 
0.41820 
0.49782 
0.56441 
0.54909 

0.06102 
0.12165 
0.18204 
0.26228 
0.29605 
0.32198 
0.33094 
0.35439 
0.43858 

md’ 

0.10310 
0.17531 
0.23923 
0.30135 
0.36391, 
0.42783 
0.56101 
0.70093 
1.04848 
0.94136 

0.12124 
0.20097 
0.27335 
0.34475 
0.41567 
0.48419 
0.57369 + 0.61429 

- 0.56677 

0.09633. 
0.15689 
0.20770 
0.25486 
0.29938 
0.34027 
0.38986 
0.41609 
0.39730 + 0.08932 

- 0.4791.1 

0.10039 
0.15628 
0.21277 
0.26037 
0.27047 
0.25499 
0.20770 ’+ 0.10281 

- 0.06614 

0.101.94 
0.14414 
0.16501 
0.15755 
0.13686 
0.10109 
0.07604 

+ 0.07442 
- 0.09528 

ka’ 

- 7 .68001 
- 1.47348 
- 1.38307 
- 1.34873 
- 1.34751 
- 1.36988 
- 1.47202 
- 1.64720 
- 2.44851 
- 5.56393 

- 1.68214 
- 1.47756 
- 1.42920 
- 1.45797 
- 1.54078 
- 1.67055 
- 1.94698 
- 2.85365 
- 3.76865 

- 1.86936 
- 1.60844 
- 1.51052 
- 1.49181 
- 1.V2246 
- 1.58989 
- :I.74558 
- 1.94892 
- 2.24764 
- 2.71678 

. - 2,76502 

- 1.94140 
- 1.64938 
- 1.55542 
- 1.62288 
- 1.71004 
- 1.83952 
- 1.94657 
- 2.02057 
- 2.06328 

- 2.01344 
- 1.68‘29% 
- 7..59870 
- 169763 
- 1.60182 
- 1.58923 
- 1.57545 
- 1.62i62 
- 1.83661 



thout control SUI ce in a subsonic comprewible flow. 

kd' 

0.19841 
0.00434 
0:22005 
0.4422ti 
0.65928 
0.87210 
.I .2904! 
1.70144 
2.63852 
2.67570 

0.23763 
0.02165 
0.28722 
0.536?2 
0.76941 
0.98266 
1.25161 
1.46749 
0.03345 

0.36713 
0.200il 
0.0 0 6 4 8 
0.17377 
0.34110 
0.48751 
0.66495 
0.7i849 
0.81037 
0.44410 
0.04326 

0.48289 
0.2 8 8 8 7 
0.03511 
0.19215 
0.27299 
0.31322 
0.29046 
0.21190 
0.21709 

0.66787 
0.43232 
0.'Lt6706 
0.12830 
0.09553 
0,05702 
0.0267:! 
0.11982 
0.08111 

nib' 

0.83864 
0.73659 
0.69553 
0.68462 
0.691.58 
0.71078 
0.77549 
O.RGG27 
1.16267 
1,74483 

0.83270 
0,72370 
0.69241 
0.69439 
0.71295 
0.73908 
0.77776 
0,77221 
0.36345 

0.92205 
O.77i58 
0.71360 
0.G8429 
0.67083 
0.66319 
0.64819 
0.61444 
0.52431 
0.15748 
0.14946 

0.94266 
0.76434 
0.65995 
0.56929 
0.50157 
0.38165 
0.23596 + 0.02337 

- 0.169i3 

0.93719 
0,69110 
0.53640 
0.31465 
0.18194 + 0.0E64 

- 0.09466 
-0.11059 
- 0.20169 

md' 

- 0.2393E 
- 0.28036 
-0.30712 
- 0.33724 
- 0.37303 
- 0.41456 
-0.51389 
- 0.63481 
- 1.04038 
- 2.33709 

- 0.30922 
- 0.36423 
- 0.42089 
- 0.49342 
- 0.58283 
- 0.68912 
- 0.87868 
- 1.40931 
-2,24191 

- 0.34021 
- 0.40274 
- 0.4Fj219 
-0.51160 
- 0.58393 
- 0,66899 
- 0.81726 
- 0.98228 
- 1.20300 
- 1.5.5086 
- 1.68445 

- 0.43431 
- 0.50798 
-0.60981 
- 0.78017 
- 0.89374 
- 1.03431 
- I .1 3722 
- 1.19746 
- 1.12835 

- 0,59020 
- 0.67578 
- 0,77544 
- 0.90164 
- 0.95528 
- 0.92375 
- 0.86194 
- 0.81291 
- 0.97367 

Definition coefficients : 

K =~p,lu 'e '~ '  (Ah, + Bka) 

M=7rp,l%2e'Y' (Am, + Bma) 

K aerodynamic force, positive downward. 

M 

pG, 

2 semi-chord. 

v speed of flight. 

moment about mid-chord point, positive tailheavy. 

air density (in undisturbed state). 

p Xach number, uIc 

1, frequency of the vibration. 

o reduced frequency, v l l u  

t time. 

A2 

B 

k,,', k,", real and imdginaq part of k,, ete. 

amplitude of translation In mid-chord point, pasitire downward. 

amplitudc of rotation, positive if trailing edge downward. 

All data contained in the  tahle should 'be accurate within a few units 
of the last digit. 
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Ta'ble of aerodynamic coefficients for an oscillatin'g 1%' 

0 =0.35 

a = 0.50 

p = 0.60 

p = 0.70 

p = 0.80 

lo 

0 
0.12536 
0.2 5 0 7 1 
0.37607 
0.50143 
0.62679 
0.75214 
1.00286 

0 
0.15 
0.3 
0.45 
0.6 
0.75 
0.9 
1.125 

0 
0.10667 
0.21333 
0.32 
0.42667 
0.53333 
0.64 
0.8 
0.96 
1.17333 

0 
0.10929 
0.21857 
0.36429 
0.54643 
0.65571 
0.80143 
0.94714 
1.16571 

0 
0.1125 
0.225 
0.3375 
0.495 
0.585 
0.72 
0.9 

k: 

- 0.84509 
- 0.65388 
- 0.55949 
- 0.51137 
- 0.48473 
- 0.46940 
-,0.46069 
-0.46447 
., 

- 0.91410 
-0.64459 
-0.53841 
- 0.49080 
- 0.46593 
- 0.45103 
- 0.44012 
- 0.42389 

- 0.98955 
- 0.71879 
- 0.589i7 
- 0.52336 
- 0.48358 
- 0.45599 
- 0.43370 
- 0.40228 
- 0.36757 
- 0.31346 

- 1.10851 
- 0.73556 
- 0.57539 
- 0.47408 
- 0.39290 
- 0.34831 
-0,28996 
- 0.23901 
- 0.19503 

- 1.31940 
- 0:72595 
- 0.52026 
- 0.40548 
- 0.29169 
- 0.24837 
- 0.22134 
- 0.23772 

k," 

0 
0.15852 
0.15062 
0.12812 
0.10652 
0.08800 
0.07251 
0.04928 

0 
0.19958 
0.18379 
0.16329 
0.14992 
0.14365 
0.14342 
0.151 76 

0 
0.23408 
0.23677 
0.22335 
0.21294 
0.20770 
0.20697 
0.21148 

0.21848 
0.2i774 

0 
0.29229 
0.29435 
0.27785 
0.26941 
0.26452 
0.24883 
0.21771 
0.14962 

0 
0.39872 
0.37259 
0.34238 
0.28780 
0.24459 
0.17679 
0.12153 

m: 

+ 0.05556 
- 0.04159 
- 0.09101 
- 0.11758 
- 0.13373 
- 0.14462 
- 0.15062 
-0.16435 

+ 0.06010 
- 0.07994 
-0,13999 
- 0.17155 
- 0.19262 
- 0.20933 
- 0.22424 
- 0.24523 

+ 0.06506 
- 0.07681 
- 0.14969 
- 0.19134 
- 0.21974 
- 0.24176 
- 0.26032 
- 0.28381 
- 0.30224 
- 0.31639 

+ 0.07288 
- 0.12682 
- 0.22160 
- 0.28768 
- 0.33477 
- 0.34942 
- 0.35166 
- 0.33419 
- 0.28311 

+ 0.08674 
- 0.24003 
- 0.36216 
- 0.41409 
- 0.40561 
- 0.36545 
-0.28556 
- 0.20540 

m," 

0 

__- 

- 0.09192 
-oo.09911 
- 0.09839 
- 0.09774 
- 0.09832 
- 0.10008 
-0,10639 

0 
- 0.11410 
- 0.11524 
-0,11161 
- 0.10938 
- 0.10830 
- 0.10748 
- 0.10502 

0 
- 0.12732 
- 0.1318fi 
- 0.12502 
- 0.11699 
- 0.10882 
- 0.10007 
- 0.08457 
- 0.06504 
- 0.03330 

0 
- 0.15284 
- 0.14482 
- 0.1 1266 
- 0.06316 
- 0.02870 
+ 0.01937 
+ 0.06219 

0,10071 

0 
- 0.18730 
- 0.12208 
- 0.03760 
+ 0.08224 

0.13235 
0.16120 
0.12798 

na' 

0 
0.00002 
0.00017 
0.00049 
0.00096 
0.00159 
0.00237 
0.00444 

0 
0.00004 
0.00031 
0.00083 
0.00160 
0,00262 
0.00389 
0.00629 

0 
0.00001 
0.00014 
0.0 0 0 4 1 
0.00081 
0.00136 
0.00204 
0.00331 
0.00486 
0.00724 

0 
0.0 0 0 0 1 
0.00018 

. 0.00066 
0.00165 
0.00244 
0.00368 
0.00507 
0.00734 

0 
0.00002 
0.00026 
0.00069 
0.00159 
0.00223 
0.00331 
0.00601 

n," 

0 
- 0.00023 
- 0.00040 
- 0.00056 
- 0.00072 
- 0.00089 
- 0.00108 
- 0.00156 

0 
- 0.00028 
- 0.00049 
- 0.00OiI 
- 0.00096 
- 0.00127 
- 0.00168 
- 0.00258 

0 
- 0.00022 

~ 0.00039 
- 0.00055 
- 0.00073 
- 0.00094 
- 0.00119 
- 0.00169 
- 0.00240 
- 0.00377 

0 
- 0.00024 
- 0.00043 
- 0.00070 
-0.00115 
- 0.00158 
- 0.00221 
- 0.00309 
- 0.00476 

0 
- 0.00028 
- 0.00052 
- 0.00079 
- 0.00133 
-0,00173 
- 0.00246 
- 0.00365 

na' 

- 0,002: 
- 0.001t 
- 0.001t 
- 0.001: 
- 0.001( 
- 0.000' 
- 0.000~ 
+ 0.000: 

- 0.00254 
-0,00184 
- 0.00149 
- 0.00121 
- 0.00092 
- 0.00062 
- 0.00034 
f 0.00001 

- 0.00274 
- 0.00209 
- O.OOl7i 
- 0.001 5 
- 0.00137 
- o.ooz%o 
- 0.00105 
- 0.00090 
- 0.00085 
- 0.00096 

- 0.00308 
- 0.00223 
- 0.00190 
- 0.00166 
- 0.00 151 
- 0,00153 
- 0.00166 
- 0.00188 
- 0.00211 

- 0.0036C 
- 0.0024i 
- 0.0021t 
- 0.0021( 
- O.0022E 
- 0.00242 
- 0.002R 
- 0.0029: 



to 0.0005i 

2. 

eron system (,=0.1) in a subsonic compressible flow. 

llb" 

0 
- 0.00065 
- 0.00172 
- 0.00283 
- 0.00395 
- 0.00508 
- 0.00622 
- 0.00857 

0 
- 0.00OY2 
- 0.00231; 
- 0.00383 
- 0.00533 
- 0.00688 
- 0.00819 
- 0.0109;! 

0.00167 
0.00281 
0.00396 
0.00514 
0.00635 

- 0.00820 
-0.01004 
- 0.01233 

0 
- 0.00068 
- 0.00199 
- 0.00378 
- 0.00608 
- O.OOi4i 
- o.oo92i5 
- 0.01085 
- 0.02291 

0 
- 0.00091 
- 0.00259 
- 0.0042i 
- 0.00659 
- O.OOi81 
- 0.00948 
- 0.01156 

- 0.00601. 
- 0.00581 
- 0.00573 
- 0.00566 
- 0.00564 
- 0.00562 
- 0.00561 
- 0,00561 

- 0.00650 
- 0.00623 
- 0.00615 
-0,00613 
- 0.00615 
- 0.00618 
- 0.00F22 
- 0.00629 

- O.OOiO4 
- 0.006i8 
- 0.00FG8 
-- 0.00667 
- 0.006Gi 
- 0.00670 
~ 0.00675 
~ 0,00681 
- 0.00689 
- 0.00696 

- 0.00i88 
- 0.00i55 
- 0.00748 
- 0.00751 
- 0.00761. 
- O.OOiG9 
- 0.00774 
- 0.00778 
- 0.0078:i 

- 0.00938 
- 0.00893 
- 0.00893 
- 0.00904 
- 0.00915 
- 0.00916 
- 0.0091~6 
- 0.00924 

n," 

0 

___ 
_I_ 

- 0.0002 i 
- 0.00058 
- 0.0001)R 
- 0.00137 
- 0,00176 
- 0.00214 
- 0.0029i 

0 
- 0.00030 
- 0.00080 
- 0.001 3u 
- O.OOli9 
- 0.00228 
- 0.00274 
- 0.00344 

0 
- 0.00017 
- 0.00055 
- 0.00094 
- 0.00132 
- 0.001 68 
- 0.00204 
- 0.00255 
- 0'.00305 
- O.O03'i2 

0 
- 0.00020 
- O.OOOfj4 
- 0.00121 
- 0.0018ti 
- 0.0022 1 
- 0.00269 
- 0.00321 
- 0.00414 

0 
- 0.00026 
- o.oooi9 
- 0.001.23 
- 0.0017i 
- 0.00210 
- 0.00271 
- 0.00376 

Defini t ion coefficients: 

K = np,lvzeiv' (AA, + B ~ C ~  i- CL,) 

N = 7rp,l~v2eiY' (An, + Bna + Cn,) 

I 

= rrp,zZv2eiY' (AWL, + ~ m *  + ~ m , )  

K 

M 

aerodynamic force o€ wing + aileron, positive downward. 

aerodynamic moment of wing i aileron a b u t  mid-chord point, 
positive tailheavy. 

aerodynamic momcnt of aileron about hinge axis (= nose), positive 
tailhavy. 

N 

p,, air density ( in  undisturbed state). 

l semi-chord. 

'u speed of flight. 

p Mach number, vIc 

v frequency of the vibration. 

o reduced frequency, vl lu  

T ratio between aileron chord and total chord. 

t time. 

Al a,mplitude of translation in mid-chord point, positive downward. 

B amplitude of wing rotation, positive if trailing edge is downward. 

C amplitude of aileron rotation, positive if trailing cd,ge is downward. 

k,;, k;', real and imaginary part of k,;ete. 

All data contained in  the table should be accurate within a few units 
of the last digit. 



\ 



! 

! 
, I  

! 



l 

P=0.35 

P=0.50 

P=0.60 

- 

p=0.70 

/3=0.80 

0 

0 
0.12536 
0.25071 
0.37607 
0.50143 
0.62679 
0.75214 
1.00286 

0 
0.15 
0.3 
0.45 
0.6 
0.75 
0.9 
1.125 

0 
0.10667 
0.21333 
0.32 
0.42667 
0.53333 
0.64 
0.8 
0.96 
1.17333 

0 
0.10929 
0.21857 
0.36429 
0.54643 
0.65571 
0.80143 
0.94714 
1.16571 

0 
0.1.125 
0.225 
0.3375 
0.495 
0.585 
0.72 . 1 0.9 

- 1.17388 
- 0.91297 
- 0.78637 
- 0.72308 
- 0.68919 
- 0.67082 
- 0.66178 
- 0.66089 

- 1.26974 
- 0.90334 
- 0.76430 
- 0.70658 
- 0.68191 
- 0.67338 
- 0.67346 
- 0.67958 

- 1.37454 
- 1.00597 
- 0.83551 
- 0.75206 
- 0.70658 
- 0.67957 
- 0.66178 
- 0.64111. 
- 0.61786 
- 0.57117 

- 1.53979 
- 1.02974 
- 0.62444 
- 0.70298 
- 0.61825 
- 0.57309 
- 0.50821 
- 0.44021 
- 0.35636 

- 1.83272 
- 1..02975 
- 0.76584 
- 0.62644 
- 0.48374 
- 0.41958 
- 0.36088 
- 0.36070 

0 
0.19450 
0.16296 
0.11245 
0.06340 

+ 0.01843 
- 0.02265 
- 0.09518 

0 
0.24476 
0.19812 
0.34644 
0.10509 
0.07430 
0.05335 
0.03909 

0 
0.29841 
0.28301 
0.24748 
0.21743 
0.19578 
0,18223 
0.17471 
0.17823 
0.19047 

0 
0.38328 
0.35948 
0.31773 
0.29363 
0.28747 
0.27632 
0.24976 
0.17148 

0 
0.51868 
0.46939 
0.42561 
0.36409 
0.31487 
0.22362 
0.11472 

TA 
Tsble of aerodynamic coefficients for an oscillating wir 

+ 0.15199 
+ 0.01964 
- 0.04614 
- 0.08034 
- 0.10009 
- 0.11248 
- 0.12070 
- 0.13054 

+ 0.16440 
- 0.0256E 
- 0.10488 
-0,14490 
- 0.17071 
-0.19108 
- 0,20980 
- 0.23892 

+ 0.17797 
- 0.01526 
- 0.11249 
- 0.16727 
- 0.20458 
- 0.23423 
- 0.26059 
- 0.29800 
- 0.33434 
- 0.37858 

+ 0.19937 
- 0.07450 
- 0.19394 
- 0.29161 
- 0.36910 
- 0.40492 
- 0.43791 
- 0.44924 
- 0.42562 

+ 0.23730 
- 0.20837 
- 0.38050 
- 0.47214 
- 0.51612 
- 0.49731 
- 0.42597 
- 0.31688 

- 

mC" 

0 
- 0.13136 
- 0.14780 
- 0.15417 
- 0.16109 
- 0.17000 
- 0.18089 
- 0.20755 

0 
- 0.16578 
- 0.17933 
- 0.18807 
- 0.20014 

- 0.23233 
- 0,25898 

- 0.2l,52:, 

0 
- 0.18338 
- 0.20078 
- 0.20431 
- 0.20768 
- 0.21212 
- 0.21698 
- 0.22263 
- 0.22319 
- 0.21300 

0 
- 0.22748 
- 0.23139 
- 0.21686 
- 0.18960 
- 0.16533 
- 0.12286 
- 0.07423 
- 0.01 100 

0 
- 0.28527 
- 0.23361. 
- 0.15676 
- 0.02671 
+ 0.04277 

0.10739 
0.10888 

~ 

0 
0.0 0 0 0 7 
0.00092 
0.00266 
0.00525 
0.00871 
0.01304 
0.02441 

0 
0.00018 
0.00166 
0.0 0 4 5 0 
0.00871 
0.01431 
0.02133 
0.03442 

0 
0.00001 
0.00071 
0.00218 
0.00440 
0.00736 
0.01108 
0.01802 
0.02641 
0.03917 

0 
0.00002 
0.00092 
0.00350 
0.00886 
0.01311 
0.01970 
0.02695 
0.03844 

0 '  
0.00008 
0.00132 
0.00362 
0.00835 
0.01161 
0.01702 
0.02524 

n," 

0 
- 0.00133 
- 0.00231 
- 0.00322 
- 0.00416 
- 0.005 17 
- 0.00631 
- 0,00915 

0 
- 0.00161 
- 0.00283 
- 0.00411 
- 0.00560 
- 0.00749 
- 0.00997 
- 0.01541 

0 
- 0,00129 
- 0.00225 
- 0.00321 
- 0.00426 
- 0.00550 
- 0.00702 
- 0.01008 
- 0,01444 
- 0.02283 

0 
- 0 00141 
- 0.00250 
- 0.00410 
- 0.00686 
- 0.00920 
- 0.01340 
- 0.01892 
- 0.02929 

0 
-0.00161 
-0.00299 
- 0.00467 
- 0,00799 
- 0.01053 
-0,01513 
- 0.02271 

na' 

- 0.01358 
- 0,01061 
- 0.00888 
- 0.00756 
- 0.00627 
- 0.00489 
- 0.00339 
- 0.00001 

- 0,01468 
- 0.01 071 
- 0.00886 
- 0.00747 
- 0.00619 
- 0.00498 
- 0.00395 
- 0.00304 

- 0.01590 
- 0.01211 
- 0.01035 
- 0.00927 
- 0.00847 
- 0,00783 
- 0.00741 
- 0,00729 
- 0.00798 
- 0.01014 

- 0.01781 
- 0.01293 
- 0.01119 
- 0.01017 
- 0.0101 6 
- 0.01090 
- 0.01277 
- 0.01526 
- 0.01868 

- 0.02120 
- 0.01436 
- 0.01296 
- 0.01305 
- 0,01506 
- 0.01.694 
-0,01996 
- 0.02347 



no" %' nT 

0 - 0.02509 0 
- 0.00347 - 0.02346 - 0,00161 
- 0.00936 - 0.02265 - 0.00459 
- 0.01,547 - 0.02219 - 0.00768 
- 0.02164 - 0.02187 - 0.01Oi5 DefinitiolL coefficients: 
- 0.02787 - 0.02161 - 0.0.1381 
- 0.03419 - 0.02136 - 0.01686 K = rrp,~vzei" (Aka + Bkb + Ck,) 
- 0.04718 - 0.02087 - 0.02293 K= 

N = "pa p w 2 E id (An. + Bna -k CnJ 
(Am, + B ~ I ,  + Cm,) 

0 - 0.02714 0 
- 0.00492 - 0.02498 - 0.00230 I 

- 0.01283 - 0.02426 - 0.00627 
- 0.02094 - 0.02401 - 0'01023 
- 0.02925 - 0.02395 - 0.01411 
- 0.03781 - 0.02401 - 0.01792 

-00.04662 -00.02414 -00.021G5 N aerodynamic moment of aileron about hinge axis (= nose), pwitive 
- 0.06015 - 0.02442 - 0.02709 

K 

If 

aerodynami,c force of wing + aileron, positive downward. 

aerodynamic moment of wing + aileron about mi,d-chord point, 
positive tailheavy. 

tailhwy. 

0 - 0.02938 0 po air density ( in  undisturbed state). 
- 0.0629i - 0,02729 - 0.00128 
- 0.00899 - 0.026X - 0.00429 ' semi-chord. 
- 0.01525 - 0.02627 - 0.00735 
- 0.02163 - 0.02626 - 0.01033 
-0.02613 - 0.026344 - 0.01.322 
- 0.03479 - 0.02670 - 0.01601 

I 

.u speed of flight. 

j3 Mach number, u / c  

leron system 

'- 0.04495 
- 0.05505 
- 0.06755 

0 
- 0,00349 
- 0.010G7 
- 0.02051 
- 0.03313 
-~0.04070 
- 0.05023 
- 0.05861 
- 0.06942 

0 
- 0.00465 
- 0.01382 
- 0.02300 
- 0.03540 
-0.04183 
- 0.05034 
- 0.06060 

( ~ = 0 . 2 )  in a subsonic compressible flow. 

- 0.02719 - 0.02oO.L frequency of the vibration, 
- 0.02771 - 0.023i6 

- 0.02821 - 0.02843 reduced frequency, vl/v 

- 0.032YI 0 
-0.03024 - 0.00149 
- 0.02960 - 0.00500 
- 0.02980 - 0.00946 
-0.03063 - 0.01444 

-0.03122. -o.0171'. B amplitude of wing rotation, positive if trailinmg edge is downward. - 0.03184 - 0.02036 

- 0.03216 - 0.02355 C amplitude of aileron rotation, pasitive if trailing edge is downward. 
- 0.03223 - 0.02873 

k:, k,", real and ima,ginary par t  of k,,, etc. 

T 

t time. 

A2 amplitude of translation in mid-chopd point, positive downward. 

ratio .hetween aileron chord and total chod.  

- 0.03917 0 1 

All data contained in the table should be accurate within a few units 
of. the last digit. 

- 0.03550 - 0.00194 
- 0.03545 - 0.00609 
- 0.03628 - 0.00954 
- 0.03749 - 0.01329 
- 0.03786 - 0.01521 
- 0.03805 - 0.01842 
- 0.03871 - 0.02359 
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i Table of aerodynamic coefficients for an oscillating wi 

P = 0.35 

= 0.50 

p = 0.60 

= 0.70 

p = 0.80 

0 

0 
0.12536 
0,25071 
0.37607 
0.50143 
0.62679 
0.75214 
1.00286 

0 
0.15 
0.3 
0.45 
0.6 
0.75 
0.9 
1.125 

0 
0.10667 
0.21333 
0.32 
0.42667 
0.53333 
0.64 
0.8 
0.96 
1.17333 

0 
0.10929 

0.36429 
0.54643 
0.65571 
0,80143 
0.94714 
1.16571 

0.21857 

0 
0.1125 
0.225 
0.3375 
0.495 
0.585 
0.72 
0.9 

1i: 

- 1.41072 
- 1.10247 
- 0.95503 
- 0.88205 
- 0.84304 
- 0.82205 
- 0.81193 
- 0.81230 

- 1.52593 
- 1.09464 
- 0.93624 
- 0.87452 
- 0.85327 
- 0.85359 
- 0.86731 
- 0.90296 

- 1.65186 
- 1.21755 
- 1.02213 
- 0.93093 
- 0.88587 
- 0.86453 
- 0.85639 
- 0.85583 
- 0.85658 
- 0.84309 

- 1.85046 
- 1.25074 
- 1.01876 
- 0.89334 
- 0.82270 
- 0.78898 
- 0.73532 
- 0.66649 
- 0.55390 

- 2.20249 
- 1.26172 
- 0.96898 
- 0.82540 
- 0.67893 
- 0,60462 
- 0.51665 
- 0.48031 

k," 

0 
0.20299 
0.14051 

+ 0.05669 
- 0.02528 
- 0.10269 
- 0.17603 
- 0.31355 

0 
0.25527 
0.16944 
0.07888 

+ 0.00050 
- 0.06534 
- 0.11910 
- 0.17617 

0 
0.32660 
0.28490 
0.22147 
0.16546 
0.12040 
0.08624 
0.05446 
0.04392 
0.05376 

0 
0.42392 
0.37196 
0.29671 
0.24619 
0.23401 
0.22603 
0.21065 
0.14366 

0 
0,58058 
0.50308 
0.4433 1 
0.37983 
0.33409 
0.23725 
0.08675 

md 

+ 0.26935 
0.11347 
0.03821 

+ 0.00089 
- 0.01894 
-0,02953 
- 0.03469 
- 0.03553 

+ 0.29135 
+ 0.06798 
- 0.02081 
- 0.06281 
- 0.08746 
- 0.10529 
-0,12118 
- 0.14726 

+ 0.31539 
+ 0.08795 
- 0.02341 
- 0.08418 
- 0.12444 
- 0.15611 
- 0.18472 
- 0.22797 
- 0.27514 
- 0.34250 

+ 0.35331 
+ 0.03119 
- 0.11278 
- 0.21802 
- 0.31509 
-'0.36850 
- 0.43260 
- 0.48036 
- 0.30633 

+ 0.42053 
- 0.10379 
- 0.30773 
- 0.43049 
- 0.53301 
- 0.54970 
- 0.51754 
- 0.41466 

Wl," 

0 
- 0.15888 
- 0.18298 
- 0.19604 
- 0.21024 
- 0.22721 
- 0.24686 
- 0.29307 

0 
- 0.20313 
- 0.22891 
- 0.25096 
- 0.27859 
- 0.31170 
- 0.34918 
- 0.41083 

0 
- 0.22415 
- 0.25415 
- 0.26987 
- 0.28707 
- 0.30731 
- 0.32973 
- 0.36446 
- 0.39582 
- 0.42380 

0 
- 0.28162 
- 0.30331 
- 0.31487 
- 0.32559 
- 0.32389 
- 0.30577 
- 0.26971 
- 0.20019 

0 
- 0.36426 
- 0.34078 
- 0.29256 
- 0.18696 
- 0.11474 
- 0.02180 
+ 0.02476 

ne' 

0 
0.00013 
0.00238 
0.00700 
0.01394 
.0.02319 
0.03479 
0.06527 

0 
0.00041 
0.00431 
0.01187 
0.02309 
0.03802 
0.05670 
0.09145 

0 
- 0.00004 
f 0.00179 

0.00566 
0.01153 
0.01938 
0.02921 
0.04752 
0.06949 
0.10237 

0 
- 0.00002 
+ 0.00229 

0.00906 
0.02307 
0.0 3 4 0 9 
0.05091 
0.06893 
0.09640 

0 
0.00009 
0.00325 
0.00917 
0.02107 
0.02904 
0.04177 
0.06012 

%'' 

0 
- 0.00376 
- 0.00652 
- 0.00910 
- 0.01177 
- 0.01467 
- 0,01792 
- 0.02610 

0 
- 0.004% 
- 0.00801 
- 0.01165 
- 0.01596 
- 0.02143 
- 0.02869 
- 0.04456 

0 
- 0.00364 
- 0.00636 
- 0.00908 
- 0.01211 
- 0.01570 
- 0.02015 
- 0.02915 
- 0.041 99 
- 0.06653 

0 
- 0.00397 
- 0.00706 
- 0.01166 
- 0.01974 
- 0.02667 
- 0.03910 
- 0.05533 
- 0.08557 

0 
- 0.00454 
- 0.00844 
- 0.01330 
- 0.02309 
- 0.03058 
- 0.04412 
- 0.06609 

- 0.0:300 
- 0.0253 

- 0.0189 
- 0.0157 

- 0.03036 
- 0.02554 
- 0.02234 
- 0.01970 
-0.01758 
- 0.01626 
- 0.01659 

- 0.04494 
- 0.03427 
- 0.02952 
- 0.02694 
- 0.02532 
- 0.02440 
- 0.02424 
- 0.02586 
- 0.03017 
- 0.03994 

- 0.05034 
- 0.03658 
- 0.03201 
- 0.03016 
- 0.03'216 
- 0.03586 
- 0.04365 
- 0,05350 
- 0.06774 

- 0.0.5991 
- 0.04os9 
- 0.03735 
- 0.03892 
- 0.04T28 
- 0.05440 
- 0.06582 
- 0.07971 



4. 

ron system (7 = 0.3) in a subsonic campressible flaw. 

nP" 

0 
0.00890 
0.02468 
0.04107 
0.05i62 
0.07434 
O.OYl30 
0.12622 

0 
0.01269 
0.03385 
0.05560 
0.0i786 
0.10081 
0.12442 
0.16062 

0 
0.00737 
0.02346 
0.040'21 

- 0.05i25 
0.07464 

- 0.09240 
- 0.11945 
- 0.14613 
- 0. l i 86 i  

0 
- 0.00861 
- 0.02774 
-0.02396 
- 0.08740 
- 0.10724 
- 0.13198 
- 0.15334 
- 0.17864 

0 
-0.01138 
- 0.03568 
- 0.05960 
- 0.09167 
- 0.10756 
- 0.127F5 
- 0.15037 

11; 

- 0.05905 
- 0.05355 
- 0.05oi0 
- 0.04891 
- 0.04746 
- 0,04609 
- 0.04469 
- 0.04164 

- 0.06387 
- 0.05657 
- 0,05390 
- 0.05269 
- 0.05204. 
- 0.05171 
- 0.051 64 
- 0.05zo1 

- 0.06914 
- 0.06208 
- 0.05931 
- 0.05830 
-0.05811. 
- 0.05841 
- 0.05808 
- 0.06063 
- 0.06260 
- O.OG526 

- 0.0774F 
- 0.06837 
- 0.06606. 
- 0.06644 
- 0,06929 
- 0.07160 
- 0.07462 
- 0.07685 
- 0,07816 

- 0.09219 
- 0.07963 
- 0.07919 
- 0.08200 
- 0.0871 1 
- 0.08933 
- 0.09108 
- 0.0931.3 

n? 

0 
- 0.00528 
- 0,01516 
- 0.02540 
- 0.03564 
- 0.04586 
- 0.05609 
- 0.07668 

0 
- 0.00755 
- 0,02069 
- 0.03391 
- 0.04701 
- 0.06002 
- 0.0i295 
- 0.09205 

0 
- 0.00414 
- 0.01410 
- 0.02426 
- 0.03429 
- 0.04410 
'- 0.05370 
- 0.06761 
- 0.08074 
- 0.09682 

0 
- 0.00474 
- 0.01639 
- 0.03141 
- 0.04854' 
- 0.05778 
- 0.06884 
- 0.07890 
- 0.09407 

0 
- 0.00610 
- 0.01999 
- 0.03184 
- 0.04468 
- 0.05065 
- 0.05966 
- 0.07388 

Defi1ziCion coeffic<ests: 

K = ~ p , l v ~ e ' ~ '  (Aka + Bkb + Gk,) 

N = np,Zzv2e ''I (Am, + Bma + (7%) 
'?q = r p 0  1 2  v 2 e {"I (Ana + Biz* + Cno) 

K 

M 

aerodynamic force of wing + aileron, positive downward. 

aerodynamic moment of wing + aileron about mi&hord point, 
positive tailheavy. 

aerodynamic moment of ailcron about hinge axis (= nose), positive 
tailhmy. 

N 

po air density (in undisturbed state). 

1 semi-chopd. 

P speed of flight. 

/3 hIach number, VIC 

v frequency of the vibration. 

w reduced frequency, J / v  

r 

t time. 

AZ amplitude of translation in mid-chord point, positive downward. 

B amplitude of wing rotation, positive if trailing edge is downward. 

G amplitude of aileron rotation, positive if trailing edge is downward. 

&', h,", real and imaginary part of k , ,  ete. 

ratio between ailcron chord and total chord. 

All data contained in the tahle should be accurate within a few units 
of ohe last digit. 



, 

1 

I 

I 
I 
i 
! 

I 

i 

i 

1 

, 
~ 

I 



F 35 

TABLE 5. 

Wing coefficients for  p = 0 

0 

0 
0.02 

0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
024 
0.26 
0.28 
0.30 
0.32 
0.34 
0.36 
0.38 
0.40 
0.42 
0.44 
0.46 
0.48 

0.52 
0.54 
0.56 
0.58 
0.60 
0.62 
0.64 
0.66 
0.68 
0.70 
0.7% 
0.74 
0.X 
0.7H 
0.80 
0.82 
0.84 
0.86 

0.90 
0.92 
0.94 
0.96 
0.98 
1 .00 

0.04 

0.50 

0.88 

kd 

0 
-0.0026 

- 0.0135 
- 0.0193 
- 0.0245 
- 0.0295 
-0.0322 
- 0.0344 
- 0.0355 
-0,0355 

- 0.0318 
- 0.0282 
- 0.0235 
-0,0176 
- 0.0106 
-0,0026 
t 0.0066 

0.0168 
0.0280 
0.0403 
0.0535 
0.0678 
0.0831 

0.1165 
0.1346 
0.1 537 
0.1~737 
0.1947 
o m 6 5  
0.2393 
0.2630 
0.2875 
0.3130 
0.3394 
0.3666 
0.3947 
0.4237 
0.4536 
0.4843 
0.5159 
0.5481 

0.6159 
0.6509 
0.6S68 
0.7235 
0.7611 
0.7995 

- 0.0077 

-0.0942 

0.0993 

n.5~17 

li," 

0 
- 0.0385 
- 0.0741 
- 0.1071 
- 0.1377 
- 0.1664 
- 0.1935 
- 0.21Y3 
- 0.2441 
- 0.2679 
- 0.2910 
- 0.3135 
- 0.3355 
- 0.3570 
- 0.3781 
- 0.3990 
- 0.4196 
- 0.4399 
- 0.4601 
- 0.4801 
- 0.5000 
- 0.5197 
- 0.5394 
- 0.5590 
- 0.57% 
- 0.5979 
- 0.6173 
-~ 0.6367 
- 0.6560 
- 0.6753 
- 0.6946 
- 0.7138 
- 0.7330 
-- 0.7523 
- 0.7715 
- 0.7907 
- 0.8099 
- 0.8291 
- 0.P482 
- 0.5674 
- 0.8866 
- 0.9058 
- 0,9250 
- 0.9442 
- 0.9635 
- 0.9827 
- 1.0019 
- 1,0211 
- 1.0404 
- 1.0596 
- 1.0789 

?lid 

0 
+ 0.0015 

0.0046 
0.0056 
0.01278 
0.01.72 
0.0276 
0.0259 
0.0300 
0.0340 
0.0377 
0.0413 
0.0447 

0.0509 
0.0538 
0.0565 
0.0591 

0.0638 
0.0660 
0.0681 
0.0700 
0.0719 
0.0737 
0.0754 
0.0770 
0.0785 

0.0S13 
0.0627 
0.0840 
0.085L? 
0.0863 
0.0874 
0.0585 
0.0895 
0.0905 
0.0911 
0.0923 
0.0932 
0.0940 
0.0948 
0.0956 
0.0964 
0.0971 
0.0978 
0.0985 
0.0991 

0.1003 

0.0+79 

0.0615 

0.0799 

0.b997 

I__ n1,: 
0 

i- 0.0193 
0.0371 
0.0535 
0.0688 
0.0832 
0.0068 
0.1097 
0.1220 
0.1339 
0.1455 
0.1568 
0.1678 

0.1891 
0.1955 
0.2098 
0.2200 

0.2401 
0.2500 
0.2599 
0.2697 
0.2795 
0.2892 
0.2990 
0.305: 
0.3183 

0.3377 
0.3173 
0.3569 
0.3665 
0.3761 
0.3857 
0.3953 
0.4049 
0.4145 
0.4241 
0.4337 
0.4433 
0.4529 
0.4625 
0.4721 
0.4817 
0.4913 
0.5010 
0.5106 
0.5202 
0.5295 
0.5395 

0.1.785 

0.2301 

0.3280 

- 

w 
- 2.0 
- 1.9290 
- 1.S580 
- 1.7926 
- 1.7837 
- 1.6811 
- 1.6343 
- 1.5926 
-- 1.5556 
- 1.5225 
- 1.4929 
- 1.4663 
- 1.4425 
- 1.4209 
- 1.4014 
- 1.3837 
- 1.3677 
- 1.3530 
- 1.3396 
- 1.3273 
- 1.3160 
- 1:3055 
- 1.2959 
- 1.2871 
- 1.2788 
- 1.2712 
- 1.2641 
- 1.2515 
- 1.2514 
- 1.2456 
- 1.2402 
- 1.2352 
- 1.2305 
- 1.2261 
- 1.2219 
- 1.2180 
- 1.2143 
- 1.2108 
- 1.2075 
- 1.2044 
- 1.2015 
- 1.1987 
- 1.1961 
- 1.1936 
-1.1912 
-1.1859 
- 1.1868 
- I .IS47 
-- 1.182s 
- 1.1809 
- 1.1792 

ka" 

0 
+ 0.1112 

0.1549 
0.1717 
0.1720 
0.1614 
0.1434 
0.1201 

0.0634 
+ 0.031.7 
- 0.001.3 
- 0.035:) 
- 0.0701 
- 0..i 054 

o . aga  

- 0.1 4.09 
- n.17~6 

- 0.3483 
-- 0,2124 

- 0.2s42 
- 0.3200 
- 0.3558 
- 0.3914 
- 0.1269 
- 0.4623 
- 0.4976 
- 0.5327 
- 0.5676 
- 0.6025 
- 0.6372 
2 0.6717 
- 0.7061 
- 0.7404 
- 0.7746 
- 0.8086 
- 0.8425 
- 0.8763 
- 0.9100 
- 0.9435 
- 0.9770 
- 1.0103 
- 1.0436 
- 1.0767 
-1.1098 
- 1.1427 
- 1.1756 
- 1.20s4 
- 1.2412 
- 1.2738 
- 1.3064 
- 1.3390 

nu,' 

+ 1.0 
0.9645 
0.9292 
0.8968 
0.8617 
0.8118 
0.8189 
0.7988 
0.7810 
0.7653 
0.7514 
0.7392 
0.7284 
0.7189 
0.71.05 
0.7031 
0.6966 
0.6909 
O.FR60 
0.6817 
0.6780 
0.6748 
0.6722 
0.6700 
0.6682 
0.6669 
0.6659 
0.6652 
0.6649 
0.6649 
0.6652 
0.6657 
0.6665 
0.6675 
0.6688 
0.6703 
0.6720 
0.6739 
0.6i60 
0.6783 
O.GS0S 
0.6534 
0.6SG2 
0.6492 
0.6924 
0.6957 
0.6992 
0.7028 
0.7066 
0.7105 
0.7146 

ma" 

0 
- 0.0756 
- 0.1175 
- 0.1458 
- 0.1660 
- 0.1807 
- 0.1917 
- 0.2001 
- 0.2065 
-- 0.2117 
- 0.2159 
- 0.2194 
- 0.2223 
- 0.2250 
- 0.2274 
- 0.2296 
-- 0.2317 
- 0.2338 
- 0.2358 

0.2379 
- 0.2400 
- 0.2421 
- 0.2443 
- 0.2465 
- 0.2488 
- 0.2512 
- 0.2537 
- 0.2562 
- 0.2588 
- 0.2614 
- 0.2641 
- 0.2669 
- 0.3698 
-- 0.2727 
- 0.2757 
- 0.27788 
- 0.2819 
- 0.2850 
- 0.2882 
- 0.2975 
- 0.2919 
- 0.2982 
- 0.3016 
- 0.3051 
- 0.3086 
- 0.3122 
- 0.3158 
- 0.3194 
- 0.3231 
- 0.3268 
- 0.3305 
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TABLE 6. 

Wing coefficients fo r  p = 0.35. 

0 

0 
0.02 
0.04 
0.06 
0.08 

0.12 
0.14 
0.16 
0.1 8 
0.20 
0.22 

0.26 
0.28 
0.30 
0.32 
0.34 
0.36 
0.38 

n.10 

0.24 

0.40 
0.42 

0.46 

0.50 

0.54 

0.44 

0.48 

0.52 

0.56 
0.58 
0.60 

0.64 
0.66 
0.68 
0.70 
O.T% 
0.74 
0.76 
0.78 
0.80 
0.82 
0.84 
0.86 
0.88 
0.90 
0.92 
0.94 

0.98 
1.00 

0.62 

0.96 

kd 

0 
- 0.0031 
- 0.0101 
- 0.0172 
- 0.0244 
- 0.0311 

- 0.0408 
- 0.0440 

- 0.0476 
- 0.0477 

- 0.0436 
- 0.0398 

- 0.0365 

- 0.0464 

- 0.0463 

- 0.0350 
- n.0292 
- 0.0223 
- 0.0144 

t n.0047 

0.0278 
0.0405 

- 0.0054 

0.0158 

0.0548 
0.0696 
0.0854 
0.1021 
0.1198 

0.1577 
0.1781 
0.1993 
0.2213 
0.2443 
0.2680 
0.2925 
0.3183 
0.3446 
0.3717 
0.3998 
0.4285 
0.4582 

0.5202 
0.5524 
0.5856 
0.6195 
0.6543 
0.6599 

0.1383 

0.4887 

0.7259 

kd' 

0 
- 0.0409 
- 0.0782 
- 0.1122 
- 0.1435 

- 0.2000 
- 0.2260 

- 0.1727 

- 0.2508 
- 0.2748 

-.0.320~ 
- 0.3431 
- 0.3649 

- 0.298C 

- 0.3866 
- 0.4081 
- 0.429: 
- 0.450: 
-0.4717 
- 0.4925 

- 0.535: 
- 0.556t 
- 0.57N 
- 0.599t 

- 0.643: 
- 0.665; 
- 0.687: 

- 0.732' 
- 0.755: 
-- 0.775! 
- O.S01! 
- 0.825' 
- 0.549: 
- 0.57% 
- 0.898, 
- 0.923, 
- 0.948 
-~ 0.974 

, 1.009 

- 1.053 
'- 1.080 
:-1.108 
- 1.136 
- 1.165 

,--1.194 
-- 1.22.4 
- 1.254 

- 0.5141 

-- 0.621: 

0.709' 

- 1 . ~ 7  

mal 

0 

0.0057 
t 0.0018 

0.0106 
0.0158 

0.0266 

0.0420 

0.0212 

0.0319 
0.0370 

0.0168 
0.0514 
0.0559 
0.0603 

0.0686 

0.0767 

0.0843 

0.0918 

0.0991 
0.1028 

0.1101 

0.0645 

0.0727 

0.0805 

o . o m  

0.0955 

n.in6-i 

0.1138 
0.1175 
0.1212 
0.1249 
0.1287 
0.3325 
0:1364 
0.1403 
0.1441 

0.152i 
0.157( 
0.161: 
0.165: 
0.1701 
0.174: 

0.1845 
0.1139: 

0.1991 
O.?O< 

0.?15! 

. n . 1 : ~  

0.179: 

n.194: 

0.210: 

__ 
md' 

0 

0.0391 

0.0716 

0.0995 
0.:1121 
0.1246 
0.1364 
0.1478 
0.1599 
0.1696 
0.1802 
0.1906 
0,2009 

.__ __ 

- 0.0204 

0.0560 

0.0861 

n . 2 m  
n.2211 
0.2312 
0.2412 
0.2511 
0.2610 
0.2710 

0.3007 
0.3105 

0.2808 
0.2907 

0.3205 
0.3304 
0.3404 
0.350E 
0.3602 

0.3807 
0.39,01 
0.4011 

0.370t 

n.411: 
n.4zit 

0.442: 
0.431! 

0.452' 
0.463: 
0.473' 
0.484: 
0.494 
0.505: 
0.515 
0.5261 
0.537' 
0.548: 
0.569 

__ 

ka' 

- 2.135 
-2.048 

- 1.881 
-1.810 
- 1.748 
- 1.693 
- 1.'646 
- 1.605 
- 1.568 
- 1.537 

- 1.4853 
- 1.4639 
- 1.4452 
- 1.4258 
-1.4744 
-1.401s 
- 1.3908 
- 1.3814 
- 1.3733 
- 1.3663 

- 1.3557 
-1.3519 
- 1.3489 
- 1.3469 
- 1.3455 
- 1.3445 
- 1.3448 
- 1.3457 

- 1.3489 
- 1.3514 
- 1.3545 
- 1.3580 
- 1.3623 
- 1.3669 
- 1.3720 
- 1.3777 
-1.383E 
- 1.3904 
- 1.3975 
- 1.4051 
- 1.4127 

1 . 4 m  
- 1.429t 
- 1.439: 
- 1.449( 
'-1.4594 
.- 1.470: 

- 1.960 

- i.mEi 

- 1.3605 

- 1.3470 

7<b" 

0 
- 0.143 

0.203 
0.231 
0.234 
0.224 
0.205 
0.179 
0.157 
0.121 
0.090 
o m n  

t o . n m  
- 0.01 24 
- 0.0484 
- 0.0842 

- 0.1555 
- 0.1199 

- n.1913 
- 0.2270 
- 0.2628 
- 0.2985 
- 0.3341 
- 0.3G95 
- 0.4048 
- 0.4398 
- 0.4747 

- 0.5443 
- 0.5789 
- 0.6134 
- 0.6478 
- 0.6820 
- 0.716C 
- 0.7501 
- 0.754C 

- 0.5095 

- o m (  
- 0.851i 
- 0.885: 
- 0.978s 
- 0.9525 
- 0.985i 
- 1.019: 
--.1.052! 
-1.0851 
- 1.119: 
- 1.152' 
- 1.1851 
- 1.2191 
- 1.252: 
- 1.2851 

7%' 

- 1.068 
1.029 
0.9s3 
0.940 

0.570 
OS43 

__ __ 

: o m  

0.820 
os00 
0.782 
0.766 
0.7534 

0.7.723 
0.7235 
0.7159 
0.7092 
0.7034 
0.6986 

0.5917 
0.6893 
0.6873 
0.6859 
0.6S51 
0.6848 
0.6848 
0.6853 
0.6861 
0.6574 
0.6891 
0.6909 
,05931 
0.69s'i 
0.698: 

0.704: 
0.708; 
0.772i 
0.7165 

0.725: 
0.7301 
0.734 
0.740. 
0.745: 
0.751' 

O.i6% 
0.768 
0.774 

0,7420 

0.6945 

n.701~ 

0.7201 

0.756; 

naa" 

0 
- 0.09s 
- 0.151 
- 0.185 
- 0.207 

- 0.237 
- 0.2447 
- 0.255 

- 0.266 

- 0.27S0 
- 0.2222 
- 0.2563 

- 0.2948 
- 0.2993 
- 02036 
- 0.3080 
- 0.;3126 

- 0.3218 

- 0 . m  

- 0.262 

- 0.2~31 

- 0.2905 

- 0.3170 

- ~1.3266 
- 0.3315 

- 0.3477 

- 0.3369 
- 0.3422 

~ 0.3533 
- 0.3591 
- 0.365( 

-- 0.37771 
- 0.3831 
- 0.390( 

- 0.370: 

- 0.396t 
- 0.103~ 
- 0.410: 
- 0.417: 
- 0.4241 
- 0.432 

- 0.447: 
- 0.4551 
-,0.462, 
- 0.470 
- 0.475 

- 0.495 

- 0.5122 

- 0.4391 

- 0.457 

- 0.503 



0 

0 
0.02 
0.04 
0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
O.IR 
0.20 
0:22 
024 
0.26 
0.28 
0.30 
0.32 
0.34 
0.36 
0.38 
0.40 
0.42 
0.44 
0.46 
0.48 
0.50 
0.52 
0.54 
0.56 
0.58 
0.60 
OX:! 
0.G4 
O.GG 
0.68 
0.70 
0.72 
0.74 
0.76 
0.78 
0.80 
0.82 
0.84 
0.86 
0.8F 
0.90 
0.92 
0.94 
0.96 
0.98 
1 .oo 

lid 

0 
- 0.0042 
- 0.0124 
- 0.0218 
- 0.0311 
- 0.0395 
- 0.0464 
- 0.051s 
- 0.0555 
- 0.0580 
- 0.0597 
- 0.0607 
- 0.0610 
- 0.0601 
- 0.0577 
- 0.0538 
- 0.0467 
- 0.0427 
- 0.0359 
- 0.0280 
- 0.01 94 
- 0.009s 
+ 0.0007 

0.0120 
0.0242 
0.0374 
0.0514 
0.0662 
0.0819 
0.0982 
0.1152 

0.1 51 5 
0.1707 
0.1906 
0.2111 
0.2323 
0.2542 
0.2766 
.0!2996 

A . 3 2 3 2  
0.3473 
0.3720 
0.3971 
0,4227 
0.4487 
0.4750 
0.5016 
0.5286 
0.5560 
0.5837 

n.inno 

k,," 

0 
- 0.0439 
- 0.0832 
- 0.1185 
- 0.1506 
- 0.1s01. 
- 0.2075 
- 0.2335 
- 0.2582 
- 0.2s21 
- 0,3055 
- 0.3284 
- 0.3509 
- 0.3732 
- 0.3954 
- 0.4175 
- 0.4396 
- 0.4616 
- 0.4837 
- 0.5059 
- 0.5284 
- 0.5512 
- 0.5741 
- 0697-1 
- 0.6209 
- 0.6448 
- 0.6690 
- 0.6936 
- 0.7186 
- 0.7441 
- 0.7700 
- 0.7965 
- 0.8234 

- 0.8766 
- 0.9074 
-- 0.9365 
- 0.9663 
- 0.9968 
- 1.0279 
- 0.0597 
- 1.0922 
- 1.1254 
- 1.1594 
- 1.1943 
- 1.2300 
- 1.2666 
- 1.3039 
- 1.3420 
-- 1.3807 
- 1.4199 

- o . s m  

F. 37 

TABLE 7. 

Wiiig ewfiicicnts for  = 0.50. 

m,: 

0 
+ 0.0024 

0.0071 
0.0129 
0.01 93 
0.0259 
0.0326 

0.0454 
0.0517 
0.0576 
0.0635 
0.0691 
0.0748 
0.0803 
0.0856 
0.0913 
0.0967 
0.1022 
0.1078 
0.1133 
0.1190 
0.1247 
0.1305 
0 . 1 m  
0.1424 
0.1486 
0.1548 
0,1612 
0.1679 
0.1747 
0.1c.17 
0.1888 
0.1062 

0.211.5 
0.21 97 
0.2279 
0.Y364. 
0.2453 
0.2544 
0.2638 
0.2734 
0.2833 
0.2935 
0.3040 
0.3148 
0.3259 
0.3374 
0.3491 
0.3612 

0.0391 

0.2037 

nad' 

0 
+ 0.0219 

0.0474 
0.0589 
0.0747 
0.0892 
0.1 026 
0.1152 
0.1272 
0.1356 
0.1496 
0.1603 
0.1708 
0.1810 
0.1911 
0,2010 
0.2108 
0.2205 
0.2302 
0.2398 
0.2494 
0.2590 
0.2686 
0.2781 
0.2877 
0.2972 
0.3067 
0.3162 
0.3257 
0.3352 
0.3448 
0.3543 
0.3638 
0.3732 
0.3327 
0.3932 
0.4016 
0.4110 

0:t207 
0.4369 
0.4481 
0.~!572 
0.4663 
0.4753 
0.4842 
0.4930 
0.5016 
0,5101 

0.5267 

0.4203 

0.5185 

___ 

ka' 

- 2.309 
- 2.196 
- 2.086 
- 1.988 
- 1.901 
- 1.826 
- 1.762 
- 1.707 
- 1.659 
- 1.619 
- 1.585 
- 1.5560 
- 1.5312 
- 1.5103 
- 1.4926 
- 1.4776 
- 1.4649 
- 1.4543 
- 1.4456 
- 1,4391 
- 1.4344 
- 1.4313 
- 1.1295 
- 1.4291 

- 1.4319 
- 1.4351 
- 1.4393 
-- 7 ..kMJ 
-- 1.4507 
- 1.4580 
- 1.4661 
- 1.4753 
-. 1.4853 
- 1.4961 
- 1.5078 

.- 1.5337 
- 1.5480 
- 1.5631 
- 1.5790 
- 1.5957 
-1.6132 
--1.6316 
-- 1.6507 
- 1.6706 
- 1.6914 
- 1.7130 
- 1.7352 
- 1.7553 
- 1.7811 

- 1.4299 

- 1.5204 

k b f C  

0 + 0.1.69 
0.286 
0.305 
0.314 
0.306 
0.284 
0.255 
0.220 
0.184 
0.149 
0.1157 
0.0833 
0.0500 

+ 0.0150 
- 0.0217 
- 0.0585 
- 0.0949 
- 0.1306 
-- 0.1660 
- 0.2010 
- 0.2356 
- 0.2702 
- 0.3042 
- 0.3382 
- 0.3720 
- 0.4056 
- 0.4388 
- 0.4719 
- 0.5045 
- 0.5367 
- 0.5688 
- 0.6005 
- 0.6318 
- 0.6630 
- 0.6938 
- 0.7243 
- 0.7545 
- 0.7842 
- 0.81 38 
- 0.8129 
- 0.8717 
- 0.9001 
- 0.9281 
- 0.9556 
- 0.9827 
- 1.0092 
- 1.0352 
- 1.0607 
- 1.3855 
- 1.1104 

nib' 

f 1.165 
1.104 
1.042 
0.986 
0.943 
0.905 
0.873 
0.846 
0.822 
0.801 
0.783 
0.7656 
0.7519 
0.7405 
0.7311 
0.7237 
0.7174 
0.7118 
0.7066 
0,7020 
0.6950 
0.6950 
0.6931 
0.6919 
0.6911 
0.6907 
0.6907 
0.6911 
0.6918 
0.6930 
0.6944 
0.6962 
0.6982 
0.7004 
0.7030 
0.7056 
0.70S4 
0.7114 
0.715 
0.7178 
0.7212 
0.7246 
0.7282 
0.7318 
0.7354 
0.'1391 
0.7427 
0.7464 
0.7500 
0.7536 
0.7571 

nib'' 

0 
- 0.127 
- 0.192 
- 0.231 
- 0.258 
- 0.277 
- 0.292 
- 0.304 
- 0.313 
- 0.321 
- 0.321 
- 0.3342 
- 0.3426 
- 0.3506 
- 0.3577 
-. 0.3642 

- 0.3775 
- 0.3846 
- 0.3022 

- 0.4082 
- 0.4166 
- 0.-1253 
- 0.4341 
- 0.4433 
- 0.4527 
- 0.4624 
- 0.4725 
- 0.4828 
- 0.49:3.4 
-- 0.5044 
- 0.5156 
- 0.5272 
- 0.5390 
- 0.5512 
- 0.5636 
- 0.5763 
- 0.5894 
- 0.6025 
- 0.6164 
- 0.6304 
- 0.6446 
- 0.6592 
- 0.6740 
- 0.6891 
- 0.7046 
- 0.7204 
- 0.7364 
- 0.7528 
- 0.7693 

- 0.3707 

- a.4000 
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TABLK 8. 

\Ving cocfficients for p = 0.60. 

0 

0 
0.02. 
0.04 
0.06. 
0.08 

0.12 
0.14 

0.10 

0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.26. 
0.30 
0.32 
0.34 
0.36 
0.38. 
0.40 
0.42 
0.44 
0.46 
0.48 
0.50 
0.52 
0.54 
0.56 
0.58. 
0.60 
0.62 
0.64 
0.G6 
0.68 
0.70 
0.72 
0.74 
0.76 
0.78 
0.80 
0.82 
0.84 
0.86 
0.88 
0.90. 
0.92 
0.94 
0.96 
0.98 
.LO0 

k,' 

0 .  

- 0.0154 
- 0.0366 
- 0.0373 

- 0.0053 

- 0.0467 
- 0.0545 
- 0.0612 

- 0.0719 
- 0.0751 
- 0.0767 
- 0.0770 

- 0.0748 

- 0.06S5 

- 0.0611 

- 0.0763 

- 0.0722 

- 0.0639 
- 0.0584 
- 0.0519 

- 0.0366 
- n.0279 
- n.01~3 
- 0.0081 
+ o.noz8 

0.0143 

n.0521 

- 0.0437 

0.0264 
0.0390 

0.0658 
0.0799 
0.0942 

0.1245 

0.1555 

0.3875 

0.2201 

0.2528 
0.2691 
0.2852 
0.3012 

0.3326 
0.3479 
0.3628 
0.3773 

n.1093 

0.1395 

0.1714 

0.2037 

0.2364 

' 0.31.70 

k,," 

0 
- o.nuo 
- o . n m  

- 0.1864 

- 0.1245 
- 0.3569 

- 0.2138 
- 0.2397 
- 0.2646 
- 0.2887 
- 0.3122 
- 0.3351 
- 0.3573 
- 0 . 3 8 ~  
- n.4n29 
- n.4255 
- 0.4481 
- 0.4709 
- 0.4.939 
- n.si'i2 
- 0.5407 
- 0.5646 
- 0.5889 

- 0.6388 
- 0.6615 
- 0.6907 
- 0.7174 
- 0.7447 
- 0.7726 

- 0.6136 

- n.8011 
- 0.8302 

- 0.8903 
- 0.s599 

- 0.9214 
- 0.9532 
- 0.9557 
- 1.0189 
- 1.0529 
- 1.0876 
- 1.1231 
- 1.1593 
- 1.1962 
- 1.2339 
-'1.2722 
- 1.3113 
- 1.3511 
- 1.3915 
- 1.4325 
- 1.4742 
- 1.5164 

ma' 

0 

0.0087 

0.0235 
0,0316 

0.0469 
0.0543 
0.0614 
0.0685 

t n.0030 

0.0159 

0.0393 

0.0755 
n . o m  
0 .0~94  
0.0963 

0.1102 
0.1032 

0.1173 
0.1245 
0.1317 
0.1392 
0.1469 

0.1627 
0.1547 

0.1709 
0.1794 

0.2064 

0.2359 

0.1881 
0.1971 

0.2160 
0.2257 

0.2464 
0.2572 
0.2683 
0.2797 
0.2935 
0.3035 
0.3160 
0.3287 
0.3417 
0.3551 
0.3688 
0.3825 
0.3971. 
0.4116 
0.4264 
0.4414 
0.4567 
0.4722 
0.4878 

_ _ _  
711," ___ 
0 

+ 0.0235 
0.0439 
0.0617 
0.0775 
0.0919 

0.1172 
0.1287 
0.1396 
0.1501 
0.1603 

0.1050 

0.1703 
n.179~ 

0.2077 
0.2168 
n.?m 

0.2434 
0.2520 
0.2607 

0.1893 
0.1985 

0.2345 

0.2691 
0.2775 
0.2858 
0.2940 
0.3021 
0.31011 
0.3178 

0.3403 

0.3609 

0.3792 
0.3847 

0.3254 
0.3329 

0.3474 
0.3543 

0.3673 
0.3734 

0.3899 
0.3947 
0.3991 

0,4066 
0.4097 
0.4123 
0.4145 
0.4161 
0.4172 
0.4177 

0.4030 

h' 

- 2.500 
- 2.354 
- 2.214 
-2,090 
.- 1.985 
- 1.896 
- 1.821 
- 1.759 
- 1.708 
- 1.665 
- 1.629 
- 1.5959 
-- 1.5735 
- 1.5524 
- 1.5352 
- 1.5215 

- 1.5024 
- 1.4964 
2 1.4928 

- 1.4913 
- 1.4931 
- 1.4966 
-1.5018 

- 1.5164 
- 1.5256 
- 1.5363 
-1.5481 
- 1.5610 
- 1.5750 
- 1.5899 
- 1.6060 
- 1.6232 
- 1.6414 

- 1.6805 
- 1.7014 
- 1.7231 
- 1.7456 
- 1.7689 
- 1.7929 
- 1.8175 
- 1.8428 
- 1.8687 

- 1.9218 
- 1.9489 
- 1.9764 
- 2.0042 

i.5in5 

-1.49in 

- 1 . 5 0 ~ 4  

- 1.~604 

- i m n  

ko'' 

0 
+ 0.241 

0.340 
0.382 
n . m  
0.375 
0.349 
0.320 
0.291 
0.260 
0.226 
0.1882 
0 . m ~  
0.113~ 

0.0421 
t- n . o m  
- 0.028s 

- o.og8n 
- 0.1317 
- n.1649 

- 0.2607 

- 0.3215 

- 0.4017 
- 0.4350 

0.0778 

- 0.0636 

- 0.1973 
- 0.2293 

- 0.2915 

- 0.3509 
- 0.3797 

- 0.4616 
- 0.4875 

- 0.5370 

- 0.5832 
- 0.6050 

- 0.6459 

- 0.6530 

- 0.7159 

- 0.7444 
- 0.7569 
- 0.7683 
-0,7785 

- 0.7950 

- 0.5127 

- 0.5605 

- 0.6260 

- 0.6650 

- o.iooo 

- 0.7307 

- 0.7874 

nib' 

+ 1.250 
1.176 
1.100 
1.035 

-0.981 
0.936 
0.896 
0.863 
0.834 
o m 9  
0.789 
0.7723 
0.7574 
0.7441 
0.7321 
0.7219 
0.7136 
0.7065 
0.7001 
0.6945 
0.6897 
0.6856 
0.6S20 

0.6763 
0.6740 
0.6720 

0.6686 

0.6659 
0.6646 
0.6632 
0.6618 
0.6604 
0.6585 

0.6552 

':0.6508 
0.64811 

0.6790 

0.6703 

0.6673 

0.6571 

n.6m 

0.6453 
0.6421 

0.6302 

0.6385 
0.6345 

0.6254 
0.6201 
0.6144 
0.6083 
0.6016 

711b" 

n 
-0.154 

-0.250 

- n . w  

- 0.363 
- 0.375 

- 0.232 

-0,311 

- 0.350 

- 0.386 
- 0.397 
- 0.4056 

- 0.4231 
- 0.4325 
- 0.1423 
- 0.4522 
- 0.4624 
- 0.4731 
- 0.4841 
- 0.495G 

- 0.4140 

- o m 5  
- 0.5200 
- 0.5329 
- 0.5461 
- 0.5599 
- 0.5741 
- 0.5~89 
- 0.6040 
- 0.6196 

- n.mn 

- 0.7039 
- 0.7220 

-- 0.6356 
- 0.6521 

- 0.6863 

- 0.7404 
- 0.7591 
- 0.7782 

- 0.8173 
- 0.8372 
- 0.8574 
- 0.8778 
- 0.8984 
- 0.9192 
- 0.9401 
- 0.9612 

- 1.0035 
- 1.0246 

- 0.79i6 

- 0.9823 



0 
0.02 
0.04 
0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.28 

. 0.30 
0 . 3  
0.34 
0.36 
0.38 
0.40 
0.42 
0.44 
0.46 
0.48 
0.50 
0.52 
0.54 
0.56 
O.5R 
0.60 
0.62 
0.64 
0.66 
0.68 
0.70 
0.72 
0.74 
0.76 
0.78 
0.80 
0.82 
0.84 
0.86 
0.88 
0.90 
0.92 
0.94 
0.96 
0.98 
1 .00 

W'ing 

nld I I 
0 .  0 0 

- 0.0072 - 0.0516 + 0.0044 
- 0.0199 - 0.0949 0.0123 
- 0.0339 - 0.1321 0.0213 
- 0.0470 - 0.1649 0.0306 
- 0.0588 - 0.1944 0.0401 
- 0.0688 - 0.2217 0.0493 
- 0.0771 - 0.2473 0.0583 
- 0.0842 - 0.2719 0.0672 
- 0.0901 - 0.2956 0.0760 
- 0.0945 - 0.3189 0.0846 
- 0.0975 - 0.3419 0.0932 
- 0.0993 - 0.3648 0.1018 
- o.ion1 - 0.3875 0.1105 
- 0,0999 - 0.4104 0.1153 
- 0.0989 - 0.4334 0.12s2 

- 0.0944 - 0.4801 0.1465 
- 0.0910 - 0.5039 0.1560 
- 0.0871 - o . m n  fl.16.57 
- 0.0826 - 0.5526 0.1756 
- 0.0775 - 0.5776 0.1858 
- 0.0719 - 0.6030 0.1963 
- 0.0659 - 0.6289 0.2071 
- 0.0596' - 0.6553 0.21s1 
- 0.0531 - 0.6822 0.2293 
- 0.0462 - 0,7096 0.2409 
- 0.0393 - 0.7375 0.2527 
- 0.0324 - 0.7659 0.2647 
- 0.0254 - 0.7948 0.2770 
- 0.0183 - 0.5242 0.2895 
- 0.0111 - 0.6540 0.3021 
- 0.0040 - 0,8842 0.3149 
+ 0.0030 -0.9148 0.3278 

0.0099 - 0.9457 0.3407 
0.0166 - 0.9770 0.3537 
0.0230 - 1.0085 0.3667 
0.0292 - 1.0404 0.3795 
0.0353 - 1.0724 0.3923 

- 0.0970 - 0.4566 0.1373 

0.0410 - 1.1046 0.4049 
0.0465 - 1.1368 0.4173 
0.0517 - 1.1691 0.4295 
0.0566 - 1.2014 0.4413 
0.0613 - 1.2337 0,4528 
0.0656 -1,2658 0.4639 
0.0698 - 1.2978 0.4745 
0.0739 - 1.3296 0.4841 
0.0777 - 1.3610 0.4945 
0.0814 - 1.3921 0.5037 
0.0851 - 1.4229 0.5124 
0.0883 - 1.4533 0.5205 
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.TABLE 9. 

wefficients for p = 0.70. 

ni? 1 k ;  1 lib'' , 1 
0 - 2.801 0 

-t 0.0257 - 2.582 + 0.334 
0.0473 - 2.38.5 0.451 
0.0655 - 2.223 0.500 
0.0s09 - 2.092 0.506 
0.0945 - 1.984 0.493 
0.1066 - 1.897 0.467 
0.1180 - 1.825 0.433 
0.1286 - 7.766 0.398 
0.1386 - 1.718 0.362 
0.1480 - 1.679 0.325 
0.1568 - 1.G473 0.2863 
0.1655 - 1.6216 0,2484 
0.1739 - 1.6010 0.2111 
0.1819 - 1.5s50 0.1749 
0.1896 - 1.5729 0.1402 

0,2044 - 1.55% 0.0732 

0.2179 -1.5553 + 0.0112 
0.2245 - 1.5571 - 0.0180 
0.2306 - 1.5610 - 0.0461 
0.2364 - 1.5668 - 0.0730 
0.2417 - 1.57+2 - 0.0954 
0.2466 - 1.5833 - 0.1224 
0.2512 - 1.5938 - 0.1451 
0.2554 - 1.6055 - 0.1665 
0.?592 -1.6lS5 - 0.1864 
0.2626 - 1.6325 - 0.2@&6 
0.2654 - 1.6474 - 0.2217 
0.2675 - 1.6631 - 0.2375 
0.2692 - 1.6795 - 0.2515 
0,2702 - 1.6964 - 0.2643 
0.2706 - 1.7138 - 0.2752 
0.2703 , .- 1.7315 - 0.2849 
0."695 - 1.7494 - 0.2932 
0.2680 - 1.7674 - 0.2999 
0.2657 - 1.7855 - 0.3052 
0.2627 - 1.Qb33 - 0.3091 

0.1972 - 1.5642 n.1060 

0.2113 -1.5557 0.041'5 

0.2Figz - 1.6210 - 0.3118 
0.2552 - 1.5383 - 0.3133 
0.2505 - 1.8552 - 0.3136 
0.2451 - 1.8715 - 0.3725 
0.2392 - 1.8873 - 0.3105 
0.2328 - 1.9023 - 0.3074 
0.2258 - 1.9165 - 0.3034 
0.2183 - 1.9299 - 0.2986 
0.2102 - 1.9424 - 0.2929 
0.2015 - 1.9539 - 0.2863 
0.1926 - 1.9643 - 0.2794 
0.1836 - 1.9738 - 0.2719 

+ 1.400 
1.289 
1.182 
1.095 
1.022 
0.965 
0.917 
0.878 
0.841 
0.812 

0.7623 
0.7434 
0.7266 
0.7113 
0.6974 
0.6847 
0.6734 
0.6627 
0.6518 
0.6418 
0.6321 
0.6225 
0.6130 
0.6034 
0.5935 
0.5834 
0.5728 
0.5619 
0.5504 
0.5383 
0.5257 
0.5124 
0.4985 
0.@40 
0.4687 
0.4528 
0.4363 
0.4191 
0.4013 
0.3530 
0,3641 
0.3447 
0.3249 
0.3048 

0.2639 
0.2433 
0.2227 

0.1815 

0.785 

o m 4  

0.2020 

0 
-0.207 
-0.307 
- - 0.365 
-0.400 
- 0.426 
- 0.441 
-0.457 
-0.469 
-0.482 

- 0.5088 
,- 0.5'210 
.- 0.5337 
- 0.5470 
- 0.5609 
- 0.5754 
- 0.5905 
- 0.6063 
-- 0.6228 
- 0.6398 
- 0.G575 
- 0.6757 
- 0.6944 
- 0.7136 
- 0.7332 
- 0.7532 
- 0.7736 
- 0.7941 
- 0.8149 
- 0.8357 
- 0.8566 
- 0.8775 

0.8982 
- 0.9187 
-- 0.9389 
- 0.9588 
- 0.9782 
- 0.9971 
-1.0154 
- 1.0331 
- 1.0500 
- 7.0662 
- 1.0515 
- 1.0959 

- 1.1219 
- 1.1334 
- 1.1438 

- 1.1617 

-- 0.497 

- 1.1094 

- 1.1533 



n 
0.02 
0.01 
0.06 

0.10 

0.14 
0.16 

0.20 
0.22 
0.24 
0.26 

0.30 
0.33 
0.34 
0.36 
0.38 

0.42 

0.46 
0.48 

0.08 

0.12 

0.18 

0.28 

0.40 

0.44 

0.50 
0.52 
0.54 

0.58 
0.56 

0.60 
0.62 
0.64 
0.66 
0.68 

0.72 
0.74 
0.76 
0.78 

0.82 
0.84 
0.86 

' 0.88 
0.90 

0.70 

0.80 

___ 

ka' 

0 
- 0.0101 
- 0.0272 
- 0.0454 
-0.cMj29 
- 0.0784 
- 0.0914 
- 0.1020 

- 0.1178 
- 0.1236 
- 0.1286 
- 0.1327 
- 0.1359 
- 0.1384 
- 0.1402 
-0.1415 

- 0.1432 
- 0.1435 
- 0.1435 
- 0.1434 
- 0.1431 

- 0.1420 
- 0.1413 
- 0.1404 
- 0.1393 

-n.iio7 

- 0.1425 

-. 0.1426 

- 0.1380 
- 0.1364 

- 0.1296 

- 0.1345 
- 0.1 323 

- 0.1265 
- 0.1228 
- 0.1 I86 
- 0.1138 
- 0.1082 
- 0.1021 
- 0.0954 
- 0.0881 
-- 0.0803 

- 0.063~ 
- 0.0720 

- 0.0540 
- 0.0444 

kd' 

0 
- 0.0594 
- 0.1057 
- 0.1431 
- 0.1748 
- 0.2031 
- 0.2292 
- 0.2539 
- 0.2775 

- 0.3234 
0.3458 

- 0.3682 

- 0.3006 

- 0.3906 
- 0.4130 

- 0.4582 
- 0.4810 

- 0.5270 

- 0.4356 

- 0.5039 

- 0.5502 
- 0.5735 
- 0.5968 
- 0.6202 
- 0.6435 
- 0.6668 
-. 0.6899 
- 0.7329 
- 0.7357 
- 0.7583 
-- 0.7807 

- 0.5249 
- 0.5468 
- 0.E687 

- 0.8029 

- n.8905 
- n.9124 
- 0.9343 
- 0.9564 
- 0.9787 
- 1.0012 
- 1.0241 
- 1.0473 
- 1.071C 

- 1.1201 
- 1.0952 
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'PABLE 10. 

Wing coefficients for /3 = 0.80 

md 

0 
+ 0.0058 

0.0165 
0.M87 
0.0412 
0.0536 
0.0654 
0.0767 
0.0575 
n.0980 
0.1085 

0.1404 

0.1191 
0.1297 

0.1511 
0.7618 
0.1725 
0.1833 
0.1941 
n . z n a  
0.2155 
0.2~59 
0.2361 

0.2554 
0.2645 
0.2729 

0.2944 
n.3003 
0.3055 

0.3138 

0.3220 

0.3263 

0.3280 

0.3300 

0.2459 

' 0.2807 
0.2879 

0.3099 

0.3370 
0.3197 

0.3238 
0.3252 

0.3272 

0.3286 
0.3293 

0.3309 

m:' 
-__ 

n 

n . m o  

0.0954 
0.1057 

0.1304 

t 0.0297 

0.0694 
0.0835 

0.1145 
0.1230 

0.1369 
0.1428 
0.1480 
0.1527 
0.1569 
0.1604 
0.7632 
0.1652 
0.1665 

0.1671 
0.1663 
0.1649 

0.1671 

0.1628 
0.1600 
0.1567 
0.1528 

0.1 435 
0.1484 

0.1383 
0.1329 
0.1274 
0.1219 
0.1164 
0.1111 
0.1060 
0.1011. 
0.0968 
0.0928 
0.0893 
0.0862 
0.0831 
n . m o  
n.oi9a 

0.0760 
0.0774 

lib' 

- 3.33 
- 2.98 
- 2.67 
- 2.43 
- 2.24 - 2.095 
- 1.966 
- 1.867 
- 1.795 
-1.751 
- 1.721 
- 1.690 
- 1.663 
- 1.642 
- 1.626 
-1.613 
- 1.604 
-1.598 
- 1.595 
- 1.593 
- 1.5929 
- 1.5931 
- 1.593s 

- 1.5965 

- 1.5994 

- 1.5950 

- 1.5980 

- 1.6006 
- 1.6014 
- 1.6018 

- 1.~007 
- 1.6016 

- 1.5992 
- 1.5971 
- 1.5945 
- 7.5918 
- 1.5892 
- 1.5864 
- 1.5837 
- 1.5812 
- 1.5789 

- 1.5757 
- 1.5749 
- 1.5747 
- 1.5755 

- 1 . m n  

7<b1' 

n 
+ 0.54 

0.69 
0.73 
0.73 
0.699 
0&56 
n . 1 ~ 4  
0.549 
0.511 

0.442 
0.479 

0.405 
0.369 
0.336 
0.305 
0.278 
0.254 
0.231 

0.1912 
0.1746' 
0.1601 
0.1472 
0.1358 

o m  

0.1259 
0.1172 

0.1028 
0.0967 

0.1095 

0.0912 
0.0855 
0.0804 
0.0750 
0,0694 
0.0635 
0.0570 
0.0497 
0.0418 
0.0334 
0.0244 
0.0150 

+ n.ooFii 
- 0.0052 
- 0.0158 
- 0.0267 

.Illb' 

+ 1.667 
1.472 
1.281 
1.140 

0.974 
0.916 
0.S65 
0.815 
0.767 
0.729 
0.702 

0.644 
0.618 
0.590 
0.559 
0.533 

1.045 

0.673 

o m  
0.481 
0.453 
0.4243 
0.5956 
0.35fi4 
0.3369 

0.2774 
0.2476 
0.2182 

0.1609 

0.1072 
0.0s21 
0.0584 

+ 0.0156 

0.3072 

0.1892 

0.1335 

0.0362 

- n.0030 
- o.ozon 
- 0.0353 
- 0.0490 
- n . n m  
- 0.0715 
- 0.0~06 
- 0.0882 
- 0.0946 

Illb" 

0 
- 0.335 
- 0.464 
- 0.525 
- 0.557 
- 0.550 
- 0.595 
- 0.6C8' 
- 0.623 

- 0.658 

- 0.687 

- 0.723 

- 0.759 

- 0.797 
- 0.815 

- 0.641 

- 0.672 

- 0.iO5 

- 0.742 

- 0.778 

- 0.832 
- 0.5483 
- 0.8642 
- 0.8790 
- 0.5925 
- 0.9044 
- 0.9146 
- 0.9230 
-- 0.9207 
- 0 . ~ ~ 4 5  
- 0.9375 

~- 0.9382 
- 0.93C3 

- 0.9288 
- n.9238 
- 0.917s 

- 0.93P7 

- 0.9331 

- 0.9114 
- 0.9044 
- 0.5972 
- n . s m  
- 0.~826 
- 0.8752 
- 0.8683 
- 0.8619 
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TABLE 12. 
Flap coefficients for T = 0.1 and p = 0.35. 

,7L; 

- 0.00601 
- 0.0059i 
- 0.0059:< 
- O . O O : ~ ~ O  
- 0 . 0 0 ~ 8 i  

.-n.nn:im 
- 0.00580 
- 0.00m 
- 0,00576 
- O.OOii5 
- 0.005i3 
- 0.005'i2 
-.o.O05il~ 
- 0.00570 
- o.nox9 
- o.on568 
- 0.00768 
- O.OO5ifii 
- O.nO5,fiG 

- O.O@j@Z 
- 0.00565 
- 0.00564 
- 0.00764 
- o.n@i64 
- 0.0056;i 
- 0.00~fX3 
-o0.0n5f.? 
- o.nnm 

- 0.00;84 

- n.oo5ififi 

- 0.0056? 
- O.nO5W2 
- 0,00562 
- 0.00562 
- 0.00562 
- 0.00562 
- o.no562 
- O.OkW2 
- o.on5i(ii 
- 0,00561 
- o.nom 
- 0.00561 
- 0.00561 
- 0.00561 
- 0.005G1 
- o.no56i 
- 0,00561 

Gl 
GI 

- 0.00561 
- 0.00561 

0 

0 
0.02 
n 04 

1 7b: 

0 + 0.00002 
- o.onooi 
- n.onoo4 
- 0.00008 

-0.00019 
- 0.00025 
- 0.00031 
- 0.00037 
- 0.00043 
- 0.00049 
- 0.00055 
- 0.00061 
- 0.0006i 
- 0.0007:3 
- 0.00080 
- 0.00087 
- 0.00093 
- 0.00099 
- o.noio5 
-0.00112 
-0.001 18 
- 0.001 24 
- 0.00~130 
- 0.001 3 i  
- 0.00153 
- 0.00149 
- 0.00155 
- o.noI6i 

- 0.0001:3 

- 0.00168 
- 0.001i4 
- 0.00180 
- 0.00186 
- 0.00192 
- 0.00198 
- o.00204 
- 0.00210 
- 0.00216 

- 0.00229 
- 0.00235 
- 0.00241 
- 0.00247 
- 0.00253 
- 0.00259 
- 0.00265 
-0.00271 
-0.00278 
- 0.00284 
- 0.00290 

- 0.00222 

~ . .  
0.06 ~ 

0.08 
0.10 
0.12 
0.14 
0JG 
0.18 

0.22 
0.24 
0.26 
0.28 
0.30 
0.32 
. o s  
0.36 
0.38 
0.40 

0.20 

0.42 
0.44 
0.46 
0.48 
0.50 
0.32 
0.54 
0.56 
0.58 
0.60 
0.62 
0.64 
0.66 
0.68 
0.70 
0.72 
0.74 
0.76 
0.78 
0.80 
0.82 
0.84 
0.86 
0.88 
0.90 
0.92 
0.94 
0.96 
0.98 
1.00 

h./ 

- 0.845 1 
- 0.8098 
- O.ii39 
- 0.i406 
- O.i~l05 
- 0.6830 
- 0.6598 
- 0.6388 
- 0.6202 

- 0.5896 
- 0.5i6T 
- 0.5G32 
- 0.554i 
- 0 3 5 4  
- 0.3370 
-05293 
- 0.5224 
- 0.5160 
- 0.5 I03 
- 0.5071 

- 0.4959 
- 0.4920 
- 0.4884 
- 0.4851 

- 0.4792 
- 0.4766 
- 0.4742 

- 0.4700 
- 0.4682 
- 0.4666 
- 0.4651 
- 0.4637 
- 0.4624 
- 0.4612 
- 0.4602 
- 0,4593 
- 0.4585 
- 0.4578 
- 0.45T2 

- 0.4560 
- 0.4.5.55 
- 0.4551 
- 0.4.548 
- 0.4546 
- 0.4545 
- 0.4.545 

- 0.6040 

- n.5oo:j 

- 0.4~20 

- n."i 

- 0.4566 

li," 

n + 0.0710 
0.107:3 
'0.1304 
0.1446 
0.1530 
0.1577 
0.1599 
0.1603 
0.:1593 
0.1576 
0.1552 
O. lZ3  
0.1490 
0.1k76 
0.1420 
0.138i 
0.1348 
0.1311 
0.1273 
0.1237 
0.1201 
0.1 167 
0.1133 
0,1099 
o.in@i 
0.103.5 
0.1005 
0.097.5 
0~0945 
0:Ogl.i 
n.0889 
n.0862 
0.0836 
0.0811 
0.0766 
O.Oi6'2 
0.0739 
O.Oi'l6 
0.0694 
n.nfi'i.1 
0.0653 

0.0614 
0.0595 
0,0577 
0.0559 
0.0743 
0.0526 

0.0495 

0.0633 

o o m  

+ n . o a  
0.0379 
0.0198 + 0.oo::o 

- 0.0124 
- n.vm 
- 0.0386 
- 0.0494 
- 0.0589 
- 0.0674 
-0.0749 
- 0.0818 - 0.0879 - n 093: 
- 0.09qs - 0.1032 - 0.107.5 - 0.1 113 
- 0.1149 
-0,1182 
-0.1213 
- 0 1241 
- 0.1267 
-01292 
-01:114 
- 0.1336 
-0.1356 - 0.1375 - 0.1393 
--0.1110 - 0.1426 
-0.1441 
~- 0.1455 
~- 0.1469 - 0.1 483 - 0.1495 
- 0.1507 

- 0.1530 - 0.1541 

- n . i m  

- n ~ i x  . . ~  ~ - 0.156" 
- n.i.?iz - 0.1582 
-0.1591 
- 0.1600 

- 0.1618 
- 0.1626 
- 0.1 634 
- 0.1641 

- 0.1609 

n1d' 

n 

- n.07i.r 
- 0.0806 
- 0.08F8 
-0.0911 
- 0.0941 
- 0.0961 
- 0.09i4 
- n nwn ~ . . ~  ~ 

- 0.0989 
- 0.0991 
- 0.0992 
- 0 0992 
- 0.0990 

- 0.0986 
- 0.0985 
- 0.0984 
- O.ODfi2 
- 0 0981 
- 0.098(J 

- 0.0978 
-- 0.0977 
- 0.0977 
- 0.0978 
- 0.0975 
- 0.0979 

- 0.0983 
- 0.0985 
- 0.0987 
- 0.0989 
- 0.0992 
- n nw5 

- 0.n9m 

- n.0979 

- 0.0981 

- 0.09% 
- 0.1002 
- O.lOO6 
-n. io io 
-0.1014 
- 0.101 9 
-n.i024 
- n ~ i n a  
- 0,1034 
- 0.1039 
-0.1045 
- n.io5i 
- 0.1057 
- 0.1 063 

n,: 

0 
0 
0 

0 
n 

+ o.noooi 
o.oonoi 
o.ooon4 
o.ooon9 

0.00002 

0.00006 

0.00012 
0.0001.5 
0.0ooi9 
0.00023 
0.00028 
0.0003:: 
0.00038 

0.00050 
0.0003i 
0.00064 

o.00044 

n.ooo7i 
n.ooni9 
o.noo87 
0.00095 
0.00104 
0.00114 
0.00124 
0.00134 
0,001&5 
0.00156 
n.on.ic,i 
0.00179 
0.001 91 
o.oo2n3 
0.onzfi 
o .onm 
0.00243 
0.00258 
0.00273 
0.00%88 
0.00304 

0.003SN 
0.00352 
O.OO3fi9 
0.00387 

0.00423 
0.00441 

0.00320 

0.00405 

%" 

0 - 0.0000~ 

- 0.00016 - 0.00019 
- 0.00022 - o.ono25 - 0.00028 - o.non:<o - 0.000:33 - o.oonsti - 0.00038 - 0.00041 - 0.00044 - 0.00045 - 0.00050 
- 0.000.',2 - 0.00055 
- 0.OOOi i  - o.ono59 - n.ono(ii - 0.00064 
- 0.000.6G - aoonm - 0.000i2 - 0.00074 - 0.000T7 
- 0.000RO - 0.00083 - 0.00085 
- 0.00088 

- 0.00094 
- 0.00097 

- 0.00103 
- 0.00106 

- 0.00112 
-0.00115 

- 0.00126 

- 0.00134 

__- __- 

- o.onoo9 - n.onoi:j 

- o.noo91 

- 0.001 on 

- 0.001 09 

- o.noii8 
- o.no122 

- 0.001.30 

- 0.00138 
- 0.00142 
- 0.00146 
- 0.00150 
- 0.0015.5 

%' 

- 0.00234 
- 0.00224 
- O.O02,l?I 
- 0.002n7 
- 0,00199 
- 0.001 92 
- 0.noitx 
- 0.001i9 
- 0.00174 
- 0.00169 
- 0.001 64 
- 0.00159 
- 0.00.1 54 
- 0.00150 

- 0.00142 
- 0.001 38 
- 0.00134 
-0.00130 
- 0.0012G 
- 0.00122 
- 0.00:118 
- 0.001 14 
- o.onio9 
- o.noio:, 
-0.00101 
- o.oon9fi 
- o.onoo2 
- 0.00087 
- 0.00083 
- 0.00078 
- o.00074 
- n.oonm 
- 0.00064 
- 0.00059 
- 0.00054 
- 0.00049 
- n.non44 
- o.noo39 
- 0.000:33 
- a00028 
- 0.00022 
- 0.0001 6 
- 0.0001 1 
- 0.00005 

0.00007 

0.00019 
0.00025 

- 0.00146 

t o.00001 

0.00013 

0.00032 

no" 

- 0.00001 
- 0.0OOOi 
- 0.000 l i  

- 0.00045 
- 0.00061 
- 0.000iT 
- 0.00094 

- 0.00128 
- 0.00 14i 

- 0.001i9 
- 0.001 9 i  
- 0.00215 
- 0,00233 
'- 0.0025'1 
- 0,00269 
- 0.00287 

- 0.00322 

- 0.003Sd 
- 0.003iG 

- 0.0041 2 
- 0.00430 
- 0.00448 
- 0.00466 
- 0.00484 
- 0.00502 
- 0.005220 
- 0.00738 
- 0.00556 
- 0.00.375 
- 0.00593 
- 0.0061 1 
- 0.00629 
- 0.00G48 
- 0.00667 
- 0.00fi86 
- 0.00704 
- 0.00i2.1 
- 0.00742 

- 0.00798 
- 0.00817 
- 0.00836 
- 0.00854 

n 

- n.ooo3i 

- 0.001 12 

- o.noi(i2 

- o.on:3o4 

- o.00340 

- n.oo:w 

- 0.00761 
- n.oo'im 
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Flap coefficients for  i = 0.1 and /3 = 0.70, 
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TABLE 16. 
Flap coeffieienas for  ~ = 0 . 1  and p =0.80 
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Flap coefficients for 7 =0.2 and p=0.50. 
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0.88 
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0.94 
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+ 0.1644 
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- 0.04190 
- 0.04308 
- 0.04426 - 0.04544 
- 0.04662 

- 0.04073 

- n n47m . . . . . - - 
- 0.04900 
- 0.05020 
- 0.0.5140 
- 0.05260 

7Cr' 

- 0.02i14 
- o . o 2 m  
- 0.0263i 
- 0.02602 
- 0.02x2 
- 0.02547 
- 0.0225 

- 0.02490 
- 0.02506 

- 0.02476 
- 0.02464 
- 0.02454 
- 0.0244(i 
- 0.024:3s 
- 0.02433 
- 0.02426 
- 0.0'2421 
- 0.02417 
- 0.02413 
- 0.02109 
- 0.02406 
- 0.02404 
- 0.02402 
- 0.02400 
- 0.02399 
- 0.02398 
- 0.02397 
- 0.023% 
- 0.02396 
- 0.02395 
- 0.02395 
- 0.02395 
- 0.01395 
- 0.02396, 
- 0.02397 
- 0.02398 
- 0.02399 
- 0.02400 
- 0.02402 
- 0.02403 
-0,02405 
- 0.0240G 
- 0.02405 
- 0.02410 
- 0.02412 
- 0.02414 
- 0.02416 
- 0.02418 
- 0.02421 
- 0.02423 
- 0.02426 

ne'' 

0 + 0.00020 + 0.00006 

- 0.00063 
- 0.00107 
- 0,00155 
- 0.00205 
- 0.00256 
- 0.00308 

- 0.00414 
- 0.0046i 
- 0.00520 
- 0.005i4 
- 0.0062i 
- 0.00680 
- 0.00733 
- 0.00i86 
- 0.00839 
- 0.00892 

- 0.0099i 
- 0.01049 
- 0.01101 
-0.01153 
- 0.01205 
- 0.01256 
- 0.01308 

- 0.01411 
- 0.01462 
-0.01513. 
- 0.01 564 
- 0.016:15 
- 0.01665 
- 0.0l i lG 
- 0.01767 
- 0.01817 
-0,01867 
- 0.01917 
- 0.01 967 
- 0.02016 
- 0.02066 
-0,0211G 
- 0.021.65 
- 0.02214 
- 0.02262 
- 0.02311 
- 0,02360 
- 0.02409 

- 0.00024 

- 0.00361 

- 0.00945 

- 0.01359 
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I ,,:.. i' TABLE 20. 
Flap coefficients f o r  7 = 0.2 and p = 0.60. .L .I 

0 
0.02 

0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 
0.32 
0.34 
0.36 

0.40 
0.42 
0.44 
0.46 
0.48 
0.50 
0.52 
0.54 
0.56 
0.58 
0.60 
0.62 
0.64 
0.66 
0.68 

0.72 
0.74 
0.76 
0.78 
0.80 
0.82 
0.84 
0.86 
0.88 
0.90 
0.92 
0.94 
0.96 
0.98 
1.00 

0.04 

0.38 

0.70 

- 1.3745 
- 1.2938 
-1.2132 
- 1.1406 
- 1.0770 - i j j j 23  
- 0.9758 
- 0.9365 
- 0.9034 

- 0.8505 
- 0.8752 

- 0.8286 
- 0.8093 
- 0.7923 - 0.7773 
- 0.7641 
- 0.7522 
- 0.7415 
- 0.7320 

- 0.7157 

- 0.7025 
- 0.6967 

- 0.7234 

- 0.7088 

- 0.6915 
- 0.6868 
- 0.6824 
- 0.6783 
- 0.6745 
- 0.6710 
- 0.66ii 
- 0.6647 
- 0.6618 
- 0.6590 
- n.6.m 
L 0.6538 
- 0.6512 

- 0.6462 

-0.6411 
- 0.6385 
- 0.6339 

- 0.648; 

- 0.6437 

- 0.6332 

- 0.6274 - 0.6244 

- 0.6303 

- 0.6212 
- 0.6179 
- 0.6144 
- 0.6108 

k: 

0 .+ 0.1534 
0.2254 

0.2862 
0.2966 
0.3005 
0.3003 
0.2975 
0.2930 

0.2808 
0.2140 
0.26i3 
0.2607 
0.2541 
0.24iF 
0.2414 
0.2354 
0.2296 
0.2242 
0.2191 
0.2143 
0.2098 
0.205.5 

0.1946 
0.1916 
0.1889 

0.182 i 
0.1804 
0.1789 
0.1777 
0.1766 
0.1758 
0.1752 
0.1748 
0.1747 
O.li46 

n . m i  

0.2873 

0.201 G o . m n  

0 . 1 8 ~  
0.1841 

0.1747 
0.1750 

0.1760 
0.1754 

0.1766 
0.1773 
O.li81. 
0.1791 
0.1801 

m: 

+ 0.1780 
0.1369 

0.0573 
0.0954 

+ 0.0233 
- 0.0063 
- 0.0317 
- 0.0536 
- 0.0723 
- 0.0887 
- 0.1034 
- 0.1168 
-0,1289 
- 0.1397 
- 0.1496 
- 0.1588 
- n . i m  
- 0.1752 
- 0.1826 
- 0.1895 
- 0.1962 
- 0.2026 
- 0.2086 
- 0.2144 
- 0.2200 
- 0.2254 
- 0.2307 
- 0.2339 

- 0.2459 
- 0.2509 
- 0.2556 
- 0.2606 
- 0.2654 
- 0.2701 

- 0.2409 

- 0.2748 

- 0.2841 
- 0.2888 
- 0.2934 
- 0.2980 
-0.3026 

- n.2795 

- 0.3072 
-0,3117 
-- 0.3163 
- 0.3208 
- 0.3254 
- 0.3299 
- 0.3343 
- 0.3387 
- 0.3430 

m:' 

n 
- i.0844 
- 0.1276 
- 0.1536 
- o.i'ion 
- 0.1 806 
- 0.1879 
- 0.1927 
- 0.1961 
- 0.1984 
- 0.2001 
- 0.2011 - 0.2019 
- 0.2026 

- 0.2037 

- 0.2048 
- 0.2053 

- 0.2075 
- 0.2082 

- 0.2032 

- 0.2043 

- 0.2060 
- o.zn68 

- o.zo9n 
- 0.2098 
- n.2106 

- 0.2133 

-0.2115 
- 0.2124 

- 0.2143 
- 0.2152 
- 0.2161 
- 0.2170 
-0.2179 
- 0.2187 
- 0,2195 

- 0.221 6 

- 0.2226 

- 0.2233 
0.2235 

- 0.2237 
- 0.2237 
- 0.2236 
- 0.2235 

- 0.2228 
- - 0.2223 

- o m 2  
- n.2209 

- n m i  
- 0.2230 

- 0.2232 

Itd 
0 

- n.onoo2 
- o.onno4 
- 0.oono.i 

- n.oono1 
i o.noonfi 
- 0.00005 

0.00015 
0.00027 
0.00042 
0.00059 
0.000i8 
0.00101 
0.00127 
0.00155 

0,00219 
0.00255 
0.00293 

o . n o m  

0.00334 
0.00377 

o.oo473 

n.oomfi 
0.00696 

o.no89:i 
0. on 9 61 

0.01108 

0.00423 

0.00525 
0.00579 

0.00758 
0.00823 

0.01033 

0.01 186 
0.01265 
0.01350 
0.01436 
0,01524 

0.01802 
0.01 90iJ 

0.02102 
0.02206 
0,02312 
0.02420 
0.02530 
0.02641 
0.02754 

aoifi i i  
n . o i m  

o.o2ono 

o.maio 

nd' 

- o.nnn30 
- 0.00057 
- 0.00080 
- o.onio2 

- o.nn16o 

- o.oni9ti 

- 0.00266 - 0.00284. 

- o.00321 
- 0.00340 

- - 
0 

- 0.00123 
- 0.00142 

- 0.00178 

- 0.00213 
- 0.00230 
- 0.00248 

- 0.00302 

.- 0.00:359 
- 0.00378 
- 0.00398 
- 0.0041Y 
- 0.00440 
- 0.00462 
- 0.00484 
- 0.0050s 

- 0.00585 
- 0.00612 

- 0.00670 

-0.0073.5 
- 0.00769 
- 0.00804 
- 0.00841 

- 0.00533 
- a00559 

- o.onfi4o 

- 0.00702 

- 0.00880 
- o.on92i 

- o.oinn8 

- n . n i i s  
- o.oi2n'i 

- ci.01381 

- n.01509 

-0,00964 

- 0.01054 
-0.OJ10R 

- 0.01263 
-0,01321 

- 0.01444 

- 0.01578 

ab' 

- 0.01590 

- 0.01341 
- 0.01279 
- 0.01226 
-0,01182 
- 0.01144 
- 0,01109 
- 0.01078 
-0.010.5.l 
- 0.0.102i 
- 0.0.1005 
- 0.00983 

- 0.00946 
- 0.00928 
- 0,00911 
- 0.00895 
- 0.00880 

- 0.00852 
- 0.00838 
- 0.00826 

- o . o i ~ n n  
- 0.01415 

- o.on965 

- 0.0086fi 

- n.00814 
- o.noao2 
- 0.00790 
- o.ooi8n 
- o.ooi'in 
- o.noi61 
- n.oni53 
- O.OOi4i 
- 0.00741 
- 0.00735 
- 0,00730 
- 0.00727 
- 0.00i25 
- 0.00T24 

- 0.00726 
- 0.00729 

- 0.00738 

- 0.00762 

- 0.00724 

- 0.00733 

- n.nnw5 
- 0.00753 

- 0.00773 
- 0.00785 
-0.00798 
- 0.00812 
- 0.00828 

nb" 

0 + 0.00036 
- o.nono3 
- 0.00074 
- n . n o 1 6 ~  

- 0.00480 

- n.oo'io'i 

- o.noo:3!~ 

- 0.00261 
- 0.00369 

- 0.00398 

- 0.00823 

- 0.01055 
-OO.O11$1 
- 0.01288 
- 0.01406 
- 0.01525 
- 0.01644 
- 0.01763 
- 0.01 883 
- o.02003 
- 0 . m  24 
- 0.02245 
- 0.02366 
- 0.02488 
- 0.02610 
- 0.02i32 
- 0.02855 
-0.029i8 
- 0.03102 
- 0.03227 
- 0.0T353 
- 0.03479 

- 0.03732 

- 0.03986 
- 0.0411 3 
- 0.04240 
- 0.04368 

- 0.03605 

- 0.03859 

- 0.04495 
- 0.04622 - 0.04i49 
- 0 U4876 

- 0.0.5129 

- 0.GS80 
- 0.0:505 
- 0.05630 

- 0.05003 

- o m 5 r i  

- 0.~5754 

a,' 

-- 0.0'2938 
- 0.0286s 
- 0.02841 - 0.02801 

-0.02738 
- 0.02714 
- 0.02695 
-0.02680 
- 0,02667 
- 0.02656 
- 0.02648 
- 0.02642 
- 0.02637 
- 0.0'653 

- 0,02627 
- o.o26y;5 
- 0.02624 
- 0.02625 
- 0.02626 
- 0.02627 
- 0.02629 
- 0.02632 
- 0.02635 

- 0.02767 

- 0.02630 

- 0.02655 
- 0.02660 
-0.CI"GE 
- 0.02670 
- n 0 x 7 5  
- 0.0'2681 
- 0.0268i 
- o.ir2ssn 
- 0.02.ioo 
- 0.02706 
- 0.02712 
- 0 0271 I) ~. 
- 0.02726 
- 0.02733 
- 0.02i40 
- 0.02i46 
- U.02753 
- o.Ci'27:&l 
- 0.d2TG5 
- 0.F277 I 
- 0.@2177 
- 0.02782 

n;' 

0 + 0.00032 + 0.00018 
- 0.00017 
- 0.00061 
-oo.oolll 

- 0.002iF 

- 0.00390 
- 0.00448 
- 0.00506 
- 0.00564 

- 0.00678 
- 0.00i35 

- 0.00847 
- 0.00903 
-0.00959 
- 0.01014 
- 0.01069 

- O.Oll79 
- 0.01233 
- 0.0128:, 

-0,01392 
-0.0144CI 
- 0.01497 

- 0.01601 
- 0.01652 
- 0.01703 
- 0.01 754 

- 0.018.54 
- 0.01903- 

- 0.02001 

- 0.0209i 

- 0.02190 

- 0.02'283 
- 0.02329 
- 0.02376 
- 0.w2422 
- 0.0246i 

- 0.00164 
- n.on22o 

- 0.00333 

- n.ooe21 

- 0.00791 

- n.01124 

- o.0133~ 

- n . n i m  

- 0.01804 

- n . o i m  
- 0.02049 

- o.oL'i44 

- 0.02236 

-3 
m 
0 



0 

0 
0.02 
0.04 
0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 
0.32 
0.34 
0.36 

. 0.38 
0.40 
0.42 
0.44 
0.46 
0.48 
0.50 
0.52 
0.54 
0.56 
0.58 
0.60 
0.62 
0.64 
0.66 
0.68 
0.70 
0.72 
0.74 
0.76 
0.78 
0.80 
0.82 
0.84 
0.86 
0.88 
0.90 
0.92 
0.94 
0.96 
0.98 
1 .oo 

k/ 

- 1.5398 
- 1.4239 
- 1.3116 
- 1.2134 
- 1.1291 
- 1.0583 
- 0.9996 
-0,9511 
- 0,9112 
- 0.87i9 
- 0.8488 
- 0,822i 
- 0.i996 
- 0.7792 
- 0.7614 
- 0.7435 
- 0.731 1 
- 0.i179 
- 0.7055 
- 0.6940 
- 0.6834 
- 0.6i34. 
- 0.6640 
- 0.6549 
- 0.6461 
- 0.6375 
-0,6291 
- 0.6209 
- 0.6127 
- 0.6045 
- 0.5063 
- 0.5881 
- 0.5797 
- 0.5i13 
- 0.5627 
- 0.5540 
- 0.5452 
- 0.5363 
- 0.5273 
- 0.5181 
- 0.5089 
- 0.4996 
- 0.4902 
- 0.4808 
- 0.4714 
- 0.4620 
- 0.4527 
- 0.4435 
--'0.4344 
- 0.42.54 
- 0.4167 

0 + 0.2111 
0,3047 
0,3516 
0 3 3 3  
0.3818 
0.3836 
0.3814 
0.3774 
0.3722 
0.3660 
0.3590 
0.3718 
0.3449 
0.3387 
0.3332 
0.3281 
0.3232 
0.3186 
0.3144 
0.3106 
0.3072 
0.3042 
0.3015 
0.2992 
0.2972 

' 0.2954 
0.2938 
0.2924 
0.2913 
0.2904 
0.2894 
0.2883 
0.2873 
0.2862 
0.2850 
0.2837 
0.2822 
0.2806 
0.2787 
0.2765 
0.2739 
0.2710 
0.2678 
0.2644 
0.2606 
0.2562 
0.2515 
0.2464 
0.2408 
0.2349 

m,' 

+ 0.1994 
0.1402 
0.0815 + 0.0285 

- O.Oli9 
- 0.05i9 
- 0,0920 
- 0.12Oi 
- 0.1448 
- 0.1655 
- 0.1840 
- 0.2010 
- 0.2166 
- 0 2310 ~~ 

- 0.2442 
- 0.2565 
- 0.2681 
- 0,2790 
- 0.2894 
- 0.2993 
- 0.3089 
- 0.3181 
- 0.3269 
- 0.3355 
- 0.343i 
- O X 1 i  
- 0.3594 
- 0.3668 
- 0.3740 
- 0.3809 
- 0.3876 
- 0.3941 
- 0.4003 
- 0.4062 
-0.4117 
- 0.4170 
- 0.4220 
- 0.4265 
- 0.4306 
- 0.4344 
- 0.4377 
- 0.4406 
- 0.4431 
- 0.4452 
- 0.4468 
- 0.4481 
- n 4489 .. ~... 
- 0.4492 
- 0.4492 
- 0.4487 
- 0.4478 

TABLIG 21. 
Flap coefficients for ~ = 0 . 2  and B=Oo.70. 

0 
- 0.1151 
- 0.1700 
- 0.1999 
- 0.2160 
- 0.2248 
- 02298 
- 0.2322 
- 0.2333 
- 0.2335 
- 0.2327 
- 0,2313 
- 0,2293 
- 0.2274 
- 0.2256 
- 0.2236 

- 0.2196 
- 0.2173 
- 0.2149 
-0.2124 
- 0.2098 
- 0.2071 
- 0.2043 
- 0.2011 
- 0.1979 
- 0.1944 
- 0.1908 
-0.1869 
- 0.1828 
- O.li85 
-0.1740 
- 0.1F92 
- 0.1642 
-0.1589 
-0.1535 
-0,1478 ' 

- 0.1420 
- 0.1.359 
- 0.7297 
- 0.1233 
- 0.1168 
- 0.1103 
- 0.1036 
- 0.0969 
- 0.0901 
- 0.0833 - 0.0764 
- 0.0695 
- 0.0626 
- 0.0557 

- 0.2217 

nd 

0 
- 0.00002 
- 0.00006 
- 0.00006 
- 0.00006 
- 0.00001 + 0.000Oi 

O.OOOL9 
0.00033 
0.00051 
0.OOOil 
0.00094 
0.00120 
n.onia ~ . ~ . . ~  .. 
0.00182 
0.00217 
0.00255 
0.00296 
0.00341 
0.0038i 
0.0043i ~ . ~ .  
0.00490 
0.00545 
0.00603 
0.00665 
0.00728 
O.OOi95 
0.00864 
0.00936 
0.01010 
0.01086 
0.01 164 
0.01245 
0.01 328 
0.01414 
0,01502 
0.01 591 
0.07682 
0.01774 
0.0 I8 6 8 
0.01963 
0,02059 
0.021.56 
0.02254 
0.02353 
0.02453 
0.02.554 
0.02657 
0.02761 
0.02866 
0.02972 

h'? 

0 
- 0.00033 
- 0.00062 
- 0.00087 
- 0.00109 
- 0.00131 
- 0.00152 
- O.OOl'i2 
- 0.00192 
- 0.00212 
- 0.00232 
- 0,00252 
- 0.00271 
- 0.00291 
- 0.00313 
- 0.00336 
- 0.00358 
- 0.00381 
- 0.00405 
- 0.00429 
- 0.00454 
- 0.00482 
- 0.0051 1 
- 0.00540 
- 0.00.iil 
- 0.00603 
- 0.00637 
- 0.00672 
- 0.OOi10 
- 0.00750 
- 0.00792 
- 0.00836 
- 0.00882 
- 0.00930 
- 0,00981 
- 0.01034 
- 0.01089 
- 0.01147 
-oo.01207 
- 0.01 2iO 
- 0.01335 
- 0.01403 
- 0.01 474 
- 0.01 547 
- 0.01622 
- 0.01700 
- 0.01780 
- 0.01862 
- 0.01947 
- 0.02034 
- 0.02123 

- - ma' 

- 0.01787 
- 0.01656 
- 0.01543J 
- 0.01451 
- 0.013ii  
- 0.01317 
- 0.012li9 
- 0.01228 
- 0.01193 
- 0.01165 
- 0.01140 
- 0.0111i 
- 0.0109i 
- 0.010i9 
- 0.01064 
- 0.01050 
- 0.01038 
- 0.01029 
- 0.01020 
- 0.0101 3 
- 0.01007 
- 0.01004 
- 0.01001 
- 0.01000 
- 0.01001 
- 0.01003 
- 0.01006 
- 0.01013 
- 0.01022 
- 0.01032 
- 0.01045 
- 0.01060 
- 0.01Oi6 
- 0.01 094 
- 0,01115 
- 0.01 1 3 i  
- 0.01161 
- 0.01 187 
- 0.01215 
- 0.01244 
- 0.01275 
- 0.01306 
- 0.01339 
- O.O13i:3 
- 0.01407 
- 0.01443 - 
- 0.01478 
- 0.01513 
- 0.01548 
- 0.07583 
- 0.0161.7 

ng" 

0 + 0.OOOiO + 0.00025 
- 0.00062 
- 0.00.lil 
- 0.00291 
- 0.00418 
- 0.00546 
- 0.006i7 
- 0.0080!) 
- 0.00942 
- 0.010i6 
-0.01211 
- 0.01345 
- 0.01480 
- 0.01 615 
- 0.01751 - 0.01887 
- 0.02022 
- 0.02158 
- 0.02295 
- 0.02433 
- 0.02573 
-0.027l1 
- 0.02850 
- 0.02958 
- 0.03129 
- 0.03268 
- 0.03407 
- 0.03546 
- 0.03685 
- 0.03824 
- 0.03962 
- 0.04099 
- 0.04237 
- 0.04372 
- 0.04505 
- 0.04636 
- 0.04766 
- 0.04894 
- 0.05020 
- 0.05143 
- 0.05266 
- 0.05385 
- 0.05502 
- 0.05617 
- 0.05731 
- 0.05842 
- 0,05951 
- 0.06058 
- 0.06163 

n,' 

- 0.03291 
- 0.03220 
- 0.03157 
- 0.03107 
- 0.0306i 
- 0.03036 
- 0.03012 
- 0.02994 
- 0.02980 
- 0.02970 
- 0.02964 
- 0.02960 
- 0.0295s 
- 0.0'2957 
- 0.02959 
- 0.02962 
- 0.02967 
- 0.02973 
- 0.02979 
- 0.02986 
- 0.02994 
- 0.03002 
- 0.03010 
- 0.03020 
- 0.03029 
- 0.03039 
- 0.03049 
- 0.03060 
- 0.03070 
- 0.03082 
- 0.03093 
- 0.03104 
- 0.03114 
- 0.03124 
- 0.03134 
- 0.03143 
- 0.03152 
- 0.03161 
- 0.031 69 
- 0.03176 
- 0.03383 

0.03190 
- 0.031.96 
- 0.03201 
- 0.03206 
- 0.03210 
- 0.03213 
- 0.03215 
- 0.03217 
- 0.03219 
- 0.03220 

n:' 

0 + 0.00052 + 0.00035 
- 0.00004 
- 0.00060 
- 0.001 20 
- 0.00183 
- 0.00247 
- 0.0031 1 
- 0.00376 
- 0.00440 
- 0.00,504 
- O.O05(iS 
- 0.00630 
- 0,00692 
- 0.00753 
- 0.00814 
- 0.0OSi.1 
- 0.00933 
- 0,00991 
- 0.01 048 
- 0.011 05 
- 0 O l l f i l  

~~ . 
- 0.0121G 
- 0.01 271 
- 0.01324 
- 0.013i6 
- 0.01428 
- 0.01479 
-0,01529 
- 0.01578 
- 0.01626 
- 0.016i4 
- 0,01721 
- 0.01767 
- 0.01813' 
- 0.0185R 
- n n i  sn5 .-_._ 
- 0.01947 
- 0.02991 
- 0.02035 
- 0.02079 
- 0.02123 
- 0.02166 
- 0.02209 
- 0.02252 
- 0.02295 
- 0.02339 
- 0.02383 
- 0.02428 
- 0.02473 



TABLE 22. 
Flan coefficients f o r  T = 0.2 'and /3 = 0.80. . -  

0 
0.02 
0.04 
0.06 
0.08 

0.12 
0.10 

0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 
0.32 

0.36 
0.38 
0.40 
0.42 
0.44 
0.46 
0.48 
0.50 
0.52 
0.54 
0.56 
0.58 

0.62 
0.64 
0.66 
0.68 
0.70 
0.72 
0.74 
0.76 
0.78 

0.82 
0.84 
0.86 
0.88 

0.34 

0.60 

0.80 

0.90 

k,' 

- 1.8327 
- 1.651 
- 1.446 
- 1.263 
- 1.141 
- 1.0645 

- 0.95.50 
- 0.9036 

- I . o m  

- n 8557 
- 0.8123 
- 0.7744 

- 0.7138 
- 0.6887 
- 0.6658 

- 0.7420 

- 0 13444 
- 0.6239 

- 0.5845 
- 0.6039 

~~ 

- 0.5658 

-0.~298 
- 0.5476 

- 0.5126 
- 0.4959 
- 0.4798 
- 0.4643 
- 0.4496 
- 0.4357 
- 0.4227 
- 0.4im 
- 0.3996 

- 0.3807 
-0.3730 
- n.3663 
- 0.36011 
- 0.3566 
- 0.3534 
- 0.3573 
- 0.3503 
- 0.3503 
-n 2512 

- 0.3896 

. 
- 0.3534 
- 0.35fi5 
- 0.3607 

k," 

0 + 0.3330 
0.4617 
0.5114 
0.5247 
0.5227 
0.5153 
0.5063 
0.4976 
0.4894 
0.4810 
0.4719 

0.4535 
0.4622 

0.4459 
0.4388 
0.4318 
0.4247 

' 0.417; 
0.4101 
0.4026 

0.3874 

0.3708 

0.3518 

n.39;ii 

0.3793 

0.3617 

0.3412 
0.3300 

0.292'i 

0.3181 
0.3056 

0.2795 
0.2658 
0.2.519 
0.2378 
0.2236 
0,2095 
0.1955 
0.1818 
0.1 G85 

0.1439 
0.1558 

0.1330 
0.1232 
0.1147 

m ,' 
~~ 

+ 0.2373 
0.1347 

- 0.0453 
- O.llG0 

- 0.2262 
- 0.2676 

- 0.3284 

- 0.3T51 
- 0.3961 
- 0.41.70 

- 0.4475 
- 0.4613 
-0.473F 
- 0.4844 
- 0.4938 
- 0.5013 

-05120 

- 0.5162 

+ 0.0383 

-0.176i 

- 0.3010 

- 0.3526 

- 0.4321 

- 0.5074 

- 0.5149 

- 0.5159 
- 0.5140 
-no.5i05 

- 0.4914 
- n m : i  

- 0.4504 

- 0,5055 
- 0.4991 

- 0.4726 
-0,4619 

- 0.4383 
- 0.4260 
- 0.4134 
- 0.4009 
- n . 3 ~ ~ 3  
- n m i .  
- 0.3640 
- 0.3522 
- 0.3405 
- 0.3287 
- 0.3169 

m:' 

n 
- 0.1800 
- 0.2524 
- 0.2822 
- 0.2901. 
- 0.2882 
- 0.2828 
- 0.2752 
- 0.2669 
- 0.2584 
- 0.2484 
- 0.2368 
- 0.2240 
- 0.2111 

- 0.1842 
- 0.li00 
- 0.1549 

- 0.1 978 

-n,1392 
- n . m i  
- o.n9no 

- 0.05~2 

- 0.0226 - o . o m  

- 0.1067 

- 0.0732 

- 0.0393 

+ 0.0095 
o m 4 7  
0.0391 
o.o52i 
0.0651 
0.0763 
0.0864 
0.0952 o . i m  

0.1196 
o . n n 5  
0.7 202 

0.1089 
0.1138 
0.1173 

0.1186 
0.S1~59 
0.1122 
0.1074 

n/ 

0 

=- 

- 0.00004 

- 0.00010 
- 0.00006 + 0.00001 

0.00047 

0.00095 
0.00124 
0.001 57 

- o.00007 

o.ooni3 
n.oooz8 

0.00069 

.o.on192 
0.00231 
0.002n 

n.nn3~8 
0.00319 

0.00419 
0.00474 
0.00531 
n.on:ig~ 
0.00653 
n.onii8 
o.onn4 
0.00552 
0.00922 
0.00994 
0.01067 
0.01142 
0.01218 
0.01296 
o.ni375 
0.01455 
0.01536 
0.0'1 618 
aoi'ioz 
0.01787 
0.01873 
o.ni9fii 
0.02051 
n.mi42 

n . n m 9  

0.02524 

0.02235 

0.02426 

.. .. . 

0 
- 0,00035 
- 0.00068 
- 0.00096 
- 0,00122 

- 0.00170 
- 0,00194 

- 0.00266 
- 0.00293 
- 0.00318 
- 0.00346 

- o.oni46 

- n .0021~  
- 0.00241 

- 0.003i5 
- n . n o m  
- 0.00438 
- 0.004il 

- o.no582 
- n.nn624 
- 0.0066T 
- 0.0071 3 
- o.o"i 
- 0,00812 
- 0.008G 
- a00920 
- 0.00978 
- 0.01038 
- 0.011no 
-0,01164 
- 0,01230 
- 0.01298 
- 0.01368 
- 0.01440 
- o . m i  3 

- 0.01744 

- 0.01 908 

- 0.02271 

- 0,00506 
- 0.00543 

- 0.01588 
-0.01665 

- 0.01 825 

- 0,01993 
- 0.020R2 
- 0.02175 

nd 

- n n z i m  -. 
-n0.o19i3 
-0.01748 
- 0.01623 
- 0.01534 

- o.oi420 
- 0.01467 

- 0.01380 
-0Ol.?.il 
- o . o i m  
- 0.0131 i 
- 0.01 298 
- 0.01 290 
- 0.01286 
- 0.01286 

- 0.01360 
- 0.01385 
- 0.01 41 4 

- o.ni4'i9 

- n 01596 

-no1683 

- 0.01445 

-oo.01515 
- 0.01 554 

- 0.01 639 

- o.ni'i2s 
- 0.01 774 
- 0,01820 
-001865 
- o.ni9m 

- 0.01 996 
- o 02037 

- 0.01953 

nb" 

n + o.ooi2i + 0.00063 
- 0.00076 
- n.no2o'i 

- 0.00525 

- o . n o m  
- 0.01 177 

- 0 00365 

- 0.00G88 

- 0.01014 

- 0.01 340 
- 0.01504 
- 0.01 667 
- 0.01831 
- 0.01995 

- 0.02320 

- 0,02644 

- 0.02963 

- n.om'i 
- 0.02483 

- 0.02804 

- o.03120 

- 0.03427 
- 0.03275 

- 0.03577 
- 0.03724 
- 0.03869 
- n.04011 
- 0.04149 

- 0.04416 
- 0.0454~i 
-n0.o4(i7i~ 

- n.nm4 

- o.nrnfi5 

- a o m 4  

- n . n m 9  

- 0.06060 

- 0.04284 

- 0.04795 
-0.04916 

- 0.05150 

- 0.05379 
- 0.05492 

- 0.057lfi 

- 0.05944 

- 0.03917 
- 0.0380 I 
2 0.03709 
- 0.03643 
- 0,03595 
- 0.03564 
- 0.03544 
- 0.n3534 ~~ 

- n.03529 

- 0.03535 
- 0,03530 

- 0.03543 

- n.03m 
- o.n3r,80 

- o . n 3 m  

- 0.03~48 

- 0.03682 
- 0.03698 
- n n w i g  

- 0.03553 

- 0.03596 

- 0.03630 

- 0.03665 

. . 
- 0.03727 

- 0.03752 
- 0.03762 

- 0.03740 

- 0.03i71 
- 0.03779 

- n.n3wo 
- 0.03797 

- 0.03785 

- 0.03794 

- 0.03799 
- 0.03801 

- o.o38m 
- 0.03807 

- n.03814 

- 0.03803 

- 0.03810 

- 0.03871 

n," 

0 + 0.00092 
o.onn(iG + omon6 

- o.00066 
- n.noi4j 
- 0.00223 
- n.nmoi 
- o.no376 
-0.00451 
- 0.00522 
- n . n o m  
- 0.00659 
- 0.00725 
- n.nnm'i 
- 0.00845 
- 0.00905 
- 0.00961 
- 0.01014 
- 0.01065 
- o . m i 4  
- n . o i m  
- 0.01208 
- 0.01253 
- 0.01297 
- 0.01 340 

- 0.01425 
- 0.01383 

- n . o i m  
- n.oir,io 

- 0.01644 

- 0.01790 

- 0.02008 
- 0.02066 
- 0.02 I 25 
- 0m1 84 

- 0.02339 

- 0.01.554 
- 0.01598 

- 0.01 691 
- 0.01740 

-0.01842 
- 0.01896 
- 0.01951 

- 0.02243 
- 0.02302 



~ ~~ 

TABLE 23. 
Flap coefficients f o r  ~ = 0 . 3  and p=0. 

n 
n.02 
0.04 
0.06 
o m  
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 

0.28 
0.30 
0.32 
0.34 
0.36 
0.38 
0.40 
0.42 
0.44 
0.46 
0.48 n.:in 
0.52 
0.54 

0.60 

0.64 

0.70 
0.72 
0.74 
0.76 
0.i8 
n.an 

' 0.82 
0.84 
0.86 

n.90 
0.92 
0.94 

0.98 
1.00 

0.26 

0.56 
0.58 

0.62 

0.66 
0.68 

0.88 

0.96 

k,' 

- 1.3215 
- 1.2744 
- 1.2270 
- 1 .I832 ~ .~~ 
- 1.1436 

- 1.0i64 

- 1.W226 

- 1.1081 

- 1,.04sn 

- n.9999 
- 0.9794 

- n.'ien 
- 11.7~21 
- n.7773 
- 0.i726 

- 0.7508 
- 0.7467 

- 0.73~8  
-- 0.7349 
- n . 7 m  
-- n . 7 m  

- 0.74227 

- n.ma 
- n . i m  
- n.ii58 

- n.iom 
- 0.7046 

- 0.7121 

l i l t  

n 

m4 

- n 177fi 

... .., 
- 0.1928 
- 0.1 948 

- n.inso 
- n.zni2 
- 0.2034 
- 0.2055 
- 0.2077 
- n.zinn 

- 0.1%9 

n," n," 



TA'BLE 24. 
Plan coefficients for T = 0.3 and i3 = 0.35 

0 
0.02 
0.04 
0.06 
0.08 
0.10 

0.14 

0.18 

0.22 
0.24 

0.30 

0.34 
0.36 
0.38 

0.12 

0.16 

0.20 

0.26 
0.28 

0.32 

0.40 
0.42 
0.44 
0.46 
0.48 

0.52 

0.56 

0.50 

0.54 

0.58 
0.60 
0.62 
0.64 

0.68 
0.70 

0.74 

0.78 
0.80 
0.82 

0.90 

0.96 

1.00 

0.66 

0.72 

0.76 

0.84 
0.86 
0.88 

0.92 
0.94 

0.98 

kd 

- 1.3526 
- 1.2942 
- 1.2405 
- 1 1922 
- 1.1495 
- 1.1118 

- 1.0242 

- 0.9817 
- 0.9638 
- 0.9477 
- 0.9333 
- 0.9204 

___ 
- 1.1407 

- 1.0787 
- 1.0497 

- i.0017 

- n.9090 
- 0.8986 

- 0.8805 - 0.8727 

- 0.8593 
- 0 .~535  
- 0.8482 
- 0.8434 

- 0.8316 

- 0.8255 - 0.8229 
- 0.8206 

- 0.8891 

- 0.8657 

- 0.8391 
- 0.8352 

- 0.8284 

- 0.8186 
- 0.8167 
- 0.8151 
- 0.8137 

- 0.8116 
- 0.8126 

- n.aos 
- 0.8102 
- 0.8097 
- 0.8095 
- 0.8094 
- o m 9 5  
- 0.~097 - o.8inn 

- n.8109 
- n m 5  

- 0.8104 

- 0.8122 

k," 

n + 0.1071 
0.1562 
0.1850 
0.1997 
0.2049 

0.1918 

0.1716 

0.2011 
0.1993 

0.1824 

0.1598 
0.1474 

n.1212 

o . n w  
o.osn9 
0.0674 
0.0540 
0.0408 

0.11145 + 0.0015 

- 0.0244 

- 0.0743 
- 0.0865 
- 0.09~6 
- 0.1106 
- 0.1225 

- 0.1460 
- 0.15v.i 

- o . i m  
- 0.1918 
- 0.2031 

0.1345 

0.1078 

0.0276 

- 0.0115 

- 0.0371 
- 0.0496 
- 0.0620 

- 0.1343 

- 0.1691 

- 0.2143 
- 0.2254 
- 0.2364 
- 0 2474 
- 0.2583 
- 0.2692 
- 0.2800 - 0.2907 
- 0.3014 
- 0.3121 

md 

+ 0.2G94 

0.1375 
0.1184 
o m 5  
0.0866 
0.0735 
0.0621 
0.0520 
0.0429 
0.0346 
0.0272 
o.0206 

0.0094 
0 . 0 ~ 6  

0.0147 

+ o.oom 
- n.003~ 
- n.0074 
- n.oim 
- 0.0136 

- 0.0187 
- 0.0209 

- om47  
- 0.0263 

- n . o m  
- 0.0303 
- 0.0314 
- 0.0323 
- 0.0331 
- 0.0335 
- 0.0344 
- 0.0350 
- 0.0355 
- o m 5 9  
- 0.0362 

- 0.0163 

- 0.0229 

- 0.0278 

- 0.0364 
- 0.0363 
- 0.0361 

- 0.0356 
- 0.0359 

m," . 

0 
- 0.0630 
- 0.0974 
- 0.1206 
- 11.1367 
- 0.1484 
- 0.1570 
- 0.1635 
- 0.1685 
- 0.1726 
- 0.1762 
- 0.1792 

- 0.1840 - 0.1861 
- 0.1882 
- 0,3903 
- 0.1923 

- 0.1965 

- 0.1817 

- n . i w  
- 0.1986 
- n.zoos 
- 0.2030 
- 0.2053 
- 0.2077 

- 0.2126 
- 0.2152 

- 0.2?06 

- 0.3263 
- 0.2292 
- 0.2322 
- n 2353 
- 0.2384 

- 0.244s 

- 0.2516 
- 0.2550 
- 0.2585 
- n.2621 
- 0 . 2 ~ 7  

- 0.2807 
- 0.2846 
- 0.2~85 

- 0.2101 

- 0.3179 

- 0.2234 

- 0.2416 

- 0.3482 

- 0.2694 
- 0.2731 
- 0.2769 

- 0.2925 

%' 

n 
- n.nnnn4 
- o.nnoos 
- o.oonns 
- 0.00002 +. o.nnnio 

- 0.00009 

0.03770 
0.03986 

0.06209 
0.06487 

%" - 

0 
- n.00073 
- n.ooi40 
- n.omoz 
- 0.00259 
- n.nn3i2 
- 0.00363 
- n.oo4ii 

- n.nn5ni 
- 0.00545 

- 0.00630 
- n.00671 
- 0.011712 
- 0.00754 
- 0.00795 
- 0.00836 
- 0.00877 
- n.00918 
- 0.00959 
- o.oinoi 
- 0.01044 
- 0.01087 
- n.nii30 
- 0.01173 
- 0.01217 
- 0.01262 
- 0.01308 

- 0.01402 
- 0.01451 
- o.01500 
- 0.01549 
- o.ni6nn 
- 0.01652 

- 0.01759 

-0.01931 
- 0.01992 
- n.mn54 

- o m 1  82 

- 0.023~5 
- 0.023~4 

- 0.02526 
- 0.0~599 

- 0.00457 

- 0.00588 

- 0.01354 

- 0.01705 

- 0.01815 
- 0.01872 

- 0.02117 

- 0.02248 

- 0.02454 

nk' 

- 0.03838 
- 0.03681 
- 0.03525 

- 0.03252 
- 0.03135 
- 0.03030 
- 0.0~936 

- 0.02772 

- 0.02633 
- 0.02572 
- 0.02512 
- 0.02454 
- 0.02399 
- 0.02346 
- 0.02294 
- 0.02243 
- 0:02192 

- 0.02093 
- 0.02044 
- 0.01 994 
- 0.01944 
- 0.01894 
- n.01844 
- 0.01794 

- n.nifin3 
- to1641 
-0.01 5x8 
- 0.m 51.5 

- 0.014~8 
- 0.m 374 
- o.m 31 
- n.nim3 
- n.01~16  
- o.ni i 48 
- 0.m nni 
- 0.01 na3 
- 0.nom 
- o.nwi6 
- 0.00857 
- 0.0070~ 
- o.no738 
- o.nn678 

- 0.00556 
- 0.00495 

- 0.03381 

-0,02851 

- 0.02699 

- 0.02142 

- 0.01744 

- 0.01482 

- 0.0061 7 

na" 

n + 0.00044 
- o.00051 
- n .nn~n5  
- 0.00391 
- 0.00602 
- n~nn8zx 
- 0.01065 
- 0.01310 

- n.01~15 
- 0.02071 

-no.nz588 
- 0.02849 
- 0.03iin 
- 0.03371 
- 0.03633 
- 0.03896 
- 0.04159 
- 0.04422 
- 0.04686 
-0.04950 
- 0.05215 

- 0.05744 
- o.06009 
- 0.06274 - 0.06540 
- n.06~07 
- 0.07075 
- 0.07343 
- 0,117,612 
- 0.07881 
- 0.08151 
- 0.08422 
- 0.08~93 
- 0.08965 
- 0.09238 

- 0.09786 - 0.1 0062 

- n.10615 
- 0.10893 
- 0.11172 

- 0.11733 
- o . i zn i j  

- 0.01561 

- 0.02329 

- 0.05479 

- 0.09512 

- 0.10338 

- 0.11452 

- 0,12298 
- 0.12581 

n/ 

- 0.05905 
- 0.05801 
- 0.0569s 
- 0.05603 
- 0:05517 
- 0.05440 
- 0.05372 
- 0.05312 
- 0.05258 
- 0.05209 

- 0.05125 
- o.n5nss 
- 0.05054 
- 0.05021 
- 0.04990 

--0.04934 
- n.049ng 

-. 0.04838 
- 0.04815 
- 0.04792 
- 0.04770 

- 0.04726 
- 0.04704 
- 0.046~2 - 0.04660 
- 0.04638 

- 0.04594 
- 0.04572 

- 0.04528 
- 0.04505 
- 0.04483 
- 0.044fin 
- 0.04437 
- 0.04414 

- 0.04366 
- 0.04343 
- 0.04319 
- 0.04295 
- 0.04270 

- 0.04220 

- 0.04168 

- 0.05165 

- 0.04961 

- 0.04885 
- 0.04862 

- 0.04745 

- 0.04616 

- 0.04550 

- 0.04390 

- 0.04245 

- 0.04194 

n? 

0 + o.ncaG 
- o.oonn7 
- o.nnini 
- 0.00217 
- 0.00348 
- n.on49n 
- 0.00638 

- 0.00948 

- n . o m x  
- 0.01430 
- 0.01,592 

- o.nigi8 
- o.02mi 
-n.n2245 
- 0.02409 
- 0.02572 
- 0.02735 

- 0.03062 

- 0.03389 
- n . o m 2  

- 0.038m 
- 0.04042 
- 0.04205 
- 0.04368 

- 0.04694 
- 0.04~57 
- 0.05020 
- 0.05184 

-- 0.05510 

- o . n ~ n n i  

- 0.06492 
- 0.06656 
- 0.06820 
- 0.06984 
-- 0.07149 
- 0.07314 

- 0.00791 

- 0.01107 

- 0.01755 

- 0.02899 

- 0.03226 

- 0.03715 

- 0.04531 

-- 0.05347 

- 0.05674 
- 0.05837 

-- 0.06164 
- 0.06328 

- 0.07479 
-- 0.07644 
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TAJ3LE 25. 
Flar, coefficients fo r  ~ = 0 . 3  and a= 0.50. 

0 
0.02 
0.04 
0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 
0.32 
0.34 
0.36 
0.38 
0.40 

0:44 1 0.46 
0.48 
0.50 
0.52 
0.54 
0.56 
0.58 
0.60 
0.62 
0.64 
0.66 
0.68 
0.70 
0.72 
0.74 
0.76 
0.78 
0.80 
0.82 
0.84 
0.86 
0.88 
0.90 
0 92 
0:94 1 0.96 
0~98  

- 1.5259 
- 1.4513 
- 1.3769 - 113098 - 1.2500 
-1.1978 
- 1.1520 
- 1.1125 
- 1.0780 
- 1.0484 
- 1.0228 
- 1.0006 
- 0.9815 
- 0.9646 ~ ~ ~~ 

- 0.9496 
- 0.9362 
- 0.9'243 
- 0.9137 - 0.9044 
- 0.8962 
- 0.8891 
- 0.8828 
- 0.8771 
- 0.8722 - 0.8679 
- 0.8643 
- 0.8611 
- 0.8585 - 0.8564 
- 0.8546 
- 0.8533 
- 0.8524 
- 0.8517 
- 0.8514 
- 0.8514 
- 0.8517 
- 0.8523 
- 0.8531 
- 0.8541 
- 0.8554 
- 0.8569 
- 0.8586 
- 0.8605 - 0.8626 
- 0.8649 
- 0.8673 
- 0.8699 
- 0.8727 
- 0.8756 
- 0.8786 
- 0.8818 

0 
f 0.1389 

0.2034 
0.2394 
0.2575 
0.2641 
0.2636 
0.2587 
0.2510 
0.2415 
0.2307 
0.2192 
0.2072 
0.1948 
0 1x22 
0.1694 
0.1567 
0.1441 
0.1318 
0.1191 
0.1078 
0.0961 
0.0846 
0.0732 
0.0621 
0.0512 
0.0406 
0.0302 
0.0201 
0.0102 + 0.0005 

- 0.0090 
- 0.0182 
- 0.0273 
- 0.0361 
- 0.0447 
- 0.0531 - 0.0613 
- 0.0693 
- 0.0770 
- 0.0846 
- 0.0919 
- 0.0990 
- 0.1059 
- 0.1126 
- 0.1191 
- 0.1254 
- 0.1314 
- 0.1372 
- 0.1428 
- 0.1482 

7%' 

+ 0.2934 
0.2537 
0.2158 
0.1812 
0.1503 
0.1229 
0.0987 
0.0775 
0.0591 
0.0428 
0.0288 
0.0164 + 0.0056 

- 0.0040 
- 0.0127 - 0.0208 
- 0.0281 
- 0.0348 - 0.0409 - 0.0464 
- 0.0515 
- 0.0563 
- 0.0607 
- 0.0648 - 0.0686 - 0.0721 - 0.0755 
- 0.0787 
- 0.0818 
- 0.0847 
- 0.0875 
- 0.0902 
- 0.0927 
- 0.0951 
- 0.0974 - 0.0997 
- 0.1020 
- 0.1042 
- 0.1064 - 0.1085 
- 0.1106 
- 0.1127 
- 0.1149 
- n i i T n  

~ 

- 0.1191 
- 0.1212 
- 0.1 233 
- 0.1254 
- 0.1275 
- 0.1296 
- 0.1317 

mi' 

0 
- 0.0805 
- 0.1234 
- 0.1518 
- 0.1708 
- 0.1838 
- 0.1932 
-0.2002 
- 0.2057 
- 0.2102 
- 0.2141 
- 0.2175 
- 0.2207 
- 0.?235 
- 0.2263 
- 022S9 
- 0.2315 
- 0.2343 
- 0.2371 
- 0.2400 
- 0.2430 
- 0.2460 
- 0.2192 
- 0.2525 
- 0.2559 
- 0.2594 
- 0.2630 
- 0.2667 
- 0.2705 
- 0.2745 
- 0.2786 
- 0.2827 
- 0.2869 
- 0.2912 
- 0.2956 
- 0.3001 
- 0.3047 
- 0.3093 
- 0.3141 
- 0.3189 
- 0.3238 
- 0.3288 
- 0.3338 
- 0.3389 
- 0.3440 
- 0.3492 
- 0.3545 
- 0.3598 
- 0.3651 
- 0.3705 
- 0.3760 

0 
- 0.00005 
- 0.00011 
- 0.00014 
- 0.00013 
- 0.00006 + 0.00008 

0.00029 
0.000ti6 
0.00089 
0.00131 
0.00178 
0.00230 
0.00291 
0.00358 
0.00131 
0.00511 
0.00597 
0.00689 
0.00789 

0.01007 
0.01.126 
9.01251 
0.01382 
0.01521 
0.01666 
0.01817 
0.01975 
0.02139 
0.02309 
0.02487 
0.02672 
0.02863 
0.03060 
0.03264 
0.03474 
0.03691. 
0.03915 
0.01146 
0.04383 
0.04628 
0.04878 
0.05136 
0,05399 
0.05670 
0.05947 
0.06231 
0.06521 
0.0 6 8 17 
0.07119 

o.onp9.5 

n? 

0 - 0.00078 - 0.00150 
- 0.00215 
- 0.00274 
- O.OWJ28 
- 0.00380 
- 0.00430 
- 0.00479 
- 0.00527 
- 0.00573 
- 0.00619 
- 0.00663 
- 0.00708 
- 0.00754 
- 0.00801 
- 0.00847 
- 0.00894 
- 0.00942 
- 0.00990 
- 0.01039 
- 0.01089 
- 0.01140 
- 0.01193 
- 0.01246 
- 0.01301 
- 0.01357 - 0.01414 
- 0 0147.1 

~ 

- 0.01534 
- 0.01596 
- 0.01661 
- 0.01728 
- 0.01798 
- 0.01870 
- 0.01944 
- 0.02022 
- 0.02102 
- 0.021 85 
- 0.02Z.iZ 
- 0.02362 
- 0.02456 
- 0.02553 
- 0.02654 
- 0.02759 
- 0.02869 
- 0.02983 
- 0.03102 
- 0.03226 
- 0.03355 
- 0.03&3 

nb' 

- 0.04151 
- 0.03952 
- 0.03758 
- 0.03584 
- 0.03435 
- 0.03303 
- 0.03186 
- 0.03086 
- 0.02996 
- 0.02914 
- 0.02842 
- 0.02776 
- 0.02715 
- 0.02658 
- 0.026603 
- 0.02554 
- 0.02506 - 0.02460 
- 0.02415 
- 0.02373 
- 0.02332 
- 0.02292 
- 0.02253 
- 0.02215 
- 0.02178 
- 0.02141 
- 0.02105 
- 0.02070 
- 0.02036 
- 0.02003 
- 0.01970 
- 0.01937 
- 0.01907 
- 0.01877 
- 0.01849 
- 0.01821 
- 0.01794 

- 0.01746 
- 0.01724 
- 0.01703 
- 0.01684 
- 0.01667 
- 0.01652 
- 0.01638 
- 0.01627 
- 0.01617 
- 0.01609 
- 0.01604 
- 0.01602 
- 0.01602 

- 0.01770 

~ 

nb" 

0 + 0.00077 
- 0.00014 
- 0.00176 
- 0.00388 
- 0.00622 
- 0.00872 - 0.01134 
- 0.01406 
- 0.01682 
- 0.01961 
- 0.02242 
- 0.02526 
- 0.02812 
- 0.03098 
- 0.03385 
10 .03673  
- 0.03961 
- 0.04250 
- 0.04540 
- 0.04830 
- 0.05122 
- 0.05414 
- 0.05707 
- 0.06001 
- 0.06296 
- 0.06592 
- 0.06689 
- 0 071 87 ... . . ~ 

- 0.07486 
- 0.07786 
- 0.08088 
- 0.08391 
- 0.08695 
- 0.09000 
- 0.09308 
- 0.09617 
- 0.09927 
- 0.10237 
- O.IOi&l 
- 0.10862 
- 0.11176 
- 0.11491 
- 0.13807 
- 0.12124 
- 0.12442 
- n imi  

~ 

- 0.13081 
- 0.13401 
- n.13722 
- 0.14043 

nc' 

- 0.06387 
- 0.06256 
- 0.06127 
- 0.06012 
- 0.05913 
- 0.05827 
- 0.05751 
- 0.05686 
- 0.05630 
- 0.05581 
- 0.05538 
- 0.05501 
- 0.05469 - 0.05440 - 0.05414 
- 0.05390 
- 0.05369 
- 0.05350 
- 0.05332 
- 0.05316 
- 0.05301 
- 0.05287 
- 0.05275 - 0.05264 
- 0.05253 
- 0.05243 
- 0.05234 
- 0.05225 
- 0.05218 
- 0.05211 
- 0.05204 
- 0.05198 
- 0.05193 
- 0.05188 
- 0.05183 
- 0.05179 
- 0.05175 
- 0.051i2 
- 0.05170 
- 0.05168 
- 0 05166 
- 0.05165 
- 0.05164 
- 0.05164 
-0.05163 
- 0,0516A 
- 0.05165 
- 0.051 67 
- 0.05169 
- 0.05172 
- 0.051 74 

n," 

0 + 0.00073 + 0.00025 
- 0.00073 
- 0.0020'2 
- 0.0034E 
- 0.00506 
- 0.00671 

- 0.01013 
- 0.01188 
- 0.01363 
- 0.01539 
- 0.01715 
-- 0.01892 
- 0.02069 
- 0.02242 
- 0.02420 
- 0.02599 
- 0.02775 
- 0.02952 
- 0.03128 
- 0.03303 
- 0.03479 
- 0.03654 
- 0.03829 - 0.04004 
- 0.04178 - 0.04353 
- 0.01527 
- 0.04701 
- 0.04875 - 0.05045 
- 0.05222 
- 0.05396 
- 0.05568 
- 0.05742 
- 0.05915 
- 0.06089 
- 0.06262 - 0.06434 
- 0.06607 
- 0.06779 
- 0.06951 
- 0.07123 
- 0.07295 
- 0.07466 
- 0.07638 
- 0.07809 
- 0.07980 
- 0.08150 

- 0.00840 

I 
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TABLE 27. 

Flap coefficients for r=0 .3  and l3=0.70. 

'1) 

0 

0.04 
0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 
0.32 
0.34 
0.36 
0.38 
0.40 

0.44 
0.46 
0.48 
0.50 
0.52 
0.54 
0.56 
0.58 
0.60 

0.64 
0.66 
0.68 

0.72 
0.74 
0.76 
0.78 
0.80 
0.82 
0.84 
0.86 
0.88 
0.90 
0.92 

0.96 
0.98 

0.02 

0.42 

0.62 

0.70 

0.94 

1 .no 
- 

- 1.8505 
- 1.7121' 
-.1.5794 
- 1.4641 

- 1.2840 
- 1.2160 
- 1.160'2 
- 1.1148 
- 1.0774 

- 1.36611 

- 1.0452 
- 1.0169 
- 0.9920 
- 0.9703 
- 0.9515 
- 0.9349 
- 0.9204 
- 0.9074 
- 0.8957 
- 0.8852 
-- 0.8756 
- 0.8669 
- 0.8588 
- 0.8512 
- 0.8441 

- 0.8309 
- 0.8247 
- 0.8186 

- 0.8374 

- 0.8125 
- 0.8064 
- 0.~003 

- n.7810 

- n 7 5 ~ 7  

- 0.7940 
- 0.7876 

- 0.7742 
- 0.7671 

-.._I. 
- 0.7521 
- 0.7442 
- 0.7359 
- 0.7274 
- 0.7185 
- 0.7094 

- 0.6803 
- 0.6702 

- 0.6999 
- 0.6902 

- 0.6599 
- 0.6494 
- 0.6388 

7L" 

0 + 0.2447 
0.3494 
0.3991 
0.4193 
0.4245 
0.4217 
0.4147 
0.1054 
0.3949 
0.3834 
0.3711 
0.3586 
0.3467 
0.3358 
0.3257 
0.3162 
0.3072 
0.2986 
0.2905 
0.2830 
0.2762 
0.2700 
0.2644 
0.2593 
0.2547 
0.2507 
0.2471 
0.2140 
0.2413 
0.2390 
0.2371 
0.2354 

0.2325 

0.2302 
0.2292 
0.2282 

0.2261 
0.2248 
0.2233 
0.2216 
0.2197 
0.2174 

0.2116 
0.2081 
0.2044 
0.2003 

0.2339 

0.2313 

n.2272 

0.2147 

mC 

i 0.3533 
0.2825 
0.2132 
0.1511 
0.096s 
0.9505 + n.oii1 

- 0.0220 
- 0.0497 
- n n7nx . 
- 0.0945 
- 0.1140 
- 0.1318 
- 0.1482 

-. 0.1774 
- 0.1633 

-~ n isn6 
~ ~ 

- 0.2032 
- 0.2154 
- 0.2272 
- 0.2386 
- 0.2496 
- 0.2604 
- 0.2710 
- 0.2S14 
-- 0.2917 
- 0.3018 
- 0.3119 
- 0.3219 
- 0.3318 
- 0.3416 

- 0.3610 
- 0.3705 
- 0.3799 

- 0.3514 

- 0.3891 
- n 2 s ~ ~  
- 0.4070 

- n 48zn 

- 0.4156 
- 0.4240 

- 0.4398 
- 0.4473 
- 0.4543 
- 0.4610 
- 0.4673 
- 0.4732 
- 0.4786 

- 0.4879 
- 0.4919 

- 0.4835 

m:' 

0 
- 

- 0.133 
- 0.2056 

- 0.2642 
- 0.2772 
- 0.2857 
- 0.2915 
- 0.2957 
- 0.2993 

-- n . ~ 2 9  

- o . 3 m  
- 0.3035 
- 0.3048 
- 0.3064 
- 0.30iS 
- 0.3096 
- 0.8114 
- 0.3130 
- 0.3115 
-'0.3160 
~ - -  0.3175 
~- n.3100 
- 0.3204 

0.3240 
- 0.3248 

- 0.3259 

- 0.3236 

- 0.3205 

- 0.3096 
- 0.3060 
- 0.3020 

- 0.2931 

- 0.3217 
- 0.3229 

- 0.3254 
- 0.3255 

- 0.3258 
- 0.3254 
- 0.3247 

- 0.3222 

- 0.31 84 
- 0.3158 
- 0.3129 

- 0.2977 

- 0.2882 
- 0.2830 
- 0.2775 
- 0.2718 
- 0.2659 

- 0.2534 
- 0.2598 

%' 

0 
- 0.00009 
- 0.00021 
- 0.00026 
-- 0.00024 
- 0.00011 

O.CO036 

0.00119 
0.00172 

0.00303 

0.00464 
0.00556 
0.00656 
0.00764 
0.00880 
o.oino3 
0.01131 
0.012i3 
0.01.118 
0.01570 
0.01729 

0.02068 
0.02248 
0.02434 
0.02627 

____ 

+ o.oono8 

o.onni3 

0.00234 

0.00380 

0.01895 

0.02826 
0.03031 
0.03240 
0.03455 

0.030nn 

0.04360 

0.05074 

o.ojs08 
0.060.56 
0.06305 
0.06554 
0.06804 
o.oin54 
0.07304 
0.07555 

0.03675 

0.04128 

0.01595 
0.04833 

0.05317 
0.05562 

n;' 
0 

- 0.00093 
- 0.00173 
- 0.00244 
- 0.00308 
- 0.00369 
- 0.0042'1 
- 0.00485 
- 0.00541 
- 0.00597 
- 0.00653 
- 0.00710 

- 0.00827 
- 0.00888 
- 0.00951 
- 0.01015 
- 0.01082 
- 0.01152 
- 0.01224 
- 0.01299 
- 0.01377 
- 0.01 458 
- 0.01544 
- 0.01635 
- 0.01732 
- 0.01833 
- 0.01939 
- 0.02050 
- 0.02167 

- 0.02419 
- 0.02555 
- 0.02698 
- 0.02848 

- 0.03168 
- 0.03339 
- 0.03518 
- 0.03703 
- 0.03896 
- 0.04096 
- 0.04304 

- 0.04739 
- 0.04968 

- 0.00767 

- n.mmo 

- 0.03004 

- 0.04518 

- 0.05203 
- 0.05445 

- 0.05948 
- 0.06209 

- 0.05693 

- - nd 

- 0.05034 
- 0,04678 
- 0.04358 
- 0.04098 
- 0.03891 

- 0.03590 
- 0.03479 

- 0.03314 
- 0.03252 

- 0.03153 
- 0.03114 
- 0.03082 
- 0.03058 
- 0.03039 
- 0.03025 
- 0.03018 
- 0.03016 

- 0.03030 

- 0.03064 

- 0.03725 

- 0.03389 

- 0.03199 

- 0.03020 

- 0.03045 

- 0.03089 
- 0.03120 

- 0.03251 
- 0.03308 

- 0.03157 
- 0.03201 

- 0.03372 
- 0.03443 
- 0.03521 
- 0.03605 
- 0.03695 

- 0.03894 
- 0.04002 
-0,04115 
- 0.04233 
- 0.04356 
- 0.04483 

- 0.03792 

- 0.04613 
- 0.04746 
- 0.04882 
- n.05020 
- 0.05159 
- 0.0~299 
- 0.05440 
- 0.05581 
- 0.05721 

0 + 0.00220 

- 0.00104 
- 0:00390 
- 0.00708 
--0.01042 
--0.01387 

+ o.ooi2n 

- 0.01736 
2 0.02088 
- 0.02443 
- 0.02800 
- 0.03158 
- 0.03516 
- 0.03875 
- 0.04235 

- 0.04956 
- 0.05319 
- 0.05684 
- 0.0~049 

- 0.07148 
- n.ni516 

- n.08989 
- 0.09355 

- 0.04595 

- 0.06414 
- 0.06780 

- 0.07885 
- 0.08253 
- 0.08621 

- 0.09720 
- 0.10083 

- 0.10800 
- 0.11154 

- 0.10443 

- 0.11504 
- 0.11~49 

- 0.13175 

- 0.13801 

- 0,12189 
- 0.12523 
- 0.12852 

- 0.13491 

- 0.141 03 
- 0.14398 
- 0.14686 
- n 149fi6 

- 0.15761 
- 0.16011 

nd 

- 0.07746 
- 0.07509 
- 0.07296 

- 0.06986 
- 0.06878 
- 0.06795 
- 0.06732 
- 0.06684 
- 0.06648 
- O.O6@22 

- 0.06594 

- 0.06591 
- 0.06597 

- 0.06623 
- 0.06641 
- 0.06662 
- 0.06686 
- 0.06712 
- 0.06741 
- 0.06772 
- 0.06806 
- 0.06841 

- 0.06916 
- 0.06956 
- 0.06998 

- 0.07083 
- 0.07126 
- 0.07170 
- 0.07213 

- 0.07299 
- O.Oi340 
- 0.07381 
- 0.07421 

- 0.07496 
- 0.07531 

- 0.07596 
- 0.07625 

- 0.07677 
- 0.07699 
- 0.0771 9 
- 0.07738 

- 0.07124 

- 0.0~605 

- 0:06590 

- 0.06608 

- n.nri87i 

- 0.07040 

- 0.07256 

- 0.07459 

- 0.07564 

- 0.07652 

n:' 

n + 0.00182 

- 0.00006 
+ o.noi29 

- O.OOlS2 
- 0.00379 
- 0.00666 
- 0.00799 
- 0.01013 
- 0.01227 
- om441 
- 0.01654 
- 0.01S66 

- 0.02285 
- 0.02076 

- n.n:i%i . . . . - - - 
- 0:03492 
- 0.03686 
- 0.03878 
- 0.04066 

- 0.04436 
- 0.04618 
- 0.04797 
- 0.04973 
- 0.05147 

- 0.05485 
- 0.05650 
- 0.05812 
- 0.05972 

- 0.04252 

- 0.05318 

- o.osizs 
- 0.06282 

- n ~ n m z  
- 0.06433 

. . . ~ .-- 
- 0.06729 
- 0.06s7p 
- n.0701~ 
- n 071 57 ... 
- n.oi296 
- o.oi434 

- 0.07707 
- o.ois42 
- 0 0797fi 

- 0.07571 

- 0.081li 
- 0.08246 



.'U - 
0 
0.02 
0.04 
0.06 
0.08 
0.10 
0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 
0.32 
0.34 
0.36 
0.38 
0.40 
0.42 
0.44 
0.46 
0.48 
0.50 
0.52 
0.54 
0.56 
0.58 
0.60 
0.62 
0.64 
0.66 
0.66 
0.70 
0.72 
0.74 
0.76 
0.78 
0.50 
0.82 
0.84 
0.86 
0.88 
0.90 

IC: 

- 2.2025 
- 1.925 

-__ -- 

- 1.711 
- 1.545 ~. ~ _ _  
- 1.417 
- 1.3128 
- 1.2334 
- 1.1655 
- 1.1074 
- 1.0576 
- 1.0147 
- 0.9775 - 0.9449 
- 0.9160 
- 0.8899 
- 0.8660 
- 0.8438 
- 0.8225 
- 0.8028 
- 0.7834 
- 0.7645 
- 0.7460 
- 0.7278 
- 0.7098 
- 0.6921 - 0.6746 
- 0.6575 
- 0.6407 
- 0.6244 
- 0.6085 
- 0.5932 
- 0.5785 
- 0.5645 
- 0.5513 ~~~. 
- 0.5389 
- 0.5273 
- 0.5167 
- n 507n 
- 0.4985 
- 0.4911 
- 0 . 4 ~ ~  ~ . ~ .  
- 0.4804 
- 0.4773 
- 0.4761 
- 0.4771 
- 0.4803 

k:' 

0 '  + 0.3878 
0.5314 
0.5853 
0.5956 
0.5SS2 
0.5746 
0.5599 
0.5460 
0.5332 
0.5205 
0.5065 
0.4929 
0.4807 
0.4700 
0.4603 
0.4511 
0.W22 
0.4337 
0.4258 
0.4180 
0.4102 
0.4024 
0.3945 
0.3862 
0.3776 
0.3684 
0.3586 
0.3481 
0.3369 
0.3250 
0.3122 
0.2986 
0.2843 
0.2692 
0.2535 
0.2372 
0.2204 
0.2032 
0.1859 
0.1684 
0.1510 
0.1340 
0.1174 
0.1016 
0.0868 

m/ - 
+ 0.4205 

0.2952 
0.1819 
0.0855 + 0,0029 

- 0.0667 
- 0.1242 
- 0.1721 
- 0.2111 
- 0.2437 
- 0.2731 
- 0.3010 
- 0.3271 
- 0.3512 - 0.3736 
- 0.3946 - 0.4143 
- 0.4327 - 0.4500 - 0.4661 
- 0.4810 
- 0.4946 
- 0.5069 
-05177 . 
- 0.5270 
- 0.5348 - 0.5410 
- 0.5455 
- 0.5484 
- 0.5496 
- 0.5492 
- 0.5473 - 0.5439 
- 0.5391 
- 0.5330 
- 0.5258 
- 0.5175 
- 0.5084 
- 0.4985 
- 0.4879 
- 0.4768 
- 0.4653 
- 0.4534 
- 0.4410 
- 0.4282 
- 0.4147 

TABLE 28. 
Flap coefficients for ~ = 0 . 3  and p=0.80. 

" 
- 0.2173 
- 0.3069' 
- 0.3467 
- 0.3609 - 0.3642 - 0.3636 
- 0.3606 
- 0.3574 
- 0.3539 
- 0.3492 
- 0.3426 
- 0.3351 
- 0.3272 
- 0.3193 
-n2in9 
- 0.3015 
- 0.2912 
- 0.2801 
- 0.2684 
- 0.2559 
- 0.2425 
- 0.2285 
- 0.2138 
-0.1986 
- 0.1830 
- 0.1672 
-.0.1512 
- 0.1351 - 0.1189 
- 0.1030 
- 0.0876 
- 0.0731 
- 0.0590 
- 0.0457 
- 0.0333 
- 0.0218 
- 0.0114 
- 0.0021 + 0.0060 

0.0129 
0.0183 
0.0223 

. 0,0247 
0.0256 
0.0245 

%* - <  

0 I ,  

- 0.00014 
- 0.00028 
- 0.00033 
- 0.00025 
- 0.00008 + 0.00022 

0.00060 
0.00109 
0.00164 
0.00231 
0.00305 
0.00389 
0.00481 
0.00582 
0.00691 
0.0060s 
0.00933 
0 01065 
0.01203 
0.01348 
0.01499 
0.01655 
0.01815 
0.01980 
0.02149 
0.02322 
0.02298 
0.02677 
0.02858 
0.03042 
0 03227 
0.03414 
0.03603 
0.03793 
0.03984 
0.04177 
0.04371 
0.04567 
0.01765 
0.04965 
0.05167 
0.0 5 3 7 3 
0.05582 
0.05795 
0.06012 

___ n2' 
0 

- 0.00107 
- 0.00196 
- 0.00273 
- 0.00343 
- 0.00412 
- 0.00478: 
- 0.00546 
-0.00613 
- 0.00682 
- 0.00753 
- 0.00825 
- 0.00896 
- 0.00976 
- 0.01060 
- 0.01149 
- 0.01242 
- 0.01342 
- 0.01446 
- 0.01 552 
- 0.01667 
- 0.01787 

~ 0.01917 
- 0.02053 
- 0.02195 
- 0.02348 
- 0.02505 
- 0.02668 
- 0.02837 
- 0.03012 
- 0.03195 
- 0.03383 
- 0.03575 
- 0.03775 
- 0.03982 
- 0.04193 
- 0.04412 
- 0.04635 
- 0.04864 
- 0.05099 
- 0.05340 
- 0.05585 
- 0.05835 
- 0.06089 
.- 0.06348 
- 0.06609 

nd 

- 0.05991. 
- 0.0540 
- 0.0493 
- 0.0459 
- 0.0434 
- 0.0416 
- 0.0401 
- 0.0392 
- 0.0385 
- 0.0359 
- 0.0376 
- 0.0373 
- 0.0374 
- 0.0375 
- 0.0377 
- 0,0380 
- 0.0385 
- 0.0390 
- 0.0397 
- n 0405 
- 0.0415; - 0.0425 
- 0.043fi 
- 0.0449 
- 0.0462 . 
- 0.0476 
- 0.0491 
- o 0507 .. 
- 0.0523 ' , 

- 0.0540 
- 0.0557 
- 0.0574 
- 0.0591 
- 0.0608 
- 0.0625? 
- 0.0642 
- 0.0658 
- 0 0674 
- 0.0690 
- 0.0705 
- 0.0720 
- 0.0735 
- n n75n 
- 0.0765 
- 0.0781 
- 0.0798 

n p  3 

0 
i- 0.0040' + 0.0025, 
- 0.0008 
- 0.0048 
- 0.0088 
- 0.0131 
- 0.0174 

, -0.0217 
- 0.0260 
- 0.0303 
- 0.0347 
- 0.0390 
- 0.0433 
- 0.0475 
'- 0.0518 
- 0.0561 
- 0.0603 
- 0.0646 
- 0.0685 
- 0.0729 
- 0.0770 
- 0.0810 
- 0.0850 
- 0.0888 
- 0.0926 
- 0.0963 - 0.0999 
- 0.1034 
-.0.1067 
- 0.1100 
- 0.1132: 
- 0.1163, 
- 0.1192 
- 0.1221 
- 0.1249 
- 0.1277 
- 0.1303 
- 0.1329 
- 0.1355 
- 0.1380 
- 0.1405 
- 0.1430 
- 0.1454 
- 0.1279 
- 0.1504 

12,' 

- 0.9219 
- 0.0883- 
- 0.0851 
- o nu29 

.. . ~. 

- 0.0812 
- 0.0802 
- 0.0793 
- 0.0790 
- 0.0787 
- 0.0787 
- 0.0788 
- 0.0791 
- 0.0794 
- 0.0795 
- 0.0804 
- 0.0809 
- 0.0814 
- 0.0821 
- 0.0828! 
- 0.0834. 
- 0.0841 
- 0.0847 

~ o . n m  ~~~~ 

- 0.0861 
- 0.0867- 
- 0.0873 
- o . n m  
- o.oss3, 
- 0.0888 
- 0.0892 
- n nmfi . . .. . . . 
- 0.0900 
- 0.0903 
- 0.0905 
- 0.0907 
- 0.0909 
- 0.0911 

- 0.0913 
- 0.0915 
- 0.0916~ 
- 0.0915 
- 0.0920 
-,0.0923 
.- 0.0527 
- 0.0931 

- o.ngiz 

nc*' . . 

0 -  + 0.0032, 
0.0024 .+ 0.0005 

- 0.0019 
- 0.0045 
- 0.0071. 
- 0.0097 

- 0.0146. 
- 0.0170 
- 0.0194 
- 0.0217 
- 0.0238 
- 0.0260 
- 0.0251 
- 0.0301 
- 0.0321 
- 0.0339 
- 0.0357 
- 0.0374, 

'- 0.0406 
- 0.0422 
- 0.0436 
- 0.04501 
- 0.0464 
- 0.0477,, 
- 0.0490 
-- 0.0503 
- 0.0516 

- 0.0542 
- 0.'0555: 
- 0.0569 
- 0.0582 
- 0.0597 
- 0.0611. 
- 0.0626, 
- 0.0642 
- 0.0658' 
- 0.0674 
- 0.0690 

0.0707 
'7 0.0723 
-- 0.0739 

- o m 2 2  

- 0.0391 

- 0 . 0 5 ~ 9  
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Strip Theory for Oscillating Swept Wings in Incompressible Flow 
by 

-.4, 1. VAX I1:E VOOREN and It. E'CKHAUS. 

Summary. 

It is shown that strip throrg for a swept ving differs from t.hat for a straight wing by the fact that a constant 
spmvisa htcnsity of the t n i h g  vortirrs gives a oontribution to  t,lie' downwash in tb, e- of a swept wing, but  not 
fur it straight wing. ~ This makes that two new toms &auld bc nd<lled t,a the usual coefficients, t.he firvt of which 
,:orresponds t o  the vkying amplitude in bcndinp or tamion of the ?ring while blie woond corresponds t o  taper. Thase 
nilditioral forem v& if tlic a q l o  of sweop is 0" and are maximal if 

Numcrical results f u r  the new oocffieialts 81% prwentcd f o r  a =  0, (0.l), 1.0; 1.2 :and 1.5, wl~ere u denotes the r e d u d  
frequency reforred to scmiclmrd. In an a,ppendix the case of  it iring-flap system with constant chord ratio I is considered 
md numerical remlts %,.e p r m u t d  fo r  T = 0.2. 
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the integral eqnation. 

Appendix 2 : Some integrals. 
Appendix 3 : Forces and moments for  il swept 

wing wi8h flap. 
2 tahles. 

13 figures. 
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1 Introduction 

The aerodynamic forces used i n  flutt,cr calcu- 
lations for straight wings of not too small aspect 
ratio are usually derived from a tvvo-dimensional 
approximation. 

This approximation involves that the forces in 
a certain chordwise section are assumed, to be 
equal to those forces w7hich would arise if the 
section considered were past  of an infinit,e wing 
with the same chord and oscillating with the same 
:mplitudcs in translation and rotation a s  the true 
wing in that particular section. 

Thc reason that the two-dimensional apprqxima- 
tion has proved to be so fruitful for straizht wings 
is, besides it,s simplicity, the fact that a local linear 

variation in diord or deformatioii forrctioits does 
not modify the aerodynamic forces. The linear 
v;rriation in chord or deformation functions gives 
vise to  a constant spanwise strength of the trailing 
vortices a i d  since these vortices ihave equal dis- 
t i m e  to the section considered, the downwash 
Yemains the same and with it, the solution of the 
i 11 tcgral equation. 

ln the case of a swept wing two modif'icstions 
arise : 
1" the aerodynamic forces must he multiplied by 

the factor cos 9, whcre yl is the angle of 
sweep, 

2 O  tlie compciisation for  a local linear variation 
in chord or deformation functions is lacking 
due to  the uncqual distance to the section COII- 
sidered of the rorticev arisen at the same 
moment. 

I11 this report Pornrulac and ncinierieal ~.esults 
for the aerodynamic forces are presented, which 
tiLkc these two mcdifications into .account. I t  is 
expected that these results allow the same accuracy 
for a swept wing as the two-dimensional approxi- 
mation does in the case of a straight wing. An 
important practical advantage is that also for a 
swept wing the results only depend upon sectiond 
quantities. No solution of an integral equation for 
the distrihation of the circulation along the span 
is required. The, general result assumes the form 
of the original, two-dimensional approximation. for 
a straight ,wing, multiplied by cos,;, :together .with 
bhrec correction terms, which arc proportional to 
t,he local variations in chord, ' i n  :bending defor- 
mation and in torsion deformation respectively and 
of which the proportionality constants depend on 
the reducedl frequency only. These constants arc 
given in numerical form as functions of o. It is 
shown' that, the result like the two-dimensional ap- 



proximation fo r  straight wings, may be used if thc 
reduced frcquency, referred to  the semispan, is 
larger than 1.  For smaller values of the reduced 
frequency a correction, analogous to the R"ER 
correction (ref.  5) for straight win@, should hc 
added. 

T,he method by which these results have hem 
dcrived, is the same that also has :been applied in 
the stcady case for obt,aining a generalization of 
the P W ~ L  equation for swept wings (refs. 1, 2) .  
This method makes use of an asymptotic expansion 
for the downwash, valid, for large values of the 
aspect ratio. T'he term independent of- the aspect 
ratio gives rise to  the two-dimensional approxima- 
tion. For a. straight wing there occurs no term 
inversely proportional to  6he aspect ratio, !hut in 
the case of a swept wing s w h  term exists. It is 
this term which is responsible for the corrections 
mentioned above. 

2 List of symbols. 

b semi-span 
2 semi-chord 
Z(0) semi-chord at root section 
P pressure, positive downward 

S _ -  I dl , eq. (6.10) 
1 An, * -8 

21 
1U downwash 
X 

!I 

speed of the undisturbed flow 

coocdinate in flow direction, positive in 
direction of w 
coordinate in direction perpendicular to 
z and in the plane of the wing. positive 
to starboard 

xo, y, z, 1~ coordinates of the point where rhe 
downwash is calculated 

7<g, m,, io aerodynamic derivatives in two-dimen- 
sional flow, defined by eq. (6.7) 
wing and wake region in z,?/-plane 
wing and wake region in X ,  Y-plane 
degree of freedom (81 =translation, B = 
rotation wing, C = relative rotation of 

force of wing section per unit span, 
positive downward 
moment of wing section about mid-chord 
point per unit span, positive if tailheavy 
moment of flap section about hinge point 
per unit span, positive if tailheavy 
circulation function 
coordinates defined by eq. (3.3) 
coordinates defined by eq. (5.18) 

vorticity vector 
vorticity components when decomposed 
along z- and y-axes (see fig. 4.1) 
vorticity eomponcnts when decomposed 
along X -  and Y-axes 
angle of sweep, positive for sweepback 
wv ' 

flap 1 

- 
b 

air density 
ratio of flap chord to wing chord 

Y frequcncy of oscillation 
" 2  

0 rednced frequency, - 

/- ( Y )  

A superscript (2) denotes ,that the corresponding 
synibol refers t,o two-dimensional flow for a straight 
wing. 

L\ denotes the difference in a qriantity due to strip 
theory for  a swept wing compared wit,h strip theory 
for a. straight wing. 

3 General principle, 

3.1 .Starting from a general vorticity distribu- 
t,ion on the wing an+ in the wake, the downwash 
in an arbitrary point x o , y 0  of the wing is obtained 
l ~ y  aid of BIOT and SAYART'S law, which may be 
applied in incompressible flow, eithcr steady or 
iinsteady. This formula reads 

21 
circulation iihout profile in section Y .  

47w(z,,Y,)= 

(3.1) ( Y - Y o ) Y * -  ( z - - Z , ) Y v  d z d y ,  
= J! r? 

A + A '  

\%<here yz and yu are the vorticity components in 
X- and.'ydirection and w the downwash. The z-axis 
is parallel to  the main stream and the y-axis per- 

f 4 I t- 

Fig. 3.1 +* 

x 
Fig. 3.2 
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x = f  (+) + x, (3.3) pendicular to it in the plane of the wing. T denotes 
the distance 'between bhe points xo, yo and z, y, i.e. : 

Y r = V ( x - x 0 ) * +  (y-~,,)~, (3.2) y = -  
e 

A and A' denote the wing and the wake, respec- is introduced, where E - - ' ( O )  with Z(O)< equal to 
tively. b 

the semi-chord in the section 21 = 0 and b equal to 
ratio the will ,;be large with respect tllle semi-span. E will 'be assumed small. It follows 
to  the coordinate z - ~ ,  where z,= j ( u )  is the from eq. (3.3) t h a t  fo r  the wing region 2 in the 
x-coordinate of the mid-chord line. In order to X ,  Y-plane both coordinates X and Y vary between 
express this fact  niathematically, the transfor- - [ ( O )  ';ind + Z(0) and are, in &neral .of the same 
ination order of magnitude (see figs. 3.1 and 3.2). 

F~~ most points of of not too small 

Conridering a swept wing, the function f is given.by 

where +C is the angle of sweep. 'Suhstitution of cqs. (3 .3)  ana (3.4) i n t i  eq. (3.1) leads to 

(3 .5 )  

It has lxen assumed that Y ,  is positivc; the first term of the right hand side gives the downwsh due 
t o  the right wing and the second term the downmash due to the left wing. 

The right hand side of ey. (3.5) Will n o i ~  bc expanded into a power series in E ,  where e* and higher 
powers of e will be neglected. In  order to ohtain this expansion in to  a suitable form, use vi11 he made 
of some fundamental concepts. 

3.2 The equation of continnity for the vortex field reads 

Transforming to X, Y-coordinates, it is found by aid of eqs. (3.3) and (3.4) that for the right semi- 
wing holds 

Furthermore, when the vorticity vector is decomposed into an oblique system. of axes (& ?),, where 
the ?-axis coincides with the mid-chord line of the wing a,nd the &anis "itb the z-axis (see fig. 3.3), 
the components and y x  are given by 

YU 
cos 9 

Y V  

u t  = y2- yV tan P, Y ?  = - . 

Y E =  yr + yV tan P, u q  = 

(3.6) 

. (3.6a) 

On the left semi-wing one has 

Hence, the continuity equation becones 

__+- 
ayF a Y v  
- + e - = o ,  (3.7) ax ay Y, 

from which it follows that yg is of order E .  

3.3 The vortex distribution in the wake sativfies the relation: 

Fig. 3.3 

if the wing performs an ascillation of frequency Y which may be cither unstable (1% v < 0) or periodic 
( I m v = O ) .  The case of a damped oscillation ( Im v > 0) will not be considered since the initial distnrb- 
iince then plays an important role (ref. 3 ) .  
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The component yy(Z, Y) follows from the condition that the pressure at the trailing edge is zero 
Since 

Y - Y y , ,  
cos2p 

+ . (X-X,) t a n ?  

I -  ' - e 2 ( X  - -U,)'[( e ( X  - X , )  + (Y - Yo) tan p )* + (I' - YJ2J ''3 

Y 

y, 

1 
(, = o  ( F )  1 

--yu(X, Y) --i - yu(X, Y ) d X ,  ' (3.9) P ( X >  Y) - 
2 1 .  

- 1  P" 

where p ( X ,  Y) denotes the pressure difference between upper and lower side of the wing (positive dovn- 
ward), the condition of zero pressnre a t  the trailing edge yields 

. .  
&, Y) =- i /- (Y), 21 

where the circulation /-(Y) is given by 
. .  I 

/- (Y) = Y"(X2 Y ) d X  
- 1  

From the continuity equation (3.7) follows that , 

(3.10) 

(3.11) 

(3.12) 

Both y l  and yv are coiitinuons in the point X = 1. 

thcir TAYLOR series towards the variable I', via. 
3.4 In order to reduce the double integrals in eq. (3.5) the fnnctions y t  and yu will he espanded into 

The coiivergeiice of these series ,will be slower if I' or Y ,  apgroaches one of tile wing tips or the middle 
sed.ion ol' 5 swcpt, ving, vhile the series lose their meaning for P or Yo eqnnl to 0 or 2 I ( 0 ) .  Near t,he 

Iiccome iniiiiitely large, while in the ei:iitral scct,ioii tliesc fuiictioils arc discontinnous 

in Y. Hence, the results of the present theory will apply with less accuracy in the regions near the tips 
or the ccutral section. Tlie assumption of large aspect ratio involves t.hat, a large part  of the wing lies 
at some distance (e.g. more than a chorcl length) from these regions. 

4 Derivation of the integral equation. 

' tips YE and - ay 

. .  

4.1 
'I'lic first teim of the right shhiwid side of this equation ma.y ,he written as 

After the preparatory work of the preceding section, the reduction of eq. (3.5) may be continued. 

( Y -  Y;hg - €(X - X J Y Z  
E 71 E ( X - x X O )  + (Y- yo) tan 9 ) a +  ( Y  - Y,)*]a'* 

0 - 1  . .  

By introduction of tile expansions (3.13) the integration to Y may be performed. Tila term consider- 
ed ,liecomes equal to 

T t  follows by elementary integration (refs. 1, 2) that 
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\ while I ,  tnms ont t o  be of order log E and I ,  i f  ?L / 3 of order 1 in E .  Since yg is of order E ,  the expres- 
sion (4.1) may lie replaced by 

whew the ~ e ~ n d n d c ~ ~  K,JX, Y,) is of order E log E.  

be investigated by determining F ( 0 )  and - (0). 

The function (4.3) is ? function .of E ,  denoted by * ' ( e )  and its hcliaviour f o r  small values of E will 

This will be done for the various terms separately. a51 
ae 

4.2 The term 

- 2  (x- ;Yo)~oyv( 'Y>Y")  d,X. (4.4) 
- 1  

Substitution of the value for I ,  yields 

I If c = ( I ,  this becomes cqual to 

p - )I 
1 since 0 < P, < Y, and lience ' -1 for :Y=Y1 and -1 for  I'=0. The infinite integrals 
1 in (4.5) and (4.6) are convergent, since for large viilnes of S, y,(X, Yo) is given Iiy eq. (3.8), whcre 
1 7nr 1, was assumed to lie negative. 

Performing formally the differeiiti;ition of (4,5) to e under the integral sign, the result tlirnS 
1 uut to  he 

IY-YY,l - 

(4.7) 

Tlic integrand in (4.7) is a continuous fitnetion of ,iiotJli variables X atid e .  ilIoi.?over, (4.7) converges ' itnifurmly in E for small values of E since the absoliite value of the integrand is smaller than 

Since 1 f i ( X ) d X  cowergis if Ini Y is negative, (4.7) is uniformly convergent in E arid the differen- 

tiation (if (4.5) t o  E may lie performed under the integral sign. (Compare ref. 4, See. 4.4). 
Sahstitution of e = O  makes tlie espression (4.7) equal to zero. The second derivative to e hecomes 

for E = 0 equal to 

2\' 

The region - 1  to + I gives a finite contribution to this integral, while the contribution of the reyioii 
t 1 to m is proportional to 

Siibstitiitiiig cq. (3.10) it is seen t h t  t,here aplicars a tcrni, not exyilicitly depeiiclent iipon Y and a t e m  

invcrsely proportional to L. Hence, whcn (4.4) is replaced hy (4.6) tihe error which is made consists 

of terms of order 2 or higher and of terms of order - or higlier, where = - is of the same 

V 
2 v l  . 
w 2) 

c 
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4.3 The t e m '  
m 

E J' I, I yy ( X ,  S,) - E ( X  - X,)  % ( X ,  Y,) 1 d X .  (4.8) ay 
- 1  I 

Substitution of the value for I ,  leads to 

\which, with thc samc reasoning as used in See. 4.2, is equal t o  

Since 

- 1  

the final ,result is 

(4.9) 

2 with an error again containing terms of order 2 and order - 
0 

4 4  The remainder 

- 1  
210g B 

contains terms of order 2log E and __.  

the left semi-wing, eq. (3.6a) must be applied which yields 

0 

4.5 ,Consi,der now the second term of the right lland' side of cq. (3.5). Since this term is due to  

(Y-Yo)yy-{  e ( X - X 0 )  + 21 ' , t anp)yv  ax dY.  (4.10) 

Since yg is of order E and since the nominnt,or is alma.ys of order 1 (the theory is not valid in the region 

near the ccntral section, where Y -Yo may approach zero), this term is cvidently of order E* or - I  

except possiblJ: for the part 

2 
w 

which contains a contribution of order E c q d  to , 
O E  

The integration to can he performed. However, it  follow from eq. (3.9) that 

and since both the pressure and the vorticity vanish for X = m  , it  is fonnd 8hat 

Ip4/" d X  = 0. 
- 1  
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Hence the whole expression (4.10) cousists of terms which arc a t  least either small of order 2 or of 
E? 

order - . 
0 

4.6 Making use of tlic results of the preceding sections, it is seen that eq. (3.5) may he written as 

or 

Since y t  = y u  + yg sin Q denotes the tangential component of  the mn?icity when this is decomposed 
dong the mid-chord line and perpendicular to it, this equation may also be written as 

Z U ( X , ,  Y o )  =-- (4.12) 

aichough this form offers 110 advanta,ge compared with (kl l )  for fuitliei, er.alnation. This is due to tjic 
fact t,iidt the solution must satisfy bhe KTJ~TA condition, Yiz. (scc eq. (3.9)) 

wlierc yu is not ieplaccd by y t .  
The second term o€ the right 11md side of (4.11) is of order E and hcnce disappears for 2 swept, wing 

of infinite span. It is seen that for this case the solution for Y,, is independent of the angle of sweep. 
IIoivcrer, yv aud the pressure then hecome proportioual to cmy.  Hencc, the result is obtained that for 
a swept wing of infinite span ti11 forces and moments are proportional to cosp. This is in agreement 
with the usnal method of deeompasing the velocity w into a component ii  cos^ perpendicular to the wing 
and a component .u sin Q parallel to A. The first componcnt lea.& also to forces 1)roportiona.l to c o s y ,  
while the second component produces no reactions. 

The terms of order 2 1 o g e  and __ in eq. (4.11) will he neglected. As f a r  a s  the  first term is 

coucerncd, t,liis involves that the aspect ratio may not be too small. The neglect of terms of order __ 
inr.olves the Pui%her limitation, that the reduced frequency neither may he small. In fact, it is known 
that for the steady case therc exist additional terms of order E containing spanwise intcgrations (sce ref. 2 ) .  

is larger than E .  Since O =  - and 

2 log E 

0 

2 lay E 
0 

"1 
It may be concluded that these terms may only be neglected if 

U 

E =  - this means that, neglecting the differmce hetwecn I and 1(0) in these order considerations, the 
h 

"b reduced frequency referred to  the semi-span, viz. - should he larger than I, for instance 3, in order 
2 1 '  

tha t  thc present theory may ,he applied. This limitation is the same for straight and for swept wings. 
Finally, it may be added that Dhe aspect ratio corrections introduced by %"a (ref. 5 )  for straight 

a o g  E 
wings are of order __ and hence represent for small t.he dominant terms. RFESXIR finds his cor- 

rectiou to become iririmportant for larger U-values. 

4.7 T,hilt eq. (4.12) stands for the true two-dimensional approximation can bc shown in t,lie follow 
ing way. 

The mrtex distriliution in an arbitrary sectiou Y,, of hhe wing is determined thy Dhe componcnts 
y g  ( X ,  Y , )  a.nd y n  ( X ,  Y o ) .  If it is assumed that these components retain their same values also in all  
other sections, namely for - a < y < a , a two-dime1isiona.l flow is obtained. In this way the eqnation 
of continuity is violated, since yf would vanish if yv is constnnt. This is, however, an effect of smallcr 
order (2) ,  as can he explained 'by remarking that the greatest cont,rihution to the downwash at  .(Xo, Y o )  
is caused by t,hc vortices lying nearest to the point (Xo ,  Y o ) ,  In this region t,he variation of y,, 

is unimportant sm'e for its causing a yz-component. 

0 
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If yf and yq are assurned independent of K, cq. ( 3 . 5 )  becomes by aid of cq. (3.6) 

It, Ihas been shown i n  .See. 4.2 that if in the definition of I,, tlie limits of integraation 0 and L(0) arc  
replaced by any othcr limits, provided Yo lies between them, the error wbicn is introduced is of order 
E' .  Hence, performing the integration t o  Yo,  one may write 

4 ' T l U ( X , , Y , ) = E  r" { I , y ~ ~ ' Y , ~ . " ) - ~ i x - ~ x , ) c o s ~ I , y q i . ~ , ~ " )  )ax+ O ( 2 ) .  
-I 

By siibst,itntion of the values for I ,  ; ~ n d  I , ,  eq. <4E) is again obtained. 
The fact, t,liat yg nov enters into tbe two-dimensional approximation, is due to the unequal distance 

of the components yg a t  ,both sides of the section considered to that section. This is the effect mentioned 
already in the introduction. 

4.6 A fruther point valuable to ?ne mentioned is that, altliongh the mid-ohord line was wed t,o define 
the angle of sweepback, any other liric of constant chord fraction might ,haye been used since this also 
introdnces differences of order 2. 

is of order E and y q  of order 1, the angle Iietmwn the vector y and the mid-cbord line is 
also of order E .  This means Bhat y t  is cqilal t o  1 y I with an crror of order 2. Since the angle between 
all lines of coiist,ant cliord fraction a t  tbe wing is small of order P, one may take y t  along any 
of these lines. 

Thus eq. (4.12) remains inraria.nt within t,lie vclcv;i.nt ;reenracy f o r  dei'initions of the angle of sirecl). 
back rcferring t!, lincs between the leatling and  the trailing edge of the wing. This .invariance does 
not, of course, exist for  the components y~ and y q  . In  particiilar, i f ' ?  would correspond to the angle of  
the trailing edge and hence yq would ,'lie parallel t u  t,lie trailing edge, cq. (3.12) would simplify into 

+ 
Since 

It seems, however, pro1)able on pliysici~l grounds tiitit ?lie approximation will bc best if p is roferied 
to  a line anywherc between the mid-chord line and the quarter-chord line. 

5 The solution of the integral equation. 

The integral equation (4.11) expressing the known (loivnwah at the wing surface in terms of the 
unknown vortex distribution at the wing and in its wake, contains the two unknown functions y!, and 
yE. These functions are related Iiy the continuity eqnat,ion for the vortex field 

Since tlie sulution yv of eq. (4.11) can be written as 

yu = (yv(') + Ayv) COS 7, 

w h r e  yJ*) denutcs the two-dinicnsional vortex distribution for a straight wing, cq. (5.1) may be 
replaced by 

s 

(5.2) 
a 

ay ' t ( X , Y )  =-cceosp- / vv '* ' ( x ,Y )d .Y+ O ( 2 ) .  
- 1  

.Neglecting again the term O ( ? )  means that yz (9, Y )  Iicmncs a known lunctio~~. lV i c  prohlem tlicn he- 
comes to find a. solution for  A y v ,  satisfying the .KIJ-~TA condition and' to determine the change in pres: 
sure given by 

(5.3) 

By aid of cqs. (M), (3.10) and (3.12), eq. (4.11) d l  n o w  he written as 
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(5.4) 

(5.5) 

(5 .6 )  

(5.7) 

'rhis eqiiat,ioii can I )c  solved in two different ways. Either the sum of the second and fourth ternis 
will ibc pn t  equal to - 4 n A w(X,, Yo) and the solntion of the equation 

well-kiiowi from t,he steady CBSC, will bc used or thc sum oE tlie third and fourth t e r m  will he put equal 
to - 4 K Aw(.X,,, Y,)) ann' use mill 'be made of the solntion of the equation 

which is known from the unst,eady case. 
The first method appears to lead to quicker rcsult,s and will ,he presented hereunder, while the second 

method has been elaborated in Appendix 1. The first niethod (has been used Ijy S ~ V A R Z  (ref. 6) f o r  
the stmisht wing of iiifinit,e span. 

The solntion of eq. (5.8) for which Ayv(l, Y) is finite, as it should he according to t,lie Kirri~a con- 
dition, is 

Siibstituting for - 4 - A  fu(X8, Yo)  the second and fourth term of eq. ( 5  7 )  the follori~ing double i i i -  
tegral appears 

T t  liiis lieen shown hy S m v a ~ z  that the order of integration may he intevehaiiged. The iiitegratioii to  
.Yo caii t,hcn he performed and according to cq. ( A  2.7) Dhc result is 
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Hence, if the parameter Y o  is omitted, the solution (5.10) may he written as . .  

" 
4yU(x . )  = - - 1 .  I z 
Since 

A /--sin ? . Y r  (1) 1 I/= 1-x [ e - ' T * 1 / " ' "  __ d7-s inp .yE(X) .  
7 2 )  2 + x <  7)-x ?,I 

(5.11) 

1 

A / -  = [ Ay&Y 
-1 

ulteglation ai' (5.11) leads by aid oC the integral ( h 2 . 4 )  to  the result 

By using the integral ( h 2 . 1 0 )  this becomes cqiial to 

I Finally, t,his is suhsti tntd into eq. (5.11), ,  leading to 

I - s iny .y ; (X) .  (5.13) 

The prcssure difference follows by application of cq.  (5.3). I n  the evaluation the following expression 
oce11I's 

It has heell shown hy SCIWARZ i i i i i l ,  ~ n ~ i i ' c o v e ~ ,  the derivation is presented in Appendix 2, that this 
expression is equal to 

The prcssiirc d i f f e r "  then turns out to he 

In order to express the right hand side into two-dimensional qiiaiitities, use will be made of eq. (5.2).  
Then 

=-cosp - a (~(2: ( X ,  Y ) d X ,  (5.15) 
ay ., P" - 1  

where the relation betwecn p(2) (X, Y) and y,c2) ( X ,  Y) is analogous l o  that Ixtween Ap and Ayv as 
given by eq. (5.3). 
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where Kc*) is the two-dimensional force 'on the wing. 
Introducing 

! 
and using eqs. (5.15) and (5.16), the pressure differciices Iireome finally 

I n  this formul$, differentiation to Y most he performed a t  a constant value of X ,  i. e. i t  'gives the rate 
of change in the direction parallel t o  the mid-chord line. By introducing dimensionless coordinates 

I one ohtains 

1 
1 

lliffemntiation to 7 is perfoimed by keeping ;u constant, i. e .  i t  gives t.he rate of change in the 

Eq. (5.17) now can be written as 
direction of a constant fraction of the chord. 

I 

- 
I 

/' ~ ( ? ) ( x , T ) ~ x -  zxs p"j (K, Y, j , 
- 1  

- 
where -1  <z<l and - I <  Y 4 1 .  

6 Calculation of force and moment. , ' 

6.1 If, in analogy to cqs. ( 5 . 5 ) ,  bhe total force and moment per unit span are defined by 

K = ( I P )  + A K )  cas p, 

'If= ( ~ % f ( ~ )  + A l f )  Casp, 

(5.19) , 

wlrere ilI is the moment about the mid-chord point (with )vector in the direction of the positive Y-axis), 
the quantities AK and AM are 'given by 

1 1 ,. 
(6.2) 

- 1  -1 
while 

1 

K(?)  = 2 j' p ( Q )  dz and ,11(2)= 1 2  (6.3). 
f -1 -i 

Sllhstituting eq. (5.17) into the foimula for AK, the following reductions c a n  be made: 
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\\'lien calculiiting A X ,  one has 

(6.6) 

Introdocing dimensionless cocfficiciits ~ J Y  piitting 

K@) = k p T 212 ei"t G kg , 
JfC" I p c z  e i v l  Gm,, (6.7) 

I (D = p2,2 G i g ,  

~rhcre G denotes any degree of freedom (AT= t,ramslat,ion, 13 =rotation, ete.), one rnar writc 

z 
l a i p O I ' t a ? t t :  It shonld he noted that if ~(7) dwotes the d~ending deforniatioli, A is equal to - 1 '  

It is now seen that the changes AK and A X  a.rc partly due to the change of the amplitude alollg 

tlle span (E) and partly to wing taper. Both effects m*ke that, bhe circulation varies along the span. 

Consequcntly there will be written 
dY 



mherc again 

Hence 

(6.10) 

(6.11) 

The final conclusion is, that i n  order to  olitain the nerodgnamic forces acting on a strip of a swept 
wing, the oviL6nal fornrnlac (6.7) map 11c uer l  provided the eoe€f.iciciit, k,  arc replaced hy 

(6.12) 

' with il similar modification for the coeflieicnt riig. 
F o r  the degrees of freedom ti'atislation (A) and rotation (8 )  of the wholc ring, the following 

coc~fic!it!ni,s shonld Ix snhstitutcil in t,he right h:ind side of cy.?. (6.11) a i d  iri cq. (6.72) I 

I;., = 0 2  - 2 P . io 

nL,=P.io 

ma = P (1 + +) - .k i, + ~i "12, 

k,l, =-2P(1  + + i U )  - i w  (6.13) 

The coefficients i, and i a  m e  calcnlntcd hp aid of thc  cxprexsions for t,he pressure rliffet~ence gii-eii 

TsLkiiig t:he pressinc dif fercnces again pnsit,ive in dowiixwd direction, one has 
in ref. i. 

p,@) = p~"%iv' I w z  sin 8 - 2 P . io cot - 
A k  2 7. 

- 
IJsing cqs, (6 .5)  a n d  ( 6 . T ) ,  while X r - c o s 8 ,  it is found that 

. j - -  - ; - 1'. io. (6.14) 

In the same way 

'1 (6.15) pb(*) = pu2ei"' 3 - O2 sin 8 cos 0 + io (cot, - - 4 sin 8 )  - 2 1'. ( 1 + &io,) cot - 8 
. .  I 2 2 

alld i b = - P ( l + + i O ) .  

Corresponding formulae for a flap hinging about 
its leading edgc and wit,h n chord which is equal 
to  n con$a.nt, fraction of the wing chord are pre- 
stilted in Aiiqieiidix. 111. ed. ll'cnce, in the formulae of Section 6 special ' 

redneed to zero. Aetnally this reduction is spread 
owr some distance iniva.rd from the tip,, but the 
difference Nbetnwn these two cases will be' neglect- 

care must be taken of bhe tip section since other- 
wise t,he vortices yg which are due to t'he decreasing 
circultitioii a t  tile tip wouia h i  neglected completely. 

6.2 certain eon,p]ication at the til, 
section, ~vherc in the tvo-dimensional approxima- 
t,ion the ci?eiilation and the force arc suddenly At the til1 cq. (5.1) should be rcpplaeed (by: 



uhcre 6 { Y - Z(0)) denotes the Dirac function. This meins that a t  the till section Y = I ( O ) ,  y I  is in- 
linitely large in such a may that 

I(0) A1 x 
J' Y g ( X , Y ) d Y = E  j Y V ( X , P ) d X .  

I (O)-Al  - 1  

Noreover at the tip section the integral equation (4.12) should be replaced by 
,' ' 

since the vortices y t  exist only inward, hut not outward of the tip section. 

obtained by replacing the operator 
Consequently, in the fomulac (5.15) through (5.18), (6.4) and (fi.fi), bhe additional tip forces are 

~ 

a 
- by - % S { Y - I ( O ) ]  or = by - - f S ( ? - l )  
dY dT 
d 

~ 

Substituting eqs (6.7), the additional tip force and momcnt are 

AI<( ] )  = G Z l c , + G Z m ,  1 S(Y-11, 

I sin 'p cos Q /(I + 2 T )  I-P GZZ1i,-2GGgi,/ S ( 7 - 1 )  
8 b  

A M ( 1 )  =- 

Hence, a concentrated acrodynamic force of magnitude 

as well as a conemitrated aerodynamic moment of magnitude 1 
(6.17) 

(6.18) 

should be added a t  tlie tip section. 

to include the aerodynamic reactions (6.17) and (6.18). 
improve thc approximat,ion. 

Although the' accuracy of the two-dimensional approximation decreases near the tip, it is consequent 
It may hc cxpected.t'hat their inclusion will 

7 . Results. of the preceding section. They are given in table 1 
for a number of a-values and arc plotted in figs. 
7.1-7.4. 

It is seen that the real pa& of the coefficients 
with subscript b iljecome infinitely large if a ap- 

Tlie coefficients L,. ksa, k b , ,  l c~ , ,  wt,, mq,, ?no,, 
and ?ub3 have heen computed by aid of the formulae 
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Ka 

0.60 

0.4 0 

+ 0 . 2 0  

0 

- 0 . 2 0  
0 + 0 2  0.4 0.6 0.8 1 .o 1.2 w 1.4 

Fig. i.1. Coefficient 'L, as B function of (Ida=kaf + i 7 ~ ~ ' 1 )  

6 

4 

+2 

0 

-2 

- 4  
0 + 0.2 0.4 0.6 0.8 1.0 1.2 1.4 

. .  
Fig. 7.2. Gocfficient 1cb as il function of ( k b  = l;bl + i 7; 1, b 1. 
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ma 

0 t 0 .2  0.4 0.6 0 8  1.0 1.2 1.4 

Fig. 7.3. Cocffioicet m,, :LS 5 fnnet i r in  of w (ni“= nt,; +in?,;*). 

mb 
2 

+ I  

0 

-1 

-2 

-3 
0 + 0.2  0.4 0.6 0.8 1~0 1.2 w 1.4 

Fig. i .4.  Cocffieient mb :as 3 function o f  Y ( m , ~  nib<+Cmb”). 



iii the formulae' (6.11). For  small values of u, 
the l'-filnction may he expanded. as 

I '=l  + iwlogw + 0 ( J )  

iml lreiice Iiccomes logarithmically infinite 

!or 0. Since k ,b=-2  for  w +  0; the cocfficients 
I+ ka<,  mb,,  and ma ,hecome also logarit,hmically 
infinite. 

IIoi\-ever, this does not mean that infinitely 
largc acrodyiiamie forces are ever introduced in  
the ealculation. It should be rementhered that the 
pi'esent theory may only h e  applied if is a t  least 
ccpal to E .  Since it will 1)e elear from ea. (6.12) 

that the iiew eoefl~icieiits arc multiplied 117 T ,  
that is I)? n factor which is of order E ,  it follows 
t h u t  [,he additional aerodynamic forces aK'e deter- 
niiiied Iiy exp~cssioi~s of t h e  type ckb for o > E .  

1'11e r c a ~  part of this force is plotted' iii fig. 7.5 
for B series of s-values, from which it is sccn that 
no infinitely large ;icrodyiiamic farces arise siiice 
fo r  w = P the force is givcii hy elia =wf;e which 
Iiceomes zero in  the limit w --f 0. 

1 -1' 
1 0  

1 

0 24 

0.1 6 

+ 0.08 

0 

gmierzl, of the sunrc order of magnitude. In this 
t,ransiormat,ion a small parameter E ,  denoting for 
reetaiigular wings the iiirerse of the aspect ratio, 

log E 

and __ arc neglected, nhich means that its 

validity is restricted to wings of not too small 
nspect ratio, which are oscillating a t  not too small 
d u e s  of the reduced frequency. For straight 
wings t,liere exists iio t c f i n  of order E and the 
nsual two-dimensional aerodyuainic forces are ob- 
tained. Fo r  swept wings a term of order E exists 
ani1 tlic resulting expression for the downii-ash, 
which forms a1 integral equation for the vortes 
distrihiition, is given Iiy eq. (4.13). 

J t  is to the iioted that this integral cqil' 'I t' 1011 
r:ontains the spanwise coordinate as a parameter 
Po. This same integral equation arises if the wing 
would have infinite span and the vortex pattern 
of blie sect,ion Y, would he repeated in all sections. 
This pattern contains also a Tortes component y g  
in clrordwise direction, which 1vould 111: ahsent in 
the case of a mal infinite wing. Reirce, the ap- 
proximation may he said to yield the correct strip 
theory for a swept wing. The difCercnce wit,li :L 
stmight wing is tliat yg i ioir  eont.rili~itcs to  the 
do\\~n\~~asll .  

oC1:lIrs. 
I11 the present theory all terms of order 

e2  log e 

0 

- 0.08 
0 0.1 0 . 2  0.3 0 . 4  0.5 0.6 0.7 - 

Fig. 7.5. Tliu real part of r ";a as a function of w in the region w > a. 

8 Recapitulation. 

dniviirrasli in an arbitrary point of the wing is 
cxriressed in teims of the vortex distribution a t  
thc wing and in the make. The ccadinates x and 
II are transfomed by aid of eqs. (3.3) into new 
coordinates X and Y whiclI a t  the wing are, in 

The integral eqniitioii is solved by taking for y 

By application of Brop and SAVART'S law the a knoivn finletion; viz. the approximat,ion given 
by eq. (VZ), where yV@) is obtained by aid of 
strip theory f o r  a straight wing. Using either the  
solution of the in t ega l  equation for the two- 
dimcnsional steady ease or for the unsteady case, 
the I I ~ C S C I I ~  equation can also the solmd. The pres- 



sure distribution, as well as the forces and moments 
t,hen can 'he calculated. 

The final result is given by eq. (6.12). It is 
seen that the sweep of the wing gives rise to two 
additional terms of whiah the first correspond9 to 
the varying, amplitude of the degree of freedom 
considered and the second is dne to taper. The 
effect of the additional terms is maximum for 45' 
sweep. 

Numerical results for the new coefficients l ip ,  
and k,  are presented in table 1. 

Likelthe orthodox strip theory fo r  a. straight 
wing, the present theory should preferably bc used 
only if hhe reduced frequency is at least equal 
to E ,  which means that the rcdiiced frequency 

defined 'hy aid of the semi-span &) should hc 

larger than 1. Otherwise finite span corrections 
(RSISSSER) may become important. 
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APPENDIX 1 

Alternative method for solving the integral equation. 

1; is seen t h a t  eq. (5.9) is of the , same type as iq ,  (5.6), whioh is'tlie integral equation for the 
The corrcsponding solut,ion Cor vortex distribution of an oscillating aerofoil in two-dimensional flow. 

the pressure distrihution is in the form, first presented by € I ~ F ~ ? L X E R  (ref. S ) ,  given hy 

where 

When replacing p @ )  by ~p and w hy Aw, the solntioi~ corrcsponding to eq. (5.9) is obtained. Accord- 
ing to eq. (5.7) Aw is equal to 

(A 1.2) 

Substituting Aw(X,) into the first term of the right hand side of cy. ( A L l ) ,  the order Of 
integration may he interchanged and by wing  eqs. (A2.1) and (A2.2),  the result is 

Using nom eq. ( A Z I O ) ,  one obtains 



X '  -i 

principal d u e  must he t;aken. It is see11 that if tllc integwtion to  S' is performed first,, t,lierc RI'C iio 
prtieiilar difficdties ;ind the result is :~ecording to eqs. ( A  2.2) mid (A 2.3) : 

If the upper Iiotiiidary of the inteyrution to X' is not 1, but S, a.nd if X is smaller t han  S", t,lx 
order of integ,atioii may he interelranged since the point P is not ebnt,;iined in thc Irginil o/' iiiie- 
gwt,ion. Ry pwt,iuI fraction and me of 0 4 .  (A 2.1 ) it is SCCII that 

Ir, lmvcver, X is largcr than X", one s l io~~ ld  write 

and this is cqn;il to -d. J h e e  ( A  J .5)  becomes cy~ml  to 
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ction of the 
in ref. 9. 

uhlc integral is known as the POIXCAI:~.BEIITRA?~ theorem and can he found 

If the secorid term of Aw(X,) in cq.  ( A  1.2) is substit,utcd into the sccond tcrm of eq. (h I l ) ,  it is seal 
that X is always smaller than Y” and therefore t,lic c,hmge of t,hc order of integration is allowed. The 
result is 

Finnllg, sivhst,itution of the remaining terms of eq. (A 1.4) int,o cq. (A 1.1) yiclds 1 ) ~  n.pplicnt,ion of 
( A I . 3 )  

ITcnee, i t  is o1)taiiied that  
A’ 

i 7r 
A (X, X,) w ( X , ) d X ,  = - -sin ‘p yE (X”)dx“  + 

- I  
-1  / 2 

” a  
Applicat,ion of t,hc operator i -+ - tb  the first term of the right, hand side yidlds 

2) ax 
j sin? y g ( X )  + i f’ y z ( x ~ ~ ) d ~ ~  , 77 _ _  

21 
-1 

2 

whicli according to cq.  (5.15) is equal t o  

- 1  

7 r E  -- 
2 PO 

( 

Applicat,ion of the samc operator to  the second tcnn  yields 

(A1.7) 

which is according to cq. (A2.10) equal to 

Finally, 

Using ells. (>\ I i ) ,  ( A  1.8) a n d  (>\ L g ) ,  one 11as 

( A  1.9) 
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hL'1'I"IIX 2. 

Some integrals. 

\vIicrc '1 (.U, X,)) is sivcn in ap~i .  1. 
In particular, for X= 2 

(n 2 . 1 )  

I siiicc *\ wiiisiies if OT. X, is citlief',+ 7, or 1. 
By replacing X by - X and X ,  ,liy - X ,  in cq. (A 2 . 2 )  

I 

- - -x  i l  --I<*\',,<[. ( A  2.3) 1 + x ' d,Y 
I -X s , , - . Y  

i \ lSO 

x 'I a= - I '  2 
Introducing agniii cos p = -  - 



(A2.5) 

( A  2.6)  

3''. By 1i;Lrtial frilctioii aiid I!y usiiig cqs. (A2.3) and ( A  2.6) 

( A  2.7) 

( A  2.S) 

( A  2.9) 

(R2.10) 

. .  

. . .  
Usiiig cils. (A 2.4) i i i id (A  2.10), this bccomcs 
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Tlie last term is reduced IJy partial integrutioii a i d  t h i s  'I~ecumes 

m ,. -i-Y 

Siiice 

I this may IJC replaced by 

A r m N i n x  3. 

Forces and moments for a swept wing with flap. 

In  the easc of a, flap hinging a:hout its lcading cdgc llie degree of frcedom C = rotation of Flap 
relative to wing shonld be added and the momciit N of the flap about its ,hin,ge axis should IJC calen- 
lated ulso. It will be assumed that the Plaii chord is a constant fraction of the wholc chord. 

T.lie new coefficients kc,,  k, , ni, and in, are a,gairi defiiied I J ~  cqs. (6.11). At the right hand 'side of 
these cquations one should substitute I) 

I 

* I  

nk, =- 2 P (Ql + 4 i, 02)  - i w  m, + + "3 Q, , 
TmC = P + 4 io +J - Q,'+ +io (aa - a,;) + ( Q ~ -  o & ) ,  (A 3.1) 
ni, = - P (a, + 4 i, Q 2 )  - a&, + io  aa2 + oZ Q13. 

The formula for ni, has 'IJ~CII calculated hy aid of the pressure distributioii p c @ )  as given in ref. 7. 
Analogous to cq,  (6,1), the flap moment N is eqcuil to 

N = (A'(" + A N )  cos p. (A 3.2) 
- 

If the flap lendiiig edgc is at  x = X ,  =-cosy, it follows tha t  

AiV=ZZ / A p .  (X-zX,)dX. '  (A 3.3) 
- 
x, 

,) Somo of the m-functions l1rzyc k e n  & f i n d  and given in aumcricd finm in ref. 7, rvl~ilo the others we defined in 
oq. (A3.13). 
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Substitnting formula (5.19) into this expression, tlic following iritrgrals will be used in tlic evaluation 

wlierc 

Naking iisc of tlic First cqnntion (6.8) and of the forms 
&“2> I% 212 eiVl  G n 

(A 3.4) 

(A  3.5) 

and introducing in malogy to cys. (6.9) and (6.10) 

(A 3.6) 13 

b AN = t p  - uZe 

it follows t h t  

( A  3.7) 
1-P ’ 1 .  

io f ? P d  1 k,--& 
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mlicrc 
I 

1 1 .  - 1 1 1- I/. - - 
f,('Y,) = (- - -s111-~ x, ) (- Jr F, ) - - ( 1 + +) 1 -SI?. 2 7 7  2 x 

i 

(i\ 3.8) 

ing encffi- 

('\ X!)) 

Similarlj to  the eonccntmted forces acting :it the. tip secbiotl, mliicli linvc Iiccli considered in Scc. G.2> 

The renct,ions at 
there' exist also eoncciitrated forces at the inner end Y,' and tile nntcr cnd (lr t,Irc flnp. 

are given hy t l ic  following expressions 

lo n eonccntmtetl :icrodynamie force of magnitude 

(h3 .10)  

2 O  2% cnncmtrat.cd ac~odynnmie momcut ahont the wing micl-eltord point of mngnit,nilc 

'L'hc m e t i o n s  a t  the inw:ml end of the flap E arc ol>ta,ined from eqs (A N O ) ,  (h3.11) and ( A  3.12) 

JI' .},',, = 1 ,  the concoii t~r;~ted moment: ( A  3.12) sl~oiild ;be rcplncod hy 
~ i y  eIianging tlic sign and replacing C(Tu) I I ~  c(Y,) .  - 

t t .  S !  

, . *  . , )  
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KC 
3 

2 

+ I  

0 

I - 1  

I 
I -2 

0 + 0.2 0 4  0.6 0.8 1.0 i. 2 w 1.4 

Fig. A 3.1. Coefficient kc as a function of w ( I C , =  1 ~ :  + i 16:) 

+ I  

0 

- 1  

-2 

-3 

-4 
0 4.0.2 0 4  0.6 0 0  1 .o 1.2 w I4  

Fig. A. 3.2. Coefficient mc as function of ol '(Vk, = wc; + imp). 
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0 + 0.2  0.4 ' 0.6 oa 1.0 1.2 w 1.4 

~ i g .  A. 3.3. Caefficiont na as a function of w (n,'= na'+im,"). 

. R g .  A. 3.4. Cocfficient n, 8% a function of w (n ,  =  TI^' +in,,"). 
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Tables of the Aerodynamic Aileron-Coef ficients 
for an Oscillating Wing-Aileron System in a Subsonic, 

Compressible Flow 

Contents, 

1 Introduction. 
2 l ist  of Symhls. 

Tahle 1 

Taliles 2-5, 7 ,  9 
Tahles 6, 8, 10 

Comparison of interpolated wilucs m d  
exact values for  p=0 .  

Interpolated results. 
Basic results. 

This inrestig;ition has hcen sponsored Iiy the 
Nctherlands Aircraft llcvelopment Board (N.I.V.). 

1 Introduction. 

The purpose of this report is to  furnish nnmer- 
ical data for the ailcroii coefficierits k , ,  ?itc, n,, , ni l  

and n, for various values of t,he ratio T of aileron 
to t,ota.l chord a t  5 assigned values of the &Zae!i- 
number and I O  values of the reduced frcqiieney o 

(for tlic definitions, see Sec. 2) .  
T u  NWi-report F. 151 numerical data !lave liem 

prcscuted for the aerodyuamic cocfficieiits includ- 
iug data for the aileron eocfficicnts with i = 0.1 ; 
0.2 and 0.3. These data were obtained by aid of 
the theoretical work of Tnmw a.ud V m  DE VOCIR~X 
trud the numerical computations, performed at  the 
J[at,hematical Centre and the N.1d.L. 

The results for T = 0.1 ; 0.2 and 0.3 with p = 0 ;  
0.35; 0.50; 0.60; 0.70; 0.80 and ,=0.(0.1).1.0 
hare been used as a basic set for the interpolation 
toward T ;  ~=0.02.(0.02).0.1 and i=0.15; 0.25. 
Using the formulae of the NLL-report F.54, k , ,  
?&, n., , ?to and have been expanded for small 
values of 7. The results are: 

k,  = I  ".(a,,, + a, T + a, 7 2  + ...) 
11, =r"Go'+ Cli + C,? + ...) 
m c = r % ( b o +  b , r + b , ? +  ...) 

na = 4% (do '+ d, + d, r2 + .,.) 
n, =?(eo  + e17 + e,? + ...), 

I I .J ICI .~  t!ie eocfi'icicuts (I,,, , ( I , ,  6, cte. arc rather 
comihxited i'uuct,ioas of p and W. Only the eocffi- 
(:ii!ti't e , ,  is given by a fairly simple expression viz. 

Tllcsc expansions justify the inteqiolation 01 

method of the ccutral differences. Because the 
derivatives arc availa!ble for three d u e s  of 7, the 
second difference in the interpolation procedure 
must he kept constant. 

T'his interpolation procedure has ,lieen carried out 
8s a check for p=O and o = O . l ;  0.7 and the 
rcsnlts appearcd to he in cxeellent agreement (see 
t ;Me 1) with the cxact values, calculatod by means 
of the formulac given by KiissNn and Scinvaw 
(see "1~uEtEabrtfor.schung" 1940 Vol. 7 7 ) .  IIencc 
it secms certainly justified to use the aliovc- 
ment.ionec1 intelpoli~t~ion proceclnre also for  /3 > 0. 

The numerical eomputa.tions have l)wn performed 
at  the N.L.L. under the directiou of Mr J. G. 
\vovmw. 

2 List of Symbols. 

K = Tp,  lzJ2eiV' ( A  k,, + B lia + c k, )  
,It = l i p ,  IZu'eiut ( A  vi" i- B ma + C ni,) 
N = ~ p , ,  Z 2 ~ Z e i v t  ( An,'+ B nb + C n,) 
K = aerodynamic force of wing + aileron; 

positive downward 
.I1 = aerodynamic moment of wing .t aileron 

about mid-chord point, positive taillieavy 
N = aerodynamic moment of aileron about hinge 

axis (= nose), positive tailhea,vy 
p,, = air density (in uridisturhed state) 
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ill, 

l j  = ;~mplitudc of wing rotation, positive i l  

C = amplitndo of aileron rotatiun, positivc i1 

= ~iinplitode of triinslatiuii in rniileliorrl jiuiiit, ,  

positive dowinurd 

tririling edge is do~viitvtird 

tniiliiig edge is d o w ~ ~ w i ~ r d  

Completed Jiily 1954. 

. . .  , 

.. 
. .  
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TABLE 2. Coefficients for 7 = 0.02. 

w ni:' 

0 

-__ ___ 

- 0.0313 

- 0.11334 
- 0.0313 
- 0.0293 
- 0.11275 
- 0.0261 
- 0.0247 
- 0.0237 
-. 0.0229 

- 0.0347 

___ 
0 

- 0.0383 
- 0.0416 
- 0.0400 
- 0.0375 
- 0.0351 
- 0.0332 
- 0.0314 
- 0.0296 
- 0.0285 
- 0.0274 

n,: 
_== 

0 
0 
(1 
0 
0.0000s 

0.00002 
0.00003 
0.00005 
0.00006 
0.00007 

o.oono2 

nd n:' 9%: 

0 
0 

- 0.00001 
- 0.00001 

- 0.00001 
- 0.00001 
- 0.00002 

- 0.00002 
- 0.00002 

- n.onoo1 

- 0.00002 

na' - - - 

- 0.00004 

- 0.00003 
- 0.00002 

- 0.00002 
- 0.00001 

- o.noon3 

- o.nooo2 

- o.oono1 
0 

-L 0.00001 
n.ooooi 

?lh" 

0 
- 0.00001 
- 0.00002 

- 0.00005 

- 0.0000s 
- 0.00010 
- 0.00011 

- 0.00014 

- 0.00004 

- o.onoo7 

- n.oooi3 

0 
- o.00001 
- 0.00002 
- 0.00004 
- 0.00006 
- 0.00007 

- 0.00011 
-- o.naoo9 

- 0.~0012 
- o.ono14 
- 0.00016 

k /  

- 0.3589 
- 0.2988 
- 0.2615 
- 0.2393 
- 0.2249 
- 0.2154 
- 0.2086 
- 0.2035 

0,1999 

- 0.1947 
- 0.1970 

1;:' 

0 
0.0606 

0.OFIO 
0.0549 
0.0489 
0.0434 
0.0383 

0.0297 
0.0261 

0.0654 

0 0339 

0 
0.0750 
0.0314 
0.07S5 
0.0742 
k.0705 
0.0676 
0.0657 
0.0646 
0.0644 
0.0646 

n1: 

+ 0.0046 
- 0.0253 
- 0.0440 
- 0.0551 
- 0.0624 
- 0.0672 

- 0.0732 

- 0.0766 
- 0.0778 

- o . n m  

-- 0.0752 

+ 0.0051 
- 0.0324 
- 0.0552 
- 0.0686 
- 0.0773 

- O.OS78 

- 0.0944 

- 0.0993 

- 0.0m3 

- 0.0913 

- o.097n 

~ 

- 0.00022 
- 0.00022 
- 0.00022 
- 0.00022 
- 0.00022 
- 0.00023 

- 0.00021 

- 0.00021 
- 0.00022 

- n.ooo21 

- 0.00021 

0 
0 
0 

- 0.00001 
- o.onon1 
- o.oooni 
- o.onooi 
- 0.00001 
- 0.00002 
- n.oooo2 
- 0.00002 

0 
0.1 
0.2 

0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

0.3 

p=0 

p = 0.35 

p = 0.50 

0 
0 
0 
0.00001 
0.00001 
0.00002 
0.00003 
0.00004 
0.00005 
0.00006 
0.0000s 

0 
0 

- o.oonni 
- o.oonoi 
- o.oono1 
- 0.00001 
- 0.00001 
-- 0.00002 

- 0.00002 
- 0.00003 

- o.omo2 

- 0.00004 

- 0.00003 
- o.oonn3 

- 0.00002 
- o.ooon2 
- 0.00002 
- 0.00001 
- 0.00001 

0 
0 

i- 0.00001 

0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

- 0.3831 
- 0.3089 
- 0.2652 

- 0.2251 
- 0.2151 
- 0.2081 
- 0.2033 
- 0.1997 
- 0.1969 
- 0.1951 

- 0.2404 

- 0.00023 

- 0.00023 

- 0.00023 

- 0.00023 

- 0.00023 

- 0.00023 

- 0.00023 

- 0.00023 
- 0.00023 
- 0.00023 
- 0.00023 

0 
0 
0 

- 0.00001 
- n.ooooi 
- n.ooooi 
- 0.00001 
- 0.00002 
- 0.00002 

- 0.00002 
- o.oono2 

0 
0.1 * 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

- 0.4145 
- 0.3209 
- 0.2679 
- 0.2394 
- 0.2218 
- 0.2097 
- 0.2007 
- 0.1933 
- 0.1871 
- 0.1602 
- 0.1732 

0 
0.0929 
0.1002 
0.0983 
0.0958 
0.0944 
0.0946 
0.0960 
0.0984 
0.1016 
0.1055 

+ 0.0055 
- 0.0427 
- 0.071 2 
- 0.0873 
- 0.0980 
- 0.1060 
- 0.1124 
- 0.1176 

- 0.1267 
- 0.3308 

- 0.1224 

0 
- 0.0467 

- 0.0454 
- 0.0409 
- 0.0371 

- 0.0486 

- 0.0333 
- o.0295 
- 0.0255 
- 0.0215 
- 0.0175 

0 
0 
0 

0.00001 
o.onoo1 

0.00002 
0.00003 

0.00006 
0.00004 

0.00007 
0.00009 

0 
0 

- 0.00001 

- 0.00001 
- 0.00001 
- 0.00002 
- 0.00002 
- 0.00002 
- 0.00003 
- 0.00003 

- o.oono1 

- 0.00004 
- n.00004 

- 0.00003 

- o.oooo2 
- 0.0qoo1 
- o.ononi 

- 0.00003 

- 0.00002 

0 
0 
0 

0 
- 0.00001 

- 0.00004 

- 0.00008 

- 0.00003 

- 0.00006 

- n.oonio 
- n.oooi2 

- o.00015 
- 0.00014 

- 0.00017 

- 0.00025 
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TABLE 3. Coefficients fo r  T = 0.04. 
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TABLE 4. Cocfficicnts for T = 0.06. 

na' 1 w ?lE r;: 

-- 0.6174 
- 0.5145 
'- n . x m  
- 0.4132 

- 0.3727 
- 0.3611 
- 0.3525 
- 0.3461 

- 0.3370 

- 0.3S90 

- 0.3410 

?n/ 

+ n.nzw 
- 0.0269 
-- o.n5ss 
- 0.0775 
- 0.0~97 

- 0.1034 
- 0.1076 
- 0.1107 
- 0.1131 
- 0.1149 

- 0.0977 

n," 

0 
- o.oono3 
- 0.00009 

- o.nno21 
- o.onn2s 
- n.00034 
- o on041 
- 0.00047 
- o.00053 
- o.ooo60 

- 0.00015 

0 
- n.onno3 

- o.nnn16 
- 0.00023 
-- o.nno3n 
- n.00037 
- o.00043 
- w n n m  
- 0.00056 
- 0.00063 

- 0.r1o009 

n 

0.3 

0.1 
0.2 

0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

p=0  - o.noi99 
- n.ooi 96 
- o.nnm 
-- 0.00193 

- o.on191 
- n.onisn 
- o.oni9n 
- o.onis9 
- n . n m 9  

- 0.00192 
- 0.00191 

- 0.00213 
- n.00209 
- 0.0020s 
- n.00206 
- 0.00206 

- 0.00205 
- 0.00205 
- 0.n0205 

- o . m o f i  

- 0.00205 

- 0.M20.5 

n 
- 0.00005 
- o.onon9 
- n.non12 
- o.00015 
- n.nno~x 

- n.non2-1 
- n.00027 
- o.00030 
'- 0.00033 

- 0.00021 

0 
- n.nonn5 
- n.noon9 
- n.00013 
- o.nnn16 
- n.nno2n 
- 0.00023 
- n.00028 
- n.00031 
- o.00036 
- 0.00043 

p = 0.35 - 0.6591 

- 0.4551 
- n . w z  

- 0.4163 
- 0.3907 
- 0.3743 
-- 0.3633 
.- 0.3s560 

- 0.3475 
- 0.345i 

- n . z m  

n 

0.1229 

0.1022 
0.0939 
0 .087~ 
m i 8  
0.0779 
0.0750 

0.1212 
0.1315 

0 .1E l  

n 
- 0.0669 
- 0.0743 
- 0.0733 
- 0.0709 
- 0.0688 
- n . n ~ i n  
- 0.0663 
- 0.065s 
- 0.0657 
- 0.0660 

.0 
0.1 
0.2 
0.3 

0.5 

0.7 
0.6 
0.9 
1.0 

n 
0.1 
0.2 

0.5 

0.8 

1.0 

0.1 

0.6 

0.3 
0.4 

0.6 
0.7 

0.9 

p = 0.50 -- 0.7130 
- 0.5532 
- 0.4634 

- 0.3S71 

- 0.3546 
- 0.3442 

- 0.4160 

- 0 .36~0  

- 0.335s 
- 0.3272 
- 0.3155 

0 
0.1516 

0.1562 
0.1484 
0.1+27 
0.1399 

0.1630 

0.1392 
0.1405 

n 1481 
0.1436 

+ 0.0283 
- 0 . 0 ~ 1  
- 0.1 024 
- 0.1296 
- 0.1476 

- 0.171s 
- 0.1 80s 

- o.2n4n 

-0.1611 

- 0.IS91 
- 0.1967 

n 

- 0.0874 
- 0.0543 
- o . n m  
- 0.0757 
- 0.0720 
- 0.0685 
- 0.0650 

- 0.0579 

- 0.0817 

- 0.0615 

0 
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- n .mm I 
- n.nnni: 
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TABLI? 6. Cocfficients for 7 = 0.1. 

kc' k," n,' 11c1' 

I 0 0 - 0,00563 0 0.7916 0 .+ O.O.Z%O 1 -0.00220 ; 
- 0.6604 
- 0.5798 
- 0.5318 - 0.00070 
-' 0.50 1 1 
- 0.4803 
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- 0.0009i - 0.00009 -0.00608 - 0.00516 - 0.00216 
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TABIZ 6 (continued). 

8,' ?&" L n,' %," 71b' 910" ?I ,; n," 
_ _  L__ 

-0.9896 0 + n.06~1 0 0 0 - 0.00274 0 - 0.00i04 0 
-0,7:310 0.231i - 0.0701 - 0.133 o.ooon1 - 0.00021 - 0.0021 1 - 0.00051 - 0.00679 - 0.000.15 
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- 0.5950 0.2961 - 0.2094 - 0.14ii 0.00014 - 0.00040 - 0.00194 - 0.001ii - 0.00i48 - 0.00058 
-0.5104 0.2844 - 0.2634 - 0.1279 0.00041 - 0.00058 - 0.00175 - 0.00299 - 0.00549 - 0.00097 ~ 

- 0.4X;i 0.2760 - 0.2994 - 0.1036 0.00083 - 0.00078 - 0.001 - o.00423 - o.oo7.m - o . 0 0 . t ~  - 
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- 0.3i10 0.2675 - 0.3432 - 0.0466 0.0Oz01 - 0.001>2 - o . o n i s  - 0.006iG - 0.00i6.;, - 0.00 
- 0.3303 0.2611 - n.%m - 0.014 1 o.oom - o.00171 - 0 . 0 0 1 ~  - 0.00801 - o.nn'i71 .- 0.00 
- 0.2903 0.2490 - 0.3517 ,+ 0.0189 0.003X - 0,00220 - 0.001GG - 0.00923 - 0.00i74 - 0.002GS 
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0 

1 1 
1 ~ 
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- 0.554.5 0.3i99 - 0.34:31 - 0.1392 0.00019 - 0.00048 - 0.00222 - 0.00222 - 0.00891 - 0.000G8 
- 0 . 4 : ~ i .  0.3324 - 0.4026 - 0.0666 0.00032 - 0.00069 - 0.00211 - 0.00::il - 0.00900 - 0.00109 
- 0.35'54 0.3242 - 0.4214 t 0.0118 0.00101 -0.00093 -0.00213 - 0.00519 - 0.009in -0.00i4~ 
- 0.2888 0.2856 - 0.4039 0.0855 0.00162 - 0.001% - 0.00226 - 0.00666 - 0.0091.5 - 0.001i9 
- 0.2431 0.2370 -0~357i > -0.00160 -0.00246 -0.00800 -0.00916 -0.00216 
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-0 .23 i i  0.1215 - 02,054 0.1280 0.00501 - 0.00365 0.00292 - 0.01 I ~ G  - 0.00924 - 0.003i6 

I I 



TABLE 7. Coeffieients for .r = 0.15. 

p=0  

p =0.35 

a = 050 

0 

0 
0.1 
0." 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1 .0 

0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 I 

0 . i  
0.8 
0.9 
1 .0 

0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.fi 
0.7 
0.8 
0.9 
1 .0 

I;: 

-0.9610 
- 0.8027 
- 0.i061 
- 0,6435 
- 0.6116 
- 0.5864 
- 0.568% 
- 0.S43 
- 0.5433 
- 0.534'L 
- 0.5264 

- 1.02G9 
-0.8314 
- 0.i1!J.t 
- 0.6566 
- 0.6192 
- 0.5961 
-0,5815 
- 0.572i 
- 0.5658 
- 0.5659 
- 0..5662 

- 1.1097 
- O.RF40 
- 0.7300 
- 0.661p 
- 0.620i 
- 0.5964 
-0,5815 
- 0.5723 
- 0.5666 
- 0.5629 
- 0.5598 

I;: 

0 
0.1400 
0.1342 
0.1053 
0.0i23 
0.0Y9i 

+ 0.0083 
- 0.0212 
- 0.0494 
- 0,0765 
- 0.102.5 

0 
0.li64 
0. l i46 

0.1199 
0.092i 
0.0678 
0.045 I 
0.0246 

+ 0.0059 
- 0.01 I0 

0.1488 

0 
0.2223 
0.2215 
0.1981 
0.1739 
0.1532 
0.1371 
OX248 
0.1162 
0.1111 
0.1092 

7nc( 

0.0941 
+ 0.0~150 
- 0.0329 
- 0.0612 
- 0.0i89 
- 0.0905 
- 0.0984 
- 0.1040 
- 0.10i9 
- 0.1106 
- 0.1124 

0.1005 
+ 0.0019 
- 0.05fil 
- 0.0895 
- 0.1105 
'- 0.1246 
2 0.1346. 
-0.1421 
-0.1481 
- 0.1529 
- 0.1569 

+ 0.1086 
- 0.0173 
- 0.0902 
- 0 1306 
-0.1571 
-0.1763 
- 0.19 16 
- 0.2045 
- 0.21i0 
- 0.2286 
- 0.2398 

- 

m: 

0 
- 0.08il 
- 0.1 013 
-0.1041 
- 0.104i 
- 0.1053 
- 0.l070 
- 0.1093 
-0.1123 
- 0.1159 
- 0.1200 

0 
- 0.1066 
- 0.1230 
- 0.1266 
- 0.1285 
- 0.1 309 
- 0.1344 

- 0.1443 
- 0.150i 
- 0.1576: 

- 0.13b9 

0 
- 0.1309 
- 0.146ti 
-0.1491 
- 0.1502 
-0.1.523 
- 0.1>5,6 
-0.1597 
- 0.1644 
- 0.1694 
- 0.1745 

n,' 
___ 
0 
0 
0.00023 
0.0007; 
0.00143 
0.00241 
0.00361 
0.00506 
0.006i5 
0.00868 
0.01083 

0 
0.00001 
0.00024 
0,000i5 
0.00155 
0.002:i8 
0,00392 
0.0055s 
0.00740 
0.00954 
0.01.19Y 

0 
0.00001 
0.00028 
0.00083 
0.0017l 
0.00'81 
0.00433 
0.00609 
0.00818 
0.01056 
0.01525 

nn)) 

0 
- 0.00% 1 
- 0.00089 
- 0.00122 
- 0.00153 
-0.00183 
- 0.00212 
- 0.00242 
- 0.0027 1 
- 0.00301 
- 0.00330 

0 
- 0.0005:3 
- 0.00093 
-0.00129 
- O.OOl(i4 
- 0.00200 
- 0.00237 
- 0.00279 

- 0.0037i 
- 0.00336 

- 0.0032! 

0 
- 0.00oT,5 
-0.00098 
- 0.0013c; 
- 0.001 ii 
- 0.002 19 
- 0.00269 
- 0.00324 
- 0.0039C 
- 0.00474 
- 0.00574 

llb' 

- 0.00615 
- 0,00310 
- 0,00437 
- 0.00379 
- 0.00:322 
- 0.00265 
- 0.00200 
- 0.00129 
- 0:00048 
+.0.00047 

0.00138 

.- 0.00653 
- 0,00534 
- 0,00'E7 
- 0.00398 
- 0.00346 
- O.OO'L92 
- 0.00234 
- 0.00172 
- 0.00106 
- 0.00035 
+ 0.00042 

- 0,00707 
- 0.00561 
- 0.00479 
- 0.00.e I 
- 0.00372 
- 0.00325 
- 0.00258 
- 0.00230 
- 0.00185 
- 0.00143 
- 0.0010i 

nd' 

0 
- 0.001 19 
- 0.00326 
- 0.00546 
- 0.00769 
- 0.00991 
-0.0121" 
- 0.01432 
- 0.01652 
- 0.01870 
-0,02087 

0 
- 0.001 2 1 
- 0.0034.5 
- 0.00583 
- 0.00825 
- 0.01069 
-0.01313 
- 0.0l561 
- 0.01811 
- 0,02066 
- o:oz:32,< 

0 
- 0.00127 
- 0.00:375 
- 0.00638 
- 0.00904 
- 0.01173 
-0.07447 
- 0.01727 
- 0.02014 
- 0.02305 
- 0.02599 

-0.01294 
- 0.01244 
-00.01213 
- 0.01 192 
- 0.011 i f :  
- 0.011 62 
-0.01149 
- 0.01136 
- 0.01122 
- 0.01106 
-0.01093 

- 0.0 1381 
- 0.01 523 
-fJ.0129!. 
-0.01271 
- 0.01259 
- 0.01250 
- 0.01243 
- 0.01238 
- 0.0 1233 
- 0.01228 
- 0.01"24 

- 0.01494 
- 0.01424 
- 0 01:390 
- 0.013i4 
- 0 01367 
-0.0136.5 
- 0.01367 
- 0 07370 
-0.01375 
- 0.01382 
- 0.01 389 

0 
- 0.0004F 
- 0.0013fi 
- 0.00234 
- 0.00:3:?2 
- 0.00430 
- 0.00r,"B 
- 0.00626 
- 0.007":: 
- 0.00820 
- 0.009 I6 

0 
- 0.00045 

- 0.0024ti 
- 0.00352 
-0.004.57 
- 0.00560 
- O.DOG6!3 
- 0.00itiij 

- 0.00970 

- 0.0os43 

- o.oosce 

0 
- 0.00046 
- 0.00155 - 0.0026i 
- 0.00379 - 0.004YG - 0.00599 - 0.00iOi 
- 0.00814 - 0.0091 i 
- 0.01019 



p= 0.60 

p 0.iO 

a= 0.80 

w 

0 
0.1 
0.2 
0.3 
0:4: 
0.5 
0.6 
0.7 
0.8 
0.9 
1 .o 

0 
0.1 
0.2 
0.3 
0.4 
0 5  
0.6 
0. i  
0.8 
0.9 
1 .o 

0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 

I;/ 

- I .ZOl? 
- 0.8905 
- 0.i368 
L 0.6578 
-0.6118. 
- 0.5823 
- 0.5GOi 
- 0.5427 
- 0.52.55 
- O..5Oi1 
- 0.48.53 

- 1.345i 
-0.9216 
- 0.i322 
- 0.G36O 
- 0.5i62 
- 0.5293 
- 0.4864 
- 0,4431 
- 0.3989 
- 0.3558 
- 0.3172 

- 1.60li 
- 0.92.39 
- 0:692G 
- 0.55i6 
- 0.46:32 
- 0.384i 
- 0.:3'259 
- 0.'2936 
- 0.28i5 
- 0.:3010 

I;;' 

0 
0.2703 
0:2701 
0.2481 
0.2286 
0.2151 
0:20i5 
0.204i 
0.2058 
0.2092 
0.2137 

0 
0.3431 
0.3398 
0.3183 
0.3030 
0.2949 
0.2904 
0.2846 
0.2i40 
0,q,jrr 

0:2280 
i. .dJ 

0 
0.4712 
0.4409 
0.4062 , 

0.3i3.5 
0.3327 
03T8G 
0.2176 
O.IGO5 
0.1'236 

m CI 

+ O.lli6 
- 0.0450 
-0.131i 
- 0.1814 
- 02.132 
- 0.24 1.5 
- 0.2641 
- O.'L846 ~ 

- 0.:303s 
- 0.3216 
- 0.33i9 

+ 0.1318 
- 0.094i 
- 0.2Oi3 
- 0.2il9 
- 0.31 il 
- 0.35%2 
- 0.3792 
- 0.3983 
- 0.4076 
- O . l O ( i i  
- 0.3960 

+ 0.1568 
- 0.20iS 
- 0.362.5 
- 0.4407, 
- O.4T66 
- 0.4733 
- 0.4346 
- 0.3747 
- 0,3143 
- 0.2635 

TABLE 7. (continued). 
___ 

ni," 

0 

___ ___ 

- 0.1356 
- 0.1685 
- 0.3668 
- 0.1640 
- 0.1613 
- 0.1.589 
- 0.15% 
-0.1512 
- 0.1448 
-0.1362 

0 
-0.1913 
- 0.1923 
- 0.1766 
-0.15i.5 
- 0.1351 
-0.1087 
- 0.0779 
- 0.0444 
- 0.01 05 
-i- 0.0207 

0 
- 0.24:U 
-0.1944 
- 0.1228 
- 0.041 3 
+ 0.0408 

0.1069 
0.1434 
0.14i4 
0.1264 

ne' 

0 
0.00001 
0.000~0 
0.00094 
0.0018i 
0.003 1 i 
0.004i9 
0.006iO 

0.01 149 
0.01429 

o.ooa96 

0 
0.00001 
0.00037 
0.00109 
0.00220 
0.00365 
0.00542 
0.007.72 
0.00983 
0.01234 
0.01500 

0 
0.00002 
0.00049 
0.00138 
0.00%69 
0.004:31 
0.00621 
0.00828 
0.01055 
0.01:307 

n," 

0 
- 0.00059 
- 0.00103 
- 0.00145 
-0.00191 
- 0.00245 
- 0.00:106 
- 0.U0363 
- 0.004iY 
- O.O(i598 
- 0.0074ti 

0 
- 0.000G2 
- 0.001 I2 
- 0.001VL 
- 0.00218 
- 0.0028i 
- 0.003i5 
- 0.00488 
- 0.0062B 
- 0.00799 
- 0,00996 

n 
- 0.000i0 
- 0.001:30 
- 0.00194 
- 0.002ii. 
- 0.00384 
-0.00517 
- 0.006i6 
- 0.008.54 
- 0.01 061 

?l$ 

- O . O O i G 5  
- 0.005s'~ 
- 0.00304 
- 0.004.50 
- 0.00405 
- 0.00:168 
- 0.00:335 
- 0.00.31~ 
- 0.30:3u2 
- 0.00305 
- 0.00:320 

- 0.00858 
- 0.00633 
- 0,00545 
- 0.0049i 
- 0.00468 
- O.OO*% 
- 0.004G3 
- 0.00493 
- 0.00541 
- 0.00603 
- 0.0066F 

- 0.01020 
- 0.00i05 
- 0.0062:i 
- 0.00605 
- 0.00G25 
- 0.00682 
- 0.00iG2 
- 0.00848 
- 0,00919 
- 0.0098:3 

lllrl' 

0 
- 0.00134 
- 0.00412 
- 0,00700 

- 0.01 "94 
- 0.01 599 

- 0.02226 
- 0.02539 
- 0.02847 

- 0.00994 

- 0 . o i ~ i i  

0 
- 0.00151 
- 0.0043 
- 0.00805 
- 0.0114'2 
-0,01485 
- 0.01830 
- 0.021i1 
- 0.0'249i 
- 0.02793 
- 0.03071 

0 
- 0.00189 
- 0.00592 
- 0.00998 
-0.01400 
-0.01i90 
-0,02149 
- 0.02474 
- 0.02iiG 
- 0.03056 

114 

-0.0161i 
- 0.01533 
- 0.01499 
- 0.01490 
- 0.01489 
- 0.0149.5 
- 0.01500 

- 0 . 0 1 m  
- 0.01547 
- O.Oli59 

- 0.01519 

- 0.018 I1 
- 0.01704 
-0,01675 
-0,016i5 
- 0.01690 
-0.OliOR 
- 0.0 1?30 
- 0.01 i 50  
- 0.0liG:l 
- 0.Oli72 
-0.01775 

- o.o21.-fi; 

- 0.019% 
~ 0.02024 
- 0.020,58 
- 0.0'082 
- 0.02092 
- 0.02093 
- 0.02099 
- 0.0'2122 

- o o2om 

?l? 

0 
- 0.00048 
- 0.0016i 
- 0.00290 
- 0.00408 
- 0.00524 
- 0.00636 
- 0.00i4j 
- 0.00848 
- 0.00947' 
- 0.01 047 

0 
- 0.0005'L 

- 0.00T22 

- 0.00562 
-0.00671 
- O . O O i i 2  
- 0.00870 
- 0.009iO 

- o.oni9o 

- o . o w ( i  

- 0.'01074 

0 
- 0.00064 
- 0.00224 
-0,003GI 
- 0.00475 
- 0.00576 
- 0.0OGii 
- 0.00793 
- 0.009:32 
- 0.01092 



TABLE 5. Coefficients fo r  T = 0.2 

n,: __ 
0 
0.00001 
n.noo45 
0.00141 
o.ooz3s 
0.00483 
0.00731 
0.01025 
0.01368 
0.01755 
0.02195 

k," 

'0  
0.1505 
0.1357 
0.0951 
0.0501 

+ 0.0056 
- 0.0372 
- 0.0753 

- 0.1557 
- 0.1926 

- n.ii'i7 

nof' 

0 
- 0.00106 
- 0.00185 

-0.00318 
- 0.00380 
- 0.00442 
- 0.00503 
- 0.00564 
- 0.00625 

- 0.00254 

- 0.00686 

k,' 

- 1.0996 
- 0.9197 
- 0.5104 

- 0.7032 
- 0.6741 
- 0.6527 
- 0.6360 
- 0.6222 

- 0.5998 

- 0.7451 

- 0.6104 

m/ 

0.1424 
+ 0.0526 
- 0.0014 
- 0.0330 
- 0.0524 
- 0.0650 
- 0.0734 
- 0,0790 
- 0.0827 
- 0.0850 
- 0.0863 

n b' 

- 0.01272 
- 0.01059 

- 0.00793 
- 0.00683 
- 0.00567 
- 0.00441 
- 0.00302 
- 0.00146 
+ 0.00026 

0.00216 

- 0.00911 

no" 

0 .  
- 0.00235 

- 0.01101 
- 0.01553 
- 0.02003 
- 0.02+51 
- 0.02897 
- 0.03341 
- 0.03783 
- 0.01224 

- o.nofi55 

91,' 

- 0.02350 

- 0.0215s 
- 0.02106 
- 0.02065 
- 0.02028 
- 0.01991 
- 0.019% 
- 0.01913 
- 0.01871 
- 0.01824 

- 0.02234 

n:' 

0 
- n.noioi 
- 0.00319 
- 0.0054s 
- 0.00779 
- 0.01010 
- 0.01240 
- 0.01369 
- 0.01697 
- 0.01 924 
- 0.02150 

ill? 

0 .  
- 0.1003 

___ ___ 

- n.11so 
- 0.1229 
- 0.1255 
- 0.1283 
.--0.1320 
- 0.1366 
- 0.1420 

-0.1547 
- 0.1481 

0 
- 0.1230 
- 0.1439 

- 0.1554 
- 0.1610 
- 0.1679 
- 0.1761 
- 0.1855 
- 0.1960 
- 0.2072 

0 '  
- 0.1514 
- 0,1726 
- 0.1793 
- 0.1848 
- 0.1916 
- 0.2001 
- 0.2099 
- 0.2208 
- 0.2323 
- 0.2442 

- 0.1 505 

___ 

- 

0 
0.1 
0.2 

0.4 
0.5 
0.6 
0.7 
0.5 
0.9 
1.0 

0.3 

p=0 

0 = 0.35 

p = 0.50 

0 
0.1 
0.2 
0.3 

0.5 
0.6 
0.7 
0.5 
0.9 
1.0 

0.4 

- 1.1739 
- 0.9631 
- 0.8265 
- 0.7565 
- 0.7149 
- 0.6595 
- 0.6538 
- 0.6647 
- 0.6602 
- 0.6593 
- 0.6608 

0 
0.1913 
0.1808 
0.1434 
0.1027 
O.OVS9 

+ 0.0277 
- 0.0060 
- 0.0374 
- 0.06G9 
- 0.0944 

0.1520 
+ 0.0402 
- 0.1d250 
- 0.0620 
- O.CS4R 
- 0.0999 
- 0:1102 
- 0.1176 
- 0.1231 
- 0.1272 
- 0.1 303 

0 
- 0.00110 
- 0.00193 
- 0.00267 
- 0.00340 
- 0.00415 
- 0.00494 
- 0.005so 
- 0.00678 
- 0.00785 
- 0.00911 

- 0.01358 
- 0.01109 
- 0.00949 
- 0.00834 
- 0.00731 
- 0.00629 
--0.00520 
- 0.00402 
- 0.00278 
- 0.00146 
- 0.00005 

0 
- 0.00240 
- 0.00693 
- 0.01175 
- 0.01665 
- 0.02158 
- 0.02653 
- 0.03155 
- 0.03663 
- 0.01179 
- 0.04703 

- 0.02509 
- 0.02371 
- 0.02292 
- 0.02244 
- 0.02212 
- 0.02187 
- 0.02167 
- 0.02147 
- 0.02127 
- 0.02107 
- 0.02088 

0 
- 0.00107 
- 0.00336 
- 0.00550 
- 0.00s27 
- O.OIO'i2 
- 0.01315 
- 0.01559 
- 0.01802 
- 0.02045 
- 0.02286 

0 
0 
0.00047 

0.00311 
0.00522 
0.00'189 
0.01113 
0.01494 
0.01929 
0.02426 

o.oni5o 

0 
0 
0.00053 
0.00166 
0.00340 
0.00575 
0.00871 
0.01229 

0.02133 
0.C2679 

n.01649 

0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

- 1.2697 
- 0.9920 
- 0.8407 
- 0.7643 
- 0.7208 
- 0.6958 
- 0.6819 
- 0.6750 
- 0.6726 
- 0.6734 
- 0.675'1 

0 
0.2428 
0.2329 
0.1981 
0.1626 
0.1313 
0.1051 
0.0835 
0.0663 

0.0446 
0.053% 

0.1644 
+ 0.0216 
- 0.0602 
- 0.1049 
- 0.1339 
- 0.1545 
- 0.7707 
- 0.1846 
- 0.1975 
- 0.209s 
- 0.2218 

0 
- 0.00115 
- 0.00203 
- 0.00253 
- 0.00367 

- 0.00560 
- 0.00677 
- 0.00S23 
- 0.00997 
- 0.01208 

- 0.00456 

- 0.01468 
- 0.01167 
- G.00999 
- 0.00886 

- 0.00704 
- 0.00619 
- 0.00537 

- 0.00395 
- 0.00342 

- 0.00792 

- 0.0n.m 

0 
- 0.00249 

- 0.01283 
- 0.01823 
- 0.02367 
- 0.02925 
- 0.03492 
- 0.04073 
- 0.04662 
- O.OY260 

- 0 00750 

- 0.02714 
- 0.02547 
- 0.02464 

- 0 02406 
- 0.0239s 
- 0.02395 
- 0.02398 
- 0.02405 
- 0.02414 
- 0.02426 

- 0.0242j 

0 
- 0.00107 
- 0.00361 
- 0.00627 
- 0.0os92 
- 0.01153 
- 0.01411 
- 0.01 665 
- 0.01917 
- 0.02165 
- 0.02409 



TABLE 8 (continued). 

I;: k," ?i1/ 

+ 0.178ti 
- 0.0063 
- 0.1034 
- 0.1588 
- 0.1952 
- 0.2'254 
- 0.2509 

- 0.2980 
- 0.3208 
- 0.3430 

- ____ 

- 0.274s 

'+ 0.1994 
- 0.0579 

- 0.2565 
- 0.1840 

- 0.3089 
- 0.3517 
- 0.3876 
- 0.4170 
- 0.4377 
- n.1m 
- 0.4476 

ill/ 

0 
- 0.1S06 
- 0.2001 
- 0.2037 
- 0.2068 
- 0.2106 
- 0.2152 
- 0.2195 
- 0.2226 
- 0.2237 
- 0.2223 

n: 

0 
- 0.00001 
+ 0.00059 

0.00186 
0.00377 
0.00636 
0.00961 
0.01350 
0.0180'2 
0.02312 
0.02870 

net' 

0 
- 0.00~23 
- o.00213 
- 0.00302 

- o.on5os 

- 0.00804 
- O.OIOOS 

- 0.11157s 

- 0.00398 

- 0.00640 

- 0.01263 

?I b' 

- o.ni.iso 

- 0.00946 

- 0.01226 
- 0.01051 

- 0.00866 
- 0.0G802 
- 0.00753 
- 0.00727 
- n.oni29 
- 0.00i62 
- 0.00828 

- 0.01781 
- 0.01317 
- 0.01140 
- 0.01 050 
- 0.01007 

- 0.01137 

- 0.01443 
- 0.01617 

- n . v m o  

- 0.01 003 
- 0.01045 

- 0.01375 

- 0.01467 
- 0.01311 
- 0.01389 
- 0.01360 
- 0.01516 
- 0.01728 
- 0.01953 
- 0.021.52 
- 0.02347 

Ilb" 

0 
- 0.00261 
- 0.00823 
- 0.01406 
- 0.02003 
- 0.02610 
- 0.032'27 
- 0.03859 
- 0.01495 
- 0.05129 
- 0.05754 

?Zr' 

- 0.02938 
- 0.02738 
- 0.02656 
- 0.02630 
- 0.02626 
- 0.02638 
- 0.02660 
- 0.02687 
- 0.02719 
- 0.02753 
- 0.02782 

11:) 

0 
- 0.00111 
- 0.00391 
- 0.0067E 
- 0.0095s 

- 0.01497 

- 0.02001 
- 0.02236 

- 0.01233 

- 0.01754 

- 0.02-167 

B = 0.60 0 
0.1 

0.3 

0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

0.2 

0.4 

- 7.3745 
- 1.0223 
- 0.8505 
- 0.7641 
- 0.7157 
- 0.6868 
- 0.6677 

- 0.6411 

- 0.6108 

- o m 8  

- 0.6274 

0 

0.2873 
0.2541 
0.2242 
0.2016 
0.1864 
0.1777 
0.1747 
0.1760 

0.2966 

nssoi 

0 

0.3660 
0.3332 

0.3818 

0.3106 
11.2972 
0.2904 
0.2850 
0.2765 
0.2606 
0.2349 

0 
- 0.2248 

- 0.2236 
- 0.2124 

- 0.1 785 
- 0.1535 
- 0.1233 

- 0.0557 

- 0.2327 

- 11.1979 

- 0.0901 

0 
- n.ooooi 
+ n.noo7i 

0.00217 
0.00437 
0.00728 
0.01086 
0.01502 
0.01963 
0.02453 
0.02972 

0 
- 0.00131 
- 0.00232 
- 0.00336 
- 0.00454 

- 0.00792 

- 0.01335 
- 0.01 700 
- 0.02123 

- 0.00~03 

- 0.01034 

0 
- 0.00291 

- 0.01615 
- 0.00942 

- 0 . 0 2 m  
- 0.02988 
- 0,03685 
- 0.043i2 
- 0.05020 
- 0.05627 
- 0.06163 

- 0.03291 
- 0.03036 
- 0.02964 
- 0.02962 
- 0.02994 
- 0.03039 

- 0.03143 
- 0.03183 

- 0.03093 

- n.o:mo 
- 0.03220 

0 
- o.onizo 
- oBo+io 
- 0.00753 
- 0.0104s 
- 0.01324 
- 0.01 578 
- 0.01~13 
- 0.112035 
- 0.02252 
- 0.02473 

a = 0.70 

R = 0.S0 

0 
0.1 
0.2 
0.3 , 
0.4 
0.5 
0.6 
0.7 

0.9 
1.0 

0.s 

0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 

- 1.5398 
- 1.0583 
- 0.8488 
- 0.7455 
- 0.6834 
- 0.6375 
- 0.5963 
- 0.$540 
- 0.5089 
- 0.1620 
- 0.4167 

- 1.8327 
- 1.0645 
- 0.8123 
- 0.6658 
- 0.5653 
- 0.4798 
- 0.4106 

- 0.3503 
- 0.3607 

- 0.3663 

0 
- 0.00365 
- 0.01177 
- n.01995 

- 0.042~4 

- 0.05492 
- 0.060~0 

- 0.02804 
- 0.03.577 

- 0.04916 

- 0.n3917 

- 0.03535 
- 0.03564 

- 0.03596 
- 0.03682 
- 0.03752 
- 0.03790 
- 0.03803 
- 0.03s19 
- 0.03871 

n 
- 0.00145 
- 0.00522 
- 0.00S4i 
- 0.01114 
- 0.01340 
- 0 . 0 1 5 ~  

- 0.02066 
- n . o m 9  

- 0.OliYO 

n 
0.5227 
0.4810 
0.4385 
0.4026 
0.3617 
0.3056 
0.2378 
0.1685 
0.1147 

+ 0.2373 

- 0.3526 
- 0.4415 
- 0.5013 
- 0.51.59 
- 0.4914 
- 0.4383 
- 0.3761 
- 0.3169 

- 0.1761 
0 

- 0.2S82 
- 0.2484 
- 0.1842 
- 0.1067 
- 0.0226 
+ 0.0527 

0.1027 
0.1205 
0.1 074 

0 
o.nnooi 
0.0009.5 
0.002i3 
0.00531 
0,00852 
0.01218 
0.01618 
0.02051 
o . 0 2 ~ ~ 4  

0 
- 0.0014~ 

- o.nn40~ 

- 0.00~12 
- o.niioo 

- 0.00266 

- 0.00582 

- 0.01440 
- 0.01825 
- 0.02271 



TABL>E 9. Coefficients for  T = 0.25 

6-0 

P = 0.35 

p = 0.50 

0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

n 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

n 
0.1 
0.2 
0.3 

0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

0.4 

kc? 

- 1.2180 
- 1.02oo 
- 0.9002 
-.0.8285 
- 0.7821 
- 0.7494 
- 0.724s 
- 0.7049 
- 0.6879 
- 0.G727 
- 0.6585 

- 1.3002 
- 1.0576 
- 0.9194 
- 0.8433 
- 0.7964 
- 0.7710 

- 0.7448 
- 03403 
- 0.7400 
2 0.7423 

- 3.4064 
- ~ _ -  1.1014 
- 0.9370 
. .  - 0.8550 
- 0.8093 
- 0.7843 
- 0.7718 
- 0.7676 
- 0.7689 
- 0.7746 
- 0.7829 

- 0.7513 

kp 

0 
0.1559 
0.1305 

+ 0.0194 
- 0.0378 
- 0:0930 
- 0.1464 

.- 0.2477 
- 0.2964 

0.0773 

- 0.1978 

0 

0.1792 
0.1291 
0.0756 

'-t 0.0241 
- 0.0245 
- 0.0705 
- 0.1142 
- 0.1559 
- 0.1958 

0.2003 

0 
0.2562 
0.2353 
0.1878 
0.1398 
0.0964 
0.05S7 

+ 0.0261 
- 0.0016 
- 0.0243 
- 0.0422 

na; 

0.1955 
0.0966 
0.0380 

+ 0.0039 

- 0.0298 
- 0.0382 
- 0.0436 
- 0.0467 

- 0.0486 

__-. 

- o . m i  

- 0.0483 

0.2087 
0.0860 

f 0.015l 
- 0.0245 

- 0.0636 
- 0.0737 
- 0.0804 
- 0.0848 
- 0.0875 
- 0.0890 

- 0.0484 

- .  
0.2257 

+ 0.0690 

.- 0.0674 
- 0.097s 
- 0.1185 
- 0 1350 
- 0.1 156 
- 0.16L1 
- 0.1731 
- 0.1849 

- n.01s'i 

mp 

0 
- 0.1113 
- 0.1319 
- 0.1387 
- 0.1431 
- 0.1475 
- 0.1:,35 
- 0.1603 
- 0.1679 
- 0.1762 
- 0.1852 

0 
- 0.1368 
- 0.1616 
- 0.1711 
- 0.17S9 
- 0.1876 
- 0.1979 
- 0.2097 

0.2229 

- 0.2529 
- 0.2374 

n 
- 0,1689 
- 0.1950 
- 0.2059 
- 0.2159 
- 0.2276 
- 0.2415 
- 0.2573 
- 0.2746 
- 0.2932 
- 0.3123 

nd 

0 

0.00075 

0.00493 
0.00832 
0.01257 
0.01765 
0.02357 
0.03029 
0.03783 

.___ 

o.nooo2 

o.noz4o 

0 
- 0.00002 
+ 0.00079 

0.00255 

0,00896 

0.01913 
0.02568 
0.03319 

o.no;3i 

0.01354 

0.04176 

0 
- 0.00003 
4- 0.00087 

0.00282 
0.00579 
0.009S3 
0.01492 
0.0210s 
0.02829 
0.03G62 
0.04601 

n,," 

0 
- 0.001ss 
- 0.00327 
- 0.00449 
- 0.00562, 
- 0.00672 
- rJ.00762 
- O.OOS89 
- 0.00998 
- 0.01105 
- 0.01214 

0 
- o.oni95 
- 0.00342 
- 0.00+71 
- 0.00601 
- 0.00734 
- 0.00576 
- 0.01029 
- 0.01205 

- 0.01620 
- 0,01401 

0 
- 0.00204 
- 0.00359 
- 0.00501 
- 0.00649 
- 0.00809 
- 0.00995 
- 0.01206 
- 0.01467 

- 0.02161 
- n . m m  

11; 

- 0.02249 

- 0.01617 
- 0.01874 

- 0.01414 
- 0,01229 
- 0.01033 
- 0.00625 
- 0.00594 
- 0.0033s 
- 0.00055 
+ 0.0025R 

- 0.024n3 
- 0.01 961 
- 0.01682 
- 0.01488 
- 0.01316 
- 0.01150 

- 0.00787 
- 0.005s9 

- 0.00164 

- n.00975 

- 0.00382 

- 0.02596 
- 0.02066 

- 0.01584 
- 0.01431 
- 0.01294 
- 0.01166 
- 0.01048 
- 0.00945 

- 0.00S08 

- 0.01773 

- 0.00~62 

no'( 

0 
- 0.00395 
- 0.01118 
- 0.01888 
- 0.02668 
- 0.03443 

- 0.04985 
- 0.05750 
- 0.06512 
- 0.07272 

- n.om6 

0 
- 0.00402 
- 0.01151 
- 0.02013 
- 0.02857 
- 0.03706 
- 0.04560 
- 0.05426 
- 0.06302 
- 0.07191 
- 0.08098 

n 
- 0.00115 
- 0.0127~ 
- 0.02194 
- 0.03124 
- (1.04783 
- 0.05025 
- 0.06002 
- 0.07003 
- 0.0S018 
- 0.09049 

la: 

- 0.03755 
- 0.03528 
- 0.03378 
- 0.03272 
- 0.03186 
- 0.03105 

- 0.02936 
- 0.02542 
- 0.02742 
- 0.02632 

__-- 

- 0.03022 

- 0.04009 
- 0.03T39 
- 0.03562 
- 0.03455 
- 0.03416 
- 0.03359 

- 0.03256 
- 0.03204 
- 0.03149 
- 0.03094 

- 0.03308 

- 0.04336 

- 0.03645 

- 0.03721 
- U.U:369r 
- 0.03651 
- 0.03677 
- 0.036SO 
- 0.03688 
- 0.03702 

- 0.04oin 

- 0.03766 

?a," 

0 
- 0.00206 
- 0.00617 
- 0.01060 
- 0.01,507 
- 0.01953 
- 0.02398 
- 0.0'2841 
- 0.03281 

- 0.04156 
- 0 . 0 3 m  

0 
- 0.00206 
- 0.00646 
- 0.01122 
- 0.07599 

- 0.02547 
- 0.03022 
- 0.03496 
- 0.03970 
- 0.0414:: 

- 0.02074 

0 
- 0.00205 
- 0.00696 
- 0.01211 
- 0.01726 
- 0.0~234 
- 0.02738 
- 0.03236 
2 0.03731 
- 0.04223 
- 0.04707 



0.1 

0.3 
0.4 
0.5 

0.2 

, 0.6 
0.7 i n.s . . .  

p = 0.m 

I 0.9 

n 
0.1 
0 .i! 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 

1 1.0 

I 
0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

I 

1;: 

- 13225 
- 1.1360 
- . .  0.9500 
- 0.8583 
- o.8n9i 
- 0.7819 
- 0.7664 
- 0.75i7 
- 0.7510 

- 0.7345 
- 0.7440 

- 1.7056 
- 1.1773 
- 0.9520 
- 0.5443 
- 0.7S26 
- 0.739s 

- 0.6643 
- 0.621% 
- 0.573; 
- 0.523s 

- 0.7nzi 

- 2.0300 
- 1.7921 
- 0.91s9 
- 0.76SO 
- 0.6669 
- 0.5762 
- 0.4993 
- 0.4437 
-- 0.41%; 
-- 0.4199 

kJf 

0 
0.3115 

0.2452 
0.2066 
0.1734 
0.1469 

o.zwn 

0.1324 
0.1233 
0.120i 
0.12'1s 

0 
0.4084 
0.37.96 
0.3347 
0.3030 
0.2829 
0.2725 
0.2666 

0.2476 
0.2255 

0.26no 

0 
0.5606 
0.5064 
.0.1559 
0.41fi6 
0.3761 

0.2494 
n.320i 

0.17015 
n.1019 

?n d 

0.2444 
'+ o . n m  
- 0.063n 
- 0.1222 

- n.2199 

- 0.1G19 
- 0.19'7 

- 0.2459 
- 0.2718 
- 0.2984 
- 0.3256 

'+ 0.2737 
- 0.0056 
- 0.1453 

- 0.2615 
- 0.2238 

- 0.3304 
- 0.3741 

- n.4454 

- o.4sno 

- 0.4132 

- 0.4682 

+ 0.3258 
- 0.1278 
- 0.3213 

- 0.5017 

- 0.5295 
- 0.4885 
- 0.4301 

- 0.4308 

- 0.5358 

- 0.3671 

Illc'' 
___ ___ 

n 

- 0.2279 
- 0.2020 

- 0.%37? 
- 0.2466 
- 0.25i5 
- 0.2699 
- 0.2827 
- 0 2947 
- 0.3049 
- 0.3124 

0 
- 0.2534 

- 0.2682 
-- 0.2663 
- 0.2617 
- 0.2520 
- 0.2356 
- 0.2310 
- 0.1822 
- 0.1453 

-- 0.2692 

0 
- 0.3284 
- 0.3003 
- 0.2477 
- 0.1794 
- 0.0985 
- n.01~4 

n.ni32 

!+ 0.0430 
0.0752 

78,' 

0 
- 0.00005 
+ o.ono9s 

0.00314 

0.010~5 
0.01640 
0.02310 

0.04900 

0.00614 

0.03os1 
0.03952 

n," 

0 
- 0.00217 

- n.onm 

- 0.00903 
- n.01141 

- o.oisn5 

- 0.00376 

- 0.00707 

- 0.01436 

- 0.02265 
- 0.O2R36 

0 
- 0.00232 

- 0.00595 

- 0.010i6 
- 0.01419 
- 0.01858 
- 0.CE40-1 

- 0.03830 

- o . o o m  

- 0.0_0807 

- 0.03065 

0 
- 0.0025s 
- 0.00468 
- 0.0~1720 
- 0.01038 
- 0.01455 

- 0.02593 
- 0.03296 
- 0.04096 

- 0.01978 

~ 

- O.(l?S13 

- 0.01867 
- 0.02171 

- 0.01693 
-. 0.o1~7n 
- 0.014S1 

0.01426 

- 0.01459 
- 0.01415 

- n.01563 
- 0.01733 

- 0.03150 
- 0.02331 
- 0.02027 

- n . n i s ~ i  
- o.ni9s4 
- 0.n219s 
- n.nz5oi 

- 0.01887 
- 0.01838 

- 0.02860 
- 0.03238 

- 0.03750 
- 0.0'259s 
- 0.02337 
- 0.02:732 
- 0.02505 
- 0.02837 
- 0.032S4 
- 0.03755 

- 0.04611 
- 0.041~3 

%'' 

0 
- 0.00433 
- 0.0139S 
- 0.02402 
- 0.03430 
- n . n w 5  
- 0.05537 
- 0.06624 
- 0.0i716 
- 0.06804 
- 0.09873 

0 
- 0.0047s 
- 0.01596 

- 0.03922 

- 0.06304 

- 0.02753 

- n . o n i i  

- o:ni4i4 
- 0.08569 
- 0.095i5 
- n.io4iEi 

n 
- 0.0059i 
- 0.01985 
- 0.03357 
- 0.04766 
- 0.06065 
- 0.07240 
- n.nsz'io 
- 0.09192 
-0.100Si 

71.d 

- 0.04694 
- .-  n.04302 
- 0.04140 
- 0 . ~ 4 0 ~ 3  
- 0.04nfiy 
- n.n4o~i  

- n.n417z 
- n.0-I" 
- 0.04300 

- 0.04122 

- 0.04364 

- 0.05258 

- 0.04614 
- 0.04604 
- 0.04662 
- 0.04751 

- 0.04971 
- 0.05n6s 
- 0.0.5140 
- 0.05179 

- 0.0475s 

- 0.048fin 

- 0.06258 
- 0.05565 
- 0.05499 
- 0.05618 
- 0.05794 
- n.05956 
- 0.0606s 
- 0.06105 
- 0.06144 
- 0.06239 

n," 

0 

_- 

- o.no21i 
- 0.00752 
- n.oim9 

- o.oz9in 

- 0.omnfi 

- n.04827 

- 0.01s.57 
- 0.02392 

- 0.03417 

- 0.04374 

0 
- 0.00227 

- 0.01455 

- 0.02574 

- 0.0353i 
- 0.03966 
- 0.04373 

- 0.00~46 

- 0.02033 

- n.03nx 

- 0.1" 

0 
- 0.00271 

- 0.01639 
-0,02166 
- 0.02602 
- 0.02996 

- o . n m i  

- 0.03410 
- n.nm9 
- n.04395 



~~ 

p=0  

p = 0.35 

p = 0.50 

0.2694 0 
0.1375 - 0 .14~4  
0.0621 - o. i i62 

- 0.0157_ - 0.2101 
- 0.0275 - 0.2234 

+ 0.0206 - 0.1 SRZ 
- 0.003s - 0.1986 

- 0.0331 - 0.2354 
- 0.0359 - 0.2550 
- 0.0364 - 0.2731 
- 0.0356 - 0.2925 

0.2914 0 
0.1229 - 0.1838 

+ o.028~8 - 0.2141 
- 0.0208 - 0.2259 
- 0.0Y15 - 0.2430 
- 0.0721 - 0.2594 
- 0.0875 - 0.2786 
- 0.0997 - 0.3001 
- 0.1106 - 0.3238 

- 0.1317 - 0.3760 
- 0.121~ - 0.3492 

0 

0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 

0.9 
1.0 

0.8 

0 
0.1 
0.2 

0.4 
0.5 
0.6 
0.7 
0.8 

1.0 

0.3 

0.9 

0 0 - 0,03838 n 
- mono2  - 0.00312 - 0.031~5 - a.00602 
't n.0011s - 0.00515 - 0.02699 - 0.01~15 

0.013~5 - 0 . 0 1 1 ~ ~  - 0.01894 - 0.05744 
o . o m i  - 0.01402 - 0.01641 - 0.07075 

0.00392 - 0.00754 - 0.02399 - 0.03110 
0.00815 - 0.00959 - 0.0214'2. - 0.04422 

0.02968 - 0.01652 - fl.01374 - 0.08422 
0.03986 - 0.01931 - 0.01091 - ?.09786 
0.05161 - 0.02248 - 0.00798 - 0.111 i 2  
0.064S7 - 0.02599 - 0.00495 - 0.125S1 

0 0 - 0.04151 0 
- 0.00006 - 0.00328 - 0.03303 - 0.00622 
+ 0.00131 - 0.00573 - 0.02842 - n.01961 

0.00431 - o.00~01 - 0 . 0 2 m  - 0.03385 
0.00895 - 0.01039 - 0.02332 - 0.04830 
0.01521 - 0.01301 - 0.02141 - 0.06296 
0.02309 - 0.01596 - 0.01970 - 0.07786 
0.03264 - 0.01944 - 0.01821 - 0.09308 
0.04383 - 0.02362 - 0.01703 - 0,10562 

0.07119 - 0.03188 - 0.01602 - 0.14043 
. o.osmo - n . 0 2 ~ ~ 9  - 0.01627 - 0.12442 

0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

1;; 

-1.3215 
- 1.1081 
- 0.9794 
- 0.9022 
- 0.5516 
- 0.8153 

- 0.7635 
- 0.7427 
- 0.7233 
- 0.7046 

-n0.78ii 

- 1.1407 
- 1.1495 
-1.0017 
- 0.920q 
- 0.8727 
- 0.8434 
- 0.8253 
- 0.8151 
- 0.8102 
- 0.8097 
- 0.8122 

- 1.5269 
- 1.1978 
- 1.0228 
- 0.9362 
- 0.8891 
- 0.8643 
- 0.6533 
- 0.8517 
- 024569 
- 0.8673 
- 0.S818 

k? 

0 
0.1575 

+ 0.0534 
- 0.0180 

- 0.1570 
- 0.2233 
- 0.2875 

- 0.4114 

o x o 1  

- 0.0886 

- 0.3502 

0 

0.1716 
0.10i8 

- 0.0241 
- 0.0865 

0.2049 

'+ 0.04os 

- 0.146n 
- om31 
- 0.2583 
- 0.3121 

0 
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- 0.04041 
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- 0.04414 
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- 0.03854 

- 0 . 0 ~ ~ 0  
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- 0.0~387 
- 0.0.5827 
- 0.05538 
- 0.05390 
- 0.05301 
- 0.05243 
- 0.05204 
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- 0.05166 
- 0.05164 
- 0.05171 
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0 
- 0.00353 
- 0.0105s 
- 0 . 0 1 s ~  
- 0.02579 

- a.04102 
- 0.03343 

- 0.0455s 
- 0.05610 
- 0.06359 
- 0.0i106 
__-~ 

0 
- 0.0034~2 
- 0.01107 

- 0.02735 

- 0.0136s 
- 0.05184 
- 0.06001 
- 0.06620 
- 0.07644 

-0.ni91s 

- 0.03552 

0 
- 0.00348 
- 0.0118s 
- 0.02069 
- 0.02952 
- 0.03629 
- 0.04701 
- 0.05566 
- 0.06434 
- 0.0i295 
- 0.08150 
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of the ,Vetherlands Aircraft Development Board 
(K.1.V.). 

1 Introduction. 

This paper is to be considered as a continuation 
of ,report F. 119 (ref. l ) ,  where the influence of 
compressibility on the flutter speed of a family 
of rectangular wings has heen investigated. I n  the 
present report dhgrams are presented showing the 
influenee of compressibility on the flutter speed 
of the same family of recta.ngular wings, but this 
t,ime provided with an  aileron on the outer 'half 
of t'he span. For the 'greater part of the calcula- 
tions the aileron has been .assumed to be statically 
balanced and freely rotating, but a few calculations 
have also been made for an unbalanced aileron 
while some other calculations wcre pel-formed for 
an aileron which was elastically restrained by the 
control cables. The unbalanced aileron ,has been in- 
vestigated more completely for the cases of binary 

flutter, viz. wing bending-aileron and wing torsion- 
aileron. 

The aerodynamic forccs, which were used, *have 
been obtained by aid of strip theory from the 
rcsults of the two-dimensional subsonic flow theory 
for an oscillating aerofoil which has been published 
in ref. 2. The present calculations were started he- 
Core it had been recognized that t h s e  results Tvere 
sobjcct to a small numerical error. This error does, 
however, not greatly affect the flutter ciilculations 
as has hecn checked by the computation of a singlc 
case with the improved numerical results. 

2 List of symbols. 

7) - semispan. 
c - wing chord. 
1. - semi-chord. 
t 2 - distarice between midpoint of chord and 

elastic axis (positive if clastic axis is 
ahead). . 

o 1 - distance between elastic axis and inertia 
axis (positive if elastic axis is ahead). 

m,2 - distance between aileron hinge axis and 
aileron inertia axis. 

T - ratio hctween aileron and wing-chord. 
p p Z 2  - mass of wing with aileron per unit span. 
&,rrpCz - mass of aileron \Tith balance per unit 

span. 
x - radius of gyration of win,g with aileron 

about inertia asis. 
x,Z - radius of gyration aileron with halance 

about inertia, axis. 
22 - vertical movement of wing clastic axis 

due to 'bending. 
y - torsional morement of wing about elastic 

asis 
7 - aileron deflection from horizontal level. 

(subscript 1 for deformation functions) 
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spar station 3 b 
wing hending z 

wing torsion p 

aileron deflection y 

v - frequencJ-' (rad/sec). 
Y~ 

w 

- uncoupled frequency of wing bending in 
vacuum (radlsee) . - uncoupled frequency of wing torsion 
about the elastic axis in vacuum 
(radlsec) . 

- uncoupled frequency of aileron deflection 
in vacuum (rad/sec). 

"1 

vC 

p - air'density. 

o - reednced frequency 

h - structural damping factor 

3 Procedure. 

The calculations ha,ve heen performed for a rcc- 
tangiilar wing, rigidly fixed, at the root and fitted 
with am aileron without aerodynamic balance and 
extending over the outer half of the win,g. 

one prescribed deformation function each, which 
is given in table. 1. The displacement of the aileron 
hau been determined by the assumption that it is 
torsionally rigid and hence makes an angle y wit,li 
its mean position which is the same for all sections. 
The hen,ding of bhe aileron is such that wing and 
ailcrori' have the same displacements a t  the hinge 
axis. 

1 .  , Bending and torsion have been determined hy 

TA 

- 

0 '  2 1 ,  "8 S I 8  

0 0.0169 0.0682 0.7.547 0.2i32 0.1266 
0 0.1490 0.3170 0.4890 0.6511 0.7921 
0 0 0 0 011 '1 

In  this way results are obtained which haze the 
physical meaning that for the chosen value of the 

YB? 
reduced frequency o those values of the ratio 

are determined for which the wing can perform a 
harmonic oscillation. 

&thematically, it is possible that a negative 

value of :y.". x d l  'be found, hut it will be, clear 

that no physical meanin,g can he ascribed to nega- 

t,ive mlues of -. I n  actual wing constructions 

the values of 

If the aileron is elastically restrained hJ- control 
cables the unknowns Tvhich arc solred from the 

flutter determinant are - and , where ye  

denotes the natural frequency of the aileron in 
vacuum. I n  this. caae the flexural stiffness has 
'been neglect,ed, but the deformation function for 
t,he fundamental mode of wing bending has heen 
retained. Although the neglect of the fleFnral 
st,iffness may give rise to smadl numerical differ- 
ences, the qualitative influence of the control ca:hle 
stiffness will be ohtained in this may (see also ref. 4 
mliere a comparison het,\wx ?,he eases that the 

V?' 

V Y 2  

"2 I 

" 7 2  

vliz will rangc from 0 t o  1, 
"1' 

YCZ "2 

UT2 I'c 

7 1 ~  

0.7983 
0.9745 

I 

'E 1. 

__-__ 

1 

1 
1 
3 

"/, 

0.6039 
0.9029 

1 
I I I L- I 1 I 

I n  the case of elastic control cables it is assumed 
that the control column is fixed., I n ,  the section 
1~ = 3/4 b aileron and wing a.re.then subject to equal 
but opposite elastic moments which are proportional 
to the relative deflection of the aileron with regard 
to  the wing in that section, Le. to  7-p ( 3 / 4  b ) .  

The equations of motion ihave been solved by 
aid of the Galerkin procedure. The weight func- 
tions have been taken equal to  the deformation 
functions . (Rayleigh-Ritz analysis). In this way 
the equation referring to the aileron expresses 
the equilibrium. of moments a b u t  the aileron 
himge axis. 

The flutter determinant has (heen solved fo r  
several assumed values of the reduced frequency 

with 7 . and  - as unknown quantities if the 

aileron is, free to deflect.' vB and Y~ are the UII- 

coupled frequencies of the wing for 'hending and 
torsion i n .  vacuum. The non-dimensional fluttei, 
speed then follows from the formula 

V 2  " 2  

V T  VB2 

-=-I/-,- 2 v  1 "2 "2 

"TC w YT? Y*2 ' 

flexural stiffness has been retained and that it 
has heen neglected, 'has heen made for incompres- 
sible flow). 

The results of the calculations are prcsented in 
dia,grams where the non-dimensional flntter speed 
2 u  
-bas heen plotted Terms the ratio of natural fre- 
"TC 

quencies (s) or, in the case of elastic cbntrol 
' 2  

cables, versus k)l 
The 'divergence and aileron reversal speeds have 

also been ad,ded in the dia.grams. They mere also 
calculated .by aid of st,rip theory. 

For the thinary' systems, where the influence of 
static balance of the aileron has been investi'gated 
no flutter. speeds were calcuhted. It has heen 
investigated which combinations of dimensionless 
static moment and, dimensionless moment of inertia 
about the hinge axis make flutter impossible. Dia- 
grams with these two quantities as coordinates 
show the boundaries between the stable and un- 
stable regions. 
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For this nlac.11 nuinher tlie horizonlal asymptote 
liiis disappcsred, iiiilicat,ing that tthe system is not 
liable to  pw'c torsion-aileron flutter at, higher 
iYIach numhers. This has liecn confirmed 1iy the 
separate results mliieli will lie i)~wented For this 
tiinary. system. 

It is seen that. t,he wins torsion-aileron instahilit,y 

2 
tlian a certain ralne.  or snitiller rallies of (z) , 

. 1  

including t,he range 0 to 1, the instalrility does not  
diwppear hut is ~Jianged into a triidinp torsion 
mode which apreus with that, Found Cor t,lie win: 
;ilone (ref. 1). This can die verified espccidly in 
t,lie ease of large vditcs of p, whcrc the diending 
torsiiin flutter siiecd is rather Irish (for illstaim, - .  
figs 6 arid 9). 

Some interuat,ion iietwmii licndinr-torsion flnitey 
Y 

a i i d  torsioii-aileron flntter o c c ~ ~ r s  for wliies ( i f  

(%)' near 0.5 and is responsib~e f o r  ii sliarp 

local increase of the flutter speed m a r  t'liis d i i e  

of (2) , This local increase exists only i'ov 

;!I = 0 snd 0.5. 
Pure beiiding-ailcmn flictter does not. exist for 

statically balanced ailerons. This type of fliit,ter 
would ma'kc that the curve denoting the ,lower 
fliitter s p e d  ~rould have a e w i i  in the origin (SCC 

f i g s  34. 36, 38). 

While for small v;iliies of (2) , viz. nciw 0.1: 

@ has little infliicnce if .41 is equal to 0 or 0.5, 
p Ix?conies a more important, parameter i f  Af = 0.7. 
In t,liis case t,herc is an increase of flutter speed 
with p, which is simi1;ir to the influence of p 
found for the wing alone at, a l l  %lath numlrers 
(ret'. 1). 

The positioiis of the elast,ic arid inertia axes 
:ipl)eor to be  of minor importance in t,hc prcseiit 
iiivcstiqat,ioii, whcre t,hc lower flutter spccd is 
chiefly determined hy the aileron. For t,he higher 
flutter specds resnlts are narrowly connected with 
those of ref. 1. 

I t  IUIS beell shoyn in Appeti,dis 1, t,liat if w --f 0. 
m e  of t l i c  points which are found in this t,ype 

2 

, "(. 

2 

o l  dia,g"ams, nprrrotidies t,lie ~iiiint, [z)' = 0, 
2 11 - = rlivrrgcnce sliced, while t,he other lxiiiit, al). 
" I 4  

.. 
wliieh is 'hinher tilitin the direraence snecd (sccc 
c(l. '(A 1.7) j: Y 

As shown in the figures (28) to (331, t.hc in-  
flucuce of the . s f ruc t t~ml  d a s i y i q  consists mainly 
in a slirinkini ,of the iinstehlc reaion. It is seen - I 

that for incompressible flow piire wing torsion- 
;iile,roii flutter 'disappears with less dampin'g i l  p 
is large than i f  (* is small. 

Results for t,he iLn.bn,lnnced nileron are pre.icntcti 
in  figs 34 to  39:, It, is seen that pure wing torsion- 
iiilcron flrit,tcr is also piissilile ;it I1 ~ 0 . 7  if the 

aileron is iinbalanced. For 271 =.O there iirises also 
pure iring lientling-;iilcrini flutter :is i s  seen hy tlic 
Fact tihiit, the ciirve '1r;is a ciisp a t  the origin. 

These resiilts are confirmed liy t.he e ; i l e~ i l a t i o i~u  
for Hie liiiitiry cases, figs (G) to (45). It, i'ollnrw 
tliiit if tlie ~ i n l i a l a i i c c  of t,hc aileron rrorild st,ill 
fiirthet lie iiweased, liending ailcrci~i I'liit,tcr ~roi l ld 
also become ~ i~ iss i~ lc  a t  M = 0.7. 

111 t,lie eiises Il-it,h cl;~stie;illy zwtraincd aileron 
t,lie rcsults arc prcsented in the fignrcs (40) tii 

9 1; 
(42) wlinrc tlic non-dimensional flutter speed 2 

YTG 

h i s  11ecii gimx iis fiinction of the wtio --I . Tlie 

eunve has a howi7.ontal >is>-mptnte which indicates 
t1i;it wiilg Iieiiding-torsion flut,tcr wibh vYi = 0 oc- 
mr, if' tlie nilelon is rest,r;iined infinitely. 'Phis 
agrecs well with t,hc rcsults oC ref. 1. 

Alovcover the points with v C =  fl correspond to 
tlic points vB = O  of the forcsoing ciileulations for 
cl;istically uiircstrained aileron. 

The deep niinimum in the c11r~c has Irtwi 
it;iuscd mainly liy torsion-aileron flnt,tei and will 
also exist, if t,lie hending stiffness would, he in- 
linitely 1;irgc. 1:he influence of the nlacll niimbcr 
wxisists O S  a Ilat,tcnin,g-oiit of this minimum wliilc 
t,lic flntter speed increases with increasing hfacli 
nrinihcr. 

Yliis indicates again that torsion-aileron flutter 
\rill disappear ;rt high M;icli nrimlierr. The BIIIT~S 

for iliverg~r~ce speed and aileron rcversal spx?cl 
rder  to 111 = 0, I i r i t  tlraue Car B I  = 0.5 and fit = 0.7 
c i i n  IJC msily olitained '+I?' iniiiti~iJii!~it,ii~~i of t,lic 
siiemi 1iy a factor k" 

5.2 Culcrdntiom f o i .  l i i ~ i n n l  a!/stenls. 

"7.- 

l+'or the hiiiury systems .(figs 43 to 46) it has 
lieell investig;ited f o r  u niimlicr of rcdiiced fre- 
qncncies which com~hinations of tlic stat,ic moment 
pFo, aiid the moment of inertia allout, the hinge 
axis I l r ( ~ , Z  f ,,?) lcad to liermoiiic oscillations. 
For each \&ie of t,lic rciluced freqiieney a conic 
is olitained. Tlie cnvelolie of these curves divides 
the aiiole p1;ine in a stalrle nnd an u n s t d i l c  regiim. 

It is soen I'roin fig. 43 aiid 44 that, for wing 
6a?iding-rrileron flutter the allowed ailerou statio 
i in l in lanee is nearly independent of t,hc aileron 

t h a  a c e r t i i i u  limit d~~ ie i id ing  upon the sti ness 
oC the coiit,rol cables. 

Bcloiv this limit tlic allowed static unheliinee of 
t,he aileron increases with ,decreasiiig moment of 
iilcrtiti, (see fig. 45). T'liis increase i s  even quicker 
fllr dl = 0 tllall for B I  = 0.7. 

Hence, while in general 4f = 0 will limit the 
:illoircd uiihnlnncc, for small valiiev of tlie ailerun 
moment, of inert,iu the opposite may occnr. An 
exanir)lc of this possiliility ,lias been given 11s 

provided [die latter i s  

Wl1,LIhllB (ref. 3) ,- 
It, h a s  becn shown in Annendix 2 t h a t  bhc conics ~ I .  ~~ . ~~ ~ 

i n  the diagranis of fig. 4 6 4 5  niove p;rrdlel t o  
the q-axis if t,lie ratio v.JvB is changed. lli this 
r h o  is increased, the conics shift , torvnrd ltirger 
valiics of ttlie inirnlciit of inert,ia. 
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AI'I'I~NI~IX 1. 

The limiting case o --f 0. 

It wiI1 l i c  investigated in  this Appcndix wliich 
points of t h e  cni'ves in figs 1-39'arc ihtainccl 
if m appro;iches 0. 

Tlie (:alerkin cqaatiuiis assme the follo~ring 
form 

f q 2 ( / j , 2  + L,,)+ q . ! ( C l z  + L J  = 0  

1 + ill 
"1 

q , ( / / > 2 + L 2 , ) +  q 2 ( u z > + L T 2 - v E * 2 ) +  

i- ( ~ , l ( U 2 : ~  + i+,) = 0  

+ %(UJ.+ + L:,d =o .  

(111.1) 

q , ( u , ~ + L : , , ) + ( / ~ ( / j ~ : , + / , ~ ~ ) +  

wlierc the first eqiiation refers to wing Iicnding, 
l,hc second to  x iog  torsion and the  third cqnatiori 
to aileroii rotation. In these cqna.tions the qiiiinti- 
ties /Ilh denote the inert,ia terms, Lir the awe- 
dyiiamie terms i ind E i a  bhe elast,ic terms. Since 
tile aileron is frcclg rotating, the clast,ie term E:$:$ 
has 11ecn umittcd. q,, q2 and arc gcncralizcd 
cooi,ilintites correspondi~ig to wing "liending, wing 
torsion and aileron rotiit,ioii reslmt,ively. The i m u -  
dyrlamie terms arc givcii h ~ '  



whcrc tlic aerodytiimiic cocl‘tkients arc defiued in 
accorckpce with Kiisssm?, Jbut with thc mid-chord 
poiut, as point of rcfcrence. (1  denotes the distance 
of the elastic axis ahead of the mid-chord axis. 

Making me of the known formulac fo r  tlrc 
dcrirativcs and Iiert‘uiming tilic limit m +  0, it is 
found that 

In  this way the ordclcr of iill iicrailytiamie terms 
is known. In tlic cralniit,ioii of the dctcrminant (if 

thc syst,em (A 1.1) 

E,,, = v,,vi,, ;ins E,, = viw,, 
I’utting t,hc complcx flutter dctcrminant equal 

to 0, two red equations z.rc obtained. These eqna- 
tions can ‘tie written in the form 

( ‘ 1 ) ‘ ~ ~  + (13‘ - hll”) x } A + 
+ {(a- k C ” ) x  + (A‘- 2 hA”))  = 0 

iA 1.2) 

;1nd 

A,=- - = O ( T ) .  A‘ 1 
R &  n o  

It, is sect1 that both \vilues (if A approach 0 at111 
Ih:iice the curves from the figs 1 t o  39 cntl a t  Iiotli 
si i les a t  t i  point of the vertical axis. T’lie ordinates 
of t h e w  Iioints arc dctermined ‘by 

(111.4) 2 1: 1 
”7.C 0 
-=-v= 

which yield finite ralncs. 
If h # 0, i t  f o l lo~m that 

1 
litn c = o (>) 

W 4 l l  

111 this ciisc 110th roots arc of urdcv w an11 ilrc 
curl.cspoildiq~ values of A arc given by 

Again thc d n e s  assumed ‘ti? A if w i 0 are 0, 
wliilc t,he ordinates arc again givcn l i y  cq. (A 1.4). 
After snlistit,iition of tlic values for A and x into 
CII. (AI.+) ,  the result turns out t o  be 







F 119 



F 120 



F 121 
,. 

1 1 1 1 1 1 1 l l l l l l l  

50 

Ir 
Vf= 
4.0 

10 

20 

1 0  

10 - " " " i j  

50 

v y  
4 0  

30 

20 

10 

0 
- 2 0  -10 0 +,0 20 30 4 0  

. .  
50 * 
LO 

30 

20 

10 

0 
-20 - 1 0  0 r 1 0  2 0  30 4 0  

50 

$5 

4 0  

30 

20 

IO 

020 - 1 0  0 t10 

50 

-i+ 
40 

30 

2 0  

tO 

0 
-20 -10 0 r10 20 .; . 

Figs. 28-33. Influenec of structural damping on flutter sped  



5 0  .+ 
4.0 

30 

2 0  

1 0  

0 
-20 -10 0 +LO 2 0  3.0 

50 * 
LO 

30 

2 0  

10 

0 - 

50 
2" - 

V l C  
10 

30 

20 

10 

0 
-20 -10 0 +to 20 30 

50 * 
6 0  

30 

20 

IO 

0 
-20 -10 0 +to ' 2.0 30 4 

50 

i% 
4.0 

30 

20 

10 

0 

50 * 
LO 

30 

20 

10 

0 
-2.0 -10 0 -10 20 30 

Figs. 34-39, Influence of static aileron balancc on flutter s p e d  



50 5 0  50 

2" - 2" - 2" 
VTC VTC 

40 40 4.0 

30 30 30 

2.0 20 20 

1 0  10 10 

0 0 0 
-30 -2.0 -,u 0 +1.0 2 0  -30 -2.0 - 1 0  0 +10 - 3 0  -20 -10 0 +10 2 0  

Digs. 4Iw.2. Inf lucaec of eoatrul circuit atiffrresr UII  f l u t t w  spewl 

q.pru:+or% 
a29 

027 

025 

a23 

021 

019 

0.17 

015 o 002 a04 006 008 010 
P - w p  

Figs. 43, 44, Influeneo of aileron static: bxlance slid aileron moment of inertin 
on stability of wing hndiug-aileron flutter. 



,056 

0.52 

0.48 

a44 

040 

0.36 

0.32 

q+(x:+~:) 
0.28 0.3 0 

, 0.24 ooa 

0.20 006 

0.1 6 0 0 4  

ar 2 002 

6 0.08 0 

P y r  G r  

004 Fig. AG. Influence of aileron static balance and aileron 
moment of inertia ou skibility of xvitlg tarsiolr-aileron fhlttcr. 

0 

- 0.04 

- 0.08 

- 0.1 2 

~ 198 
0 0.1 0.2 0.3 0.4 0.5 0.6 07 

P-& 

Fig. 45. Same as fig. 44, but other sealc. 



C.C.L. Class. U 43 

REPORT F.159 

Strip Theory for Oscillating Swept Wings 
in Compressible Subsonic Flow 

W. ECKHAUS. 

summary. 

15." means of an asymptotic eqmmion, valid for  high & w o t  ratio and B not too low frqucnoy, a strip theory is 
derived, %*hioh can bo expected to possess thc same accuracy RY tho usual two-dimensionPJ approximation for Straight Wings. 
tt is shown, that arfiordimg to this strip theorg the presrure eonsiats of the two-Chnensional pressure, multiplied by a f a r  
cos ( p  being tho sertional angle of swcop) plus an additional pressure, which follows from an equation of bhe Pos4io 
type, and which is only zero if y is zero, or if the Wing is infinitely long. In  tho limiting case of ineompresible flow 
the theory is shov,n t o  lead to results identied with earlier results for that ease. Methods of computing tlic pressurc 
distribution frum tho integrd equation of the strip theory are iodicatsd and di4eusred. 
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1 Introduction. 

tion. 

tegral equation. , 

Calculation of the integrals 1,. 

The aerodynamic forces on an oscillating lifting 
surface, the knowledge of which is necessary to 
perform flutter calculations are often derived by 
means of  a twwdimcnsional approximation. The 
grcat advantage of this approximation is the sim- 
plicity of the results: the aerodynamic forces on 
a spanwise wing stat,ion are a function of the 
geometry and the reduced frequency of this 
station only. The accuracy of the approximation 
is satisfactory for straight wings of .large aspect 
ratio, oscillating at a frequency whioh is not too 
low. In  fact, i t  has been shown in ref. 1 that 
t,he t,wo-dimensional approximation follows from 
t,he exact lifting surface equation by means of an 
asymptotic expansion, when the terms neglected 
are of the same order of magnitude, as the terms 
neglected in the steady problem, when one uses 
the wellknown Psandtl equation, again provided 
that the frequency of oscillation is not too low. 
However, the situat,ion changes if the wing under 
consideration is not straight. I n  ref. 2 VAN DE 

V w m  and the author considered the case of 
wings with simple sweep hack, in incomprcssihle 
flow. The strip theory, presented i n  that  refer- 
ence, was again obtained by means of a n  asymp- 
totic expansion, where the tenns omitted. arc of 
the same order as in the ease of the bwo-dimcnsional 
approximation for straight wings. The a e r d y n a -  
mic forces on a spanwise wing section, obtained 
by this strip theory appear to consist of the two- 
dimensional term .multiplied .hy the factor cos ip 

(where 'p is the angle of sweep), and a n  additional 
term, proportional to t,he variation of t,he dcflec- 
tion functions and the chord in spanwise direction. 
The theory of ref. 2 makes i t  possible to p e r f o m  
flutter calculations on swel~t wings with t,he same 
accuracy and the same simplicity, as the usual 
two-dimensional approximation in the case of 
straight wings. 

I n  this report we shall consider the general case 
of a lifting surface of arbitrary shape, oscillat,ing 
in compressible subsonic flow. We sliall assume 
the aspect ratio and the frequency of oscillation 
not t,oo small and derive a strip theory which, 
for that general case, will again possess the same 
accuracy as the twedimensional approximation in 
t,he ease of a, straight wing, and from which the 
theory of ref. 2 will follow as a special case of 
hkch numher equal to zero. 

Acknowledgment : The author wishes to acknow 
ledge valuable discussions with dr. ir. A. I. VAN 
DE VWREN. 

2 List of symbols. 

x, x, coordinate in flight direction (posi- 
tive backward) 

y, yo coordinate in spanwise direction 
(positive to starboard) 
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2 '  

W downwash (positive downward) 
U '  velocity of flight ' 

N Mach number 
Y circular frequency 

: semi span 

9 angle of sweep 

l ( 0 )  span __ . b 
pressure jump on the airfoil (posi- 
tive downward) 

coordinate in the direction pcrpen- 
dicular to the X-Y plane 

density of the air 

semi, chord 

e the ratio of root chord t o ,  wing 

P 

" 1  
-= reduced frequency 

H"(2) Hankel fuetion of second kind and 
order Y 

s&(.l) , Odd Mathieu function. 

3. Formulation of the problem. 

I n  the linearised theory the problem of a 
harmonically oscillating airfoil in subsonic ' com- 

u w  
/3=VCF 

from the given wing deflection-function z,,,(% Yo) 
if the condition of tangential flow at the wing 
surface is applied, viz. 

a%& 
ax, 

w(zo, yo) = i v  Z",(2,?/ , )  + u - (SOY,) (3.3) 

Our particular case is that of a wing of large 
aspect ratio oscillating at a frequency which is 

. .  

I ' .  
X 

]Fig. 3.2 

presrible flow can ,he formdated as an integral 
equation, which relates the unknown pressure 
dirtribution on the wing to the prescribed down- 
wash. The derivation of this.genera1 equation will 
not be given here, -,it can 'be found, for instance, 
in refs. 3 and 4. 

not too low, 
mation of eq, 

our problem to find an approxi- 
(3,1) for that particular ease. 

The method of investigation, in this report, is 
impired on the general method for treatment of 
wings of large aspect ratio, given ,by T= and 

The equation reads: "j" ,, - i5 ' (so- .z; )  " , . I s o - i c  ,/ e i ~ p a l n - . l l n l  " 1 

(3.11 
P(X v)e  R tm 

1 
47ruJ(io,y,)=----l '  

S -m 
pc so+o az,a 

where: 

R = ( A* + /3'(y,--?~)~ + TZ,' ) '  (3.2) 

Integration over S denotes the integration over 
the wing surface. The downwash w(z,, yo) follows 

LXNAIGBX in ref. 5. By means of this method we 
shall derive a n  approximate equation, equivalent 
to  eq. (3.1), together with m estimate of the order 
of magnitude of the terms omitted. Before doing 
so, however, we shall transform eq. 3.1 into a more 
suitable form. 

For a wing of large aspect ratio, for the most 
part of the wing 1 yo - 1 )) I z,, - 2 I . To express 
this fact mathematically we introduce the coordi. 
nate transformation 

(3.4) I . "  Y 
x = f  (,)+x 

1 
.y= -Y 

f ( y )  is the equation of the mid chord line, E is 
a small parameter. 

I n  the new coodinate system I X - %  1 and 
I Y--P,I are in general of the same order of 
magnitude (see fig. 3.1 and.3.2). 

Substituting the transformation (3.4) into eq. 
(3.1) we obtain : 
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where: 

and : 

E' = { ( E A  +fo- f)'+py Yo- Y)*+ €*p%: ] 

f , = f  (+) 1 
f = f  ($) I 

The actnal aircraft wings are always symmetrical abont the line y=0, hence f(g) =f ( -y ) ,  with a 
possible discontinuity in its derivative a t  1~ = 0. Furthennore, the curvature of f ( y )  is not large, and 
wc assume therefore, that we can represent f ( y )  with sufficient accuracy b y  the first two terms of its 
expansion in a Taylor series to !I, viz. : 

(3.9) 
df f(U) ~ i ( V 0 )  + (!/-Yo) - a?, (go) 

if y and yo are 'both positive. 
Wc also may write: 

where 9 is the angle of sweep a t  the section y =yo. 
Hence we find: 

1 

1 

' , for the right semi wing (Y  > O), f a - f = -  (Y,-Y)  t a n p  

for the left semi wing ( Y <  0), f , - f=-  (Y, + Y) t a n s  

E 

(3.10) 

Let now 
(3.11) 

whem w, and io2 are the downwashes dne to the right and the left semi wing respectively. Substituting 
eq. (3.10) into eq. (3.6) we obtain: 

W ( X , ,  Yo) =wz(X,, Yo) + W l ( X " ,  Yo) 

where 
R.'=( [A+ ( Y ~ - Y ) t a n ~ ] * + ~ * ( Y ~ - ~ ' ~ z +  ~ ~ p % ~ ~ ) t  (3.14) 

R I ' = (  [ E A +  (Yo'+ Y ) t a n ~ ] ' + p Z ( Y , - Y ) * f ~ * ~ z g 2 ) ~  (3.15) 

Efl (311) ,  with eqs. (3.12), (3.13), (314) and ,(3J5) represents the final formulation of our 
problem; our goal will be to find an asymptotic ex&&on fdr the right hand side of eq. (3.11), valid 

4 Derivation of the approximate integral equation. 

We assume that the section, in which the downwash will hc calculated lies on the right semi wing, 
Yo > 0. 

For  the unknown pressure distribution p ( X ,  Y )  we introduce the Taylor series expansion to Y, viz.: 

for small E. \ 

(4.1) 

p(X,Y)=p(X,Y,)f(Y-YY,)-((K,Y,)+ ap ...._. on the right semi wing ap 
p ( X ,  Y ) = p ( X ,  Yo)-(Y t Yo)- ap (X, Y o )  f...... on the left semi wing 

ay , 
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Substituting eq. (4.1) into eq. (3.12) and (3.13), we obtain after interchanging the order of integration: 

Where a.il) and a,(9 are the coefficients of the’ Taylor expansion (4.1) and: 

I 

I 
The integrals f , ( r )  and. 1”W are investigated in appendix I. 
The results are: 

(4.4) 

These results are derived under the assumption M # 0. The validity of the theory in the limitin, w case 
llz = 0 will ‘he proved in section 5 of this report. 

We must draw attention to the fact, that our expression for Io(?),  given in eq. (4.4), becomes meaning- 
less if X ,  - X  > 0, because of a non-integrable singularity in the integrand for h = 0. I n  that case a 
different expression for  I , (r)  must be used However, in Io(?), as it is given by ey. (4.4), we recog- 
&e the kernel function of Possio’s equation, and hence, the different forms taken ‘by that kernel funo- 
tion for X ,  - X < 0 and X, --X > 0 are known to us. They are given, for instance, in ref. 11. From 
the rcsults of ref. 11 we can derive 

if X, -X  > 0 

In the subsequent parts of this report we shall use for Io(v> the expression given by eq. (4.4) knowing 

Introducing the results of Appendix I into ey. (4.;) we obtain 
however, that we must replace it by a different expression, i P  X , - X  > 0. , ,  
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and (4.11) i 
E q  (4.10) is the final approximate integral equation of our theory. It can h e  expected to give a good 
approximation of the problem for wings of high aspect ratio, oscillating a t  a frequency which is 
not too low. 

5 Some considerations on the approximate integral equation. 
The first important property of eq. (4.10) is, that it does not contain the variable Y a.ny more. The 

pressure at a section Yo is given by eq. (4.10) as a function of parameters of that section only. F o r  this 
reason we may ea11 the present theory a strip theory. Considering the eq. (4.10) we see, that  its right- 
hand side consists of two terms, the first being of order 1, the second of order E.  For straight wings, 
y = 0, the second term vanishes, and we obtain the wellknown P&sio equation for two-dimensional flow. 
For an infinitely long wing, e = O ,  the second term again vanishes, and we obtain a modified Possio 
quation, in which, in comparison ivith the two-dimensional equation, the &!tach numjber and the domn- 
wash are multiplied by the factor COSQ. I n  the general case, where neither 'p nor E is equal to zero, the 
seeond term of the right hand side of the eq. (4.10) contributes to the pressure distrihution. It is 
clear that this eontrihution will he of order, E ,  a.nd that it represents a first approximation to the f i n i t e  
span effect of the swept wing. Let us represent the pressure, which follows from eq. (4.10) hy the 1 following relation 

1 
?, = ( p ( 2 )  + A p )  cos 9 (5.1) 

A i  is of order E, p @ )  follows from the Possio cquat,ion, in which the Mach number is multiplied hy 
cos y,  viz. 

.. 
p @ ) ( X ,  Y,) ean he assumed to he known, as i t  can he evaluated by usual methods of solving the Possio 

equation. I n  fact, ~ ( ~ 1  ( X ,  P,) can directly be derived from the tabulated results of the Possio cquation, 
by suhstituting for M the value of Mcos,. Substituting eq. (5.1) into eq. (4.10) and using cq. ( 5 2 ) ;  
we obtain an integral equation for A p ,  which we can write in the form 

(5.4) 

ap a [P) cos 
, In  view of relation (5.1) by this Note, that instead of E - we have written E 

assumption an error of order 2 is introduced. 
Eq. (5.3) is again an equation of the Possio-type. The prescribed downwash w, is known, as pc2' is 

known, and can be evaluated. Hence, our problem reduces to the problem of solving an equation of 
Possio-type. 

. By considering this factor we may draw 

some conclusions with 'respect t o  tbe hehaviour of .the unknown pressure Ap. p@' is a function of the 

reduced frequency w=- , and of the wing-deflection function 2, .  Hence we may write: 

ay a P 

a[p(2 )cosy]  
ap 

The prescribed downwash w, is a function of 

"1 
. u  
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We may tbcrefore expect, that the additional pres- 
sure Ap will consist of three terms, respectively 
proportional to: 

dl 
d!l 

a) The spanwise variation of the chord - 
h) The spanwise variation of the wing deflection 

a*,, €unction - 
dll 

c)  The spanwibe variation of the sectional angle 

It may be useful'to point out, that w,(X,,  Yo)  
can also bc expressed in terms of generalized 
He(z1 functions. The fuuetion of zero order 
mas introduced by S m v m  in ref. 12. This func- 
tion is defined by the relation: 

He(2' (A, X) = [ d o  fIJ2j ( A U )  dU. 
0 

If we now introduce the generalisation : 
Y 

JZe,,r2! (A, B)  = e*U I / ,  (I)  (AU)  dU 
0 I 

then it is easy to see that w,(X,, Yo)  is given by 
a combination of He,,(z) and Ne,'". was 
tabulated by Smv&z in ref. 12. 

.. ,me remarks must he made on the order of 
inagnitnde of terms omit,ted in the integral equa- 
tion. We ,have seen that if $1 tends to zero this 

order becomes -. However, our derivation was 

valid under the assumption of # 0, and in fact, 
in ref. 2, wlicrc the strip theory for swept wings 
in incompressible flow was presented, the order of 
magnitude of the terms omitted appearod to  be 
2 log E 

* 2  

_ _ .  

Let LIS consider the following simple case : 

This integral is of order 1 if $1 # 0, but of order 

This example shows us a possible .origin of the 
differences mentioned above. However, to prove 
that the present theory is valid up to  H = O ,  and 
hznce is in accordance with the theory of ref. 2, 
we shall derive from the present theory the limit- 
ing case M = O  and compare the results vith 
results of ref. 2. 

6 The case of incompressible flow. 
According to the present theory, the pressure 

distribution on a swept wing consists of tivo teims: 
p(*l cos 'p and Ap  cos F (see eq. 5.1). We shall 

now consider Ap and the case a1 = 0. From the 
eq. (5.3) and (5.4) we obtain, after substituting 
scries expamiom for the Hankel-functions and 
taking ilf = 0 :  

luge if  H = O .  

Eq. (6.1) is the welknown Birnbaum-equation. We shall now prove the cq. (6.1) together with W ,  
given by eq. (6.2) to he identical with the integral equation derived in ref. 2 .  I n  this reference the 
problem was formulated in terms of vorticity distribution. Hence, we must introduce the vorticity dis- 
tribution into our integral equation. Let the components of the vorticity in the X and Y direction be 
given by yx and y~ respectively, and let us define furthermore: 

yl' = y~ - YY tan 'p. 

The equation of continuity of the vortexfield is then according to ref. 2:  

aYf  Y 

ax aY - O  - + E - -  

while the relation between the pressure jump on the airfoil and the vorticity is 
ty 

p ( X , Y )  =-ppU(yF(X,Y)'+i-L 1 yy(X'.P)dX') 
- l ( Y )  

U 

Introducing eq. (6.4) into eqs. (6.1) and (6.2) we obtain: 

(6.4) 
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Let us first consider the eq. (6.5). Partial  integration with respect to A yields: 

2 X U ,  (&, Yo) = - , 

or : 

I Tlic last term on the right-hand side of eq. (6.8) will now partially be integrated with respect to X, viz.: 

Substitution of eq. (6.9) into eq. (6.8) yields: 

Introduce now: 
I iYo) 

Ar(Y,) = 1 Ayp(X’, Y,)dX’ 
-1(Yol 

and furthermore 

Eq. (6.10) then becomes: 
h =x, - t. 

(6.11) 

(6.12) 

Consider now the eq. (6.6). Analogous to the eq. (5.1) we have: 

yp= (yu‘’) + Ay)  cosp 

and hence from eq. (6.3) it follows: 

a COS 
-=--e ayE + 0 (2) a x  ay (6.14) 
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Introdncing eq. (6.14) into (6.6) we obtain: 

Partial integration of t,he first term on the right hand side of eq. (6.15) yields: 

(6.15) 

Due to the singularity on the leading edge of the airfoil, the term y (- 1, Yo) is formally undetermined. 
Bowever, from the physical point of view, the pressure jnmp on the leading edge, and hence also the 
vorticity, must he equal to zero. Making furthermore use of the relation (6.12) we obtain: 

c ' 

i 

Xq. (6.17), together with eq. (6.13) gives us finally the integral equation for incompressible flow, viz.: 1 

Eq. (6.18) is identical with the integral equation 
given in section 6 of ref. 2. This equation is solved 
'in ref. 2 for the case of (p being constant along 
the span (wing with a simple sweep). 

7 On the solution' of the approximate integral 
equation. 

I n  section 5 we have'shown, that according to 
our strip theory the additional pressure, which 
represents the effect of sectional sweep of: the 
wing, follows from an integral equation of the 
Possio-type. The prescribed downwash, however, 
is given in an expression of somewhat complicated 
form, including integrals over the chordwise pres- 
sure distribution in two-dimensional flow. 

I t  seem of great practical importance to solve 
this equation, as one would obtain tabulated values 
of the aerodynamic forces and moments, which 
would make it possible t o  perform the flutter cal- 
culations on wings of any shape in compressible 
flow, with the same accuracy and simplicity as in 
the case of straight wing. There are two possible 
ways of solution. I n  this report we shall only poiht 
them out, without going into a detailed discussion. 
To investigate these methods more closely and to 
arrive to  a final computational procedure is a 
separate task which has as yet not been performed. 

The first method is, to solve the eq. (5.3) by 
means of the usual procedure of numerical solution 

of the Possio equation. However, before doing so, 
an extensive preparatory work must be performed 
consisting of the evaluation and tabulation of 
w,(X,, Y,) given 'by eq, (5.4), where use must be 
made of the known tabulated results for the pres- 
sure distribution in two-dimensional flow. 

The second method is based on the following 
reasoning: We know the solution of the Possio 
equation in the form of an infinite series in terms 
of Mathieu-functions. It is the solution of the two- 

.dimensionel problem of an oscillating airfoil in 
compressible flow given by T m  and vm DE 
Voonw in ref. 10 and it was shown in ref 11 
that this solution indeed satisfies the Possio 
equation. Hence, we obtain a solution of our 
prohlem if we substitute w, given by eq. (5.4) 
into the solution given in ref. 10. and put for M 
the value 34, = N  cos p. The only terms which 
are a function of the downwash in T m m  and 
\M' DE VOOREK'S solution, are the coefficients Qn , 
given by: 
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Hence, what me have to  do, is to snbstitute the 
values of w, from cq. (5.4) for w and M ,  for IW 
and evaluate the new Q . .  When this is done, p 
can bc computed using the same procedure which 
was used by TBDM and v m  DE V o o m  to obtain 
numerical results, in the two-dimensional case, 

I t  is at the present not yet possible to predict, 
which of the two methods requires less computa- 
tional work. 
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APPENDIX A. 

Calculation of the integrals I,, 
A.1. General considerations. 

I n  this appendix we shall investigate the integrals Z,,(?) and L,W, as defined by eq. (4.3), viz. 

where 
R/= ([d + (Yo-Y) t a n ~ ] ~  t p' (Y,-Y)2 + ezpzz,Z ) 4 

RI '=( [EX + (Yo'+ Y )  tanqp12 + p' ( Y o - Y ) *  + ~ * p * z , l } *  

The order of integration will be interchanged hy writing 

where 

T8he investigation will be performed under the assumption $1 # 0. Later we shall show the results to 
be valid also in the limiting case M = O ,  by comparing them with the known solution for  incompressible 
flow (see section 6). 
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A.2. Reduction of KO(?) .  

Introduce 
&fl = N COS Q, flz = - Jf,' (A.5) 

which represent the Mach-number and the p-value for  the flow component perpendicular to the swept wing. 
Introduce moreover 

(Y,-Y) __ 'Iz f d.tan'p=a 
cos2y 

where a denotes the new variable of integration 
It can be shown by a suitable reduction that 

eo& R/Z = __ (a* + 2/32r2) . P,' 
while 

C O S Z ~  

PI2 
Y-Yo=- (EA tan 'p -a) 

Substituting this in eq. (A.4), one obtains 

where the limits of integration are 

a,= (Y,-YF,) __ A* + z i t a n ?  
cos*,+ 

= * = Y o  ___ ' 1 '  + EAtanQ. 
eo& 

Introduce again a new integration variable t by 

a = ~ f l r t  
which makes IC,(?) equal to  

where 

h Y" p: t --tanp+- pr E prcosZQ 

(A.10) 

( A X )  

(A.12) 

(A.13) 

Let it first be assumed that 0 < Y ,  < Y ,  . Then, for E + 0, we have t, -+ - co and t, -f + co . The 
integral in (A.12) will then be replaced by 

(A.14) 

and t , ,  t, 
K ,  (I) = K,, (9 - K., (4 - K,, 

where the limits of integration of Km,( r ) ,  ICn*(7), and I&(?) are -a 
and + m respectively. 

and + m , - m 

In  order to reduce the first of these three integrals, the substitutions 

t = sinh 3 

P 
@I 

1 = - cosh 9 

will be made. iA.16) i s  allowed since 

(A.15) 

(A.16) 
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Hence 

J .  ~I , \  . .  
.As will be shown in See. A.3, this f o m k a  ieads to  Hankel fiinctions of the second kjnd. The con- 

Consider now K,,8(v). Since the integration-variable t assumes large values .in the whole interval, one has 
vergence of the integral is ascertained by the usual assumption Im Y < 0. 

1 
t v m = t  + 0 (-). 

Neglecting for the moment the terms 0 (+), K, tiiomes equal to 

Introducing rt as new variable, it is secn that 
the parameter r disappears completely, both from 
the integrand and from the limits of integration 
(using (A.13) ) .  Hence, this approximation for 
rind?) becomes independent of r and also of zo 
(see (A.6) ) .  This means that in this approxi- 
mation no contribution is made toward I ,  (A.3). 

Taking now into account the terms 0 (+), it 
follows that K,,A(r) consists of terms proportional to  

r 4 
from O(t )  in the exponential) 

from O ( t )  -in the denominator 1 
where 

Since t, = o ($1 ,, the expansion 

! 
E 2 valid far la.rge t l ,  yields terms of order -, - 
Y "2 

etc. 
Similarly 

Since n is always at least equal to  k; careful exa- 
mination shows that Kn3(7) contains terms of order 

The integration to A, to  be performed according 
to eq. (A.3), makes that the error in 1, due to 

the neglect of Kna(0 is order - (and'further 

2 terms - .  etc.). A' similar reasoning shows that 
"2, 

neglect of Knz(f? causes an error of the same order. 
If Yo is longer than Y , ,  both t ,  and t, ,become + (0 if E + 0. There is then no term similar to  

If,,(?) and the whole result is 0 ($), This n m m  

tlmt the final integration to X ,  given by eq. (4.2), 
is confined to the interval -L(Y) , to  XY).  

A.3 Calculation of J R ( ~ ) ,  

2 
Y 

It has been shown in See. (A.2) that eq. (A.3) 
may be replaced by 

Substituting > : B = y ,  into eq. (A.17) and 
using. the, formula - 

one obtains . .. 

I. 
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It follows from the second equation (A.6) that 

and hence 

(A.20) 

(A.21) 

If t,his equation is used, the operation 

(A.18): 

except possibly at the singular point h=0. This means that if we assume 

ljm - should first 'be brought under the integralsign in eq. 

The second t,em on the right hand side of eq. ( A X )  will always lead to a contribution equal' to 0 

io+o a&? 

(A.22) 

the results. will be correct for '.X, - X  < 0, but may be ineorrect for X ,  - X > 0, viz. if the integral 
resulting from the omitted term is divergent. 

It appears that this complication only occum for the integral Io@).  However, as is shown in See. 3, 
the true result for  I,W) if X,-X > 0 i s  known and hence we will use for the moment eq. (A.22). Fina- 
ly, the result fo r  I,(?) should be modified if X,--X > 0. 

By aid of eqs. (A.18), (A.20) and (A.22), it is found that 

Making use of the following relations, valid for any cylinder function; 

z C.'(z) = n Cn(x) - z Cn+, (x) 

z C , * ( z ) = - n C , ( x )  + z C , _ ,  ( 2 )  

eqs. (A.23) may he simplified to 

(A.24) 
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, 

2 It follons from eq.. (A.15) that if we use these expressioiu for I,@) and f l ( T )  an error of order - 

is made. Hence, the approximation goes wrong for v + 0 but holds for Y + m . We shall show now that 

if I , ( r )  is neglected completely, the krror which is made is again of order - if v .+ 0, while it is of 

" 
2 
" 

2 order - V P i f  "+ - .  
Putting 

i t  follows that 

(A.26) 

(A.27) 

For v + 0 both cases yield 
I 

The condition T m  $2 < 0 makes that the integral converges and that T 2 ( F )  = 0 ($)if  " + O  

For Y + v)  , one has to consider the three integrals 

j e * { [ f I o ( 2 )  (N, t )d t ,  e*ittH,,cz)(l i , t)dt ,  e *ittH,(Z)(N,t)dt 
0 0 ,i 0 !I' 

Using the asymptotic expansion of the Hankel function viz. 

e-i.n,t 
__ 
V U '  

i t  is seen that the first integral converges for  T - t m  , hut the two other integrals diverge (1% Y remains 

small) like v F  or using eq. (A.1.25) like v, ITence, Iz(r) is of order - 

A.4 The l e f t  semi-wing. 

2 
Kif V + m .  

The left semi-wing shows the important simplification that the integrand never becomes singular since 
RL' is always larger than 0. 
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and since Rl' > 0, one has 

The expression for LG), eq. ( A I ) ,  may then be written as 

l'erforming the differentiation to  11,' and interchauging tlie order of integration, the rcsult is 

Considcr first tlie integration to Y .  Lhe to the fact tliat 

W ( Y ,  + Y) tanp-MfR,' . 

n e v x  vanishes, the integrand is highly oscillatorg if 4 is small. Without the factor 
Y 

the intcgral would he of order 4.  

order 1. 

With this factor, thc dominant term in the integral becomes of 

Performing also the integration to A, it follows that 1,,(1) is again of order - . It is seen 

Y 

2 
-" 

that this result holds also if 5 is not  small, since the integral to 2' then again is of order 1 
Y 

Completed: 14 Dee. 1954 
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Static Tests and Fatigue Tests on Redux-bonded 
Built-up and Solid Light-alloy Spar Booms 

by 

A. IURT&PAN and J. €1. RONDEEL 
, 

Summary. 

Threc t y p  of Rcdux-bondcd spar boonis v o r e  subjccted to a ta t ic  tcsts m i l  fatigue tcsts in compression snd /or  
Imding .  For conpr i son ,  hending MIS r \ ~ o  nlso cnrricd out  on solid rnaehised boonis. 

Angle-scetian booms rrcre maaofacturcd eithcr by ,  p re fo rming  thc  individual shects bcforc bonding or hy bonding 
in thc f ln t  condition falloivcd by  rtihber prcss forming. Xor,  eornplii:nti:d scetions wcrc hondcd froin prcformcd shccts. 

Thc tests results nvc gi rcn  in  tables and dingranis and the conclusions arc listid i n  section 4. 

1 ' Introduction. 
2 Test pieces, test cquipinent aiid procedure. 
3 Itesuits. 

I 3.1 ~ c s u l t s  ,of the static and fatigue tests in 
compression on the Rdux-lronded spar- 
booms types A and B. 

3.2 Results of the static a.nd fatigiie tests in 
3-point Ixndinp on the Redus-bonded and 
solid sparboomi. 

3.3 Rcsults of the static a d  fatitinue tests in ~~~ 

compression on the composite Rcduxhnded 
sparbooms type C .  

4 C,onclusions. 
5 Referelieex 

4 tables. 
25 figures. 

I I  I.his investigat,ion has been performed by .order 
of the Netherlands Aircraft Dcvelopment Board 
(NIIV) , 

1 Introduction. 

The excellent experience of 8he Izoysl Dutch 
Aircraft Factories, Fokker, with ponded hglit- 
metal joints has  led to the consideration of metal 
'bonding as a procedure to build up aiPcraft spaar 
booms. With this procedure  booms with the desired 
change in section along the leugth of the booms 
can he realized in  an easy manner 'by decreasing 
or inereilsiiig the number of 'glued metal sheets. 
The expensive milling operation of solid booms can 
he omittect and this gives a sul>stant,ial saving in 
nlaterial slid manufacturing expenses. C'ompared 
with i,ivetcd booms a n  increased stren~gbli can be 
expected heca,use the bonding of the metal sheets 
over the whole area of contact p~'events local 
l~uckling. Thcrefore, technically and eeouomically 

. ,  I 

the 'bonded houm promises to offer fayourable 
prospects cmpared with the solid niilled boGm and 
liboms built up with rivets or bolts. 

The first static tests carried out by Fokkcr 
(ref. I )  gave encoura,ginp results and: i t :was de- 
cided to extend the investigation. In cooperation 
bctxeen Fokker a n d  NLL a test programme was 
set up containing hoth static and fatigue tests, 
which, was a,pproved by the Structures Committee 
of bhc Netherlarids Aircraft llevelopment Boaid. 
The results of the investigation are given in this 
report. 

2 Test pieces, test equipment and procedure. 

Test pieces. 

The bonded t,est' pieces can be divided in 3 types, 
indicated in this. report as type 8, type B and 
typc C. The ,dimemions of the t y p e  A specimens 
are-given in fi&, 1. The specim-ens were bui l t  up- 
)iy R,~diix~bonrling 2 to 6 preformed sheets of 
26 S-T a l c M ,  t h i c h e s s  1.5 mm, the Rcdnx-bonding 
Iicing done a,fter ,heri,diiig of the sheets to the cor- 
rect angle shape. 

The type B specin~eiis s i r e  (tiuilt np by Redur- 
hoiiding 4 or 5 sheets of 24 S-T alelad. The ohar- 
acterisbic difference with t h e  type A specimens is 
that the sheets of the B-specimens merc #bonded 
in a flat condition, iudieated schematically in 
fig. 2a an,d merc bent on the rubber p r e s  after 
honding, as  indicated submatically in fig. 211. 
With this procedure the fomning (of two specimms 
simultaneouslg). on the rubber press has to be 
executed on the heat-treated sheet, because hest- 
t res thy  of the sheet la ter ia l  after bonding is im- 
possible. Prevention of crackinE during forming 
sets a limit t o  t h e  plastic deform,ation t o  which 
the outer .fi'l)em may he exposed. Test specimens 
were cliosem having a combination of ovcrall thick- 
ness and radius of cunraturc such t.hat cracking 
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33.0 

30.0 

I did just not mcur  (fig. 2c). It is evident that 
from the fatigue point  of view such nearly critical 
booms are the most interesting. Therefore, only 
these spar booms were tested. The shape and di- 
mensions of the specimens type B #are given in 
fig. 2a to e. 

11 
POSITION DURING BONDING /!2 

"5 
SHEET TOTAL 

TYPE '1 ' 2  '3 '4 ' 5  THICKNESS THICKNESS 

Tihe composition of the specimens type C is 
apparent from .fig. 3, which gives a survey of 
the crws-sections of the spccimens used in this, in- 
vestigation. Just like the specimens type A .the 
specimens type C ,have been bonded after the bend- 
ing of the sheets. They are more complicated and 
were built up of flat and curved 24 S-T alclad 
sheets; the length of 'each specimen was ahout 
300 mm. 1 

All specimens type A-C.were bonded at the 
Royal Dutch Aircraft Factories, Fokker, according 
t,o the standard Fokker procedure with Redur, the 
mell-known metal adhesive of Acro Rcscarch Ltd 
in England. 

POSITION AFTER RU80ERPRESSlNG 

Y .  
L 

OVERALL DIMENSIONS 

, Fig. 2 Redux-bonded sparbooms type B. 

SKIN 

AREA 14.8 e m 2  

U '  AREA 4 5 cm2 

, .  
~ i g .  3. Reaux-bondud sparuooms type C. 
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TABLE 1. 

Mechanical properties of the materials used for the  fabrication 
of the different types of specimens 

Type of 
specimens 

A 

C(J3) 

D 

Type of 
Mat,erial 

26 SI' 
Alelad 

24 S'I' 
Alclad 

I.'liegw. 
3115.5 

Thickness 
in min 

1.5 

0.45 

2.0 

0 41 111111 

Yield Stress 
m.2 

in kg/mmz __ __ 
40.9 
41.6 
40.3 
40..5 
39.7 
39.6 

30.5 
30.0 
32.3 
32.4 

mean 

40.4 

mean 
31.1 

37.3 niean 
38.7 1 38.0 

The aolzd spccinieiis were made in the workshop 
of the NLIJ. They werc milled from a round bar 
(Fliegirerkstoff 3115.5) as indicated in fig. 4a. 
The dimensions of the specimens are given in 
fig. 41). 

The mechanical properties of the alloys are given 
i n  table 1. 

6 m m  

Fig. 4a. Position of 
the spceimen in 

the bar. 

Fig. 4b. Solid spccimou. 

Test equipment. 

T,he static compression tests were carried out 
dependent on the magnitude of the load on dif- 
ferent machines. The 150 tons Avery Compression 
testing machine was used for the very high failing 
load3 of the specimens type C I, C 2 and C 3. This 
machine is specially suitable for compression tests 
on panels, stringers etc. because of its large rigidi- 
ty. For the remaining specimens type C and the 
specimens type A and B, the 50 tons Amsler 
fatigue testing machine was used as a static eom- 
pression testing maohine. Phe static bending tests 
on the specimens.type A and B were carried nut 
on the Amsler 2 and 10 tons Vibraphore with a 

U. T. S. . 

in kg/mmz 
UT 

4G.4 \ 
46.7 
46.1 
46.7 
45.9 

46.4 

45.9 1 

45.7 

V2.2 mean 
51.4 1 51.8 

Elongation 
in % 

1=50mm 

15 

17 

14 mean 
12 i ' 13 1 

I 

2 and 10 tons dynamometer. These 2 Amsler Vibra- 
phores were also used for the compression and the 
bending fatigue tests on the specimens type A 
and B. The compression fatigue tests on the speei- 
mens type C were carried out on the Amsler 50 tons 
low frequency fatigue-testing machine. Fig. 5 gives 
a photo of a specimen type C in the Amler 50 tons 
machine during a compression test; fig. 6 gives a 
photo ,of a specimen type B in tJhe Amsler Vibra- 
phore during a bending test. 

Procedure. 

The table next page gives a survey of the tests. 
For the static compression tests 'both ends of the 

specimens were milled flat  and parallel. Thcn 
they were p u t  in the ,maehiiic between flat  plates 
and the load was gradually increased till collapse 
of the specimens. The maximum load was read and 
particulars on the collapse were observed. 

For  the static bending tests the specimens werc 
supported on the arm of a special fork which was 
mounted in the Amsler Vibraphore and ,gradually 
1oa.ded in the centre with a die till collapse of the 
specimens. The maximum load was noted. The 
3 point bending test set-up is given in fig. 7 .  

The fluctuating compression tests on the bonded 
specimens type A and B were carried out in 
the Amsler Vibraphore ,a t  a frequency of ahout 
6000/min with a minimum load of 500 hg and a 
maximum load of 75 % of the static strength. The 
tests were stopped when after 10' cycles no failure 
had mcurred. Because all the specimens investig- 
ated in this manner proved to 'he undamaged after 
the tests no other loads were tried. Tfhe fluctuating 
compression tests on the bonded specimens type C 
werc. ,carried out in the Amsler 50 tons fatigue 
testing machine a t  a frequency of ahout 525/min., 
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Static conipsession test  t o  failuse 
Static 3 point hending tcst (fig. 7) 
I;'liict,nating conrpressivc load : nias. load 75 70 
static strength 
Ditto 68 % static strength 

,, 60 % ,, ,, 
Fluctuating bending load 3 point hending test 

a minimum load of approximately I or 2 ton and 
a 'maximum load of 75 %, 68 % and 60 % of the 
static strength. The tests were stopped after an 
endurance of 5.106 cycles or 'by' failure of the 
specimens. 

From the heaviest specimens of this type (C , )  
B flange plate of the iioom looscned after a certain 
number of load cycles had 'hcen sustained, without 
collapse 'of the remaining part of the  s1,ecimens. 
Then the tests were contintied at a lower load, cor- 
respmding to ahout the sdme maximum compres- 
sive stress in  thc part left over. 

When t,he specimen did not fail after 5.10° ,cycles 
bhe 8da.mage caused by t he  fatigac loading was dc- 
termined by a static compression test to failure. 

The testing arrangement a.nd the machine nsed 
for the static 'bending tests were also used for  the 
f1uctnatin.g bending tests. The S 4  curve at fluctn- 
ating bending .has been dctermined for the 'bonded 
specimcns type A and B a n d  the solid specimens 

. .  , 

Type of specimen 

13 
honded 

yes 

n 0 

yes 

solid 

yes 

110 yes 

at  a ratio of minimum to maximum loamd of 0.1 
and a frequency of ahont 4000/minute for en- 
durances of 5.10' to 5.10' cycles. The first tests 
'showed failure of, some specimens by longitudinal 
cracks under the die,, caused by bending outwards 
of the'flanges of the, specimens. These troubles were 
solved by fixing a steel clamp round the specimen 
as indicated in fig. 8. The maximum tensile stress 
in uhe bottom sheet was 'determined by means of 
strain gauges. As shown in figs 7 and 8, a resist- 
ance-wire strain gauge, type Pbilips nr G M  4473, 
was stuck in lengthwise direction on the bottom 
snrface in the centre of the specimen on at, least 
2 specimens of cach type. By repeated measuring, 
the load at  which the strain in t,he outermost fibre 
reached the value of 0.002 was exactly determined 
and for e v e v  specimen of this type the tensile 
stress a t  this load vas  assumed to be 14 kg/mm?. 
The stress a t  other loads was supposed to change 
proportionnally. 

VIEW, .A-A 

-DIE 

k 

Fig. 7. Set-up for klmq point bcnaing t s t s .  Fig. 8. C l s q i n g  of centre of specimens. 

- 



Alas. load 
as 76 static Remarks Speciinen Load in k;r Niiinber of 

type.-iir j . cycles 
nini 1 iiiax strcngtb 

Static strength aft,er 
the fatigue loading 

in kg 

I 3 Results. 

I I____l(_ I 

I - A 2 - 1  - 5970 1 
A 2 - 2  1000 4500 :10.380.000 apirr. 73 c/o no failure 
A 2 - 3  1000 4500 10.000.000 
A6-1  - 21100 1 
A 6 - 2  - 30800 I 
A 6 - 3 1000 12G00 10.147.000 alipr. GO o/o 110 failure 
i\ 6-4 1000 1.5800 10.017.000 ,, :I 76 ,, ,, 
131-1 - 5140 1 
I: 1 - 2 - 5130 1 
1:1--11 200 3900 14.OY1.000 alipr. 7 5 %  no failiirc 
I l4 -1  - 4910 :I 
114-2 - 5060 1 
114-3 250 3700 IO.iO7.000 ~IlJ~Il‘ .  7: % no f;riliri,e 

- - 
- - 

-- 
- - 
- - 

- - 
- - 

3.1 Ilesults of the stntic and. fatigue tests in com- 
pression on. t h e  llod~~z-honrled~ spnr booms t g p e s  
A nnd B. 

I 

- 
- 

6010 
- 
- 
- 

, 20900 
- 
- 

5.1 20 
- 
- 

5040 

The results of these tests are given’ in the table. 
All specimens tested proved to Ire undamaged 

after 10’ cycles a t  a compression fatigne loading 
of 7 5  ’j6 of tlrc static strength. Therefore t,he in- 
vestigation was limited to t,he tcst,ing of some re- 

I presentative specimens of each type. For ty-pe A 
these were the thinnest and the thickest specimens 
and for type B specimens built up of 4 and 5 ale1a.d 
sheets. 

At static loading all the specimens failed hy 
brickling with no loosening of the horided joints. 
The compressive stress at  m;iximum load deterniiii- 
ed from the gross area and neglectiiig t,lie adhcsire 
 vas for tlie A 2, B 1 a.nd B 4 specimens nearly 
33 kg/mmz and for the more rigid A 6  specimens 
+2.5 .kg/mmz. 

3.2 Iiesults of t ho  stat ic  and fatigue tes ts  in 3-point 
bending on the TZeduz-bo?lded and solid s p r  
booms. 

The results of the static ‘lxnding tests on the 
bonded specimens t,ype h and B of figs 1 and 2 
and the solid specimens of fig. 4 arc given in 
talrle 2. Included i n  ttliis table are tlie mean values 
of the load, a t  which the strain in the outermost 
fihre was 0.002, and the section moduli calc.iilatd 
from the measurements. The table shows that aftcr 
testing to failure no cracking of the sheet coiild 
be detected and with the exception of one specimm 
no tearing of the adhcsire oecurred. All H I-B 5 
specimens, haring the sxme overall dimensions, have 
almost the same measured section modnliis iind tlie 
same calculatcrl masimum Imiding stress iii tlic 
outernlost fibre independent of Ohe construct,ioii. 
The solid specimens, having a section modulus he. 
tween t,hose of the A 2 and A 3 specimens .hut closer 

to  the A 3  than to the A 2  specimen, withstood a 
ciileola,ted maximum ,hending stress in the outer- 
most fihre between the valaes for the A 2 and A 3 
specimens arid near to the A 3 value. T’lins, the 
results f i t  t h e  .hypothesis that a bonded spar ‘Iioom 
Iic11ares.in ,bending like a solid spar boom of eqnal 
section modnliis. 

The results of the fatigue hending tests on the 
lionded specimens types A and B ‘of figs 1 and 2 
and the  solid specimens of fig. 4 are given in 
tahle 3 and in fi,gures 9-13. In figs 9-11 the 
endurance has hem plotted as n function of the  
range of ben,din& stress in bhe oiiteimost fibre. 
From fig. 9 it, is ohrions that on this basis all 
resiilts of the. specime.ns type A lie in bhe same 
rather ,]]road scatter band, independent of the 
iiumber of alelad sheets. likewise, all the resnlts 
of the 5 types B-speeinicns lie in oiie scatter band 
(see fig. lo), somewhat niirroiver t,han that for  the 
A-specimens arid with n slightly higher endurance 
at law stresses. These small differences hetween 
t,he specimens type A and B may be attributed 

erences in  Iicnding fatigue stren,@h 
lictivwn the 26 S-T and 24 S-T alclad materials, 
used respectively for the A and R specimens, and 
to small differences in shape. O n  t,lie whole the 
results of the Iicnding Eatigne tests on the spcci- 
mens type A and B fit t,he hypothesis that  a 
bonded spar  boom behaves likc a. solid spnr boom 
of tihe same section modiilus. Apparently this 
hypothesis is qnitc contradietoqy to the results of 
t,lie solid specimens type ‘D giwnm in fi.6.. 11. This 
figiire shows, plotte,d on a bending stress-endurance 
basis, a h r g c  superiority for tlie solid spar booms 
compared to the ‘bonded spar booms. This saperior- 
it.y of tlie Ixnding Eatigue stren,@h of the solid 
spar boom should, however, not he attributed to 
the difference “solid” ,UP “,bon,ded”, hut to the  
difference in material composition of the outside 
of the specimens. The outside of the bonded 
specimens is pure aluminium as the specimens 
were built up of alclad sheets, the outside of the 



Mean Value of P, Measured Section .Value of vnlnx in kg/mmz P 

Y calculated Type of I in kgs modulus in mm' 
A strain in ontermost specimen A 

P,,, 
'/4 PI1 in kg as M / l V  It'= __ t l - +  fihre 0.002 14 

I : A 2 I ='120 nini -' 300 ~. 640 1450-1380. 66 

A 3  410 880 225o-rm 77 

A 4 , -;, 530 1130 3000-3100 81 

A 5  630 1350 39504050  89 

i 3 0  1560 47504550 91 AG 3 %  

I3 1 "0 . 495 960-970-1 020 60 

B 2  240 51 5 960--1080-980 '59 

230 495 101 0-1080-IO60 63 

220 450 920-650"--1000-990 64 
a !  

I3 3 

13 4 

B 5  I, 230 495 960 59 

solid ,> 360 Ti0 1900--1900 i 4  

Remarks 

Ihickling of the specimen, n o  cracking 

,, 1. 
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TABLE 3. 



Fig. 9. Resiilts of fluctuating bonding fatigue tests at 
II'= 0.1 011 spoeimens type A (fig. 1) .  

, , ,  

Fig. 10. Results of fluctukting bonding fatiguo tcsta a t  
R = 0.1 on spcoimens typo R. 
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Fig, 11. &snltu of fluctuating lxwding fatigue trstn at 
&'= 0.1 on SpPeimeris type u. 

I .  

solid specimens is ,an M-Cu-ALg alloy, li'liegwerk- 
staff 3115.5. The '  unclad AI-Cn-Alg alloy has a 
much larger fatigue strength than the clad slloy. 
Rcf. 2 g i x s  f,or 24 S-T clad and unclad a fatigue 
limit at  fluctuating teusion , (ZZ=O) of If, and 
28 k,g/mmz respectively 'at an cndurinee of 10' 
cycles. The fatigue ,.limit at  fluctuating hending 
It = 0.1 and 1z = lo7 cycles in fig, 11, respoctively 
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Fig. I?. Rewlts of fluetunting balding fatigue tests a t  
R = 0.1 "I1 specinlens type A. 

14 and 30 kg/mm2 lor the 'bonded and solid spar 
booms, shows a reasonuble agrecrnent with the 
above mentioned values for clatl and unclad 24 S-T. 
T,he diffeiences in  endurance between the bonded 
and the solid spar ,boom at the same ,bending 
stress may he enphitied by the differcncc in fatigue 
strength between clad a.nd unclad Al-Cu-11g alloy. 
If a high corrosion resistmce is not reqnired, it 
seems advisablc to ' I d d  up bonded spar booms of 
unclad material to increase the faiigue strength. 

The figures 12 a.nd 13 present the endurance of 
the bonded speeiinens type A and B as a. p " a g e  
of the ultimate static strength. The figures 9 and 
10 showed that al,l Nbon,dcd specimens had equal en- 
dura.nce at  eqna.1 range of stress in the outermost 
fibre an,d table 2 showed that the ultimate static 
st,renrth calculated as bending stress in the outer- 
I ~ 

Bending Moment 
Section modulus most fibre by the simple foimuls 

depended on the section modulns. Cor~equcntly 
the points of ,the specimens type B in fig. 13 1;e 
rather dispersed in one scatter band, whereas after 
di-awing one scatter band for the specimens type A 
the points in  fig. 12 of the specimens type A 2  
with the lowest section nioddus all lie on the right 
side. The endurance of the specimcns type B 
plotted in fig. 13 as a percentage of the static 



strength is superior to the endurance of the speci- 
mens ty.pe A plotted on tlie ssme'basis. I n  view 
of the foregoing, this superiority has not been 
caused by superiority in the method of manufac- 
turing the specimens type B. - ,bending of the 
specimens after, curing of the adhesive - but by 
differences in section modulus a i d  shape. 

3.3 Restilts of t k e  static amd futiyue tes ts  in com- 
pression on the composite Redux-bonded spar 
booms type C. 

Dhe results of the compression tests on tlie 
lionded specimcns type C (fig. 3) are given in 
table 4. I n  this table the ph6nomena occurring 
during bhe static and fatigue tests are likewise 
assembled. 

The mean static compressive stress at failure of 
the specimens is abont 39 km/mm2, except for the 
lightest specimen C V where only a maximum stress 
of 32.4 kg/mm' was reached'). The material of 
the booms wa.s 24 S-T alclad, the mechanical pro- 
perties are gisen.in table 1. 

All specimens tested statically without prior 
fatigue l o d n g  . failed by buckling of the whole 
specimen, only .from specimen C IV-1 one flange 
plate with the skin loosened at the maximum load. 

Fluctuating compressive loads of 60 % and 68 % 
of the ultimate were endured 5.10e cycles by all 
specimens type C 11 to C V inel. with only minor 
damage. Apart from some ,bladders in the skin 
due to loeal loosening of the glue joint, and conse- 
quently the forming of skin cracks, only in the' 
case of specimen C 111.4 cracks in the web occurred. 

Of specimen C 11-2 with a maximum fluctuating 
load of 75 'j% of the static load one flange plate 
with the skin loosened during a weekend 'between 
0.79 and 2.23 X 10" load cycles. The maximum 
load dropped to  28.7 tons, but the maximum com- 
pressive stress iva.s raised from 29.2 kg/mm* 
(75 %) to 32.7 kg/mm2 (84%).  Then the test 
was stopped without loading the rema.inder of 6he 
specimen to collapse. 

With specinieii C 111-2 (75 %) after 74.000 load 
cycles two small cracks in the web occurred, and 
the ,glue joint hetween web and stiffeners loosened 
a little hit. Then after 82400 load reversak both 
flange plates with the skin sprang loose abruptly 
and the remainder of the specimen fell apart. 

With specimen C IV-2 (75 %) the same prob- 
ably happened overnight, after about 520 000 load 
cycles. 

On specimen C V-2 (75 %) the same happened 
after 2.207.000 load reversals. 

None of the licaviest specimens ( C  I )  endured 
5 X loa load cycles without seyere damage. Bet,sveen 
0.83 and 1.61 X IOG cycles two flange plates with 
the skin of specimen C 1-2 loosened from the boom, 
also two fragments ruptured from the web. The 
maximum pulsating load was then relicred; until 
the compressive stress in the remaining part of the 
specimen again reached a value of 30.6 kg/mmz 

'1 This value pr@b%bly is sceidentdly low, since hi@r 
stresses m r o  reached in static tests an prior-fatigued speei- 
mens (w tab10 4). 

(75, % of' the. static compressive stress) and the 
test was continued until 5 X loG load cycles were 
reached. 

Nearly the same .happened with specimen C 1-3 
(60.%) (see table 4). 

With specimen C 1-4 (68 %) firstly the skin with 
one flange plate loosened (932.000 load cycles), 
then the second flange plate (989.000 load cycles) 
and though some pieces of t,he web were ,loosened 
tlic remaining specimen withstood, 5 X lo8 load 
reversals a t  a maximum compressive stress of 68 % 
of tlie static stress. 

A repirkahle fact mas that of all specimens, 
after being subjected to the fati,gue test, during 
the final static test one or' more f,lange plates 
loosened a t  or quite near the maximum load; this 
happened only once with tlie non-fatigued speci- 
mens ( C  IV-1). 

, Figs 14 to  18 imel. show the specimens type C 
after the tests. 

T'he surface of'the loosened glued flanges of the 
fatigued specimens all showed a network of small 
cracks, which could easily be detected at  a small 
magnification. Such cracks did not occur in the 
glued surface of the statically tested specimc~~s. 

Figs 19 aid 20 show the difference ,hetween 
these surfaces a t  a magnification of 50 X .  The 
cracks in tlie fatigued specimen can clearly be 
detected, and are still more evident on fig. 21. 
(150 X). , 

Figs 22 and 23 each show two cross-sections of 
cladding layers of a fatigued specimen (150 X). 

Fig. 22 is unetched, fig. 23 is etched. From 
these figures it is evident that the cracks occur 
in the cladding only and do not progress into the 
24 s crystallitis. 

The differences in the hel~aviour of the fatieued " 
specimens at  the maximum static load and the only 
statically tested specimens, viz. the abrupt loosening 
of the glue joint with the  former, may 'be attributed 
to the cracks in the cladding. 

That crackin,g of the clad layer during the fatigue 
loading does not require the presence of a glue 
layer between the sheets is further proved by the 
figures 24 and 25. Fig. 24 shows the external sur- 
face of a sparbwm type C where no gluelayer is 
present, which failed ,by static loading; no cracks 
are visible. Fig. 25 shows the same snrface of a 
fatigued specimen clearly indicating the presence 
of cracks on the surface. 

It may he 'of interest to carry out fatigue tests 
on similar spar booms manufactured of unclad 
material. 

. 

4 Conclusions. 

spar booms 
The methods of manufacturing of the bonded 

a Rubber pressing of the sheets before bonding, 

h Rubber pressing of the sheets after bonding, 

had no influence on the compression fatigue 
strength. 

type A 

type B 
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The bonded spar bwms type A, fig. 1 md 
t,ype B, fig. 2 withstood a compression load fluc- 
tuating between 10 and 75 % of the ultimate static 
load for 10”. cycles without deterioration in static 
strength. 

All the bonded spar booms type A and B 
behaved like solid sp&r 'horns of equal section 
modulus. 

. .T,he endurance of the ‘bonded spar h m s  type A 
and B in the 3 point bending tests was determined 
by the range of bending stress in the outermost 
fibre. Equal range oE stress gave equal endurance. 
The scatter in en,durance was rather large. 

The ,bending fatigue strength of the solid spar 
booms (type ll - fig. 4) proved to be much supe- 
rior to the fatigue strength of the Ibnded specimens 
type A a.id B. This superiority was caused ‘by the 
superiority in fatigue strength of unclad to elad 
Al-Cu-Ng akloy. 

With the exception of the specimens type C I  
all coniparite sp8ar booms type C endured more 
than 5 X lo6 load reversals at compressive stresses 
of 60 % and 68 % of the ultimate static stress. 
The specimens type C l  suffered severe damage 
before 5 X lo6 load cycles were endured. The 
damage consisted of complete loosening of one or 
more flange plates from the specimen, or of rup 

turing of fragments from the web. The remaining 
parts of the specimens endured nevertheless 5 X IOo 
load cycles at the same maximum compressive stress. 

None of the specimens type C sustained 5 X lo6 
load cycles at a maximum fluctuating stress of 
75 % of the ultimate, static stress. 

’Dbe ultima,te compressive static stress of all 
type C specimens after the fatigue tests ranged 
from 93 to 110 ’% of the static stress of the speci- 
mens which were only tested statically. The col- 
lapse of the former specimens. during the final 
static test was, however, quite diffeEnt from that 
of the latter. Of the fatigued specimens some ‘glue 
joints always loosened explosively at or near the 
maximum compressive lmd. This different be- 
haviour may be attribhtod to small cracks f o r m e d  
in the clad layer of the fatigued specimcns. 

a ry  tests on similar specimens mamfilctured of un- 
clad materia,l. 

I t  is recommended to carry out some supplement- I 
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This investigation has been performed by order 
of the Netherlands Aircraft Ihelopment  Board 
(N.I.V.). 

1 Introduction. 

I n  reference I results are given of a compara- 
tive investigation carried out at the N.1,.11. on the 
fatigue strength at fluctuating tension on several 
types of rivet.ec1 lap joints. The tests showed: 

1 snap and countersunk riveted lap joints of 
' 0.6 mm 24 ST al,clad had the same 1,oad-enduran- 

ee curve, 

2 plotted as a stress (in the sheet)-endurance 
curve (scatt,er hsnd) there was no significant 
dill'erence between the countersunk riveted .lap 
joints of 1.2 and 0.8 mm 24 ST alclad, though 
the sheet in oue type was sunk and in the other 
dimpled. 

The Fatigne Committee of the Netherlands Air- 
enaft l?evelopmcnt Board (N.I.V.), when discussing 
the results of these t,ests, considered it desirable to 
extend the scope of the investigation and to deter- 
mine in more detail the influence of the'following 
I'actors, !on the fatigue strength 
1 the influence oE the sheet thickness, 

2 the influenee of the mebhod of filling up the 
holes in the sheet by the method of riveting 
(type of rivet), 
a t  t,he same static strcngth the influence of the 
rivet pattern (number of rows). 

The supplementary tests to achieve these aims, 
t,he results of which are 'given in  this report, com- 
prised fatigne tests at  fluctuating tension on: 
1 snip rireted lap joints with sheets of various 

thicknesses, 
2 lap joints with snap &vets, Countersunk V rivets 

and countersunk NACA rivets, 

3 snap  riveted lap joints with 2 and 3 rivet rows. 

3 

.I 
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'2 .< Details of -the test specimens and test proce- 

2.1 Test specimens 

The 24 ST alclad material used for the manu- 
facture of the riveted lap joints was supplied by 
the Nederlandse A1nmiiriummaatschapl)~j N.V. at  
Utrecht, The works specification gives as mecha- 
nical properties of this alloy. 

dure. 

0 0 . ~ -  tensile yield strength > 27 k g / m z ,  

oB - tensile ultimate strength > 41 kg/mm2, 

6 - elongation 1 = 2" > 12 %, typical value 

.typical value 30 kgJx". 

typical value 45 kg/,mm'. 

18 %. 
Tensile tests on test pieces cut a t  ra .ndm from 
riyetcd specimens with a sheet thickness of 1.6 mm . .  ::, gave the following .values . .  

o ~ . ~ =  32.5 - 31.9 - 32.6 - 32.1; mean 

sB = 45.5 -' 45.0 - 45.3 - 44.8; mean 

The'meehanical properties of the 0.8 and 1.2 mm 
sheet materials given in ref. 1 are 36.9 and 38.1 
kg/mm* respectively for the tensile yield strength 
and 46.0 and.47.0 kg/mm* for the ultimate tensile 
strength. All rivets were 17 S, riveted cold iu 
the solution heat treated temper. 

The test pieces were single lap joints with 2 ,or 
3 .rows of rivets. The shape and dimensions of the 
two types of specimens are given in fig. 1. To 

32.3 k,g/mmz. 

45.1 kg/mm2. 

GLUED DOUBLER 

0 0 0 0 0  'E3 0 0 0 0 0  JEj 
I I 

Fig. 1. S k p c  "3 &&ions of tho speeimenn. 

prevent failure of the specimen in the clamping 
hcud of the testing machinc all the specimens were 
reinforced .with a redus-bonded doubler as sche- 
matically drawn in fig. 1. 

3 '  types of riveted joints were used in tliis in- 
vestigation, schematically 'given in figs. 2a-2c incl. 

fig. 2a - type Pti - 'hob11 sheets flat  - snap 
rivets, 

fig. 2b - type 1' - front sheet sunk, rear sheet 
flat, 
die 'head is countersunk part  of the 
rivet. 

fin. 2c ,- t r u e  NACA - front sheet sunk. rear - 
sheet flat. 
closing headd, is countersunk part  of 
the rivet. , .  ' .  

All specimens 'were made at the Royal Fokker 
Aircraft Co according to common practice. _ .  

2.2 Test procedure. 

The static tensile testing of the specimens was 
carried out in an Amsler 20 tons universal testing 
machine; the fatigue testing in an Amsler Vibra- 
phore of 10 tons. The clamping device used i n  

2 6 ,  COUNTERSUNK-V 
L,.1.2-1.6mm L2.1.2-1.6 mm 

I - 
t '  - 

@Um t 
2cCWNTERSUNK-N.A C.A 

C,.,.2.,.6" <2=,.2-mnm 

t t 

Fig. 2. Types of riveted juints. 

the tests in ref. 1 was again used, both for the 
static and the fatigue tests. T,he 10 tons dynamo- 
meter of the Vibraphore was used for tests with 
max. loads > 2 and the 2 tons dynamometer for 
tests with mas. loads < 2 tons. 

l h e  Wohler curves (S-N curves) were determined 
for fluctuating tension with a minimum load of 
100 kg. The frcqnency of the load reversals was 
about 8004/minute. If after &out 50.1P load 
reversals the test piece had not cracked tlie test 
was stopped. Otlierwise the end of the test was 
the cracking of the specimen in the joint. By ad- 
justing the switch-off relay always in the same way 
it was achieved bhat the switchipg-off took place 
a t  approximately the same degree of crack f o m -  
ation. Complete failure of the specimen would have 
occurred soon afterwards. Specimens which had 
not failed in the fatigue t,esting, were loaded to 
failure in the static testing machine to determine 
whether the ,fatigue loading had caused any de- 
terioration of the static strength of the joint. 

3 Results of the static tests. 

The results of the, static tests aik given in table 1 
and in fig. 3. The points in fig. 3 do not indicate 

NEW SPECIMEN 6 
x PRELOADED 50 10 REVERSALS, 

No CFIACKS VISIaLE AFTER 
FATIGUE LOADING 

c 
5000 

Li 'ooo 
0 

3000 

Y 2 0 0 0  

5looo 
5 
3 0  

RlVET Pb " N A C A  Pb 

YI 

r 

SHEET"O.8 1.0 t.2 . 1.6 1.2 2.6 1.2 1.6 08 1.2 - I--- 

*- 
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'I'ype of rivet . .  

,.( .> 
,, > >  
Y ; '  

T'-countersiink 

NACA. ,, 

TABLE 1. . _- .. . . .  - 
Results of the static tension tests. 

.~~ 

Sheet 
thickness 

in inn1 - - 
0.8 
1.0 
1.0 
1 .0 

1.2 
1.2 
1.2 

1.6. . 

1.6 

1.2 
1.6 
1.6 
1.6 

1.2 
1.2 

1.6 
1 .G 

0.8 
0.8 

0.8 

1 .2 
1.2 

____ 

T ~ o a d  at 
failure 
in lzg 

3800 
4110 
3950 
4140 

41.50 
4220 
4260 

4000 
4290 

~- -~ 

~. 

4125 
39iO 
3980 
3930 

4340 
4160 

4200 
4320 

4360 
4680 

4140 

3710 
41 .io 

- 
. Type of .failure. I. Failure b;:.sliearing of all rivets little distortion of rivet holes. ,-';,z:~.: . . . 

Type of failure. 11. Failure of the rivets distinct distortion of the rivet holes. . .... 

_ .  

'. .. . 

Remarks 

ref. 1 

preloaded with 50. lo6 
load rerersals 100-600 kg 

preloaded with 5 0 .  IOe 
load reversals 100-640 kg 

pieloaded with 50. IOe 
load reversals 100-860 kg 
ref. 1 

?reloaded with 50. IO6 
load reversals 100-800 kg 

'preloaded wit,h 50.10" 
.load reversals 100-700 kg 

preloaded with 50.10" 
load reversals 100-860 kg 

preloaded with 80.10' 
load reversals 7 0 0 4 2 0  kg  

.preloaded with .50.10" 
load reversals 100-500 kg 

preloaded with 50.10' 
load reversals 100-600 kg 



much variation in static strength between the dif- 
ferent types of joint. As all the joints failed 'by shear 
of tlie riiets and ,diad tlie same riniiiher of ,rivets 
of almost the same diameter this result is easily 
understood. The average static strength of all speci- 
mens is 4140 kg, which corresponds to a n  average 
shear stress in, the snap riyets of 34. kg/mq2 and 
in .the V and NACA rivets of 29 kg/mm2. T'lie 
tensile stresses in .the sheets corresponding to the 
averagc static strength have also been computed 
for comparison with the fati'gue test results. Bascd 
on the gross cross section of the sheet they arc 
32.3, 25.9,, 21.6 and 16.2 kg/mm9 for 0.8, 1.0, 1.2 
and 1.6 mm sheet respectively. 

The situation of the points, indicated,with crosses 
in fig. 3, 5 times over and 3 times under the points 
which indicate the &tie strength of a new speci- 
men of the saine type, proves that the static strength 
of a riveted l a p  joint is not influenced by fntigiie 
loading a t  low stresses if this fatigue loading has 
not caused any visible cracking of the sheet. 

4 

4.1 Tests 'on specimek with snap rivets. 

Results of the fatigue tests. 

Table 2 gives the results of the fat,igue tests with 
fluctuating tension on 24 ST alclad single lap joints 
riveted with 17 S snap rivets. In these tests the 
thickness of the shect ranged from 0.8 to 1.6 mm. 

Tlie results'for the specimens with 2 rows of 
rivets are plotted in figs. 4 and 5 in which also 
are given the results of the former tests 'given in 
ref. 1. The stresses of fi? 4 are calculated as stress 
range ' in  the gross section, in fig. 5 as nominal 
stress range in the net section of the sheet. The 
situation of the points in these figures indicates 
that an inercase in $he sheet thickness from 0.8 
to  1.6 mm had hardly any influence on the..fatigne 
limit: (n = 50,106) of the joint and a small de- 
teriorating effect on tlie cii'durancc a t  relatively 
high, loads. T,he deteriorating effect a t  high loads 
was noticeable for sheet thicknesses exceeding 1 mm. 
With some specimcns it was accompanied by a 
change in type of failurc. For joints with thin 
sheet the sheet was alw~~.y.s. criticul but with thick 
sheet' at, high loads (see table 2 )  same rivet heads 
hdrsted off, so.in this ease the Yicets be,ufme criticnl. 
As the riret heads 'bursted off and did not shea.r 
off like in the stat,ic tesst, the tensile stress in ,tlie 
rivet caused 'by the increased h n d i n g  momcnts'.bf 
the joints with thick sheet may ihave made the 
rivet,s critical. On the other hand, the static stress 
in the sheet ad failure decreases- as the sheet thick- 
nkss increases 'md t,his may cause a lowering of 
the S (stress in sheet) - N cnrve when the maxi- 
mum, fatigue load is ncaring the ultimate static 
strength (also see section 4.3). Whatever the cause 
may .be the results prove that for snap riveted lap 
joints the shape of the S-N c u v e  below % = l o 6  
approx. depends on the ratio hetwecn the maximnm 
load of the fatigue cycle and, the static strength 
of the joint. , 

The plotted points i n  fig. 6,' giving t& results 
of the tests on specimens with 2 and 3 r o m  of 
rivets and ahout the same static. strength, indicate 

N 
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Fig. 4. Results of fntiguo tests with fluctuating tension 
m . 2 4  ST alelxd single. lap joints riveted with 17 S 

snap rivets. 

Fig. 5 .  Rmulta of fatigue tzst.8 with fluctuating tclrsioii 
on 24 ,ST alelsd single lap joints rivctcd with 17 S 

snap rivets. 

Fig. .G: Rcsiilts of fatigue tCSts vith fluctuating tension ' 
on 24 ST slclad siiiglo Iai) joints with 2 and 3 rows 

of s"ap rivets. 
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that both for ,the joints with 0.8 and 1.2 mm sheet 
the number of rivet ,rows had no influence on the 
endurance at low' or high loads. Neither was the 
influence of the sheet thickness on the fatigue 
s t renoh of singlc lap snap riveted joints, mention- 
ed in the, preceding paragrap'h, dependent upon 
the number of rivet rows. 

T,he situation of the points in fig. 6 clearly shows 
that the endurance a t  the same range of stress, 
hoth for  the joints with 2 and 3 rivet rows, was 
less for joints with 1.2 sheet than for joints 
with 0.8 mm sheet. The fatigue limit (n=50.106) 
was hardly influenced' by the sheet thickness. 

4.2 T e s t s  on spe&iens with counterszLnk V rivets. 

The countersunk V-riveted joint with a sunk 
front sheet cannot be used for thin sheets. There- 
fore, the  tests on  this type of joint had to be 
restricted to.sheet thicknesses of 1.2 and 1.6 mm. 
The, results of the tests are given in table 3 and 
are plotted in figs 7-9 incl. The stresses in 
fig. 7 are calculated as stress range in the gross 
section and in f i p  8 and 9 a.s stress range in the 
net section of the sheet. Isere too, like with the 
snap riveted. joint, larger ..thickness of the sheet 
at the same stress amplitude' was accompanied by 
a decrease in endurance at high loads. The sitn- 
ation of the,,points even in some degree indicates 
that the fatigue limit was iinfavourzbly influenced 
hy an increase of sheet thickness from 1.2 t o  1.6 mm. 
As this resdlt is' contradictory to the results for 
snap- or NACA riveted joints and the number of 
test specimens is rathersmall, it will require further 
tests hefore a definite conclusion can be reached. 

4.3 Tests o n  sp4cinaens with conn.tersunk N A C A  
, .. 

1ivets. I 

The NACA riGets, like the V rivet, can hc used 
only in. relatively thick sheet. The tests, t!hc results 
of which are given! in table 3 and in the figs 7-9 
incl., wcre restricted .to sheet thicknesses of 1.2 
a.nd 1.6 mm., The stresses in fig. 7 are calculated 
as stress rangc in the 'gross section and in figs. 8 
and 9 as stress range in the net section of the sheet. 

The situation of ,the points in the figures clearly 
shows that the sheet. thickness had no influmce on 
the endurance, neither at high nor at. low stress 
amplit,ude. Both for  the joints with 1.6 nnd 1.2 mm 
sheet the points lie in the scatter hand for thin 
(0.8 mm) snap riveted joints of ref. 1. Probahly 
for  NA'CA riveted joints, even with thick sheets 
of 1.6 mm the S-N curve is determined 'by the 
stress concentration in the sheet caused 'by the 
rivets and the shape between n= 10' and n = 10' 
is not influenced by the ratio bctwecn the maximum 
fatigue stress and the static s t rensh of the joint, 

An NACA riveted specimen (see fig. 9 )  of 1.6 mm 
sheet sustained a fluctuating tensile load equal to 
the mean static strength 16000 times; in-this case 
the fatigue strcrigth is apparently not affected 
whether the rivets are loaded far below or near 
to their st,atic shearing strength. The better filling 
up of the conntersunk,hole in the front sheet by 
the NACA method of riveting, by which the hole 

N 

Fig. 7. REsults of fatigue tests wibh fluctuating tension 
' on 24 ST alclxd single lap joints ri7etcd with 3 t y p  

of riscts. 

" '. 

MEAN STATIC STRENGTH OF 
1.6mm N&CA SPECIMENS 

Fig. 9. Results of fatigue tests with f lu&at ing  tension 
o n  24 ST alelnd single h p  joints rivetod'with 3 types 

of riveets. ,, ,< 
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is filled up ,hy the closing 'head of the rivet, 110s- 
sibly prevents .premature looscning or failing of the 
rivets a t  high fatigue loads. 

4.4 Compa.rison of t h e  results. 

A comparison of the results shows that the 
fatigue kni t s  of the joints, calculated as stress 
range in the shects, were hardly influenced 'by the 
type of rivets used, viz snap, countersunk V 01' 
NmACA rivets. For the types of specimens used, 
sketched in figs 1 an,d 2, a t .n=  50.106 load revers- 
als the mean stress range calculated as stress 
in the net, section. Of the sheet in all cases was 
3.8 kg/mm* at  a min. stress ranging from 0.5 to 
1 kg/mm2, independent of sheet thickness varia- 
tions between 0.8 and 1.6 mm. Ilifferences betureen 
the various types of rivets appeared only at relat- 
ively high loads (and sheet thicknesses > 1 mm). 
In the& circumstances the NACA riveted lap joint 
proved'to 'be superior to the snap and countersunk 
V riveted 'lap joints and should be preferred in.  
cases of a high ratio of stress amplitude to static 
stmngbh. The situation of the points i n  fig. 8 in- 
dicates that vi th  1.2 mm sheet the V rivcted joint 
is slightly superior t o  the snap riveted joint. In 
thick sheet the countersunk V riveted joint has 
no advantage over the snap riveted joint. 

A changc of the 2 row snap riveted joint sketch- 
ed in fig. ' l a  to the 3 row snap rivetcd joint of 
about the sa.me static s t rwgth of fig. I h  does nat 
affect the fatigue strength. 

In the technical literature much has hecn puhlish- 
ed on the behaviour of riveted lap joints under' 
fatigue loading. A comparison of tlie results given 
in this report with results givcn in the literature, 
though desiralile, is difficult to achieve. The di- 
mensions of the spccimens ,the loading cycle, the 
rivet pattern, etc., used 'by the various investigators 
differ considerably, mhich makes comparison of the 
results a difficult problem. In duc 'course a searc'h 
of the literature will be made to ,get a picture of. 
our knowledge on the fatigue strength of riveted 
light-alloy 1a.p "joints. The results of this study 
will he reported in a separate paper. 

5 Conclusions.. 

The sheet thickness, rivet type, and number of 
rivet rows had no significant influence on the 

ultimate static strength of the joints, owing to the 
equal number of rivehs in eaeh specimen and the 
Failure of al l  specimens ,hy shearing of the rivets. 

'Phc ultimate static strsngt,h of t!he riveted lap 
joints wm not influenced by fatigue loading at  
low stresses if this fatigue loading did not cause 
any visible cracking of thc sheet. 

The fatigue limit of the lap joints was hardly 
influcneed by the type of rivet used, vie. snap-, 
countersnnk V or countersunk NACA rivet (fig, 
2a-2c) nor ,hy the sheet thickness (0.6-1.6 mm) 
and the nuniher of rivet rows a t  the same static 
strengt,h (fig. 14, l b ) .  At rc = 50.10O the mean 
fatigue limit a t  fluctuating tension was 3.8 kg/mm2 
calculated as stress range in the net section of the 
sheet (min. strcss 0.5-1 kg/mm2). 

As regards fatigue strwigth hoth a t  sheet thick- 
nesses of 0.8 and 1.2 ,mm and at high and low 
endurances the 2 row snap riveted lap joint of 
fig. la was equivalent to the 3 row snail riveted 
lap joint of the same static strength of fig. lh .  

The NACA riveted lap joint of fig. 2c proved 
to he snpcrior to the snap- and countersunk V 
riveted lap joints of fig. 2a-b at loa& a,hove the 
fatigue limit and a relatively high ratio hetween 
the stress amplitude and the static strcngth. One 
N.ACA rivetcd specimen withstood 16000 cycles 
with a maximuni fatigue load equal to the average 
static shcaring strength of the rivets. 

Between n, = 10' and 1 ~ =  lo' the S-N curve for 
the NACA rivcted joints, S calculated as tensile 
stress in the sheet, was not influenced by the sheet 
thickness, i. e. by the ratio hetween the maximum 
fatigue load and the static strength, as i t  was with 
the snap- and countersunk V riveted specimcns. 

The snap- and countersunk V riveted lap joints 
of 1.6 tmmm shect wore cquivalent. In the thinner 
sheet of 1.2 mm the countersunk V riveted joint 
showed somewhat higher fatigue strengths. 

6 References, 
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011 thc Fatigue Strengt,h at Fluctuating Teasion of 
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Investigation of the Post-Buckling Effective Strain Distribution 
in Stiffened, Flat, Rectangular Plates Subjected 

to Shear arid Normal Loads 

by 

W. K. G. FIJOOR. 

Summary. 

In  an earlier N.L.L.-Roport ( r d . 1 )  diaggrsnis have I f i n  presented for the determination of the merage stresses and 
strains in stiffened, initially flat, rec tanybr  plates bhat B ~ L X  rlemlopcd Iru&Ios unclcr the influence of external longitudinal 
curd lateral noms l  loads a well it5 slinr loads. They are baser1 upon tho theory f m m  rcf. 2 hause  this is considered 
most rclialile in geserzl. This bheory, and hence thc diagrams, arc strietlp d i d  only when the stresses do no; ex+ &e 
prupartianality limit :mywhwc in  the plato. 

The prcsent report contains a set of diagrams, by " u s  of which the largmt uffeetivc stmin, aceording tu thc ~IIUBEP, 
TON M&K5 and IkvoKXu criterion, can tx? determined. Thcse disgr:tms are nlm bawd ulpon thc theory from ref. 9. 'rheir 
practical application is domonstrated by m n e  nunmica1 examples. The effeetim strain at sevcml stations i n  thg plato 
can he road from the dizgrsms. The, largest offcetirc strain may ofcur at different stations, dapendcnt upon the nrap i -  
t,udi! of thc l?iids and the ratios bctweon n o m ~ l  and shear load% 

In some cases tho effcctive strain may hwe B maximum surnowhcre in the platc that  exemdn the largcst strain rcend 
from the diagrmts. Thx differcneo h t t r e n  hoCh strains, however, r ~ n  only be a few pcreent of the strain. 

I t1  ref. 2 n navcfarm :issumptian fur thc buckles in the plntr is also proposed that might give more rc l idh  results 
when tho anylo &tween t l ~ c  genom1 direction of tho buckles and tho lon@tudiml edga  is smll. Phhe earrcetions that 
would & required in tho diagrams fiom rcf. 1 irhen choosing this waveform cwumption are shown by some iiumerienl 
cxamples to bc practically ncgligiblc thronghout the major parts uf the r~ngcr  eovcred by tho diagrams, ""~1 rmuan&ly 
sniall in tho mimining parts of t lme rangrs. 

. .  
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This invest,igat,ion has lieen performed lip order 

of the Netherlands Ailarnf'l I~evelopment I3oard 
(N..l. U.). 

1 Introduction. 

' In  a previous publication the 'relations ,lietween 
t,he defonnatiom and the stresses in stiffened .flat 
recta.ngular plates loided above the buckling load 
11y shear stresses and normal stresses -have..beeii 
presented in the form of a number of diagramk 
(rcf. 1). These diigrams are birsed upon KOITER'S 
theory (ref. 2),  because this theory is considered 
to  yield accurate rcsults for all ratios of load to 

The theory from ref. 2, and lienee the diagrams 
piwetited in ref. 1, are based upon the assumption 
of purely elastic 'behaviour of the mater id  of the 
buckled plate. The stress distribution in a 'buckled 
plate is a complicated 'function of the coordinates 
in ,and normal to the plane of the plate. When for 
arliitrary external loading the stresses are- known 
everywhere in the plate, the highest loads for which 
the theory and d iagram remain valid can be deter-. . . 
mined from., the condition that the highest 1oeal;i -=->.\ 

. .  

liuckling load from unity to infinity. . .  ' 



stresses occurring. anywhere in the plate reach the 
proportionality limit of the material. 

The normal and  shear stresses acting in the 
longitudinal and lateral ,directions of the rect- 
angulir plate and presented in the diagrams from 
ref. 1 are averages over the whole pl'ate. It is 
hence impossible to determine the elastic limit loads 
from these diagrams without additional inform- 
ation ,being available on the distribution of these 
stresses throughout the plate, i. e. on their variation 
in the longitudinal and lateral-directions as well 
as in the direction normd to 'the plane of the plate. 

The stress or strain distribution throughout the 
plate can be determined from the external defom- 
ations of the plate as a whole (the edges remaining 
straight and opposite edges parallel), the expres- 
sions for the fo rm of the buckles in the plate (i. e. 
for the displacements of an a rb i t ray  point of the 
plate in the longitudinal, lateral and normal direc- 
tions) and the parameters in these expressions. 

The strains are reduced to  an effective strain 
by means of the Hmm, VON and H ~ M Y  
criterion (ref. 3).  The diagrams from ref. 1 can- 
not be considered to yield reliable results once the' 
effectiv'e stress, i.e. the product of the effective 
strain and the modulus of elasticity, exceeds the 
uniaxial stress at the proportionalit,y limit. 

The details of the stress distribution depend to  
a large extent upon the assumed waveform of the 
buckles. The waveform assumed in ref. 2 yields 
a good approximation of the elastic energy stored 
in the buckled plate and  also of the average stresses 
presented in the diagrams from ref. 1. This does 
nqt necessarily imply, however, that the details of 
the stress distribution and the maximum stresses 
are obtained with equally good accuracy. It is con- 
sidered that the maximum of the effective strain 
anywhere in the buckled plate will nevertheless 
provide a reasomhle indication for determining 
whether the proportionality limit is .exceeded. It 
should also 'he remembered in this respect that the 
proportionality limit itself is not usually 'known 
with great precision. I n  addition the deviations in 
the relations between stresses and strains averaged 
over the whole plate that occur when the load 
exceeds the proportionality limit load to a small 
extent are relatively small. 

It was stated in ref. 1 that it would be desir- 
able to  investigate whether the accuracy of the 
diagrams in ref. 1 could be improved by assuming 
a waveform in which the nodal lines orthogonally 
intersect the longitudinal edges of the plate, such 
as waveform assumption no. 2 in ref. 2. 
., .The aircraft industry showed much interest in 
the construction of a set of dia.grams complement- 
ing the diagrami already presented in ref. 1. The 
new diagrams should contain curves for constant 
ratios of the effective strain to a critical strain 
defined in ref. 1. The coordinate system should 
 be^ the same-as 'in the original diagrams to enable 
a rapid determination of the effective strain. 

The Netherlands Aircraft Development Board 
charged the National Aeronautical Research In- 
stitute with the construction of such diagrams and 
a concise invest,igation of the improvements obtain- 
2ble with ' a more suitable assumed w a v e f o k  

Results .of the investigation are presented in this 
report, that should be read in conjunction with 
ref. 1. 

Relations between the local strains in the plate 
a s  functions of longitudinal, lateral and,  normal 
coordinates on one hand and the average strains 
in the plate considered as a whole and the wave- 
form parameters on the other hand are derived 
in see. 3 from the expressions representing the 
assumed waveform. 

Problem encountered in finding those points of 
a buckled plate where the effective strain is largest 
are discussed in see. 4. 

The numerial results are '  discussed in see. 5 
and preseuted in the form of a set of diagrams. 
It will in general #be necessary to read the effective 
strains at different points of the plate in order 
to  find the largest effective stress. 

The applicatiou of the diagrams is demonstrated 
by some numeri,cal examples in sec. 6. 

I n  see. 7 numerical results obtained 'by arsuming 
waveform no. 2 from ref. 2 are compared with 
results calculated in the way described in ref. 1. 

The conclusions that can be draivn from the 
invest,iga.tions are presented in see. 8. 

2 Symbols. 

. .  

width of the (infinitely long) plate 
(fig. 3.1) 
maximum amplitude of the buckles in the 
plate (fig. 3.1) 
thickness of the plate 
cotangent of the angle 'p between the nodal 
lines of the buckles .and the X-direction 
(fig. 3.1) 
displacements of an arbitrary point (z, 21, 
0) of the median plane ( z = O )  of the 
plate i n  the X-, Y- and Z-directions res- 
poctively during buckling (fig. 3.1) . 
coordinates in the X-, Y- and Z-directions 
respectively (fig. 3.1) 

modulus of elasticity 
= b ' / P  

= rr2fz/4b2 
modulus of rigidity 
half-wave leneth of the buckles in the d a t e  - - 
(fig. 3.1) 
longitudinal. direction of the plate (fig. 
3.1) 
lateral direction of the plate (fig. 3.1) 
direction n o m 1  to the plane of the plate 
(fig. 3.1) 
ratio 'between the width of the edge regions 
and the total width of the plate (fig. 3.1) 
angle of shear of the plate considered as 
a whole (fig. 3.2) 
local angle of shear, defined by (3.5) 
compressive strains . in the longitudinal 
(X-) and lateral (Y:) directions of the 
plate considered as a whole (fig. 3.2) 
effective strain, defined by (4.1) 
local tensile strains in the longitudinal 
(X-) and lateral (Y-) directions respec- 
tively, defined by (3.5) 
uniaxial tensile strain at the ,proportion- 
ality limit 
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e* critical compressive strain for pure longi- in fig. 3.2. ,For convenience only a part of 
length L from the. infinitely long plate is con- 

9 =ry /ab  I t  is observed from fig. 3.1 that the buckled 
plate can he divided into three parts, viz. two 
edge regions, wide u b / 2  each, and a central region, 

tudinal compression, hinged edges, defined 
by (3.2) sidered. 

special ralucs of 9 (fig. 4.51, roots of 
(D. 11) 

average tensile stresses in the longitudinal 
(X-) and lateral (V-) directions respec- 
tively (fig. 3.2) 

T shear stress (fig. 3.2) + = i i ( x - n ~ y ) / L  
special values of $ (fig. 4 . 3 ) ,  roots of 
(D. 9) 

0 = (1  see. 4.2. 

9; F 
IaterJL wide ( 1 - a ) b .  The amplitude of the #buckles is ' c m t "  ratlo 

'ul, 0% 

~~ 

$,T 

3 Local strains in .the buckled plate. 

3.1 The " m o d  Waueform Of the b W k k  

I n  this investigation as well as in ref. 1 the 
wilveform no, 1 from ref. 2 was assumed. The 
mathematical expressions for the disp1,aeements u, 
v and w of an arbitrary point (5, y) of the median 
plane z = 0 of the plate in the X-, Y- and Z-direc- 
tions respectively are presented in Appendix A of 
ref. 1. The X-, Y- and Zdirect,ions, the dimensions 
of the infinitely long rectangular plate and the 
main parameters of the assumed waveform of the 
truckles, riz. t,iie anrplitudc f, the half-wave length 
L,  the cotangent ni of the angle p between the nodal 
lines and the longitudinal or X-direction and the 
ratio a are shown in fig. 3.1. 

Fig. 3.1 

It is observed that the nodal lines are,straight 
and that they do not intersect the longitudinal 
edges of the plate orthogonally, except in the 
special case z=O. This is not in accordance 
with the assumption that the plate is hinged at 
the longitudinzl edges, but the error introduced in 
this way is considered to he negligible unless m 
is large, say m > 2 (ref. 1) .  

The edges remain straight and parallel. The 
average deformations and y of the'plate 
considered ai a whole and the corresponding 
ayemge external stresses ml., u2 and T are shown 

g UNLOADED ' EXTERNAL 
LOAD5 

Fig. 3.2 

. -, 
.J LOADED 

of course zero a t  the edges and increases towards 
the central region according to a sine law. It 
remains constant in the central region. Finally, 
w is a periodic function of s, because the plate 
is infinitely long. 

It is observed from fig. 3.2 that U, and uZ are 
positive as tensile stresses.whereas E ,  and z2 are 
positive as compressive straim, 

3.2 The l o c d  strivins in th.e median plaile of the 
p h t e .  

From the expressions for 1 ~ ,  v and w & functions 
o f ' s  and y, presented in Appendix A of ref. I, 
the tensile strains. in the X- and cyU in the 
\'-direction and the shear strain Tw i n  the median 
plane z=0 of the plate a,re calculated accord- 
ing to  

. 

- - 

(3 .1 )  I 
. .. - 

EC2 = 21, + 0.5 wz* , 
E N  = u, + 0.5 wv2 , 
yzu=u, f us f w,w*, 

- 

- 

%There u, stands for au/ax, etc. 
It is found convenient to reduce the strains by 

dividing them by the critical Compressive strain 

e*  = 2h2/3 (1 - v ' )  b2 (3 .2)  

at which a,n infinitely long rectangular plate of 
width b and thickness k buckles when it'is, loaded 
in  longitudinal compression only and when the 
edges are hinged and remain straight and parallel. 

The strains E==,  E ~ '  and yzv are expressed in 
t e m  of the average strains E ~ ,  e, and y and the 
waveform parameters .by evaluating eqs. (3.1). 
The results are presented in Appendix A. Instead 
of the parameters f and L indicated in fig. 3.1, 
more convenient parameters were introduced. They 
are defined by 

- -  - 

P=rr2fz/4b2, 
D = bZJLz .  
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' It, is observed by comparing ,(A. .. 3) .  and. (A. 4) 
that has a discontinuity at y = nb/2.' . 

I n  the centre region,  ab/^ < y (1 - +)b, 
the strains are constant, hut in the edge regions, 

0 < 2/ 4 the strains E.1 and are dependent 
011. . ' , 

and hence on y, whereas em depends also upon 

.~ 

- - 

9 = ?ry/ab 

$ = ~ ( x -  m y ) / L ,  

- 

and hence upon bath 3: and y. 

3.3 The bending strains. 

For arbitrary d u e s  of - h,/2% z .+ h / 2  the 
tensile strains in the X- and Y-directions and the 
shear st,vain are in general different, fvom the 
strains in the median plane ( z = 0 )  for the same 
coordinates x and y. 

The differences are cilused by the curvatures 
assumed by the plate when it buckles. 

These bonding. strains are proportional to z be- 
cause the theory is.basea upon the assumption that 
straight lines normal to the median plane of the 
unbuckled plate arc  transformed into straight lilies 
normal to the median plane ,of the buckled plate 

The tensile strains & in the X- and & in the 
1'-direction and tlie shear strain Tzu caused by 
hcnding of the plate during hookling can thus be 
expressed aa 

/ /  

during buckling (ref. - 2 ) .  - 

(3.4) 

- - 
s z S = - ~ w ~ ~  = ( Z z / h ) s ' m ,  

E ~ = - - & , =  (Zz/h)e' , ,  

ycv = - z w." = (a&) 

~ - 

- - . .  
. 

The bending strains are extremal a t  the upper 
face z = h j 2  and at the lower face z=-h/2 of 
the plate. 

The '\widinin:: strains zzs, zw and;',, for z = h/2 
can be expressed as functions of the coordinates x 
and y, in the median plane of the plate and the 
parameters for the waveform of the 'huckles. The 
results of these calculations are presented in Ap- 
pcndix B. 

I t  is observed by comparing (B. 3) and (B. 4) 
that E ' ~  .has a discontinuity at y=ab/2 .  This 

'\vas to  ,he expected (ref. 2 ) .  
The bnding strains arc extremal for cos$= 
i 1, i. e. at the nodal lines, a t  the edge 1~ = 0 and 
for sin$=*]], i . e . . a t  the crest lines, at y-= 
&/2.  I n  the central region they are extremal only 
at the crest lines, but zero at the nodal lines. The 
crest lines are running para.lle1 to the nodal lines 
st a. 'distance Ll2, measured in the X-direction 
(fig. 3.1).  

3.4 The . .  .strains in the jams of the plate. 

':The-iensile strains slZ in the X- and em in the 
IUirections and ,the shear strain y& at the point 
(x, y, z )  in the plate are defined by 

. E ~ / E *  = Ezs/e?~ +,%,J&, ete. 

- -  - 

. i .. . .  

I , . .  . 

. . .. - - 
(3.5) 

\-:% 

' At the upper ?ace of' the plate, z=h/2,  they 
can. thus bc expressed as 

- - 
= e.,,/c" i 7,/t*, et,c. (3.6) 

and at the lower face ,2:=-1~/2, as 
- - - 

. . Ezz/E* =.= z*Jz* - E T Z 2 / E * ,  etc. (3.7) 
. .  . .  . 

4 ' Determination of 'the largest effective strain 
in the plate. 

4.1 l ' h e  effectiue strain. 

The effective strain E< after the HuBm, VON 
Alrsrs and H~ESCKY criterion (ref. 3)  is related 
to t,he tensile strains szS in the X- and cW in the 
8-direction and to the shear strain yW ' by ,  the 
expression 

. .  

(.1-"z)*Ze2=(1-"+"Z) ( 6 * 2 * + E W Z )  + 
+ (- 1+4v - - ' ) ~ ~ 1 ~ ~ + 0 . 7 5 ( 1 - - ) * y ~ y Z .  (4.1) 

In the numerical cvjluation it is assumed that 

Equation (4.1) ca.n then he written as 
Y = 0.3; in accordance with ref. 1. 

*=0.8281(ee,/E*)2= 
= 0 . 7 9 [ ( ~ . ~ / ~ * ) ~ +  ( E , / & " ) ' ]  + 
+ O . ~ ~ ( E ~ ~ / E ' )  ( c W / . " )  +0.3675(y6v /~ ' )2 .  (4.2) 

The quantity can be expressed as a function 
of t,he coordintites x and y, or the angles $ and 2, 

STATION 
NQ $ 5 2r/h 
1 0 0' -1 
2 o n/2 - 
3 n/2 o - 
4 n/2 n/2 f i  

4-5 ll/2 - - 1  

Fig. 4.1 

the strait d , ,  eZ and y and the parameters of 
the wmef m of the buckles. 

The results of this calculation are presented in 
Appendix C .  

It is observed from ( C . l )  and (C .4 )  that e, 
and hence e,/e*, varies always with $. I n  the edge 
regions, it varies also with 9. 

. .  
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4.2 Tlre e%tl'o?lilL of tho  e f f ec t ioo  St,.Ui?l. ~ ~ i i s  expression is never negative since C, > 0, 
i. e. a is a minimum. F o r  ~ = T / Z ,  

]<'or specified loading tlic values of the wave- 
lomi parameters, i .  e. of a, i ~ z ,  D and h'/z*, are 
known from the investigat,ion of ref. 1. The effec- 
tive strnin, and hence the qnanbity after (4.21, 
depsnds either upon + alonc, riz. (C.41, or w o n  

The coordinates z and y, or the n l m  ConXwicnt 
rlnantities $ and 3, defining the points of the 
upper or lower faces of the plate where E* is ex- 
trcmal, should he solved from the cqnations 

a2*/ayi2 = T E,  - 2 E , .  

l'this is ncvcr positive, i. e. CP is a maximum Iiotli 
for 2s/71,= 1 a,nd for z Z ~ l l = - 1 ,  The relations 

ti,!e]y , c I , , ~ ~ s e l l t e d ~ l c ~  4.2c- 
When I E ,  1 > 2 co, (D. 3) yields only the solu- 

tion + = ~ / 2 ,  and it follows from (D. 7) that 

$ and 9, viz. [ G .  I). ne wet- E* E* dr afiesa 

- aQ/a$ = 0, 
am/as = 0. 

a w a $ z  = TZ, - 2 c, . 
1loiee, CP is a maximnm €or 2z/h=1, i. e. at the 

for 
? # / A  = - 1, i. e .  a t  the lower surface, when E,  > 0. 

111 the centre regioll, atJ/2\Y / /  \ (1--/2)b, '?IS iilqler sorfaee of the plate, and a nrinimum 
the first cquation remains. 

a 

- 
0 ;  II, n/2 _--- 

- - - 
0 9  9 E12 

E e " * ~ ~  '. -+-* 
- * EXTREMUM 2z/h.? 

c --- 22/hn-1 
I .  * - - - 

c 

!i 0 * J, y' , 

* 
0 

0 
e 

0 

*----- . .  
I 

- 
V 2  0 JI X I 2  

0 

Fig. 4.2 
Fig. 4.3 

4.3 ?'/io contre 1.egio11 of the  p k . t e .  

T'he inwstigation presents no difficulties as fa r  
as the centre region ab/2 < y (1 - a /2 )  b is eon- 
cenied. It follow from (I). 3) that  CP reaches ex- 
tremal valnes for cos $ = 0, i, e. for $ = ~ / 2 .  The 
ease + = - n/2 need not he considered for reasons 
of symmetry. When 1 Bo I 5 2 c0, (D. 3) has a.lso 
a solution 

sin + = T B,/z C, . 

The reverse is true when E, < 0. The relations he- 
t,ween de* a n d  $ for these cases are qualitatively 
rcprcsented iu fig. 4.28 and 4.2f rcspeet,ively. 
In the numerical evalnation hoth eases 2zlh = I 

;Ind zz/ tL =_ 1 are investigated arid t11c highest 
ralne of is cllosen for the calculat,ion of the 
1a.rgest e ,  in the  centre region of the plate, because 
neither t,lic sign nor t,he magnit,ude of E,, is a 
priori known. 

Throughout the range of the investigations d s *  
was always larger f o r  2z/h=- 1, i. e. a t  the lower 
face of the plate, than at 2 z / h =  1 (fig. 4.?c, 

/ 

- 

I n  this ease, (n. 7)  yiclds 

a24/ap = 2 G, (I - E214 E:) .  4.2f). 
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T U L E  4.2. Numerical results for  some representative cases where *= 7/2. m 
m 

I 2z/h/h=1 I 

. . .  
~ . .  'h 2 z / h = l  '2 z/h = - 1 . - ' '.. . .  

t. **. x 

. -" 2 *=O +=T L* = ,/2 + = O  +=+ , $l=7r/2: . 

w .+ *e/=* - - . .. %/e 
.M 
'y 

- 
- - - cos * cos * . 4 2 . .> 

' a  

., 

-10 90 c 0.15594 225.53 246.96 246.36 0.62128 248.11 240.32 246.36 
150.08 - 157.49 - 159.62 - 157.49 0 

- 5 -  GO - a  ' 0.28825 248.65 277.56 273.29 0.54993 289.76 , 258.89 ' , 273.29 
10 70 d " 1'22.48 - 130.63 - 136.15 -.t - 130.63 

-20 . 50 . a 0.25235 233.96 255.54 232.83 0.59044 261.25 239.96 252.83 
-20 -100 e - 186.37 - 198.62 0.00i2162 195.18 198.92 198.62 

100 d - 

- 

-5 SO0 d - 116.78 - 217.91 - 118.57 - 117.91 , ' 

85.646 - 87.550 - 85.646 0 GO d - 82.926 - 
-2: 100 e - 174.15 - 182.55 0.075037 176.80 182.56 182.55 
-15 20 a 0.28745 100.89 104.94 104.01. 0.49953 111.31 101.18 104.01 

-335 10 0 0.23707 326.98 347.85 343.04 0.59589 362.,5i 314.36 343.04 
-35 100 C 0.036055 275.44 295.05 295.01 0.97361 280.10 280.05 295.01 

. .  

1 50 . 
.' 50 

50 
50 
30 
30 

-10 

-5  
so 

,.,-2O 
,-2O 

'.j 0 
90 

I00 
60 
'io . 
50 

100 

213.52 b 
c 
a 
e 
a 
b 

139.90 
253.69 

0.75484 
0.81423 
0.71647 

. 0.i468G 
0.81479 

- 123.56 

246.36 194.11 
157.49 137.03 
273.29 220.00 
130.63 - 
252.83 192.66 
198.62 154.33 

220.01 
SG1.86 

0.78594 
0.72044 
- 

0.63249 

0.2 2 13 3 

182.5 133.24. 146.3 0.2 16 3 9 1823 186.97 121:6 
124.1 91.165 110.4 0.16809 124.1 126.40 69.01 
105.5 - 104.6 - 105.5 - 106.3 i 

18.89 13.987 18.89 0.36243 18.89 ' 20.267 15.97 I 

0.45670 
0.14768 
0.65012 
0.15.50: 
0.26148 

246.36 
157.49 
273.29 

25'2.83 
198.62 

251.62 
163.35 
276.29 
138.25 
256.23 
203.8i 

~ ~~ 

194.22 
155.84 
203.94 
137.60 
164.47 
159.77 

1 30 1-5 I 100 I e 1 - I 1 117.91 1 - I 110.27 1 0.85032 1 117.91 I 121.08 1 120.98 I ' 
30 0 GO d 0.86218 85.646 77.758 78.198 1 0.763l:3 85.646 90.22.5 89.897 1 I 10 1~ 25 1 100 1 b I 0.84261 1 182.55 1 140.70 I 145.41 0.26415 I 182.55 1 ' 187.40 I 145.16 
10 -15 20 a 0.71008 104.01 i9.035 94.054 0.21c5ii 104.01 106.67 72.90 

1.65.20 
0.80851 295.01 213.20 0.18981 1 295.01 1 300.66 1 187.00 1 1 :: 1:;; . 1 ~ ' :. I 0.76043 I 343.04 I 256.11 ~ :!!:% 1 0.097344 343.04 345.1.5 

0 26.10 62.36 a 1 0 1519.331 5.06 1 . a 
I 0 -10.55 99.75 f 
I 0 1-5.86 1 . 2.37 1 b 
I I I I I I 



4.4 T’he edge regions of t h e  plate. 

It is observed by inspection that d e *  is an 
extremum for either $ = O ,  3 = O  (station 1, fig. 
4.1) or $ = d 2 ,  9 = 7 / 2  (station 4), (11.1) and 
(n. 2) heing satisfied. The condition for E ~ / E *  to 

2 c L L m L x i -  ’ y-shstitution of either 
(D.4)’, (D.5)’  and (U. 6)’ or (D.4)”, (D.5)” 
and (D.6)” in (E 1) turns out to be so eom- 
plicatcd that no general conclnsions, such as were 
obtained for the edge region (see. 4.3), can .be 
drawn from it. 

Numerical evaluations lead to the conclusion that 
for 9 = n/2 ( 2 4 ,  fig. 1.1) d e *  varies with $, 

Fig, 4.4 

Fig. 4.5 

i. e. in the longitudinal direction, as shown in fig. 
4.2h, 42c, 4.2d or 4.2f. It is evident that in this 
case only +=n/2 (station 4, fig. 4.1) needs to he 
considered, 

At the edge 3 = 0 (1-3, fig. 4.1) E</P varies 
with $, i. e. in the longitudinal direction, as shown 
in fig, 4.3. In  the cases of fig. 4 . 3 ~  and 4.3e 

- 
E./E*  reaches a maximum at t) =q and 7 respec- 
tively execcding d e *  at + = 0 (station 1, fig. 4.1) 
or a t  +=& (station 3) .  It is observed from the 
llumerical examples presented in table 4:1 that the 
diffcrenees ‘are so small that it is considered allow- 
able to rqtrict the evaluation to $ = 0 and # = &!. 

largest d e *  occurs nearly always at > = 0 (sta- 
tion 1, fig. 4.1). I n  two ‘cases considered Ee/e* 
varied with 9 according to fig. 4.4. The largest 
e,/e* prores to be always smaller than for $ = ~ / 2 ,  
Y = T / Z  (station 4). Hcnce, # = 0 need not be 
considered in the numerical evaluation. 

A t  the crest lines $ = r/Z ( 3 4 ,  fig. 4.1) =#/E” 

varies with 3 as shown in fig. 4.5. It is observed 
from the numerical results presented in table 4.2 
t,ha.t the difference between d e ’  at 9 and at 
9 = 0  (station 3, fig. 4.1) or > = = I 2  (station 4)  
is not always negligible. It is nevertheless allow- 
able to leave this case out of consideration in the 
numerical evaluation bccause E ~ E *  is never found 
to exceed by more than 2.6 % the largest ce/c* 
in any of the stations 1, 3 and 4 from fig. 4.1. 

I n  the cases to which figs. 4.3d and 4.5c, 4.5d 
or 4.5e or to which figs. 4.3e and 4.5b apply 

*tias a maximum at some station 0 < $ < w / 2 ,  
0 < Y < n/2. It is the largest d e *  anywhere in 
the plate, ,hiit it is expected to exced only slightly 
the largest z,/e* in any of the stations indicated 
in fig. 4.1, considered in the numerical evaluation. 

Tmhe calculation of the largest ZJE’ is omitted 
Iiecanse it proves to he very cumbersome. This is 
no serious objection especially when it is realized 
t,liat the details of the stress distribution through. 
out the buckled plate are approximated in the 
theory with probably much less accuracy than the 
clastic energy. 

A more detailed discussion of the stresses in 
t,he edge regions of the plate is presented in 
Appendix E. 

5 Numerical results. 

5.1 Presentation of the’ results. 

The results of the calculations are presented in 
the form of a set of diagrams, figs. 5.1 to 5.19 inel. 
The coordinates are E, , /E*  and s2/e*, as in the dia- 
grams of ref. l. The present diagrams cover the 
same region of coopdinates as those of ref. 1. They 
contain a set of curves of constant d e * .  

When E , / E *  and c , / P  are specified or ‘have been 
determined by means of the diagrams of ref. 1, 
the corresponding EJE*  can thus be determined by 
interpolation from the present ,diagrams. It Will 
in general ,be necessary to  read d e ”  at all stations 
indicated in .fig. 4.1. Obviously, the largest E. /E*  

obtained in this way should then be considered in 
the computation of the largest effective strain 
anywhere in the buckled phte. 

The strain E* is determined from (3.2) and the 
known dimensions of the construction. The tensile 
strain E #  at the proportionality limit can he derived 
from the ordinary uniaxial tensile stress-strain 
diagram for the material of the comtruction con- 
si,dered. 

d d  

- 



s s  
.. The .tlie;ry 'fi.om; i,ef.'2, and heiice tlik diagrams 
fkom .ref. 1 an'd the. pi;esent diggmms, are strictly 
valid only'if. ee 5 E ~ ,  throughout the buckled plate. 

For some, of 'the ,statio? shown in fig. 4.1, 
eg/e* will exceed E J E *  at all other statiom only 
in a restricted range of e,/." and E J ~ * .  This is 

eiuves of the important ranges could not he detcr- 
. mined with great a.ccuracy. , The t,ransition points 

bctween the heavy and the thin lines are probably 
well withont these limiting e u r ~ e s .  

.It is observed that in constrncting the present 
diagrams four ralucs of' TJEE* onl~'  havn heen COII- 

. .  ~. 

Fig. 5.2 ., i p  - .~ . .  ', . I  ._ . ..  ,, 2 1 "  . .. ' , .  

indicated in the diag!<ms 'foir.conreniciice hy dram- sidercd instead oE eleven, as in ref. 1: This w a s  
ing the eurves'as 1ieav.j' lines"\vithin i n d  as th in  camidcred just,ified in the first place because 
lines iYithont this ,range. 'In the determination of nnmcrical cxamplcs have shown that e d e *  can be 

for :specified. H&* 'and E,/E" all diagrams ohtained nit11 reasonable acciiracy for intermediate 
can be disregirded in !Ghich- the' point ( E ~ / E ' ,  \dncs  of TIE;* by interpolation. 
.;/E") falls in the range of thin lines. The trans- In the secdnd place, the diagram for t'he effec- 
itiims \rei'e in general so grodn;il t , l iat  t,he liinit,ing t,i& strain eiirnot.' bc considered to 'be as accurate 
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as those for the average stresses presented in and ealenlated strain will increase only slowly 
ref. 1 (sec. 4.4). A n  eventual small refinement 
obtainable by constructing diagrams for inter- 
mediate values of r / E P  would thus result in a 
reduction of the relatively small interpolation 
errors much smaller than the errors already pre- 
sent as a consequence of the imperfect approxi- 

whcn E. exceeds E,, to a slight extent. 

5.2 The 
/ /  In  the centre region, i. c. for &/2 N y N (1 

a/Z)b, (fig. 3 l ) ,  the largest effective strain 1s 

, 

Fig. 5.5 

niation of the dctails of the stress distrihnt,ion ohsenred a t  the crest line (see. 4.3) at the lower 
in actual constructions by the theory from rcf. 1. facc of the,plate, Zs/A=-l. It is constant along 

Finally, it will be difficult to determine sli with the h i e  G 5 ,  or $ = ~ / 2 ,  in fig. 4.1. 
great accuracy. It is not to be expected however ~ The results are shown in figs. 5.1 to 5.4 inel. It 
that this will l e d  t o  large errors when ce exceeds is ohserved that E , / E *  may 'be critical in this case 
cD only slightly since the difference between actual only for small and moderate e,/.". . 





5.3 2 ' h E  EdgE I E ~ ~ O n S .  r c s i ~ ~ j  for this ease are slioiv~i in is. 5.9 to 5.12 
inel. It is observed that in this case ee/z* may 

In the edge regions, i. e. for 0 < y a b / 2 ,  be critical For nearly all com1)inations of iicgativc 
(fig. 3,1), t,he effective strain was determnierl a t  e,/ ." and positive E > / € * .  

sc\,crnI stations (sec. 4.4). At the trensition point bct~vccn the edge and 
At. the interscetion of  the nodal line and the the centre regions 011 the crest line, just inside the 

edge of tile plate, i. e. at.+ = O,, > 1 0  or station 1 edge region, i. e. :it + = w / Z ,  9 ==/Z or station 4 

/ 

L I I I I I I 1.J I I b@4 I I I I 
Fig. %!I 

. ,  

in fig. 4.1, e p i c *  is largest a t  the lower tace oE 
the plate, i. e .  for 2 z / h  =- 1. The results are 
shown i n  figs. 5.5 to  5.8 incl. . I t  is oliscrved t,hat 
in  this case sJe* may be critical for most coni- 
hinstioim of E , / c ~  and EJE*  cxccpt f o r  small E J E *  

and for large E ~ / E * .  

A t  the intemeetion of the crest line and the 
cdse of the' plate, i. e .  at  + = w / Z ,  > = O  or sta- 
tion 3 in fig. 4.1, E,/." is independent of z. The 

in .fig. 4.1, d e *  is either largest for  2z /A=I  or 
for Zz/h=-l.  The results for 2a/7t=1, i. e. 
the iqqier face of the plate, are shown in figs. 5.13 
to 5.15 incl. It is observed that in this ease E . / E *  

. mny be critical for eombinations of small .,/e" 
:ind positive EJE* and for eomhiimtions of moderate 
e , / c *  and large E ~ / E * .  

The results for 22/11 = - 1, i. e. thc lower face 
of t,hc plate, are shovn in figs. 5.16 to 5.19 incl. 
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Fig. 5.12 
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Fig. 5.14 
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Fig. 5.15 

It is observed that d e "  in this m e  may be critical 
only for small and moderate E J E *  and L * / E * .  

The differences between figs. 5.1 to 5.4 incl. and 
figs. 5.16 to 5.19 incl. are due to the discontinuity 
in sW a t  2/=ub/2 (see. 3.2). A comparison shows 
that they remain within reasonable limits, the 
general form of the curve being nearly identical 
in both eases. 

The stress distribution in an actual construction 
does not show such discontinuities. Their presence 
in the results obtained from thcoly demonstrates 
that, the  approximation of the act,nal stress distri. 
hut,ion by means of theory is not in general very. 
accurnte. 

Fig. 5.16 
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Fig. 5.18 



Fig. 5.19 

6 Numerical examples. 

To demonstrate the practical 'application of the 
diagrams figs. 5.1 to  5.19 incl. the effective strain 
is determined fo r  the same constnietiom and loads 

Fig. 6.1 

considered as numerical examples in ref. 1. The 
effective strain ratiar E./E* are presented as func- 
tions of the shear ratio ,/Est for  Each of the 
stations shown in fig. 4.1 except those not eoiTerecl 

hy the diagrams because they are never critical 
throughout the range of the investigation (see. 5.3). 

The results for the first example are presented 
in  table 6.1 and shown in fig. 6.1. The largest 
effective strain weum at the intersections of the 
nodal line and the edge at the lower face of the 
plate. 

_-- EXTRIPDLAT'ED 

0 I I I 
0 1 0  2 0  3 0  LO 50 

%r' 
Fig. 6.2 

The results for ' the  second examplc are presented 
in table 6.2 and shown in fig. 6.2. The largest 
effective strain %curs in the edge region at the 
intersection of the crest line and the tramsition 
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TABLE 6.1 

--= 

0 173 

10 176 

30 187 

50 202 

Numerical results for the first example. 

I '  ' I ../E* I 

24 

60.5 

94 

114 223 206 185 114 

159 256 232 221. 158 

207*) 3032) 2612) 2632)  206*) 

I) see fig. 4.1. 2, extrapolated. 7 see see. 6 

TABLE 6.2. 

Numerical results for the second example 

- 0 

10 20 

30 59 

60 98 

I) see fig. 4.1. 

I E e l e m  

.,/E" station>) 1 6 5  I 1 1 3 I 4 I 4 

2 z/h -1 -1 - 1 -1 

- - - - 0 

10 20 125 82 75 

30 59 128.5 127 137 97 141 

60 98 133 179 197 158 198 

I) see fig. 4.1. extrapolated. 

I E e l e m  

.,/E" station>) 1 6 5  I 1 1 3 I 4 I 4 

2 z/h -1 -1 - 1 -1 

- - - 
125 82 75 

128.5 127 137 97 141 

133 179 197 158 198 
- 

extrapolated. 

TABLE 6.3. 

Numerical results for the third example. 

2 Z / h  -1 -1 1 1 -1 
- 

0 100 4 64 .119 115 103 *) 62 

10 100 19 78 134 118 114 81 

30 100 52 123 160 137 147 123 

50 100 80 169 189 161 182 169 

I) see fig. 4.1. *) see see. 6. 



S 18 

TABLE 6.4. 

Numerical rcsnlts for tlic fourth example. 

10 I 12 

30 38 

50 61 

100 

100 

loo 

71 

116 

163 

I) see fig. 4.1. *) extrapolated. 

64 28 2, 75 60 

114 80 120 113 

160 128 164 1 (22 

TABLE 7.1. 

Coinparison bct.weeri rcsults obtained for wireform asstiniptioils no. 1 arid no. 2 from ref. 2. 

4 

- 24.522 - 19.323 - 34.889 

40.495 0.69824 10.230 

24.397 4.8417 4.7736 

zz9.01 116.37 273.35 

227.92 117.88 273.20 

6.0062 31.398 9.6251 

5.0237 28.585 9.0392 

0.25421 0.32283 0;21861 

0.24754 0,32368 0.21880 

0.43643 0.49054 0.16153' 

0.42441 0.45152 0.17125 

23.357 11.966 26.508 

23.129 12.061 26.516 

9.4340 9.8496 9.9679 

9.4911 9.7292 9.9617 

5 L i  
41.406 7.7533 

12.557 4.0212 

30.102 14.007 

- 29.989 18.043 

- 28.034 17.812 

24.294 62.386 

31.301 66.747 

0.77747 0.70000 

0.93383 0.80248 

'' ' 1.7943 1..57880 

1.6707 1.5259 

2.1654 2.4480 

2.0858 2.1618 

5.7794 15.454 

8.6382 18.819 

u,JEs* = c,JEE* 

u,,JEe* = u2JEzb 

7,lEc" = r,JE&* 

.l,/.* 

.,,I." 
4" 
4* 
a, 

a, 

m, 
m2 

D ,  

D2 
If'.,/,* 

>',/E* 

url, uz1,  a, etc. mentis c , ,  c2, u ete. for waveform 110. 1. 

uI2, u Z 2 ,  a2 etc. nleaiis a l l  us, n etc. for waveform no. 2. 

31.235 

12.608 

25.983 

- 24.035 

- 22.629 

5.3018 

6.9797 

0.80373 

0.95773 

1.5788 

1.4548 

2.4480 

2.4062 

2.3339 

3.8466 
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between the eelitre and edge regions at the upper 
face of the plate. At high loads it is nearly equal 
to the effective strain at the intersection of the 
nodal line and the edge at the lower face of bhc 
plate. 

The rcsults for the third example are presented 

zoo 

160 

120 

80 

zoo, 1 I I 1 

160 

120 

80 

40,t3Tm Oo jo 20 3 0  40 50 

TIE E * 
Fig. 6.3 

200 

160 

1 2 0  

00 STATION<-5 

4 0  
EXTRAPOLATED _-_ 

0 I I 
0 10 2 0  30 40 5 0  

d E E *  

Fig. 6.4 

in table 6.3 and shown in fig. 6.3. The largest 
effective strain occurs at the intersection of the 
nodal line and the edge at the lower face of the 
plate. 

The results for the fourth example are presented 
in table 6.4 and shown in fig. 6.4. The largest 
cffcctive strain occurs in the edge region a t  the 
intersection of the crest line and the transition 
hetween the centre and edge regions at the upper 
face of the plate. A t  high loads it is nearly equal 
to the effective strains at the same station and at 
the intersection between the nodal line and the 
edge both a t  the lower face of the plate. 

I n  the first and third examples the effective 
strains at the intersection of the crest line and 
the transition betwien the centre and edges regions 
are practically identical in both regions. Small 

differences are observed only when r / E 2  is small. 
In  the second and fourth exa,mples the differences 
are more pronounced, especially when T / E P  is 
small. No results could be obtained in these two 
cases for . / E 8  = 0, and hence for 0 < , /EE+ < 10, 
the combinations of s,/e* and .,/e+ falling outside 
the range covered by figs. 5.1, 5.5, 5.9 and fig. 5.16. 

It appears from d diagrams that the effective 
st,raills for intermediate values of r / E 2  can be 
dctermiued with good acetiracy by interpolation. 
The restriction of the numerical evaluation to four 
values of T/EE* only (see. 5.1) is thus justified. 

The effective strain at the proportionality limit; 
E = E , , ,  is derived from the tensile stress-strain 
curve for the plate material (see, 5.1) and E* is 
calculated from (3.2). Figs. 6.1 to 6.4 yield th? 
corresponding r/EE*, and hence the shear stress 
T,,. The ,diagrams from ref. 1, figs, 5.1 to 5.19 incl. 
and hence also figs. 6.1 to  6.4 iml. cannot be ex- 
pected to yield relia.ble results when exceeds r, 
(see. 1, 5.1). 

7 Investigation of improved waveform assumpt- 
ions for the buckles in the plate. 

I t  was suggested in ref. 1 that more reliablc 
results would probably 'he obtained for combim- 
tions of 7/Ee*, E1/c* and E,/Z" for which the angle 
between the direction of the nodal lines in the 
ceutro region of the plate and the X-axis (fig, 3.1) 
is much smaller than w/4, i. e. m > 2, .by 'basing 
the calculation upon waveform assumption nr. 2 
from ref. 2 instead of upon waveform assumption 
nr. 1. 

For waveform assumption nr. 2 the nodal lines 
in the edge regions of the bnckled plate intersect 
bhe edges orthogonally, in accordance with the as- 
sumption that the edges of the plate are hinged. 

The nodal lines are curved in the edge regions 
and straight in the centre region of the plate. 
Their curvature changes discontinuously #but their 
s l o p  continuously at the transitions betwecn the 
centre and the edge regions. 

Determination of s,,/e', e , / P  and i/Gy for 
specified u,/Eea, u,/EcS and r / E 2  and wa>reform 
assumption nr. 2 would require lengthy calculations 
and interpolations. Instead, the parameters a, nt 
and D for waveform asslimption nr. I were deter- 
mined for specified u,/EE*.: uJEe+ and i / E z * .  

Snbstituting these values, a, =a, m, = m and 
D ,  = D for the parameters in the a.dequate expres- 
sions derived for waveform assumption nr. 2 yield- 
ed a sct of corresponding u,,/Es*, uzJEe*, TJE/E.', 
e, , / .",  c,,/c+ and also F J 2 .  The suffix 2 denotes 
that this set constitutes a solution valid for wave- 
form assumption nr. 2. 

Finally, assuming oli = u , ~ ,  uS1 = u z z ,  T >  = T ~ ,  
the corresponding E,, /? and e,,/t* as well as aIr 
ai+, D, and PJe" are determined from the theory 
hased upon' waveform assumption nr. 1. The suf- 
fix 1 denotes *hat this set constitutes a solution 
valid for waveform assumption nr. 1. 

The results of the calculations are presented in 
table 7.1. It is convenicnt to compare the results 
for bobh waveform assumptions, as far  as and E %  

are concerned, in the diagrams 'presented in ref. 1 
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for ~JE:e*=25 (examples 1 and 2), 5 (examples noted from tahle,7:11 that the angle between thc 
3 and 4), 30 (example 5) and 15 (example 6 ) ,  X-axis and the  direction of the nodal lines in the 
althongh the actual values rfEE* are slightly dif- centre region of the plate .is slightly larger for 
fcrent. waveform nr. 2 than for waveform nr. 7 .  I n  those 

It is observed that the points (E1l/e*, sJe") C ~ S C S  wherc the diffeiences betwecn E J E * ,  e,/." for 
and (e,Js*, E J E * )  in t,he diagrams lie close togct,her lioth wavcfom are most pronounced a is markedly 
for cxamples 2 and'3 and very close for  example 4, 1a.rger for waveform nr. 2 than for  nr. 1. I n  the 
because m is small. I ~ T I i I I ~ ~  Cr; -M€WWk+i lk -M-  

Their distance is slightly larger hut yet reason- 
ably small for\ examples 1, 5 and 6 where 7% is 
large. This is shown in fig. 7.1 for example 5, 

Fig. 7.1 

whcre the differences in GJE* a,nd sJe* are most 
pronounced. 

The line coiinecting the points 1 and 2 in 
this figure represents the direction in Ivhich and 
the distance oyer which the intersections of the 
curvcs of constant, oi/E':~* a.nd c;/Ee* in the 
neighhourhood of .point 1 haw to hc displaced 
wlicn changing over from waveform nr. 1 to  rave- 
form nr. 2. 

It can be concluded from the results guined'for 
thcse examples that the  improvements ohtainshle 
by Insing the diagrams from ref. 1 upon waveform 
nr. 2 from ref. 2 instead of upon wavcform nr. 1 
;ire so small Chat it is fully justified to use the 
diagrams in their present form in all practical 
applieat,ions. 

It is interesting to note that for example 1 the 
amplitnde for waveform nr. 1 is only 78 % from 
t,he amplit,ndc for waveform 2. In  the other exam- 
ples the differences are smaller. I n  example 6 the 
wavelength for waveform nr. 1 is 91 % from the 
wavelength for waveform nr. 2. In the other 
examples the differcnces are smaller. T t  is furbher 

vcry small. 

8 Conclusions. 

8.1 ' T h o  effective strain in the buckled pZnte. 

For the bucklcd',plate shown in fig. 3.1 and 
lon.ded and strained according to fig. 3.2 the 
effective strain has heen determined at  the stations 
sho.sn in fig. 4.1. .,The results of these calenlat,ions 
are presented in the form of the diagrams figs. 5.1 
to 5.19 incl.. These diagrams contain a set of clines 
for which the ratio between the effective strz' , i n  E~ 

after the criterion of Hmw, VON Nm and Hmccw 
irnd the critical strain E* defined hy (3.2) is a 
const,ant., The diagrams should be used in eon- 
jiinction with those published in ref. 1. Their 
pract,ical application is demoilstrated in sec. 6,  
tab. 6.1 t,o 6.4 incl. and figs. 6.1 to 6.4 incl. 
' For t,he present diagrams, as for those from 
ref. 1, waveform assumption nr. 1 from ref. 2, 
defined in Appendix A of ref. 1, was chosen. 
ICxpressions for the distributions of the local strains 
iscc. 3.2, 3.3' and 3.4) 'are presented in Auuendix _ _  
A and B. 

The expression for the distribution of the 
cffectire strain (sec. 4.1) throuehoiit the nlate 
is presented in b p e n d i x  C. 

5.2 Tlie wiwzimzcm of the effective s t r in .  

I 

It is proposed to consider as the maximum 
effective strain for specified ~ J s " ,  c,/E" and TIE2 
the largest effective strain ce ohtained ,by reading 
or interpolation of the a.ppropriate diagrams from 
figs. 5.1 to 5.19 incl. This infers bhat only the 
effective strains at the stations shown in fig. 4.1 
hare  heen considered. 

Numerical evaluations have shown t'hat for largc 
02/13z* together s.it.11 negative or, only for largc 
r/fi;e''> srntill pcisitive o , / E c "  (ref. I, figs. 2.2, 2.3 
and 2.4) the cffective strain will have a maximum 
a t  some station in the parallelogram 1-2-3-4 from 
fig. 4.1 that exceeds the largest effectirre strain 
determined from the diagrams. 

The conditions for an extremum of the effective 
strain (sec. 4.2) are derived in Appendix D. Ex- 
cluding the stations 1 and 4 from fig. 4.1 for which 
it is ohvious that (D. 1) and (D. 2) a.re satisfied 
the solution vf these complicated equations for  $ 
and 9 is rat,her lahorious (see. 4.4). Along the 
sides of the pa,rallelogram either $ or 9 is a 
constant and a solution of the one remaining 
cquation is rcadily ohtained. Results of such cal- 
culations are shown qualitatively in figs. 4.2 to  
4.5 incl. and numerical resiilts are presented in 
tables 4.1 and 4.2. 

It is obscrved that the largest effective strain 



anywhere along the sides of the parallelogram 
never' exceeds the largest strain in the corners, 
i.e. according to figs. 5.1 to 5.19 incl., by more 
than 2.6 % (see. 4.4). It is to be expected  hat 
the largest effective strain anywhere inside the 
parallelogram will exceed the largest strain along 
the sides only to  a small extent. 

In  view of this and also in accordance with the 
fact that the stress distribution in the .buckled 
plate is not approximated with the same degree 
of accuracy as the elastic energy (see, 5.1) it is 
considered justified to ~ restrict Ohe nuinerieal 
evalnation to  those cases considered in the con- 
struction of figs. 5.1 to 5.19 incl. 

Anobher argument in favour of this simplifiea- 
tion is that, for the determination whether the 
diagrams from ref. 1 can yet be applied, the effee- 
tive strain should be compared with the tensile 
strain at the proportionality limit, which is not 
known with great accuracy. The deviations from 
the diagrams as the proportionality limit is ex- 
ceeded to a slight extent will also be rather small 
(see. 5.1). 

s.3 znqwoued wna&m assumptions for t k e  , 
buckled plate. 

h r  Some combinations of specified LIJRE*, 
(T~/EE*  and ~ / E z *  the strain ratios E, /E*  and 
E,/z" have hem determined for both waveform 
uxsnniptions nr. 1 and nr. 2 from ref. 1 (see. 7) .  
The second assumption is eonsidered more ade- 
qiiate tha.n the first one in computing diagrams 
of the type presented in ref. 1, because ,the nodal 
lines of the' buckles, according to this assumption, 
intersect. the longitudinal edges of the plate per- 
pendieularly. 

Results of the calculations are presented in 
table 7.1. For  the example in which the largest 
differences wcre observed they are a.lso shown in 
fig. 7.1. l t  appears that the correction of $he 
diagr;Lm from ref. 1, required when substituting 
waveform nr. 2 for nr. 1, consists in principle of 
shifting the curves of eonstant v J E P  and r2/EeF 
over a small distance. %he correction is prae- 
t,ieally negligible except in the neighbonrhood of 
the enrve a = l  for positive E J P ,  where TIL ap- 
proaches or exceeds 2. Even in these parts of the 
diagrams the corrections remain relatively small. 

Tho diagrams from ref. 1 can thus be Considered 
snfficiently rclisble throughout the Eull range 
covered by them. 
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APPENDIX A. 

Expressions for the  local, strains in the median 
plane of the plate. . .  

Substituting (A. 1) from ref. 1, (3.2) and (3.3) 
in (3.1) the following expressions'for. the tensile 
strains and E% in the longitudinal. (X-) and 
lateral (Y-) directiom respectively and the shear 
strain GW in the median. plane ( z = O )  of the 
plate are obtained, valid in the edge regions, i.e. 
for 0<y <ab/2. 

- - 

~ 

e , T J ~ "  =- q/e*'+ (1 - eos'>)DF,/e*, 
~ 

E I I Y / E *  = - z J 2  i [I/$ ~ i- 1/2 * z  - 
- 0 . 5 v d  + 0.5(2-a)~%*D]B'/zN + 
+ vD(F/eU)eos*3 - ( l /a*)  (P/=')eos'+, 

- 
ysu/."=2(1 + ")7/&+. 

At the edge y = 0 these expressions can be simpli- 
fied to the set 

- 
e**/z* = - e ,/ef, 

E w / E * = - E E Z / E *  +[?/is + $5.2- 

- (l la')  cos2+ + 0.5 (2-ea) 
(" + mZ)U]F/e*, 

- 

(A. 2) 

- 
yw/c*=2(1  -t ~ ) + / E E " .  

At' the transition to the central region, y = ab/2,, 
they can be simplified to 

! (A.'3) 

- 
E J E *  = - E , / . "  + OF/&", 
~ 

E V # / E *  =-e ; /e *+ [%*  +yZ.'- 
- (l/a2) COS*+ - 0.5 vaD + 
+ 0.5 (2 -a)m*D]F/s*,  

- 
y , /2=2(1  + " ) T / E e * .  

Substituting (A. 2 )  from ref. 1, (3.2) and (3.3) 
in (3.1) the following expressions for the strains 

E% and &, in the median plane (z=0) of 
the d a t e  are obtained. valid in bhe centre region, 

~- 

(A. 4) 
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APPENDIX B. APPENDIX C. 

Expressions for the local bending strains at the 
upper face ( z = h p )  of the buckled plate. 

The expression for the effective strain. 

A, = 0.79 (az* + a,') + 0.11 a,a, f 
+ 0.3675 a*, 

ll', = ((1.11 N,z i- 1.58 %)Cy, 

II, = 1.5s (G$ + a) + 
B, = (0.11 d, + 1.58 &)Q, 
C, = 0.79 (d,*+dU2) + 0.11 d&+0.3675 d', 
D, = (0.11 a, + 1.58 %)e ,  - 0.73'5 a e,  

A, = 0.79 G,*, 

f 0.11 (&A + %d,) - 0.735 ad, 

Siilist,ituting (3.6) 01' (3 .7 ) ,  (8. 1) and (B. 7 )  in 
(4.2) the folloir-ing expressionfor Q=0.8281(ee/c*)2 Substituting (A. 1) from ref. 1, (3.2) and 3.3) 

_. 
111 [&.*I . e x P r e s s i e l t s - f o f - b & e d e + t -  ulgeregiond& d a b / %  

\ 

- . .  - 
strains E$ in the X- and Pm in the Y-directions 
and the shear strain.;', in the upper face of the 
plate, z= h/2, are obtained, valid in the edge 
regions, i. e. for 0 4 y < ab/2. 

- 

E, ,  = - I .5S (ii.&, - nub,)  + 
+ 0.11 (u,b,-@,), 

El = 0.79 (e"2 - 2 bycy) + 
+ 0.11 b,c, f 0.3675 ez, 

Po 7- (0.11 b,-1.58 b,)%, 
G, = 0.79 (b,* + b,') - 0.11 b,b, 

- - 
E'_/s*=D v3(1-v2)B'/$ sin$sin2, 

.','e*= (m2D + l/az) v F ( 1 -  v 2 ) 3 ' / s y  
~ 

sin $ sin 2 + 
+ ( 2 m / a )  ~ 3 ( 1 - v 2 ) D F / e * e ~ $   COS^., 

- - 
yP,/2 = - 2mD V3(1-vv2)P/2 

sin $ sin 2 - 
- (2 /a)  1/3(1-u2)DF/s* eos$eos2. 

At the edge y = 0 
fied to the set 

these expressions C a l l  simpli- 

At Ohe transition to the central region, y = ab& 
they can he simplified to 

E ' ~ ~ / T *  =DV3(1-v2)F/~*sin$, 
- - 

- - 
&',,/e* == (tn2D'+ 1/2) v 3 ( 1 -  v*)B'/e* 

(B. 3) 
sin $, 

~W/e.=-2mD)/3(1-vZ)P/e* sin$. 
- 

Substituting (A. 2) from ref. 1, (3.2) and (3.3) 
in - -  (3.4) the following expressions for the strains 
e', , dUv and 7w in the upper face ( z  = h/2) of 
bhe plate are obtained, valid in the  centre region, 
i.e. for ab/2 < y <  ( l - a l 2 ) b .  

z Z e / ~ * = D  L'3(1-vz)F/~* sin$, 

d W / s * =  mZD k'3(1- v z ) F / 7  sin $, 

y',/e+ = - 2 m~ V 3 (1 - u z ) ~ ' / E *  sin +, 

- -  

- - 
- - 

I 
I 

(C. 3) 

i 

I n  these formulas Y = 0.3 should be substituted 
(see. 4.1); except for a, and a, they are never 
negative. 



s 24 

Snhstituting (3.6) or (3.7), (A.4) and (B.4) in 
(4.2), the following expression for  @ is obtained, 
valid in the centre region ab/2\ y % (1 - a/2)  b. / /  

Q, = A, E ,  sin $ ,+ C, sin2$. (C. 4) 
The npper sign'is vaiid for 2z/h=1,  the lower 

The constants in ( C .  4) arc defined as f o l l o ~ ~ s :  
sign for  2z/k=-11. 

i '  
1 

. /  

A, = 0.79 (&* ' f  2) + 0.11 U& + 
+ 0.3675 az, 

E ,  = 1.58 (a& '4- G&) + 0.11 (a& ' +  

(C. 5 )  + a.s) - 0.735 cui, 
- Eo = 0.79 (A' + dyz) + 0.11 d A ' +  

+ 0.3675 dZ. 

: Tiie constants in (C.5) arc expressed by (C.3) 
and by 
- 

(C. 6) 
U, c - B ~ / E *  '+.[ yi - 0.5 VOD ,+ 

+ 0.5 (Z-a)m*D]F//e, 

;i;=wm v3 ( l - v Z ) F / P ,  
- 

where ~ ~ 0 . 3 ;  I n  ( C .  6), a, may he negative or 
positive, ;i, is never negative. 

APPENDIX D. 

The extremum conditions for the effective strain. 

Substituting ( C .  I) in (4.3) the following equa- 
tions me obtained, from which the quantities $ 
and 3 should be solved for t,he edge regions 
0 <y <aD/Z. 

2 (A ,  -2 A, COS' $) sin $cos $ t 
- +(B,-BB,~os2$+2B,sinz~)cos$sin'3+ 
+2C,  sin $cos $ sin2> T 

T (Do - 3D, cos'$) sin $ CM 3 - 
- 2E1 sin $ cos $, cos2> T Po sin $,c%'3+ 
+No ( cosr$ - sin'$) ,sin 9 cos 9 t 

. ,  

zk KO cos $sin 3 cosz3 = 0. , (D.1) 
-t- (Bo - B, cosz$) sin #cos 3 + 

+ 2C, sin2# sin 2 cos 9 7 
-7 (11, - D, cos2#) cos #sin 3 - , 
- 2 (E ,  + ,VI cos*$) sin 3 cos 3 qz 
T 3P,  cos $ sin 3 cos29 - 46, sin 3 cos3>+ 
' + H ,  sin + cos' $ ( ~ 0 3 2 9  -sin*> j -C 

i I { ,  sin $cos 9 (cos*>'- 2 sinz>) = 0. (D. 2 )  

The upper signs ape valid at the upper face of 
the plate, viz. for  2 z/h= 1,'and the lower signs 
should be used at the lowerface, yjz. forZz/h=--.I. 

'me constants in (D. I) and (D. 2) are defined 
by ( C . 2 ) .  

Substituting (C:4) in (4.3) the following equa- 
tion is obtained, from which $ should be solved 
for the centre region ab/2 4 y < (1 - -a /~)b .  

+ ~ j , c o s $ + 2 C , s i n $ c o s $ = ~ .  ( ~ . 3 )  

The upper sign is valid for 2 z/h = 1, the lower 
sign for 2 z / h  = - 1. The cohstants in (D. 3) are 
defined 'by (C. 5) .  

The second delivatires of @ are mquired for the 
determination whether 0 is. a maximum or a mini- 
mum. For the edge regions bhey read 

a20/a$z = 2A, ( cosz# - sin2$) - 
- 4A,(cos2# - 3 sin2$) cos2$ T 
7 ( ~ , + ~ ~ , s i n " \ i . - - ~ ,  cos")sin,+sin3+ 
+2C,(cosa$ - sinz#) sin*> rir 
T (Do + 6D, sinZ$-3D, cosz$) cos # cos 3- 
- 2E1 (cosz$ - sin2$) cos2> 7 
F P o  cos $ cos39 - 
- 211, sin # cos $ s in9  cos9 7 

5: KO sin $ sin 9 cosZ>. , . , (D.4) 
a s ~ / a $ a >  = -t ( u ~ + ~ B , '  sin2g - 

. 

- B, cos2$) cos $.cos 9'f 
+4(C,+Z,) sin $ cos $ sin9 cos 9 & 

t ( I ) ,  - 30, cosz$) sin $ sin 3 i 
i 3E', sin $ sin 9 eosz9 + 
+II , (e~*$-sinz$)  (c03*9-sin29) i 

a*@/a>* =' T (Bo - B, cosz$) sin $ sin 9 + 
_t K ,  COS $ (cosz> - 2 sinzj) cas 3. 

T (Do -D, C062$) cos *cos 3 - 

' (D: 5) 

+2C, sin2$ (,cos22 -sin*>) T 

-2(E,+E',  cos*$) ( C 0 s 2 3  -sin*>) 5: 
7 3P, cos $ (em*> 2 sinz>) cos 9 - 
- 4G0 (cosa> - 3 sin'2) cas*> - 
- 411, sin $ cos $ s i n 3  cos 9 i- 
zk KO sin $ ( 2  sin2> - 7 cos*>) sin 9. (D. 6) 

For the centre region the second derivative of 
reads 

a2@//a#*= ~ B , s i n $ +  2Eo (cos'$-sin*$). (D.7) 

For  $= 0, 9 = 0, (D. 4 ) ,  (I). 5) and (D. 6) read 
respectively 

a z @ / a p  = 

ac/a+as = -c ( B ,  -ib,):+ w, i_ K ~ ' ,  
a w a 3 2  = 

2A, - 4A, ZF (0, - 3D,) - ZEl 5 F ,  , (D. 4)' . .  
(SI. 5)' 

F (D,-D,)-Z((E,+.E,),F~F~~G~. (D:6)' 

..;. I 

f i r  $ = d Z ,  9 = ~ / 2  they read respectively 
a w a y = - 2 ~ ,  T ( B , + ~ B , ) - ~ c , ,  (D.4)" 

awa$as = +- D : + H ~ ,  (D. 5)" 

m / a 9 2 = T  B,- ZC,+ZE, 1 ZK, (D. 6)" 
For 3 = 0, (D. 1) yieldg sin $ = 0, i. e. $ = 0, or 

- S A , c o s 3 * t 3 D , c o s Z # + 2 ( A , - E , )  cos$ T 

T(D,+P,) =o. (D. 8) 
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For 9 ' = ~ / 2 ,  (D. 1) yields eosp=O, i. e. $= ways smaller than for p=x/Z and 2z/h=1 or 
2dh = - 1. I n  very few cams it is slightly larger 
than 0 for p = n/2 and 2 2 / h  = 1 but smaller than 
@ for $ = T / Z  and Zz/h=-1. It is observed 
from (D.1) and (D.2) that @ is not extrema1 for 
$ = 0, 9 = 1r/2 unless Bo = B,  and D ,  = D ,  . These 
(;ollditioIls >vill not be fulfill& except perhaps for 

~ / 2 ,  or 

4A,sin3$ i3B,sin2$+2(A,-2Az+C,) s inp  & 

' +- ( B o - & )  =o. (D. 9) 
=os (D. 2, yields sin 9 = 0, i. e, 9 = 0, O r  

-4G,eos3$ ~ 3 3 P , e o s 2 9 - 2 2 E , + 3 , )  cos9 T v"m+ ' dmtiefls-ofleadsl . " .. 
~ ( ( u , - D ~ ) = 0 .  (I). 10) 

For p =n/2; (D. 2) yields cos 9 = 0, i. e. 9 = 
~ / 2 ,  or 

+ I G ~  sin'> ~3K,si1129+2(~,--~,-2 G , )  s i n 9 2  
2 (Bo+Ko) = O .  (D. 11) 

For p = n/Z, (D. 1) yields 

a*&+= ( in ,  ~ B " , e o s ~ 9 - H ~ s i n 9 )  eos9.(D.12) 

For 9 = 0, (D. 2) yields 

awas = (I 13, T 

7 3, eos2$+Ha cos $ r+_ h,) sin $. (D. 13) 

APPENDIX E. 

The edge regions of the plate. 

For  the edge regions of the plate two solutions 
of (11.1) and ( D . 2 )  are evident 'at"once, viz. 

$ = O ,  9 = 0  

p = n/2, 9 = T/2 .  

il nd 

Fig. 4.1 gives a survey of the combinations of 
$ and 3; considered in the investigation. The con- 
ditions that * is a maximum arc obtained by suh- 
stit,uting (D. 4)', (D. 5)' and (D. 6)' in the first 
ease and (D. 4)"', (D. 5)" and (D. 6)" in the second 
case in 

c' ** *33 - az*4 > 0, 
**+ '< 0, (E. 1) 
@ss < 0, 

where *++ denotes a**/ap*, etc. 
I t  is not possible to draw a general conelusion 

from the complicated expressions obtained whether 
9 is a maximum or a minimum. 

Tbe cquations (D. 1) and (D. 2 )  ea.n ,be solved 
hy a method of successive approximations. The 
method was not followed ,because it is rather 
ladmrious. (11. 1 )  can Iic expressed as 811 eighth 
order equation for s inp  (or cos$) whose eoeffi- 
cieiits depend upon 9. Similarly, (D. 2) can be 
oxpressed as an ,eighth order cquat,ion in sin 9 
(eos9),  its coefficients depending upon $. Both 
equations have to be solved in each step in the 
cotn~~iitation procedure. 

Nnmerical calculations carried out for 9 = z/Z 
have shown that @ for $ = O  is practically al- 

. .  ~ 

For 9=x/2 the investigation hence leadq to  
similar eoriclusiorls as for the centre region, as was 
to he expected. 

' Throughout the range covered by the investiga- 
tion @ is nearly always a minimum at the value 
6f $ bhat can he determined by solving (D. 9) and 
the character of the relation ,between E J E *  and $ 
is qualitatively represented by fig. 4.271, 4 . 2 ~  or 
1.2d, i. e. EJs*  is a maximum at $ = T / Z  both for 
2 z I h  = 1 and for 2e/h = - 1. This was even found 
to be the ease when +/e* is larger for $ .= 0 than 
for p=nJ2 and 2 z / h = 1  (fig. 4.2d). 
In one ease eonsi,dered (D. 9) yielded no solution 

and the relationship between d e *  eouM ,be repre- 
seuted qualitatively by fig. 4.2f, i. e. d e *  is an 
extremum only for $=n/Z It can thus ,be con- 
cluded that for 9 = nI2 the numerical evaluations 
eati lie restricted to $=T& 2z/h=1 and 2z/h= 
- 1. 

An entirely different situation exists at the 
edges, i.c. for 3=0.  Here it WBS   found from 
nnmedeal ealculations that in some cases Q is 
hirger for  $=1r/2 than for $ = O .  The corres- 
ponding difference in sC/c* was only in one ease 
slightly more .than 5.3 % but in most eases less 
than 2 %. It is observed from (D. 1) and (D. 2) 
that a is an extremum for $=x/Z, 9 = O  only 
\?+en D ,  = - F ,  and Bo =-KO. 

Thcse conditions will not be fulfilled except per- 
lisps for very special combinations of loads. It is 
thns to 'he expected that a, when it is larger'for 
p = 712 than for $ = 0, m.ill reach its maximum 
a t  some value of 0 < $ < n/Z. This may d s o  
occur when a is slightly smaller for  $ = x / 2  than 
1'01. $ = O .  

The values p =? and p = 7 for wbieh @ reaches 
an extremum for 2z /h=  1 and 2z/h=-l  respeet- 
ively are obtained by solving (D. 8). Snbstitution 
it1 (C. 1) yields the corresponding @. The results 
of socb calcolations for a number of representative 
cases, including those where the differences between 

Sor J.  = T / Z  and p = 0 are largest, are presented 
in table 4.1. In  the part of the total range of the 
investigations falling outside the range covered by 
the examples from table 4.1, the largest ~ , / e *  for 
Y = 0 is always found at 2zlh =- 1 and $ = 0. 
Tlie relationship between d e *  and $ is shown 
qualitatively in fig. 4.3. It is observed that c e l e b  
is always a maximum for p = and 2z/h = 1. This 
maxinium is sometimes smaller (fig. 4.3a, 4.3b), 
sometinies larger (fig. 4 . 3 ~ )  than the maximum for - 
$ = O  and 2z/h=-l. For 2z/h=-l  and $=x 
d e x  is a minimum except in the ease of fig. 4.3e, 
wbere it exceeds +Is* for # = O  (which is a mini- 
mum only in this case) and also e e l s *  for $ = ~ / 2 .  

I n  the case of fig. 4.3c, the difference between 
+/c*  fo r  2 d I k  = 1, $ = $ and p = 712 did not 

- 

- 



exceed 1.6 % but the diffemxe between EI/E* 
for 2z/h=1, +=+ and s e / s a  for 2zlk=-l ,  
$ = 0 was entirely negligible. 

I n  the case of fig. 4.3e, the difference between 
cJe*  for 2z /h=- l ,  +=$ and +=n/2 was also 
entirely negligi,hle. For T/EE* = 0, + = $ = 1112. 

It is thus justified to  restrict the numerical 
evaluations for 3 = 0 to + = 0 and $ = nI2, both 
for 2z/h. = - 1, i. e. the lower surface of the plate. 

I n  two cases investigated &./E* proved to be 
slightly larger for $ = 0, 9 = n/2 than for = 0, 
3 EO, both for 2z/h=1 and 2 d h  =-I Al- 
though for 3 =r/2 was largest in hhese 
cases at $ =n/& it was considered of some interest, 
t o  investigate the liohavioor of d e H  at the nodal 
line + = 0. 

To this purpose, 9 ,was solved from (D. 10) and 
substitutd in (C. 1). 

The relition betiveeri E e / C *  a.nd 3 is qualitatively 
rcpresented in fig. 4.4. 

For 2z/h=-l, the maximum of Ee/E* did not 
exceed the minimum at 3 = 0 by more than 3 %, 
hut  it remained markedly smaller than the largest 
EJP at + q 7112, 9 =' r / Z .  Hence, the case $ = 0, 
9 = n , / 2  need to hc considered in tlie niperical 
cvaluations. 

I n .  severa.1 cases t,he numerical cvaliiat,iori shows 
that for i. e. at the crest lines, &, /E*  is 
larger for 2 = 0  t,han for 9 = T / Z  and 2z/h=1 
or 2z/h=-l. For a number of - representative 
cases tlie values 9 =T and 3 =g for which rP 
rcaches an extremum for 2z/h = 1 and 2 z / h  = - 1 
respectively were solved from ( D .  11) and sub- 
stituted in (C. 7 ) .  The results of this investigation 
arc presented in tahle 4.2. In the part of thc 
total ra.ngc of the  eva,luations falling outside the 
range ,covered by the examples from tahle 4.2, the 
largest E J E *  for $=rr/2 is always found at 
9 =11/2. 

The relations. bet,meen eI/EX and 9 are qualita- 
t,ively represented in fig. 4.5. 

1':xcluding'tbe case of fig. 4.5f, in which e e / e b  
is largest at 9 = ~ / 2 ,  2 z / h = -  1, it is observed 
that e e / e *  is always a '  minimum for Z z / k  = I, 

- 

- 
- =  

. ,  

- 
9 = 3  aind for  2z/h=-1, >=r/2.  ~ It is always 
a maximum for Z d h  = - 1, 3 = 5 and, excluding 
the ease of fig. 4.%, also for 2z/h.=1, 9 = r / 2 .  

The differencc bctwecu cJE*  for 2z/h = - 1 at 
3 =? and at 2 = 0 never exceedcd 3.6 % in the 
cases fig. 45a, 4.56 and 4 . 6 ~  except in the last 
example from table 4.2 where this difference was 
7.3 %. The difference betywn EI/s* for 2z/h= 
- l 'at, 3 =3 and at 3 =n/2 ncver exceeded 0.5 % 
in  tlic cases of fig. 4.5d and 4.5e. 

It is observed howercr that eI/t* for Ze/h= 
-1 is larger in several cases a t  $ = O ,  3 = 0 .  
In thoue'eases - in which cc /e*  is lavgest for Zz/h.= 
- 1, and 3 => the differences hctween this maxi- 
mum and ../e" for 2z/h = - 1 and $ = 0, 3 = 0 
or $ = 712, 2 = 0 or, eventually, + = n,/Z, 3 = n/2, 
ncver exceeded 2.6 %. 

This diffemiice is coilsidered sufficiently small 
t o  justify the restrict,ion of the n u m e r i d  evalua- 
tion for $ = ~ / 2  to the cases 3 = 0 and 9 = r / 2 .  

It follom from a closer cxamination of tables 
4.1 'and 4.2 a.nd figs. 4.3 and 4.5 t,hat in those 
cases in which the variation of ee/e* along the 
edges (3 = O )  and tilie crest lines (+ =n/Z) c&n 
bc representod qualitatively ~1,y figs. 4.3d and 4 . 5 ~  
or 4.5d or 4.5~ respectively or by fig. 4.30 and 
fig. 4 .9~  respectively, eC/s* will have a maximum 
exceeding - the maximum at 2z/h=-l, $=,I2 
and 9 =>. The reason is tha.t, except perhaps for 
very special eomlii~iat,ions oE loads, a (d .* ) / a$  - # 0, 
as can he verified by substituting 3=3 from. 
tahle 4.2 in (D. 12) with the lower signs. It is 
to 'be expected however that the difference be- 
tween the a.hsolute maximum and the maximum at 
$ = n/2, 3 =2 will he practically negligible. It is 
lienee ,eonsidered justified to  rest,rict the numerical 
cvalnation to $ = O ,  4 =0, +=n/2,  3 = 0  and 
$,= 712, 3 = -.J2,, especially when it is considered 
t,hat the details of tlie stress distribution in an 
actual construction are not approximated in thc 
theory with, an e q u d  degree of accuracy' as the 
e1:istie energy (scc. 1). 

- 

- 
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Summary.. 

The cffwti\r  width in the plastic range of 24 S-T clad m d  unclad flat  plates wa.9 experimentally determined. 
h tert i iq q p s m t u a  for flat-end tests was usod, the langitudinnl cdgm of tho h a p  of the specimens (Icngbh to hidth 
ratio of bays: 4.G7) hcing suppoctod by knife-edges. Amplitude aud wave-length measurments were taken xith :L mirror 
dwiec. In t;hc first, s ~ r i e r  of 12 q x x i m e s  vi th  a bhichncss of 1.5 mm tlic necessary number of bays was established ;&rid 

in t h  w o n d  serics of 14 plates different thieknFzes, rowrillg *he m n ~ c  of tlte ratio L/- Mxveen 0.2 axid 0.8, 

i i c l v  usnl. 1Yic results shu~v it good agmm<!nt vf the effcetivo airlths in the pleatic rnnge with tho bheorcticd rcpults 
of Komw. (ref. 3 )  far  thc c f fwt iw  width in tlre t!I%Stic range. KO marked differeaee htrreen clad and unclad plsta 
could 1% observcd. 

sult of Mie oxperiments is the faFt trhat tlx mairnum luad of f lat  plates undcr eamprcssion can be 
good accuracy frnm the stress-strain relation of the matcrjal of the plates m d  bile tltmretieal curve 

re 

fur tlic c f f w t i w  width in bhe clastic range. 
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This investigation, which has 'heen performed .by 
order 'of tlie Netherlands Aircraft Developmeirt 
Boitrd (N. I .  V.), is reported in full in thc N.L.L.- 
Reports S. 414 and S. 438 (refs. 1 and 2 ) .  These 
reoorts are revrodueed here in condensed form. 

5 Tests. 
Ileseription of tests. 
5.1.1 Preliminary teats. 
5.1.2 Definitive tests. 
Evaluation of test results. 
Results of measurements. 
Considerations and seconda.ry measurc- 
mciits concerning the tlehaviour of the 
specimens. 
5.4.1 Frietion at loaded edges. 
5.4.2 ?arallelism of loaded cdgcs. 
5.4.3 Influence of play at knife-edmge sup- 

ports. 

1 Introduction. 

F o r  the calculation of the alloivxhle load in 
plate-stringer structures knowledge is required 
about the effective v id th  of the plate under coin- 
prcssive loads exceeding the huekling loads. The 
effective width') of a plate under axial compres- 
sion i s  defined as the width of a plate with t,hc 
same thicknes and the same specifie shortelling 

') hcrieeforth to he denoted BY c. N 



as the original plate, carq ing  the same load in 
the unbuckled condition as the original plate in 
tlie ,buckled condition. 

Satisfactcry approximate solutions for the e. w. 
have been derived for cases in which in no single 
point of the plate the elastic limit'of the material 
is exceeded. However, the calculation of the ulti- 
mate load of the structure will in many cases only 
be possible when the e. w. is also known in the 
plastic ran,ge. No theoretical studies about the 
magnitude of the e.w. in the plastic range being 
available, an experimental investigation concerning 
this problem was considered to be of importance. 

To restrict the scope of the research only panels 
with rectangular bays and with simply supported 
lon'gitudinal edges will 'be considered. These con- 
ditions are realised or form a somewhat conser- 
vative approximation in the majority of stiffened 
shell structures, consisting of plates stiffened in 
two directions 'by groups of stringers. The length 
of ,a 'bay of t'he panel is usually a multiple of 

. the width. The longitudinal stiffeners 'hordering 
the bay carry part of the compressive load; he- 
sides this, one of their main functions is to sta- 
hilise the plate, i. e. ,displacements of the edges 
of the plate perpendicular to  the plane of the 
plate are prevented. Hence, buckling of the plat,e 
will only oocur hetween successive stringers, and 
in adjacent bays of the panel the buckles will 

' develop in oppmite directions, It follows from the 
foregoing that the stiffeners an'd the plate hardly 
exert any force on each other in the direction 
perpendicular to  the plate, an,d that the edges of 
the plate will remain straight in the plane of the 
plate. Thus for loads sufficiently below the load 
a t  which general instability of the whole panel 
occurs and the load at which local buckling of the' 
stiffeners takes place, it can ,he supposed that the 
edges of the hays, which are sufficiently remote 
from the edge bays and from the. loaded edges, 
remain completely straight. 

The torsional rigidity of the stringers will have 
some effect on the edge support of the plates. 
Ilowever, in the eases where open-section stiffeners 
are used the torsional rigidity is very sma.11 and 
the edges of the hay of bhe plate can ,he regarded 
as simply supported. The tests in this report only 
refer to specimens with simply supported edges. 

In the present report the N.I;.L.-Reports S. 414 
and S. 438 (refs. 1 and 2) are reproduced in con- 
d a s e d  form. All particulars not mentioned here 
can he found in  these reports. 

The results of the experiments will be compared 
with the theoretical results for tlie clastic range 
derived in ref. 3. Tihc results of the tests descri.hed 
in ref. 4, which were executed a t  Bristol Aero- 
plane Co. Ltd., will also be considered. 
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2 List of symbols. 

A 

A ,  
E Modulus of elasticity. 
E ,  Secant modulus of elasticity. 
E' Tangent modulus of elasticity. 

= (nh + 2 d)h .  Cros. sectional area of a spe- 
cimen. 
Cross sectional area of a stiffener. 

J ,  
6: 

Stress invariant (see ref. 25). 

=% (h) . Bnckling s t r e s  coefficient used 
b 2  

in ref. 4. 
Half wave length in direct ion.  L 

1' Compressive load. 
P,, Buckling load. 
TV Amplitude of wave form. 
(I I m @ h  of a bay. 
0 Width of a bay. 
b,, 
h,,: 

-Effective width of a bay. 
Effective width of a bay in view of the com- 
pressive stiffness (see section 4.2 and the 
appendix). 

d Width of outer edges. 
h Thickness. . 
m, n Pmitive integers. 
12 
9. Radius of knife-edge. 
s Total play at knife-ed,ge. 
w Transverse displacement. 
x Coordinate in longitudinal direction. 

Coordinate in lateral direction. 
E Specific shortening in x-direction. 
E C ,  Specific shortening at which buckling OCCU~S. 
e ,  Specific'shortening at whioh the elastic limit 

of the material is exceeded. 
Slope in y-direction of the wave form at the 
longitudinal 'edges. 

Number of bays of a specimen. 

v Poisson's ratio. 
(I Average compressive stress. 
(I?, Buckling stress. 
(Te = E . c , .  
o . . ~  

- 

Compressive stress a.t which in the material 
0.2 per cent permanent strain occnrs. 

3. Mechanical and geometric properties affec- 
ting the effective width. 

3.1 Uimenswils of specimens 

For given edge conditions and a certain lenm@h- 
width ratio of a )hay the e. w. in the elashie region 

is completely determined by tlie ratio ". and the 

number of half waves.in the ~oi~gi tudind~ direction. 

The relation between the c. IV. and 2 in the elastic 

range for different sufiports of the unloaded longi- 
tudinal edges and for hags with an infinite length 
was derived in ref. 3. The wavelength is in this 

~~ 

case a continuous fnnction of , decreasing 

at increasing E .  

For a certain finite leii,gtb of the bay, however, 
onlv a finite number of half waves can occur. 
This  the wavelcngth cannot change continually, 
bnt the number of half waves will increase with 
one or hvo, each time the wave form becomes un- 
stable a t  ,higher loads. The part of the accumulated 
energy in the plate, which exceeds the energy in 
t h o  plate in the next wave form, will come free 
a t  the transition as a hang, if this part of t h e  
energy is large enough. The calculation of the 
inflnencc of this ahrupt change in wavelength O n  
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the magnitude of the e . w .  #by meam of the which give approximately hinged-edge conditions. 
theory of ref. 3, showed that this influence can The supports used in refs. 4, 6, 12 m d  73 an- 

1c , - he neglected for length-width ratios 7 =+ J. 
proximate clamped conditions. In some cases these 
S U P O O I ~ S  can only *he used at free ends of the 

The ,buckling load of a long, simply-supported sp&ncn.  When -the specimen consists ~ of more 
plate under axial compression is determined 'by bass all longitudinal edges must have the same 

-tne"r ~ m t i f r e € ~ ' ' . - I m e t h o d  of snmort .  The application of knife-edges 
choice of this ratio deDends on the raiice o f  (ref. 10) for  these specimens is regaded to be 
valnes of e; for which the e. w. mnst be determined. 

The tliickncss of the plate may of conrse vary 
acres the plate only within very small toleranees. 
This is one of the reasons why the use of plates 
w7ith a thickness of less than 1 mm cannot be re- 
commended. Another reason lies in the fact that 
relatively large initial eccentricities inherent to 
thin plates have a larxe influence on the rcsults. 
Furthermore, i t  will he diffienlt to prevent t,he 
oceurreiice of local buckling at  the ed,ges. 

3.2 Imigitudinnl edges. 

As in the bays of a stiffened shell, the longi- 
tiidinal edges of the specimen mnst be supported 
aga.inst displacenients perpendicular to the plane 
of the plate. I n  actual constructions this is always 
done by means of stiffeners. The presence of stif- 
feners on the test specimens would, however, in- 
troduce tlie difficulty that the load measured on 
the compression machine acts on hot11 the plate and 
bhe stiffeners. Tlius the load acting on the plate 
can only be determined by sulitracting the load 
in the stiffeners from the total measured load or 
by extensive strain measurements in the plate. The 
first method presupposes knowledge of the load iii 
t,lic stiffeners, which can ibc obtained by measurc- 
mcnt or calculation. The accuracy with which t,hc 
load in the stiffeuers will he found is, however, 
nut large owing to banding deformation caused by 
initial eccentricities of the stiffeners and the nearly 
always occurring inhomogeneity of the material. 
With heavy stringers, where initial eccentricities 
are relatively unimportant, the load in the, panel 
must be determined as the difference between two 
large valnes, which will also affect the accuracy. 

The determination of tlie load in the plate by 
strain measnrements requires a large number of 
test points, e. g. in the tests descrihed in ref. 5 
aliout 600 measurements were made per specimen 
(see also refs. 6 and 7).. An accurate determination 
of the stress distribution becomes nearly impossible 
as soon as somewhere in the plate plastic defor- 
mation OCCIIPS. 

Specimens without longi tdinal  stiffeners form 
the most attractive solution, because the load in 
the plate can be measured direet,ly. The edges of 
the specimen arc to he supported against displace- 
ments perpendicular to the plane of the plate. 
I)ifficu'lt,ies arising from this method are the passi- 
hility of play betwecn the support and tlie plate, 
and friction. Very little play in the supports will 
have a negligible effect on the e. w,, hut with large 
play or with local interruptions of the snpports 
local hackling of the plate can occur. On the 
other hand friction will be larger when the play 
between the support and the plate decrcascs. 

I n  refs. 4, 8, 9, 10, and 11 supports are used,, 

a very attractive methbd, hecause of the simplicity 
and the expected low friction with small amounts 
of play. Single knife-edges can of conrse be used 
only to represent hinged-edge conditions. 

When the edges a r e  unable to twist freely in 
planes perpendicular t o  the direction of the load, 
the edge is not simply supported, hut more or less 
clamped and the buckling load uf the plate will 
then he higher. According to the tliwretical results 

of ref. 3 tlie e. w. as a function of 2 will in the 

elastic range remain the ame.  For G certain value 
of F, however, the e. w. will he larger than in the 
c u e  of simply supported longitudinal edges. 

3.3 Landed edges. 

Tihe loaded edges mnst lie as straight as pos- 
sible and they must be parallel to each other. These 
requirements hold especially during the tests and 
therefore the compression machine must come up 
to certain requirements as well. 

The usual univcisal testing machines are as a 
rule not stiff enough, which results in tlie use of 
auxiliary constructions. I n  the tests of refs. 5, 
12, 13, 14 and 15 special metho& were used to 
locate the comprcssive load on the specimen. In  
the case of refs. 9, 10, 16 and 17 special rigs 
were made to ensure parallel displacements 01 the 
loaded edges. 

The 150-tons Avcry compression testing machine, 
present at the N.L.L., possesses qualities,. making 
auxiliary constructions superfluous. The loading 
platens have a satisfactory flatness and stiffness 
and the whole machine is very rigid. The lower 
platen can be adjusted in planes under different 
angles with the upper platen, hut it is more prac- 
tical to finish the loaded edges sufficiently flat 
and parallel. 

It is difficult to ohtnin the correct end eon- 
straint a t  the loaded edges. Atteiniits to rciilise 
perfectly hinged loaded edges may he regarded 
as unsnecesfull. In this case the edge corresponds 
with a nodal line of the wave form occurring after 
exceeding the hnekling load, hecause no relative 
displacements and no moments are present in points 
of a nodal line. T,he slope of the buckled plate 
normal t o  the loaded edge will not he constant 
along the edge. This is the reason why construc- 
tions like those used in refs. 8, 10, 13 and 15 are 
not satisfactory. 

Clamped loaded cdgcs can in @nerd be ohtained 
with less difficulty, hut in these cases the lateral 
expansion at the edges is a,lso completely pre- 
rented, which is not the case in ae twl  skin-stringer 
panels. The loaded edges of the specimens des- 
cribed in refs. 4, 6, 12 and 16 were imhedded in 
some material like Wood's metal. This method is, 
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howeder, reported to ,be unsatisfactory, because 
temperature effects caused appreciable distortion 
in the plate and the edges did not remain straight 
after the load exceeded the buckling load due to 
yielding of the Wood's metal. I n  ,another method 
used in refs. 6, 18 and 19, the loaded cdges were 
clamped between steel strips, I n  all these met,h& 
the shortening of the plate cannot be determined 
simply from the relative displacement of the load- 
ing platens, hut a correction must be introduced 
for the end strips and the clamps. 

This latter correction is not necessary with the 
results of so called flat-end tests, in which the 
compression load a t s  directly on the edge of the 
specimen: These edges must then be perfectly 
straight and parallel and the loading platens of 
the testing ma.chine must satisfy the same require- 
mcnts, especially during loading. An advantage 
of this method lies in its simplicity. Furthermore, 
the friction between the edge and the platen 
generates the only forces preventing the free 
laterad expansion at the loaded edges. 

I't is well known that friction at the loaded 
edges can have appreciable influence on the relation 
hetimen the load and the deformation. The friction 
hampers the laterd expansion of the plate in the 
neighbourhood of these edges. I n  refs. 14, 20, 21 
and 22 tests are described on several specimens, 
mostly solid a.nd 'hollow cylinders made of dif- 
Eemnt materials. The results show that especially 
for lcngth-width rati.w less than 1, differences of 
at least 20 $% in the force occur at large defor- 
mations. With small deformations the differences 
can be several percents. Probably the force still 
is appreciably too large for lenigth-width ratios of 
alhout 2. According to ref. 23 the influence of 
friction can he reduced coi~siderably when suitable 
lubrication is provided. 

It is recommended to use specimens with length- 
width ratios in excess of I, I n  view of the most 
coiivcnient length-width ratio for a bay of a panel, 
~vliich according to section 3.1 should be at least 
5, the numher.of adjacen? bays may he equal to 
or less than this value. 

Strain measurements on a specimen in order to 
ohtain an impression shout the amount of friction 
are recommended. 

Prevention of the Iatei*al expansion owing to  
the support at the loaded edge or to the friction 
between the edge and the platen of the compres- 
sion machine may be regarded as t,ransverse stif- 
fening (see section 3.4). 

3.4 'I'rtmswxse stiffening. 

I 

In  the unbuckled state compressive stresses in 
the plate in axial direction cause lateral expansion 
following from POISON'S ratio. If parallel dis- 
placement of the longitudinal edges is prevented 
due to the presence of transverse stiffeners, com- 
pressive stresses will also appear in the lateral 
direction. The plate is now being compressed in 
two mutuahly perpendicular directions; resulting 
in a decrease of the buckling load. This decrease 
amounts to maximum 30 % and 15.5 % for simply 
supported and clamped edges respectively, but for 

A, 
ah values of - < 1 the decrease is smaller than 

15 % and 8 % respectively. 
Aceording to ref. 24 the pastbuckling stiffness 

of the plate is larger for panels with transverse 
stiffeners, e. g. for slender ,bays the post2buckling 
stiffness appears to be about 24 % larger fo r  

A ,  
' 1 ' than for -= 0. This can be ex- 

ah ah 
plain& by the fact that the transverse stiffeners 
carry most 'of the compressive stress, which in 
plates without transverse stiffeners is carried only 
by the plate a t  the nodal lines (see fig. 3.1). 
Hence the compressive stresses in the plate along 
the nodal line are smaller than in the case of 
platcs without stiffeners and this counteracts the 
proceeding of buckling, resulting in larger post- 
buckling stiffness. 

-= As 

I i b  
Fig. 3.1. Distnhution of nmna.1 stress- af te r  buckling 

at the simply supported longitudinal edge% 
whicli 31'8 kept straight. 

Y 
E 

Fig. 3.2. The influence of transverso s t i f f cnhg  on the 
shape of thc laxd-deformlLtiun eunx of a plaie. 

In fig. 3.2 the load-deformation curves of plates 
with a'nd without transverse stiffeners are com- 
pared. I t  can he seen that although the buckling 
load is lower for plates with tra.nsverse stiffeners: 
the larger post-buckling stiffness tcnds to reduce 
the differwiccs in the e. w. 

The influence of the transverse stiffening, re- 

presented by the (if necessary fictive) ratio ,k , 
must in general be known in experiments in order 
to ohtain reproducible results. 

'The ,hending rigidity of the longitudinal stif- 
feners in the plane 'of 'the plate is unot,ller ini- 
portant factor. When the ed,ges remain. straight, 
i:e. when tliey have an infinite stiffness against 

A8 
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hending in the plane of the plate, 'tensile and b u t  the value of the stress invariant b, (criterion 
eomprcssive stresses will act on the plate in the of Vox 1- - ref. 2 5 ) ,  which is a measure for 
buckled state as shown in fig. 3.1. For  edges the distortion enerby in an elementary part of a 
with a finite stiffness these stresses will decrease. body. IIcnee, fig. 3.3 has little value for the deter- 
This does not influence thc ma.gnitude ef the mination of the point in which plastic deformation 
buckling load, hut the stiffness of the buckled starts, for plates with simply supported longitu- 

without transverse stiffcnine the decrease in  stitt- R u I n - r e f ; - % i e & L 4 . h a +  m l -  
will be aDi)reciably smaller. Flor panels dina.1 edges. 

0.2 

0 '  

ness can he, accordin.g to re?. 24, about 19 %. For 
panels with transverse stiffening the deerease is 
somewhat less. 

The aim of the experiments will always be the 
dctcrmination of the c. w, of a bay of the plate 
with straight edges. Thus a correction on the 
results of the tests may !he necessary allowing for 
the hcnding stiffness of the' longitudinal edges. 
One can obtain almost perfectly straight edges 
when the test specimen comists of several equal 
adjacent bays. In that case corrections may bo 
nnnecessary. 

3.5 l'rrrnsition. from elairtic to plastic range. 

- .  I I 
/ 

- 
culations, from which the load can be accurately 
predicted, at which in a point of the plate the 
elastic limit of the material will be reached, are 
not practicable 

L 

U 
Y4 

- I 
i 

b i  
i .  
I 

Fig, 3.4. Loeat,ion of points A and B fo r  whirh hhe 
magnitude of J ,  was determined. 

0. 

w 
Fig. 3.5. The relation bctmrun J ,  an.8 

for  the points A and B. 

In ordcr to eet at least an immession whether 

Fig. 3.5. The relation bctmrun J ,  and 

for  the points A and B. 

In ordcr to eet at least an immession whether 
~ 

t,lre clastic limit first will be reached in the center 
o f  the plate or at the longitudinal edges, in ref. 1 
the va.lue of J ,  of a point on the longitudinal axis 
of the plate was compared with the value of J ,  
of a point on. the edge. A plate was considered 
without transverse stiffening and with simply sup- 
ported e d g q  which remained straight. Approxi- 
mate stress distributions were used, following from 
t,lie displacement functions assumed in ref. 3. Thc 
points -4 a,nd B (fig. 3.4) were chosen hecause 
of some advantages in the calculations, the point A 
heing positioned on the longitud,inal edge, and the 
point B heing the point on the centerline of the 
plate with the largest bending stress. .The result 
of the cdculation is shown in fig. 3.5, giving the 

as a function of value of __ J ,  
IEF)* E 

It can be concluded from fig,. 3.5, that the 
clastic limit is more probably rcaehed first near 
the edge the larger L / E ~ ,  is when this occurs. 
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Fnrthermore the shape of the curve for point B 
as compared with the curve for point A suggests 
strongly, that lor stresses little in excess of the 
buckling stress, the critical point will lie in the 
center of the plate. 

I t  can be expected that the influence of plasti- 
city on the e. m. will depend on the.  pasition of 
the critiml point, in which the first plastic de- 
formation occurs. With thin plates ( E < ,  smmall) 
this point will probably lie on the edge and with 
thick plates in the center of the plate. 

4 ' Test programme and equipment. 

4.1 LoadirLg airangement. 

The 150-tons Avery Compression testing machine 
comes up to  the rcquiremcnts specified in section 
3.3. The combination of f la tend tests and  longitu- 
dinal edges of the hays of the specimens supported 
hp knife-edges was eonsidered to possess the most 
ndmntages. From the point of view of the sim- 
plicity of the loading amngement it was decided 
to nse only speeimcns with hays of equal width. 

The values of / s a t  which for the different 

specimens the elastic limit will be exceeded, will 

plate. Because of the possibility of loed  buckling 
of the plate at the edges 'and the influen'ce of 
initial eccentricities thc thickness of the plate was 
chosen to he larger than 1 mm. The width of 
the bays of 150 mm seemed to be suitdble in view 

of the values of vz to he attained. The 

dimensions of the 1oa.ding platens enfable the use 
of specimens consisting of up to 5 such bays. For 
the length of the specimens 700 mm was taken, 
heing the m,ost economical length in connection 
with the asailable commercial dimensions. Hence 
the overall Icngth-width ratio of the specimen is 
hut little smaller than 1, and for the bays of the 
specimen this ratio amounts to  4.67. 

I n  figs. 4.1 and 4.2 the generd arrangement 
of the test rig is shown, fig. 4.1 giving the half 
of t,he rig, which is rigidly oonnected to the 
lower platen of the machine, and fig. 4.2 giving 
the complete test rig. The connection of the other 
half of the rig to the lonrer platen is adjustable. 
:Each half of the rig carries 5 single knife-edges. 
The load is applied to the plate via two com- 
pression strips, connected to the upper and lower 
plattens. These strips contain slots with a depth 
of aihont 2 mm, in which the plates are fitted 
with some lateral play. The width of the slots is 
adapted to the thickness of the plates. Before the 
tests the slots are filled with 'graphite grease in 
order to reduce the friction as much as possible. 

Especially with thin plates it %as considered 
necessary to  support the longitudinal edges of the 
bays along the whole length of the specimen. There- 
fore in the upper compression strip a number of 
transverse, grooves were made in which the top 
ends of the knife-edges can moye freely during 
shortening 'of the specimen. Because of un- 

I 

I then be determined only by the thickness of the 

desirable local deformations of the unsupported 
parts of the loaded edges near these grooves in 
the first test, small bridge pieces were inserted 
in the grooves in the subsequent tests (see fig. 4.3). 

Fig. 4.3. Bridge picee iu uppcr eomprasiiou strip. 
\ 

Fig. 4.4. Bolted eonneetion of ehnnnel trms. 

Another improvement in the test rig, introduced 
after the first tests, concerns the rigidity of the 
oonneetion of both hamlves of the rig to the lower 
platen. It appeared that both groups of knife- 
edges wcre pushed apart when with irregular wave 
forms the load was largely in excem of the .buckling 
load. Satisfactory ri'gidity of ,both halves of the 
test rig was obtained thy the construction shown 
in fig: 4.4. I n  the channel 'beams supporting the 
knife-edges, smaller, 'bmms werc inserted, which 
were eonneeted at the cnds with b0lt.i. 

Fig. 4.5 shows different forms of knife-edges, 
which were ' used successively. These changes in 
the form of the knife-edges were in,troduced in 
order to reduce the friction. The Sliding pieces 
in form c were made of perspex a.nd. red copper 
with a length 'of 50 mm each and interspaced 
about 2 mm. The disadvantage of this form was 
the apprecia'bly larger external radius of about 
5 mm as compared with the radius of the initial 
knife-edge of 1.5 mm. This is not the case with 
shape d, which was adopted for the ultimate tests. 



F,ig. 4.1. l Inlf  of test rig wit l~  dial g;mgc 
in position a. 

Fig. 4.7. Reflector apparatus. 
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SLIDING PlEC E 

d b C d 
Fig. 4.5. Diffcrcnt forms of knife odga. 

Ilcre the extremities of t,he knife-cdges are formed 
by pieces of brass 'wire with 'a length of 5 em 
and a diameter of 2 mm. These pieces are in- 
serted with intempaces of 2 mm in a slot, machined 
in the original knife-edge, and filled with graphite 
grease. 

4.2 The nonount of p l a y  between pla te  and knife- 
edge supports. 

I n  order to obtain simply supported longitudinal 
edges of the specimen, some play must exist he- 
tween the plate and the knife-edges. .Othervise 
the edges will 'be clamped when heavy buckling 
takes place. The necessary amount uf play depends 
on the shape of the knife-edges, the thickness of 
the plate, and t,he greatest slope of the wave form 

if the magnitude of Q , ~ ~ ~  is known. I n  general it 
will not be posaihle to predict 'pmsx with aufficient 
accuracy. Therefore the necessary amount of play 
should be determined experimentally. 

The influence of the play 'between the plate and 
the longitudinal supports can he demonstrated as 
Sollows. 

I t  is supposed that the longitudinal edges of the 
plate can tdkc a form, given by 

(4.2) 
11 77 5 

w = 0.5 s sin -. 
a 

This rcwlts in an extra specific shortening of 
the plate 

n 

Fig. 4.6. The play at tlie knifo edges. 

a t  the longitudinal edges (sec fig. 4.6). The trans- 
verse expansion following from POISON'S ratio 
will he neglected. The amount of play can be 
calculated from 

or 

a Now s < - , thus Ac is very small. IIcnce the 

necessary amount of play for a given thickness 
of the plate (according to  (4,1)),  will in gcneral 
result in an extra specific shortening, which is 
negligible compared with the shortenings in the 

?l 

I -  

range of values of v y  were the elastic limit 

is exceeded. For the detefmination of the e.w. 
in the plastic range A, will, therefore, not be of 
importance. 

4.3 dleasuriny equipment. 

Tile magnitude of'the load is indicated directly ~ 

011 the loading machine. The acciiracy in the load- 
ing range to be considered for these tests amounts 
to about 15 kg. I n  order to avoid errors due to 
fiiction in the machine the desired load must 
always be approached from the side of smaller 
loads. 

The shortening of the specimen under loading 
is derived from the displacement of the loading 



platens with respect to each other. The displaee- 
mcnt is measured with tw-o dial gauges rigidly 
coiinectd to the upper platen (figs. 4.1 and 4.2) 
on either side of the specimen. I n  the first tests 
both dial gauges were mounted in position " a " ,  
but in the subseqncnt tests hoth gauges were used 

I 

in position " 1 1 " .  The accuracy of the measurements 
wit,h the d i d  gauges is about 0.01 mm. 

The amplitude of the wayes, the wave length 
and the wave form are determined on the Inngi- 
tudinal axis of the center bay of the specimen 
with devices espccially developed for these tests 
(see fig. 4.7). The principle is shown in fig. 4.8. 
Against one of the knife-edge supports near thc 
center of the specimen a system of small lcvers 
is attached, on which small hollow-ground reflectors 
are'fitted. These reflectors throw a sharp image 
of a. light source upon a screen. An adjustable 
Ilin, a t  the end of each lever is i n  contact with 
the ' plate of which the transverse displacemznts 

w IN mm 

I 
SCREEN 

REFLECTOR 
\ 

! / j  o HINGE . .  

Fig. 4.8. Principle of refloetor apparatus. 

h 
I i SCREEN 

Fig. 4.10. Calcxlaterl relation hatecen mrasured 
displeeenient R of tho i m q c  on the sr.rcen and the 
diqtlnccment w of the adjustable pin 011 the plate. 

must be  measured,. The pressurc or a small spring 
against the lever causes tho pin to remain in con- 
tact wit,h the plate. Fig. 4.9 gives the neecwary 
dimcnsions for the calculation of the displacements. 
The displacement of the pin as a function of the 
measured displacement, of thc image on the screen 
can easily bo determined. For bhe dimcnsions 
chosen in the tests t,he result is givcn in fig. 4.10. 
The cnlargemcnt is ahout 55 t,imes and the dis- 
placements of the image on the screen can be redd 
with an accuracy of abont 2 mm. 

I n  the  preliminary tests some measurements Kith 
electrical resistance strain-gauges were carried out, 
mainly in order to determine the effect of friction 
at  the loaded edges. To this end a Baldwin recorder 



TABLE 4.1 

Ctiaracterirtie ralues of the specimen% 

Sper. 
no. Group - U# 106% 108 .,=10&- 1 0 6 m  E Number Total Mean . 

0 - €  

kg/mm' . E E 
width thickness of curve bays mm mm 

6 
c m 
m u 

B 5-1 
B 5-2 
B 5-3 
B 4-1 
B 3-1 
B 3-2 
B 3-3 
B 2-1 
B 2-2 
n 1-1 
B 1-3 
B 1-5 

1 1 

5 
5 
5 
4 
3 
3 
3 
2 
2 
1 
1 
1 

, 765 1.56 
765 1.555 
765 1.525 
612 1.53 
459 1.58 
459 1.56 
459 1.565 
306 1.58 
306 1.54 
153 1.57 
153 1.545 
153 1.56 

___ ___ 

B 1  7400 
B 2  7425 
B 3  7500 
B 3  7500 
B 1  7400 
B 2  7425 
B 2  7425 
B 1  7400 
B 3  7500 
B 1  7400 
B 2  7425 
B 3  7500 

A 3-1 
A 3-2 
A 3-3 
A 3-4 
AC 3-1 
AC 3-2 
BC 3-1 
BC 3-2 
c 3-1 
C 3-2 
CC 3-1 
cc 3-2 
D 3-1 
D 3-2 

4660 
47SO 
5290 
5290 
4860 
4780 
4760 
4860 
5290 
4860 
4760 
5290 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

. 3  
3 

2700 396 
2900 395 
3070 379 
3070 362 
2700 407 
2900 399 
2900 399 
2700 407 
3070 3x6 
2700 402 
2900 389 
3070 396 

0.383 
0.365 
0.351 
0.353 
0.388 
0.370 
0.370 
0.388 
0.354 
0.385 
0.366 
0.359 

0.284 
0.286 
0.264 
0.289 
0.285 
0.256 

0.368 
0.489 
0.469 
0.479 
0.474 
0.750 
0.750 

0.365 

459 
459 
459 
459 
459 
459 
459 
456 
459 
459 
459 
459 
459 
459 

m 
W 
v1 

1.24 
1.25 
1.24 
1.26 
1.20 
1.20 
1.615 

2.05 
2.05 
2.035 
2.015 
2.99 
2.995 

1.515 

A 1  

A 1  
A 1  
AC 1 
A C  1 
B C  1 

c 1  
c 1  
cc 1 
CC 1 
D 1  
D 1  

A 1  

nc 1 

0.285 
0.287 
0.267 
0.268 
0.290 
0.289 
0.269 
0.289 
0.270 
0.287 
0.285 
0.274 

I 
7260 

' 7260 i 7260 
7260 
6950 
6950 
6815 
6615 
7290 
7290 
6800 
6800 
7420 
7420 

4920 
4920 
4920 
4920 
4560 
4560 
4920 
4920 
4630 
4830 
5160 
5160 
4360 
4360 

3100 
3100 
3100 
3100 
28SO 
2880 
2760 
2760 
2650 
2850 
2940 
2940 
2590 
2590 

, 250 
254 
250 
258 
234 
235 
373 
373 
682 
682 
674 
662 

1460 
1460 

! 0.225 
0.227 
0.225 
0.229 
0.227 
0.227 

0.275 
0.376 
0.376 
0.362 
0.358 
0.579 
0.579 

0.275 
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war used, having an accuracy of aliont 10 p strain 
at a gauge factor of 2.00. 

Strain-gauge measurements were also conducted 
on plate CC3 - 2 on the outer bays near the upper 
loaded edge in order to determine the influence 
of a possible non-parallelism of the l o d e d  edges 
on the stress distribution in the plate. The same 
strain-gauge recorder was used. 

4.4 DiwieTuimis of spectiem. 

The length and, the width of the hays a u l  the 
pwsilile number of bays were already established 
in section 4.1, the length heing 700 mm, the.width 
of the hays 150 mm, and the numher of :bays 5. 
Beyond the outer longitudinal supports small plate 
strips arc necessary, thus giving the specimens a 
total width a small amount in excess of a multiple 
of the width of a hay. These plate strips must 
he takm as small as poxsihle! otherwise apprcciahle 
errors can be introduced in the effective width. 

The tests can he divided into two groups, the 
first containing specimens with diffewlt  numbers 
of hays and the same thickness, and 't,he second 
gronp consistin,g of specimens with the mme nnmher 
of hays and different thicknesses. The first group 
of tests (reported in ref. 1) was conducted to ' in-  
vestigate the influence of the number of bays on 
the magnitude of the effective width. The second 
group (rcported in ref. 2) covered a range of 
vulues of V,,,/,,and was a r rmged only aftcr 
the minimum nuniber of hays was estahlished from 
the former tests. This numlber of hays appeared 
to he three (see section 5.3). 

The thicknesses of tshe specimens must be varied 
in such a may that the desired range of values of 

~ ~ i v i l l  hc covered. With the known theo- 

retical value of for the case of the axially 
compressed plate with simply supported longitn- 
dinal edges, ne@eeting the influence of the finite 

lengt,h of the trays, the value of v? ticcomes 

I 

With v=O.32 and 71 =150 mm it  follows from 
(4.1) that 

Tarhle 4.1 contains the dimensions and some 
characteristic values of 'the specimens. It can be 

seen that the value of v$ for the specimens 

of the first group ranges from 0.35-0.39. For  
the specimens of the second group the range 

of values of covered, lies between 0.28 

and 0.75. 
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4.5 illaterial, of specimens. 

The material of the specimens will be either 
unclad or clad 24 S-T or 75 S-T. 

The shape of the transition cuwe from the 
clastic to the plastic range in the o - ~  graph is 
important i n  view of the influenee of the plasticity 
on the e. w. Therefore it might he advantageous 
to compare the behaxiour of specimens made from 
two materials which have a pronounced difference 
in this respect. This is the case with 24 S-T and 
75 S-T. I n  fig. 4.11 two examples are given of 
curves for pure compression, the curve for 75 S-T 
heing derived from ref. 27. The curvature in the 
graph for 24 S-T is smaller than for 75 S-T j with 

t,he latter material the value of is smaller 

than with the former. It can 'he expected there- 
fore, that the transition from the elastic to the 
plastic region in the specimens will 'he most pro- 
nonnced with 75 S-T. 

The difference shetween unclad and clad sheet 
will also he a point of investigation. In clad' sheet 
the lmsis inaterial and the cladding material have 
about the samc modulus of elasticity, but the 
elastic limit re of the hasis materi,al is ahout 2- 
2.5 times the elastic limit of the cladding material. 

The influence of the difference in the moduli 
of both materials on the buckling stress of a 
specimen was investi,gated in ref. 2, and this 
influence proved to he ncgligibly small. The in- 
fluence of the diffemnce in the elastic limits of 
\,oth materials can be estimated in the same way. 
Consider the case that the buckling stress exceeds 
the clastic limit ue,( . It is now assnmed that 
during buckling the ratio of the bending stress in 
the chdding and the maximum bending stress of 
the hasis material is equal to the ratio 
and if for the ratio of these stresses the minimum 

value IS taken, then the difference in the 

buckling stress appears to he maximum 16 '%. 
lIence the buckling stress of clad Sheet can be up 
to 16 % smaller than the bucklhg stress of unclad 
sheet of the same thickness, if at the bwkling stress 
the elastic limit of the clad,ding is exceeded. 

I n  the first group of tests all specimens were 
made of unclad 24 S-T sheet, Blost of the speci- 
mens of the second group were also ma'de Of 
24 S-T, but  for comparison some specimens were 
made of clad 24 S-T sheet. It is intended to in- 
vestigate the behaviour of specimens made of 
75 S-T sheet material in future tests. 

The stress-strain curves for the mat,eria.l of each 
specimen i n  pure compression were determined 
mit,h the solid-guide fixture described in ref. 28. 
These cnrves arc plotted in fig. 4.12. The points 
on the stress-strain curves for the material of the 
cladded specimens at  which the elastic limit, of the 
cladding material is exceeded, could not he, deter- 
mined with good accuracy. These points lie for 
all enrves a t  approximately e = 7  ,le4, The de- 
crease in slope of the curves beyond these points 
was too small to bc drawn. 

The first letter of the indication of the speci- 

Ue 

1 .  
2.3 

' 
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Pig. 4.12. Streas-strain relations of tho material u x d  in ,the tests. 
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mens rcfers to the nominal thickness of the plate: 
A = 1  mm, B=1.5 mm, C = 2  mm, D = 3  mm. 
When the letter C is added,, the specimen is made 
of clad sheet mat,eria.l. The first figure stands for 
the number of hays and the ,last figure for the 
number of the specimen, all tests except one being 
eseeuted at least in duplicate. 

5 Tests. 
5.1 Description of tes ts .  

The .test programme has 'been divided into two 
groups, the first group referring to the preliminary 
tests, with which the possibilities of the test arran- 
gement and the number of bays of the specimens 
were determined, and the second group referring 
to the definit,ive tests (see also sections 4.4 and 
4.5). The tests from both groups will ibe described 

I successively. 

5.1.1 Pre2,imiw.q tests. 

Aeeordiug to ta'hle 4.1 the value of vs 
for these specimens ranges from 0.35 t o  0.39. On 
account of the results of section 3.5 it can be 
expected tha,t the elastic limit first will be es- 
eeeded at the longitudinal edges of the bays. In 
view of the possibility of local ibnekling at. the 
edges, the thickness chosen will, therefore, be un- 
favourahle for the detenninatiou of the e.w. in 
the plastic range. For  the appreciation of the 
1o;tding arrangement, however, this can he regard- 
ed as a n  advantage. 

I n  general all specimens showed, !before buckling, 
irregular waves with a very small amplitude, pa?- 
sibly heeanse of tlie p1a.y at the knife-edge sup- 
ports. For lnad in excess of the buckling load tlie 
maves were generally regular. In most of the tests, 
tlie hucklc amplibudes a t  top an,d hottom of the 
test specimen irerc approximately cqlial up to t,he 
maximum load, indicating that friction hetween 
the plate and the knife-edges was small. Buckling 
a.lmays occurred suddenly, hut only with specimen 
I3 3-3 this \vas at,teii,ded with hangs. With all 
specimens, except t,hosc consisting of one bay, 
siddcn changes in wave form occurred at ,high 
loads in excess of the buckling load. This jump 
to  smaller wave Icogths was also often accompanied 
by bangs. With long delayed changes in wave 
leiigt,li, as with specimen R 5-2, the bang was very 
lond and the change in wave h g t h  was attended 
wit.h a sudden drop in t,he load. Wit,h the sliding 
pieces on the knife-edges. (fig. 4.5,- e )  applied, in 
the M e r  test,s, a more gradual trmsition to a 
smaller wwelcngth was obtained, resulting in less 
heavy hangs. 

In  some tests irregqilar wa.ves appeared in ad- 
jaccnt hays of t,lic specimen. These waves, pointing 
to  the same side in adajcerit bays, exerted large 
forces on the ,knife-edges and caused permanent 
deformat,ion of t,he loadin,g frame. 

Figs. 5.1-5.3 inel. show the pernmnent defor- 
mation of some of the specimens after unloading. 
It is seen that in general the permanent defor- 
mations were most severe near the upper loaded 
edge of the test specimen. 

5.1.2 Dofinitino tests. 

I t  was decided to' use in the definitive tests 
spccimens with three #hays only. Thus the parts 
a t  the outer 'bays of the frame supporting the 
knife-edges were not reqoired any more. These 
parts were used, therefore, for a direct connection 
of '1~1th halves of the frame with bolts, making 
the extra construction shown in fig. 4.4 super- 
fluous. A more rigid frame was ohtained in 
this way. 

Before the, tests the knife-edges were straighten- 
ed a,gain. For the knife-cdgcs the construction 
shown in fig. 4.5, d was used. These knife-edges 
performed more satisfactorily. Large loads on the 
knife-edges and local huckling in the plates at the 
edges could, however, not bc prevcnted eomplctely. 
Perma.iient buckles after unloading wcrc in general 
present oyer a larger part of the plate length 
than in t,he preliminary test,s and during the tests ," 
the same pheiiomcna were observed. 

Tn figs. 5.4-5.8 inel. photographs of some spe- ,<*, 
cimens -after the tests are shown. Some points, / .  ' , 

in which local bnckling occurred, are ciieircled and :c2 j 
liuekles pointing towards the same side are indi- ,.. 
cated with crosses. 

, .  . I .  . ,  

5.2 Eunlu,rtion of test results.  :* 
?." 

By rcprescnting the relation between the averag 
stress a in a hay and the specific shortening E ,; 
i n  the way developed in ref. 3,  the reslllts of the 4 . 
tests.  can be compared with t,he results of the 
theory for the elastic range. 

The C . W .  h ,  is defined by the expressions for 
the load P in a 'bay. 

- 

- 
P =  a .  bh= a,&s. h,. h. (5.1) 

Hence 

(5.2) 

T,he edge stress arnrp can he calculated from the 

h *b a 
b adse ' 

_=__ 

specific shortening of the plate 

reape E* . E , (5.3) 
- 

while the avcragc stress follows from P with 
b*, (5.1). Thus t,he ratio - can be calculated from h 

t,lie measured P -  E enrve. Tdic result will be 

- , instetid of c, then being plotted ayainst 

comparn!lile with the theoretical resirlt ' for the 
el;rst,ie range from ref. 3. 

The presence of the small plate strips liegond 
the outer longitudinal edges introduces an error 
in the average stress, which can .lie approximated by 

E 

(5.4) - P P--2 dh . 2 d -- weago , n b h 7 "  ?Ill 
A a = -  - 

A 

in which n represents the number of complete 
bays, arid d is the 1vidt.h of the edgc strips. The 
width d can be chosen sueli, that this error can 
he neglected. 
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The edge stress is determined from the stress- 
strain curve of the material at t,he specific shorten- 
ing of the edges. This stress docs not occur in 
reality, for the state of stress near the longitudinal 
edges is not uniaxial. 

The average specific shortzning of the plate 
follows from the measured displacement of t,he 
loaded d g e s  with respcet to each other, divided 
by the plate length. When friction is present be- 
tween the knife-edges arid the plate, the load in 
lower sections of the plate ivill be smaller than 
in upper scctions. Hbmcver, with sufficiently low 
friction this difference can be regarded ils negli- 
gihlc, and thus the specific shortening at  the edges 
will he equal to the average specific shortening 
of the specimen. 
' The theoretical value of thc buckling strain E<, 

will he calen1,ated from tlie well-known formula 
(see ref. 3) 

Strictly, this formals holds goad only when no 
transverse stiffening is present, when all edges of 
tlie plate are simply supported, vhcn the elastic 
limit of the material is not exceeded, and for  
n = nb in which 11 represents an integer. For  the 

choscn length-width ratio of the hays r=4.67 
the departure from formula. (5.5) is, however, very 
small, e ~ e n  vhcn the loaded edges are not simply 
supported 'hut clamped. 

The theoret,ical huekling stress follows from 
(5.5) with 

a 

Isc, = E . ECT . (5.6) 
Like (5.5) this foTmula ho\ds good only i n  the 
elastic range of the material. 

An experimental buckling load can be derived 
from the amplitude measurements. For  loads in 
excess. ut the huekling load the only parameter 
governing the behaviour of the plate is tlie ratio 
W 
- Becnnse the load in the plate must he in- 
/' 

dcpxdcnt from the sign of It', the load in the 
plate can he cxprcssed by 

IV 4 + (I2 [T)  + .,.I for P > P,, , (5.7) 

For loads in smsll excess of the  'buckling load 
the gruiih showing the relation 'hetween P and 

(T)' will 'IIC substa.iitially linear and the inter- 

section with the load axis will give the expcri- 
mental 'biiclcling load. Instead of I' the average 
stress o can hc plottcd, thus giving directly the 
cxperinicntal huekling stress. 

The relation hcta-ecri - 11 ,,. and v F  in tile 

plastic range may be dependent o f  the value of 

- and of the general form of the stpess- 

- 

11 

E S  

strain enrve of the material. For \mhies of E - larger than v'? the experimental 

rcsnlts must correspond with the theoretical curve 
for thc elastic rangc shown in fig. 5.9. 

FL& 5.9. 1'1lcoretic:~l ciil'vo for tlrc 'cffmtivo rridtll 
in the cladtic rangc ( form ref. 3 ) .  

"he theoretical curve for the e. w. b,',' i n  the 
clast,ic range is also given in fig. 5.9. The e. w. 
b,,' in view of the .compressive stiffness of the 
plate is deEiiied in the clastic range by 

For readers not familiar with the effective width 
b,?: a more detailed description of this quantity 
is given in Appcndix A. 

The relation between 7>*: and b, can he derived 
by diffemntiatioii of (5.3). 

(5.9) 

Equating (5.8) and (5.9) gives 

he, d -- 
11,' b,, 
b b d e  

b (5.10) + E - .  -=_ 

These equat,ions liold, however, onljr for the 

I n  the plastic range equation (5.9) 'becomes 
clust.ic range. 
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Defining now b,’ by replacing E in eq. (5.8) by 
the tangent modulus E , ,  equation (5.10) becomes 

The relation between - b!?: and E or v F  can 
b 

be calculated from the -- ‘Im /?curve with 
b 

formula (5.10) or  (5.12). Since this calculation 
requires a differentiation of the empirical curve 
for b,/b and of the stress-strain curve of the 
material, the accuracy of b,’,/b may not be ex- 
pected to be high., 

T,he ultimate results of the tests will he given 
in graphs showing the relation hetwoen the ratios 

- and - a n d  bhe ratio 

are applicahlc only for the specific material, and 

the values of /% used in the tests. Thus v? will appear in these graphs as a Imra- 

meter. Because it is difficult to determine the 

value of E <  with good accuracy, the ratio 

has also heen given for each specimen (see table 
4.1) as a characteristic parameter. 

It would not be very useful to continue the 
tests above a certain value of the strain, because 
in compressed panels tlie strain will also be re- 
stricted to the’ maximum strain at which the stif- 
feners fail. For this maximum value of the strain 
9000p’strain was chasm, this hcing the strain a t  
which ( I ~ . ~  will be reached in ‘75 S-T (see fig. 4.11). 
The stress in 24 S-T will then be exceeded 
considerahly, and this strain will certainly not tie 
reached in panels with stiffeners and plate made 

bn8 b,’ l/t. E c ,  These i raphs 
b b 

vg 

w IN mm 

4 

+2 

0 

-2 

-4 

0 100 

of 24 S-T. The tests on specimens of 24 S-T will, 
however, be continued up  to a strain of 9000 p, 
in view of constructions in vhieh the stiffeners are 
made a€ 75 S-T and the plates of 24 S-T. 

5.3 Elesults of mensurements. 

The results of the wwe form measurements fo r  
some of the specimans are shown in figs. 5,1& 
5.13 incl. The results of the amplitude and de- 
formation measurements for some of the speei- 
mens are given in fi,gs. 5.14, 5.15, and 5.16. The 
strain gauge measureme& will he dealt with in  
section 5.4. 

On closer inspection of the warre-form measure- 
nicnts it appears that large differences in the wave 
length and the location of the nodes can  occur in 
different specimens for loads in small excess of 
the buckling load. From ref. 29 i t  is known that 
with clamped, edges the transition from m to 
m + 1 half waves -will take place at  a length- 
width ratio of 

a= V m ( m  + 2)  , (5.13) b 

I n  the present tests -=4.67 (see section 4.1). 
Thus for loads in small excess of the buckling 
load 4 half waves should be present, ‘because v 4(4 + 2) = 4.90. I n  the experimznts, .however, 
nearly always 5 half. waves appeared. 

With simply snpported loaded edges the trans- 
ition from 4 to 5 half waves takes place at 
a _ -  4.47. From this it can, however, not be eon- b -  
eluded, that the loadcd edges in the f la tend tests 
were not completely clamped, because the theore- 
tical wave form was not fully realised. Some ir- 
regular differences in wave length oecurred along 
the len,gth of the hay. The magnitude of the slope 
of the waves next, to the loaded edges docs suggest, 
however, that a t  least for loads far in excess of 

a 
0 

2 0 0  3 0 0 .  400 600 700 
UPPERS1 DE x IN mm 

Eig. 5.10. \i”ave-form measurements for swimen B 5-2. 
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Fig. 5.11. Wave-form niensurcments for spmimen A 3-1 
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Fig. 5.14. R i d t s  of snipiiturle. aid dcfurmnlioa measurements for  cpcciimen B 3.1. 



Fig. 5.15. Results of amplitude- and deformation m-urements for swimen BC3-2. Fig. 
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5.16. Results Of amplitude- and defamation measurements for sparimen D 3-1. 
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the lhuckliiig load the loaded edges were not com- 
pletely climped. 

~ 

For soecimens B 3-1. B 5-1. B 3-3 and B 5-2 of 
the preliminary tests and for' all specimens of the 
definitive tests the experimental 'huckling stress 

mas determined from the U- (?)'graphs. These 

graphs proved to be straight lines in nearly all 
cases. I n  general the experimental buckling stres- 
ses were somewhat higher than the theoretical 
values derived from formu_las (5.5) and (5.6). 
Except in t,he cases of specimens B 3-3, A 3-2, and 
AC 3.1, this difference was always less than 10 %. 
Prohably the cause will lie mainly in the small 

nnm,I)er of values of - f o r  small loads, and in 
the inaccuracy with which the, wave length has 
hccri determined. Some measuring results at low 
loads were omitted from the graphs, because they 
werc regarded as  unreliable. 

The relat,ion between the average stress and the 
sliortening of the specimen does not equal the 
strewstrain relation of the material for loads 
h e l m  the buckling load (see also the results of 
the strain gauge tests discussed in .section 5.4.3). 
The pre'huckling stiffness of the plate wiw smaller 
than the theoretical stiffness of a completely flat  
plate. Part  of this decrease in stiffness is caused 
by the play at the knife-ed,ge supports. Irregulari- 
ties in the stress-strain curves in the n e i g h b o u r h d  
of the origin are  also caused by the fact that  the 
loaded edges a r e  not perfectly parallel. Hence 
before the ; - E  curves werc used for the evalu- 
ation of the e.w., some correctiom had to be 
introdoeed. These correct,ions will he discussed in 
scction 5.4. 

A sudden cha.nge in wave-form will appear in. 
the <--E curve as  a discontinuity (see fig. 5.14). 
These changes did not occur with specimens con- 
sisting of one bay, prohably because no stresses 
were present along the longitudinal edges in the 
lateral direction. 

The area of the plate strips boyond the outer 
longitndinal supports was such, that the difference 
between the .average stress across the whole speci- 
men and the average stress after correction for  the 
load in the plate strips (see section 4.3) could be 
neglected. For example, for  plate I33-2 at the 
maximum load this difference amounts to A u =  
0.42 k,g/mm", according to (5.4). 

The nieasuremcnts in the range of loads in 
excess of the maximum load appeared in the 
preliminary tests to he irregular, and they were, 
except in the case of specimen B3-2, regarded as 
unrclia~hle. In ' t h e  definitive tests the measurc- 
mciits in this r m g c  were more satisfactory, pro- 
bably .liecaiise of less friction at  bhe edges. 

From the corrected o - E curves and the stress- 
b,, strain, relations of the material the ratio - was 0 

calculated for a ilumber of values of % . The 

experime.ntally' determined value of E ~ ,  was' used 
when available, except for the specimens A 3-2, 

- 

w 
I, 

- 

~ 

- 

E 

A3-4, and AC3-1, for which the experimental 
values were regarded as unreliable. The results 
of these calculatioiis are shown together with the 

b, theoretical curves for - in the elastic range 
b 

(from ref. 3) in figs. 5.17-5.23 incl. 

From the obtained relation between - and 

v F  the ratio - was calculated with for- 

mula (5.12). These curves are also given in the 
figs. 5.18-5.23 inel., together Kith the theoretical 

curve for - i n  the elastic range. The value of 

the parameter v F  has been given in the 

bm: figures for each curve of -, bhese curves ap- 
b 

pearing to be depcodcnt on this parameter. 
The curves in figs. 5.18-5.23 incl. differ from 

those given in ref. 2. In that report bhe curves 

for - were caiculated with formula (5,10j, which 

gave erroneous results in the plastic range. These 
errors were corrected here, 

The clifferenew, 'between the experimental results 

of - in the figs. 5.17-5.23 incl. and the theore- 

tical curves from ref. 3, appear to 'be small for 
the plastic range when the specimens had 3 or 
more bays. The d ercnces arc generally larger 
in the elastic range, which can hc easily explained 
by supposing that the correction of the o- e curves 
for stresses in excess of the buckling stress is not 
exactly true. This holds especially for  stresses in 
small excess of the buckling stress. A small change 
in w will then cause a large' change in the e. w. 

T.he deviation of the experimental results for 
b,: -from the theoretical curve in the elastic range is 
b 

b m 
b 

bn: 

b .  

b,'  
b 

bn: 
b 

b,, . 
b 

- 

- 

sometimes considerable. For values of v? 

with the E 

range. For values of vF larger than p&j 

-this is not surprising, he- smaller tlinn 

muse the - cnme must have an intersection 

- axis in this region, as will be 

explained in section 5.5. Thus the experimental 

results for - *" in this region cannot bo compared 

with the -theoretical curve for - in the clastic 

v: 
b"/ 
b 

b 
b,' . 
h 

bw' the results for - show the irregularities in the 
h 

results for  -, these irregularities ,being especially 

i n  this region more prominent than in the remain- 

be, 
b 
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Fig. 5.17. Comparison of the results far the kffeetiro width from the prcliminsrg tests with the theoretical 
c u m  for the effective TPiddh in thc elastic range. 
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Fig. 5.18. Conhparison of the results for t h e  effective width 
for tho speclinens A3-1 to A3-1 incl. with the thcomtical 

oume for  the effectiw width in  the elast.ic ra;nge. 
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Fig. 5.19. Comparison of the m u l t a  for bhe effective width 
for the swimens  AC 3-1 and A'C 3-2 wibh the theoretical 

mrw for bhe effective width in the elastie mmgc. 
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Fig. 5.21. Comparison of the resulLi f o r  the effective width 
for the spmimenr C 3-1 and C 3-2 with the bhcoretieal cume 

fur tho effective width in the elantie range. 



bm ing part of the - curve. Errom in the results of 

will also be introduced due to the numerical b" 
b 

approximation of the differentiation in (5.12). 
The influence of the accuracy of the buckling 

stress, and with that of the buckling strain, on 

b 
- 

Fig. 5.22. Omparison af bba results for tho effcetive width 
far  t,hc specimens CC 3-1 and OC 3-2 with bhhe theoretical 

.eurvc for the effective widt'h in the elastic range. 

~~ e- 
f i g .  5 . R  Comparison of bh0 mmlts fo r  the effective aidth 
for the ypeeimens I) 3-1 and D3-2 with the theorctieal curve 

for  the effective width in  tho e l d o  range. 

tho measuring rcsults can be considerable. Tmhe 

- will be about twice the inaccuracy of 

itlaccuracy of E ~ ,  . When the experimental values 

- for a certain specimen appear to de- 

?)* viate lor all d u e s  of - with a constant per- b 

VF 
Of b e  
centagc from the theoretical values of V?, 
the reason for this difference may lie i n  a wrong 
value of eC,. It was doubtful whether the cdgc 
conditions for the dctermination of the buckling 
st,rcss  of a plate which is simply supported on 
4 edges, were satisfied in the tests., Thus the 
theoretical buckling stress cannot he regarded as 
completely relitlJlc, a.nd therefore the cxperiment- 
ally derived bnckling stress was used as much as 
possible for the evaluation of the results. Never- 
theless with some spekimenn, of which the accuracy 
of the experimental buckling stress appeared to 
he good (e. d. D 3-2), this tendency of the experi- 

to deviate from the merit,al valnes of 

theoretical values of /$ with a coiist,ant per- 

eelitage, \vas still observed. Hence, it is probable 
that the experimental buckling stress was some- 
what in error. For specimen D 3-2, for example,. 
wClmv was found to he allout 2 % larger than uc, , h ,  

If the values of /? for specimen D 3-2 in 

fig. 5.23 had been taken ahont 4 % smaller, the 
experimental rcsult would Iiave ,been closer to the 
theoretical curve. It seemed, however, to hc more 
correct not to work towards this goa.1. 

The a.grccmcnt of the results from the prelimi- 
nary tests with the theoretical curve for the elastic 
range proves to 'be good especially for the speci- 
mens with 5 and 3 bays. The influen'ce of the 
uumher of bays is shown clearly. The exception 
of specimen B 4-1 in this respect will be due to 
t,hc iinfavonrahle circumstances i n  which the test 
was carried out. From the small difference hetween 
the results of specimens with 3 and 5 ,hays the 
conelitsion was drawn, that for the specimens of 
the definitive tests 3 bays werc sufficient. 

5.4 Coizsiderations and secondary nvxisurenzents 
concerning the  beluruiour of the specimens. 

. .  . E 

5.4.1 Il'riction at loaded edges. 

I n  order to determine the influence of thc fric- 
tion a t  the loaded edges of the specimens, and 
whether this friction could he reduced sufficiently 
liy means of lubrication with graphite grease, a 
nnmber of strain-gauge tests were conducted on 
specimen B 5-1. On both sidcs of the plate 4 
rcsistance wire strain-gauges were glued in lateral 
d i r e h o n  on 4 stations of t,he center line of the 
middle bay (see' fig. 5.24). Opposite strain-gauges 
were connected in series, hence the average strain 



in the lateral direction was measured only. The 
strain gauge pairs 1 4  inel. were connected sue- 
cessively to the indicator 'by meam of the circuit 
shown in fig. 5.24. 

lLo,D 
ACm 

720 20 @ 3 

l . Z A N D 3  ARE CONNECTIONS 
WITH BALDWIN INDICATOR 

Fig. 5.24. Parition of strain gauges on speeimcn B 5-1 
and tlio oiireuit used m the teats. 

load, because otherwise irregularities in the strain 
would appcar, which would mostly be dctermined 
hy the local wave form. Furthermore the strains 
in the lateral direction are very small. Therefore, 
a.nd hecanse'of the limited accuracy of the measu- 
ring equipment, hut a rough picture of the magni- 
tude of the strains can he obtained. 

The resnlts of some measurements are presented 
in fig, 5.25. The increase of the lateral strain, 
indicated with Ae,, is shown as a function of the 
strain in the longitudinal direction E=. Measure- 
ments were started at ~ ~ = 1 0 0 . 1 0 - ~  strain. The 
decrease of friction after lubrication of one or 
both of the loaded ed,ges can be seen clearly. The 
straight lines drawn in the figures represent 'the 
relation betwecn AE, and zZ in the c u e  that the 
specimen remains flat and that no transverse 
stiffening is present. The measuring results for 
specimens with both loaded edges labricated 
lie sufficiently clase to this line to' regard 
the influence of. friction as unimportant. Thus I-) A, = o .  

a h  i i c t .  

x WITHOUT LUBRICATION 
0 UPPER LOADED EDGE 

LUBRICATED ONLY 
+ B O T H  LOADED EDGES 

LUBRICATED 

100 2 0 0  300 400 1 0 0  2 0 0  300 400 
&,.IO6 

1 0 0  2 0 0  300 400 100 2 0 0  3 0 0  400 
E,. 1 06 &,.lo6 

Fig. 5/25. Results of strain g a q c  measuremcnts on specimen B 5-1. 

Strains were measured with and without lubri- 
cation of the loaded ed,ges and with lubrication 
of the upper loaded edge only. 

The range in whieb measurements can be carried 
out, is restricted to loads lower than the buckling 

For a more accurate determination of the in- 
fluenee of the friction at the loaded edges on the 
stress distribution in the plate four pairs of strain 
gauges are not sufficient. 



5.4.2 Pnrallelism of loaded edges. 

The a - E eumes of the specimens showed in the 
neighhourhood of the origin a departure of the 
expected straight line (see fig 5.26). T,his depar- 
ture appears to  he caused by irregnlarities in the 
compressive stresses on the loaded edges. 

- 

Fig. 5.26. "hc dopnrture from thc straight linc of the - 
r -E curve new the origin. 

Suppse that the upper loaded edge is not 
parallel to  the upper loading platen of the ma- 
chine. In  the beginning of the test the plate will 
now 'lie unlosded over the width a (fig. 5.27). If 
it is assumed that the distribution of the stress 
and strain along the loaded edge is linear, as shown 
in fig. 5.27, the rclation can be derived between 

e 

ATd: U i 
I I 

Fig. 5.27. Assumed s t m s  distribution at low loads 

~ 

the strain E (for 
I'or thc region 0 < (r < 7, in which 7 represents 
the average stress occurring when a = 0. 

For d u e s  of (T > d the average stress will in- 
creme linearly with E (see fig. 5.26). 

o = E ( e  - so). (5.14) 

= b )  and the averagc stress - 

- -  

~ 

At a distance u (a < !/ < b )  the stress is 

1/ - I1 

b-a uu = (r . __,  (5.15) 
and the strain 

U--R 
b-a % = E .  __ (5.16) 

Now the averagc stress is 

From uV=, .E  and the formulas (5.15), (5.16), 
and (5.17) it follows that 

- 

(5.18) 
b (T 

b - a  E '  
e = 2 -  - 

giving for  a = 0 
- 

(5.19) 
d E'=2-  
E 

According to (5.14) 

Tlic relation represented by (5.18) corresponds 
with the curve of fig. 5.26. With this the depar- 
t,iire from the straight line of the u - E curve in 
the neighbonrhood of the ori,gin llas heen explained. 
For a n  exact description of the hehaviour of the 
plate a correction of the ; - E  curve must be 
carried out. Instead of the strain E the value 
( e  - 6 " )  must 'he taken as the ordinate of the 
figurcs. Therefore the point (.= O,E = E , )  must 
be chosen as a new origin. This correction has 
already h n  carried out in tlic fSgures. 

T,he occurrence of an uneven stress distribution 
across the width of the plate for small loads was 

- 

PINkg 

Fig. 5.28.. Result? of strain gauge measurcm"ks OD 
bpecimen cc3-2. ' ' 



experimentally. demonstrated with strain-gauge 
measurements on specimen C'C 3-2. The position 
of the gauges 1, 2, 3, and 4 in axial direction on 
the center line of the two outer bays. of the speci- 
men, and 50 mm helow the upper loaded edge, is 
shown in fig. 5.28, which also contains the results 
of the measurements. 

Curves A and B, representing the average strain 
in the left and right gau'ges, show clearly that 
hoth sides of the plate are not equally loaded. 
The curve C, giving the average value of A and B, 
is in general. parallel to the curve U =  E E and 
the measured U - - s  cupve. The nearly constant 
difference between the curve C and the u - E curve 
has  prohahly been caused by zerodrift  of the 
gauges, which could not be determined, hecause 
the specimen waa not unloaded before the "ockling 
load was reached. I n  general strain gauges give 
no a c n r a t c  indications at low loads. Hence the 
curves must be regarded more as qualitative 
results. 

- 

- 

- 

5.4.3 Influence uf pkiy  at /cnife:odye supports 

T,hc diagram representing the relation between 
the averagc compressive stress and the werage 
strain E of the specimens, showed that for loads 
smaller than the buckling load the strain e is 

larger' than the value - . Strain-gauge measure- 

ments on specimen B 3-1 showed, ,however, an ac- 
curate accordance hetween the average strain and 

the d u e  - Two strain ganges, one on each 

side of the plate, were attached at  a ,point of the 
center line of the middle bay of the specimen (see 
fig. 5.14). The results of the measurements are 
presented in fig. 5.14. It follows that the differ- 

ence between E a n d  -cannot he explained by 

suppaqin,g that the decrease in stiffness has been 
caused by initial cccentricities in the same way 
a s  this occnrs with normal 'plate buokling. For, 
in that case the local strain in a point on the 

center line of the hay should be smaller than - , 
and the compressive stress a t  the edges of the bay 
should he larger than in the middle. 

The difference hetwecn E a.nd -can partly he 

explained hy supposing that Euler-buckling occurs 
in the complete specimen. This is possible hecause 
of the play .hetween the knifc-edge supports. In 
the following this phenomenon will he investigated. 

In  the case of Euler-buckling of the plate the 
displacement tu of a point of the plate normal to 
the plane of t.he plate can be represented by 

- 
U 

E 

- 
U 

E '  

~ 

U 

E 

- 
U 

E 

- 
U 

E 

(5.21) 

in which WB is the amplitude and Ln is the half 

T X  w = w g  cos-, 
LB 

wave length of the buckling form. Now approxi- 
mately 

1VB=0.5s. ' (5.22) 

This can only he approximately true, hecause WB 
will not he constant, but will be a function of y 
in consequence of the normal forces exerted by 
the knife-edges on the plate. 

The buckling stress of the plate is 

OB = (5.23) 

If it is supposed that LB can change continually 
when the load on the specimen changes, than L, 
will always take such a value that us equals the 
average stress ;in the plate, a t  least before local 
bnckling of the plate starts. 

Thns 

LB = rrh v?. (5.24) 
2 v 3 ( 1 - v 2 )  

With h=1.5 mm and v =0.32 this becomes 

L B  = 1.436 (5.25) 

The average shortening of the specimen in the 
case of Enler-buckling follows from 

or with (5.15) 

Substitution of (5.22) and (5.25) gives 

0 
E =  (1 + 0.299. s') - , (5.27) E ' 

- 
This relation hetween E and u has been repre- 

sented in fig. 5.29, together with the experimental 
o - ~  curve for specimen B3-1, and the stress- 
strain curve for the material of this specimen. 
Fig. 5.29 shows clearly that the difference hetwecn 

E and can only be cxplaincd completely when 

relatively large plays are present. I n  fact the 
largest play, which was necessary with knife-edge 
Eorm c (fig. 4.5-e),  amounted to 0.74 mm, ac- 
cording to (4.1), in which p=20°  was taken. 
Thns the deviation of the U - E  curve from the 
stress-strain curve of the material cannot he ex- 
phincd complete17 with the aztual plays. The 
theoretical derivation of the influence of the play, 
given here, is however approximative. Further- 
more the play at, the inner knife-edges 'can ,be 
apprecizbly larger than the play at the outer 
knife-edges, due to the deformation of the frames 
supporting the knife-ed'ges. This deformation was 
ohserved after later tes ts  (e, g. after the test of 
specimen B 4-1). Therefore the ahove explanation 
is thought to be sufficicnt. 

~ 

- 
0 

I$ 

- 
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rt can be expected' that the influence of the ' 11, 

b A t  ds 
- 0  (see 5.12), 

l / S i n s t e a d  of E as or after introducing 

'E, dr 

play will decrease for  loads in excess of the buck- b, E ,  aT -4- 7 8  -- ling load, because in that case the shor te lkg  will 
be large compared with the extra shortening due 
to the play at  the supports. It is necessary to 
introduce a correction of the ; - E  curves of the 
specimens for loads just in excess of the 'buckling 
load, in order to obtain satisfactory results also 

CT-S graphs. 

b", 

-=O. (5.28) fo r  this range. This correction is shown in all ---.+L/ b", E", 
b Et  d v: ~ 

For stresses lower than the buckling stress 

lo4& 
6 

5 

4 

3 

2 

1 

0 
3 - 0 1 2 

cikglmm' 

Fig. 5.2!1. Doerca% of stiffness of a speoimeii w~iscd by 
O Y E ~ I I  inrtnhility d w  t o  bhhp play hetm~ecn the knifeedge 

supports and tlua plate. 

uc, = E  e , ,  the experimentally derived curve has From (5.28) it follows that the value of 

1)cen replaced by the straight line E =-. From 

bhe point v =u<, , E = tCr a tangent has been 
drawn to the original curve. This tangent forms b, 

excess of the 'hookling stress. From the point of 
the correct,ed cilrve for  t,lie r;ange of stresses in 

tilngciiey onwards the original curve will .be used. E E, 
Theoretically the influence of the play hetwecn 
t,he knife-edges cannot he neglected completely 
i m t  the point of tangency with the original curve. Hence the maximum load could ,he computed 
Therefore t,he corrected curve will he somewhat from (5.1) the of b ,  helonging to the 
on the safe side in the neighhourhood of arid 
beyond this point. value of v F  for  which b,:= 0. These values 

5.5 ~e terminn t ion  of nmziimicm of specimons. of I/r- depcrld on tile and the ,di. 

mensions of the specimens, and they have not yet 
_- dl' Iiccn determined theoretically. Thus this method 
a. can only )be used when sufficient experimental data 

condition can 'be written as are available. 

- 
b,,,' 
b 

/? for which - = 0, is given hy LT 

- 

2 - -  
b 

-. (5.29) I/-=- Et 

d F l d  On, V? 

T,he maximum load in a panel will occur when 

- 0 or according to (5.8) %hen b,' = 0. This 
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In fig. 5.30 the values of v F  a t  which - hn,' 
h 

raniahcd arc plotted for t i e  tests considered in 

this report against the values of V F f o r  each 
.. - 

b ?'ll 
b 

specimen. The values of v: a t  which -= 0 

I m max. 

W C ~ B  detcimined from the- -~ curves, 

if necessary by cxtrapolation. The values of 

-at which tile maximum load was reached 

btl: b E . 
E 
in tho actiial t,ests agree with the d u e s  of 

at  which - E O .  It most be realised that this 

graph is valid only for the  material used in the 
tests (i. e. 24 S-T). For other materials the graph 
may Ire different. 

h,' v? 
b 

a t  xhich the maxi- 

7Jm mum load is reached i s  known, the value of - 
11 

a t  whii:h the maximum load is reached can lie 

derived direct,ly from the t,hcuretieal-- 

curve (fig. 5.9). For coiivinience t,he results of 

fig. 5.30 are plotted in fig. 5.31 i n  terms of - . 

From this figurc the v a h w o f  - a t  which the 

maximum load is reach& can be read for each 

V? When the value of 

b,'b b V? 
be, 
b 

b ,  
b 

SCV Recanse 01 the relatively sma.11 
value of I/, 
numher of test points on which the curve is based 
the use of this figure can, however, not yet be 
recommended. Furthermore the results are appli- 
cable only im constructions made of 24 S-T. 

The ninximum load could, of course, be  deter- 
mined 'by solving eq. (5.29) by trial and error,' 

Fig. 5.31. Thc relation k t rvwn  t!hc pwametcr 

at wbiioh tlie maximum load is readred 

and tho parameter 1/- 
le 

hiit this method seems to be less accurate. 
The excellent agreement hctmeen bhe results €or 

the e. w. in the plastic range and the theoretical 
curve for the elastic range offers an opportunity 
to predict with good accuracy from the latter and 
the stress-strain curve of the specific material the 
maximum loads of plates. This can be done as 
follows. 

At a point A in the plastic rarigc of the stress- 
strain curve of the material the stress uA and 
the strain zA are determined. With the theoretical 

buckling strain cC, the ratio v F  is calciilatd 

and from thc theoretical curve for the e. w. in the 

elastic range (fi,g. 5.9) the ratio - can be found. 

The average. stress ud in the p h t e  a t  the strain 

e,, can .lie derived from uA =- . uA.  By repeat- 

ing this calculation of uL for some values of E A  

in tlie neighhourhood of bhe cxpeeted maximum 
st,rain the valne umax can he determined. 

This procedurc has been carried o u t  fo r  all speci- 
mens of the definitive tests. Thc maximum load 
appeared to lie in the region of 40 < lo' . E* < 70 
for all specimens. The value of ;A \vas therefore 
calculated only for bhe valiles lo4 . E ~ ' =  40, 50, 60, 

b,, 
b - 

- bm 
11 - 

- 
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TABEL 6.1 

Characteristic valnes of the specimens 01' mf. 4. 
__ 
Width 

in 
- __ 

2.160 
2.550 
2.910 

4.290 
5.270 
6.520 
7.900 
3.730 

2.240 
2.630 
2.680 
3.630 
4.350 
5.550 
6.670 
8.010 

3.600 

4.460 

__ 

0 
2.18 
2.57 
2.94 
3.645 
4.335 
5.265 
6.368 
7.60,O 

0 .  
3.086 

0 .  

2.627 
3.062 

4.260 

6.300 

0 

2.207 

3.590 

5.180 

7.320 

__ 
Spec. 
no. 1) 
__ - 

1A 
2A 
3A 
4A 
5A 
6A 
7A 
8A 

19A 
2OA 
1B 
2B 
3B 
4B 
5B 
6B 
7B 
8B 

Mean 
Lhickness 

in 

0.0618 

0.0656 
n.0660 

0.0637 
0.0647 

0.0659 
0.0652 
0.0634 
0.0677 

0.0641 
0.0658 
0.0639 

0.0669 
0.0693 
0.0687 
0.0668 

0.0687 

0.0660 

0.0661 
0.0624 
0.0643 
0.0654 
0.0663 

0.0659 

0.0633 
0.0665 

0.0696 
0.0631 
0.0657 
0.0674 

0.0656 
0.0647 

0.0667 

0.0639 

0.0687 

0.0653 

0.0630 
0.0610 
0.0655 

10-e E 
!bs/ini 
__ __ 

10.09 

10.09 
10.09 

10.09 
10.09 
10.09 
10.09 

10.62 
10.82 
10.82 

10.82 
10.62 
10.62 
10.82 

10.09 

10.09 

10.09 

10.62 

no. o c  3 
__ __ 

5680 
5660 
5660 
5660 

5660 
5660 
5660 
5660 
5660 

5620 
5620 
5820 
5820 
5620 

5820 

56sn 

58x1 

5620 

-_ 
- 

5680 
5680 

5680 
5680 

5680 

5660 

5680 

5680 

5680 
- 

- 
5620 
5820 
5620 
5820 

5620 
5620 

~ Y I  

5620 
- 

__ 

' 5810 
5810 

5610 

5610 
5810 
5810 

5610 

5810 

__ 

2960 
2250 
1790 
1200 
854 
564 
361 
163 

1190 
657 

2260 

1195 
654 
563 
361 
251 

2950 

1780 

0.721 

0.561 
0.459 

0.315 

0.179 
0.457 
0.368 
0.712 
0.623 
0.553 
0.453 
0.363 
0.311 
0.249 

0.630 

0.386 

0.252 

0.208 

4260 
4260 
4260 

4260 
4260 

4260 
4'60 
4260 

4470 
4470 
4470 
4470 
4470 
4470 
4470 

4260 

4260 

4470 

0.633 

0.648 
0.530 

0.364 
0.291 

0.727 

, 0.448 

0.207 
0.528 

0.612 

0.631 

0.448 

0.711 

0.517 
0.437 
0.355 
0.264 
0.237 

9A 
10A 
11A 
12A 
138 
14A 
15A 
16A 
178 
18.4 
21A 

9B 
10B 
11B 
12B 
13B 
14B 
15B 
16B 
17B 
1PB 

- 
in.09 

10.09 
10.09 
10.09 
10.09 

10.09 

10.09 
10.09 
- 

10.09 

10.82 
- 

10.62 
10.82 
10.s2 
10.82 

10.82 
10.82 

10.82 

- 

- 
4260 
4260 
4260 
4260 
4260 
4260 
4260 
4260 

'4260 

4470 

4470 

4470 

4470 

- 

- 

447n 

4470 

4470 

4470 
- 

- 
5170 
3950 
3130 

1490 
990 
631 
438 

3130 

5160 
3950 

2090 

985 
631 
43s 

2090 

- 

- 

3060 

isno 

- 

- 
1.102 

0.700 

0.482 

0.963 
0.657 

0.591 

0.385 
0.321 
- 

0.657 

1.074 
- 

0.940 
0.827 
0.663 
0.579 
0.469 
0.376 
0.313 
- 

- 
0.954 
0.633 

0.606 

0.418 
0.333 
0.276 

0.742 

0.942 
0.824 

0.599 

0.742 

0.512 

- 

- 

0.725 

0.507 
0.411 
0.329 
0.274 
- 

B1A 
BIB 
B2A 
B2B 
B3A 
B3B 
B4A 
B4B 

0.10605 
0.10565 
0.06345 
0.08420 
0.06814 
0.06665 

0.0 5 0 0 1 
0.04916 

11.11 
11.11 
11.11 
11.11 
11.11 
11.11 
11.11 
11.11 

2640 
2830 
1760 
1790 
1170 

610 
1190 

631 

0.699 
0.697 
0.550 
0.555 
0.448 

0.324 
0.452 

0 . m  

0.803 
0.802 

0.637 
0.515 
0.520 

0.379 

0.632 

0.372 

I )  In thc nurnhers of the ball- and roller-edgcd spcciniens thc  letter A i s  g i w n  t o  dad pnncls (1j.T.D. 516) and thc  
letter R t u  unclad pnncls (D.T.D. 646). All str ingwedged panels are made from unclad ina t a r id  (U.T.D. 646). 
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and 70. The agreement with the measured maxi- 
nium loads proved to he very good. The error in 
the calculated value, averaged over all specimens, 
w& smaller than 2.2 % of the measured value. 
The largest errors (smaller than F 5 %) appear- 
ed with the specimens BC 3-2, C3-1, C 3-2, and 
1) 3-2, these being the spccimens with the largest 
thickness of the plate. 

6 Results of ref. 4. 

6.1 Description of tests. 

the present test,s to a large extent. 
howcver, some significant differences. 

The experiments described in ref. 4 F e e  with 
here are, 

T,he specimens-consisted of only one bay with 
a length of 35 in. and a 'varying width ,between 
the longitudinal supports of 35-120 t,imes the 
plate thickness. All plates had the same thick- 
ness, nominally 1 6  s.w.~.,  and v-ere made of clad 
(I1.T.T). 546) or unclad (D.T.D. 646) material. 
The specimens with stiffeners, however, all had 
t,lic s a n e  width ( 5  in.), and varying thicknesses 
(from 12-18 s.w.g.). 

Three different longitudiiial edge support,s were 
used: rows of steel halls in vee-grooved ,hloeks, 
intended to imitate hinged-edge conditions, rows 
of steel rollers in recessed blocks, intended t o  
imitate clamped-edge conditions, and a single %- 

I sect,ion stringcr on one side of the specimen a t  
I>ot,h edges. 

Flat-end tests &re carried out in tho case of 
the hinged-edged and the clamped-edged conditions, 
the loaded edges of the stiffened specimens were 
cast in Wood's metal. 

The plate load and mean strain werc measured. 
The shape of the skin buckles was determined wibh 
it dial indicat,or. The indicator was arranged to 
hc free to slide laterally on a cross-frame, which 
was itself free to slide vertically on ed, .e runners 
titiached to t,he edge support rig. The weight of 
the cross-frame a,nd indicator ma,s halanced by lead 
weights. hmpli1,iides vere  nieasured a t  the nodes 
of grid lines, which mere marked on the plates 
sgmmctrically about the center a.nd extending over 
ii length of 3 times the width. In some cases 
iimplititdes were measured over the ~vhole length 
of the panel. 

Table 6.1 contains some dimensions and charac- 
teristic values of the specimcns. The buckling 
strain ec7 has 'been calculated for ideal simply 
snpportcd and clamped longitudinal edges. It can .- 
be seen that the values of I/%for the speei- 

C" -= 
mens are in general smaller t,han 1, as was the 
ease with the prcsent tests. 

6.2 kesiLlt.9 of tests. 

The influence of friction at  the supports of the 
longitudinal edges was determined in separate tests 
fo r  each type of support. I n  the ball-edged panels 
the friction proved to he negligible, contrary to 
the roller-ed,ged panels for which corrections of 

the load-strain curves due to friction were neees- 
SaW. 

li' 2 From the measured buckling shape (T) - P  
I 

curves were determined and from these an experi- 
mental value of the bockling stress was estciblished. 
A second experimental value of the buckling stress 
was determined from bhe 'load-strain curve, tnking 
the value of the strain at which a sudden reduction 
in slope occurs. 

The experimental bueklinb; stresses m r e  eompar- 
ed with the  theoretical value. For  the ;ball-edged 
panels a fair  agreement appeared between both 
experimental values and the theoretical value, 
except in the case of the clad' specimens whicli 
,buckled a t  loads in excess of the yield load of 
the cladding. I n  these cases the experimental 
values were about 15 % smaller than the esperi- 
mental values for similar unclad panels. This 
agrees very well with the results described in 
section 4.5. 

For the roller-edged panels the experimental 
values appeared to be smaller than the theoretical 
value, the clamping effect .of the roller supports 
hcing too small. Rcre again clad panels exhibit 
csperimcntal values smaller than the experimental 
v;ilues for  unclad panels. T.he experimental buck- 
ling stresses of the stringer-ed.ged panels showed 
a good mutual igreement for  plates with large 
thicknesses, bnt the agreement was not good for 
plates with small thicknesses. The clamping effect 
of the st,ringcrs approximated ideal clamping better 
in  panels with smaller bhickncsses. 

I n  the tests the elastic limit of the material was 
not exceeded very far ,  the resiilts being given only 
for strains up to 5'. l(r. T,he elastic limit in the 
materiiil is reached at a. strain of a!hout 4 . 109. 

The results are presented in the form of load- 
strain curves, from which o-upngn curves, .and 

- -uCep curves were deduced, using the 
d ; 
d 'Tericr 
panel E in the cldstie region. The& curves are 
tilrcady corrected for  the friction occurring a t  the 
longitudinal support. 

The results of some specimens are used here 
for t,he evaluat,ion of the e.w. as a function of 

- 

.- 

I/:. For rC, the csperimcntal value derived 
" " 

from the amplitude measnrements was chasen. 

The ratio &L was calculated with fonnnlas (5.2) 

and (5.3) for some values of E from the 'T- 'T~,,~~ 

cnrves gimn in the original reports on which ref. 4 
is hased, and shown in figs. 6.1-6.4 incl. 

bn: The ratio - could he derived from the ,given 
b . .  

a v  - - orrise curves, and is also shown in figs. 
d u e%< 

6.1-6.4 incl. Snhstituting (52 )  ii (5.10) and 
taking uek,,=E E ,  we find fo r  the elastie region 

- b 

- 

(6.1) 
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Fig. 61. Canipnrisun of tilo rirults for  the effeetiae width of  some 
rpecimcns from rcf. 4 with the thwrotical ourm far the 

cffeetive width in the clastio range from rcf. 3. 
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Fig. G.2. Compnrison of tlx rmnlts for  tlie cffmtivc wiilth of some 
fipoeiniens from ref. 4 with the theoretical cnwe-cii for  the 

effectivc width in the clastic mmye from.ref .  3. 
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h,h 
b h  

Fig. 11.3. Compnrisun of tlw2 results fo r  the cffeative width Of some 
speoimeirs from ref. 4 wit.h thc theorotieal curves far the 

effective yidth io '&e elastic range from ref. 3. 

Fig. 6.4. Compnrison o f  the rcsults f o r  thc effective width of some 
specimens from ref. 4 5vith the theoretical r.u~c.s fo r  the 

effcetive rvidt,li in bhe rlnstio range from ref. 3. 
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This equation holds also for the plastic region, 
which can be shown by siibstituting (5.2) in (5.12) 

arid taking d ue66e = E, .  E and __ - E t .  - a& 
a; 
d u edge 

In ref. 4 the value of - (has hecn calcn- 

lated using the panel E in the elastic region. Hence 

this rat.io does not rcprcscnt - in the plastic 

region. For accurate results in the plastic region 

the values of - derived in ref. 4 must he 

multiplied with the factor - hclonging to thc 

same value of E.  This factor is alivays larger than 
d o  

one, hence - was understimated in the 

plastic region. 
The maximum load in the panel will be found 

.at  the value of V T g i v e n  'by (5.29), for which 

b,,,'=O. This value of v F  will lie too large 

when the plasticity of the material is not taken 
into account. lIence the intersection o€ the 

ciirves with t h e  I/?. axis must be dia- b ": 
b 

b m' 

b 

- a w  
d u o d g n  

13 
Et 

- 

d o r n z e  

- 

- 

placed to lower valnes of VF. 
b ,Er 

b 
The - curves shown in figs. 6.1-6.4 incl. are 

not corrected for t,he effect of plasticity, heeause 
sulfiricnt s t ress t ra in  curves for  the material of 
the specimens were not available for all specimens. 

h,' I1i:nce the curves for - in figs. 6 . 1 4 . 4  incl. 
11 

show too small vallles of - in the plastic region. b,' 
h 

The values of v F  for  which the - b" curves 
11 

arc valid, are given in figs. 6.1-6.4 incl. 

Because of the error in the curve for in the 

plastic region the values of VF for which 

b,,: = 0 :ire not, plotted in fig. 5.30. Comparison 

of these values of 

.6.4 inel. with the results of the present, tests in 

fig. 5.30 skows, however, that  the values of 

b 

"d eiived : from figs. 6.1- v: 
ECr E- 

: f&n ref. 4 are too Iargc, w11ic11 was expected. 

6.3 i>isc?lssion of results. 

The tests with ,hall- and roller edge supports 
did not imittite hinged-edge and clamped-edge 
conditions. They wcrc, however, representative of 
slight and h e a ~ y  edge fixation. I n  the first ease 

the plate material outside the supports had an 
important in€luence on the results and in the 
second case the  flexibility of the rollers caused the 
diflcrence with the clamped-edge conditions. The I 
resiilts had to be corrected for  initial errors due 
to  fliction and contact deformation. 

b , , b  Tmhe departure of the results for - in figs 
b 

6.1-6.4 incl. from the theoretical curve is in 
,general larger than in the present tests. This caii 
be ca.osed hy the fact that the specimens consist 
of hut, one bay, and by the friction at  the supports. 

According to the results of the present tests 
the  e. w. of a specimen with one hay will he 
smaller than the 8.w.  of a specimcn with more 
bays ( e .  g. compare t,hc results for the specimens 
B 5-1 and B 1-1 in fig. 5.17). 

Proliably the large departure from the theore- 
tical c u n ~ e  in the ease of the hinged-edged con- 
dition will mainly 'be due to this effect. I n  thc 
tests with the roller cdge supports, however, this 
effect will he much smaller, \>ut nolv the friction 
at  the  supports will play a more important role, 

Snppose t,liat the friction has not been taken 
into aceonnt. T,hen the measured load at  a cert,ain 
averagc strain of the whole specimen will he too 

large arid this results in a too la.rge r t' 

Therefore, when the test results are not corrected 
sufficiently (or not at all) for initia.1 crrors due 
to 'friction the resulting effective width will be 
too large, 

The agreement of the measuring results for -, 
shown in figs. 6.1-6.4 inel., with the theoretieal 
eurves is, in view of the possible errors mentioned 
,?lhove, quite fair. It is clear t h a t  in some eases 
t,lie departure of the test points from tho theore- 
tical cnims will he smaller when a more suitable 
valne of eCI is used. Obviously in thesc cases the 
experimental buckling strain E:, was wrong (see 
section 5.3).  

No marked diffcrenee in the results for clad 
and linelad specimens and for hinged-edged $ind 
clamped-edgc conditions could IJe found. 

7 Conclusions. 

7.1 Tbe test arrangement, designed fo r  the pre- 
liminary tests and used with little modifications 
in bhe definitive tests, proved to he satisfactory 
for the proposed test programme. .The lon,gitudinal 
supports carried out as knife-edges required care- 
ful  attention, lieeanse t,hc amount of play 11ctween 
the knife-cdges and the panel (had to he fixed 
lietween narrow limits. Too much play will give 
rise to  local buckling near the snpports. Further- 
more the possihilit,y exists that  the plate does no t  
remain plilnc at  low loads. Too little play, h o w  
ever, will cliuse friction along hhe knife-edges, 
rcsrilting in large errors in the results. Neverthe- 
less errors in the rcsults could not he avoided. 
They rverc compensated by snita~ble corrcetions. 

The frames carrpitig the knife-edge supports 
ivcre not rigid enou,gh, which appeased especially 

b,  
b 

a io - 

11, 

b 

' 
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after some tests in which irregular wave forms 
caused large forces in the supports. 

I t  has been shown that the fact, that the loaded 
edges of the specimens are not eaxctly parallel, 
has some influence on the stress distribution in 
the plate. This influence is important only in the 
ncighhouzhood of the origin of the load-deforma- 
tion curve. A correction for this error at low loads 
was introduced. 

7.2 A value for the buckling atress could he deter- 
niined experimentally from the amplitude measure- 
ments. I n  some cases, however, this value Was not 
iircurate because the number of a m p h d e  measure- 
ments in the neighbourhood of the buckling stress 
was too small. It can be recommended, therefore, 
to take in future tests more amplitude. measure- 
ments a t  loads in small excess of the buckling load. 
Irregularities in the wave form occurred at loads 
in small excess of the buckling load. 

I 7.3 From tlie preliminary tests it can be con- 
eluded, that the scatter in the results of similar 
specimens is very low, and that the difference in 
effective width between corresponding specimens 
with three or more bays is negligjble. There ap- 
peared, howeiTer, a marked difference with speci- 
mens having less than three bays. Hmce the 
dcfinit,ive tests could be collducted on specimens 
with three bays. 

I 

For the range of (,/s.covered in the. pre- 
Y Ir 

liminary tests the theoretical effective width in 
the elastic region can bo used safely in tlie plastic 
region. 
7.4 The specimciis of the definitive tests, all con- - 

sisting of three bays, covered the range of I/? 
I ..= 

, between 0.284 and 0.750. The difference hetween 
the effective width in the plastic region and the 
thcoretioal effectiTre width in the elastic region 
appea.red to be small for all values of the para-. 

meter W F u s e d  in the tests, and therefore the 

theoretical value for the effective widtb in the 
elastic region can be used safely throurhout this 

range of vF The results for the effective 

width in view of the compressive stiffness showed 

in the elastic range (thus for values of V? 
larger than the value of the parameter v F  
for each specimen) a la.rger ,difference with the 
corresponding theoretical curve, but it must be 
realised that these points are' derived by calcula- 
tion from the measuring points for the effective 
width, so that these points contain all errors 
present in the original points plus the errors due 
to  the not exact calculation. The values of the 
effective width in view of the compressive stiffness - .- 

in the plastic range (,/: < v%) appear- 

ed. not t? be comparable with the curve for the 
elastic range, these curves being in the plastic 

range dependent of the parameter vg, of the 

shape of the stress-strain curve of the material in 
the plastic region, and of the dimensions of the 
specimen. These curves are therefore valid only 
for the material and the shape of the specimens 
investigated. 

It can he concluded from the tests that the 
presence of cladding does not influence the effec- 
t,ive width in the plastic region. 

It is possible that the agreement hetween the 
effective widths in. the plastic and elastic regions 
would not be so good for  materials having a dif- 
ferent form of s t ress t ra in curve. It is therefore 
recommcnded to extend these tests to specimens 
made of materials like 75 S-T and 2s or 3s. 
7.5 A point of further research is formed (by the 
edge conditions at the longitudinal supports. All 
present tests were conducted on 'specimens with 
simply supported edges. Tests on specimens with 
fully elamped edges will, however, be difficult to 
realise, us is shown. in ref. 4. Furthermore, bhe 
results of ref. 4 zive no indication that the e.w. 
for specimens wiht elamped edges will he different 
from the e. w. for specimens with simply support- 
ed cdgm at the same value of 6 , ' ~ ~ " ;  this agrees 
with the theoretical results of ref. 3. 
7.6 The excellent agreement between the results 
for the effective width in the plastic range and 
the theoretical curve for the elastic range m&cs 
it possible to predict with good accuracy the maxi- 
mum load of plates under compression from the 
stress-strain relation of the material and the theo- 
retical euive of the effecthe width in the elastic 
range. For all specimens of the definitive tests the 
maximum load  vas calculated a.nd the error in the 
calculated vilue ' as compared witb the measured 
maximum load, averaged over all specimens ap- 
peared to the smaller than k 2.2 % of the measured 
\due. 
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APPENDIX. 

Calculation of the ultimate compression load with 
respect t o  general instability of a panel with 

stringers in the direction of the load. 

A panel, loaded in eornpressioll and consisting 
of a plate with stringers in tlic direction of thc 
. l i d ,  will ultimately collapse by local failure of 
t,he st,ringer.u or by general instability. In most 
ciises general insta.bility will occur after the buck- 
ling strcss of the plate lias been escceded. For 
pa.nels \Tith relatively heavy stringer3 the critical 
load nray even lie beyond the elmticity limit. The 
load, a t  which general instability will occur, can 
be computed from the formule 

where k is determined 'by the clamping conditiom 
of the loaded ed,gea and where B represents the 
hending stiffness of the cross-section. In ease the 
elasticity limit tnw been esceeded the ,bending stiff- 
ness has to he calculated for increasing compres- 
sion strain over the whole. cross-section (Shanley- 
effect,). The hending stiffness is defined 'by 

S M  = BSd'. (11.2) 

Consider il cross-sectional element of a panel 
(fig. A. 1). Let z ,be the transverse coordinate 
with referenee to the neutral axis in ,bending. 
Then SM is given by 

S M = /  BrrzdS. (-4.3) 
S 

If BE denotes the increment of specific shortening 
due to hending and if the subscript 1 refers to 
one hay of the plate and the subscript 2 to the 
adjacent stringer, then 

or 
dP,  SH c (d #,l'+ E t ,  I . )  6w". (A. 4) 

Thus for the bending stiffness of one cross-sectional 
element is found 

zI2 + Et,  I , .  B=^ (A. 5 )  
d P  
d e  

Now 

P, = or hbm , (A. 6) 
where o1 i s  the stress in the plate at the stiffener 
attachment line. 

rt foilows 

or 



I n  terms of e. w. the stiffness'of the plate can be 
expressecl by 

.(A. 8) 
aP - = E t ,  h bm', 
dE 

where 

Now (A. 5 )  can be written as follows 

H r E t , h b m ' a , 2 +  E t , I , .  (A.lO) 

In case the materials of the stringers and of the 
plate have an identical compressive stress-strain 
cupve, formula (A.10) assumes the simple form 

B = Et P,  (A. 11) 

in which I' is the moment of inertia of one cross- 
sectional element about the neutral axis in bend- 
ing, including the contribution of the plate by 
means of the e.w. bm', defined by (A. 9). 

b,' - may have a negative value in the plastic b 
range, as E,  will smn become much. smaller 
than E,. 

The determination of the neutral axis in bending 
can easily be given in ternis of the e. w. bo,'. Let 
the distance from the center of gravity of the 

I I 

, b '  

Fig. A 1. Qoometry of o m  cross-seetioml element of panel. 

stringer cross-section to the plate be denoted by e 
(fig. A. l ) ,  then it follows 

S. 60 

- 

Et. 8, i z -  (A. 12) E,, S, i EI, bm'k ' 

As b,' may be < 0, z1 may be > e .  
, Further for I ,  can 'he written 

I , = S , i 2 ' +  S, ( e - z 2 , ) 2 ,  (A. 13) 
if i represents the radius of inertia of the stringer 
cross-section. 

In each particular case the value of PCr h a s  to 
lie determined by graphical means. For some 
values of E ,  corresponding with definite values of ~t, 

P 

pc, 

i( 
I 

E,, E 

fig. A2.  Qraphieal dotermimtioo of Per, 

P ,  Pc ,  is computed from ( A . l )  and (A.10). The 
intersection of the P - - E  curve and the P C 7 - s  
curve gives the value of the critical I d  and the 
critical specific shortening (fig, A. 2) .  




