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A. Board and Organization 

On 31 December 7955 the Board consisted of the following members: 

Prof. Dr. I r .  H. J. van der Maas, President, 
Ninistry of Edacatioii: Arts and Sciences. 

J .  W. F. Backei, Vice-President Dir. Qen., Ilept. of Civil Aviation 
Ministry of Transport and “ Watcrstaat ‘ I .  

Dr. 1,. Neher Xnistry of Transport and “Waterstaat”. : 
Prof. Ir. 1). Uresdei, President National Council for Industrial 

Research T. N. 0. 
Col. I r .  C. W. A. Oyens Ihp .  Director of Ordnance and Snpplies, 

Royal Netherlands Air Force. 

Captain (E)  Royal Ncth. Navy E. C. Leertonner Director Air .Material Division, 
Royal Netherlands Navy. 

l h .  J. \V. de Stoppelaar Ilirector of Economic Affairs, 
Xinistry of Overseas Territories. 

Drs. H. P. Jongsma Director for E’inancial Participations, 
Ministry of Economic Affairs. 

Mr. 0. W. Vos Dep. Director for Financial Participations, 
Ministry of Finance. 

P. A. van de Velde Advisor Aviolanda Aircraft Company Inc. 

’ Technical University, Delft 

Ir. 1-1. C. van Meerten 

C. Wijdooge 

Prof. Dr. \V. J. D. van Duck 

Chief Designer and Ass. Manager, 
Royal Netherlands Aircraft Factories Fokker. 

Head Techn. Sales Dept., 
R,oyal Dutch Airlines, K. L. M. 
Scient. Advisor Royal Dutch Shell, for the 
R,oyal Dutch .4eronautid Association. 

The executive committee consisted of president and vice-president. Mr. G. C. Klapwijk 
continued to be Secretary-treasurer of the Board. Lt. Col. A. H. Geudeker joined the Bureau of 
the Board as principal technical officer. Prof. Dr. A. van der Neut and Prof. Dr. R. Timman were 
Scientific Advisors to the Laboratory appointed by the Board. 

Parliament approved the Bill involving modification of the subsidizing policy in the Charter 
of the Institute, which Bill has been gazetted in the “Staatsblad nr. 105”, dd. 29 March, 1955. 

The Advisory Scientific Committee has been superseded by a joint Scientific Committee 
N.L.L.-N.I.V. in consideration of the common needs for  scientific adviees of both the Institute and 
the Netherlands Aircraft Development Board (N. I.V.). 

Prof: Dr. Ir. W. T. Kniter has been appointed Chairman of the Committee,, Prof. Dr. Ir. 
W. F. Brandsma, Maj, Gen. Prof. Dr. G. Otten and Prof. Dr. L: J. F. Broer have been appointed 
members. 
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Five subcommittees have been set up, for Strength and Materials, Theoretical Aerodynamics, 
Applied Aerodynamics, Aero-elasticity and Flight-Testing. 

As the Advisory G.roup for Aeronautical Research and Development (AGARD) has ,been 
definitely established within NATO in 1954, delegates of the various countries had to be appointed 
again under the new rules. By the Minister of War and.of. the Navy the President of the Board 
and the Director ,of the Institute have been appointed Rational Delcgates, whereas two members 
of the Staff have been appointed Panel. Membei%. 

February 1955 the Institut,e concluded an agreement with the Association Internationalc des 
Constructeurs de Mati?riel Akronautiqiies (AICMA) rega.rding the use of t.he NLId-transonic wind- 
tunnel for the aircraft constructors of the Western European continent. 

B. The Laboratory. 

1 General. 
1.1 Stuff .  

The management consisted of :  

Director: Prof. DY. C. Zwikker 

Ilep. Director: I r .  A. Boelen 

Section Aerodynamics (A) : I r .  N. Feis 

Section Combustion ( C )  : 

Section Flutter arid 
Theoretical Aerodynamics (F) : 

Ir. A. J. hlarx 
Drs. IT'. J. Basting 

Dr. I r .  A. I. van dc Vooren 

Section Gasdynamics ( G )  : 
Section Helicopters (H) : Ir. A. J. Marx 

Section Materials and Structures (AI and S) : 
Windtunnel Construction Bureau (N) : 

Dr. S. F.8 Erdmann 

Ir. L. R. Lucassen 

1)r. Ir. F. J. Plantema 

Ir. J. Boel 

Section Free-flying Models (0) : Ir. A. J. Marx 
Ir. G. Y. Fokkinga 

Section Flight ~Iechanics and Flight Testing (V) : Ir. A. J. Marx 
' Ir. T. van Oosterom 

Ducumentation and Library : 
Administration : 

Dm. G. Scherpenhuijsen Rom 
G. J. Hendriks. 

The staff of the laboratory consisted of 59 scientists, 34 graduates of Technical Colleges, 
105 technicians, 36 clerical staff and 18 others, in total 253. 13 mem'bers of the staff, among 
whom, 6 scientists,, wcre in military service. 

1.2 Windtunnels and equ.ipment. 

The Pilottunnel (1.4 X 1.63 ftl) has been tested; the Schlieren system and strain gauge ba.1anee.s 
functioned satisfactorily. A transonic test section is being dcveloped. 

In the construction of the High Speed Tunnel (5.3 X 6.7 f t2 )  together with the new building 
annexes good progress was made. 

The design studies for the Supersonic ,Tunnel resulted in a project fo r  a blowdown, tunnel,: 
test section 4 X 5 ftz,.  with a flexible nozzle for Ma-numbers from 1.3 to 4 approximately, measur-; 
ing time of about 20 see, energy supply by compressed air of 40 atm. 

In .  the worpshops a new automatic planing and duplicating machine with additional facilities 
for heavy milling work mill assist in the model construction for the high-speed windtnnnels. , 

* The linear analog-eomputor was delivered and has been successfully applied to  computations 
in the field of stahility, flutter, gust loads etc. Additions,] non-linear elements appeared to be 
useful for future work. An electronic digital computor dcveloped by the Netherlands P.T.T. has 
been .ordered. 

Complete equipment for telemetering has been supplied. to the Free-flying Models Section at 
the end of the year. 

. .  
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1.3 Ilescarclt Contracts. 

Contract work for the Netherlands Aircraft Development Board (N.I.V.) comprised extensive 
investigations in connection with the lWi  project, and a helicopter project. Also contracts cover- 
ing theoretical and experimental research in yiew of future development have been awarded. 

Contracts 'by the Royal Netherlands Air Force and the Royal Netherlands Navy included 
mainly ad-hoc research. For the Ropal Dutch Airlines, K.L.M., work has been done in the field 
of take-off and landing calculations, noise measurements and instrument development. 

The N.L.L. cooperated with the Department of Civil Aviation in the Committee for St,rength 
Specificat,ions for Civil Aircraft and gave advices on Air Regulations and flight testing. 

A number of orders from industry, including testing and calibration of apparatus and wind- 
tunnel measuremcnts on ship models, buildings etc. bave been carried out. 

1.4 Interna.tiom1 Cooperation. 

International cooperation in the Adrisor? Group for Aeronautical Research and Development 
(MAR,I>)  of the N&TO in various fields, to which Structures and Materials hare now been 
added, continued to he of great benefit. The General Assembly of AGARD in Ottawa and a 
journey of Dr. van de Vooren as A(1BRl)-consultat1t t , l i ~ u g h  t,he United States brought close con- 
tact with Bmcrican and Canadian scientists and inst,itutes. 

In' the International Committee on Aeronautical Fatigue in which Belgium, England, the 
Netherlands, Sweden and Switzerland are represented, the N.L.1,. having the secretariat, a fruit- 
ful  exchange of ideas could take place. 

2 Aerodynomics 'Section. 

F o k k e r F - 2 7 

The static stability and control characteristics of a complete model (1:15) have been measured 
both for normal flight, and Cor take-off and landing conditions with ground influence, also in the 
case of one-engine failure. 

Detailed measurements wit,h a large tailplane model and a wing-tip model with various types 
of ailerons have bein concluded. 

A free-flying model has heen launched above a water surface in order to investigate the 
ditching characteristics. 

T h e  F o l r k e r  S - 1 4  ( M a e h t r a i n e r )  

Pressuredistribution and three-component measurements at low speeds have been made with 
varions shapes of r,ockpit hood in order to investigate where the first development of shock waves 
could he expected when entering the transonic regime. 

(F' r i e 11 d s'h i p )  

- 

With a model of this aeroplane also ditching characteristics have been investigated. 

T h e  A v i o l a n d a  A T - 2 1  ( p i l o t l e s s  t a r g e t  p l a n e )  

wing-tip models. 

S w e p t  xv ings .  

The contrilmtion of the horizontal tail-plane to the stability of a swept-wing model at, low 
speeds has been determined as a function of its position behind the wing. In order to know the 
influence of the downwash on the tailplane the wake has been examined. 

A comparison has been made on the aerodynamic characteristics of a complete and a half- 
model (with plate in the plane of symmetry) of a swept-wing with fuselage. 

V a r i  o 11 s s n .I, j e c  t s. 

on ships, vent,ilation for buildings, st,reamliiiing of t,rains, etc. 

3 

B o u n d a r y  l a y e r  t h e o r y .  

siderably simplified (report F. 184). 

Performance measurements have been made on the complete model, and on tail-plane and 

Tests have been ca.rried out for various industries- concerning e. g. wind and smoke nuisance 

Fh t t e r  and Theoretical Aerodynamics Section. 

The .method' for calculatiiig the three-dimensional boundary layer about a wing has been' Con- 
The simplification is 'based upon the assumption that the 
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displacement and momentum thicknesses of the boundary layer cross flow are small compared 
with the same quantities taken, in the direction of the main flow. The results for the flat  yawed 
ellipsoid under zero angle o f '  incidence have been compared with the results formerly obtained 
by aid, of the oriiinal method (F. 165). The agreement is very satisfactory. 

L o a d  ' d i s t r i b u y i o n s  o f  w i n g s  i n  s t e a d y  f l o w .  

The load distribution' of circu1a.r wings for arbitrary camber distribution in' incompressible 
floiv.hL been calculated according to a new method which allows the Kutta condition to be satis- 
fied in all points of the trailing edge (report F. 189). 

T r a n s o n i c  f l o w .  ' .  

A method for calculating the twc-dimensional f lov about arbitrary profiles in the transonic 
region has been presented (report F, 185). The flow about a wedge was the subject of an  intro- 
ductory study. 

The phenomenon of .shock reflection at the walk of a transonic test section has  heen con: 
sidered and certain conclusions could be drawn for  the cases of transversal and longitudiiial slots 
(report F. 167). 

A e r o d y n a m i c  f o r c e s  o n  o s c i l l a t . i n g  a e r o f o i l s  

The general method, described in report F, 157, for the asymptotic solution of the TTave 
equation, has now been applied to the two-dimensional aerofoil oscillating either at  high frequeiicies 
or in a subsonic flow 'with Mach number near to 1. Numerical results are being'evaluated. 

Tjhc damping in pitch of a rectangular wing oscillating slowly a.bout an arbitrary spanwise 
axis in a subsonic flow of high Nach number has heen calculated. There exists an important 
difference between the results obtained hy quasisteady or by unsteady theov.  

Measurements of aerodynamic forces on oscillating wing-aileron combinations at  low spced have 
heen continued. A report (F. 175) was completed dealing with the meaurements performed with 
an aileron without aerodynamic balance. The boundav? layer of an oscillating wing was made 
yisihle by a smoke method and photographs %-ere taken by aid of stroboscopic illumination. ' ' ' . 

A e r o e l a s t i c i t y  a , n d  f l u t t e r .  

Flutter calculations have hecn made (repo;t F.164) for swept win@ using the strip t h e e 7  
lr-hich has formerly been developed a t  t,he NLL (report F.146). In many cases the deviations 
from the. results: obtained, by taking into account only the velocity component .perpendiculum to 
the wing are small. 

A criterion for the prevention of flutter for hinary aileron-spring . tab systems has been pre-, 
sented (F. 182). 

An investigation has been performed concerning the influence of the finite torsional stiffness 
of a flexible wing on gust loads (report F. 191). This may ,lead to considerably higher bending. 
moments than for a wing of infinite torsional stiffness. 

1 Gasdynamic Section. 
T r a n s o 11 i c t e s t - s e e t  i on.  

' 

. ,  

. .  . .  

1 ;' , .  . .  

The .reflection: of shock waves by slotted walls has lieen investigated in the 3, X 3 em2 super- 
sonic tunnel. ' .  

. i t '  

S 11 p e y s ' o n i e :  , t u n  n e.1 e o m  p o n  e n t s .  

Three possihle methods of nozzle construction have been 'compared, one with exchangeable fixed 
sections ,and two flexible constructions. .It appeared to he possible to realize an adjustable nozzle 

A heat, exchanger has heen designed for compensating the temperature drop caused by ex: 
pansioa 'of the pressurized air used: for driving the proposed blowdown-type tunnel. 

The study and design of Schlieren systems has'been continued. 

for Mach numbers varying from 1.2 through 4. . ,  

( .  , . ~ ~  . .  5 Struetures a,nd Haterials Section.. .i 

T h e  o r e  t i c a 1  s t r u e t u r e s r e s  e a r  c h. 

. , d h r i n g .  the: whole. of!:the year the capacity for carrying., out structural research was .severely 
rest,rieted by 'urgent .duties in connection with' t h e  airworthiness certification and the preparations 

. ,  
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for full-scale strength tests of the Fokker F-27 transport aeroplane, as well. as the structural 
design of the transonic windtunnel of the N.L.L. 

The stress and deflection analysis of semi-infinite, swept boxes clamped at the root mm 
continued. 

A report was prepared on methods suitable for  determining the. compressive strength of bonded 
stiffened panels (Report S. 463). 

-4 search was made of the literature concerning impact, loading of non-linear components sueh 
as beams hent ' in .the plastic range and buckling columns' (Report.S.455): 

Investigations were started on the effect of airplane flexibility on the ground loads ,during 
landing manoeuvres. Several other investigat,ions relating to airworthiness requirements (gust loads 
(Report S457), checked manoeuvre loads, design for fatigue) are being carried out. 

S t a t i c  t e s t i n g  o f  s t r u c t u r a l  c o m p o n e n t s .  

A swept box was designed and manufactured, on which tests to  verify the results of theoretical 
analyses will be carried out. 

Tests to determine the effective width in the plastic range of clad 75 S-T and half-hard alu- 
minium flat plates were carried ont. A diagram for determining .the ultimate strength of plates 
buckled in compression was derived (Xeport S. 465). 

A report on the plastic buckling tests carried out in 1954 was completed ah0 containing an 
empirical design formula (Report S. 444). 

F a t i g n  e. 

Various investigations running from 1954 could be completed or: were continued, viz. : 
Cumulative damage Jests on 24 S-T alclad strips and on riveted joints at two stress levels.' A 

critical rerieiT of tlic literatiire on cnmnlatire dama.gc in light alloys mas also included (Reports 
N. 1982 and M. 1.999): 

Endurance tests of flesible steel caliled used in aircraft (Report 11.1978). 
Tests to  determine the most important parts of the fatigue diagrams (Goodman diagrams) of 

Investigations were started concerning the fatigue strength of Redux-bonded single lap joints 
riveted joints (Report M. 1980) sild simple lugs. 

at low a.nd elevated temperatures, and on the propagation of fatigue cracks. 

A d h e s i v e s  a n d  p l a s t i c s .  

The investigations concerning the strength of Redux-bonded lap joints at low temperatures was 
completed (Report 11.1973). A neiy investigation was started on the short-term and 1ong:tem 
strength of Rcdux'bonded clad 75 S-T lap joints at elevated temperatures. 

The tests to determine the mechanical properties of glassfiber-polyester laminates were com- 
pleted (Report &I. 1991). 

M i  s c e I:l a n e o u  s w o r k .  

Research was carried ont concerning nltrasonic inspection of adhesive-bonded joints (Report 

A study was made of the effect of elevated temperatures up to  350°C on the mechanical 

Rapid-loading tests with single welded frames, glued metal joints and lugs showed no signi- 

11.1995) and of jet engine compressor aid tnrbine blades. 

properties of various aircraft materials (Report If. 1987). 

ficant dcT4ations from the ultimate static strengths (Report S. 466). 

6 Plight Testing and Instrumentation Section. 
R e s  p o n  s e m e a s n r e m  e n  t s. 

has been continued. 

out and better insight has been gained in various data reduction methods (V.1745). 

S t . a b i l 1 t y  a n d  C o n t r o l .  

The influence of elastic .deformation, at high subsonic air speeds, of high aspect-ratio 'swept 
wings on st,atic longitudinal stghility has been investigated. A simplified method for the calcula- 
tion .of the lift distribution' and resulting accompanying deformation gave satisfactory results in 
comparison' with the exact thcory (V. 1754). 

The static longitudinal stability and control at transonic and supersonic speeds for swept and 
delta wings has been studied from literature' (V.'1780)'. 

. ,  . 

The study of measuring techniques for the determination ' of dynamic aircraft characteristics 

A'  second series response measurements with the Siehel laboratory aeroplane has been carried 
. .  

, 

. 
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F 1 i.g h t t e s t i n g .  

The flight-testing of the prototype F-27 started at the end of t,he year after extensive pre- 
parations. Some performance testing of the prototype S-14 Nene and of the S-14 Denvmt pro- 
duction version has been ,carried out. 

The trajectory of the jettisoned cockpit hood of the 5-14 has been measured in flight from 
two accompanying Meteors. The results have been compared with windtiinnel measurements (Film), 

Some ad-hoc measurements on cabin noise, position error of pitot systems and ,control eharac- 
teristics of various types of aircraft haTe been carried out. 

With. the Siebel Laboratory aerop1,ane flight tests have been carried out on the effect of 
slotted wing-roots on the flying ,characteristics at large angles of. .attack. Comparison with ..wind- 
tunnel measnremcnts vas satisfactory (V. 1763). 

Lading-gear accelerations have h e m  measured during simulated deck-landings: 
. . I  

I n s  t r u i n  e n t a t i on.  

The planning and development of the flight,-test, instrumentation. for the prototype F 27 took 
much time. Two large automatic observers have been built, together with many devices built in 
in the aeroplane. ' A new calibrating apparatns for aceelemmeters has been put in operation. 

7 Helicopter Section 

The performance of .ramjets as influenced hy the dimensions of various components and by 
various atmospheric circumstances has been studied, in order to be able to reduce performance 
measurements to @her circumstances. 

Methods f o r  the calculation of take-off and landing characteristics of belicopters have been 
studied, in part,icular one-engine take-off of :I twin-engined helicopter and autorotation landin@. 
' The influence of the position of the tip-ramjets on the rise of temperature and contamination 
of the intake air by the preceding ramjet has been stndied in still air and in the mind tunnel. 

The influence'of the centrifngal accelerations on the fuel transport to the blidetips is being 
investigated. 

8 Free-fZying models section. 

The test. results of the launching of some NACA RDI-10 models gave satisfactory agreement 
with existing data. A new model with built-in programming mechanism has been designed for the 
investigation of stability and control, and flight loads. 

A study 'has beeu made of a. Doppler-radar installation and its construction from surplus 
stock is in good progres. A readily available telemetering system has been ordered and received. 

Both installations are mounted on trailers in order to have a mobile system. 

9 Conibustion Sectiow. 

The experimental investigation of the performance and fuel consumption of the NHl-ramjet 
has been continued. The measuring methods for the investiga.tion of the com,bnstion processes in 
a ramjet have been improved,, and ,the influence of rariour modifications on the ontpnt have been 
investigated. 

10 Ducunzenta.tion wad Pu,blications. 

C a t  a 1 o g n e o f  A e r b d y n a m  i c M e  a s  u r e m  e n t s ( C  AM) .  
. .  

The number of subscribers and the number of cards issued increased. A complete report 
covering systematical and 'alphabetical indexes, description and procedures has hem issued. A report 
has been delivered to the Congras Internationale des Biblioth&ques in Brussels. 

C e n t r a l  A e r o n  a u t i e a1 A h  s t r a e  t i n g S e r v i c e  (C L.D). 

Also here the number of cards issued and the number of subscribers increased. It has been 
decided t o  ahange ovcr gradually to the Universal I2ecimal Classification, as far as the existing 
U.U.C. chapters are satisfactory or can be improved. An intensive international contact through 
the AGAR11 Documentation committee has been maintained. 
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P 11 h 1 i c a t i o n  s. 

In 1955 146 reports were completed, of which the following were published, in addition to  
those puhlished in this volume: 

a) Multigraphed and ozalided reports: 

A. 1370 Buntsma, %‘. 

A. 1373 Boersma, G. and 

F. 152 De Jager, E. M. 
F .  

Landstra, J. A. 

156 ‘De Leeuiv, J. H., 
Eckhaus, W. and 
Van de Vooren, A. I. 

F. 157 Bnrger, A. P. 

F. 161 Bnrgerhout, Th. J. 

F .  163 Zaat, J. A. 
F. 164 De Ja.ger, E. M. 

F, 166 Bosschaert, A. C. A. 

F. 167 Eckhans, W. 
F. 170 1)e Jager, E. ilf. and 

Van de Vooren, A. I, 
RI. 1969 Jacohs, F. A. and 

Hartman, A. 

&I. 1973 Ihr tman,  A. 

*I. 1978 Hartman, A. 

il1. 1980 Klaassen, W. and 
Hartman, A. 

AI. 1982 Sehijae, J. and 

11. 1987 Hartman, A. 
Jacohs, F. A. 

11. 1995 Schijve, J. 
S. 444 Besseling, J. F. 

S .  446 Botman, M. 

S. 455 Benthem, J. P. . . 

S: 457 Plantema, F. J. 
S. 460 Hakkeling, B. 

S. 465 Botman, M. 

S. 466 Benthem, J. P. and 
de Vries, G.  I. 

Investigation of the Wall Influence on a Half RIodel of a Swept 
Wing with Fuselage. (In Dutch.) 
Properties of Internally Balanced and Non-Balanced Ailerons with 
Trim Tabs. ( In  Dutch.) 
The Theory of Conical Flows. 1955. ( In  Dutch.) 
The Solution of the Generalized Prandtl  Equation for Swept Wings. 

On the Asymptotic Solution of Wave Propagation and Oscillation 
Problems. 
The Electric Digital Computer “Zebra”. Part. I. General Survey 
for Programmers. ( In  Dutch.) 
Literature Survey of Two-Dimensional Transonic Flows. ( In  Dutch.) 
Lateral Stability Derivatives for a Swept Wng in Supersonic Flow. 
(In Dutch.) 
The Influence of the Chord-, Span., and Gear Ratios on Binar5- 
Aileron-Springtab Flutter. 
On the Theory of Shock Reflection on Walls with Slots. 
Slender Body Theory. (In Dutch.) 

The Effect of Sheet Thickness and Overlap on the Fatigue Strength 
at Repeated Tension of Redux Bonded 75  S-T Clad Single Lap 
Joints. 
The Low-Temperature Strength of &dux-Bonded Single Lap Joints 
in 24 S-T Alelad and Clad 75 S-T. ( In  Dutch.) 
Comparative Investigation on the Fatigue Strength of Flexible Pre- 
formed Steel Cable. ( In  Dutch.) 
The Fat,i,gue Diagram for  Fluctuating Tension of Single Lap Joints 
of Clad 24 S-T and 75 9-T Aluminum Alloy with 2 Rows of 17 S 
Rivets. 
Fatigue Tests on Notched and Unnotched Clad 24 S-T Sheet Speci- 
mens to Verify the Cumulative Damage Hypothesis. 
Mechanical Properties of Aluminium Alloys, Stainless Steel, Tita- 
nium and Titanium Alloys‘at Elevated Temperatures up to 450OC. 
(In Dutch.) 
Investigation on the Ultrasonic Testing of Glued Metal Joints. 
On the Buckling Problem in the Plastic Range for Struts and 
Plates. Par t  111. Experiments and Non-IXmcnsional Buckling 
curves. 
Shear Tests on 24 S-T Unstiffened and Stiffcncd Wehs with 
Flanged Holes. Part 2. 
Step and Impact Loads on Some Non-Linear Shruetural Elements. 
Some Ohservations on Gust Load Requirements. 
Comparison of the British, U. S. and ICAO Strength Rcqnirements 
for Flight Loads. ( I n  Dutch.) 
The Effective Width in the Plastic Range of Flat Plates under 
Compression. Part 111. 
Inx.estigation on the Strength of Redux-Bonded 75 S-T Clad Simple 
Lap Joints’ bnd ‘of. 24 S-T Lugs at Rapidly Applied Loads. 
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SIACA Standard Atmosphere with lnterrels of 10 m (33 i t ) .  ( In  

ilIanual for the Measurement of :ldag ‘in Aircraft Pitot Systems. 
(In Dutch.) 
An Investigation of the Dynamic Characteristics of the N.L,Jd. Pres- 
sure-Sensing Elements. (In Dutch.) 
The “Tightening” Phenomenon of Aircraft and a Few Related Pro- 
blems. (In ‘Dutch.) 
Study of Literature on Combustion in Ramjet. Engines. ( In  Dutch.) 
Cqmparison of the Calculated and Mcasured Lag in a Few Models 
of Aircraft Pitot Systems. (In Dutch.) 
Siehel PEt-NLI,,, type Si 204 D-1. Mcasuremcnts of the Deformation 
of Fuselage and Stabilo during Flight. (In Dutch.) 
An Investigation of the Longitudinal Stability and Control Charac- 
teristics of Aircraft by Means of Response Ueasurements. (In Dutch.) 
Helicopter Ground Resonance. ’ 

A Numerical Investigation, of, the Xffect of Aero-Elastic Yefor- 
mations on the Longitudinal Static Stability of an Aircraft, with 
a Swept Back Wing with Large Aspect Ratio. ( In  Dutch.) 
Balloon Race at ’s Hertogenbosch (Coupe Andries Blitz 1955). 
Calculations of and Cbeck on Gas Content and Handieay Ballast 
of the Balloons. ( I n  Dutch.) 

Siebel PII-NLL, type Si204 D-1. A Flight Investigation of the 
Effects of Slots in the Wing Root on the Flying Characteristics 
a t  .Large .Angles of Attack. ( In  Dutch.) 
The Shorts Analogue Computor. (In Dutch.) 

Dutch.) , , . ,  

V. 1650 Bnrgerhout, Th. and 

V. 1671 AIolier, W. J .  

V. 1722 Willekens, A. J. L. 

Pool, A. 

, 
V. 1725 Buhrman. J. 
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1 Introduction 

In this paper il calculation of the laminar 
hu11nd;1ry layer about a t,hree dimensional body 
will '1)e made. 1.n ref. 1 Tarn~m has developed a 
general theory for  the calculation of three dimen- 
sional laminar boundary layers. ' This general 
theory will ,lie applied to the laminar boundary 
layer of a yawed ellipsoid at zero incidence. The 
axes of the ellipsoid are chosen as a = 3 ,  b =I, 
c =  0,15 atid the direction of the undisturbed flow 
as (-1, -1, 0). Elor the calenlation. of the 
laminar bonndary layer the potential flow ahout 
the hody is necessary to he known. I n  the general 
case of a body of arbitrary shape this potential 
Elom is no t  known. A case which is of considerable 
interest is that of the boundary layer of a swept 
Iiack wing. To simulate conditions on a swept hack 
wing a yawed elli1)soid at zero incidence is examin- 
ed. The formulae for the potential flow ahout an 
ellipsoid arc well known and can he follnd in the 
wferenees 2 ,  3 and 4. 

I n  Trad~m's theory for three dimensional houn- 
dary layers a similar procedure as in the twc- 
diinansional ease is followed. The boundary layer 
equations can 'be replaced by a set of two first 
order partial differential equations in two unknown 
functions. These functions arc two parameters, 
characterizing the velocity profiles in the direction 
of the streamline a t  the outer edge of the 'boundary 
layer and in a direction parallel t o  the surface 
wid normal to  the streaniline direction. 

A short. survey of Tnfum's theory for three 
diniensional incompressible laminar 'boundary layers 
is given. After the introduction of suitable velo- 
city profiles and after a short treatment of the 
potcutid flow ahout, t,he ellipsoid the boundary 
layer calculations a.re performed. 

2 List of symbols. 
Ihrtesian coordinates ( i  = 1 ,2 ,3 )  
(:nussian coordinates (a = 1, 2) 
coordinate measured dong the normal 
to the surface 
st,reamline coordinates 
contravariant components of the veloei- 

vector in the free stream at the outer 
cdge of the boundary layer 
covariant components of the velocity 
vector in the free stream at the outer 
cclge of the houndaly layer 
1-clocity components in the boundan. 
layer 
covariant components of the metric 
tcnsor 
co~rtrav;~riaiit compo~ici~ts of the metric 
terisor 
line-element 
alisolute vahie of the velocity vector 
integration factor 
kinemntic viscosity 
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Riemann-Christoffel symbol 
coordinates 
profile parameters 
displacement thickness vector 
momentum thickness tensor 
dimensionless displacement thickness 
vector 
dimensionless momentum thickness 
vector 
functions of q 

PI, P,, ......, pks constants 
f', I', g', g2 
P, Pa, G', P functions of the parameters 

D and fl and of  the cwrdi- 

2, y, z Cartesian coordinates 
a, b, c , axes of the ellipsoid 
lJ,.V velocity components of the undisturbed 

flow 
p , q  . ,covariant velocity components on the 

surface of ?,he ellipsoid 
%I 8. constants 
vl, v2, v3 coordinates intrdueed in section 5 
1, A, p, v ,  K constants 
Aij, Big, P ,  Q ,  R, S, T, V ,  TV,  2 functions of the 

surface coordinates introduced in sec- 
tion 6. 

3 'The. momentum equations in streamline coor- 
dinates. 

Ttlc potential flow ahout a 'body in three- 
dimensional space with Cartesian coordinates yi 
(i=l, 2 , 3 )  is completely determined by its 
velocity pot,ential ~(yi). This velocity potential 
~(yi) must satisfy the condition that the gradient 

is tangential to the surhce F of the body. 

Introduce the curvilinear coordinates x' (a = 
0, 1, 2) ,  zo being the Euclidean distance from a 
point in space to the snrface measured along the 
normal to  t,he surface through this point alld x1 
and x2 the  coordinates on the sarface P. The line 
clement for these coordinates is then 

a t j  

as2= (dyi)a=goodzedzP 4- 
+ ( d x y  (a , ,0=1,2)  (3.1) 

wherc 

(3.2) 

In the Cartesian coordinates vi there is no dif- 
ference Ijctween eo- and contravariant componcnts 
of the velocity vector 

I n  the curvilinear coordinates the covariant com- 
ponents of the velocity vector are 

The fact that the velocity vector is tangential 
to the surface F requires U,=0 for xo=Oo. 
Hence, on the surface the velocity vector is €1111~ 
determined by its two components in the Gaussian 
system. Introduce now again a curvilinear ortho- 
gonal coordinate system ta (A = 1 , 2 )  on the sur- 
face defined by requiring the covariant components 
of the velocity vector to nssume the form 

- - 
u,=1, u,=o. (3.5) 

From the transformiltion formulae 

(3.6) 

it follows 

The formulae (3.4) and (3 .7)  show that 

.? = P I (3.8) 
taking the value of the constant of integration to 
he zero. 

The second coordinate 4' can he determined from 
the orthogonality conditions. 

1)eiioting the new metric tensor by yap the line 
clement is 

da2 = g,$ dz" ax@ = Y A P  a p  . (3.9) 

Owing to the orthogonality holds 

YlZ =y*1 = 0 (3.10) 
and thus 

Y = I det yap I = yllyZ2 . (3.11) 

The contravariant components yap are 

llcnoting ,t' 'by $ this differential equation can 
tic solved by putting 
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and p is a fnnction which mustsatisfy the equation 

= O .  (3.15) a V % v +  0Vpgu9 
ax* ae 

Let the square of the veloeity vector l i e  denoted 
hy T ,  then 

and 

- 2g"111112+g"(lP)2}  = p g . ~ l i ~ l I / ~ = p l ' .  (3.16) 

The line-element in the new streamline coordinates 
p and $ is now 

) .  (317) 

Introdiicing for the coordinate normal to the sur- 
face a new variahlp liy putting 

2' 

where u I  is the kinematic viscosity 
and replacing the velocity component U, in this 
direction by 

then according to IAN (ref. 5) the lioundary layer 
eyiiations assnmc the form 

4 (3.20) 

The comniil's dcnote covariant differentiation in 
the coordinates xa (e = 1, 2) ,  so that 

where 

(3.21) ' 

7J" denote the contravariant components of the 
\docity vector in the free stream at the outer 
edge of the boundary layer; ua the components in 
the boundary layer. 

From the equations (3.20) the momentum eqna- 
tion is found hy integation with respect t o  p 
from 0 to m 

Introdnction of the displacement thickness vector 

8, = 1 (U,  - u,)dC 

and the momentnm thickness tensor 
0 

(3.24) 

9.8= ~ ( " . - - e , ) ~ d p  
U 

gives to the equations (3.23) the form 

In streamline coordinates p and $ the covariant 
components of the free stream *elocity vector are 

u,=1,, u,-0 

and the covariant derivatives U.,g become 

UE, @ = - rb, p . (3.26) 

1Jsing the relations 7" = Z', y Z 2 = p T  and y"= 
y" = 0 one can write for the Riemann-Christoffel 
syniliols 

(3.27) 

'l'tikiiig acconnt of the identities 

S @ = y @ ' 8 c ,  Ye@ = y @ &  

(3.25) 

the nromentnm equations become 

(3.29) 
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4 The solution of the momentum equations. 

The nloinentnm equatiom, derived in the pre- 
ceding section, are not sufficient to determine 
completely the hunndary layer flow. In fact, the 
boundary {valne prohlem formed by the boundary 
layer equations together with the hoiindary con- 
ditions at the wall and  in infinity is equivalent 
to the momentum cquation and a set U S  infinitely 
many houridary conditions for 5 = 0 and 5 = CTJ , 
ohtained from (3.20) b y  differentiation wit,li r e s  
pect to 5 and putting 5 = 0 and  < = m .  The 
first qf these houndary conditions. at the wall reads 

I [Jsing tbe eqnation of continuity the second boun- 
dtiry 1-onditions ;It the wall can be written as 

From the relations [ue p]r=O = 0 and 1% . P  , @ ]  = 0 
5-0 

this boundary condition can he redneed to 

The folloming boundary conditions contain deri- 
vatives of unknown fuiict,ions as is secn 'by differ- 
cntiat,ing (3.20) once more with respect to < and 
pntting [ = O  and hence cannot be t,&en into ac- 
count without greatly complicating the calculations. 
In tlie streamline coordinates (4.1) becomes 

The set of partial differential equations (3.29) 
will be replaced hy a set of two quasi-linear first 
order pa.Ytial differential cquations in two unknown 
functions. These functions are two parameters, 
cnin'acterizing the velocit,y profiles in the direction 
of the st,rcamlinc at  the outer edge of the houndary 
layer and in the direction parallel to the surface 
a i d  nornial to this streanilinc clirection. 

111 order to specify the velocity profilcs in  t,he 
limndary layer the covariant components of the 
velocit,y profiles \%hie11 are dimeiisionless quanti- 
ties, are considered. F o r  [+ i4 these cova,riant. 
components tend to the components of thc f.ree 
stream velocity U, = 1, U ,  c 0. 

T h e  profiles arc introduced as fnnctions of a 
diinei~sionless variable 

(4.5) 

d i e r e  no is a niemire for  the 'lioundary layer 
tl~ickness. ob i s  taken different in the two dircc- 

- i  i ,=b ,  (ci=1,2) 

tions. In the streamline coordinates one can write 
fo r  the velocity profiles 

z ~ ~ = l J ~ -  (a. f bogo + + ...) e - - r; 

The boundary conditions tbat must ,he taken into 
account are 

for %,+m ua-tu.; 
uat=u**I= ...... - 0  

. \  (4.7) 
for 4% = 0 u e  c ye<'.' = 0 ; 

ui,"=-+T,ul; u;"'- -- 2 l'+ez 

where the accent denotes, differentiation with 
respect t o  pi. 

From (4.6) can now be derived for i . = O  

!,,,!, ~ - 7 p  = - 6 

As the covariant components of ,the displacement 
tliiekness vector and the momentum thickness ten- 
sor have the dimension of the coordinate [, it  is 
convenient to introduce new quantities by putting 
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From the. first four boundaq conditions at  t.lic 
wall and from the unchanged value of A, . - 2  

A, = m  S, =' [il-u1)d7=p1 -t p ,  A + p ,  N 
U These conditions give the expressions 

t ,=O K . .  -t 
7 L , = = - p 0 -  - 2 As = .h s, = - p v,,? d7 = p ,  m 3  

s I/. -VI 
#,,=p D 9,,=- Vpl l2?L,d7=A2 + O,, 

0 

? 

#,, = p 1Lpz . & = - p ,  8fp.i. 
0 

'i, -ti ,  As the component #,,= p o 9,, for O +  1 
tnriis out to be i i  complicated expressioii, the func- 
tion 74 = ' 1 6 ~  (i,) will 'he approximated ,by 

- t a t  - %= 1- ( P , + Q ~ ~ ~ + ' " ~ ~ S + s , i , 9 ) e  

I where p, ,  qo ~ yo, so i n d  t, must be calculate3 
I 

I 
Using tlic relations (4.13) and (4.16) the momentum equations (3.29) become 

r 
T P 

, Popr + f'.+ + g'n, '+ gzO,= d = --'+ y - 'lP - y 1 T V v  - y" V p T y +  - y" v, (&T+)+ 

(4.17) 

and 

~ ' = o ( 8 , i  -022)  M P  = 2 c e,, 
y" = 2 o , lA  .mil = e,i, 
y ' Z  = a* ff ,&,. I-' = 2 o B P i M  

y2'= 2 Bi?,,, m 2 2  = t,,, . 

*) T l i u  coustmta ~se< l  in tdic fomiulae (4.13) 2nd (4.16) are 
0, = 0.i32.23 P, = 0.0SGi0 = - 0.00121 
pI = - 0.05600 B,  = 0.00380 p , ,  = - 0.00523 
p. = - 0.25834 na = 0.04774 p , , =  0.03522 
pi,= 0.28913 pn = (1.01108 p,, = - 0.00585 
pB = - 0.00734 pl0 = 0.01384 p,,= 0.00321 
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and the equation for the ellipsoid in the new 
coordinatss becomes 

(1 -7J2  + 7: + 7.:=1. (5.5) 

Two of t.hese yeoordinztes can be taken as COOP- 
dinates on the surface of the ellipsoid. 

The covariant components of the velocity vector 
in these coordinates and 72 are then 

Just as in Tni~nIA"s method for two-dimensional 
hoondary layen (ref. 6) only the first four 
Irohdary conditions are taken into account for 
the region of accelerated flow. Therefore N will 
be taken zero there. In the case of retarded f lov 
this approximation fails. Because of the fact that 
in the separation point the fifth boundary con- 
dition becomes zero (vanishing of the skin friction 
in the streamline direction) it will be supposed 
that in this region N is equal t o  A .  The solutions 
for  accelerated and retarded flow agree very well 
in the transition region, where holds !l'?=O. 

5 The potential flow about a three& ellip 
soid. 

From a practical point of view the calculation 
of the boundary layer of a swept back wing is 
of great' importance. In order to simulate condi- 
tions on a swept back wing a yawed ellipsoid 
a t  zero incidence is considered. The formulae for 
the potential flow about a n  ellipsoid are well known 
and can bc applied directly. 

If the ellilisoid is given by the equation 

then the expression for  the velocity potential 
(z,y,s) on the surface of the ellipsoid for a 

flow, with yelocity components -Vu, -V,  0 in 
infinity, is given by (ref. 2 and 3)  

v = - - P x - q y  ( 5 . 2 )  
where 

2u 2v 
( , , , f ,  -p=- - q = - -  

2-a" ' 2-Po 

are the covatiant homponents of the velocity vec- 
tor and 

L=V(a*I+ t ) ( b *  + t)(c"+ t) .  
In order to give a better description of the 

streamlines new variables are introduced defined 
117 a system of oblique coordinates, with origin 
in the stagnation point and  axis in the z-y  plane 
formed by the, tangent to the ellips in the stilgna- 
'tion point and its conjugate median; the third axis 
being parallel t o  the z-axis (ref. 4 ) .  

1 I 

. .  
p z + q y  =eas9cosB 

2 

C 
v3 =- = cos 3 sin 8 

if 2 is defined by Z =  V a 2 p 2 ' +  bzq'. 

The velocity potential 'p is then 

Pntting G =  12 and F=-t the line 
1-71 1-71 

clement takcs the form 

= Qu &12 + 2 & 6, d7. + Qn h2. (5.7) 

The contravariant components of the metric ten- 
sor are 

where j = g,,g,, - Q , ~  2 '  . 
The contravitriant components of the veloeity 

vector become thus 

The square of the velocity vector can be written as ., . 

with (5.9) 
a2bz(pz  + q') , (aZ- b 2 ) a b @ q  , , v =  

zzcz 
A =  

ZZCZ 

For  a thin ellipsoid the values of A,  v ,  p and s 
are very large. 

The equatios< of th'e strejmlines espresses that 
cverywhere on the surface they a.re tangent to the 
velocity vector. Hence I this equation is (ref. 4) 

I n  the neighhourhood of the stagnation point 
(?, = 72 = v3 = 0) the equation can he apnroxi- 
mated by 

(5.11) 

with the solution 

(5.12) -.+ A 
? , = e  7 2 '  



l'rom this formnla one seeb that the streamlines 
have a point of contact of very high order in 
common with the cqiiator of the ellip?oid. I n  the 
central part of the surface ( 7 1 ~ 1 ,  v3-+ I )  the 
approximation ' formula 

cm be used. 

takes :the form 
In this region tlie equation of the streamlines 

q2 +..f(l-~,)  = $ = e o s a .  (5.14) 

This means that the '  streamlines can he approxi- 
mated 'by straight lines in the considered region. 

As numerical example an ellipsoid with axes 
n = 3 ,  h = l ,  and c=O,15 will be chosen. The 
direction of the nncoming flow will be (-1, - L O )  ., 

The values of the different parameters are then 

h = 67.2666 2 =3.27829 
p = 357.179 p = 1.02485 
v = 115.723 (1 = 1.13770 
x = 17777.8 

: 

I n  the fignrcs 1, 2 and 3, taken from ref. 4, txe 
streamlines shont the considered ellipsoid are 
given. 
In relation with (5.1.4) the initial conditions 

arc chosen as 

7, = 1, v z  = cos a, vr = sin a ;  , .  , I 8  a=3n0, 600, 900, 1200, 1500 

k'wm tlie rclations 
12 - -- 1 

G (  1 - 7,) = q 2 ,  1 + 6' + B" = 
v2 

aud the orthogonality of the curvilinear coordinates 

it, can bc easily derived 

+ GG (5.16) ' P  
( .  

q 2  
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Fig. 2. Tlx streamliunu ou tlK uppcr surface in the 
coordinates nz wid n3. 

Fig. 3. The flow about the ellipoid With 0 = 3 ,  
b = 1, o =  OJ5. 

Tho dirn,tion of tho free flow biwta the &ngle hetwoen x ana P axes. 
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The derivatives TP, VpT+,  T , , ,  (&T+), and 1/, (VFT&,  necessary for the boundary layer cal- 
culations, can be calculated by differentiating for"1a (5.9). Using the relations (5.16) one finds 

(5.17) 

pp 
-= (5.18) 2P y ( G Z + A F 2 )  (A-2 VQ+@+KP*) 

At the equator holds R= tan 0 = 0 and G = tan 9. Therefore the hasic functions at the equator read 

A ( l + A )  - v ( 1 + 3 A ) G +  ( A + A p + 2  v * j f f * - - v ( l +  p ) P +  ( A Z + v Z + ~ ) P 2 - y ( A + ~ ) G E ' 1  

12 GZ TQ 2 ( P  + I ) ( A - v G )  
C' h - 2 u G + p G Z '  T y G Z ( A  - 2 VG + pG') 

, -=_ T=- 

AG2-3vG'+ 4 A  2 T Q  + T 
l q T +  =o; - 

T ,G2(A - vG)  T, 

(5.19) 

2 G*'+ 1 ( A - v G ) ( I - A  + vG) 
cz Gz A - 2 v G + p G 2  

Vp(v&)*=- -- -- 

1 A-& T, pq (1 + G z )  (A  - vG) 1 
2P G2'p [m + A-2&'+ = 7T - - 2 T  
-= 

From' the differential equation (5.10) follows that the equation of the streamlines near the equator can 

(5.20) 

be written as 
- ? $ * = e  '"(7,) = l - q z * - ( l - ~ l ) * .  

Differentiation of this expression gives the relation 

-%h+ (1-%)h=-%*Q+ 1 3  (&oh. d7 (5.21) 
T? atream1in* 

From the formulae (5.15) and (5.8) one finds 

Near the equator the function v, can be writtcn.apart from a constant factor a+ 

(5.23) 

At the equator the function pT& remains finite. 
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E'urthermore hold in connection with (5.16) in the neigl~hourhood of the equator the relations 

+ 0 (I?) 3, =--- 9* = 0 (P') 
1 

1 sin 3 

8Q r, O ( F ) .  B j ,  % 0 (P) (5.24) 

6 The boundary layer flow about the ellipsoid. 

A consideration of the momentum cquations 

P U P  + flu* + + y'n,+=d 

F'up + FZu+ + G'O, + GZn,) = D 

sl~ows that the righthand sides of these equations call he written as 

with the coefficients Ai{ and BI, as functions of the coordinates q and $ only. 
Putting 

P Q  - 
P = T q ,  Q = V p T + ,  R=--, 8=!P w ' T=T, l~=v~(@'+)j, 

2 P  
8lld 
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I n  the cspressi~ons (6.4), and (6.5) i = O  mnst IJC suhstitntetl for accelerated flow and i = l  for 
retarded flow. 

Supposing the functions u and arc regular in t,he rariad~les 3,  and 0 ,  it can he derived from the 
rclat,ions (5.24) that, t,he derivatives u,+ and 
, Writing the momentum equations in the .coordinates 9 and 0 ,  these equations read at  the equator 

vanish at  the equator. 

:I - I .  . il flu3 - SUI 9 == d - snl 9 = d, = Ajjnjwi 
i =o  j 

1.2 2 -  

CZ CZ 

1 .  (P'q + G'a,) - s i n 3  =D- sin23.=Dz= 
C2 . c z  

(6.6) 

I; Hij&<. 
i = o  I 

From the rcquiicmcnt that  uq and 
fiiiite in the stagnation point follows 

nimt ,bc 

I d,=L),=0.  (6.7) 

Similar as in POHLHAUSW'S method for twn  
dimensional houndary layers this coiidition of 
Iroundedness gives the initial values for the para- 
meters D and R. In lhis manner one gets two 
algebraic equations which can he solved numeric- 
ally. As starting ,value eo, will be chosen, the 
positive root of the equation d, = D ,  = 0 that 
hercases along the equator. 

The magnitude of no is in good agreement with 
the value found for the houndary layer ahout,an 
elliptic cylinder with the Same pressure dist,ribii- 
tion (Appcndix 1). 

Numerical caleulat,ions at the equator show that  
the terms on the left hand side of the equations 
(6.6) are very small. Thus an approximation 
can .he made by neglecting these terms and then 
solving the nlgehraic equations in every point. 
Snbstituting the derivatives uq and n, found by 
iinmerieal differentiation of the first approximate 
vitliies in the left side of ( 6 . 6 )  and then solving 
the new algebraic equations gives n new .set 01: 
values u and 0. These new valucs of D 'imd Q 
can he ,eonsidered us a second approximation. 
This process can now 'lie rcpcated thus perfoiming 
;in iteration procedure. After two or three steps 
the valiies of and n are accurate enough. For 
the calcnlations the reader is referred t,o table I .  

For  the houndaiy lager calculat~ions on t,he upper 
part  of the ellipsoid the equations (4.17) will h e  
nsed. At first an estimation will hc made of the 
magniiude of the terms on the left of these equa- 
tions. These terms can he exprcssed in powers of 
the yuant,ity c. For a thin ellipsoid with a small 
va.lrie of c these considerations lead to a less com- 
plicated calculation method. On the upper part 
of the ellipsoid the following approximate formulac 

T z O ( I )  ; T Q  ,- I/;?+ c c*, 

Writ,ing nnder each ,'term of the cquations the 
order of magnitude one finds 

I 

' 

. hold 

f'u, + pp+ + '+ g2n+ = d 
. .  

0 D2C* v, a*c* v, 

u ,*c* v, u U'CZ v ,  
(6.8) 

P ' O Q  + FZo+ + B'CI, + 82cl*=D 

lks mi the top of the ellipsoid the function v, is 
of order 1 (Appendix 2) ,  for a first approximation 
the terms with e+ and Q+ can he  neglected. 

Near 'the eqmt'or v, can reach large values and 
conseqmntly the terms with U+ a.nd cannot be 
neglected iii this region. 

Using tlie relations 

y = - l ( I ' - v , ) ;  (-) a$ I = VZUl 
a i s  y, =conBld"t 

alia 

P VA--2 "G + p ~ ~ , +  = 
Z(Gz + AB'') ( $ ) v , = ~ ~ ~ ~ ~ ~ ~ I  

(6.10) 
Now the ,hchavionr of . the unknown functions 

u and n near the cqudt,or will be examined. I n  
tlie neighhourhood of a streamline the, values of 
D and n can hc considered approximately as con- 
stants at  the circles (1 - 71).2 + q2* = constant. 

,From the relation 

(1 - 7J * + 7: = constant 
follows __ 

( l - -? i )A? , ,=vzA? ,  , 

a0+,do / 

Fig. 4. 



With these formulae the relation (6.10) can be 
transformed into 

-_ - 

G Vh - 2 v G ' f  pG1 + KF' - 
ZF (A - v G )  

I n  the neighbourliood of the equator the differeu- 
tial equations (6.8) can he approximated by 

(6.11) 

The numerical e~lciilations show t,liat' the est,i- 
mutes used in the equations (6.8) arc rclevant. 

The integration of the equations ( G . 1 1 )  along 
the streamlines will now he performed in the fol- 
lowing way. 

Near the equator the same m e t h d  as for the 
cquator itself be used. 

Neglecting the terms 011 the left of the cquations 
(6.11) and solving the resulting algebraic equa- 
tions a first apnroximation for  u and n can lie 
found. The11 the derivatiycs owl m d  Q.,! are deter- 
mined hg diffeiGntiation with respect to  7, of the 
raliies of u and a. Substituting the values of t,hese 
derivatives i n  the left hand sides of (6.11) one 
finds a new system of algcbra.ic equations for  the 
nnknown functions (I and R. The solution of these 
algebraic equations g i g s  now a second approxima- 
tiun for u and R .  Repeating this process two or 
three times one finds the values of (I and R with 
sufficient accuracy. 

Now it seems that the values of D a.nd R along 
a grcat part of the streamlines are equal to the 
valnes of (I and n in corresponding points at the 
eqiiator, within t,he required accuracy. 

Tliereforc the calculation of (I and R at the 
stxeamline does not need to  lie started in the stag- 
nation point. 

With the prescrihed method' it is possible to 
find the initial, ralues necessary to start thc 
numerical integration. 

It appears thiit near the cciiiator the inequality 
LT (( n holds. This implies that convergence of the 
iteration process may he slow. To guard against 
such difficulties a special procedure will he ap- 
plied. Consider the values of the fonetions (I and 
n and their d e r h t i r e s  with' respect to 7) in three 
successive points T - ~ ,  7-1 and 7 " .  The values 
uD, R, ~ uv0 and must then satisfy LC;M~~GE'S 
iiitegrat.ion formida ' 

R, = 0-, + q,c12,+ + ranv+, + s,n,, 

where q , ,  r ,  and s, are coefficients which can he 
determined by integrating TAG~UNGE'S interpolation 
foiiiinla with respect to 7 from to qo 

With the aid of the values of 0, n and their 
derivatives in the points ?-* and 7-, a n  estimate 
of D and R in the point can he made, FYm 
the approximate differential equations (6.11) v u  
and n, ?an then he calculated. The valnes ohtain- 
cd for LT, ?, (rx and R, will, in general, not satisfy 
the integration formula of T ~ A c , x ~ I ~ - G E .  To satisfy 
l i . ~ ~ ~ m ~ ~ ' ~  formula it will he necessaly to  change 
(I and by small amounts AD and An. Come- 
qnently uv and R, will change too. Denoting these 
alteratioi~s by Am, and An, the approximate 
relat,ions can ,he given 

avo - ox =iorr, = R.Ao + bAR 

0 --sZ ==av = C A D  + d M .  (6.14) 
%I ,l 

- - 
Putting XI = 0 the values of (I, = ( I ~  + Aoq and 
cln=a, + Mi, can bc determined from the dif-  

ferent,ial equations (6.11) ; the constants a and b 
follow immediately from (6.14) 

- - 
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NOW put,ting Au = 0 one finds in the samc manner 
r y = v y  + 4uy, D,=12, 4- AD, and from (6.14) 

- -  ,., - 

Sohst,itiit.ing tlic calculated valiics of a, 0, c and d 
iu  (6.14), t,hese relations read then 

u 

D 

lbclonging to ,, 

= w y  + Auy = n,, + CAS f 6 A R  

=C14 i ACl,=Cl, f cAs f d M  
8.2 

% 

(ro = u f Aa,, , 
n,=a + 4a. 

The (laantitics 4s and A n  are calculat,ed from 
tlie reliltions (6.12). This integration process was 
devoloped by Mr. T. BURGERHOTIT of the compu- 
tational department of the National Acronantical 
Rescarch Institnte. 

For ,the streamline o! = 90' the basic fniictions 
I', Q ,  11: 3, T, V ,  W, Z and the soliltions vn 
and R as €unctions of the coordinate 7 arc given 
in table 2. 

Tahle 3 contains v, and for the streamlines 
a=30°, 60°, 1'20' and 1 5 0 O .  

Near the point whcrc thc accelerated flow passes 
info thc retarded flow the numerical integration 
gives somc difficulties. This point is characterized 
by the formula 

h --. T -0  or G = - - -  v 2  

I o -  1 - ? I  v 

I n  this' region the &e of 
- W=+Vp T + r = = + Q u  

agpro;~ches also zero and thus the eompaneiit of 
the velocity vector perpcudicular to the stream- 
line vanishes there. Thc second momciitum equa- 
tion loses there its importance with regard .to the 
first momentum equation. As a consequence of 
this it appears that the function vanes very 
strongly, whereas the fonction v varies nearly 
linearly in the eonsidercd region. From physical 
considerat,ions tw one can expect t,hat the tunc- 
t,ion u will vary slowly there. Beyond the point 

the valnes of u and cy ciin be determined by 
cstrspo1;ition; n and nq can then he calculated in 
the ordinary manner. 

The integration can be continued till thc tran- 
sition line has hem reaehcd. This transition line 
can ,be considered as the envelopc of the directions, 
determined by  the velocity vectors approaching 
the wall. 

This direction can Ire written in bhc form 

u.2 lim - 

The considerod envelope can be approximated by 
the curve passing through the points where. the 
coniponent of the. shear stress in the streamlin~ 
direction vanishes. T!ius the curve can be .charac- 
terized by the formula 

! 
' ' A = T u  T ,  = 4 u P = -  1. 

111 &e figores 5 and 6 tlie functions l/n and 
are drawn fur  the equator and some streamliiies. 

I # , I  

i ': 

I/; 
3.0 

2 .D ION 

I ,> 
I .o 

0 
n 0.4 0.5 1.2 1.6 2.0 u, 

Fig. 5. Vaiiation bf vF with q, , for the eqwtm 
and thc stramlines. 

I 

n , 
4.0 

3.0 

2.0 

1 .u 

0 
0 0.4 0.8 1.2  1 6  2 0 x 1  

Fig. 6 .  n against y, , for the equator md the strcamlinea 
on the surfam. 

7 The velocity profiles in ,the bomdazy layer. 

For a good description of the velocity profiles 
i t  is neeessavy to consider the contravariant e m -  
poncnts of the velocity vector. These contra- 
variant components can be written 9s 

u' = *%, = l'u, 
= y2%, =  TU, . 

Nornializing these coniponents with the component 
11' of the free stream thcy read 

From tbe line element 



one sees immediately that for a good comparison 

the eomponcrits 12 ; ~ n d  - must be considered. 
- 

- 1LZ 

VP 
- 
? d : = l L L = f ( ~ ) -  A g ( ~ ) - A ' h ( v )  

In the figures 7 and S the velocity profiles in 
the two directions are drawn for  several points 
of the streamline a=90°. 

3= "( 
I O  

08 

0.6 

0 1  

0 2  

0 O <  0 8 ,  1 2  1.6 2 0  2 4  2 8  

1- gc - ''2 
'Fig. 7. The vclaeity profiles in tlie boundary layer i n  

s t rnmlinr  direation fo r  different. point,s of the 
streasnliiic a = 90'. 

008 

+ 00' 

0 

- 00' 

Fig. 8. The velocity profiles in tho boundary layer 
i~erpendicular t,o tho streamline diroetion for different points 

of the s twmlin,o I( = 90'. 

The direction of the velocity vector at the w l l  
ciin I J C  cxpresscd 117 the formula 

13 

b'iaure 9 shows this direction as a function of - 
7, for the streamlines a=30°,  60°, 90°, 120° 
illld 1500. 

E Foe 

50" 
0 

0 

0 
6O0 
0 

a= 

2 0 0  

900 

0 0' 08 1 2  1 6  2 0  
'i, 

8, I/, 
Fig. 0. The propoation a an the w d l  for 

U1 
the streamlines on the surfaeo. 

The calculations have liecii performed in the 
computational department of the National Aero- 
i!i~ut,ical Research Institute under t,hc direction of 
hlssr. BURGI~HOUT and W o a ~ i s .  A part of the 
numerical integrations has been performed on the 
i:lectroi!ic machine ARRA of tlie Rhthematical 
Con tye. 
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, APPENDIX 1. 

The value of the parameter u in the stagnation- 
point for an infinite elliptic cylinder. 

A comparison will he made of the value of the 
parameter D in the stagnation point for a n  ell ip 
soid with axes n = 3, b = 1, c = 0,15 and uncoming 
flow direction (- I ,  - 1, 0) and for an infinite 
elliptic cylinder with axes a,=m , b,= h, &= 
0,15 and mcomiiig flow direction(O,-I,O). 

The calculation of the boundaiy layer about the 
infinite cylinder is a two-dimensional problem. 

At  first the transformation formulae for the 
coordinate directed along t,he normal on the sur- 
face must lie considered. 

For tho  two-dimensional problem t,his formula 
reads 

- 

, 1J 

and for the three-dimcnsional case 

The t,wo-dimensional flow satisfies thus the relation 

Tlic quantity h is a dimensionless parameter, 
characterizing the family of velocity profiles for 
tlie twndimensional laminar boundary layer. 

In the stagnation point A takes the value A =  
0,850 (ref. 6 ) .  To calculate the potential flow 
about the infinite elliptic cylinder it is usual to 
map the cross section of the cylinder on a circle 
with radius r. 

Writing the equation of the circle as 

5 = r e ' ?  ( 8 . 2 )  
the conformal transformation can he expressed by 
the formula 

(A.9) h,rZ 
a = ( +  - 

5 

~ = ~ ( l + h , ) c o s p = = b ~ c ~ ~ ; p ;  
g = r(1-  A, )  sin; = c, sin?. (A.4) 

As the complex potential is invariant for con€ormal 
mapping the following relations between the velo- 
cities in corresponding points can ha given. 

or 

where 

In this formula @ ( a )  denotes the complex potciitial 
of the flow aliout the ellips and P ( [ )  the complex 
potential of the flow ahout, the circle. Snpposing 

the 'velocity V ,  of the oncoming flow is directed 
along the z-axis the velocity distrihution about tlhe 
circle is given by 

From tlie relation (A.5) the velocity distribution 
aliout the ellips follows as 

The relations (A.8) and (A.4) give for the 
stagnation point q = 0 the expression 

d l i  dlJ r& 1 
rEs r& ds  r 
_- -- - 

b;  + c, 
= . (A.9) 1 2 

r ( 1 - h h , ) 2  G I a  
=- 

In the considered two-dimensional case one finds 
easily from ( A I )  and (A.9) for the value of u 
in the stagnation point a = 0,012. 
lu the three-dimensional cme the value a = 0,0122 

lids been Pound. It appears that the two values 
of u agree very well. 

APPENDIX 2 

The calculation of the function v, 
In section 5 it has becn shown that on the upper 

part  of the ellipsoid the streamlilies can be ap- 
proximated by the straight lines 

The velocity potential ha,s been written ils 

q = - Z ( l - i l )  =-px-qgy. (A.2) 

Replacing the stream function $ Iry Y = 
+ tlic formula. (a.1) is transformed n,h(p* + 9') 

2 
into 

v.'= 'lb(p2 + 4*) $=qZ-pp!, .  (A.3) 1 

In this approximation the covariant components of 
the metric tensor (see formula (5 .7) )  can he 
written. as 

(A.4) 
gll = c2+, glz = g,, = - C'Y, ga2 = c2h 

=g,ty,, -Y,,~ = l ( h *  - V )  = c4x = a W .  
The contravariant components of the velocity 

vector are then 
rl 6% TJ' = I/" U,'f qr2 Ti, = -zZ IJ - - 
g ' - f1%2 

where use has been made of the formulae 



Using the orthogonality of the cnrvilinear coor- 
dinates one can write 

It  appears that on the upper part of the ellipsoid, 
where the streamlines can he approximated by 
straight lines, the function has the valnc 1. 
Starting fram this value the function v, can be 
calculated by numerical integration of the differ- 

a'+ nb(p2 +- 4 2 )  CZW -= 
8% 1 

From this rclation (A.6) follows entia1 equation (5.18) dong t.lic streamlines. 

= ~ 7 J 1 = ~ ~ .  (~4 .6 )  
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0.110 

0.119 

0.128 

0.137 

0.146 

0.754 

0.161 

0.174 

0.183 

0.190 

0.194 

0.197 

0.197 

0.198 

0.799 

0.203 

0.211 

0.231 

0.244 

9 

_= 

0 

6 

- 12 

- 
1.3158 

1.3151 

1.3146 

1.3147 

1.3137 

1.3133 

1.3130 

1.3126 

1.3124 

1.3124 

1.3124 

1.3125 

1.312s 

1.3130 

1.3141 

'1.3165 

1.3204 

1.3275 

1.3367 

- 18 

- 24 

- 30 

- 36 

- 48 

- 60 

- 72 

- 84 

- 96 

- 102 

- 108 

- 114 

- 120 

- 132 

P 
__ __ 

3.3392 

2.2064 

1.4958 

1.0556 

0.77802 

0.5981E 

0.4784C 

0.34072 

0.27572 

0.2502F 

0.25294 

0.2832E 

0.3109E 

0.34902 

0.3987F 

0.4592-1 

0.52096 

0.54726 

0.53338 

__ 

TABLE 1. 

The hasicfunctions P, E, S, T, B, 11' and the solutions 1,'; and R 
as functions of the  coordinate 9 for the equator. 

R 
~~ ~ 

- 26.9246 9-' 

- 2784.5 

- 777.41 

- 381.44 

- 234.84 

- 163.45 

- 122.80 

-79.977 

- 58.654 

- 46.323 

- 38.406 

- 32.779 

- 30.405 

- 28.125 

- 25.778 

- 25.233 

- 19.854 

- 15.372 

- 13.455 

s 
~~~~ ~ 

4.05221 9-' 

- 24.930 

- 7.7511 

- 3.2522 

- 1.5801 

- 0.84570 

- 0.48501 

- 0.18221 

- 0.070744 

- 0.016170 

+ 0.023198 

+ 0.067604 

+ 0.097116 

+ 0.13404 

-t 0.17744 

+ 0.21517 

+ 0.19461 

- 0.073592 

- 0.30145 

T 
-- 
5.47349 9' 

0.045672 

0.14142 

0.25192 

0.36263 

0.46837 

0.56794 

0.75067 

0.91878 

1.0817 

1.2489 

1.4309 

1.5313 

1.6404 

1.7598 

1.5906 

2.0318 

2.1758 

2.2211 

B 

7668.14 2-$ 

689060 

167130 

71925 

39352 

24670 

16914 

9504.4 

6268.0 

4609.0 

3662.4 

3059.6 

2818.6 

2585.3 

2331 .9 

2020.8 

1603.3 

1036.3 

813.95 

1Y 

0.227392 9- 

2725.0 

762.97 

374.86 

231.09 

161.02 

121.11 

79.026 

58.058 

45.917 

38.112 

32.537 

30.157 

27.844 

25.400 

22.542 

18.761 

12.931 

10.055 
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TABLE 2. 

The basicfanetions P, Q ,  16, S, I', V ,  I\', .Z and the solutions 1'; arid 0 I 
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0.3668 
0.3689 
0.3711 
0.3731 
0.3751 
0.3772 
0.3793 
0.3815 
0.3838 
0.3861 
0.3888 
0.3905 
0.3926 
0.3953 
0.3990 
0.4012 
0.4042 
0.4074 
0.4114 
0.4165 
0.4227 
0.4304 
0.4403 
0.4453 
0.4595 
0.4684 
0.4723 
0.48S6 
0.5013 
0.53'20 
0.5739 
0.65 
0.75 
0.85 
0.90 
0.95 
7.05 
1.10 
1.15 
1.20 
1.25 
1.30 
1.35 
1.3997 
1.4261 
1.4489 
1.4680 
1.4845 
1.4987 

P 

+ 0.32531 
-t 0.33014 
+ 0.34367 
i- 0.37918 
+ 0.46889 
+ 0.69212 
+ 1.2407 
+ 2.5509 
+ 5.4866 
+ 11.085 
+ 18.328 
-t 20.636 
+ 20.587 
+ 17.882 
+ 13.384 
+ 10.954 
+ 8.6452 
+ 6.6144 
+ 4.9011 
+ 3.5325 
+ 2.4822 
+ 1.7067 
+ 1.1468 
+ 0.93340 
+ 0.60956 
+ 0.48865 
+ 0.40845 
+ 0.309~2 
+ 0.24470 
+ 0.14956 
+ 0.08817( 
+ 0.04194: 
+ 0.01942: 
+ 0.00912: 
+ 0.00566' 
+ 0.002711 
- 0.00271I 
- 0.00566: 
- n.oosiz! 
- 0.01349: 
- 0,01942: 
- 0.028101 
- 0.04194: 
- 0,066401 
- 0.088171 
- 0.11551 
- 0.14956 
- 0.19196 
- 0.24470 

Q 

+ 0.67595 
+ 1.0660 
+ 1.6808 
+ 2.6522 
+ 4.1789 
+ 6.5633 
+ 10.242 
+ 15.71s 
+ 23.182 
i- 31.150 
+ 34.499 
+ 32.259 
-t 27.174 
+ 20.346 
+ 13.464 
+ 1 o . m  
+ 7.8840 
+ 5.7991 
+ 4.1548 
i- 2.91o:i 
+ 1.9968 
+ 1.3465 
+ 0.59025 
+ 0.71916 
+ 0.46416 
+ 0.:17044 
+ 0.:30757 
+ 0.2x294 
+ 0.18328 
+ 0.11137 
f 0.065341 
+ 0.03094; 
+ 0.01429: 
- 0.0067Uf 
+ 0.00416: 
+ 0.00199i 
- 0.00199i 
- 0,00416: 
- 0.00670~ 
- 0.00997! 
- 0.014295 
- 0.02070! 

- 0,04911: 
- 0.06534t 
- 0.08578l 
- (1.11137 
- O.lX333 
- 0.18328 

- 0.03094: 

R 

- 73.956 
- 73.619 
- 73.268 
- 72.920 
- T2.512 
- 71.917 
-70.915 
- 68.902 
- 64.600 
- 55.867 
- 40.835 
- 31.581 
- 22.400 
- 14.435 
- 8.4365 
- 6.2214 
- 4.4811 
- 3.1718 
- 2.1999 
- 1.5005 
- 1.0080 
- 0.66879 
- 0.43705 
- 0.35172 
- 0.22556 
- 0.18007 
- 0.14965 
- 0.1133s 
- 0,089409 
- 0.054753 
- 0.032532 
- 0.015766 
- 0.007464 
- 0.003561 
- 0.002222 
- 0.007062 
+ 0.00106E 
-1- 0.00222: 
+ 0.003561 
+ 0.00522c 
i- 0.007164 
-t 0.01069( 
+ 0.01576C 
+ 0.0'246% 
+ 0.03'25:11 
+! 0.04241f 
+ 0.05475: 
+ 0.07014C 
+ 0.08940! 

s 

i- 0.41194 
+ 1.2805 
+ 3.3971 
+ 8.6271 
+ 21.544 
-t 53.026 
+ 127.59 
+ 292.26 
+ 594.25 
+ 902.27 
+ 646.36 
+ 221.14 
- 194.05 
- 397.50 
- 362.49 
- 296.45 
- 223.69 
- 158.11 
- 105.11 
- 66.393 
- 40.088 
- 23.303 
- 13.040 
- 9.6353 
__ 5.1499 
- 3.7177 
- 2.8542 
- 1.9000 
- 1.3420 
- 0.65223 
- 0.30375 
- 0.10831 
- 0:042801 
- 0.02328' 
- 0.01913; 
- 0.016971 
- 0.016971 

- 0.02328 
- 0.030441 
- 0.042801 
- 0.06507' 
- 0.10831 
- 0.20321 
- 0.30375 
- 0.44803 
- 0.65223 
- 0.93968 
- 1.3420 

- 0.01913, 

T 

0.78956 
0.79190 
0.79430 
0.79662 
0.79934 
0.80312 
0.80923 
0.82124 
0.84755 
0.90665 
1.0346 
1.1386 
1.2737 
1.4362 
1.6138 
1.7032 
1.7903 
1.8716 
1.9469 
2.0149 
2.0749 

2.1717 
2.1914 
2.2258 
2.2409 
2.251 9 
2.2668 
22782 
2,2974 
2.3132 
2.32s.5 
2.3380 
2.3426 
2.343s 
2.3445 
2.3445 
2.3'436 
2.3426 
2.3408 
2.3380 
2.3312 
2.3285 
2.319s 
2.3132 
2.3057 
2.2974 
2.2582 
2.2782 

2.1269 

functions of the coordinate yI fo r  the streamline a=90°. 

V 

f 8550.9 
+ 8494.7 
+ 8X34.1 
+ 8367.2 
+ 8269.1 
+ 8090.8 
+ 7729.5 
+ 6946.7 
+ 5329.0 
+ 2601.9 
- 260.35 
- 1006.3 
- 1124.6 
- 8U.27 
- 479.90 
- 332.09 
- 218.40 
- 137.92 
- 83.544 
- 48.89" 
- 27.739 
- 15.342 
- 8.2479 
- 5.9896 
- 3.1142 
- 2.2255 
-1.6844 
- 1.1172 
- 0.78387 
- 0.37705 
- 0.17433 
- 0.061641 
- 0.024030 
- 0.012809 
- 0.010426 
- 0.009180 
- 0.009180 
- 0.010426 
- 0.012809 
- 0.016929 
- 0.024030 
- 0.036797 
- 0.061641 
- 0.11625 
- 0.17433 
- 0 25793 
- 0.37705 
- 0.54566 
- 0.78387 

w 

+ 73.069 
+ 72.749 
+ 72.375 
+ 71.928 
+ 71.297 
+ 70.169 
+ 67.761 
+ 62.461 
+ 50.891 
+ 28.472 
- 4.3704 
- 20.102 
- 31.352 
- 36.361 
- 35.326 
- 33.132 
- 30.235 
- 26.978 
- 23.570 
- 20.234 
- 17.109 
- 14:284 
- 11.377 
- 10.661 
- 5.6627 
- 7.7694 
- 7.1187 
- 62295 
- 5.5612 
- 4.4061 
- 3.4703 
- 2.5936 
- 2.2087 
- 2.5538 
- 3.3789 
- 6.2459 
+ 6.2459 
i- 3.3789 
+ 2.5538 
+ 2.2602 
+ 2.2087 
+ 2.3224 
+ 25936 
+ 3.0790 
+ 3.4703 
+ 3.9128 
+ 4.4061 
+ 4.9540 
+ 5.5612 

z 

+ 115.95 
+ 115.75 
+ 115.53 
+ 115.30 
+ 114.95 
+ 114.33 
+ 113.03 
4- 110.13 
+ 103.55 
+ 89.756 
+ 65.754 
+ 50.901 
+ 36.135 
+ 23.294 
+ 13.614 
+ 10.034 
f 7.2240 
+ 5.1071 
+ 3.5365 
+ 2.4074 
+ 1.6125 
+ 1.0661 
+ 0.6935 
+ 0.5559 
+ 0.3546 
+ 0.2817 
+ 0.2321 
+ 0.1756 
f 0.1377 
+ 0.0832 
+ 0.0486 
+ 0.0229 
+ 0.0105 
+ 0.0049 
-I- 0.0031 
+ 0.0015 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

V ,  

0.17618 
0.17631 
0.17645 
0.17659 
0.17674 
0.17692 
0.17715 
0.17756 
0.17842 
0.18033 
0.18560 
0.19146 
0.20153 
0.21796 
0.24433 
0.26099 
0.28410 
0.30853 
0.33861 
0.37551 
0.41809 
0.46775 
0.52698 
0.55522 
0.63035 
0.67391 
0.69235 
0.76595 
0.81891 
0.93630 
1.07840 
1.30093 
1,54958 
1.76624 
1.86548 
1.96010 
2.1375" 
2 22126 
2.30304 
2.38160 
2.45683 
2.52864 
2.59634 
2.66289 
2.70370 
2.75354 
2.81471 
3.00982 
3.83406 

Q 

1.31275 
1.31276 
1.3 12 8 0 
1.31291 
1.31322 
1.31395 
1.3 15 8 0 
1.32048 
1.33185 
1.35707 
1.41371 
1.46037 
1.51745 
1.58591 
1.66004 
1.69685 
1.73693 
1.77464 
1.87214 
3.85193 
1.89247 
1,93400 
1.97703 
1.99474 
2.03873 
2.06612 
2.07644 
2.10737 
2.13821 
2.20436 
2.27954 
2.40035 
2.57172 
2.84810 
3.09870 

2.95 
2.30 
2.00 
1.750 
1.568 
1.409 
1.275 
1.165 
1.113 
1.072 
1.0483 
1.029 
1.011 
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TABLE 3. 

___ 

1.7 

0.18803 
0.18813 
0.18822 
0.18834 
0.18847 

0.18894 

0.19077 
0.19408 

0,20991 

0.24256 
0.27192 
0.31511 

0.37544 
0.41854 
0.46194 
0.51 BY8 
0.58316 
0.65916 
0.74573 
0.97448 
1.11604 
1.26130 
1.39354 
1.51557 
1.62978 
1.73831 
1.84539 
1.97576 
2.276 
2.352 
2.424 
2.490 

2.611 
2.648 
2.709 
2.771 

0.18865 

0.18945 

0.20068 

0.22263 

0.34381 

2.550 

I 
I 

TI 71 
~- ___  

OMS4 
0.1695 
0.1707 
0.1718 
0.172s 

0.1751 
0.1763 
0.1776 
0.1789 

0.1813 
0.1821 
0.1832 
0.1846 
0.1866 
0.1893 

0.1934 
0.1956 
0.202S 

0.2%21 
0.2268 
0.2322 
0.2382 
0.2451 
0.2617 
0.2717 
0.2833 
0.3034 
0.3116 
0.3293 
0.35 

0.45 
0.50 

0.60 
0.65 
0.70 

0.85 
0.90 
0.95 
1.00 

1.10 
1.1497 
1.1929 
1.2267 

0.1740 

11.1803 

0.1909 

0.207'i 

0.40 

0.55 

0.80 

1.05 

n V ,  
-~ ____ 

0.19366 

0.19377 
0.19383 

0.19402 
0.19'419 
0.19438 
0.19477 
0.19587 
0.19745 
0.20068 
0.20370 
0.20992 
0.21912 
0.23265 
0.2410s 
0.25223 
0.27912 

0.32359 
0.39245 
0.45201 
0.51197 
0.56746 
0.6 19 3 3 
0.66814 

0.75521 
0.80016 
0.98699 
1.14694 
1.418*2 
1.95115 
2.04353 
2.12906 
2.20907 
2.28298 
2.31883 
2.40624 

2.43125 
2.44193 
2.45438 
2.47002 
2.48918 
2.51774 
2.55832 
2.61132 

0.19372 

n.19391 

0.29837 

0.71430 

2.41950 

n V ,  

0.14057 
0.14081 
0.140~9 
0.14092 
0.13942 
0.13713 
0.13764 

0.15139 
0.16800 
0.19333 
0.20975 
0.22922 
0.25522 
0.28543 
0.32074 
0.36098 
0.40648 
0.46335 

0.56217 
0.64111 

0.87259 
0.97173 

11.14204 

0.49389 

0.18546 

i . o m  
1.2380 
1.3739 
1.4987 
1.6145 
1.7231 
1.8254 
1.9222 
2.0144 
2.1055 
2.1943 
2.2810 
2.3656 
2.4474 
2.5599 

VG 

0.15845 
0.15860 
0.15875 
0.15888 
0.15901 
0.15914 
0.15926 
0.1.5940 
0.15953 
0.15973 
0.16040 
0.16168 
0.16364 
0.16800 

0.19106 
0.21106 
0.22851 
0.25113 
0.26928 

0.35i08 
0.4629G 

n . i ' i ~ t 4  

0.334-1-8 

0.49312 
n . 5 2 ~ 1  
0.56059 
0.59851 
0.65627 

0.78340 
0.86515 
0.89657 
0.96163 
1.03293 
1.18921 
1.32873 
1.45612 
1.57432 
1.68535 
1.79042 
1.85675 

2.15731 
2.24165 
2.36516 
2.40000 

2.53614 
2.61132 
3.21838 

n . n m  

2.07027 

2.471163 

5.07661 

D 

1.3139 
1.3139 
1.3149 
1.3213 
1.3591 
1.4449 
1.5641 
1.6417 
1.1092 
1.7725 
1.8263 
1.8631 
1.9086 
1.9222 
1.9448 
1.9701 
1.9969 
2.0236 
2.0548 
2.0718 
2.1055 
2.1116 
2.1988. 
2.2301 
22631 
2.3001 
2.3514 

2.4942 
2.624 

2.4108 

2.519 

1.659 
1.467 
1.289 
1.150 
1.041 

2.000 

R 

1.31251 
1.31252 
1.31255 
1.31261 
1.31282 
1.31343 
1.31'491 
1.31524 
1.32716 
1.34908 
1.39128 
1.43233 
1.47839 
1.53794 
1.60415 
1.67775 
1.71744 
1.75557 
1.80167 
1.84683 

1.94052 
1.99502 
2.05253 
2.19138 
2.27777 
2.36882 
2.46248 
2.56754 
2.68295 

3.20876 
3.90364 
1.742 

1.396 
1.268 
1 .I 59 
1.071 
1.042 
1.022 
1,017 

1.89203 

2.83780 

1.m 

7, 

0.0622 
0.0632 
0.0642 
0.0653 
0.0665 
0.0675 
0.0685 
0.0693 
0.0704 
0.0720 
0.0743 
0.0759 
0.0779 
0.0803 
0.0834 
0.0673 

0.0980 
0.1061 
0.1lOS 
0.1222 
0.1365 
0.1677 
0.1890 
0.2155 
0.2499 
0.30 
0.35 
0.40 
0.45 
0.50 
0.55 
0.60 
0.65 

0.75 

0.85 
0 90 

0.0921 

0.70 

0.80 

0.95 

~ 

(T 

11.0197~ 

n.oigss 
0,01983 

0.01986 
' 0,01944 
0.01880 

0.02018 

0.02822 

0.04399 

0.06514 

0.10288 
0.13031 
0.16522 

0.24393 
0.31603 
0.41102 
0.61 695 
0.76141 
0.94310 
1.18148 
1.63271 
1.88752 
2.24606 
2.60672 
2.969 
3.332 
3.695 
4.058 
4.433 
4.815 
5.203 
5.596 

6.553 

n.ois94 

0.02292 

0.03738 

o . n m 4  

0.0814'i 

0.23469 

5.99n 

(T 

0,025107 
0.02515d 
0.02521io 
0.02 52-l2 
0.0252s3 
0.025327 
0.025370 
0.0'25409 
0.025451 
0.025513 
0.025728 
0.026142 
0.0'26777 
0.028224 

0.036505 

0.052'19 
0.063066 
0.072513 

0.127507 
0.214328 
0.2431 67 
0.276586 
0.314258 
0.358215 
0.470970 

0.613717 
0.748481 
0.803842 
0.9247'28 
1.06695 
1.41423 
1.76553 
2.12029 
2.47847 
2.84040 
3.20561 
3.55982 
4.286 
4.654 
5.025 
5.594 
5.760 
6.104 
6.432 
6.819 

10.358 
25.772 

n.ti31o24 

0.045823 

n.iii8'ii  

0.536730 

71 

0.8477 
0.6507 
0.8537 
0.8568 
0.8600 
0.8633 

0.8702 
0,8741 
0.8788 
0.8822 
0.8859 
0.8878 
0.8904 
0.8932 
0.6963 
0.8979 
0.8998 
0.9039 
0.9066 
0.9101 
0.92 
0.93 
0.94 
0.95 
0.96 
0.97 
0.98 
0.99 
1.00 

1.10 

1.45 
1.50 
1.55 
1.60 
1.65 
1 7 0  
1.7501 
1.7626 
1.7740 
1.7845 
1.7941 
1.8030 
1.8110 
1.8188 
1.8257 
1.8323 

0 . m 7  

1.05 

1.20 

(T 

0.037503 
0.037526 
0.037547 
0.037569 
0.037603 

0.037711 
0.037782 

0.038366 
0.038983 

0,0414942 
0.0440617 

0.054126,5 
0.0581175 
0.0636221 
0.077909Y 
0.089026S 
0.104709 

0.20431 
0.26211 
0.32201 

0.44641 
0.51022 
0.57488 

0.97414 
1.31546 
2.01191 
3.807 
4.176 
4.533 
4.880 
5.212 
5.517 
5.790 
5.854 
5.911 
5.963 
6.024 
6.101 
6.196 
6.339 
6.545 
6.819 

n.o3'i6+5 

0.031934 

0.0402711 

0.0480123 

o . m w  

0.38357 

0.64025 

1.31315 
1.31315 

1.31328 
1.31340 
1.31389 
1.31506 
1.31805 
1.32532 
1.34037 

1.41350 
1.44659 
1.49909 
1.56062 
1.63106 
1.69971 
1.72981 
1.76823 
1.80023 
1.83922 
1.96160 
1.96612 
1.98294 
2.00078 
2.01936 
2.03971 
2.06117 

2.11069 
2.15486 
2.17223 
2.19 7 9 8 

2.29570 

2.43060 

2.64706 

3.27702 
2.824 
2.100 
1.794 
1.572 
1.403 
1.244 
1.109 
1.025 
0.852 
0.170 

1.31320 

1.37590 

2.08540 

2.2287n 

2.36030 

2.51705 

2.85560 

0.6172 

0.6234 
0.6266 
0.6299 
0.6331 
0.6365 
0.6394 
0.6428 
0.6469 
0.6509 
0.6536 
0.6565 
0.6601 

0.6708 
0.6749 
0.6795 
0.686G 
0.6929 
0.7025 

0.7293 

0.8071 
0.8503 
0.9 

0.6204 

0.6646 

0.7142 

0.7482 

0.95 
1.0 
1.05 
1.10 
1.15 
1.20 
1.40 
1.45 
1.50 
1.55 
1.60 
1.65 
1.6707 

n.o3r,356 

0.035m 

D.035392 
0.035426 

0.035522 
0.035587 
0.035i00 

0.036394 
0.031668 

0.044064 
0.049652 
0.058981 

0.099293 
0.118206 
0.140956 
0.175176 
0.213392 
0.269336 

0.434494 
0.556106 

1.24554 
1.59088 
1.94196 
2.29695 
2.65618 

3.40545 
3.90364 

0.035891 

0.040274 

0.013940 

0.350078 

0.949619 

3.02173 

1.31247 
1.31247 
1.31251 
1.31250 
1.31240 
1.31306 
1.31359 
1.31295 
1.81521 
1.32133 
1.32729 
1.34224 
1.35791 
1.38576 
1.41976 
1.46423 
1.48780 
1.51562 
1.56943 
1.59822 
1.63048 
1.70511 
1.76788 

1.55779 
1.89357 
1.92812 
1.96090 
1.99114 
2.01888 
2.14142 
2.25037 
2.15330 
3.194 
2.300 
1.983 
1.739 
1.543 
1.387 
1.261 
1.229 
1.199 
1.175 
1.154 
1.133 
1.116 
1.101 
1.088 
1.077 

1.81501 

5.875 

7.014 
1.6884 
1.6966 

7.341 
7.680 

o( = 30' a = 60' a = 1200 CI = 150' 
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Summary. 
, .  . 

Two-step tcsts and interval tcsts n-ere performod on 24 S-T Alelad riveted 1ap.joints to study the cumulation 
o f  fstiguo damago in this type of joint  and ta verify the linear oumulative damage rule. 

Avmilnblc data on light alloy specimens aio rcvieaail and compared with the results of the present inve!stigation. 
It, is t r h l  t o  establish "OLUC gonernl trends of thc cumuletivo damage phenomenon. Solno prapoacd cumulative damage 
rules 'nrc disoumcd with rcspcet t o  the osporimenta1 results and gencral aeoepto,d fcaturcs of the fatigue phenomenon. 
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I)IGVELOP~IENT COMUAND, U7NlTED STATES 

1 Introduction. 
. .  

This investigation is an extension of a previous 
rescareh (ref. 33) on the cumulation of fatigue' 
damage in tests with .varying load ranges. In 
ref.. 33 unnotched. and simply notched specimens 
of 24 S-T.Alclad .were tested. I t  was thought .ad- 
visahle: subsequently to  .test a typical aircraft .joint, 
in a similar way and for this purpose a 24 S-T 

Alelad riveted lap joint was chosen. However, 
now the. mean. stress was kept constant, whereas 
in ref. 33 all tests were performed at R = O  
(minimum stress zero). A constaut mean stress 
is more rcalistic with respect to  actual servicc 
loading.' 

?'tic cumulatire-damage tests were of a very 
simple nature. Only two different stress ampli- 
tudes were used in  one test. Simple load sequences 
were thought necessary to obtain a clear picture 
of t,he cumnlation of fatigue damage. Furthermore, 
with the results the well-knmm linear cumulative- 
damage nile was ehecked although in rcf. 33 it 
was alrcady stated that this rule has no general 
validity. 

The rcsnlts of the present investigation are com- 
pared with the results of other investigations. This 
necessitates a literaturc review and it turned out 
t,hnt a fair comparison is quite difficult owing to 
the great variety of test programs. Nevertheless 
it has been tried to establish some general trends 
of cumulative damage in precipitation. hardening 
light alloys. Taking ,account of these trcnds and 
of our knowledge of the fatigue phcnomcnon the 
cumulative-damage concepts, published hy differ- 
ent authors are discussed. Since it turns out thilt 
insufficient rational hack-ground for any cumula- 
tive-damage rule is available. -some proposals are 
made to clarify the gaps of our knowledge. 

The significance of the r ev icyg  test .data for 
the practical fatigne testing and life estimation 
of complete aircraft structures is considered and 
some suggestions f o r  ad-hoc research on ,this snb- 
ject are given. 

For the literature review valuable references were 
received from Dr. GASS", Dr. HXWWOD and 
Prof. SHANLEY., which is gratefully acknowledgcd 
here. 

This research was conducted under the, auspices 

', 

. .  



of the, Air Research and Development Command, 
United States Air Force under contract no. A% 
61(514)-812, through its European Offiec a t  
Brussels. 

2 Nomenclature and notations. 

Fatigue curve = S-N curve = Wohlercarve. 
Fatigue diagram = Smith diagram = modified 

Fatigue limit = Endurance limit = S t .  
Load range Stress range = S,, I S, . 
Cumulative &mage test = Fatigue test with vary- 

Two-step test = Fatigue test in which the load 
range is varied once. First tlie 
pre-stress and then the test 

Goodman diagram. 

ing Load range. 

stress is applied. 
H-1J test = Two steD test in wliieh a hich " 

pre-stress is followed hv a low 
test sttess. 

L-€1 test = Two step test in which a low 
me-stress is followed bv a high ., 
test stress. 
Fatigue test in which the load 
range varies periodically, step: 
wise or continuously, each period 
being small with respect to the 
endurance. 

Interval test, = Spectrum test in which only 
two different load ranges are 
employed. 

Pre-loading : One high pre-load is applied heforo 

Cyclic pre-loading = H-L test. 
n Cycle ratio = - N 

?L 
n1 = ,, ,, ,, ,, at pre-stress (two 

n2 = ,, ,, ,, ,, at test stress (two 

nH = ,, ,, ,, ,, at high st,ress range. 
n ,  = ,,. ,, ,, ,, at low stress rar?ge. 
N = Endurance (suffixes 1, 2, H and L are 

used in the same may as for n) 
N' 
S 

Spectrum test 

the fatigue test (test loading). 

= Number of load cycles. 

step test). 

step test). 

= Endurance in a spectrum test. 
= Stress (all stresses, if not specified other- 

wise, are nominal stresses in the net sec- 
tion). 

S,,,, = Minimum &ess in a load cycle. 
S,,,,, : Maximum stress in a load cycle or in a 

S,, = Mean stress in a load cycle. 
8, = Stress amplitude. 
Sa, = High stress amplitude in a two-step or 

i n t e n d  test. 
S,, = Low stress amplitude ii; a two-step or 

interval test. 
S1 = Fatigue limit = endurance limit. 
So.* = Yield stress. 
$5'" ' = Ultimate stress. 

R = Stress ratio= - 

spectrum test. 

&in 

S,,, 
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1' = radius. 
ki = theoretical stress concentration factor. 
(T = Standard dcviation. 

In  general the dimensions are &en in metric 
units (mm; kg/mmz). I n  the text the English 
cquivalents are given in inches and kips (1000 
p s i )  between brackets. At the bottom of the 
tables and figures conversion factors are given, 
if necessary. 
1 mm = 0.04 inch. 
1 inch = 25.4 mm. 
1 kgjmmZ .= 1.422 kips = 0.635 t.s.i. 
1 kips = 0.703 kg/mmz. 
1 t.s.i. 

3 Test procedure. 

3.1 .#faterid, specimens ond static tests. 

= 2.240 kips = 1.574 kg/mm*. 

The material used for  the specimens was 24 S-T 
alelad sheet with a nominal thickness of 0.8 mm 
(0.032"). The sheet tliicknesv of each specimcil 
\vas measured accurately within lJl00 mm. The 
sheet material was obtained from two manufac- 
turers : the Vereinigte Leielitmetall Werke (VLW) 
and the Nederlandse Aluminium Naatscliappij 
(NAAf). From both sheet materids norms1 tensile 
test specimens were tested by the R.oya1 Nether- 
lands Aircraft Factories Fokker, the manufacturer 
of the specimens, to determine the mechanical 
properties. These properties were found to be: 
24 S-T alelad from NAM: 

S0:s = 34.9 kg/nimZ (49.6 kips) 
S'U = 44.5 ,, (63.2 ,, ) 
Elong. = 13.4 %. 

2.1 S-T alclad from VLW : 
So.% 34.4 k g / m 2  (48.8 kips) 
8% = 46.9 ,, (66.6 ,, ) 
Mong. c 16.6 %. 

One type of riveted joint was used, a simple 
lapjoint with two rows of eight rivets each, see 
fig. 3.1. The rivets were of the brazier type of 
17 S material. The specimens were manufactured 
hy Fokker according to common workshop practice. 
This includes the folloil-ing features: The diameters 
of the holes and the rivets were 3.1 and 3.0 mm 
rcspectively (about '/s inGh). After drilling the 
holes t,he 'burrs were removed. The snaphcads were 
made by pneumatic rivet hammers with a flat head 
at 3600 blows per minute. 

The material of the rivets was 17S, according 
t.0 Fokker specification 5.312. This includes a 
chemical composition of:  Cu 3 . 5 - 4  %; Mg 0.4-  
0.9 % ; Din 0.4-0.7 ; Si < 0.7 % ; F e  < 0.7 % ; 
Ti < 0.3 % and the remainder AI. The minimum 
ultimate shear st,ress was 25.2 kg/mm2 (35.8 kips). 
The rivets were solution heat treated at 495OC 
k 5" C during 20 minutes and quenched in cold 
.wat,er. The riveting occurrcd within tmo hours 
after quenching. 

I n  the ends of the specimens holes were drilled 
for clamping purposes (see fig. 3.1). The specially 
designed grips TTere also used in prcvions inves- 
tigat,ions as gimn by ref. 17. 



Tension tests were executed on two specimens 
in an Amler  hydraulic tensile testing machine. 
The ultimate loads (shearing of the rivets) xere 
3630 kg (SO04 Ihs) and 3640 kg (8026 lbs). The 
mean corresponds to a stress of 33.7 kg/mm2’(47.9 
kips), based on the critical net section of the sheet. 

3.2 Patig7le ?nnchi?m and f n t i g w  tests. 
The fatigue tests were run on a 10 tons Amsler 

high-frequency pulsator which is an electromagnetic 
t,ype of resonance machine (see fig. 3.2). The 
frequency used was 6000 c/min. 

When a fatigue crack has propagated sufficient- 
ly in a specimen, the resonance frequency of the 
loading system decreases. The machine is no longer 
adapted then to the frequency and swit0he.s off 
antomaticallp. That moment was considered as the 
end of a test. The specimens were not completely 
fractured hut a well defined crack was visible. As 
the ma.ximum load in the fatigue test did not ex- 
ceed 2000 kg (4409 Ihs) a 2 tons dynamometer 
was used in the machine. 

Two test programs which were quite similar 
were performed; one a t  a mean stress of 9.0 kg/mm2 
(12.5 kips) and the other at a mean stress of 
7.2 kg/mm* (10.1 kips). S,=9.0 kg/mm2 corres- 
ponds to an ultimate load factor of 3.75 with 
respect to the stat,ic strength. &‘,=7.2 kg/mm2 
corresponds t o  an ultimate load factor of ea .  4.1. 
A lower value of S, was avoided as then com- 
pressive forces in the fatigue tests had to he used. 
which would ha,ve necessitate? a special arranxe- 
ment for preventing buckling. 

At  each mean stress only two different stress 
amplitudes were used. Each test program consist- 
ed of H-12 tests, JA-H tests and interval tests (see 
chapter 2 for nomenclature). A numher of differ- 
ent cycle ratios werc employed in all types of tests. 

To a certain extent the test program was similar 
to the program of ref. 33, in which unnotched and 
notched specimens were used. However, in ref. 33 
all tests mere performed at  R=O whereas now 
all tests were performed a t  a constant mean st,resu. 
This was thouaht more redistic with respect to 
aircraft, loading. 

The mein purpose of t,he .test program was to 
verify the linear cumuIative damage rule: 

Further the interact,ion of two different stress 
amplitudes applied in one test could he studied. 
I n  this way it was hoped to gain some understand- 
ing of the cumulation of damage in a cammon air- 
craft joint, hecause in  ref. 33 it turned out that 
the linear cumulative damage rule did not possess 
general validity. 

Four spare specimens were given a high pre- 
load of 22.4 kg/mm2 (37.9 kips) and then fatigue- 
tested at 7.2 & 3.2 kg/mm2 (10.1 -t 4.6 kips). 

4 Results and discussion of the normal fatigue 
tests. 

Table 4.1 and fig. 4.1 give the results of the 
normal fatigue tests. T,he mean of the endurances 

as rvell as the standard deviations have heen deter- 
mined logarithmically. This is more adequate as 
several investigators have pointed out; see for 
instance refs. S and 38. For the tests a t  a mean 
stress of 9.0 kg/mmz (12.8 kips) 20 specimens were 
used for each stress amplitude. This number was 
thought necessary in view of t,he scatter which is 
inherent to the fatigue phenomenon. I n  fig. 4.1 
a comparison Tvith the results of ref. 24 for  the 
same type of specimen has h e n  ma.de. The results 
of ref. 24 were obtained with a different type of 
fatigue machine and a h e r  test frequency; for 
details see fig. 4.1. The present results are slightly 
hetter hut still the agreement is g o d .  Moreover 
it t,urncd out that the scatter in the fatigue tests, 
was .quite low. F o r  these reasons a numher of 
10 specimens far  each stress a.mplitude at the mean 
st,ress of 7.2 kg/mmz (10.1 kips) was considered 
sufficiently high. 

To check whether a normal logarithmic dis- 
t,rihntion curve is valid here, the results for the 
tests a t  a mean stress of 9.0 kg/mm* (12.8 kips) 
were normalized ’ 

__ 
log Ni -log N yi= - (i=l, 2,3  .._ 20). (4.1) 

D 

The average prohal$lity of failure at the endurance 
N ;  may he denoted by 

ni = numher of similarly tested specimens 

I n  fig. 4.2 Pi is plotted against y;. A normal 
distribution should give the straight line given in 
1.he figures. It may be concluded that indeed a 
normal logarithmic distribution may he a good ap- 
proximation in the range of prol~ahilities of failures 
considered here but, it  can not he said whether this 
approximation is rcliahle for very low values of 
the prohahility of failure which is a rather im- 
portant rangc wit,h rcspect to providing some 
margin of safety. 

The “extreme value distrihution function” as 
proposed hy FREIJD~LZZ,  and G u ~ ~ B ~ x  (ref. IO) 
is certainly more realistic as it assumes a minimum 
life for which a probability of failure is zero. 
This distrihution ‘has not heen considered here as 
the sample size is too small to discriminatd between 
t,his distribution function and the “log-norma.1 dis- 
tribution function”. 

The scat,ter in the results is extremely low __ f o r  
fatigue tests. To illustrate this point oy log  N 
has also hcen given in t,ahle 4.1. I n  ref. 47 
WEmum, testing 1058 flat 24 S-T Alclad speei- 
mens \Tith two drilled holes, concludes t,hat the 
shortest life, even in a not, very large sample, may 
he expected to be about of the average life. 
For the results in tahle 4.1 this value is about 
z / : 4  or higher. Prohahly the small scatter has 
mainly to he attributed to the type of specimell. 
The riveted lapjoint has eight rivets in each line. 
So the specimens may he considered as consisting 
o f  eight specimens. The weakest one will deter- 
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Sm=7.2 kg/nun* 
mine the endurance and so the chance of obtaining 
high endurances will he reduced, This reasoning 
has also been advanced to explain a small scatter 
in the fatigue life of complete structures. 

From tahle 4.1 it  may be seen t,hat there is 
more scatter at the lower stress amplitude than 
at  t,he higher stress amplitude. This generally 
recognized feature is more evident a t  S,,=9.0 

1 .  kg/mm2 (12.8 kips) ' than a t  S,, = 7 . 2  kg/mm* 
(10.1 kips). 

5 Results of the cumulative damage tests. 

In the tahles 5.7, 5.2, 5.3 and figs. 5.1 and 5.2 
t,he results of the two-step tests and the interval 
tests are given. Thc,type of test is denoted sche- 

matically. In the figures 2: - IS 'plotted as a 
horizontal line, each line representing one, test. 
For the two-step tests the beginning of the line 
corresponds to the end of the prestress and the 
end of the .line corresponds to the eud of the test. 
(Only' the latter applies to the plotting of the 
results o€ the interval tests). 

As mentioned in chapter 3.1 for the tests with 
a mean stress of 9.0 kgJmmZ (12.8 kips), specimens 
of VLW sheet material and NAM sheet material 
vere used. Only a small number of these tests 
were performed with specimens of NAM sheet 
material. The results of these tests are indicated 
hy dotted lines in fig. 5.1. For  those tests which 
allow a comparison it would seem that the VLW 
material is slightly better. If the results obtained 
!%,ith the NAM material are omitted, the mean 
results are hardly affected, however. Fo r  the tests 
at S,,=7.2 kg/mm2 (10.2 kips) only NAM mater- 
ial was used. 

One of the most remarkahle features ahout the 
results of the. two-step tests is that the mean 

values of T- deviate so little from unity for hotb 
mean stresses used. As these two mean stresses 
(9.0 and 7.2 kg/mm2 72.8 a.nd 10.2 kips) do 
not .differ very much it is not unexpected that 
the results of hoth.test programs shos a similar 
character. 

Since tbc'deviations of 't,he 2: - values from 

u"niy are small, they do.not reveal any systematic- 
a l  .relation and for the two-step tests the linear 
enmulative damage rule seems to .be a good all- 
proximation. It is more or less surprising t o  notice 

that ' 2  - in the' interval tests is not much, hut 

st,ill noticeably , heyond unity. The lowest value 
was obtained for S,=9.0 kg/mz (12.8 kips), 

n .  
iv 

n 
N 

n 
N . . .  

ni 
Ni 

n" 
' -= llL 0.10 and - =0.03. Eowever, 5 of the 

Ni. h'" 
10 specimens tested were of NAM material, which 
is believed to.give somewhat lower fatigue results. 
If these specimens are omitted the mean value of 

2: - for the remaining 5 specimens becomes 1.32. 
The mean results.are once more sumniarized below : 

11 

N 

' 0.20 0.01 1.87 0.09 1.96 . 
0.05 1 0.01 1 1.53 ~ 0.30 1 1.83 . 

S, = 9.0 kg/mmz 

I 
I 0.10 0.03 1.02 0.30 1.32' 

'NAM specimens omitted 
I . .. I I .  I 

These results hardly reveal m y  trend with respect 
to  the effect, of. the cycle ratios at  the high and the 
lox? stress amplitndcs. If the tests are considered as 
fatigne tests at the lqw stress amplitude which are 
periodically interrupted for applying a hatdl of high- 
er load-cycles, the effect of the latter js a slowing 
down of t,he fatigue rate at the low stress ampljtnde. 

2: - > 1 except for '- = 0.05. This value was 

sufficiently high to. add a suhstantial damage .in- 

erement., The srn,allist value of - is 0.01 and 

gives the highest va.lues of T x. The effect. of 

the'frequency of the hatch of high loads does not 
turn out in some clearly defined kay. It is remark- 

ahle that for -- 0.20 and - r 0.01 the high- 

est cnduranees are obtained. 
In table 5.1 the results for four pre-loaded &e- 

cimens tested at  7.2, I .  3.2 kg/mm2 (10.2 *. 4.6 
kips) are given. The pro-loading consisted of .ap- 
plying a load of "/,. S, (22.2 kg/nim2 31.6 kips) 
t,o whi'cli an endurance of ea. 200007oad cycles 
(at  minimum load zero) corresponds (see ref. 24). 
After this pre-loading the stress returned to zero 
and thcn the.fatigue test started, giving the results 
a t  the bottom of tahle 5.1. The mean endurance 
ohtained then was about one and a half times the 
original value given in table 4.1. Although the 
pre-load >vas fairly ,high, the gain of endnrance is 
st,ill moderate. . .  

Some more comments on the .cumulative damage 
tests. are given in chapters 6 and 7. 

Also in the cumulative damage tests the scatter 
is not large. No systematical variation as a func- 
tion of the prc-strem cycle ratio could he nhserverl. 

has n o t  heeii consider- N 
ed. Also for cumulative damage tests the p,roba- 
l)ilit,y of failure may be approsiniated relat,ion 

nr. n,, 
N ,  N,, 

nH 

N H  . ., 

NI. 

nL nH 
N L  N H  

The distrihution of 2: 
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(4.2). Iii rcf. 33 it was remarked that for the 

calculation of .Z the values of N ,  and N ,  with 

the sa.me prohahility of failure as that of the test 
result itself could be used This has been proposed 
h f ' l i m y  (ref. 26) as a method to  obtain more 
information' from apparently similar tests. LLTY 
postulates that  a specimen with a certain proha- 
hilit? of failure, determined by performing maiiy 
identical tests of a certain type would have 01)- 
tained the samc prohahility of failure in other 
fatigue tests of thc sdmc type hnt different loading 
program. He rcasons that fatigue is a rather 
localizcd phenomenon and local weak spots whicli 
initiate'' the I';itigue' crack remain wcak under a11 
eircumitances. T,mr applies this to two-step tests 
for deriving the rclation bct,wecn the pre-stres 

cycle rat,io and I: - . Ho performs 20 tests a t  t,he 
low, st,revs amplit,ude (SR.,,), 20 tests a t  the high 
st,ress implit,ude (h,) , and 20 L-H tests with 
4oo.oon prc-st,ress I w d  cycles (n,,) at Sa,, and rcll 
load cycles at  the test stress S a H .  So the 1,-H 
tests wcrc meant to hc identical (all havc the samc 
nnmher of prc-st.ress load p l e s ) .  Owing t,o scatter 
different, .v;ilnes for n.,, are obtained. The results 
i i r e  t h e n  arranged in incrciising order. 

Enduriittce at, Snr, =A',,, , N , ,  , .... , 

n 
I\ 

n 

, . .  iv 

N r J j ,  ... , NG?, (a) 
. .  ., 

. .,, ,, Sa,, = A',,, , A',,, , ... ., , , 

" H , ~ ,  ... , N~rm (h) 

n.,, = n H , ,  ~ i . , , ~ ,  ... 
. ,  

n k ,  ... ,, nN20 (e) .I 

I'rest,ress wele ratio = 

Teststress iyclc ratio = ..., ..., __. , 

1, %;= .,.,.: " " .  ~ . n 
4oo,noo TL>, 
__ + La ..: ( f )  
, N , .  .I #Hi 

The pre-stress cycle r h o  (line d) thus obtained 
is different. for till tests and since the scatter in, N ,  
was quite large the pre-stress cycle ratio ranged 
from 0.10 to 0.91 and covers almost the entire range 

(0 t o . 1 ) .  Combining line d and 1ine.f gives - 
i\T 
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n,, ' ' ' 

!VI i is  a funct,ioit of - . , .  
- I, 

.If this method of t,reatitig the test results ,werc 
n '  

correct the xwilts of - would he hardly affect- 
i d  I)y 'saatter. Scat,tcr mould only originate from 
slight, deviations from relation (4.2), which are 
possihle if  a limited number of specimens is used. 
Homevcr, W E n w u ,  (ref. 46) has shown that this 
type of scatter will tic rather small for 20 identical 

- 1v 

tests. So indeed more information from 20 ap- 
~~ari:ntly identical tests is obtained than by corn 
sidering only the mean values of N L  , N,, and n,, . 

To Tdms's principle and its applicahioii to test, 
data two objections may be raised. 

( 1 )  It is thought to be incorrect to assume 
that a specimen will have the same probahility of 
failure, regardless of the type of load program to 
which it is suhjceted. Probably it may be correct 
For coi~r~entional fatigue tests, hut it will not hold 
for each type of cumulative damage test. An ex- 
;Lmplc may he a. two-step test in which a strength- 
i:ning effect of the pre-stress mag' bc ohtained, 
which is the more the higher the pre-stress cycle- 
ratio amounts. This involvcs that after applg'ing 
a certain numhe; of pre-stress cycles to a weak 
and a strong specimen, the original weaker one 
may have become t,he stronger one with the lower 
prohahility of failure. Also in spectrum tests with 
periodic high load cycles, the lnt,ter will level out 
the differences in weakness, thus affecting the 
prohahility of failure. 

The second reason is that L m ' s  principle 
implies the assumption that'wealr and strong speci- 
mens endure cnmulat,ive damage in t,he same way. 
This can neither he proved nor disproved and only 
an  cxperimcntal check may answer this qucst.inn. 
The results of t,he present investigation do not 
offer conclusive test material. 'Lmr's treatment 

involves that the lower values of 2 hccome 

higher and the higher values become lower. .For 
the prcscnt investi,gation this means that all results 
remain ahoiit unity. However applying the method 
to t,ests with resiilts differing considerahly from 
itnity, such as the H-T, tests on the notched speei- 
mhns of ref. 33, showed that for these test8 t,his 
principle can riot, be 'valid, as conflicting results 
were ohtained. 

H,oxever the d u e  of ref. 26 is that, it has drawn 
the attention to t,he fact. t,hat averaging the results 
in a may as' done in table 5.l 'and 5.2 (H-1, and 
L H  tests) ~ctunl lg  implies an averaging of results 
of specimens which receirxed the same nnmher of 
pre-st,ress load-cycles, however not, the same degree 
of damage. 

6 Comparison with the results of other investi- 
gations. 

Several decades ago, realizing that, many strue- 
t u r d  components in practice were subjected to 
stress amplitudes of variable magnitude, it heeame 
dear  that '  normal fat,igue tests did not provide 
any direct information on the service endurance 
of such components. ' The 'phenomenon, now called 
"ctimulative damage in fatigue" I?% recognized at 
t,hat moment and since then; numerous experiments 
ltave becn performed t,o investigate this pheno- 
menon. The first tests' were conducted with 'steel 
specimens and things like training and coaxing 
were observed. Similar tests on light alloys showed 
that, inmulative dariiage for this matcrial may be 
quite different. Dleani%hile the problem of fatigue 
in aircraft structures became more urgent and so 
at  several laboratories investigations were s ta r ted  

(2) 

n 



to establish general trends of cumulative damage 
in light alloys. These tests may be subdivided in 
three types. kt first tests were performed to  study 
t,he interaction of two diffemit stress levels. 
Secondly there were tests, the main purpose of 
which was merely a checking of the linear enmula- 
tive damage hypot,hesis. The tests of the third type 
are spectrum tests in which a load spectrum was 
used that imitates t,he actual service loading. The 
first tvro types may ,hc considered as having some 
basic significance. The latter one, supposing that 
no endurance in practice could be derived from 
t,he nsual S-N curves, had a direct pract,ical purpose. 

The investigations yielded different trends. While 
one investigation showed that a life predict,ion wit,h 
the linear cumulative damage rule was on the safe 

side (2 > 1) the other one showed the op- 

posite. Now it should be recognized that fatigue 
tests may be performed in quite different ways, 
thus introducing the possibility of different results. 
Two main points in this respect will he mentioned 
here. Some invest,iga.tors use unnotched specimens, 
while others use notched specimens. Secondly R 
number of test 'programs has hecn condncted as 
rotating beam tests, while other ones mere axial 
load tests with a mean stress unequal to zero. It 
therefore seems worthwile to, compare the most 
important investigations, trying once more to  
reveal- some general trends and to indicate the 
gaps of our knowledge. For this purpose a number 
of investi$at,ions will he summarized here. This 
implies a literature review and it may he quitc 
possihle that a number of investigations escaped 
t,he attention. This snmey will he restricted t o  
light, alloys and more in'particular to the prcci- 
pitat,ion hardening light alloys, which actually 
means alloys of the type Al-Cn-l\fg (24 S-T) and 
Al-Zn-Me (75 S-T). T,he nomenclature khich will 
he used is given in chapter 2. Firstly the axial 
hading test,s will he described, after that the rotat- 
ing beam tests and finally the tests in Tvhich one 
high preload mas applied. Moreover the inveshiga- 
tions will be discussed in a. more or le= chrono- 
logical order. However these sequences are not 
always maintained strictly. 

has recommended the spect,nim tests 
since 1939 (ref. 11 and 14) a.nd he performed many 
of these tests. The results were not published in 

n 
terms of Z - H,owcver, GAFSXER reports that in " 
gkneral the results disagree with this linear cumula- 
tive damage rule and that this rule may be on the 
nnsafe~ side. G d w " ' s  work will he discussed to 
some further extent in chapter 9. 

H m f )  (ref. 19) investigated the effect of 
cyclic pre-stressing on the S-N cnrve and more in 
particular on the fatigue limit. His results are 
summarized in figs. 6.1 to 6.5. 

Fig. 6.1 illustrates the influence of cyclic pre- 
stressing at R c O  and different cycle ratios of 
the. pre-stress on the fatigue limit at R=O for 
two types' of light alloys and for lugs and bars 

") In general €CFxm did not give detailed results. Also 
the number of tests performed ma9 not mentioned. 
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yith a sharp circumferential groove. The trend 
of all these figures is the same, i.e. the fatigue 
limit is raised considerably by a high cyclic pre- 
stress. Moreover one figure shows that the rise 
is the higher for higher magnitudes of the pre- 
stress. One noteworthy feature in all these dia- 
grams is that the maximum increase of the fatigue 
limit is not obtained after one pre-load cycle but 
a steady increase is found the longer the pre-stress 
lasted. The maximum effect is obtained at a pre- 
stress cycle-ratio of about 0.50. 

The rise of the S-N curve after cyclic pre-loading 

is shown in terms of Z: - in fig. 6.2. The tests N 
of this typc'are actually two-step tests of the type 
H-L tests, Four cycle ratios were used, viz. n, = 1 

load cycle and ?!E =0.05, 0.50, and 0.80. All 
N 11 

n 
values of 2 lT arc higher than unity hut again 

the effect at, - = 0.50 is much more pronounced 

t,han for nH = 1 load cycle and - = 0.05. The 

increase in 2 - i s  smaller for the higher test- 

stresses (smaller diffemnces between prc-stress and 
test-stress) and larger for higher values of the pre- 
stress (larger differences between pre-stress and 
tcst-stress). 

Fig. 6.3 illustrates how the fatigue limit is 
affected by eyclic,pre-loading at a stress amplitude 
of i 6 kg/mm2 (8.53 kips) and different, values 
of the mean stress. Also for t,he fatigue test a 
number of mean stresses were used and the results 
are presented as a fat,igue diagram: It turned out 
that, the higher the mean-stress of the pre-loading 
t,hc more the fat,igue limit was raised. This bene- 
ficial influenee demeased at, higher mea.n values of 
the test, stress. 
mean stress. (- 6' kg/mmz L - - 6.53 kips) hardly 
effected the fatigue limit. 

Fig. 6.4.shows once more the rise of t,he fatigue 
limit, a t  different mean stresses f o r  lugs, caused 
by a high q d i c  prc-stress. Three values for  the 
pre-stress cycle ratio mere applied, viz. 0.05, 0.50 
and .0.60. The rise in  the fatigue limit is maxi- 

nM mum a t  - = 0.50. The rise decreases for higher 
N" 

values of S, . The tension-compression side of the 
fatigue diagram does not allow a fair comparison 
as fo r  this type of specimen the way in which 
the load is transferred then is different a t  S,i, 
and S,,,. 

Fig. 6.5 gives the rcsnlts of a number of spec- 
trum tests on lugs. The test results were given 
in flying hours and mere not evalaated in terms 

of 2 F .  The spectra applied are schemat,ically 
indicated. It may be seen that the first tests were 
conventional fatigue test,s and in the folloving 
tests more stress amplitudes were added, which 
did not lead to a decrease of endurance but on 
the contrary an important increase in life was 
ohtained. This clearly. illustrates the 'beneficial 
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n 
N -  influence of the higher st,resses and 1: - -1 

~v,ould have underestimated the actual endurances 
hem. 
HEYEK has alio tested a riveted joint and a spot 

welded joint (one rivet or one spot weld in each 
specimcn). It turned out that also for these types 
(if specimcns a high cyclic pre-stress caused a rise 
of t,he endurance limit,. However the increase was 
somewhat less pronounced and t,here \vas a eon- 
sidera.ble scatter in these tests. 

Resnlts of ah-m (ref. 28) of twostep tests on 
unnotched 24 S-T Alclad specimens are presinted 
,in fig. 6.6. Posit.ive mean-stresses were used. I'm- 

n st,ress cycle ratios ranged from 0.40 to 0.73. 1: - N 
did not deviate very much from unity and devi- 
atiwis to  both sides of unity occurred. The same 
applics t o  some tests of DImm in which three or 
four stress levels were employed, the results of 
which are not presented here. 

R,USW,I, and eo-workers (ref. 34), investigating 
the fat,igiic s t rcnah  and related eharacteristies of 
aircraft joints, also performed a number of cumii- 
Iative damiige tcst,s on nnnotched 24 S-T Alclad 
specimens and riveted lapjoints of 24 9-T a n d  
75 S-T Alclad mit,h one and two rows of rivets. 
A positive meaii-st,ress (0.212 9,) was ma.int,ained. 
Th'e numlier of tests wis limited. The deviat,ions 

n 
of unity in t,he resii1t.s of 2 - could lie explained IV 
hy scatter in  t,he S-N curve. 

Warmrim (ref. 45)' performed two types of 
spectrum tests. For one type a gnst spectrum with 
a constant mean stress and for the other type a 
manoeuvre load-spcctmm with a constant minimum 
stress was applied, see fix. 6.7. Notched and nn- 
notched specimens of 24 S-T Alclad and 75 S-T 
Alclad were tested and a. numher of mean st,resses 
mere emp10,~ed~ see fix. 6.7 and 6.8. I n  general, 
the resiilt,s for the nnnotched specimens are lower 
than for the notched specimens. Moreover, t,hey 
do not deviate very mnch from uni ty  I n  the 
tahlek of. fig. 6.7 and 6.8 the endurance at, the 
highest, stress amplit,ude applied is also given he- 
cniise this cndiirance indicates more or less the 
scverit,y of the highcst stress amplitude. As an 
average t,he results fo r  notched specimcns mere 
higher than unity hut, values somewhat, helow unit,y 

n occurred and sometimes rather high values of P - 
N 

were found. 
In these spectrum tests one or more of the low- 

est stress amplitudrs were helow the endurance 
limit. To study t,hcir effect Warmxm omitted 
these stress le~.els in a number of tests. For the 
75 S-T specimens this resnlted in somewhat larger 
cndurances, whercas for the 24 S-T specimens this 
effect, was not, clear, as a lengthening as well as 
a shortening of the endiirance mas found. Ghmm 
(ref. 11) noticed that, omitting the lowest stress 
amplitudes in spectrum tests gave a eonsiderahle 
increase in life. 

GROVER and eo-workers (ref. 15) performed two- 
step tests oE hoth' the H-L and 1,-H type. A con- 
stant mean stress was maintained. Unnotchd 

, 

' 

specimciis of bare 24 S-T and 75 S-T were tested. 
The results are presented in fig. 6.9. Both materi- 
als show the beneficid effect of high cyclic pi-e- 
stressing and  so fa r  they are in agreement with 
tlie resuks of  HEY^ (ref. 19).  Howver  here the 
hencfiaial influence decreases more rapidly as the 
pre-stress cycle-ratio increases. Nevertheless, also 
liere for  7.5 S-T t.he maximum benefit is not oh- 
tained after 10 load cycles hut at  a higher number 
iif pre-stress cycles. The trend of the  IA-H tests 

n .  is that, X - increases at increasing pre-stress cycle- 1V 
ratio in such a way that it seems that the pre- 

stress was in-effective (1::zl i- -i), this 

Iicing more cvideiit for  24 S-T tlian for 75 S-T. 
Ihtwnmx (ref. 17) conducted some preliminary 

two-step tests on rivctcd lapjoints of 24 S-T Alclad, 
the same type of specimen as employed in the 
present investigation. Xis results are given in fig. 
6.10. The results of the II-J, tests are in good 
agreemsnt with the results of Hmun [ref. 19) 
md G n n v n  and eo-workers (ref. 15). Also here 
the beneficial effect of a pre-stress c,ycle ratio of 
0.26 is much ,higher than f o r  one prc-st,ress cycle. 
The I > - R  tests give a restilt, slightly hclow unit,y. 

i\ testprogram 'somewhat. similar t,o the prcscnt 
invest,iga.t,ion was conducted by the authors (ref. 33) 
o n  unnotched and notched 24. S-T Alclad sheet 
specimcns, see fig, 6-11. An important difference 
was that, in ref. 33 the tests were performed at, 
lt = 0, whereas now a constant mean stress is used. 
In t,he H-L tests the unnotched specimens showed 
i t  diiqher endnrance the longer t,he pre-stress last- 

ed, whcrcas in the I,.H tests I ;ii was slightly 
hclo~v unity for this type of specimen for all value3 
of t,he pre-stress cycle-ratio. Thcse results arc 
rliffercnt from the results of GROVER and eo-workers 
(ref. 15). However, these invest,igators used much 
higher stress amplitudes. 

I n  the €1-1, tests on '  the notched speeimcrls a 
considerable increase of endurance .sas oht,ained by 
pre-stress cycle-ratios of 0.02 np to  0.25. (The 

?L 

N ,  

n 

, 

nH 
N,,  

result for - = 0.05 is thought to be an exceptioii 
n,, 

which could not he cxplained). At - N , ,  =0.50 

the increase in endurance is reduced again to a 

large extent. T,he L-H tests gave, 2 valnes 
slightly 'beyond unity. Thus the resnlts of the 
notched specimens apced more or less with those 
of ref. 19, 15 and.17. 

I n  the interval tests on the unnotched specimens 

the mean resnlt for 2 - W R S  ahout unity where- 
as this was ahout 1.5 for tlie notched specimens. 
This shows that indeed the notched specimens ex- 
perienced some beneficial effect, of the high load 
or in other yords, the high load caused the lower 
load to he more or less ineffective. In  view of 
t,he H-1, .and L H  tests the results of the interval 
tests a re  not unexpected. It will be noted that 
it is quite unimportant whether the interval test8 

n 

n 
N 
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are started at the lower or the .higher stress- 
amplitude. 

S n m  and eo-workers (ref. 39) performed 
numerous tests on unnotched specimens of 75 S-T 
Alclad and 24 S-T Melad sheet specimens (fig. 
6.12). The mean stress was zero but also a number 
of tests were performed at a positive mean stress 
(14.1 k g J " 2  A - 20.0 kips). Most tests were of 

, 11 the interval-type. The 2 - ralnes were in general 
I N 
I about unity or slightly below unity. Moreover, it, 
I turned out that also here there vas no' noticeahle 
I cffect of starting vrith the high or the low stress 
I amplit\tde which is in agreement with ref. 33. The 

cycle-ratios of the intervals a t  the high and the 
low stress amplitudes which were nsed in different 
tests ranged from high t o  low values. Moreover 

the ratio - : - covered a large range of values. 

These &iahles did not .affect '  the test results 
noticeahly. One esception must he made for  the 

tests with high vahies of - and 5 and thus 

a small number of intervals. For these tests start- 
ing at the higher stress amplitude leads to  some- 

n. what higher values of X , giving a, slight in- 
dication of the henefick influence of the high 
stress amplitude. A .number of E-1, tests and L-H 
tests were performed only with relatively high 
values of the pre-stress 'cycle ratio. Also in thesc 

t,ests there were no large deviations of 2 - -1, 
but. again the H-1, tests gave somewhat higher 
values than the L-H tests. I n  comparison to the 
investigation of CTROm and co-workers (ref. 15), 
i t  is noticeable that here no benefit of a very high 
stress, S,=42.2 kg]m2 (60 kips) was ohtained 
'whereas in ref. 15 somewhat sma.ller stress amnli- 
t ide  induced a marked increase in endurance. Two 
differences in test procedure ma.y explain this. At 
first S m  and eo-workers (ref. 39) used for these 
tests a mean stress zero wherens GROVER and co- 
workers (ref. 15) used a positive mean stress. 
Secondly in ref. 39 clad material was used whereas 
in ref. 15 hare material was tested. 

S i m  and co-workers did not find any notice- 
able influence of changing the mean stress from 
zero to 14.1 kg]mm* (20.0 kips). The most im- 
portant trend of this extensive test program is 

that the deviations from 2 =1 were rather 
limited. To a certain extent there is some agrec- 
ment with the tests on the unnotched specimens 
of ref.. 33. 

W%I.MREN *) performed.'?. number of spectrum 
tests at R=O on notched 75 S-T hars. In  this 
spectrum he used fairly high st,resses (0.75 8,) 
and it was noticed that the experimentally deter- 
mined endurances Toere much higher than the 
calculated ones. Introducing the statistical aspect 
W % I , Z C ~  calculated the endurance with S-N curves 
for three probabilities of failure, 0.1, 0.5 and 0.9. 

nH nL 
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*) Private eommunieation. 

The three endura.nces calculated were compared 
with the experimental results of the same proba- 
bility of failure. The results are given in fig. 6.13; 
the cudnrances were expressed in loading periods. 
TWO conelusions are apparent from this figure. 
Firstly? t,he linear cumulitive damage rule under- 
estimat,ed the endnranee to a large extent. In  
the secbnd place, the scatter in the test results is 
much lower than the linear cumulative damage 
rule. predicts from the scat,ter of the conventional 
S-N. curves. T,he latter eouelusion was also report- 
ed by GASWER (ref. 13).  

For reasons of comparisorl' the.  results of the 
present invest,igat,ion are summarized in fig. 6.14. 
Some explanation is already given in chapter 5 ,  
which ' will only hriefly be repeated here. I n  
gcneral, the difference between both. mean stresses 
used was not important. For the H-1, tests and 

the JJ-H tests the deviations of 2 =1 are not 
large. No appreciable stmngtheniug cffect of the 
high st,ress ivas found i n  the H-TJ tests, contrary 
to the results of '  previously discussed investigations. 

Comparing the rcsulb of HARTMAN (ref. 17) 
mit.h the present, investigation (same type of speci- 
mens) it is noticeable that he found a. strengthen- 
ing effect in the €1.1, tests. However, the lower 
stress amplitude in ref. 17 was lower and so nearer 
the endurance limit, and a second reason which 
is thought to he even .more important is . that '  
€€"Ix."s tests were executed a t  R=O. So 
changing over from the high to the low stress level 
also implies that the mean stress is lowered. 

An importa.nt featnre of the results of the 
present inYestigat,ion is t,hat the interval tests 

ga.ve.2 -, values which were markedly higher than 
onit,? especially' at S,,, = 7.2 kg/mmP' (10.2 kips). 

I n  general, the 'axial loading fatigue tests werc 
perfinned on sheet specimens, The rotating heam 
test specimens, howevcr, were almost always taken 
from est,ruded hars. 

STKKLEY (fef. 40) performed rotiting beam 
tests on 25 S-T innotched specimens. These were 
interval tests. Based on a.'limited number of ex- 
per imcnts 'S~icraE~ suggested that if a high and 
a low stress amplitude are applied alternately thc 
stress-cycles at -the lower stress-level d o  not  affect 
noticeably the fatigue, life a t .  the higher stress- 
amplitude. 

DOIAN a.nd eo-workers (ref. 4), conducting an 
c x t h i v e  testprogram on different materials, also 
performed interval tests on iinnotched 75 S-T 
specimens. The results &re summarized in fig. 6.15. 
For a part of the tests, the lower stress amplitude 
was below the endurince limit. It can he seen that 
these tests do not 'suggeqt that the lower stress 
cycles are ineffcdtive. It was not easy to derive 
some general trends of the~results ns they do not 
vary systematically, For So,  = 4.1 kg/mm2 .. (5.88 

n kips) the ,highest values for x - were. obtained. N 
D80i.m and BRQw~~ (ref, 5) perfohied rotating 

beam'tests on the same unnotched specimen aS used 
in the previously discussed testprogram. Two-step 

n 
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tests with a test stress of 24.6 kg/mm* (35.0 kips) 
and three values of the pre-stress, 31.7, 28.1 and 
21.1 kg/mm* (45.0, 40.0 and 30.0 kips) were exe- 
cuted for some valnes of the pre-stress cycle-ratio. 
The scatter in these tests war unexpectedly high, 
hiit, a large number of tests allowed some quali- 
tative conclnsions. 

n In general, 2 - was somewhat beyond unity in N 
lhe L€I tests and somewhat below nnity in the 
H-I; tests. These results disagree slightly from 
the axial-loading tests on 24 S-T of Smmf  and co- 
workers mho also used a mean stress zero. 

C O R T ~ T ,  SINCIAIR and Dorm (ref. 3)  continued 
the previous testprograms also using nnnotchetl 
specimens of 75 S-T6. To he sure that scatter 
would not prevent, conclusions, the normal fatigue 
tcsts were repeated many times ,whilst the interval 
tests, see fig.. 6.16, were performed 20 times each. 
From the t,ahle in fig. 6.16 it may he seen that, 
some values for the high and the low stress am- 
plitiide were used and .moreover different, values 
for the cycle-ratio‘s were chosen. Values of Z 
well helow iinit,y and well heyond unity occur. The 
ratio of the cycle-ratio’s of the high and the low 
slrcss seems to he quite important,. This conclusion 
disagrees from the work of Shrmr and eo-workers 

? I  

! 

NISHIKARA and PAMADA (ref 30) conducted rotat- 
ing heam tests ‘on unnotehed specimcns (@ 9.0 or 
10.0 .mm) and specimcns notched by a groove of 
2 mm radius. Amongst t,he materials u s e d  was 
dnralumin (the type was not specified). In t,hese 
tests t,he st,ress amplitude was varied siniisoi‘dally. 
Various valiies for t,he minimum and nraxinium 
stress amplitudc were used. Ro detailed results 
a w  given lint it is reported that n good r~grcc- 

mcnt with ‘i - - 1 \vas oht,ained. 
Similar tests on unnotchcd 24 S-T4 specimens 

were performed by &RDR,ATII and Un,m (ref. 16). 
They nsed two types of spectra, a s i n u s d a l  and 
a n  exponential one. Different values for the mini- 
mum and maximum stress amplitude were used. 

n The resnlts of l! are given graphically in fig. 

6.1.7. I n  general, the mean values were l!clow nnit,y 
which is somewhat more evident for t,he exponential 
spectrum. In these tests the overall mean of ‘i - 

i\’ 
was 0.62 as against 0.92 for the sinusoidal spectrum. 

FRIWDEWTIIAI, (ref. 9) also perfoiming spectrum 
tcsts iised a specially designed fatigue machine to  
apply the loads in a randomised sequence. Saeh 
st,rcsq amplit,udc mas maintained constant for 10 
load cycles. .The next stress amplitude was chosen 
in some random way. Ncvertheless the sumfrequcn- 
cies of the six st.ress amplitudes, which were used, 
wcre in accordance with a planned load spectrnm. 
I ? n ” r r i A i .  used four different load spect,ra, see 
fig. 6.18, it1 whie’h t,he results of the spectrum tests 
are also given. For three spectra ‘i 5 is well heloiv 

unity. Only for spectrum A, with relatively less 
high and many low loads ‘i 2 1.25, which is 

n .  
A’ - 
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obposite to the results of HARUL~H and UTIZT, 
where the tests witlh relatively many high loads 
guve higher values of n/N: 

NARW and STARKEY (ref. 27) performed rotat- 
ing heam tests on unnotched specimens of 76 S-T 6 
wit,h stcpwise incrmsing or decreasing stress ampli- 
t,udc. The results are given in fig. 6.19. The dif- 
ference hetween both types of tests is evident. The 
first one gives values of 2 d N  + 1.5 whereas the 
second one gives values of ‘i %/N someivhnt below 
unity. Among these t,ests there were also a number 
of two-step tests, and the results agreed qualita- 
t,ively with the conclusions. of DOLAN and BROWN 
(ref. 5 ) .  

It, will have heen noted that in almost all these 
rotating-heam test programs only unnotched speci- 
mens mere nsed. 

I f  one high pre-load is followed by a convention- 
;i1 fatigue test, it is more or less qnestionahle 
whether tliis should he ca.lled a cumulative damagc 
test. But as this type of test is thought to  hc 
informative in this respect i t  is still discsssed here. 

F~RRL% (ref. 6) studying the influence of in- 
ternal stresses in  rotat,ing ’ eant,ilever-hcom speci- 
mens, pre-loaded specimens with a rather sharp 
notch to a v e v  high st,ress and noticed a consider- 
able increase in fatigue strength, see fig. 6.20. 
FORRE+ also investigated the effect of internal 
st,resses formed h:, quenohing and cold work hy 
21 sinking pass, the first giving compressive internal 
stresses and the second giving tensile internal 
stresses. Thc first treatment t u n e d  nut to he 
hencficial whereas t,he‘second one was det,rimcntal. 

Similar rcsnlt,s as ohtained hy F O R R ~  mere 
1,eported hy RasFmru, and S a m  (ref. 32) for 
61 S-T and hy TE”W (ref. 43) for 75 S-T. 
Noreover, in  these experiments the detrimental 
effect OF residual tension stresses oht,ained hy corn- 
pression prc-loading was also shown. 

BFNSTIT and BAKER (ref. 1) have tested 1111- 

not,ched sheet specimens in bending at R c 0. 
l?osit,ivc as well as negative pre-loading was ap- 
plied. The results are shown in fig. 6.21. At  the ’ 

higher test stresses the effect is not evident hut 
at, the lowest test stress the difference hetween 
positivd and negative prc-loading is clear. 

K m m  and PAYNF (ref. 22) have tested 5 large 
numher of complete wings. Some wings were pre- 
haded hefore fatigue testing. The resilks are given 
in fig. 6.22, from which i t  can be seen that high 
pre-loads may give a considerable increae in life. 
The higher the maximum stress in the fatigue test, 
t.he less is t,he increase in life. 
.h extensive st,udy was reported hy Hmvoon 

(ref. 20 and 21). Fig. 6.23 gives the results for 
nnnotchcd and notched sheet specimens. With the 
nnnotched specimens no noticeahle increase of life 
wuld he ‘obt,ained, even hy rather high pre-loads. 
For the sheet, specimens with a transverse hole, a 
moderate increase in life was ohtained. Also here 
t,his increase was less in  fatigue tests with the high- 
er maximum stress. 

Fig. 6.24 shows.the results for a number of dif- 
Fcrcnt types of notched specimens. The effect Of. 

1.he pre-load on the endurance is illustrated by 
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plotting l i~~rizo~~tal ly  the rclative increase of the 
cnduranee and plotting vertically the pre-load 
stress divided hy the yield stress (SO.,). Also 
compressive pre-lotiding was employed. The gener- 
al h n d  of these tests is clear and agrees with the 
results of the previously discussed test programs 
of this type. Also I~euwoon found an important 
decrease in lifel eaused by eompressive pre-loading. 

To these pic-load tests HIEYWOOD added a number 
of the following type of tests. A conventional 
fatigue test, was interrupted a t  givcn moments foy 
applying a high load, see fig. 6.25. I n  this figure 
the curve, rcpresentin: t,he mean result of fig. 6.24 
is also given. It t,urncd out that a periodical ap- 
plication of high loads is much more effective t,haii 
one high prc-load. This was also t,rue for periodic 
high compressive stresses. 

A limited nu?ihcr of t q t s  was perfoimed with 
1.0 high prc-load cycles instead of one high prc- 
load. This seemed to he more effective than one 
high pre-load, which is in agreement with previous- 

7 . Discussion of the reviewed test  data.. 
In this chapter the discussion considers the mean 

resillts of fatigue tests and the scatter will he 
mgarded only inci&mtally. In general ,the signi- 
ficance of a tostprogram increases' if eac.h test, is 
repeated many times. However also t,hen inhomo- 
geneity, of, the material tested may affect the 
results , i n  ,!ome unknown way. Whereas inhomo- 
geneity eannot, alwcys he' avoided it, should he re- 
commended ' that  'sampling the specimens should 
occur in such a way that, inhomogcneit,y may he 
recognized from t,lie fatigue test results. 

The experimental results presented in the pre- 
vious chapter clearly show t h a t  the linear cumula- 
tive damage nile has nb ,general va1idit.v and even 
in many eases does not provide a good approxima- 
tion. Another stliking feature of the previon 
chapter is the large variahility of the testprograms 
which were peYformed'hp different investigators. 
The purpare of this chapter will be t o  evaluate 
t,he common' characteristics. 

Two affects are evident, from t,hc experimental 
results, viz. 

( I )  A high. pre-load may have a eonsiderahle 
cffect on the cndurance at lower loads. 

(2) Cyclic pre-loading can g iw  a greater im- 
provement, of the endurance at  lower loads 
than a single pre-load. 

The ,first effect is rather evident, for ,notched 
specimcns and has heen known for long. In  general 
it, is explained hy internal stresses, caused hy local 
yielding during the high pre-load (see ref. 6 and 
20). ,These internal stresses can be henefieial 01' 

harmful, dcpendent on whet.her they lower or raise 
the mean stress. In  rcdondant structures a high 
preyload will also produce a load redistribution 
which may effect ,the fat,ig!ie resistance (ref. 20). 

It is not, so easy to  understand why cyclic prc- 
loading may give a larger hcnefit than n single 
pre-load. . I n  ref. 33 it, was reasoned that cyclic 
pre-loaaing will cause cyclic slipping. This is not 
loealized to  the initixl set of active slip planes but 
it will extend to adjacent slip planes. Microscopic- 

I 

I ly discussed axial-load tests. 

iilly a hroadciiing of the slip regions 'has been ob- 
served (ref. 2 ) .  Therefore, the state of the crystal 
structure left after cyclic high pre-loading mill he 
different from t h e  state after one high pre-load. 
The cyclic strain-haKiening may imdnce a higher 
fatigue resistance than a single deformation of a 
metal. T t  is quite reniarkahle that HEYER found 
that a cyclic pre-loading until 80 'j% of the en- 
durance at the high pre-load still resnlts in a marked 
improvement of t:he endurance at t,lie lower test 
lond, wheyeas a t  such a high pre-load cycle-ratio 
micrcxraeks were certainly formed and probahly 
sindl cracks might have been visible. 
1 Aknotl~er remarkable effeit is that even unnotch- 

cd specimcns show an improvement in t.hc fatigue 
enduranec by high pre-loading. I n  this respect it 
may he noted t,hat HEYWWD did not find a notice- 
ahlc benefit by one rather high pre-load (see 
fig. 6.23) whereas the present authors' ((ref. 33) 
a n d  G R O ? ~  and eo-workers (ref. 15). found a 
hcneficial influence of cyclic pre-loading of un- 
notched specimens, Also in unnotehed specimens 
a high load may induce a stress redistribution on 
a microscopical seale. hecause a number of ciystals 
will deform plastically, leaving the material after 
nnloading in a state which is micrarcopically not 
stress-free. I n  ref. 33 the pre-load was not high 
(hr,,=200.000) and a moderate increase in en- 
durance at the test-stress was found, see fig. 6.11. 
111 ref. 15 the cyclic pre-load was mneh higher 
and t,he improvement of the endurance was con- 

% siderahle at =0.10, see fig. 6.9. At  higher 
- '  1 

valnes of t,he pre-stress cycle-ratio the improvement 
dwreased again. . 

F o m m  (ref, 6)  has shown that unfavoiirahle 
internal stresses may he relieve3 hy a high pre- 
load and hhis also applies t,o unnot$hed specimens. 
However for alleviating or building up internal 
stresses one pre-load should he sufficient, and thus 
it, remains to he explained why cyclic pre-loading 
may he more effective than one pre-load. 

From the foregoing it will he clear that our 
knowledge of the fatigue phenomenon shows a gap 
hcre. The damaging effect has been identified by 
microcracks and cracks and the beneficial effect 
may partly be explained hy the .building np of 
internal st,resses. But ahuut the strain-hardening 
and the internal stresses which remain loealized 
around the , t ip of the growing microcracks during 
the fatigue test, little is known. 

A numher of interesting tests has heec exeented 
hy Hm\voon (ref, 20). He eompared the 'effect 
of a single high prc-load with the effect of perio- 
dically applied high loads. It was noticed that the 
latter had a much hetter effect, see fig. 6.25. 
Hwir.oon gives two posnihle explanations (1) The 
int,crnal st,resses may decrease dnring t,he fatigue 
lest and they arc restored again by t,he periodic 
high loads (2)  .Microcracks may have been form- 
ed. Their growth will be retarded bp the internal 
stresses built up around these cracks hy the perio- 
dic high loads. Both reasons may he effective. 

It is ohvious that the henefit, of high loads 
will dcpend on the test, stress (Sa and Em). From 
fig. 6.22 and 6.23 it is clear that, the higher the 
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load range of the fatigue test the less the bencfit 
of the pre-load will he ,  The resnlts do  not allow 
to  separate the effects of: S, and S,,, h u t  decreasing 
S, as well as S, will increase the effect. That this 
also holds for the cyclic pre-loading may he seen 
from fig. 6.1; 6.2 and 6.3 and hy comparing fig. 
6.10 with fig. 6.14. The hcneficial effect was also 
ohtained in the spect,rnm test,s of HEYER (fig. 6.5) 
and W~LWREX (fig. 6:13). Both explain this hy 
internal stresses formed a t  the highest, stress am- 

n plitnde. In  these cases Z - - 1 would have given N -  a safe life estimate. 
If now the results of the present investigations 

are studied as given in fig. 6.14 the following points 
may he noted. A rather high pre-load c*/:; 8,J 
gives a moderate increase of the endnrance at, 
7.2 -t 3.2 kg/mmz (70.2 +- 4.6 kips). By cyclic 
pie-loading no iioticea.lile hencficial effect is 'found. 

n Nevertheless the interval tests showed X - ralncs N 
well hcyond unity. So there seems to he a differ. 
ence in results bet,u;een periodic cyclic overstressing 
and cyclic pre-stressing. The highest results in the 
interval tests are found if the high st,ress lasted 
relatively short and the worst results are ohtained 
if the high stress lasted relatirely long. This may 
he interpreted in such a wa>'.that the high st,resy 
cycles have some hencficial influence hut if they 
are maintained longer, they also increase the depth 
of . the (micro)cracks a t  a. higher rate than this 
occurs at the low stress amplit,ude. 

It would seem that.  in these i n t e n d  tests some 
agreement is fonnd with the results of Hhwoon 
(fig. 6.25) who fonnd that, periodic high loads arc 
more effective t,han one high prc-load. Now there 
is a difference in t,he way of loading, illustrated 
in fig. 7.1, which is self-explanaton.. I n  the tests 
of Hmwnon the high load may produce heneficial 
internal stresses whercas the effect, on t,he internal 
stresses of a gradually increasing stress amplitude 
and afterxwds gradually decreasing stress ampli- 
tude is diffieolt to predict. 

It may he noted that FORR,E&T (ref. 7) rcports 
a series of preliminary tests in which no advantage 
of prc-loading riveted joints could be ohtained. 
F O R R ~  points out that rivcted joints shoiild not, 
he considered to he simply notched specimens. The 
riveting ~ + l l  have induced conipressive stresses 
around the hole. Eigh pre-loads may loosen the 
rivets which is nnfavonrahle. Moreover, in  rivet- 
joints a part of the load is t,ransmitted hy frict,ion 
which part mag also he affected hy high loads. 
Frett,ing corrosion which is no exception in loosened 
joints may thus he dependent on the load sequence. 

Until now the discussion was related t,o t.he effect, 
of a high pre-load, high cyclic pre-loadin& periodic 
high loads and periodic high cyclic-loading. Now 
t,he attention vill he turned'to t.he TJ-H tests mhir,li 
are less Iiumerous. For this type of test it. is 
thought that internal stresses formed a t  tAhe low 
prc-stress are qnite nnimportant with respect, to 
the continuation of the fatigne process a t  the higli- 
er test stress. The same should he expected for 
strainhardening effects. A t  low stresses the micro- 
cracks are formed a t  a relatively later stage (hixher 
n/N) t,han a t  high stresses. So for  L-H test it, 
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should be expected that 1: n/N values are some- 

w h a t  above unity to a maximum of about 1 + 2 
N ,  

and a minimum of 1. This is more or less con- 
firmed hy the L-H tests of GROTTER and eo-workers, 
see fig. 6.9 and by tlie 1)-11. tests on the notched 
specimens of ref. 33, see fig. 6.11. Horrerw the 
tests on the nnnotched specimens of ref. 33 and 
to  a certain extent the L-€I t,ests of Snrm and co- 
workers (fig. 6.12) and of the present investigation 
(fig..6.14) are in disagreement with this reasoning. 

They show valnes of I - which are somewhat 

helow unity. The results are never very much 
helou: unity. These somewhat unexpected results 
scmain to be explained. Perhaps f o r  t,he iinnotched 
specimens of ref. 33 and 39 the fact, that it con- 
cerns cladmaterial may have pla.ycd a role. 

The iiiteival tests on onnotched specimens of 
ref. 33 and 39 agree very well. . All vahies of 

1: were ahout 1init.y or a little lower. There 
seems to he little influence whetheq an interval 
test starts a t  the low or the high stress. 

The results of the interval tests on the notched 
specimens of ref. 33 and the present investigation 
show Z ? d N  values which are beyond nnity. In  
ref. 33 the high and the low st,ress amplitudes arc 
applied alternately for .5 'j6 of the corresponding 
endurances. Aq for these specimens the high pre- 
st,ress had a marked beneficial influence it might 
he expected that, in such an interval test, the l o w  
stress cycles will he more or less ineffect,ive which 

n 
then sliould give S - - 2  Now in the tests N -  ' 

1: nr z 1.8, hecause as soon as a macroscopical 
crack is formed t,he lon~er stress is no longer in- 
effective. This could h e  deduced from the oyster 
ghell.markings on the surface of the failure. That 
tlie lover stresses hicome less effective is also sng- 
gested by- the spectnim tests of Hmm (ref. 19) 
and \V%LLGRW (fig, 6.5 and 6.13), already dis- 
cussed hefore. I n  the interval tests of the present 
investigation the high-stress'cycles have some bene- 
ficial inflmrice but  clie low-stres cycles are f a r  
from ineffective., 

If now anot,her program of WLLLQR~' (ref. 451, 
see fig. 6.7 and 6.8, also concerning spectriim tests, 

is stndieil it will he noted that here values of X 

helow and ,beyond unity occur. The unnotched 
specimens (type a in fig. 6.7 and type d in fig. 

6.8) give results for I: - which in general do 
not deviate very m&h from unity. The highest 
value, 1.64, was obtained for 75 S-T and a spectrum 
in which the highest stress amplitiide ivas rat,hei 
high (N=1,300). To a certain extent, t,he rrsiilts 
of the nnnotched specimens may he considered as 
exhibiting wme agreement with the tests of ref. 15, 
33 and 39. 

The results of the notched specimens of fig. 6.7 
tind 6.8 are in  general beyond unity. This was true 
for 75 S-T in  all cases. For  24 S-T values below 
nnity were found in those spectrum tests in which 
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the highest stress amplitnde was not very high. 
The seriousness of this stress is more or less 
characterized hy its corresponding cndnrance which 
is also gircn in fig. 6.7 and 6.8. This fact illustrates 
onre more the heneficial effect vhich high stresses 
may'have. 

A n  interesting feature of W%rz"'s test pro- 
gram is that in a numher of tests he omitted the 
stress cycles which vere below the fatigue limit. 
From the previous it will be clear that if any 
effect should he expected this should he an increase 
of I n/N. These low stresses do not contribute to 

2 because N =  ;a hut they will he effcct,ive 

during the macro-crack stage. So their effect 
sho111,d also be more important for the notched 
specimens than for the unnotched ones. This is 
confirmed hy the 75 S-T specimens, see fig. 6.3, 
whereas ' the 24 S-T specimens in this respect do 
not 11cha.ve'in a distinct way (fig. 6 . 7 ) .  c l h % ~ ~ ~  
( re f .  11) has not@ an increase in endnrmce by 
omitting the lover stress amplitudes in spectnim 
tests. 

The rotating heam tests were nearly all con-. 
ducted with unnotched specimens. In the previous 
chapter the, two-step. tests of DQLAN and Bmowi 
(ref. 5 )  were reported which showed that for H-1, 
tests I n/N was slightly hclow unity whereas for 

TI-H tests 2 was somewhat beyond unity. These 

rcsnlts may be thought to he confirnied hy the 
tests of nZmm and STA-, see fig.. 6.19. It was 
already discussed that these results are not un- 
Ycasonahle for tests in which the stress increases 
during the fat,igue t,est. However in tests in which 
i.he st,ress decreases, a heneficial effect of the high 
st,resses might 'have hem expected hiit di,d not turn 
out. Comparahle tests on sheet specimens also with 
S,,, = O  mere performed by S i m  and eo-workers 
(fig. 6.12) and concerning the effect of ,the stress 
seqncnee they found the opposite result. 

The int,erval tests of D o m  and co-workers (fig. 
6.15) and CORTEN and eo-workers (fig. 6.16) are . difficult to interpret witli respect to  the inter- 
action of the two applied stress amplitudes. More- 
oGer, both' test programs are not almays in good 
agreemcnt. C Q R ~  and co-workers conclude t,hat 
t,he damage increase is mainly determined hp the 
high st,ress amplitude which is not, so strange ax, 
in gcneral, the periods of high stress cycles ex- 
pressed in cycle ratio's were much longer than the 
periods ,of Ion, stress cycles. 

Rotating beam spectrum tests were performed 
I j p  NmmIuRA and Ynnrann (ref. 30), HARD" 
m d  1 7 m . 1 ~  (fig. 6.17) and FR"T%IAL (fig. 6.18). 
Whereas the first t,wo investigators report a good 
fit of the results to 2 - 1, the others find, in 

AT - 

gcnerd, r.;ilnes of I - below unity. It is note- 
worthy that F~KUDENTHAL obtained the highest 

value. of X p , .viz. 1.25 in a .test with the least 

number of high stress cycles. FREUDF~WHAL'S way 
of spectrum testing i.e. a randomized load sequence, 
will he 'discussed further in chapter 9. 
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It, -will be tried now t.o recapitulate the most 
important trends recorded in this chapter. 
(1) There is x marked difference in ' the  oumula- 

tivc-damage behavionr of notched and un- 
uotched specimens. 

( 2 )  For notched specimens a heneficial effect rimy 

be expected from positive high loads which 
cause loci11 yielding. The effect may he ob. 
tained by one high prc-load but,.in general, the 
henefit will increase by periodically applying 
high loads. The effect can be explained by 
t,he formation of internal stresses. 

(3) Cyclic high prc-loading may give a higher 
hcnefit than a single high prc-load cycle. So 
apart from the interna.l.stresses something else 
must 'he effective which probably will h e .  a 
cyclic strainhardening effect. . 

(-1) I n  spectrum tests on notched specimens a t  

positive 'meail stresves 2: - > 1 is likely to 
occur iC also high stresses are. included in the 
spectrum.. Values much above unity are pos- 
sihle. If too many high load-cycles are includ- 
ed the endurance will be lowered again. 

(5) I n  spoctmm tests on notched specimens st,resses 
below the fatigue limit should not he omitted 
as these stresses are certainly cffcct,ive as soon 
as the original fatigue limit is lowcred by  
i'at,igue cracks. Including t,liese stresses docs 
not necessarily mean t,hat .2 n/N = 1 will give 
an nnsafe life estimate. Some available test 
results. gave I n/AJ beyond nnit,y. 

(6) Interval tests on notched specimens give rcsn1t.s 

of - beyond unity. 

. 
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(7) On axially loaded unnotched specimcnr the 

deviations of I - = 1 for all types of tests 

;!,re not,ieeahly smaller than for notched SJlWi- 
mens. In  many cases the deviations from unity 

' are small. The beneficial effect of high pre- 
loads was'ohtained in some cases, but not in 

' all cases. 
(8) For interval' tests and spectrum tests on un- 

notched sheet specimens Z - was ahont unity. 
For interval tests aitd spectrum tests on 1111- 

notched rotating bcam specimens ' the rcsults 
were less systematical hut values well helow 
rinity were not seldom. 

In this chapter 24 S-T, 75 S-T arid some other 
materials were treated as if t,hey were the same 
material. They are indeed of ,the same type in so 
f a r  as they arc  pvccipitation-hardening light, alloys 
and there are some indications .in the testprograms 
discussed "clrat t,hcy behave in a similar way in 
ciimulativedamagc tests. Nevertheless -some dis- 
;lyreemcut, in similar tests may have heen intro- 
dnced by using different nlloys. Probably a hetter 
met,hod fo r  comparison might be to use n,on-dimen- 
sional stresses, for instance by dividing all stresses 
hy the. yield strength. Bowever, for notdhed speci- 
mens it moiild he necessary for a good appreci- 
at,ion of thc effect of stresses to know the stress 
distrihntion in .the specimen. Since the' purpose of 
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this chapter %as to obtain qualitative conclusions, 
this has not been done. 

\Vit,h repect to t,he type of material i t  was al- 
ready noted that some investigators have used 
clad material whereas others used bare material. 
Probably this will not have affected noticeably the 
results for the notched specimens and perhaps this 
also holds for, the unnotched specimens. SmmY 
and I.:DWARD (ref. 35) hme shown that in unuotched 
specimens' cracks penetrate through the cladding 
quite rapidly cvcii at low stress amplittides. They 
also, showed t.hat the transition of these cracks 
into the core material is retarded largely. I n  
notchd specimcns of bare materid micrccracks 
ivill also be formed. at an early stage and there- 
fore Chc cladding will not have a marked effect 
on the results for  notched specimens. But it is 
questionable whether this reasoning applies fully 
to  t,he unnotched specimens. 

8 The cumulative damage concept. 

As early as 7934 P A I "  (ref. 31) published 
the .hypothesis which is now more generally known 
as the cnmulativk damage hypothesis. PALMGRF~ 
suggested that applying n, times a stress to which 
an endurance N ,  corresponds is equivalent to con- 

suming 2 of t,lie fatigue resistance and thus 

Eaihwe should occnr a t  the moment that 

n 

N ,  

n n. 't I - + + 1̂_ + ... = 1  ' 
N ,  N ,  .Y: 

or 

Equiition (8.1) ivill h i  called the linear cumula- 
t,ive damage rule. PATJIG~EN 'did not give any 
derivation for this rule. ITe needed it for hall- 
beni,ing life calculations. 

PA.r~nlGREY's eumulativc damage concept is i l h -  
strated hy fig. 8 . h  Between the vertical stress 
ai is  and the S-N cnrve lines of eqnal damage can 
hc ilrttwn. T,hcy are determined hy 

I A K G ~  [ref. 25)  in. 1937 introduced a refine- 
ment by dividing the fiitigue phenomenon in two 
stages, viz, (1) a pre-crack sta$e and (2) a crack 
stage. Hc postnlatcd that at differcnt stress am- 
plitudes the same state of damage was reached 
if the nnmber .of applied load cycles in the stage 
concerned had t h e  same ratio to the endurance of 
t,hat st,age. This is illustrated by fig. 8.1b. If the 
crack ,st,arts at, N load cycles and failure OCCIII'S 
at, N load cycles, lines of constant damage iwe 
given hy 

71 
-=constant, 7~ < M M 

and 
TL - M 
N-- : I f  -=e,onstant, n > M. 

.?I is the nnml)ei,. of load cycles. It isill be clear 

that this implies that in cumulative tests the 
initiation of a rrack Oeenrs at the momcnt that 

t r n d  that failure occurs if 

. n( ' Ni--Ni = I  

in. ~ ~ l i i c h  n( is the number of load cycles at a 
given load range (Smi & Sa;) applied after the 
crack initiated. 

Clearly, the concept of LAA-GEII is identical to 
dl PAI~IIGREY'S concept if - -constant. 
I\' - 

The difficulty introduced by LANCZE'S method 
is thdt it can only be used if H is known. So the 
moment at which the transition of the pre-crack 
sta,ge to the crack stage occurs should be deter- 
mined. However, the present state of knowledge 
about crack propagat,ion is such that this moment 
depends on the refinement of the obseraation 
met.hods. I t  is helieved that micro-cracks are 
.initiated a t  a very early stage of the fatigue pro- 
cess. This gives a more or less arbitrary character 
t,o I ~ G E R ' S  hypothesis and it makes it difficult 
to apply. 

Mmm1 (ref. .28) in 1945 was the first to give 
a derivation of the linear cumulative damage rule. 
ITc assumed that the work that can 'be ahsorlled 
until failure is a constant 1Y and the work w; 
ahsorbed during ?L< load cycles of the same load 
rango is proportional to ni . It then follows that 

Equation (8.2) means that the cnergy absorbed 
in each loa,d cycle of a fatigue. test is a constant. 
It is generally recognized that this i s  not true, 
which implies t,hat this derivation is not correct. 

= 1 has heen derived by NBEII- 

IIARA and YAXADA (ref. 30) on a completely differ- 
ent hasis. T.hcy start from the relation 

n. 
N; However, L: 

x=f(lJ) (8.3) 
in  which x is the cycle ratio and y the degree of 
fatigue. This function should he valid for any 
loadrangc which causes fatigue failnrc. In the 
notation of this report (8.3) becomes 

n 
,\-=f(?l) (8.4) 

This relation means, that the fatigue phenomeiion 
is exactly the same process a t  any load range, 
provided that one thinks in terms of cycle ratio's 
i n  stead of 1oad.cycles. 



If two fatigue tests a t  stress amplitudes Si  and 
S' arc performed, then the Same degree of fatigue 
ilamagc y is ohtained if 

ni n' 
N i  N' ' 

This follows from relation (8.4). For the degree 
of fatigue I/ + A l l  equation (8.5) becomes 

(8.5) --_ - 

(8.6) 
ni + a ni n' + A n' - - 

Ni N' ' 

This implies that A ni times Si and An' times S' 
added the same damage increment Ay. 

(8.5) and (8.6) give 

(8.7) 
A l l i  A n '  _- _- *,' ' Ni 

(8.7) means that each cycle ratio increment A n i  
t,imes Si of an arbitrary spectrum may he replaced 
hy A %' times S' 

(8.8) 

(8.9) 

Combining (8.8) and (8.9) gives C - =1 at 

A n i  A n' = N'- . 
Ni 

.Y A n' = N'. 
~ Failure will Occiir if 

A ni 
. Ni I 

I 
ni 
Ni 

I failure. This is identical to  2 -= 1. 

It will hc noted that this derivation has been 
given withont defining whaf. damage actually is. 
According t o  N m w m  (ref. 29) it is impossible 
to defiiic fatigue damage in a simple way. Only 
stages of eyud damage can be defined. Nm.nwu~ 
considered two specimens tested a t  differcnt stress- 
es S, and S, as equally damaged if they had the 
same remaining endurance a t  a given test stress 
and he thought this concept to be applicable for 
interval tests in which only the stresses S ,  and S, 
were used. Still t,herc arc objections against this 
concept hcmusc also this definition implies that 
equal damage is qualified by  one parameter ,i. e. 
the remaining cndurancc at the test stress. N ~ v -  
NARK himself has already .mentioned some object- 
ions against this concept,, because different pro- 
cesses are going on during the progress of a fatigue 
test. For instance: 
(1 ) Macroscopically some plmtic yielding WCUM 

depending on the stress level. Internal stresses 
bnilt up hy this yielding will, therefore, also 
depend on the stress lcvel. 

(2) Microscopical slip a.nd strainhardening in slip 
regions will occnr which is more severe at, high- 
er stress amplitudes. 

(3)  Weak points or microcrilcks' are formed sooner 
and more frequently at high stresses. 
For light alloys to these reuons may he 
added : 

(4) The precipitation will proceed as a onseqiience 
of the alternating stress. The rate of this 
phenomenim will he stress-dependent. 

Nore reasons may he possible. 
The fact that. the state of fatigne dama, o*e can- 

not he defined by one parameter also implies' a 
rejection of the linear cumulative damage rule. 

Much trouble is caused by the difficulty of de- 
fining fatigue damage. SHANW~Y (ref. 36)  has 
tried t o  climinate this difficulty by identifying 
h t iguc  'damage by depth of the fatigue crack. He 
int,crprets the fatigue phenomenon in terms of 
progressive nnhonding of atoms as a result of 
reversed slip, caused by cyclic loading. An ex- 
ponential law for the growth of the fatigue crack 
is assumed. 

h=Ae"" (8.10) 

11, = crack depth, A = conrtant, a = factor depend- 
ing on the stress amplitude, %=number of load 
cycles. The ratc of crack propagation is given hy 

dh 
dn At, a certain crack depth - will be higher for  

higher stresses. For S i  = 0 and unnotched speci- 
mens S i u "  derives 

a=CS" 
hased on considerations in which the crack growth 
is related to the amount of slip. 

(8.12) h = A e  . 
h i l u r e  is assumed to occur at sonic eonstant crack 
depth h, 

(8.13) h,=Ae  . 

This relation actually represents the S-N curve.' 
I t  niap be noted that n= 0. gives h = A  and 

so A is the initial ,depth of the crack. However, 
in SHLKLFY'S picture of fatigue initial cracks are 
not, supposed to exist. An initial crack is formed 
during the' first load cycle. The inconsistency of 
(8.12) could he removed by replacing ?1. by n-1 
in all equations f o r  crack depth. So A actually 
rcprescnts the crack depth after the first cycle. 
I-Iowcvcr, this is nsually of no practical signifi- 
cance. 

cs=n 

CS*'V 

Comhining (8.12) and (8.33) gives 

This equation means that the crack-growth curves 
for differcnt. stresses are affine, i. e. that  plotting 
the crack 'depth as a percentage of the original un- 
failed cross-sectional area against the cycle ratio 
?b/N will give the same curve for any stress. 
Relation (5.14) is a special type of relation (5.4) 
and it was alrcady shown that then the linear 
cumulative damage rule may be derived. 

S W ~ Y  11% also given a second derivation hy 
dropping the assumption that, A in relation (8.12) 
and (6.13) is independent of the stre%. He re- 
places A by A'S", alsq now reasoning that the crack 
depth formed in the first load cycle is related to 
the amount of slip. (8,lZ) and (8.13) now become: 

(8.15) 

(8.16). 

csxn 

z CS"'Y 

k=A'S e 

k,= AfS e . 



(8.16) again represents the relation for tlic S-N 
curve. Now (8.15) and (8.16) give 

. (8.17) 

If v = h/h. ,  is considered as the degree of fatigue 
(8.17) may he written as 

A'S E 

ho 
log 7& = ( 1  - n/N)  log - 

n n l  
, -=f (y ,S)  or u = f  j P , S ) .  (8.18) 

(8.18) implies non-affine damage curves, which is 
illustrated hy fig. 8.2. From (8.17) it is clear 
that logh/h, versus n f N  gives a linear relation. 
This relation is shown for two different stresses in 
fig. 8.2a. I n  fig. 8.2h and c a graphical solution 
for the life calculation in H-I, and L-H tests is 
given. For the first type of test XnfN < 1 and 
for  the second X n/h' > 1 .  That this cumulative 
damage concept is different from tlie linear cnmnla- 
tive damage rule is evident. 

For spectrum tests SHANIXY derived a special 
formula. For this pnrposc a reduced stress ampli- 
tude Sx is introduced (A',,& = O!). This stress gives 
hy ,definition the same endurancc as the spcctrum 
test N,=Xnni. 

The calculation of Sn will ,he illustratcd hy con- 
sidering an interval test with intervals each c011- 
sisting of A n, times S ,  plus A n2 times S,  ,, sucli 
as shown in figure 6.11 *). The mean rate of crack 
growt,li during one interval is given hy: 

According to  the definition of S R  this rate must 
he equal to the rate at the reduced stress a t  the 
same crack depth 

(8.20) d I1 

= 

From (8.15) follows: 

(8.21) 
dh 
dn. 
- = CS"A'SxeCSx" = CB" 1%. 

Comhining (8.19),  (8.20) and (8.21) gives 

A ?r,CS,"h f A n,CS,"li 
- = GS,'" . h 

A n, + An, 

or 

(8.22) 
A n,S," + A n,&" 

a n , + A n ,  
S E  = 

Generalization' gives 

*) The formula (5.23) derived here differs from the 
"E x-formula'' given in ref. 36 .  The delivation given in 
ref. 36 is inoom,plete and it must be assumed that it either 
contains an error 01 i s  b:ued on some additional nssumption 
which has not ' lmn mentioned. 
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The value of z has to  be derived from tlie S-N 
curve given hy relation (8.16). This formula con. 

k 
tairrs three parameters, viz. 2 C and 5. A' ' 

There is one objection against relation (8.19) 
on which (8.23) is baed .  Relation (8.19) is not 
valid for small crack sizes as will he clear from 
fig. 8.2a ,because the test at tlie high stress ampli- 
tndc S, starts at B crack size which a t  the low 
stress amplitude is reaehcd only aftcr many load 
cycles. This incomistency is inherent. to the in- 
consistency already discussed before, which was 
eliminated by considering n to he the number of 
load cyclcs applied after the first load cycle. 

A more serious objection is that this method 
is still a one-parameter method, although relation 
(8.18) might suggest a two-parameter concept. The 
only parameter for the state of fatigue is the depth 
of the fatigue erack'and (8.18) only implies non- 
affine crack grovth curves (damage curves). The 
state of the crystal structure at a certain crack 
depth will not he the same when this crack deptli 
is reached a t  different streses. Another short- 
coming is that this damage concept does not allow 
t,he fatigue limit to  he raised neither to he lowered. 

Whereas thus the derivation of relation (8.23) 
is thought to lack sufficient physical background, 
this formula may still he appreciated merely as ai1 

cmpiiical formula. It then is also no longer neces- 
sary to  consider z as a parameter which is dc- 
pendent on the S-N relation only, whilst, moreover, 
relation (8.23) may hc applied to notched, speci- 
mens and also f o r  S,, # 0, z should then he chosen 
in such a m y  that, relation (8.23) suits the test, 
results. An evaliiation of s-values for the avail- 
ahlc test-results may show its usefulness. Same more 
attention will he given to this relation in chapter 9. 

Whereas the introduction of the fatigue-crack 
depth as a replacement of the vagne term fatigue 
damage is considered to he an improvement, i t  will 
he clear that an nrgcnt need is felt for parametm 
which will incorporate the effect of, for instance, 
the internal stress or t,he strainhardening ahead of 
t,he fatigue crack. However, it is evident that much 
basic research is necessarf hcfore this may he done 
in a reasonable way. 

An experimental approach to  this problem is to  
define the state of  fatigue a t  a certain moment, 
of a fatigue test h y  t.he remaining endurance a t  
all possible load ranges. This means that, a speci, 
men in any statc of fatigue may he considered to  
he a new specimen wit.h its own fatigue dinaram 
hy which it is characterized. I n  ref. 78 HE~RI. 
t,reats the prohlem in such a wav. He restricts 
himself to the interpretation of tests for  which 
S,, = 0. Then each state of fatigue is characterized 
l ip  one S-N cnrve. This S-N cnrvc is ohtaincd hy 

lation (523)  is not, identiral t o  rclat,ion (lti) of ref. 30 
whish is derived from (8.1'2). 



dividing the stre:s ordinate. of the S-N curve of 
t,he virgin specimens by a factor G ,  reasoning that 
fatigue 'damage may be identified vith a notch 
effect. H ~ % Y  restricts this to  stresses helow the 
proportional limit. For  tw*step tests the value 
of C at the moment of changing, from the pre-stress 
to the test stress is easily obtained. The endurance 
of the new S-N curve a t  the pre-load stress level 
is equal to the remaining mdurance at that stress. 
So one point of the new S-N curve is known and 
t,he cnrvc may be constrncted then. This is illu- 
strated in fig. 8.3. HFXRY reports good results 
for some two-step tests on steel. An advantage of 
the method is that it allows a ,decrease of the ell- 
durance limit. A serious limitation, however, is 
that it is restricted to  stresses helow the propor- 
tional limit and a mean stress equal to zero. Tt 
is questionable whether this method codd he de- 
veloped for application in spectrum tests on notched 
specimcns with S, # 0. 

9 Some remarks on fatigue testing of aircraft 
; structures. 

Fatigue may be considered to he a hasic pheno- 
menon from the viewpoint of metal physics. It is 
more questionable whether cumulative damage 
should he considered as such a problem. Many 
researchworkcrs mould not tend to investigate this 
problem physically as long as they do not under- 
stand the basic fatigue phenomenon. Therefore, 
t,wo questions seem worthwhile : 

( 1 )  Wliat is the value of the previ,ously discussed 
tests with resuect to the hasic fatigue pheno- . .  
menone 

(2) What is their value with respect to practical 
questions such as fatigue testing of aircraft 
strixtures? 

Concerning the first question only two-step tests, 
including. tests with a high pre-load, are thought 
to be .of some value. Something may be learned 
about che time-history of fatigue damage, internal 
stresses, strainhardcning and so on. It may even 
be true that twestep tests are particularly suitable 
for such studies. 

To answer the second question, the fatigue pro- 
blem from the practical point of view will be out- 
lined liere briefly. In service, an aircraft en- 
counters -loads . of different magnitudes. These 
luads wcre measured in several aircraft under 
different conditions. At the moment a fair  estimate 
of the 1wdd spectrum of an aircraft 'which is ill 
planned service is available. T,he problem 'is to 
lime a'life estimate fo r  a certain aircraft structure 
on this load spectrum. The methods used for this 
purpose will be discussed now, after which an 
appraisal of tliese, methods, based on the discussion 
in the previous chapter will be given. 

(LSSSER (ref. 11) has advised that the best 
thing that can be done is performing a test in 
which the service loads are simulated as nearly 
ns possible, To this end Ire proposes the spectrum 
tests aud he made an'~2xtensive study of this type 
of test. He used load spectra measured in flight. 
Once the type of spectrum has  been chosen there 

are still tmo variables left, for which may he taken 
the mean stress S, and the maximum stress of the 
spectrum S,,,, see fig. 9 . h  If the endurance 
found in the spectrum test is called N' GI\- 
gives his results plotting S,,, versus N'. This 
is illustrated in fig. 9.lh in which the next step 
is also given, which involves t;he plotting of lines 
of constant endurances in an S,,-Ss, diagram 
(fig. 9 .1~) .  I t  will be noted that apart from the 
yay of loading'the evaluation of test, data is essen- 
tially t,he same- as for conventional fatigue tests. 
The value of the diagram is possibly restricted to 
the 'type of loa,d spectrum employed, hut actually 
t!iis also applies to the conventional fatigue tests 
and it, may be worthwile to  consider which type, 
of fatigue diagram is the most valuible one for the 
aircraft designer. 

As spectrum tests on complet; structures would 
he very expensive G ~ s s h . n  has tried to relate the 
result,s of spectrum tests to the results of eonven- 
tional fatigue tests. He starts from a comparison 
of tile spectnim fatigue diagram (fig. 9.1~) and 
the conventional fatigue diagram. The' comparisoil 
is performed for some types of'  light-alloys and 
some types of notched specimens. Based on this 
comparison CASYSTER gives a conversion method to 
derive the spectrum fatigue diagram from the con- 
ventional fatigoe,diagram. The conversion method 
was ascertained in such a way that it was indkpen- 
dent of the type of light-alloy. Themethod actually 
involves that eaeh point of the spectrum fatigue 
diagram is a conversion of a 'point of the conven- 
t,ional diagram. The method, moreover, implies 
that for corresponding points the same mean stress 
applies. GAFSXER, reasoning that a desired life 
under R given spectmm represents one point of the 
spectrum fatigue ' disgram, advises to check the 
corresponding point of the conventional fatigue 
diagram. Thus, this implies a replacement of the 
spectrum test by a conventional fatigue test. 

The conversion method is embodied in a dia- 
gram. Since this method is merely an empirical 
result, the physical meaning of which is difficult 
t,o judge, its value will not be under discussion 
here. It can only he verified by experiments. Its 
empirical value has to he considered as heing an 
extrapolat,ion of experience. 

It, would he very convenient if the linear cumula- 
tive damage rule could he adopted for a reliable 
life estimate, as it is such a simple met,hod. How- 
ever, the survey of available test data in chapter 6 
has shown that in general th,is,mle will not give 
a correct result. It should he%oted that such a 
life estimate is in principle a calculation method. 

W % w ~ m  (ref. 45), considering that 2 - = 1 
does not hold true, performed a test program in 
which spectrum tests 'were executed on simple 
structural elements. Two types of speetmm were 
nsed. The purpose of W ~ I G R E N  was to obtain a 

clear picture of how I: - may vary with the type 

of specimen, the type of material and the type of 
load spectrum. It was hoped that such variations 
woold behave in some consistent way, as then the 
results could be extrapolated. to,other circumstances. 
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The' variations of 2 n/N, foiind in the experiments 
were not as systematical as  desirable. Nevertheless 

JV%W,REN concludes that Z - - 1 may be employ- 
ed to obtain a provisional life estimate, whereas 
the'deviations from th& calculated results may 
he estimated. with the ai,d of the results of his test 
program. 

JV&LGREN actually suggests an extrapolation of 
the results of speetrum tests. This is in agrement 
with Gnss.m's method but a different extrapola- 
tion method is used. ' 

SRANLE~' (ref. 36) has proposed, a nonlinear 
[inmulalive damage rule which was already dis- 
cussed in dhapter 8. His formula for spectrum 
tests is 

n 
N -  

, 

(9.1) 

This method'implics that all load cycles (at  stresses 
of magnitude Si and number ni) are reduced to 
load cycles a t  stresses SE (the .reduced stress) in 
such a way that the endurance N E  at the reduced 
stress Sn should he thc same as the endurance N' 
of the spectrum test. From formula (9.1) it will 
he clear that Sn depends on the value of 2. S"EX 
has propmed to take a value equal to twice the 
inverse slope of the S-N curve if this curve is 
plotted on a log-log scale. If in (9.1) stresses 
helow the fatigue limit are disregarded S A r \ m  
has shown (ref. 37) that relation (9.1) is much 

more conservative t,hm 2 - - 1 It may b e  pos- N - '  
sible lhat it mill always IJC on the safe side. How- 
ever, quantitatiyely ,it is not known how safe it 
is and this is an important disadvantage. SHAWLEY 
has' pointed out that act,ually in a spectrum test 
stresses below the fatigue limit may not be neglect- 
ed as t,hey may contribute to the growth of the 
Fat,igne damage. This statement is confirmed by 
tests of GASSXR (ref. 11) and W~LWRKN (ref. 4 5 ) :  
However, it i s  difficult to decide which stress am- 
plitudes should still be included. This once more 
indicates that relation (9.1) has to be considered 
as an empirical method.. It is believed that its 
practical value can only be judged hy applying the . 
method to spectrum tests with a positive mean 
stress on typical structural elements. 

WAI- analysed the fatigue problem for tram- 
port .aircraft. (ref. 44) .  Starting from gust fre- 
quency analysis and using the. linear cumulative 
damage concept he concludes that the most damag- 
ing gust loads have an equivalent gust velocity of 
8 feet/see. This is illustrated in fig. 9.2. .WALUER 
proposesito take a factor of .safety of 1.25 and to 
test the complete. structure at a load corresponding 
to -10 ft/sec. Ea&. failure ..in the fatigne test 
should he repaired and the- test continued until 
a survey of most critical components is obtained. 
From each critical component six samples should 
be tested separately a t  the same load which it 
carried in the fatigue test on the,completc struc- 
ture. Two-thirds of the lowest logarithmic mean 
endurance, of the respective critical parts is bon- 
sidered to be, a ,representative endurance for the 
complete structure. If this value is N*, WAIJCER 

n 

, 

suggests that the number of safe flying hours may 
be given by 

kNL L = -  
V 

in which L = life in flying hours 
V = normal operating equivalent speed 
k = constant, depending on the opera- 

Based on experience, (which is not published), 
WALKER takes k=2 .5  for normal transport air- 
craft flying at an operating height above 8000 f t .  

From chapter 7 and 8 it will be clear that the 
damage distribution curve of fig. 9.2 cannot be 
co!isidered as a rea.listic picture of the effect of 
different gust loads. Therefore, the choice of a load 
corresponding to a gust velocity of 10 ft/sec as 
a representative load range i s  more or less arbitraw. 

However WAIXFX did not use 2 - 1, to obtain 
the life estimate. 
In a later pwhlication (ref. 44a) W w  pro- 

poses to reduce all stresses to one representative 
stress level, which corresponds to a, load induced 
hy a gust with a.velocity of 10 ft/sec. The number 
of greater and lesser gusts are corrected. to  this 
level by the linear cumulative-damage rule. The 
full-size test then gives a quantitative life estimate, 
thus dropping the empirical factor k .  The method 
is then more or less similar to S H m Y ' s  method 
of using 'a reduced stress. However, this stress 
level is 'determined in another way, d c r e a s  the 
way' of reducing the spectrum is also different. 

.the entire structure is undoubtedly, that a survey 
of the weakest components is obtained., Testing of 
six samples of each weak component offers the 
possibility of introducing the scatter into the life 
estimation. Since W ~ r m ' s  first 'method is based 
on not-mentioned 'experience ,it is not ,possible to  
$ve an appraisal of its empirical, value. 

'The second method incorporates fully the linear 
cumulative damage rule and thus jacks sufficiently 
rational. hackground. However, from the results 
discussed in chapters 6 and 7, it may he expected 
that for gust spectra this method will ,be on tlic 

The 'previously discussed methods to ' obt,ain a 

(1) Extrapolation of spectrum. tests in which 
. . 
(2) Relating spectrum-test results to convention- 

' As to  method '(1) it .can 'he noted that it is more 
or less similar'to the problem of.'deriving S-N 
curves for a structure or structural element from 
the 'S-N'curves of Bimply notched speeimens. The 
difficulties affecting this problem are well 'recog- 
uized but not sufficiently solved. ' One needs only 
to ' think of the size effect,' the eff& of' stress 
gradient in the notch, the'effect of surface finish 
etcetera.' All. these difficulties also' apply to '  n i 8  
t,hod (1) and 'even more difficulties are introduced 
here, for instance the effect-of the type of spec- 

tional conditions. 

N -  

An important feature of the full scale test on '  

I .  

Sa.fe side. . .  

life istimate are of two different types: . , . . ,  

similar .spectra and ,notches are employed. 

al fatigue-test results. 



trum' to be used. Thus it can he tried to obtain 
a life estimate with method (1) but it shonld he 
realized that ermi-s are quite well possible. 

Method (2) involves'the use of a cumulative- 
damage nile (linear or non-linear). All $he diffi- 
culties mentioned for method (1) also apply to  
methocl (2) whereas in method ( Z j  an uncertainty 
is ad'ded hy t,lie use of the cumulative damage nile. 

\?'Irereas extrapolation of test resnlts always will 
introduce an uncertainty it is evident that. the 
uncertainty will he minimized by extrayoliltion of 
the most realistic test-data to he obtained. Thus 
an advantage of W ~ m ' s  method is that he extra- 
polates from test rcsnlts of the entirc structure. On 
the other hand it should he realized that conven- 
tional fatigne tests cannot represent, the 'beneficial 
cffect, of 'high loads and the prehahly harmful 
effect of.  many low loads. 

From the previous it will he clear that  there 
is no 'reason t,o ,be optimistic concerning the value 
of simplified fat,igue tests for a realistic life-esti- 
mate of nn aircraft. ~ Which simplified methcd will 
he t,he hest method is a problem beyond the scope 
of t,his repert. It, has only heen tried to discuss 
some proposed methods an,d to analyse their uctnnl 
meaning in the light of t!he availahlc test-'data of 
cumulativedamage tests. 

Beesuse oiir knowledge of the cumulative-damage 
phenomenon is still insufficient, it seem logical 
to perform our tests as realistically as possihle. 
This has heen stressed by GAS- (ref. 11) and 
later hv SH&TXY (ref. 37).  

Now a spectrum test seems to he rather realistic, 
hut the discnssion in chapter 7 allows some remarks 
in t.liis respect. Replacing service loads hy a spec- 
tnim test still incorporates some assumptions, at 
least f o r  aircraft structures. 

T.ISCHWW and G m  (ref. 42'and 11) have 
pointed out that service loads are only indicated 
correctly by two parameters, for instance mean 
load and load amplitude. This means that load 
spectra should be given as three-dimensional plots, 
tihe frequency mhcing the third variahle. A dcter- 
mination of such a spectrum needs a complete 
praphieal record 'of load versus t,ime. As the 
evaluation of a spectrum in this way would ,lie 
very Iahorious, only one parameter, the load 'ampli- 
tilde, is measured. G m "  (ref. 12) has pointed 
ont tha.t in this way on17 a roiigh approximation 
of the actual picture is obtained. TAYLOR (ref. 41) 
reports that, in general a high positive load is not 
directly followed by a high negative load and vice 
versa. As it. turned out that the nnmber of positive 
and negative loads of equal mapitilde is about the 
same, s11Q1 loads are taken together to  form com- 
plete load cycles. T A Y I ~ R  has pointed out that this 
is a conservative measnre which is illustrated in 
fig. 9.3 hy  an^ extreme example. That this is in- 
deed conservative will he clear if it is realized that 
in fatigiie t,he stress amplitude is milch more' im- 
portant than the mean stress.' 

An important question is how conseervative this 
t,reat,ment of the load data actually is. There are 
at, the moment no test data available which may 
answer this question and' some preliminary research 
widh simplified test programs seems desirable. 

- 

A second question with respect to spectrum tests 
is the load sequence, which is quite regular for 
spectrum tests. GAS=" (ref. 13) reports that 
spectrum tests with stepwise increasing loads and 
spectrum tests with stepwise decreasing loads (see 
fig. 9.4) will give about the same results, pmvided 
that the duration of one loading period is relatively 
short. This would suggest that the load .sequence 
is not so important. F~"TuAI,, being more 
scept,ical in this respect, performed a number of 
rotating heam spectrum tests wit,h a randomized 
load seqncnce. It is certainly .advisable t o  conduct 
some ad-hoc research on some typical aircraft 
structural elements. Also for this purpose simpli- 
fied test programs could ,he used. 

It has already been stated that it m%y be diffi- 
cult to apply the .regults of spectrum tests on 
simple specimens to the full-size structure for 
different reayons. One reason not yet mentioned 
is the load redistrihution which nccups in redundant 
structures after high loads (ref. 20). In  general, 
this effect will be favourable hut it is difficult to  
obtain a quantitative idea about it. 

10 Proposals for further investigation. 

The. discussion in the previous chapter suggests 
th,at it is rather difficult to obtain a quantitative 
life estimate of an aircraft structure with a reason- 
ahle accuracy. 

The two main causes of this sitnation are hriefly: 
( a )  Our knowledge oE the fatigue phenomenon is 

I insufficient and our knowledge of the fatigue 
process in cumulative-damage tests is cven less. 

(h) The quantitative meaning of practical life- 
estimation test,s is insufficiently known. 

To clarify these points some recommendations 

(1  j T,he propagation of fatigue cracks should 
he carefully studied, in the micro-stage as 
well as in $he macro-stage. The effect of 
the magnitudes of mean stress and of the 
s t r e s  amplitndc, and of the type of notch 

. should be studied. Such a study will offer 
experimental difficulties, but ,the results 
map lead to a better understanding.of. the 
time histom of fatigue damage and of the 
Eatigue phenomenon in general. Moreover, 
they may also give a better idea about the 
importance of S,, , S,, and the type of notch. 

(2) In  chapter 8 it has heen mentioned t,hat 
crack depth alone does not represent the 

' state of fatigue. Thus, secondly,, the research 
efforts should be directed to the study of 
the effect of internal stresses and strain- 
hardening. It is realized that such a study 
is even more difficult than the investigations 

. mentioned under (1). Pmbably these fac- 
tors may he investigated indirectly in two- 

, , step tests by studying the effect on the 
crack growbb at, the moment the stress-level 
is changed. 

Items (1) and- (2j may he considered as being 
of a hasic nature and it is tberefore advisable to  
perform these investigat,ions as basically as pos- 

for research will he made here. 

, 



sibly. T,his implies that a careful experimentation 
is thought necessaiy to  avoid any effect of acces- 
sory circumstances. 

For practical problems ad-hoc research will be 
a necessary condition. It has to be reconimended 
to conduct such research as realistically as possible. 
In  this respect axial-load tests on typical notched 
specimens at a positive mean stress should be 
st,mngly advised. 

I n  chapter 9 a spectrum test was considered to 
be the best avail%ble simulation of aircraft con- 
ditions. Some points to investigate the inter- 
pretation of the results of such tests were men- 
tioned, riz. 

(3)  It sboiild be investigated whether speetnlm 
tests involve a sufficient randomizing. of the 
spectrum loads. Such tests are difficult to 
realize as it neccsitates a machine in which 
axial loads can be applied in some arbitrary 
random sequence. 

(4) The common spectrum test is based on the 
assumption that positire and negative loads 
of equal magnitude may ,be added to com- 
plete load cycles whereas in practice these 
loads do not occur in succession. The effect 
of this assumption will probably be small 
for moderate loads but it should be studied 
for the ra6her high loads which are rela- 
tively rare. 

(5) In  a spect,nim test some assumed load spec- 
trum is employed whereas in service a 
measnred load spectrum may deviate from 
t,he assumed one., To interpret such devia- 
tions i n  terms of life, spectrum tests are 
recomnicnded in which clifferent types of 
spectra are employed. 

I n  general, it will he impossible to  perform spec- 
trum tests on complete structures. Jt, therefore, is 
an urgent question to d a t e  the results of spectrum 
tests to the results of conventional fatigue tests or 
some other simplified fatigue t,est. I n  chapter 8 
it, wa,s point,ed out that there is still no physical 
basis for such a relation and, therefore, recommcnd- 
ations (1) and (2) become rather important. 
Meanwhile it can he tried to  establish such a 
relation as a merely empirical resnlt based on the 
comparison of t,est resalts with the corresponding 
fatigue diagram or fatigue curve. 

(6) For snch a comparison no sufficient data 
are thought to he available and, therefore, 
spectmm tests on different type of struc- 
tural elements nsing some types of spectra 
should he advised for this purpose. 

(7)  It may lie recommen'ded to  study the in-  
fluence of a cladding-layer on the fatigue 
hchaviour of notched specimens. Whereas 
this influence probably will be small it is 
still advised to  study the effeet on the crack 
growth in the beginning of the fat,igue 
prwess. 

( 8 )  I n  this report two aspects of the fatigue 
phenomenon were not considered piz. the 
effect of speed (numher of loadcycles per 
minute) and %e effect of rest periods. In  
general, it is believed that both do  not affect 

the fatigue process in light alloys to  a large 
exknt. H,owever, the effect of beneficial in- 
ternal stresses may probably disappear after 
long periods or periods in which the speci- 
men is laaded only by the mean stress. Some 
data may be found in the literature, which 
have not'heen reviewed in this respect. It 
seems worthwhile to  pay some more attention 
to this subject. 

\ 
11 Conclusions. 

This report gives the results of cumulative da- 
mage tests on 24 S-T Alclad riveted joints. I n  
all tests a constant mean stress was maintained. 
Two differcnt me'm-stresses were used, viz. 8, = 
7.2 kg/mm' (10.2 kips) and S,= 9.0 kg/mm2 
(12.8 kips). At each mean stress two different 
stress amplitudes were used viz. 1.2 kg/mmz and 
3.2 kg/mmz (10.2 kips and 4.5 kips) for the mean 
stress of 9.0 kg/mm2 and 1.0 kg/mmz and 
8.2 kg/,mmz (10.0 and 4.5 kips) for the mean 
stress of 7.2 kg/mm2. The cumulative damage test,s 
mainly consisted of three types of tests. 

(I) A I i i ~ h  me-stress was followed by a low test 
stress (H-L tests). 

stress fL-H tests). 
(2) A low pre-stress was followed by a high test 

(3)  The low and the high stress amplitudes were 

In the first two types the stress amplitude waa 
i:hanged once, whereas in the interval tests this 
happcned many times. 

The t,est, results are compared with available data 
from literature about cumula.tive damage tests on 
light alloy specimens. It was tried to reveal some 
general trends in the results of the reviewed test 

M t c r  the discussion of the empirical results a 
review is given of different eumulativedamage 
conceptions. 

Finally it was thought worthwhile to  consider 
t,he significance of the discussd results for the 
iesting of aircraft- strnctures. As a consequence 
some proposals for  further investigation could be 
made. 

The main points of the report may he summarized 
in the following conclusions. 

I. The dist,ribntion of the results of eonvention- 
a1 fatigue tests could be approximated by a log- 
normal distribution. 

2.  T,he scatter found in the conventional fatigue 
tests as well as the cumulative damage tests was low. 

3. The results of the H-L tests and the L-IT 
tests agreed v e v  well with the linear cumulative 
damage rule whereas in the interval tests the 

values of Xi\r ranged from about 1.3 to 1.9. 
The assumption that a specimen would ob- 

tain the same probability of failure in any type 
of fatigue test seem not to be justified for, all 
t,ypes of cumulativedamage tests. 

5. As a consequence of a literature review it 
i.urned out Chat the number of studies on cumula- 
t.ive damage is steadily increasing. However, the 

applied alternately (interval test). 

data. 

n 

4. 
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variety of the conducted test-programs is large. 
Some. important variables are: (a) The type of 
material. I n  this report only precipitation harden- 
ing light alloys are studied , (b) The type of speci- 
men. Unnotched and different types of notched 
specimens are used. (e) The type of loading. Axial 
loading and rotating bea.m test3 are employed. 
(d) The type of cuniulative-damage tests: two-step 
tests, interval tests, spectrum tests, conventional 
fatigue tests preceded by one high load are per- 
formed. This variety docs not facilitate A com- 
parison of t,he results of different test-programs. 

6. Based on the reviewed data the following 
trends were found. 

(a) In general 2- = l  is not valid, even not 
approximately. There is a marked difference in 
the cumulstivedama,ge behaviour of notched and 
unnotched specimens. 

(h )  For notched specimens a beneficial effect 
may he expceted from positive high loads which 
came local pielding. The effect map be obtained 
by one bigh pie-1oa.d; in general, the benefit will 
increase hy periodically applying high loads. The 
effect can he explained by the formation of inter- 
nal stresses. 

( e )  Cyclic high pre-loading may give a higher 
benefit’ than ‘a single high pre-load cycle. Apart 
from the favourahle internal stresses a cyclic stmin- 
hardening is thought to  he effective. 

(d) I n  spectrum tests on notched specimens at, 
positive mean stresses 2 - > I is likely to  occur 
if also high stresses are include3 in the spectrum. 
Values much ahove unity are possible. If too many 
high load-cycles are. included the eiidurance will he 
lowered again. . 

(e) I n  spectrum tests on .notched specimens 
stresses holom the fatigue limit shou1,d not he 
omitted as these stresses are certainly effect,ive as 
sann as the original fatigue limit is lowered by 
fatigue cracks. Including these stresses does not 
necessarily involve that 2 m/N = 1 will give an uii- 
safe life estimate. . .  

(f) I n t e n d  tests on notched specimens gave 

results of 2 - licyond unity. 

n 
IV 

n 
N 

n 
N 

(g) On axially loaded unnotched specimens the 
deqiations from 2 - - 1 for all types of tests are , ’  l\T - 
noticeably smaller than for notched specimens. In 
many cases the deviations are small. . A ‘beneficial 
effect of high pre-loads was obtained in some cases 
Imt not always. . .  

( h )  ,For interval tests and spectrum tests on 

upnotched sheet, specimens 1: - was ahout unity. 
For interval tests and spectrum tests on unnotched 
rotating heam specimens the results were less syste- 
matical and values well ,below unity were not seldom. 

If the state of fatigue is represented by one 
parametcr.D, the fatigue process in a conventional 
fat,igue test can he represented by a damage curve 
in which D is given as a function of the cycle 

ratio - . XTithout defining D it is then possihle 

n 

n 
N 

7. 

n 
IV , . 

12, t o  derive $. - -1 on the assumption that the 

damage curves are the same for any loadrange 
(affine damage curves). Hovever, i t  is thought to  
be a.n inadmissable. oversimplification to represent’ 
the state of fatigue by. one parameter. 

8.’ The introduction of fatigue crack depth as 
ti replacement of the vague term “fatigue damage” 
is considered to .hc an improvement. However, for 
a large part of the fatigue process the fatigue crack 
bas micro-dimensions and thus is’ invisible. 

T,he f&gu‘e-crack depth alone does not suffi- 
ciently represent the state of fatigue. Other fac- 
t,om such ils the internal stresses and the strain- 
hardening ahead of the fatigue crack and probably’ 
more factors should be included. 

9,, I t  is realized that at the moment no satis- 
factory method for the quantitative life-determin- 
ation of an aircraft structure is available. The 
hest method is thought’ to be a spectrum test.> but 
some reseamh on typical aircraft components con- 
cerning .the relation of the spectrum-test result 
and the service life seems desirable. 

N ;  - 

12 List of references. 

1. B E ” m ,  J. A. and BAKER, J ~ .  L. Ef feo t .o f  Prior 
Statio and Dynamic ‘Streisses on tho Fatigue Strength 
of Aluminium Alloys. N.B.S.. Journal of Kesoaroh, 
Val. 45, p. 449-457, 1950. 
8T:LLEN, F. P., HFAD, A. K.  and WWOII, W. A .  S t r u C ~  
t u r d  Changes Diiring thc Fatigue of Xetnls.  l’roe. 
of the’ Rbyal Soe. A, 701. 216, p. 

:I: OOhTEN, H: T., S l h - O L a l ~ t ,  G. If. and Dol&, T. J. An 
Erpcriinentd Stu,dy of tbe Influence of Vluctuatimg 
Stress A m p l i t d o  on Fatigue Liie of i 5  S-TG Alu- 
minium. A.S.T.M. Prqprint  Nr. 70,  1954. 

4. I)o&hh’, T. J. RICHART, E’. E. and Work, C. E. The 
Influencc of mluotuations in Atress Amplitude on thi: 
Fatigue of Met&. Proc. h.P.T.hl., Val. 4‘3, p. 646, 
1949. 

5. DOLAN, T. J. and Bsow~, H. I*.  Effcct  of Prior 
Ropeatcd.Stresaing on the Fatigue Life of 75 3-T 
Aluminum. R o e .  A.S.T.M., Vol. 52, p.. 133-742, 1952. 

6. E’ommh-r, G. Some Experiments on tho Effects  of 
ReiiduaJ Strcssei  on ’ the F a t i y c .  of ’ hhuniniuni 
Allogs. J. Inst. Metals. Vol. ‘72, Part 1, p. 1-p: 17, 
Jan. 1946. 

7. F o ~ s T , .  G. 1ntornal.or. Roridual Stresses in Wrought 
Alun?inium Alloys and their S t rue tu rd  Significance. 

u: F E S I ~ ~ E E ~ R ~ I I ~ ~ ,  A. M: Planning and Intorpretntion of 
Fatigue Tosts. Symp. on Statist ical  Aspects of 
F a t i y e ,  Am. SOC. M,ct., p. 3, 1951. 

9. F R Z L D ~ ,  A. 11. ’ A Random Fntipuo, Testing 
Procedure and Machine. Proc. A.S.T.hI. Vol. 53, 
p. 8 9 6 9 0 9 ,  1953. 

10. FmUDEh”rluUI, A. 11. and G u h i m ,  E. J. Slinimum 
Life in Ftttiguc. J. of thS Ani. Stat i i t icnl  Ass., Sept. 

11. GSSXER, E. Ef fec t  of Spectrum Landing on thr 
Fatigue Strength of Aircraft Structural  Eien~e&r. 
’ (in Gomian.) Bericht der Dwtschon Versuchsnnstalt 
fiir Imftfahrt,’ Cf 407/5, Ang. 1941. 

i2. GLSSNER, E: RPsults of Spectrum Test9 OX Yteol  and 
Light Alloy St.ructural Elements. (in Cremsn) Li- 
lienthnl, ,Gcscllscha,ft fiir Luftfahrtforschung, Boricht 
152, p. I-p. 11, 1943. 

13. GASSXER, E. A Method f a r  the Determination of tho 
Sorvioc Life of Struotural Elomcnts. Subjeoted to 

Xonstruk~ 
tioe, Vol. 6, p. 9-p. IW, 1954. 

2. 

5. noy. AWO. soc voi, 58, p. m - p .  276, ~ p r i i  1984. 

1954, VOL 49, pp. 575-49’1. ’ ’ . ’ 

. . Statistically Varying Loads. (in Gennm) 

E. A Study of the  Fatiin 



is. GHOITX, H . . J . j ~ ' B ~ ~ ~ ~ ,  S. If.  JAC JACK SUN, L. R,. 
Fatiguc St,rength of Aircraft hlaterisls; Axial-Load 
Fntipue Tests on Unnoteherl Sheet Speeimons of 
24 S-T 3 and 75,, .S.T6 Aluminum .Alloys and of 
SAE 4130 Steel., NACA:,T.N. 2324, l$!arch 1051. 

16. KAikmnr. I<. J". and UTLEY, E. C. . A n  Experimental' 
Investigation of 24's-T 4 Aluminum Alloy Subjected 
to Repcnted Stresscs of Constant and Varying A m p l i ~  
tudas. NACA Tee5. Note 2798, Oct. 1952. 

1'. HARTXAX, A. Preliminary Invcstigation t o  Verify 
t h c  Cumulativc Damage Hypothesis C ?c/N = 1 on 
Riveted Joints. ( in Dutch). Nat. Acrtl. Res. Inst .  

IS. H E ~ E Y ,  D. I,. A Theor?. of PatigtwDamage Aecu. 
mulation in  Stuol. Tmns. A.S.X.E., Yol. 77, p. 913- 
p. 018, Aug. ID.55. 

19. HEYE& Ii. Nchrsiiifcnvcrsuehe an  Konstruktions- 
Elemontcn (Fnt iguc Tcstr at \'urging Stressmplitw 
de8 on Structural  Elements, in Glcrman). Lilienthal- 

' Gesellmhaft fiir Luftfahrtforsehung, Bcrieht 152, 1943. 
?ii. HEYWOOD, R. 6. The Effcot  of High Loads on 

Fatigue. R.A.E. Intornill Xernoranduni No. Struo- 
To be published i n  Proceedings 

quiuiii on Fatigno in Stackhnliii, 

Report u. i9?3, 1953. 

P5-27th &Cay, 1955. 
21. EEYWOOD, R. 14. 'l'he Infiuenco of, ]'re-Loading o n  

the  Fatigue Life o f  Aircraft  Components and Strue- 

22. l i ~ W i i ~ ,  .T. J,. and €'.~vNE, A. 0. Interim Report on 
F;ltigue Characteristics of a Typical Metal Wing. 
A.R.L. D e p r t m c n t  of Siipplp, Melbournc, Kcport 
SIC. 907, Jan. 1935. 

L'd. KENK , I,'. h., NIOIIOLS. . I .  iLnd \'I".YT, I<. Colnn- 
lat ivo Damagc Fatigue Invostigat,ion. Sannders-Roc 
Report No. S H / S / i f i 2 ,  h'ov. 1952. 

24. KIAASSES, I\', a n d  HAXTMAK, A. The h'stigur Dia- 
grant f o r  Fluct,nating Tonsion of Single Lap .Joints 
of Glad 24 S-I' and 75 S-T Aluminiunt Alloy with 
2 Hows of 17 S Rivcts. Nations1 Acronautioal Res+ 
areh Iiiutituto, Amsteniani. Heport 3L 1980, April 395% 

3. L A N ~ K ,  K. F. Fatitiguo Fniliirc fruiii Stress Cyclca 
of Varying  hiaplituds. .J. hppl. hfeeh. Pol. 4, 
p. A 160-p. A 162, I k e .  1937. 

26. LEVY, J. C. Ctu"ativc D a n q e  in Fa t igw,  A Mcthoil 
of h w s t i g a t i n g ,  Economical in Spccimons En@- 
neoring, Val. l i 8 ,  p. 123-p. 725, June  10, 19 

27. 11AIiF0, 3. hl. and STABKEY, W. 1,. A Concopt of 
Fatigue Damage. Trans. of the A.S.M.E. Vol. 76, 
h lay  1954 Nr. 4, pp. 627-632. 

26. I lNer ,  hl. A. Oumulativc Daiiisgo in Fatiguc. 
.r. Appl. Mceh. Voi. 1'2, KO, 3, p. A-l%Q/-A-l64. 
Sopt. 1945. 

20. XEW&lbRR, N. M .  A Review of Cuniulatiro Dniiinge 
in Fatigue. Fatigue and Fmetnro o f  Mctals,.p. 197- 
p. 228. John \Viler and Sons, Inc., New York 1950. 

Xi. ?iLUInlARA, T. and YAXADA, T. Tho Fatiigue%rmgth 
of 3lct,nllic Matcrials nnder Altcrnnting Stresxs of 
Varying Amplituclc. The Japlrrl Soionec Review, Vol. I 
No. :I, p. I-p. 6, 1050. 

tlll.es. RAE iicport struotures 182, .rune I 

31. P)~U~Y~;K>>-, A. l'lic Endqmnce of Hall~Rearings ( io  
Geminn).  Z.V.D.I. VaL (is, p. 339-p. 341, April 5, 
1924 

32. 

33. 

34. 

35. 

36. 

31. 

36. 

39. 

40. 

41. 

-12. 

43. 

't4. 

44; 

4.5. 

46. 

4;. 



38 

TABLE 4.1. Results of normal fatigue tests on 24 S-T Alelad riveted lap joints. 

A I 7  5.0613 
126 
131 
133 
135 

679 
679 
923 
963 

7.2 kg/mma 
(10.24 kips) 

1 no* 

1 UYU 6.0270 i- 1 1100 
1 ,"e 

I 
__." 1 1367 I 

1 

Mean Stress Stress ampli- 
tude S, I S, 

120 600 0.0487 0.0096 

1 064 000 0.0635 0.0105 I 
I 

9.0 kg/mm2 
(12.80 kips) 

I 3.2 kg/mn" I $!!2 I (4.55 kips 

I I I 
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1.14 
1.52 

One high pre-load of 22.2 kg/mm2 ( * / a  S,) followed by 
fatigue testing a t  7.2 A 3.2 kg/mm2 (A' = 1064000). 

1 Endurance after pre-load (103) I X ~ / N  I ZS/Z 1 
1.52 

1212 
1 622 
1679 
1971 
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TABLE 5.2. Results of L-H tests on 24 S-T Alelad riveted lap joints. 

Typeof test I &=9.0 kg/mm' (12.8 kips) '. /I Sm=7.2 kg/mm* (10.24 kips) 1 
- n, 
Nl 

1) 
Of Standard 7k Mean Of Standard 1 X % i deviation '11 N ~ 2 ?L 1 deviation s- X F  I 

I I 

i i 

I I 
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Ti\BIjE 5.3. Results of iiiteuval tests 011 24 S-T Alelad riveted lap joints. 
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L 2 60 
lmm.0.04 INCH 

Fig. 3.1. Ilinicrisions of  t,lie specimens ( i n  mm). E‘ig. 3.2. l’cst set up in Amslcr vihraphore 

The indicated sca t tcPlx”  are t,svicc t,lie stal idard deviation. Thc curves arc derived from the fatigue 
dhgram of ref.  2-1 for t,lic :same type oE specimen, tested on a Schenek polsator, frequency 2000 c/min. 
The stress amplitides of tlic presciit investigation arc corrected for  inertia forces of the clamping licad 111.- 
trvet:ii tlic specimeli tinil t,hc d)-namomcter., aceordiitg to R diagram supplied lly nmsler (covr. i‘actor 1 . x  %). 

-- N 

Fig. 4.1. Rcsults of t,lic norn~al fat,igue 
tests on 24 S-T Alclad rivctcd lap joints. 
Comparison rvitli the rcsdts oi’ res. 24. 

i 
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-3 - 2  -1 0 1 1  2 3 - y, 

- 
-2 - .+ 999 

A, 
w 99 
' 95 2 
2 

O 50 c 
2 2 5  
m 
4 
m 5  0 
E 

I 

n 

75 
LL 

1 0.1 

-3 - 2  - 1  0 .I 2 3 
_r Yi 

Fig. 4.2. Fatigue endurance distribution for riveted lap joints at 
8, = 9 kg/mm* and Sa = 7.2 or 3.2 kg/mm2. 

__ 
log N i  - log N 

Ll 
Y== 

LOADSEQUENCE 

PRESTRESS 

-n 

-n 

%N1 
0.00001 
(1  LOAD 

CYCLE) 
0.0005 
60 LOAD 
CYCLES) 

0010 

0.052 

0 . 2 5 0  

0.50 

0.25 

0 . 3 7 5  

. r  
0.50 

0 . 6 2 5  

L/NL= 0.10 

H/NM=0.02  

L/NL - 0.05 

H/NHsCI05 

Fig. 5.1. Results of cumulative damage tests on riveted joints. of 24 S-T Alclad at a mean stress of 9 kglmm' 
(12.80 kips) and stress amplitudes of 7.2 and 3.2 kg/mm2 (10.24 and 4.55 kips). 

(Full  lines give results of VLW material whereas dotted lines indicate the results of NAM material). 
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LOADSEQUENCE 

I". 

S 

t 

n 
l/N1 '/N2 

n , 1 "/N 

n 

2 0 1 
~ 

000001 
( 1  LOAD 
CYCLE) 

Fig. 5.2. Results of cumulative damage tests on 24 S-T Xlelad riveted joints at a mean stress of 7.2 kg/mm* 
(10.24 kips) (S,,=7.0 kg/nim2 (9.96 kips) and SaL-3.2 kg/mm2 (4.55 kips). 



SPECIMEN A SPECIMEN B 

' Type of 
Number duralumin.. 

I 
I1 

s112 s. S I ,  

Zn 1 v (kghm*) ( k g / m z )  1 (%) 
Chemical composition 

cu 1 jrg I si I filn 
3.05 1.72 T T O : i ;  - - 30.9 44.3 19.0 
3.91 1 0.6fi 0.51 0.71 - - 30.6 43.8 21.4 

- 10 N^ 10 
N 

E 8  

& 6  

9 4  

2 2 

0 

Z 8  
1, I 

VP In 

k 6  

0 20 40 60 80 100 
nl/N, (%I 

20 40 60 80 100 
nl/N1 (7.) 

SPECIMEN A,MATERIAL IU 
PRESTRESS 22 k9/mm2-N, = 10,OOO 

SPECIMEN 8, MATERIAL ]P 

PRESTRESS 15 k9/,,2-N~=20.00C 
N  ̂ I O  

E 8  
> 6  
1, 
3 4  

2 

0 2 0  40 60 80 100 

10 

€ 8  

$ 6  
s 4  

Ul 

2 

0 ' 20 40 60 80 100 

N 

- 

nl/Nl (7.) 

SPECIMEN A, MATERIAL 11 SPECIMEN 8. MATERIAL I 
PRESTRESS 12 kg/m,2-N1=120.CC0 PRESTRESS'l2 kg/mm241=28,000 

24 ., A N I =  8.000 

+ : ENDURANCE LIMIT AFTER 
1 PRESTRESS CYCLE . = ENDURANCE LIMIT AT THE IN- 
DICATED PRESTRESS CYCLE 

S,,,=O FOR ALL TESTS AS WELL 

54 ;ENDURANCE LIMIT = Smox 
AS THE PRESTRESSING 

1 mm = 0.04 inch 

Fig. 6.1. The infhieiice of cyclic pre-stressing (at R = 0) on the fatigue limit S I  .(at R = 0 )  for two types 
of notched specimens and two types of duralumin. (ref. 19). 

1 kg/mm' = 1.422 kips 
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12 
:120 000) 

,r 0.05 

9 ' j 1.12 i 1.25 i 1.62 i 1.20 (300 OOO) 

I I I I 

Specimen 

24 
(8 000) 

36 
(900) 

15 
(20 000) 

12 
(28 000) 

A 

- I 2.00 1 3.38 I > 33.8 1 34.1 (300 000) 

(110 000) l3 I 1.00 I 1.05 I 1.24 1 1.04 

33 

(300 000) 

l3 I 1.18 I 1.41 I 3.87 I 2.03 (110 000) 

(1 000 000) 

I m  I 1.38 I 1.97 I m 

1 '  1.20 I 1.44 I 1.89 I 1.21 

(130 000) 

(54 000) 

(1  000 000) 

(190 000) 

(64 000) 

- 

- 

1 2.53 I 5.33 ' 1  "m I 8.69 

1 1.33 1 1.38 I 1.83 I 1.13 
- 

B 

SPECIMEN A SPECIMEN B 

S 1 { =  nH/NH+ "L/NL 

'<, I . ' 
L .  TYPE OF TEST f 

Type 'of 
dur- 

alumin *) 
5 

(900 000) 

(1OOOO) (275000) 

(90 000) 

1 1.41 1 1.90 I 3.17 

1 1.11 1 1.33 I 2.44 I 1.91 

I 1.54 I > 15 I m I > 15 

22 

*) Number in parenthesea refers to fig. 6.1 in whioh material properties and dhhemieal composition w e  given 

1 mm = 0.04 inch 1 kg&"m = 1.422 kips 

Fig. 6.2. Two-step tests on two types of notched dural specimens. 
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A NOT PRELOAOEO 
PRELOAOEO 14.000 CYCLES 
(50% ENDURANCE) AT 6 t6 
kg/mm2 TYPE OF SPECIMEN 

AT 1526 kg/,,2 
0 PRELOAOEO 14,000 CYCLES ~ 'MATERIAL I SEE FIG 61 

-m- 
PRELOAOING AT-626kg/mm2 GAVE 
ABOUT THE SAME RESULTS AS FOR 
THE NONPRELOADEO SPECIMENS 

- 6  - 4  - 2  0 * 2  4 6 8 10 
s m ( k9/,,21 

Fig. 6.3.  Influence of cyclic pre-loading at  diffe.ent meau stresses on the fatigue limit ( N =  a) 
of a notched dural specimen. 

TYPE OF SPECIMEN 
MATERIAL IU,SEE FIG 6.1 

10000 - 10000 10000 - 
5800 - 6000 - 7000 
8000 - 8200 - 8200 8300 
9000 - 9800-12500 

D c '  

PRESTRESSING OCCURRED AT 
f i n  kg/,,2 (N,.IO,OOOI. THREE 
DIFFERENT CYCLE RATO'S 

WERE. USE0 

I Fig. 6 4 Juflnenre of cyclic prr-stressing on the fatigue limit ( N  = a) ) of a notched dural specimen. 

i-wE OF SPECIMEN 
MATERIALIE.  SEE FIG61 

-.)- 
1 kg/mmz = 1.422 kips. 

LOAO SPECTRUM FOR 1000 FLYING HOURS 

I MEAN 1 1 APPLIED I$AO TEST RESULTS 
STEPS I (FLYING HOURS) 

RESULT IN S-N CURVE 

1200 - 1700 

L I I I 
.J 

Fig. 6.5. Spectrum tests on dural lugs. Some load steps were omitted. 

ONLY LOAO RANGES INDICATE0 BLACK WERE APPLIED 



SPECIMENS ARE AXIALLY LOADED 

I S,, 
I 

s.1 
(kgl"') (W-9 

14.8 9.8 
14.8 9.8 
9.4 14.1 
9.4 14.1 
9.4 14.1 

15.8 10.5 
16.9 11.3 
16.9 11.3 

8.4 12.7 
7.5 11.3 
7.0 10.5 
7.0 10.5 
8.4 12.7 

11.6 7.7 
I 

. N ,  I Sa, 1 S,, N ,  nJN1 I 2 % ' '  1 Type of 
(109) (ksim')  (kg/-') (101) test 

7.i 
80 11.6 
80 9.1 13.7 

243 8.4 1.2.5 
243 6.3 9.5 
243 7.0 10.5 

63 7.0 10.5=Sq,, 
48 7.5 11.3 =9 , ,  460 0.63 0.81 
48 7.5 11.3= S,,, 460 0.73 0.80 

85 0.40 0.75 9 320 14.7 21.1 
460 16.9. 11.3 = S,, 48 0.43 1.49 f 
640 15.6 10.5 = S,,, 63 0.49 1.39 
640 15.6 10.5 = S,,, 63 0.55 0.93 
320 9.4 14.i 245 0.56 1.00 
187 16.9 11.3 48 0.68 0.81 I 

1 I 

1 inch = 25.4 mm 1 kg/mm' = 1.422 kipa 

Fig. 6.6. Results of ref. 26. Two-step fatigue tests on unnotehed specimens of 24 S-T Alelad. 
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Spectrum I 
Spectrum I1 

-n a4 s, 

Number of load cycles per period of the fatique test a t  st~esslevel nr. 

1 2 1 3  4 5 6 7 8 9 

281000 65700 11500 1440 432 131 20 16 i 0  
3200 1800 1800 620 350 200 120 F8 39 

1.GUST LOAD SPECTRUM ILMANEUVER LOAD SPECTRUM 

Type of 
load 

spectrum 

I 

I1 

Type of S, sm,, N at smSx Numbel. __ 
2 n4N specimen (kg/mmz) (kshm? (10s) of tests 

5 0.69. 
2 ") 0.89 ~ 15.2 40.4 4.8 

1.33 
1.21 13.0 34.7 I 13.0 :*) 1 
1.08 

10.9 I 29.0 30.5 1 is) ', 1 0.82 

1 4  0.91. 
1.35 

13.0 34.7 1.5 3 1.33 
10.9 29;0 5 3 2.28 
8.7 23.1~ 16 3 3.00 
6.5 17.3 45 3 0.90 

2.33 i 2:; ~ I 0.77 
' 6.5 ' 17.3 

,4.3 1 11.5 
2 I 0.64 

1 a 

8.7 1 23.1 

b 

~- 
10.9 29.0 3.7 2 j 1.20 

- C 

I 
I 

Sui, 
(kg/m12 1 

e 3.6 28.0 6.0 2 2.34 
2.7 21.1 16 2 1.46 
2.2 ' I 16.8 35 2 1.20 I 

I 0 :  UNNOTCHED SPECIMEN 

I 

b:SPECIMEN. T I P E G .  c : D W B L E  SHEAR 
NOTCHED BY TWO HDLES RIVETED JOINT 

. 
I mm = 0.04 inch 1 kgjmm? = 1.422 kips 

Fig. 6.7. Results of' spectrum tests of ref. 45 ON three types of 2.1 S-T Alclad specimens. 
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Type of 
specimen 

Type of 

spectrum 
load, 

' a  

I' 

e 

I 

a 
I1 

e 

FOR LOAD SPECTRA SEE FIG.6.7 

, r=60 

, ,S" S,, NatS,, 1 Number 1 ,,A 
(kdmm') (kg/mm') (IF) of test 

10.9 25.9 31.0 2 0.81 

0.79 
7:8 1 19.3 . 1 85.0 1 1 , 0 . ~ 8  

8.7 23.1 1 60.0 . I 2 0.82 

3 6 6  
9.3 1 ' 24.8 1 1.4 I i.1 I 4.70 

6.2 1 16.5 1 14.5 1 2 I 2.25 

1.33 
4.7 1 12.4 1 12.0 1 22,) 2.16 

1.64 

8 m t n  
W"2) 

6.75 52.6 1.3 2 
5.40 42.1 20.0 2 1.29 
4.50 35.1 41.0 3 0.93 

0.82 3.37 26.4 92;0 2 

3.73 29.1 0:9 2 1.45 
3.11 24.2 3.1 I 2 

2.61 
. '  2.33 18.2 12.5 2 2.51 

I 

- 

d: UNNOTCHED SPECIMEN 

. .  

A- 

1 ' r  -12.5 m 
io 

,4mm COUNTERSUNK RIVETS 



TYPE OF SPECIMEN: -"SHEET 24 5-T MATERIAL UNCLAD AND 

75 S-T6 UNCLAD 

36 

160.5 

'r;12" 

TYPE OF FATIGUE MACHINE: KROUSE DIRECT REPEATED STRESS. . 
FREQUENCY 1100 %in 

TYPE OF 'LOADING: TWO-STEP TESTS 

I 

0.00025 *) 

0.10 

160..j 0.25 

0.50 

O.fi7 

0.20 

0.35 

36 0.53 

0.75 

0.87 

Type of 
tests 

66.2 

18 16.0 

0.00055 *) 

0.10 

0.25 

0.50 

0.75 

0.25 

0.50 

0.76 

0.85 

Sa, 
kg/,mmz) 

16.0 

25.8 

*) %=lo load eyoles. 

1 inch = 25.4 mm I 1 kg/mmZ = 1.422 kips 

__ 
2 n/N 

> 10.9 

> 22.8 

__ __ 

2.36 

1.35 

0.97 

1.01 

1.35 

1.65 

1.87 

2.04 

Type of 
tests 

17.1 

75 S-T S, = 14.5 (kg/mmz) 

31 2 

Fig. 6.9. Results of axial load fatigue tests of ref. 15. , 

I 

1 

__ 
2 nJN 

1.52 

14.16 

1.81 

1.09 

1.11 

__ __ 

1.14 

1.25 

1.38 

1.44 



Type of specimens: A lapjoint with two rows of eight rivets in 0.8 mm sheet 
was used, similar to the specimen used in the present investigation, see fig. 3.1. 

The specimens were axially loaded. 

Type of tests: Two-step tests, resp. H-L and L-€3 tests. 

High stress level : S, = 6.9 
Low stress level: S, = 3.65 kg/mm2, S, = 2.75 kg/mm* + N = 2 100 000. 

kg/mm2, Sa = 6.0 kg/mmz + N = 190 000. 

0.24 - 
" L  

0.86 9 

1 I I I I 1 

I) This value earresponrls t o  one loadcycle 

1 kg/mm? = 1.422 kips 

Fig. 6.10. Two-step tests on riveted lapjoints of 24 S-T Alclad. (ref. 17) 
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Type Of 
test 

H-1, 

L-11 

A 
1: 

I 

TYPE OF 
t.2" SPECIMENS: t=5mm 

nH/N,, n J N ,  1 &n/N '1 Tygtof 1 nH/NH 1 n J N ,  
- 

0.05 7.38 0.02 
0.10 1.37 H-I. 0.05 
0.25 1.65 0.10 
0.50 2.36 0.25 

0.50 

0.05 I 0.84 0.05 
0.10 0.75 L-1-1 0.10 
0.25 0.75 0.25 
0.50 0.85 0.50 

0.05 0.05 1.05 A 0.05 0.05 
0.05 0.05 1.01 1: 0.05 0.05 

TYPE OF FATIGUE MACHlNE:2tons AMSLER H.FPULSATOR, 
FREO. USED 4500 OR 6000 C h i n .  

TYPE OF LOADING: Smin=O FOR A L L  TESTS.ONLY TWO DIFFE- 
RENT .STqESS LEVELS WERE USED. 

T 
TYPE H-L 

CI 

TYPE L-H 
"L 

- 
TYPE h 

"L "H 
- 
"HnL TYPE B 

n n  4 i L = 0.05 
NH NL 

Notched specimens 
S,, = 10.5 kg/ninig +. N,, = 185 000 
S,. = 6.5 kg/mni' --f N L  = 1200 000 

/ I  1Jnnotched specimens 
S, = 23 kg/mni2 -f NH = 200 000 
S,, = 16 kg/iiim2 -f N L  = 1 300 000 /I 

'i - . I  nlN 

> 6.50 
1.77 
5.10 
5.35 
1.61 

1.10 
1.27 
1.21 
1.15 

1.81 
1.77 

I 

Fig. 6.11. Axial loading fatigue tests on unnotclied and notched 24 S-T Alclad sheet qxcimens. (ref. 33). 



TYPE OF SPECIMEN: 
AXIAL LOADING. 

&,, 
(kg/mmz) 

28.1 

Mate- 

42.2 75 S-TG 
(0.064") 

0.0 

21.1 

- 

TYPE OF TESTS: ENDURANCES AT SOH AND SOLAR€ RESP 

NH AND NL. 

Num'be: 
Type nn/Nn ~ N L  oftests 

If-r, 0.68 4 
If-L 0.83 
L-H - 

33 58 H-L 0.37 
L-H - 

1650 I H-L 0.70 
H-L 0.56 

3) j i l  
I f i cCL1)  NH ') 4;;; 

21 .I 

(kg/mmz) (In?) of test 

A andB 

A a n d B  9 ' 80 

A a n d B  9 9 1 94 

21.1 

11.2 i 58 

- 

1 1 '  L-H - 0.58 

*I+ TYPE A 

75s-TG 

(0.032") 

24 S-T3 
:0.032") 

TYPE 0 

1 42.2 i 11.2 1 
o.o 8 

11.2 __ 

I 
1 460 \A andB1 ') 1 '1 I 24 

21.1 

€1-1, 1 0.73 -- 1 4 30 14.1 

0.0 I A and B 

21.1 11.2 - 
AandB 4, 4 ,  16 

L-H - 0.60 4 
4 - 14.1 33 340 m, 0.61 

S 

RE 
500 ~ 500 

TYPE H-L  TYPE L - H  TYPE 'E 
__ 
__ 
2 n I N  
__ 
~ 

0.92 
1.01 
1.10 
1.04 

0.94 
1.07 
0.71 

0.87 
1.44 
1.42 
1.00 
0.66 
0.81 

0.94 
1.14 

1.03 
1.05 

0.7'' 
1.10 

1.02 
1.04 
0.74 

__ 

__ 

__ 

__ 

__ 

__ 

__ 

__ ~ ~~ 

Nominal strcwcs. Actual stresses were slightly different. 
Endurances mere estimated from fig. 10 and Lz of ref. 39. 
About IO different values were used for  both mn/Nf, ani1 nL/NL, ranging from low to high. 
nJN, covered a large range of valnos. Normally em11 typc of m t s  wiw repeated four times. 

*) 2 or 3 values were used for both nn/Nn and n,/N,. 
In gmncral the results for  type A- and type B-tests vere the same. 
Ouls. for tests with high values of n/N type B-tests gave somewhat Idgkeer test wsults. 

Fig. 6.12. Cumnlative damage tests at two stress amplitudes on unnotched clad 75 S-T 6 and Alclad 

Moreover n,/N,: 

1 inch = 25.4 mm 1 kg/mmz = 1.422 kips 

24 S - T 3  sheet specimens. (ref. 39). 



TYPE OF SPECIMEN 
MATERIAL 75 S-T - 100 a 3 5 3  - 

Probn- 
bility of 
failure 

(%) 

ONE LOADING PERIOD ‘ 6 

Number of complete 
loading periods (T) 

t o  failure T,,, 
TCO,, 

computed I experimental 

S,,. = 0 ( E  = 0) and 8, = 66 k g h ” .  
Nine tests of this type were performed (more are planned). 

n 
The number of loading periods was calculated hy means of Z - =1, N being N 
bused on S-N cumes for 90, 50 and 10 % probability of failure. 
The computed and the experimental values are given below. 

go 
50 
10 

9.7 16 4.7 
5.9 40 6.7 
3.7 34 9.2 

1 mm = 0.04 indl 1 kgJmm* = 1.4222 kips 

Fig. 6.13. Results 6f spectrum tests of ~~r8r,r~c:R.Fs I) on notched 75 S-T specimens. 

‘) Tcst program carried out at F’FIA, Stockholm, not  yet finished. The result8 given 
The permission for publieation is acknow- lieere m r e  obtained by private communication. 

ledged here. 
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1.14 
0.93 
0.98 
1.15 
1.00 
0.89 

S S S 

t t f snl 

- -n cc -n - --n 

TYPE H- L TYPE L-H TYPE C 
" H  "L "L "H 

- 
1.34 
1.15 
0.88 
1.26 
0.97 
0.81 

Type of specimen: h p j o i n t  of 24 9-T Alclad sheet with two rows of eight 
rivets., see fig. 3.1. 
The specimens were axially loaded in an Amler H. F. Pulsator a t  a frcquency 
of 6000 epm.. 
Type of loading: Two niean stresses were used. At  each mean stress only 
two st,ress a m J ) k d e s  W R ~ C  applied (SaH and SaL). 

0.00001 ") 
0.000.5 
0.01 
0.05 
0.25 
0.50 

S,,, = 9 kg/min* 
SOH = 7.2 kg/mmz + N =  116.103 
S, ,=3 .2  kg/mm2 t N=1019.103 

____ 

0.25 
0.375 
0.50 
0.625 

Type of 
test 

1.24 
0.82 
0.91 
0.84 

- 

L-H test 

___ 

In  te rva 1 
test 

1 .lo 
1.12 
0.93 
0.89 

I[-11 test 

1.08 
- 
- 
- 

1.63 
1.83 
1.60 
1.96 

0.05 I 0.05 

0.01 
0.01 

0.03 0.10 
0.01 I 0.05 

0.10 
0.20 

S,, =7.2 kg/mm' 
SaH=7.0 kg/mmz -f N =  120.105 
No ,. = 3.2 kg/mm2 -f N = 1 064.10" 

1.52 One high pre-load of S = 22.2 kg/mm2, (2/3 S"), 
followed til- testing a t  7.2 t 3.2 kg/mm2 

*) This value conosponds to one pre~load cycle. 

1 kg/mm2 =.l.$22 kips. 

Most, t r%ts  were r e p e a i d  about IQ times, somc i t -sis werc m1.v p c v f o m 4  5 times. 

Fig. 6.14. Summary of the results of t,he present investigation. 
. 
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1.04 
1.21 
2.73 
1.75 

0.72 
0.96 
0.85 
1.38 

____ 

0.67 
1.03 
1.83 
1.31 
1.01 

w 
O Y  

$ 3  z *  

'. 3 
3 
7 
3 

4 
3 
2 
3 

3 
2 
3 
3 
3 
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0.27'' TYPE OF SPECIMEN . -  

\ 
@ =0.15" 

SPECIMENS WERE TAKEN FROM RODS 
TYPE OF FATIGUE MACHINE : CANTILEVER ROTATING BEAM 

MACHINE, FREQ. 10,000 rpm. 

TYPE OF LOADING: 

Sa, above fatigue limit Sa,. bclow fatigue limit (16.9 kg/mm2) 
- 

g n  + 
@ $  
c 

3 
4 
4 
4 
4 
2 
1 

- - 

- 
3 
3 
4 
3 
3 
2 
2 
__ 
2 
1 
2 
3 
3 
2 
1 
- 

- 
E2 

6 %  
a 
v __ __ 

38.0 
35.9 
33.7 
31 si 

__ 

38.0 
83.7 
29.5 
2i.4 

A',, 

(1P) 
__ __ 

48 
60 
90 
1.50 

__ 
48 
90 

2% 
600 

,. 
*% 

.?"$ 
Y __ __ 

38.0 
33.7 
29.5 
25.3 
23.2 
21.1 
19.7 

S %/f18 

__ __ 
0.404 
0.410 
0.694 
0.296 

46'' 
90 
275 
I 7 0 0  
6 000 

21 000 
60 000 

1.49 
2.18 
A 6  
1.42 
0.72 
1.63 
1.07 

', I , 

0.5% 
0.647 
0.346 
0.330 

38.0 
:33.7 
29.5 
25.3 
23.2 
21.1 
19.7 

4s  
90 
2 i 5  
1700 
6 000 

21 000 
60 000 

1.02 
I F 3  
1.63 
1.51 
2.17 
1 s o  
0.63 

23.3 

m 

38.0 
33.7 
29.5 
25.3 
23.2 

__ 

48 
90 
2 i 5  

1700 
6 000 

0.660 
0.994 
1.64 
0.756 
0.283 

38.0 
35.9 
35.2 
33.7 
29.5 
25.3 
21.1 

__ 

48 
60 
68 
90 

276 
1 700, 

21 000 

1.96 
8.33 
5.80 
3.00 
2.36 
2.09 
1.67 

__ 

21.1 

1 i2ich = 25.4 mm 1 kg/mmz Y 1.422 kips. 

Fig. 6.15. Rotating beam tests on umotched 75 S-T specimens (ref. 4) 
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21.1 

TYPE OF SPECIMEN 

~~~~ 

28.2 5 5 0.02 1.9 0.843 
9 1 0.04 0.4 0.466 

SPECIMENS WERE TAKEN FROM RODS 
TYPE OF FATIGUE MACHINE: CANTILEVER ROTATING BEAM 

MACHINE, FREQ. 10,000 rpm 

21.1 

,I 

I, 

28.2 

>, 

-+n TYPE OF LOADING 

35.2 5 5 0.02 9.1 0.889 
,, 9 1 0.04 1.8 0.510 

9.5 0.6 0.04 0.9 1.96 

35.2 5 5 1.9 9.1 0.612 
,, 9 1 3.4 1.8 1.15 

U 
IO'CYCLES 

nH = RESP. 500,1000 OR 5000 CYCLES 
n L  I 1 0 % ~  

") data am rounded o f f .  
Each type of test was repeated 80 times. 

1 inch - 25.4 mm 1 kgJmmZ = 1.422 kips 

Fig. 6.16. Rotating beam tests on unnotched 75 S-T 6 specimens (ref. 3).  



59 

TYPE O F  SPECIMEN m - p m  

SPECIMENS WERE TAKEN FROM EXTRUDED BARS 
TYPE O F  M A C H I N E : R R  MOORE ROTATING B E A M  FATIGUE 

TEST M A C H I N E  

I 
max 

sa 

t 
sa 
f 

- M A X .  RESUL l  - M E A N  RESULT O F  10 TESTS Y -MIN. RESULT 

2 "/N 

f 

AS-12.6  kg/mtn2 
z n f N  '1 

OJ 12 1 5  1'8 21 
Smin ( kg/mm2 ) . 

MEAN OF ALL RESULTS 
I. "/N : 0 . 9 2  

M E A N  O F  A L L  RESULTS 
zn/N =0.62 

1 inch 25.4 mm 1 kg/mni2 = 1.422 kips 

Fig. 6.17. Rotating beam tests on unnotehed 24 S-T 4 specimens subjected to  continuously varying 
amplitudes (ref. 16).  
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Itotating heam testa on urinotched 75 S-T specimens. The stress amplitude was: constant for each ten load 
egclcs. This amplitude followed a random sequence which was derived from a h a d  spectrum. Four 
load spectra were used as given below. A special fatigue m;ichi!lc had been designed to apply the 
random load sequence. The test speed was 3600 rpm. 

TYPE OF SPECIMEN: 

LOAD SPECTRA 

SPECTRUM A 

53 

I o 0.1 a2 a3 a4 05 

SPECTRUM C 

I o 01 02 a3 04 a5 

Stress 
amplitude 
(kg/mmz) 
__- ___ 

41.4 
37.6 
33.7 
29.9 
26 
22.1 

!$E+-, 
o at 02 a3 a4 05 - FREO OF OCCURRENCE 

OF SIX DIFFERENT LOAD 
LEVELS 

SPECTRUM D 

I o 0.1 02 03 04 a5 - FREQ OF OCCURRENCE , 
OF SIX DIFFERENT LOAD 

LEVELS 

I 

En- 
durance 
(109) 

50 
70 

120 
300 

") Eaoh value is the mean of 12 test results. 

1 inch = 25.4 mm 1 kg/mm2 = 1.422 kips 

__ 
2 n/N ") 

1.25 
0.51 
0.37 
0.54 

Fig. 6.18. Results of spectrum tests of ref. 9 on unnotched 75 9-1' specimens. 

. 
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Number Number 
of steps of teStS 

(m) 

2 6 

4 6 

6 3 

10 3 

r TYPE OF SPECIMEN 

q03W 

TYPE O F  FATIGUE MACHINE KROUSE ROTATING.CANTILEVER- 
BEAM MACHINE .10.000rpm 

so 

t 

I 

__ Number 
of steps 

(m 1 

0.63 2 

0.71 4 

0.79 6 

0.94 10 

n,N 

,v 
n 

all stress levels, cxcej,t t,he last one, - = ?n = ~inmlrer of slicss-stelis. At. t h  last stress level t h e  

test is carried out until failure. (provided failure did ]lot occiir at  a prerioiis stress level, then 

X n / N  < __ ).  The differcncc lictween t h e  stress a,niplitudcy o l  two successive st,rcss levels is con- 

starit mid eqit i i l  to ,  - 17" kg/mmz. 

Tests with rcsp. 2, 4, 6 and 10 stress-steps werc performed. 

111 - 1 
m 

m 

I . llecreaing stresslevel tests /I Jnereasing stresslevel tests 

6 

6 

6 

6 

1.45 

1.46 

1.51 

1.52 

1 inch = 25.4 mm 1 kg/mm2 = 1.422 kips 

Fig. 6.19. Rotating heam tests on unnotchcd 76 S-1' 6 specimens (ref. 27). 
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17.6 
kg/mm2 

0 . TYPE O F  SPECIMEN:  
MATERIAL :  S S  S 5 L 1  
( A I - t u - M g  TYPE) 

0 5 2 5  (b 

RADIUS 0 OF APPLICATION 
OF L O A 0  

]Number I 21.1. I Nunrher 24.6 
o€ tests kg/mms of tests kg/mm2 

A NUMBER OF SPECIMENS WAS PRE-LOAOED IN A X I A L  TENSION TO 
3 9 4  k9/,,2 (su:475k9/,,2, s o , : 2 8 2 k ~ / " 2 )  

None - 6 11 723 4 1489 8 461 
21.1 Same 4 10 763 1 927 - - 
28.1 I, 2 23660 . 2 . 920 2 367 
21.1 Opposite 3 2 788 2 878 2 286 
28.1 ,> 2 2 166 2 677 2 .  508 

24 - 
NE 22 

> 20 
E 

r - 18 
v) 

16 

14 

12 

IO 

8 

6 

4 

.2 

0 
1 9 

N 

6 253 

3 222 
1 207 
2 255 

- - 

1 inch = 25.4 mm 1 kg/mmz = 1.422 kips 
Fig. 6.20. Results 'of rotating cantilever beam tests of re f .  6. 

POINT O F  LOAD 
PPL ICATION TYPE O F  SPECIMEN:  

24 5-T A L C L A D  SHEET-  2' 
MATERIAL  

FOR THE PRELOAD CYCLE AS W E L L  AS THE FATIGUE TESTING THE MINIMUM 
STRESS WAS ZERO (R;O) THE PRELOADING WAS APPLIED PARTLY IN THE 
SAME DIRECTION AS T H E  FATIGUE TEST LOADING A N D  PARTLY I N  THE OP- 
POSITE D IRECTION.  T W O  PRELOAD STRESSES WERE USED. 

PRELOAD: 21.1 kg/m,2 
25 - 

N 
E 

b E 20 
1 - 

x 
15 

u) 

10 
I 

N 

PRELOAD 28.1k9/mm2 

: ORIGINAL S-N CURVE 
D : ONE PRELOAD CYCLE IN SAME DIRECTION AS FATIGUE TEST LOADING 
a i ONE PRELOAD CYCLE IN OPPOSITE DIRECTION A S  FATIGUE TEST LOADING 
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6 -C 10.6 

Type of specimens: P 51 I) “Mustang” mainplanes. 
Material mainly 24 S-T Alelad sheet and 24 S-T extruded sections. 
811 loads are expressed in percentage of the “ultimate failing load”. (U.F.L.) 

I 238 000 4 769 000 3.85 
4 561 000 3.68 

Magnitude 
of  preload 
(% U.F.L.) 

6 =k 28 

85 
95 

68 100 3.89 
17 500 78 700 4.50 

67 500 3% 

70 
85 
90 
95 43 800 

85 
95 

2.50 

103 

26.9 i 16.1 

85.6 

31 460 63 820 2.03 
57 410 1 .E2 

I 
I 

I 
I 

I -_ 
I 

37.7 ? 26.9 1 4139 4975 1 1.20 

Fig. 6.22. Effect of pre-loading 011 fatigne life of i i  typical metal wing. (ref. 2 2 ) .  
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Pre-load Load range 

( k g h " )  ' , 1 (k i /mm2) 

No pre-loail 
28.3 
31.5 
34.6 15.7 7.9 
37.8 
40.9 

stress in fatigue test 

t i 0 064" 

TYPE OF SPECIMEN E-3 @ 'Is 

FOR THE UNNOTCHED SPECIMENS THE TRANSVERSE HOLE 
W A S  OMITTED THE SPECIMENS WERE AXIALLY LOADED 

Mean 
endurance 

(103) 1 . 
280 3 
314 1 
265 1 
370 1 
294 1 
271. 1 

Numbei 
of tests 

- - 

Type of 
specimen 

Uiinotehed 

44.1 

Notched 

1 '396 1 

No pre-load 
28.3 
31.5 
34.6 
37.8 
40.9 
44.1 

, 
62 5 

114 , 1 
56 3 

15.7 +- i.9 78 . : 3 
77 3 
98 3 
65 2 

No pre-load 3 10.5 +- 10.5 
42.9 

I 1 I 
I , 

No pre-load I 10.0 1 3 
3 

14.1 & 14.1 
42.9 16.8 

1 inch = 25.4 mm 1 kg/mms = 1.422 kips 

Fig. 623. Zffect of pre-loading on the fatigue strength of umiotched and notelied shcet specimeiis of 
I).T.I). 546 B. (AI Cu M g  type) (ref. 21). 
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(D 
v) 
W n 
; 
n 
6 
9 

I W  

z_ 
A 

I 
0 

Ln 
Lo 120 
w 

(0 

80 
0 

2 60 
J 
n o  
nul .zo 
6 0  
f 
E -20 

8 - 4 0  

-60 
6 

E 100 

- 40 

J 

a -80 

o SIMPLE LUG 
+ CHANNEL SPECIMEN . WING JOINTS 

.I TRANSVERSE HOLE SPECIMEN (BAR MATERIAL) 

120 

100 

80 

60 

$ 3  
.20 

Q O  

-20 

-40  
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a. WAY OF PERIODIC CYCLIC OVER-STRESSING 
I N  THE PRESENT INVESTIGATION 

5, --- I 
n 

b. WAY O F  PERIODIC H I G H  LOADING IN THE TESTS 
O F  HEYWOOD ( R E F 2 0 1  

Fig. 7.1. Different ways of overstressing. 

START OF CRACK t LINES OF EQUAL DAMAGE 

s, . '. 
I 
I 
I 

b CONCEPT OF LANGER ( R E F . 2 5 )  
L INES O F  CONSTANT DAMAGE ARE D E F I N E D  BY 
f i :  CON.STANT(n<M) AND &;CONSTANT(n>M)  

N - M  

Fig. 8.1. Lines of constant damage according to PALMGRW and LANGER. 



I <. 

0 1 

N 
(I CRACK PROPAGATION AT TWO DIFFERENT STRESS LEVELS 

.," 
N 

b CRACK PROPAGATION 
I N  AN H-L TEST 

N 

IN AN L - H  TEST 
c.CRACK PROPAGATION 

Fig, 8.2. Crack propagation according to S"LRS. 

HE SPECIMEN AFTER 

-N " 1  N1 

Fig. 8.3. Ems's concept of fatigue damage in two step tests at &=O. 
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-- ENDURANCE N ’  

a.SPECTRUM TEST, sn/S, AND THE NUMBER OF LOAD 
CYCLES AT EACH LOADRANGE CORRESPOND TO A 
GIVEN LOADSPECTRUM 

b SPECTRUM ENDURANCE CURVE 

.I -Sm. 

c. SPECTRUM FATIGUE DIAGRAM 

Fig. 9.1. GASWER’S method of spectrum tests. 

- N.n 

The gust load spectrum is given hy Z ni as a function of tlic gust load velocity ui , Zn; is the numbq 
of gust loads with velocity > ui, encountered in a Xivcrl irumher of flying hours. Thns the number 

of gust loads in the interval i i i  - $$ 4 

N i ( ~ i )  denotes the S-N curve. 
Thc curve ni/N4(ui) is the damage distrihutioii curve according to the linear cumulative damagc concept, 

d G U i )  .4u. until ~ i i  f y2 4 u is g i w i  I J J ;  
dui 

Fig. 9.2. Ilanmgc distribntion curve for 5 gust load spectrum according to the linear cumulative 
damage concept. 
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I 
-TIME 

PART OF A LOAD-TIME RECORD. 

S I  

I 

-TIME 

REPLACEMENT OF ABOVE GIVEN PART OF 
LOAD-TIME RECORD. 

Part 9.3. Illustration of a conservative assumption by establishing load spectra. 

LOADING PERIOD I 

a. SPECTRUM TESTS WITH STEPWISE INCREASING 
LOADAM PLI TUDES. 

b. SPECTRUM TESTS WITH STEPWISE DECREASING 
LOAD AM PLI TU D E S . 

Fig. 9.4. Two types of spectrum tests. 
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C. C. 1,. Class. C 473-1 

REPORT S 476 

Buckling and Post-Buckling Behaviour . of a Cylindrical 
Panel under Axial Compression 

by 

W T KOlTER') 

. Summary. 

Tho post-buckling bchaviaur of narrow cylindrical panela, such as occur in stiffened cylindrid shells, is  investigated by 
means of the general theory of ref. 8 for one set of boundary canditions dong the longitudinal odges. I t  appears that the 
initial post-buckling stage iS st,able only, fo r  v c r ~  n & m w  panels. A program far further researoh is outlined v i th  respect 
to  other boundary conditions, to the mora advmeed post-huekling stnge, aud to an experimental verification. It is con- 
jectured that the behaviour of R n a ~ m w  e u n 4  pnuel in the Rdr.aneed post-huekling stago will appmaeh the behhaviour of 
B flat pand of thc same width. 

Contents. 

List of symbols. 

Boundary conditions and buckling mode for a 
narrow panel. 
Method of analysis of initial post-buckling 
bchaviour. 

'. 4 The initial post-hnckling.,behaviour of a narrow 
panel. 

5 Suggested program for further research. 
6 References. 

Appendix A : Analysis of initial post-buckling 

I Introduction. 
2 

3 

.beliaviour of a narrow cvlindrical Danel. 
A 1: The basic energy expressions. _ _  - 
A 2 :  The equations for u, IJ~ w. 
A 3 :  Direct solution of the variational 

problem. 
A 4 :  The neighbouring states of cquili- 

brium. 
A 5 :  The effect of initial imperfections. 

Appendix B :  Flexural strain energy in the 
stiffeners due to tangential bending. 

List of symbols. 

a amplitude of buckling mode. 
b width of panel. 
a;, a,*, b., b,", c0. c., 
C"' FOURIER coefficients defined bv 

(A25).  

(also: a subscript for 1, 2, 3, ._. in 
see. A 3) .  

IL sheet thickness, 
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X 

R 

E 
G 
N 
P 

&,' 

Ii 
S 
Th 
u, v, TV 
a = X/R 
P 
Po 
E 

(see (A8)  ) .  

length of panel. 
defined by (2.3). 
wave number parameter in axial 
direction. 
wave number parameter in circum- 
ferential direction. 
axial displacement of middle surface. 
tangential displacement of middle sur- 
face. 
radial displacement of middle sur- 
face. 
buckling mode. 
modification of buckling mode in post- 
buckling stage. 
axial coordinate. 
flexural rigidity of stiffener in tan- 
gential hnding.  
YOITN~I'S modulus. 
shear modulus. 
compressive load on panel. 
potential energy; a subscript TZ de- 
notes the degree of the energy ex- 
pression (see ( A 3 )  ). 
correction term to energy expression 
due to initial imperfections (see 
(A571 1. 
radius of panel. 
defined by (4.2). 
defined by (A41).  
displacements in fundamental state. 
nondimensional axial coordinate. 
circumferential angle (fig. 2).  
circumferential angle between two 
stiffeners (fig. 2 ) .  
overall compressive strain. 



E 1  buckling strain. - 
E contribution to E due to nlodification 

of hnckling mode u, w ,  w. 
_ _ _  

~~ 

ed cylindrical shell when the circumferential angle 
I is sufficiently large. This conjecture may he illo- 

strated schematically by fig. 1, where the ratio 

N 
A=----- nondimcnsional load. 

A, nondimensional buckling load. 
A' 

P1L 

" POISSO~:'s ratio. 
Q 

EP,11IL 

nondimensional buckling load for im- 
perfect panel. 
amplitude of initial wares in imper- 
feet panel. 

total cuivaturc parameter, defined by 
(2.7). 

1 Introduction. 

The huckling and post-buckling behaviour of 
flat panels arid of cylindrical shells under axial 
compression have already heen investigated ex- 
teiisively (see e g .  refs. 1-S) ,  and the funda- 
mental difference in hehaviour between these two 
t,ypes of structural elements is now fairly well 
understood., illuch less is known about tbc be- 
haviour of curved panels, such as occur in stiffen- 
ed cylindrical shells. Several investigations on t,he 
classical buckling stress of such panels have heen 
puhlislied (refs. 9, 10, 11) .but little or no infor- 
mation seems to  he availahle on their post-buckling 
behaviour. 

It has of course iecn conjectured that the hc- 
haviour of a cylindrical panel will he similar to 
the behaviour of a flat panel if the panel is very 

-narrow, i.e. if its curvature is very small. On the 
other hand, a cylindrical panel may be expected 
t,o.show similar behaviour as a comDle.te unstiffen- 

Fig. 1 

A/& of the  compressive load to the classical buck- 
ling load has' been plotted as a function of the 
ratio. .Jet of the overall compressive strain to the 
classical buckling strain. The straight line OAIJ 
represents the fundamental state of eqnilihrium 
(simple axial compression) which becomes unstable 
when t,he buckling load A, is exceeded. Cunle AC 
represents the stable post-buckling hehaviour of a 

flat panel whereas the (initially unstahle) behaviour 
of a cylindrical shell is described by cnrve ADE. 
Curve AF depicts the conjectured stahlc hehaviour 
of a very narrow cylindrical panel and curve AGH 
tlic (initiallr unstable) behaviour of a wide cvlin- "~ ~~ 

driczh panei. 
T,he initially highly unstable post-buckling be- 

hariour of an unstiffcned cvlindrical shell and 
~ .~ .~ .  . . ~ ~ ~ ~  ~" 

a wide cylindrical panel has several undesirable 
features. First.of all the load and/or compressive 
strain change abruptly mlien the buckling load 
(point A in fig. 1) is reached and this jump is 
accompanied hy comparatively large amplitudes of 
the waves in wllicli the shell o r  panel buckles. 
Apart from the danger of exceeding the yield limit 
(or fatigue limit) of the material due to  high 
bending stresses, such deep ma;es are objection- 
able 'in airplane structures from an aerodynamic 
point of view. Moreover, the actual buckling load 
is usually much lower than the theoretical buckling 
load due to unavoidable irregnlaritios in the actual 
structure, and the decrease in buckling load is 
highly unpredictable because it is v e v  sensitive 
to tlie magnitude of the deviations of the actual 

panel. Therefore we believe that the load-carwing 
capacit). iii the post-huckling stage is of little 
practical importance for a complete unstiffened 
cylindrical shell or wide panel. I n  a structure of 
this type the loads should he kept well below the 
classical buckling load. 

The t ! /pe  of post-buckling hehaviour is govern- 
ed completely by the tangent to and  the curvature 
of the post:huekling curve at  the point A in fig. 1. 
H,ence our primary interest. in the investigation 
of curved panels is directed towards their initial 
post-hucklihg behaviour, i.e. for loads in the neigh- 
hourhood of the buckling load. A general method 
for the investigation of t hk  type of prohlem has 
been described elsewhere (ref. 8, ch. 3) .  Its ap- 
plication to the prohlem of a cylindrical panel is 
straight-forward although somediat laborious, once 

' the boundary conditions of the panel and the buck- 
. ling mode have been estahlished. These hasic data 

for  a nnrrou! panel are discussed in see. 2 and the 
general method of analysis is outlined in see. 3 ;  
details of the analysis for one'set of boundary 
conditions and the corresponding buckling mode 
arc given in appendix A. The main results are 
discussed in see. 4. It appears that  the initial 
post-buckling behaviour is stable onLy for veri/ 
n" panels. A program for further research 
is suggested in see. 5. 

2 Boundary conditions and buckling mode for a 
narrow panel. 

A complcte unstiffened cylindrical shell of 
length 1, simply supported at  its ends, has a 
large number of buckling modes at the same 
critical axial st,ress (refs. 1, 2, 5) 

structure from a perfectly cylindrical shell or I 

. 

(2.1) 
h - E 

U C I  = 
v3 (1-L?) n ' 

where E is BOUKG'S modulus, is POISSOX'S ratio, 
71 is tlie thickness and 11 is the radius of the shell. 



These buckling modes are described by the axial, 
tangential and radial displacements %, v,, u;, 
(ref. 8) 

w, =sin p a  sin g/3, / 
where e = z/X is the iiondimcnsional axial,,eoor- 
dinate, p is the circumferent,ia.l angle, g is any 
integer satisfying the inequality - 

q ~ n n z = , ~ 1 2 ( 1 - v z )  1 I/" (2.3) 
2 It. ' 

and p is a root of the equation 

p Z - 2 m p  + q'=O, (2.4) 
subject to the conditions that pz is large and pZ/Il 
is a niultiplc of n. Obviously a long, thin shell 
has a substantial number of tlicsc huekling modes. 
Moreover in a long shell tlie lionndary conditions 
at  the ends have no appreciable effect, and ad- 
ditional Inickling modes appear which are obtained 
by replacing (I and/or p by a + z/Z and p + ~ / 2  
respcctively. 

The most important constraint due to the stif- 
fcners in a reinforced shell (fig. 2) is the szcp- 
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Fig. 2. 
Part of cross-scction of stiffened eylindrieal shell, 

pression of rrtdial deflection waues  along t h e  
stiffeners. If we neglect all other constraining 
effects of the stiffeners, tlie buckling mode (2.2) 
is again possilrle at  the sa?ne critical stress (2.1) 
as for  the unstiffened shell, p r o d e d  that the 
stiffeners are equally spaced and do not exceed 
2 W L  in number. I n  other words the circumferential 
angle ,& bet~.een two stiffeners (cf. fig. 2) should 
not bc less tha.n 7/112 in order that the critical 
stress for tlie reinforced sliell bc the same as for 
a.n unstiffcned shell. 

The panels into which the cylindrical shell is 
divided hy the stiffeners will be called ?I.IL~POW 
if their circumferential angle p ,  is smaller than 
~ / ? n .  The huckling mode is t,hen again given hy 
( 2 . 2 ) ,  where now q = d &  The corresponding 
buckling stress is giwn by (ref. I ,  art. 84; rcf. 8: 
art. 74) 

where q=7/pe The critical buckling stress re, 
is now given by the minimum value of (2.5) as 
a function of p.  This minimum is attained for 
p = q (=./Po) ; its value is 

is a measure for the totul carvatnre of the panel 
and b = It& is the width of the panel; a narrow 
panel is defined by 0 sl. The first factor in 
(2.6) is the well-known critical stress of a flat 
panel, simply snpported along its longitudinal 
edges. 

So fa r  W(I havc ignored all constraining effects 
of tlie stiffeners apart from the suppmssion of 
roc2ia.l deflection wives along their lines of attach- 
ment. The corresponding buckling mode ( 2 . 2 )  in. 
dwes bending of the stiffeners in a tangential 
plane to the shell witlr a curvature given by 

and torsion of these stiffaners with a twist 

I n  most convenbional stiffened shell structures 
thc f l e z u r d  strain energy in the stiffeners, due 
to tangential bending with curwture (2 .8) ,  is 
small compared to the cxtwsional energy in the 
panel in the buckling mode (2.2) (cf. appendix E) .  
The tangential constraint doe to  the stiffeners 
may tlicn indeed he ignored. If the flexural rigidity 
of the stiffeners in bending in the tangcntial plane 
is comparatively large, the tangential constraint 
may hccomc more important, resulting in a modi- 
fication of the huekling mode and an increase 
in critical stress. However, even for completely 
rigid stiffeners this increase in critical stress is 
at  most 25 per cent (ref. 11). 

On the other hand, the torsional strain energy 
in the stiffeners corresponding to a twist given 
11): (2.9) nsuallp has a magnitude comparable to  
tlie flexural strain energy in the panel, and the 
torsional constraint of the stiffeners may resiilt 
in an  appreciablc modification of the buckling 
mode (2.2) and a corresponding increase in critical 
stress. In the present report we shall neglect this 
effect. 

The investigation of post-buckling behaviour 
will be simplified if we also assume that the 
stiffeners have no constraining effect on the 
aria2 diqplncements u along their lines of attach- 
ment. It is well-known that this assiimpt,ion in- 
volves no  serious error in the Corresponding flat  
plate problem (ref. 3, sees. V and V I ;  ref. 8, 
art.  632) .  I n  our buckling mode we have ti., = 0 
a t  the attachment to the  stiffeners. Eence our 
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assumption of no'constraint can ouly affect the 
modification of the displacement pattern in the 
post-buckling stage, exactly as in the correspond- 
ing flat plate problem, and it 'may he expected 
with some confideuce that it will not iiivolve ap- 
preciable errors. 

It may be ohsenred that it is always possible 
to estimate a posteriori the errors introduced by 

axial constraints by calculating the strain energy 
in the stiffeners corresponding with the deflectiou 
pattern without these constraints. If the resulting 
increase .in strain energy is sufficiently small eom- 

, the neglcction of, the tangential, torsional and 
I 
I 
I 
I 

pared to the strain energy in the panel itself, t,he 
approximation is certainly sufficiently accurate. It 
may also be noted that our results should always 
he conservative. 

Our final assumption is that  the boundary con- 
dit,ions a t  the transverse frames of a stiffened 

' shell may be replaced by a condition of periodicity. 
It is well known that this assumption is justified 
hotlr for a flat plate and for an unstiffened shell 
.if the length of the plate o r  shell is not, less than 
several times (say 2 tu 4 times) the half wave 
length. This assumption should therefore also be 
justified in our panel problem if the panel length 2 
is not less than several times its width b = Il/3,. 

3 Method of analysis of initial post-buckling 
behaviour. 

The general theory of the initial stage of post- 
lnickling bchaviour (ref. 8, oh. 3) starts from the 
nssnmptiou that for loads in the neighbourhood of 
the hockling load LL nezgltbouring state of eyuili- 
brium esiuts, i.c. a state of equilibrivnt that is 
ohtnined front the fundrrniental state a t  t h e  Same 
load hu small (altlwugh f in i te )  additionill dis- 
placements. Next it is observed that these addi- 
tional displacements may be written in the form 

- - - 
u = an, + u, v = av, + v, w =awl + w, (3.1) 

where u,, y, w1 is the buckling mode, a is the 
(as yet unknown) amplitude of the buckling 
mode, and u, w and w are in some Sense ortho- 
gonal to the buckling mode. It is assumed that 
u, u and w are small compared to the buckling 
mode 6ontributio-a to the additional displacements 

_ _  
_ -  

m,, a%, aw,. 
The conditions of equilibrium may he expressed 

hv the reouirenient that the potential energy (the 
s;m of the elastic strain eneigy and the potential 
energy of the external loads) has a stationary 
value. This requirement is applied in two steps. 
In tlie first step the stationary 'value of the 
potcritial cnergy as a functional of u, w, w is oh- 
tained for a fized value of a. It can be proved 
(ref. 8) that this stat,ionary value is a minimum 
and that in its evalu,ation only t,eims of .the first 
and second degree in u, II and z. need he retained; 
the terms of the first degree are (for small values 
of a )  propurtioual to  az. Hence the differential 
equations for G, ;-and G, obtained as the EUL~FJE 
equations of the variational problem, are linear in 
$1, II and tu, and the rightlhand memliers are pro- 

_ - _  

_ _  

_ -  

portional to a: and the assumption regarding the 
smallness of u, u, w bas been proved. Upon suh- 
stitution of the solution for u, II and w into the 
potential energy we obtain an expression for this 
energy as a function of the amplitude a of the 
buckling mode that is accurate (for small values 
of a )  up to terms of the fourth degree in a. 

The equilibrium values of u are now obtaiued 
hy equating to zero the derivative of the energy 
with respect to a, and the sign of the second deri- 
vative with respect to a decides whether the state 
of equilibrium is stable or unstable. It depends 
on the actual form of the expression of the poten- 
tial energy as a function of a whether neighbouring 
states of equilibrium exist both for loads above 
and below the buckling load or only for loads 
either above or below the buckling load. UswaZ$j 
neighbouring states of equilibrium at loads above 
the buckling load are stable (i t  they exist), where- 
as neighhouring states of equilibrium at loads 
below the buckling load (if existing) are alwaqs 
unstable. 

The detailed analysis for our problem of a nar- 
row panel in a stiffened cylindrica,l shell (with 
the boundary conditions discussed in see.. 2 )  is 
given in appendix A. The results arc discussed 
in the next paragraph. 

4 The initial postbuckling behaviour of a 
narrow panel. 

The results of our analysis in appendix A may 
he summarized as follows. After buckling the 
initial relation between the overall compressive 
strain E and the (nondimensional) load A, i.e. the 
tangent to the post-huekling curve, is given by 

_ _ -  
- _  

, 

i (A 54) 
I 

(4.1) 
h-Xx 

E = X ' +  __ 1 - 2 t J - 9 S  ' 
where Q ( O s  Q 5 1) is defined by (7)  and S is 
the sum of the series 

We have a real solution only for h 2 A, if the 
denoniinator in (4.1). is positive, and for X s X l  
if the denominator is ncgatire. The results of our 
nuniericsl calculations are presented in  table 1, 
and the tangents to the post-buekling curves are 
pictured in fig. 3, where the straight line X = F  
represeiits the fundamental state of equilihrium 
which is unstable for X > A,. 

First of all we note. that for a very nurrow 
panel (0  < I )  our formula (4.1) is simplified into 

c - 2 X -A, (4.3) 

in complete agreement with the well-known result, 
for a flat panel (ref. 3.4 and ref. 8, art. 633, 
eq. (63.45) ). This simplified formula is approxi- 
mately valid for values of 0 up to about 0;3. The 
slope of the tangent of the post-buckling eume in 
fig. 3 decreases slowly for values of B up to ahout 
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1 ’  
i 

8 ‘  

0 
0.3 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

T U L E  1 

S 

0 
0.0032 
0.0248 
0.0523 
0.0993 
0.1764 
0.3008 
0.5059 

1 -204-9S 
- 

1.000 
0.955 
0.652 
0.270 

- 0.374 
- 1.407 
-3.019 
- 5.544 

A 
e= 0.3 
8.0.5 
8.0.6 

t 
A 1  

8.0.7 

-E 61 
Fig. 3 

Tangcnts t o  post-buckling curve f o r  several rulues 
of total curvature 8 .  

0 = 0.5. A rapid change occurs for values of 0 
I)ctwecn 0.6 and 0.8. The post-buckling tangent is 
horizontal for 8 = - 0.64, and vertical and direct- 
ed dow%tcizrdx for 0 -  - 0.77. The horizontal 
tangent represents the limiting case of a stalile 
post-buckling behavioor for a prescribed loud, 
whercas the vertical tangent represents the limit- 
ing ease of stability far pvescrihed overall s tm in  e .  
Evidently the complete change from tlrc strrbzc 
belmviour of n flat panel  to the tcnstnble hehnviour 
of ,n shell occur.$ within t7f.e ramgo of n nnrrow 
panel 0 < 0 < 1. 

I t  may be interesting to ,compare these results 
tu the values of 8 which meur in modern airplane 
structures. In  wing panels the values of 8 are 
usnally considerably smaller than 0.5. I n  flcselnge 
pimels the valiies of 8 range from approximately 
0.4 to ahout 2.0’), and an initially unstahle post- 
hucklin: hehaviour should therefore he expected 
in  most cases if the assumed boundary conditions 
would apply. Howcver, it should he horne in mind 
that the torsional constraint of the stiffeners is 
usually important. The boundary conditions along 
the longitudinal edges then approach more those 
of “clamped” edges, and it may be cxpected tliat 

’) The author is indehted to Dlr. E. J. Y*N Rmg of t h r  
Fokker Airelaft Company for these data on current designs. 

the post-buckling hehaviour with clamped edges 
will lie stable up to higher values of 0. Further, 
research in this direction is highly desirable. 

The effect of ini#ial imperfections in the panel 
is easily taken into account by means of the general 
theory of ref. 8 (eh. 4). We have investigated 
in appendix A deviat,ions from the true cylindrical 
form in the shape of the buckling mode, i.c. we 
have assumed that the imperfect panel may he 
obtained from the perfect panel by means of 
radial “displacemcnts” given by 

w, = pb sin qa sin qp, (4.4) 
where p is a nondimensional parametcr for the 
ma.gnitude of the initial waves. The resulting load 
us strain curves are given in figs. 4 and 5 for 
0 = 1, p = 0.1 and 8 = 0.7, p = 0.1 respectively ; 
the tangents to the post-huekling curves for per- 
fect cylindrical panels (fig. 3) have also. been 
drawn in these figures . 

., 

. w g . 4  
Load uc strain CUPW for  6 = 1 arid = 0.1 

fig. 5 
Load vs strain eume for 4 = D . i  and p ~ 0 . 1 .  

11 -.ill he noted that the critical load A* for  
these imperfect panels is considerably smaller than 
the tiuckling load for a perfect panel. This effect 
always occurs if the denominator in the second 
teim of (4.1) is negative (see eq. A (61) ). Thc 
drop in huckli~ig load as a function of the ampli- 
tilde of the init,ial waves is i l lustratd in fig. 6 
Cor two values of the total curvature 8 .  

It may be emphasized here that our analysis is 
only valid if the deflections from the fundamerital 
state are sufficiently small, i.e. if the amplitude a 
of the buckling mode is sufficiently small. €Iow- 



over, our most important result, i.e. the initial un- 
stable behaviour of panels for  which 0 > - 0.64 
for a prescribed load or 0 > .- 0.77 for a pre- 
scribed overall strain, is entirely rigorous for the 

A' 

t 

0 0.1 0.2 0.3 0.4 -v 
Fig. 6 

Buckling loads for imperfect panels 

assumed boundary conditions. DIoreover, it  does not 
seem too audacious to  offer a conjectnrc on the 
behaviour of a narrow panel in the more advanced 
post-buckling stage (see see. 5 .2 ) .  

~- 

76 

stiffeners (cf. see. 3 ) ,  while the modification of 
the buckling mode (tc, v,, w )  does not involve ad- 
ditional tangential displacements (cf. (A 27) ), it 
does not deem mortliwhile to investigate the effect 
of such constraint. 

5.2 Nest, it should he remembered that our 
analysis has been restriFted to the initial post- 
buckling stage. I n  order to extend the theory to 
the more advanced post-huckling stage a eon- 
venient first step may he to retain the displace- 
merit pattern, calculated for  the initial stage, but 
nom taking into account all energy terms, i.e. up 
to the fonrth degree in tc, v, w. A more refined 
analysis of the advanced poit-buckling stage. would 
require a careful examination of appropriate wave 
pat,terns in order to achieve adequate results mith- 
out excessive analytical labour. 

However, it would appear to  be not too bold 
( k  conjectibre that the hekauiour of a narrow curved 
panel in. t h e  advanced post-buclcliny stage ap-  
proiiches tke heka,vioz~r of a f l a t  pa%el of equnl 
width. This conjecture is indeed fairly plaosible 
for the initially already stable very narrow panels 
( S  < + 0.64) because their critical stress i s  at mast 
17 percent above the critical st,ress of a flat panel. 
The conjecture is illustrattd in Kg. 7 for yd l l tk  

_ _  - 

_ _ _  

5 Suggested program for further research. 

Further research on the post-buckling hchaviour 
of curved panels seems desirable in several direc- 
tions. 

5.1 First of all the effect of other boundar!] 
conditioits along the longitudinal edges shonlcl be 
investigated. 

The most simple (although not the most im- 
portant) extension of our analysis is the inres- 
tigation of complete longitudinal constraint along 
the stiffener attachments. For this purpose it is 
sufficient to add a term 

to our expression for u (A27) ,  and to analyse the 
corresponding modified eqnations for the FOUKIFX 
coefficients. 

The most important modification of the boundary 
conditions is the suppression of transverse dcflcc- 
tion slopes along the stiffeners if their torsional 
r ig id i ty  is high. It may be expected that a panel 
with clamped edges will show a stable post-huckling 
behaviour up to higher values of the total curva- 
ture pa.rametcr B. It will be eoiivonient to obtain 
first a sufficiently simple and accuratc approxi- 
mation to the buckling mode corresponding to 
clamped longitudinal edges, because the rigorous 
buckling mode (ref. 11) would probably require 
excessive analytical work eyen in the initial post- 
buckling stage. 

I n  view of the fact that the critical stress is 
not very sensitive' to tangential constraint by thc 

x 
I I  

Fig. 7 

Conjcotured post-buckling curves in advaned stago 
for narrow oylindrical panels. 

with a total curvature B up to unity. If our con- 
jecture were confirmed by analysis it would seem 
that a detailed knowledge of the complete post- 
buckling curve for narrow panels is of minor 
practical interest because the  part of the cnrve 
that would lie substantially above the curve for 
a flat  panel is high1y'~sensitive to initial imper- 
fections (see figs. 4 and 5 ) .  

5.3 Finally, an experimental verification of the 
theoretical results seems desirable. It is suggested 
that the boundary conditions which were assumed 
in the present report might, be obtained in a test 
set-up similar to the set-up for the investigation 
of f lat  panels (ref. 13). Elovever, it may be better 
to await the results of a theoretical investigation 
of other boundary conditions before a decision on 
experimental Gcrification is made. 
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APPENDIX A. 

Analysis of initial post-buckling behaviour of a narrow cylindrical panel, 

A 1. The busic energu eqressions. 

The fundamental state of equilibrium of B panel under axial compression is given by 

wliere 
U = - ARC, V =z 0, 12' = "An, 

is a nondimensional parameter for the total load on the' panel. The iacrease~in potenbial energp 011 

p;issiiig' froin the ftuidamcntal state to a neighhouring state U + 11,  P't w, 1V + w is (ref. 8, art. 72 
with the simplifications indicated in arts. 75 and 7 6 )  

[ P,O [u] + AP; [u] + f',, [ i c J  + P, [ u ] )  , (A 3) 
Gh 

4 ( 1 - w )  

G is the shear modulus, k is defined by 

and primes and dots denote differentiations with respect to a and p. 



78 

The buckling mode for the assumed boundary conditions of a narrow panel, defined by 

is given by (2.2), where p = q = ./Po 
1 - "  u, = - I_ cos qa sin qp, 

4 9  

u,  = __ sin qa cos gp, 
3 + v  . 

4 q  
w, = sin pa sin qp. 

We assume our a.dditiona1 displacements on passing from the fuudamcntal state (A 1)  to a neighbouring 
state in the form . .  

u = n i ~ , + u ,  v = f l v , + v ,  w=nw;+w, (A  11) 
where u, u and w are supposed to be small compared to nu,, nu,, and aw,. Moreover we impose the 
orthogonality condition 

PI#; [ %>, u] = - 4 ( 1 - "2) jRda j d p . Z w , . ~ = o .  

- - - 

_ _  

- - 
(A 12) 

i 0 

We mag now rewrite the energy expression between brackets in (AS)  (ref. S,, ch. 3) 

P ~ [ U . ] ~ X P , ' [ U ] + P , [ ~ ] , + P , ~ ~ L ] = ~ * { ( ~ ~ [ ~ ~ ] + A P , ' [ ~ , ]  } + n 3 ~ p , [ ~ ] ' + n 4 P ~ [ 1 ~ , ] ; + P ~ [ ; I ] . +  

I + AP;[;I] + naP2,[tL1,G],+ ...... , (A 13) 

where a11 terms which have not been written down explicitly may be neglected. Substituting ( A  10) into 
(A13),  and performing the integrations as far  as possible, we obtain f o r  a ht~ panel, 1 )) Rp, (cf. 
ref. 8, arts. 74, 75) 

(A 14) 

I 

. ,  

P"1 P2[uJ  + Ar;[u2,] = - . . ( 1 - f ) @ ( h - A ) ,  
I /  
La.' 

I where 

is the critical load parameter (cf. (2.6) ). We also have 

+ ("to<* + w,++ ( 2  ( U1', t "(U,. + tu,)) w; + (l-")(u,. + W ~ ) W , . l U s ~ t  

+.[Z { ""t' + W,' t w, ) w; + (1 - ") (?h1. + y')w,']w ) = 
- 

1p Po 
- i / d p  J dp [ q*[1 + Y +(I --) c c s 2 q a -  (I --) cos2 qp- (1 + v )  cos2 qaeos2q,& 2 -I 

6 0  
- R  

+ q'[(1- u )  sin2 qqsin 2 4/31 U.+ + v- ( I -  v )  cos 2 qa + (1 - v )  cos2 qp + - - (1 + v )  cos 2 qa cos 2 qp1 V. + qZ((1- v )  sin 2 qa sin 2 4/11 u' i -  q 2 [ 1 +  If - (1 - v )  cos 2 qa'+ 
+ (1 - v )  cos 2 @-(I + V )  cos 2 qacos 2 qp] w + q [  (1  - v 2 )  sin 2 QUI tu. + q [  (1 - v ' )  sin 2 gp]  G. ) (A  18) 

A21 The equations for u, u, w .  
_ _  - 

It should now be remembered that our panel is only one out of a number 2a/& equal panels in 
the stiffened ey1indri:al shell (see fig. 2 in sec. 2 ) .  It is immediately obvious from (A13)  to  (AM) 
that all panels have the same energy expressions. Hence the condition of equilibrium, expressed by the 
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requirement that the potential energy has a stationary value, may be applied to a single panel if due 
account is taken of the fact that the displacements t i ,  u, zu and the derivative G. are continuous across 
the line of attachment of a stiffener, and that these displacements are the same in all panels. We also 
remember our requirement that the displacements are periodic functions of the axial coordinate and t,hat 
n o  radial deflection waves occur along the line of attachment .of a stiffener. We may summarize these 
geometric boundary Conditions 

a )  u, w, w are periodic in n ;  

b) ( i ) p ; p o  = (u)p,u, (0) p = p ,  - (v )p=op 

e )  p=o:w,=o.  

_ _ _  

i (A 19)  

_ _ _  
~ - - - 

- - - - 

1 )  , (W)p-pa= (w)Q=,I, (w) @-Po= ( " I . ) P = O ;  
- 

As a first step we determine the minimum value of (A 13) for a fized, value of the amplitude LI, of _ _  _ 
the buckling mode, i.e. we determine 21, v, w from'the condition that 
I - 

P,"[;L] + x P ; [ q  + u*P,,[y, u] (A  20) 

is a minimum (ef. ref., 8, ch. 3). The Emm equations of this variational problem are 

- .2 
8 2  + 4 (1-v);..'+4(1 + v )  v'.+ 8 ~ w ' = q 3 - [ 2 ( 1 - v )  sin2qn--s in2qacos2qp] ,  

R 
- 

E. 

f )  /"{*,1Ll+"(Zl+W)] +-(w;*+"wl.*))dp=O 4 u.2 

R 
0 

The boundary conditions (A19) and (A22)  may be simplified by observing that the rightliand 
Hence we members of (A21) represent a symmetric "loading" of the  shell with respect to p =  i p, 

may write instead of (A19 b and e) (A22 d and e) 

( A  23) 

Conditions ( A  19 a )  and (A22  f )  remain unchanged. 

A 3. Direct solation of tke cuvintiorml problenl. 

The variational problem involved in minimizing ( A  20) mag Iic solved directly by the RAY~I(.~(~H-RPI.Z 
method hy assuming suitable series representations for u, v,  w and minimizing with respect to the 
coefficients in these series. This method is completely rigorous if the series assumed are sufficiently 
complete. The right-hand members in (A21) and the boundary condit,ions (A22) suggest that suit- 
able series for u, w, w are') 

_ _ _  

- _  - 

') It might lie objected that the assumed expressions (A%)  may not bo sufficiently general; our analysis would then 
mt yield the requiied minimum but only an upper bound. Ho\~wcr ,  it may bo shown that an al tcmatiw approaoli, Le. the 
solution of the differential oquatioiw and baundary eonditiona b y '  FOomn-tramforma, sielda the same result. 



Evaluating tiic expressions (h4), (A5)  and (A 18) IYC now obtain by somc elementary algebra 

The equations (A29)  to (A31) are readily solved. Their solution is given by 

- q Z a Z  @a2 , 

611" 
Go=-- E =- 

8 R  ' (A 35)  



bh=cb=O ( h  > 1). 

The first pairs of equations (A 33) and (A34) are solred for al*, b,"; ah", bh* 

Sulistituting these results and the value of (io* given by ( A  32) into the last equations ( A  33) and (A 34). 
we obtain both for / L  = 1 and h > 1 

where Th is defined by 

m 

ny summing ( A  40) from JL = I to  h = -a we finallJ- obtain an equation for 2 cn*. Putting 
n=1 

and remembering (A  9) and (A17),  we obtain 

We may now calculate the miiiimum value of ( A  20) for a fized ra l i i e  of the amplitude (I of the - 
buegling mode. This calculation is simplified by observing that this minimum is equal to 3 nZP, L.,, Ul 
whcre < is our solution of the variational problem (ref, 8, art. 25). The result is 

hlinimnm of { P,"[U] + At ' ;F]  + a * ~ , ,  [I&,* u] 
- 

= 

I n  order to facilitate the numerical evaluation of our result it  should be remembered that our at,tcntion 
is focussed on the initial stage of post-hackling behaviour. I n  fact, our neglcetions of the terms in (A  13) 
whieh have not been written down explicitly is only jnstified if the amplitude a of the buckling mode 
is small. It was sliown.in ref. S that (A45) may then be simplified by putting A = & .  Our final result 
is therefore 

hlinimum of { ~ ~ ~ [ f c ]  + X P ; [ ~ I  + az~,[u,, 241 1 =- 2 *a4 1- + __ - - - P i  4 + "2 I-? BL.+ 9(l16Y? &, 1 
K 3  16 8 

(A 46) 

A 4. The neigh buu i ing  states of equilitiviuvi. 

The minimum value of (A13) for a fixed value of the amplitude n of the buckling mode may now 
be written down from (A14),  (A15) ,  ( A 1 6 )  and (A46)  

The positions of equilibrium are characterized by a stationary value of (A 48) with respect to its single 
variable a, i. e. by 

(A49) 
a3 
1 1 2  

2 ( A ,  - A)a + $ [1- 2 B'- 9 &']qZ-=O. 
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The solution a = 0 corresponds to the fundamental state of equilibrium. The neighbouring positions of 
equilibrium are described by 

whether a position of equilibrium is stable or unstable is decided 11y the sign (positive for stable equi- 
librium) of the second derivative of (APS),  i.e. by the sign of 

a2 
2(h1-A) + + [1 -22 ' -9S]qzR , .  (A  51) 

Obviously only itable ncighhouring states of eqnilihrium exist for A > A, if 

1 - 2  8'- 9 s (A 5 2 )  
is positive, whereas oiily unstable neighbouring positions of equilibrium can occur for h < A, if (A 52) 
is negative. 

The corresponding overall' compressive straiii of the panel is given by 
~ . .  

e = x + . ;  (A 53) 
substituting (A 35) arid (A 50). we .have 

A - A ,  
E = A  f i - 2 # 4 - 9 S  (A 54) 

" L ,  

where A SA, if (A52) is positive and A 5 A, if (A.52) is negative. 
Hence the result of oiir analysis is contained in the single expression (A 52) which has heen cvaluated 

numerically for several values of 0 in the range 0 5 0 5 1 to which oiir analysis applies (table 1 in see. 4) .  
The numerical work is negligible because no more than 4 terms of the series (A47) need to  be calculat- 
ed, the remainder being approximated with adequate accuracy by the remainder of the series 

. 
, ~. . ~ 

. (A 5 5 )  

which may be summed hy' means of the formula 

?r 7 2  1 
=- cothn f - __- 4 = 0.3068, 

1 m 

h = i  ( h  '+1)* 4 4 s i n h ' ~  

obtained from ref. 12; p. 136, Ex. 7 by dift'ercntiation. 

A 5. The effect of initial imper fec t iu~~s  

The effect ?f small.deviatjons of our panel from the true cylindrical form may again bc examined 
by means of the general theory of ref. 8 (art. 47).  These imperfections are taken into account to a first 
approximation by adding a term 

GQ,' [ul (A 57)  
to the expressions hetween brackets in (A 3 ) ,  where & is a parmeter  I) which is a measure for the magni- 
tude of the imperfections. 

Ilenoting the radial "displacements" by means of which the imperfect panel may be ohta.ined from a 
true cylindrical panel by w,,(a, p ) ,  we have (ref. 8, eq. (77,,3) with the simplification discussed on p. 198) 

I 
1IR P O  

G & , ' [ U ]  = S ( l - ? ) h  J d m  [ dp.w,uf'. (A 58) 
0 0" , 

In our first approximation, cxprcssion (A 13) is now modified by adding the term 

11R . #e 

pA.\nQ,'[tL,] = 8 ( 1  - v')Aa / de / dp . w,,UJ,". (A 59) 
0 0 

If we awime ii~itinl i n ~ p o ~ f c c t i o i ~ ~  w, in t h e  foim o f ' t k e  bzi.ckling nwde 

w, = p h  sin qa sin qp, (A 60) 

where ti. is the sheet thickness, we obtain 

>) Ke, have rcplaecd llic symbol c f?? this parameter ia ref. 8 b y  e ,  hero in " d e r  t o  aroid oonfusion with tho overall' 
compressme stmin. 
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' ( A  61) 

Adding the term (A 59) to (A  i s ) ,  equilibrium of o u ~  imperfect panel requires a stationary value of 
the expression 

Q,'[U~] = - 8 ( l - v 2 ) q 2 h  da 1 . p .  sinzqa sin*qP z - L z ( 1 -  P l  v2)qZJ i .  
R. .' 0" 0 

11' 

K 16 112 (A 62) 
P.1 / - 2 @ l l n +  ( A , - A ) r t Z f  - [ l - 2 B s ' - 9 ~ s ] q z - ~ .  1 

Hence we. obtain 
( l a  

K2 
- 2 2 7 1  + 2 ( A , - A ) n + a  [l-22'-9S]q2--=0. 

Itememhering qZn/P, , ,  (A9)  and (h17) :  t,liis result may be rewritten in t,he final form 

A a3 
[1-'22*-9SS] 3=0 S(1 + 8') h 

The equilibrium is stable if the second derivatire of (A 62) with respect t o  (1 is positive, i.e. if (A  51) 
is positive. Obviously no instability can occur for A < A, if (-4 52)  is positive. On the other hand, the 
imperfect pancl will liecome unstable at a load A* < A, i f  (A 52)  is negative. The buckling load A Q  of 
the imperfect panel is obtained when (A52)  is zero. I3lirnination of n hetxecn this condition and 
( A  63) yields the Pquation for the buckling load A* 

Some numerical results are presented in see. 4 (fig 6). 
The formula for the overall compressive strain me)' he obtained by an extension of the theory of 

ref. 8 by taking into account those terms whieh are linear in the initial imperfections and quadratic in  
the additional displaccmcnts (tic, + u. A1tern;itively tliis compressive strain may be oljtained in a more 
direct, way Iiy ohserving that the nverqge value of the axial (compressive) strain component of the 
middle siirfscc should q u a l  t,lie average comprcssive st,rcss divided liy Yomrm's modulus, Le. 

Because 20 is small compared to nw, we may replace this equation hy 

By sulistit~iting (A  10) and (A  60) into (A 66) me obtain 

This relation may he rewritten by rememliering q E z/&, (A 9) and (A 17).  Our  final rrsnlt is 

( A  6X) 

Some numerical results are again discussed in see. 4 (figs. 4 and 5 ) .  
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APPENDIX B. 

Flexural strain energy in the stiffeners, due to tangential bending. 

The flexural strain energy in the stiffeners due to  tangential bending is per unit length of a stiffener 
with flexural rigidity B 

on aecouut of p = g = T / &  in the critical buekling mode for a narrow panel. 
Denoting derivatives with respect to a by primes and derivatives with respect to  p by dots, the ex- 

tensional strain onergy per unit length of a panel in the buckling mode (2.2) with p = g = ~ / &  is 
givi.n by (cf. ref 8, cq. (72,6) ) 

1 .  The rat,io of (B I )  to (B 2) is therefore 

1 B 
- (3  + ” ) Z Z  __ 2 EbYh 

I n  many conventional structures this ratio is small compared to .unity, and neglection of the flexural 
strain ener,y. in the stiffeners due to tangential bending is then justified. 




