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Thirty-sixth Annuoal Réport
of the

National Aeronautical Research Institute

N.L.L.
1955

A.' Board and Organization

On 31 December 1955 the Board consisted of the following members;

Prof. Dr. Ir. H. J. van der Maas, President, - Technical University, Delft
Ministry of Bduecation, Arts and Sciences.

J. W. F. Backer, Vice-President Dir. Gen., Dept. of Civil Aviation
' Ministry of Transport and “Watersiaat”,

. Dr. 1.. Neher © Ministry of Transport and “Waterstaat”,
Prof. Ir. D. Dresden ) President National Couneil for Industrial
Research T, N. Q.
Col. Ir. C. W. A. Oyens Dep. Director of Ordnance and Supplies,

Royal Netherlands Air Force.

Captain (E) Royal Neth. Navy E. C. Leertouwer Director Air Material Division,
Royal Netherlands Navy.

Dr. J. W, de Stoppelaar " Director of Economie Affairs,

Ministry of Overseas Territories.
Drs. H. P. Jongsma Direetor for Financial Participations, »
* Ministry of Economic Affairs.
Mr. O. W. Vos ' Dep. Direetor for Financial Participations,
Ministry of Finanee.
P. A, van de Velde Advisor Aviolanda Aireraft Company Ine.
Ir. H. €. van Meerten Chief Designer and Ass. Mahager, '
Royal Netherlands Aireraft Factories Fokiker,
C. Wijdooge Head Techn. Sales Dept.,
Royal Dutch Airlines, K. L. M.
Prof. Dr. W. J. D. van Dijek Seient. Advisor Royal Duteh Shell, for the

Royal Duteh Aeronauntieal Assoeiation.

The exeeutive committee consisted of president and vice-president. Mr. G. C. Klapwik
continued to be Secretary-treasurer of the Board. Lt. Col. A. H. Geudeker joined the Bureau of
the Board as principal technical officer. Prof. Dr. A. van der Neut and Prof. Dr. R. Timman were
Scientific Advisors to the Laboratory appointed by the Board.

Parliament approved the Bill involving modifieation of the subsidizing policy in the Charter
of the Institute, which Bill has heen gazetted in the “Staatsblad nr. 1057, dd. 29 March, 1955.

The Adeory Scientific Commitiee has been superseded by a joint Secientifie Comm1ttee
N.LL-NLV. in consideration of the common needs for scientifie advices of both the Institute and
the Netherlands Aireraft Development Board (N, I1.V.).

Prof. Dr. Ir. W. T. Koiter has been appointed Chairman of the Committee, Prof. Dr. Ir.
W. F. Brandsma, Maj. Gen. Prof. Dr. G. Otten and Prof. Dr. L: J. . Broer have been appointed
members.
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Five subcommittees have been set up, for Strength and Materials, Theoretical Aerodynamics,
Applied Aerodynamics, Aerc-elasticity and Flight-Testing,

As the Advisory Group for Aeronautical Research and Development (AGARD) has heen
definitely established within NATO in 1954, delegates of the various eountries had to be appointed
again under the new rules. By the Minister of War and.of the Navy the President of the Board
and the Director of the Institute have heen appointed National Delegates, whereas two members
of the Staff have heen appointed Panel Members,

February 1955 the Institute concluded an agreement with the Association Internationale des
Constructeurs de Matériel Aéronauntiques {(AICMA) regarding the use of the NLI-transonic wind-
tunnel for the aireraft constructors of the Western Kuropean continent. '

B. The Laboratory,

1 General,

1.1 Staff.
The management consisted of:
Director: Proi. Dr. C. Zwikker
Dep. Director: Ir. A. Boelen
Seection Aerodynamies (A): Ir. N, Feis
Section Combustion (C): Ir. A, J. Marx

Drs. W. J. Basting
Section Flutter and

Theoretical Aerodynamics (I} : Dr. Ir. A. I. van de Vooren
Section Gasdynamies (G): Dr. 8, F.. Erdmann
Section Helicopters (H): ’ Ir. A, J. Marx

Ir. L. R. Lucassen
Section Materials and Struetures (M and S): Dr. Ir. F. J. Plantema
Windtunnel Construction Burean (N): Ir. J. Boel

Section Free-flying Models {0): Ir. A. J. Marx
Ir. G. Y. Fokkinga

Section Flight Mechanies and Flight Testing (V) : Ir. A, J. Marx
) " Ir. T. van Oosterom

Documentation and Library: Dra. . Scherpenhuijsen Rom
Administration : G. J. Hendriks.

The staff of the laboratory consisted of 59 seientists, 34 graduates of Technical Colleges,
105 technicians, 36 clerical staff and 18 others, in total 253. 13 members of the staff, among
whom 6 sclentists, were in wilitary service.

1.2 Windtunnels and equipment,

The Pilottunnel (1.4 X 1.83 £t*) has been tested; the Schlieren system and strain gauge balances
functioned satisfactorily. A t{ransonic test section is being developed.

In the construction of the High Speed Tunnel (5.3 X 6.7 ft*) together with the new building
annexes good progress was made, )

The design studies for the Supersonic Tunnel resulted in a projeet for a blow-down. tunnel,:
test seetion 4 X 5 ft2, with a flexible nozzle for Ma-numbers from 1.3 to 4 approximately, measur-;
ing time of about 20 see, energy supply by ecompressed air of 40 atm. =

In. the worpshops a new automatie planing and duplicating machine with additional facilities
for heavy milling work will assist in the model construection for the high-speed windiunnels.

. The linear analog-computor was delivered and has heen sucecessfully applied to computations
in the field of stability, flutter, gust loads ete. Additional non-linear elements appeared to be
useful for future work. Amn electronie digital computor developed by the Netherlands P.T.T. has.
been -ordered. . .

- Complete equipment for tclemetering has been supplied to the Free-flying Models Section at
the end of the year.




Pawer station for the new tunnels,
Four turbo-cleetric ageregates of 6000 hp each are installed.




AGARD stamdard model in the test seetion of the Pilot tunnel,

The model of the Fokker F-27 with turning propeliers, tested under take-off
and landing conditions.
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.].3 Research Condracis.

Contract work for the Netherlands Aireraft Development Board (N LV.) comprised extensive
investigations in conneetion with the F-27 project, and a helicopter project. Alse contracts cover-
ing theoretical and experimental research in view of future development have been awarded.

Contracts by the Royal Netherlands Air Force and the Royal Netherlands Navy included
mainly ad-hoe research. PFor the Roval Duteh Airlimes, K.L.M.,, work has heen dome in the field
of take-off and landing calenlations, noise measurements and instrument development.

The NL.L. eooperated with the Department of Civil Aviation in the Committec for Strength
Specifications for Civil Aireraft and gave adviees on Air Regulations and flight testing,

A number of orders from industry, ineluding testing and calibration of appdmtus and wind-
tunnel measurements on ship models, buildings ete. have been carried out.

1.4 Interuational Cooperation. .

International cooperation in the Advisory Group for Aeronautical Research and Development
(AGARD) of the NATO in various fields, to whiech Struetures and Materials have now been
added, continued to be of great benefit. The General Assembly of AGARD in Ottawa and a
journey of Dr. van de Vooren as AGARD-consultant through the Unjted States brought close con-
tact with Americap and Canadian sclentists and institutes.

In' the International Committee on Aeronautical Fatigue in which Belgium, England, the
Netherlands, Sweden and Switzerland are represented, the N.L.L_ having the seeretariat, a fruit-
ful exchange of ideas could take place.

2 Aerodynamics Section,

Fokker -27 (Friendship).

The static stability and control characteristics of a eomplete model (1:15) have been measured
both for normal flight, and for take-off and landing conditions with ground influence, also in. the
case of onecngine failure.

Detailed measurements with a large tailplane model and a wing-tip model with various types
of ailerons have beén concluded.

A free-flying model has heen launched above a water surface in order to investigate the
ditehing characteristics.

The Fokker 8-14 (Machtrainer).

Pregsure-distribution and three- -component measurements at low speeds have been made with
various shapes of cockpit hood in order to inv estigate where the first development of shock waves
eould be expected when entering the transonic regime.

With a model of this acroplane also ditching characteristics have been mvestlgated

The Aviolanda AT-21 (pilotless target pla.ne}.

Performance measurements have been made on the complete model, and on tail-plane and
wing-tip models.
Swept wings.

The contribution of the horizontal tail-plane to the stability of a swept-wing model at low
speeds has been determined as a function of its position behind the wing. In order to know the
influence of the downwash on the tailplane the wake has been examined.

A comparison has been made on the aerodynamic characteristies of a complete and a half-
model (with plate in the plane of symmetry) of a swept-wing with fuselage.

Various subjects

Tests have been earried out for varicus imdustries- concerning e.g. wind and smoke nms&nce
on ships, ventilation for buildings, sireamlining of trams ete.

3 Flutter and Theoreticel Aerodynamics Section.

Boundary layer theory.

The .method for caleulating the three-dimensional boundary layer ahout a wing has been” con-
siderably simplitied (report F.184). The simplification is based upon the assumption that the
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displacement and momentum thicknesses of the bhoundary layer cross flow are small compared
with the same quantities taken in the direction of the main flow. The results for the flat yawed
ellipsoid under zero angle of incidence have been compared with the results formerly obtamed
by aid of the original method (F.165). The agreement is very satisfactory.

Load Adistribut{ions of wings in steady flow.

The load distribution® of cireular wings for arhitrary camber distribution in’ meompreesﬂole_
flow - hds hecn caleulated according to a new method which allows the Kutta condItlon to be sa.tls-
tled mn all pom’ts of the tr;nhng edge (report F.189).

Transonm flow.

A method for ealculating the fwo-dimensional flow about arbitrary profilee in the transonic
region has been presented (report F. 185) The flow about a wedge was the subject of an intro-
duetory study.:

The phenomenon of  shock reflection at the walls of a transonic test section has been eon'
sidered and certain conclusions could be drawn for the cases of transversal and longitudinal slots
(report F.167).

Aerodynemm foreces on oseillating aerofoils

The general method, deseribed in report F.157, for the asymptotic solution of the wave
equation, has now heen applied to the two-dimensional aerofoll oseillating either ay high frequencies
or in a subsonic flow 'with Mach number near to 1. Numerical results are being' evaluated.

The damping in piteh of a reetangular wing oscillating slowly about an arbitrary spanwise
axis i a subsonie flow of high Mach number has been caleulated. There exists an important
difference between the vesults obtained by quasi-steady or by unsteady theory.

Measurements of aerodynamie forees on oscillating wing-aileron combinations at low speed have
heen continued. A report (F.175) was completed dealing with the measurements performed with
an aileron witheut aerodynamic balance. The boundary layer of an oseillating wing was made
visible by a smoke method and phot()ﬂ'raphs were taken bY a1d of stroboscopie Wumination. '

Aeroelastlcity a,nd .flutter.

Flutter caleulations have heen made (report F.168) for swept wings using the strip theory
whieh has formerly heen developed at the NLL (report F.146). In many cases the deviations
from the. results: obtained, by taking into acecount only the velocity component -perpendiculum to
the wing are smen

A criterion for the preventmn of ﬂutter for hinary 'uleron-spmnﬂ 1ab Systems has been pre-:
sented (F.182)." ‘

An mvestlgatmn has becn performed coneerning the mﬂuence of the flnlte torsional stiffness
of a flexible wing on gust loads {report I".191). This may lead to considerably higher bending.
moments than for a wing of infinite torsional stiffness.

L . , f' A

4 Gasdynamio Section.
Transonic test-sectiomn.
. The .reflection. of shogk waves by slotted walls has heen investigated in the 3 X 3 em® super-
sonic tunnel. 5 o,
Supersonie tunnel components.

Three possible methods of nozzle construetion have been'compared, one with exchangeable fixed
sections and two flexible constructions. "It appeared to be possible to realize an ad;justable nozzle
for Mach numbers varying from 1.2 through 4. '

A heat exchanger has been designed for eompensating the temperature dmp caused by ex-
pansion’ of the pressurized air used’ for driving the proposed blowdown-type tunnel _

The study and design of Sehlicren systems has’ been continued, v

5 Structures and Moterials Section..
Theoretical structures research.

-rDuring’ the: whole ofthe year the eapacity for carrying'.out structural research was -severely
restricted by urgent duties in connection with the: airworthiness certification and the preparations’
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for full-scale strength tests of the Fokker F-27 transport aeroplane, as well as the struetural
design of the transonic windiunnel of the N.L.L.

The stress and deflection analysis of semi-infinite swept boxes elamped at the root was
continued,

A report was prepqred on methods suitable for determining the compresa:we strength of bonded
stiffened panels (Report 8.463).

A search was made of the literature concerning impaet loading of non-linear components such
as bheams bent 'in the plastic range and buckling columns' (Report S.455). ‘

Investigations were started on the effect of airplane flexibility on the ground loads during
landing manoceuvres. Several other investigations relating to airworthiness vequirements (gust loads
(Report 5457), checked manceuvre loads, design for fatigue) are being carried out.

Statice testing of structural components.

A swept box was designed and manufactured, on which tests to verify the results of theoretical
analyses will he carried out.

Tests to determine the effective width in the plastic range of elad 75 S-T and half-hard alu-
miniuim flat plates were carried out. A diagram for determining -the ultimate strength of plates
huekled in compression was derived {Report S.465).

A report on the plastic buekhng tests carried out in 1954 was completed also contammg an
empirical design formula (Report S.444).

Fatigue.

Various investigations running from 1954 could be completed or' were continued, viz.:

Cumulative damage tests on 24 S-T alelad strips and on riveted joints at two stress levels. A
eritical review of the literature on cumulative damage in light alloys was also included (Reports
M. 1982 and M. 1999):

Endurance tests of fle\ﬂ)le steel cables used in aireraft (Report M. 1978),

Tests to determine the most important paris of the fatlgue diagrams (Goodman diagrams) of
riveted joints (Report M. 1980) and smlple Ings.

Investigations were started concerning the fatigue strength of Redux-bonded single lap joints
at low and elevated temperatures, and on the propagation of fatigue cracks.

Adhesives and plasties.

The investigations eoncerning the strength of Redux-honded lap joints at low temperatures was
completed (Report M.1973). A new investigation was started on the shor{-term and long-term
strengths of Redux-bonded elad 75 S-T lap joints at elevated temperatures.

The tests to determine the mechanieal properties of glassfiber-polyester laminates were com-
pleted (Report B 1991).

Miscellaneous work

Regseareh was carried out concerning ultrasonie inspeetion of adhesne bonded joints (Report
M.1995) and of jet engine compressor and turbine blades.

A study was made of the effect of elevated temperatures wup to 350°C on the mechanical
properties of various aireraft materials (Report M. 1987).

Rapid-loading tests with single welded frames, glued metal joints and luws showed no signi-
ficant deviations from the ultimate static strengths (Report S.466).

6 Flight Testing and Instrumentation Section.
Response measurements.

The study of measuring techniques for the determination’ of dynamic aireraft characteristics
has been continued.

Arsecond series response measurements with the Siebel laboratory aeroplane has heen carried
out and better insight has heen gained in various data reduetion methods (V.17458).

Stability and Control

The influence of elastic deformation, at high subsonie air speeds, of high aspect-ratio swept
wings on static longitudinal stablhty has been mvest,lgated A gimplified method for the caleula-
tion ‘of the lif¢ dmtnbutmn and resulting aecompanwng deformatmn gave satisfactory results in
comparison’ with the exact theory (V.1754).

© The static longitudinal stability and eontrol at transonic and supersomc speeds for swept and
delta wings has been studied from literature {(V.1780).



Flight testing.

The flight-testing of the prototype F-27 started at the end of the year after extensive pre-
parations. Some performance testing of the prototype 8-14 Nene and of the §-14 Derwent pro-
duction version has been .carried out.

The trajectory of the jettisoned cockpit hood of the S.14 has been measured in flight from
two accompanying Meteors. The results have been ecompared with windtunnel measurements {Film).

Some ad-hoe measurements on eabin noise, position error of pitot systems and control charae-
teristics of various types of aireraft have been carried out.

With. the Siebel Laboratory aeroplane flight tests have been carried out on the effect of
slotted wing-roots on the flying characteristivs at large angles of attack. Comparison with -swind-
tunnel meagurementis was satisfaetory (V. 1763). ' :

Landing-gear accelerations have heen measured during simulated deck-landings:

Instrumentation.

The planning and development of the flight-test instrumentation. for the prototype F 27 took
much time. Two large automatic observers have been built together with many devices buili in
n_the aeroplane.

A new calibrating apparatus for accelemmeters has heen put in operation.

7 Helicopfer Section,

The performance of .ramjets as influenced by the dimensions of various components and by
various atmospheric circuindtanees has been studied, in order to be able to reduce performance
measurements to other cireumstances. .

Methods for the calenlation of take-ofi and landing characteristiecs of helicopters have heen
studied, in particular oneengine take-off of a twin-engined helicopter and autorctation landings.

The influence of the position of the tip-ramjets on the rise of temperature and eontamination
of the intake air by the preceding ramjet has been studied in still air and in the wind tunnel.

The influeree ‘of the eentrlfugal aceelerations on the fuel transport to the bladetips is being
investigated.

8  Freeflying models section,

The test- results of the launching of some NACA RM-10 models gave satisfactory agreement
with existing data. A new model with built-in programming mechanism has been designed for the
investigation of stability and eontrol, and flight loads.

A study has been made of a Doppler-radar installation and its construetion from surplus
stock is in good progres. A readily available telemetering system has been ordered and received.

Both installations are mounted on trailers in order to have a mobile system.

9 Combustion Section. '

The experimental investigation of the performanee and fuel consumption of the NHI-ramjet
has been continued. The measuring methods for the investigation of the combustion processes in
a ramjct have been improved, and the influence of various modifications on the output have been
investigated.

10 Pocumentation and Publications,

Catalogue of Aerodynamiec Measurements (UAM).

" The number of subseribers and the number of cards issued increased. A complete report
covering systematical and alphabetical ihdexes, description and procedures has heen issued. A report
has heen delivered to the Congrés Internationale des Bibliothéques in Brussels.

Central Aeronautical Abstracting Serviee (CLD).

) Also here the number of cards issued and the number of subscribers increased. It has been
decided to change over gradually to the Universal Decimal Classification, as far as the existing
U.D.C. chapters are satisfactory or can be improved. An intensive international contact through
the AGARD Doeumentation committee has been maintained.




The bonndary layer on an pseillating wing in yarious positions, vispalized hy smoke.
N.B. the Formation of u turbulent boundary layer at the trailing edge.

A skin panel of the Fokker §-27 with bonded stiffeners after failure at the
150-tons compression machine, This panel conld absorh a load of 11§ tons.

[




The cockpit hood of the Fokker 814 Mach traiier immediately after jettisoning in flight,
filmed from two accompanying Metcors

The test staud for the investigation of rotors and ram jets for helicopters,
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Publications.

In 1955 146 reporis were completed, of which the following were published, in add1t10n to
those published in this volume:

a} Multigraphed and ozalided reports:

A, 1370 Buntsma, W, Investigation of the Wall Influence on a Half Model of a Swent
Wing with Fuselage. (In Duteh.)
A, 1373 Boersma, G. and Properties of Internally Balanced and Non-Balanced Ailerons with
Landstra, J. A. Trim Tabs. (In Duteh.)
F. 152 De Jager, E. M. The Theory of Conical Flows, 1955. (In Dutch.)
F. 156 De Leeuw, J. H,, The Solution of the Generalized Prandt]l Equation for Swept Wings.

Eekhaus, W. and
Van de Vooren, A. 1.

F. 157 Burger, A. P. On the Asymptotie Solution of Wave Propagation and Oseillation
Problems.

¥. 161 Burgerhout, Th. J.  The Rlectric Digital Computer “Zebra”. Part. . General Survey
tor Programmers. (In Dutch.) ’

F. 163 Zaat, J. A Literature Survey of Two-Dimensional Transonic Flows. (In Duteh.)
F. 164 De Jager, E. M. Lateral Stability Derivatives for 2 Swept Wing in Supersonic Flow.
) ‘ (In Duteh.)

P. 166 Bosschaert, A. C. A,  The Influence of the Chord-, Span-, and Gear Ratios on Binary
Aileron-Springtab Flutter.

F. 167 Eeckhaus, W. On the Theory of Shock Reflection on Walls with Slots.

F. 170 De Jager, E. M. and Slender Body Theory. (In Dutch.)
Van de Vooren, A. 1. )

M. 1069 .Jacobs, F. A, and The Effect of Sheet Thickness and Overlap on the Fatigue Strength

Hartman, A. at Repeated Tension of Redux Bonded 75 8-T Clad Single Lap
Joints,
M. 1973 Hartman, A. The Low-Temperature Strength of Redux-Bonded Single Lap Joints
in 24 ST Alelad and Clad 756 S-T, {In Duteh)
M. 1978 Hartman, A. Comparative Investigation on the Fatigue Strength of Flemble Pre-
formed Steel Cabie. (In Duteh.)
M. 1980 Klaassen, W. and The Fatigue Diagram for Fluctuating Tension of Single Lap Joints
Hartman, A. of Clad 24 8-T and 75 8-T Aluminum Alloy with 2 Rows of 178
Rivets. .
M. 1982 Schijve, J. and Patigue Tests on Notehed and Unnotched Clad 24 8-T Sheet Speci-
Jaeobs, F. A, mens to Verify the Cumulative Damage Hypothesis. :
M. 1987 Hartman, A. Mechanieal Properties of Alnminium Alloys, Stainless Steel, Tita-

nium and Titanium Alloys‘at Elevated Temperatures up to 450°C.
(In Duteh.)

M. 1995  Behijve, J. Investigation on the Ultrasonie Testing of Glued Metal Joints.
8. 444 Besseling, J. P On the Buckling Problem in the Plastic Range for Struts and
: Plates. Part III. Experiments and Non-Dimensional Bueckling

Curves.

5. 446 DBotman, M, Shear Tests on 24 8-T Unstiffened and Stiffened Webs with
Flanged Holes. Part 2.

S. 455 Benthem, J. P. . Step and Impact Loads on Some Non-Linear Struetural Elements.

8. 457 Plantema, F. J. Seme Ohservations on Gust Load Requirements.

S. 460 Hakkeling, B. Comparison of the British, U. 8. and ICAO Strength Reguirements

) for Flight Loads. {In Dutch.)
S. 465 DBotman, M. The Kifective Width in the Plastic Range of Flat Plates under

Compression. Part IIT.

S. 466 Benthem, J. P. and  Investigation on the Strength of Redux-Bonded 75 S-T Clad Simpie
 de Vmes G. .. Lap Jomnts and of 24 S-T Lugs at Rapidly Applied Loads.
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Miscellaneous publications:

Burgerhout, Th. and

Pood, A.
Molier, W. J.

Willekens, A. J. L,
Buohrman, J.

Lucassen, L. R,
Molier, W J

Greebe,' oW
Bubrman, .J. and
Marx, A. J

Lueassen, L. R
Kalkman; C. M

Van Oosterom, T.

De Boer, 1. and
Greehe, F. W,

Buhrman, J.

MP. 109 Besseling, J. F.

MP.

MP.

MP.

MP.

MP.
MP,

MP.

MP.
MP.

MP.

110

115

116

118

119
120

121

122

123

“

Timman, R. und
Zaat, J. A.

Scherpenhm,]sen
Rom, G.
Burgeﬂxout, Th. J..~

Besseling, J. F.

Van de Vooren, A, I.‘

Plantema, ¥. J.

Schijve, J.

De Kock, A. C. and

Van de Vooren, A, L

Wijker, H.

" Hartman, A.

XIiI

NACA Standard Atmosphere with Intervals of 10 m {33 t). (In
D.ru_tc-h._)t

Manual for the Measurement of Lag in Aiveraft Pitot Systems.
{In Duteh.)

An Investigation of the Dynamie Characteristics of the N.I.I. Pres-
sure-Sensing Elements. (In Duteh.)

The “Tightening” Phenomenon of Airerafi and a Few Related Pro-
blems. (In Duteh.)

Study of L1tera.ture on Combustion in Ram;et Engines. (In Dutch.)

Comparison of the Calculated and Measured Lag in a Few Models
of Aireraft Pitot Systems. (In Dutch.)

Siebel PH-NLL, type 81204 D-1. Mcasarements of the Deformation
of Fuselage and Stabile during Flight. (In Duteh.)

An Investigation of the Longitudinal Stahility and Control Charae-
teristics of Aireraft by Means of Response Measurements. (In Dutel.)

Helicopter Ground Resonance.
A Numemcal Investigation, ofr the KEifect of Aero-Elastiec Defor-

mations on the Longifudinal Statie Stability of an Aireraft with

a Swept Back Wing with Large Aspect Ratio. (In Duteh.)

Balloon Race at ’s Hertogenbosch (Coupe Andries Bltz 1955).
Calenlations of and Cheek on (Jas Content and Handicap Ballast
of the Balloons. (In Duteh.)

Siebel PH-NLL, type 8i204 D-1. A Flight Investigation of the
Eftects of Slots in the Wing Root on the Flying Charaeteristies

“at Large Angles of Attack. (In Duteh.)

The Shorts Analogue Computor. (In Duteh.)

e

Analysis of the Plastiec Collaps of a Cruciform Column with Initial
Twist Loaded in Compression. Journ. of Aero. Seci. Jan. 1956,
Vol. 23, no. 1, p. 49.

Tine Rechenmethode fiir dreidimensionale laminare CGirenzschichten.

(Prandtl-Gedenkboek) 50 Jahre Grenzsehmhtforschung, Vieweg und -
‘Sohn, 1955, p. 432.

General Decimal Classification Systems for Aecronautical Use.
AGARD March 1955.

On Cei’ﬁa.in Linear- Tnvariant Relations bew}een the Elements of

© & Sguare Matrix, Proe. Kon. Ned. Ak, Wet. Ser. A, Vol 58, nr. 3

(1955, p. 315, ‘Indag Math. Vol. 17, nr. 3 (1955), p. 315.

The Effective Width in the Plastic Range of Flat Plateq under
Compression. Leeture before AFITA, Paris, Dee. 1954,

Two Lectures on Unsteady Aerodynamics. - June 55,

Some Investigations on Cumulative Damage. Colloquium on Fatigue.
Stoekholm May 25—27, 1955, Proceedings, p. 218,

" The Possibilities of Ultrasonie Materials Testing. Ingenieur Vol. 67,

nr. 41 (14 OQet. 1955), p. L:49. (Tn Duteh.)

Some Remarks on the Classificative Part of the N.L.L. Card Cata-
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The Threedimensional Laminar Boundary Layer
Flow about a Yawed Kllipsoid at Zero Incidence

J. A. ZAAT, E. VAN SPIEGEL and R. TIMMAN,

Summary.

Using TruMaN’s two parameter method for threc dimensional laminar boundury layers the veloeity distribution in the
laminar boundary layer of a yawed ellipsoid at zero incidence will be calenlated. The momentum equations in streamline
direetion and perpendieviar to this divection can be reduced to a set of guasi-linear first order partial differential equations.

The initial conditions necessary for solving the system of differential equations are determined from the behaviour of

ithe differential equations in the stagnation point.
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1 Imtroduction.

In this paper a caleulation of the laminar
houndary layer about a three dimensional body
will be made. In ref. 1 Tnmax has developed a
gencral theory for the ealeulation of three dimen-
sional laminar houndary layers.: ‘This general
theory will be applied 1o the laminar boundary
layer of a yawed ellipsoid at zero incidence. The
axeés of the ellipsold arve chosen as a==3, b=1,
¢=0,15 and the direction of the undisturbed flow
a3 {—1, —1, 0). For the ealenlation of the
laminar boundary layer the potential flow about
the body is necessary to be known. In the general
case of a body of arbitrary shape this potential
flow is not known. A case whieh is of considerable
interest is that of the boundary layer of a swept
hack wing. To simulate conditions on a swept baek
wing a yawed ellipsoid at zero incidence is examin-
ed. The formulae for the potential flow about un
ellipsoid are well known and can be found in the
references 2, 3 and 4.

i

In Tmamax’s theory for three dimensional houn-
dary layers a similar proeedure as in the two-
dimensional cage is followed. The houndary layer
equations can be replaced by a set of two first
order partial differential equations in two unknown
functions. These functions are two parameters,
characterizing the velocity profiles in the direction
of the streamline at the outer edge of the houndary
layer and in a direction parallel to the surface
and normal to the streamline direction.

A short survey of TomaN’s theory for three
dimensional incompressible laminar boundary layers
is given. After the introdueciion of suitable velo-
city profiles and after a short treatment of the
potential flow about the ellipsoid the houndary
layer ealenlations are performed. ’

2 List of symbols.

.

iy Cartesian coordinates {(é=1,2,3)

2% {innssian coordinates (a=1,2)

20 coordinate measured along the normal
to the surface

R streamline coordinates

I contravariant components of the veloei-

tv veetor in the free siream at the outer
edge of the boundary layer

U, covariant components of the veloeity
vector in the free stream at the outer
cdge of the houndary layer

) veloeity components in the boundary
layer

Jups Yan Covariant components of the metric
tensor

g%, pr»  contravariant components of the metrie
tensor

ds line-element

V7 absolute value of the velocity veetor

I integration factor

vy kinematie viscosity




Th:'  Riemann-Christoffel symhol

¢, Co, ¢ coordinates
s, O profile parameters
8a displacement thickness vector
Bag momentum thickness tensor
Ag dimensionless displacement thickness
vector
Bap dimensionless momentum thickness
vector
f,0,h functions of 4 _
0a, be, Co, ... fo coefficients (funetions of ¢
Po, qo; rm 30’ to a,nd Sb)
MN, A
PPy verne. yPyy  constants
fl’fz’gljgz f t‘ f th te
PR g unctions of the parameters

2 e es ¢ o and @ and of the eoordi-
L To ¥oi Jud Les | nates o and y
1 b b ¥ 2

Ly, 2 Cartesian coordinates

a4, b, c axes of the ellipsoid

U,V veloeity components of the undisturbed
L flow )

D0,¢ - ccovariant veloeity components on the

surface of the ellipsoid
tgy Ba constants
T s My coordinates introduced in section 5

LA, v,k constanis

Ai;, By, P, Q, R, 8, T, V, W, 7 funetions of the
surface coordinates introduced in sec-
tion 6.

3 The momentum equations in streamline coor-
dinates,

The potential tlow about a body in threec-
dimensional space with Cartesian coordinates ¢
(t=1,2,3) iz completely determined hy its
velocity potential ¢(y?). This veloeity potential
2{¥?*) must satisfy the eondition that the gradient

%ﬁ’,; is tangential fo the surface F' of the body.

Introduce the curvilinear coordinates z% {a—
0,1,2), 2° being the Fuelidean distance from a
point in space to the surface measured along the
normal to the surface through this peint and 2!
and z® the coordinates on the surface ¥. The line
clement for these coordinates iz then

- ds? = (dyi)? = gug do®da® +

+ (d2*)? (o, §=1,2) (3.1)
where
oyt oyt
Gag == Ay . 3.2)
P P . (

.In the Cartesian coordinates ¢ there is no dif-
ference hetween .co- and contravariant compénents
of the veloeity veetor

= . (3.3)

In the curvilinear coordinates the ecovariant com-
ponents of the veloeity vector are

(3.4)

The faet that the velocity vector is tangential
to the surface F reguires U/,=0 for x*—=0. .
Hence, on the surface the velocity vector is.fully
determined by its two components in the Gaussian
system. Introduce now again a curvilinear ortho-

gonal coordinate system £ (A==1,2) on the sur-

- face defined by requiring the eovariant eomponents

of the veloeity vector to assume the form

U,=1, U,=0. (3.5)
From the transformation formulae
et =
o= —a;g—" U,L (36)
it follows
351 851
Ul:g;,"_l_, (]2:%?. (8.7)
The formulae (3.4} and (3.7) show that
£=p"), (3.8)

taking the value of the constant of integration to

he zero.

The second coordinate & can he determined from
the orthogonality eonditions.

Denoting the new metric tensor by y,, the line
clement is

dSz:gqg dm”‘dxﬁz-hp dgA dg“. (39)

Owing to the orthogonality holds

Y2 =y =10 (3.10)
and thus .
Y= | det Yau I = Y11V - (3.11)
The eontravariant components y e e \
¥ 1 i
711:.£,=___;.},22= :
7 Y]l ng
¥ =y"=0. (3.12)

From the last relation y? =+ =0 the equation
for £ can be derived

) 28 o
o gef S T
_Y Y dx® 9P
i 0¢*
=gy 2 _—pyB s
=97 0a az”® v ox® 0
or explicitly ‘
2 2
U“gg; + U2 %%5 ==0, (3.13)

Denoting £ by ¢ this differential equation can
be solved by putting

Y o Vaur, o Vgue (314

Dt ot
where
g =] det.ge|




and p is a funetion which must’ satisfy the equation

sV gur | 8V 0

= 3.1
oxt [ (3.25)

Let the square of the velocity vector be denoted
hy T, then

1
n gt X '%%: g fUlg="T

dx® dx
and
28 B
w—gee T — g (g (1)
oz® azf o ¢
— 2 g+ g2 (U)? } = pgapl/* UP = pT'. (3.16)
5 P

The line-element in the new streamline coordinates
e #nd ¢ is now

ds? = (ds,pw dw) @I

Introducing for the ecoordinate normal to the sur-
face a new variable by putting

wﬂ

g—_—— rayt——a (3.1 8)

V',
where v, is the kinematic viscosity
and replacing the velocity component U, in this
direction by

U,

=t 3.19
7 (3.19)

then according to Lav (ref. 5) the houndary layer
equations assume the form

uﬁua,g + w aaﬁé"a = [P Uag + a e (o, B =1,2)
(3.20)
wlg + -gg =10

The eomma’s denete covariant differentiation in
the coordinates z?(a == 1,2), so that

Ju.

g, g — m; I‘:ﬁu,
{(3.21) "
4

w? o= Ly R

dx” wh

where
b & ¢

A ‘—'-"1}y”‘ Yaa + 7"{3/\‘_ Tl (3.22)
afl aglg agu agi\

7% denote the contravariant components of the
velocity vector in the free siream at the outer

edge of the boundary layer; «* the components in
the houndary layer.

From the equations (3.20) the momentum equa-
tion is found by integration with respect to £
from 0 to «w

o

Ua,ﬁf (UP—uPfy dr +

QU
(14

+ ”f {(Va—ua)uf} dﬁ:[ L' (3.23)

Introduction of the displacement thickness vector

Sa = ] (Vo — 1a)dZ

g

and the momentum thickness tensor (3.24)

fesd

Sap = f (U~ ta)ug 2

]

gives to the equations (3.23) the form

4 B g
U 8 -’er'ﬁ—-[

aua]
w, 7 )

el I

In streamline coordinates ¢ and ¢ the covariant
components of the frec stream velocity veetor are

(3.26)

U,=1, U,=0
and the covariant derivatives Uap become

Tt

Du' P T e (3.26)
Using the relations y?' =17, y?=pT and y2 =
¥ -40 one can write for the Riemann-Christoffel
symbols

r 1 Vil
v H_ &
Th=— 2T ? I‘}2—I‘;1= p T} a7
(3.27)
AL, .____iI"l z~]_(32_+ .p_?_)
P 12 2]9 T [ !
11y ey
vy =5 7+ =)

Taking account of the identitiey
86 = Yﬁsafﬂ Sap = yﬁs’sﬂf
{3.28)

03 . N ) N
sze,ﬁ':" afﬁ —Ix‘g SAE_I‘EIQ'S«A

the momentum equations beeome

a&ll + ’912 +

a(P l]{l 21; (8 +SJI+P‘522)+

Py : py o 3 au;]
+“2?(P322"511)+_2f312r—-27[‘§§_0
(3.29)
Ty

03, | 93, .
5 F o 5 o oY (8,43 Fp3,)

1 [ ou,
321+P’322'—“—[&r] ’



4 The solution of the momentum equations,

The momentum equations, derived in the pre-
ceding section, are mnot sufficient ito determine
completely the boundary layer flow. In fact, the
houndary rvalué problem formed by the boundary
layer equations together with the houndary con-
ditions at the wall and in infinity is equivalent
to the momentum equation and a set of infinitely
many boundary conditions for =0 and {=o
obtained from (3.20) by differentiation with res
pect to ¢ and putting £ =0 and { =o. The
first of these boundary eonditions at the wall reads

— VPl =

azuu}
— . (4.1)
- aéz é’:[)

Using the equation of continuity' the second boun-
dary conditions at the wall can be written as

[u aue .{- % ?E...J
%8 3 FTA T

SIS L

From the relations [ums ﬁ]§'=0 =0 and [u'e’ ‘3];_0——— 0

this boundary condition can be reduced to

o {%‘;}&0:& (43)

The following boundary conditions contain deri-
vatives of unknown functions as is seen by differ-
entiating (3.20) once more with respect to { and
putting {—=10 and hence cannot be taken into ae-
eount without greatly complicating the caleulations,
In the streamline coordinates (4.1) becomes

G
R {;_L]
3 X4 a2 ¢ =0

(4.4)
9*u,

4l lr~p

The set of partial differential eguations (3.29)
will be replaced by a set of two quasi-linear first
order partial differential cquations in two unknown
funetions, These funetions are two parameters,
characterizing the veloeity profiles in the direetion
of the streamline at the outer edge of the boundary
Jayer and in the direction parallel to the surface
and normal to this streamline direetion.

In order to specifv the velocity profiles in the
heundary layer the covariant eomponents of the
veloetty profiles which are dimensionless quanti-
ticy, arc considered. For ¢ — oo these covariant
componenis tend to the components of the free
stream veloeity U, =1, U,=0.

The profiles are mtroduced ag functions of a
dimensionless variahle

—%qu:[

Le=Co, b (a=1,2) (4.5)

where e¢r is a measure for the boundary layer
thickness. oz is taken different in the two dirce-

tions. In the streamline coordinates one can write
for the velocity profiles

ta=1g—— (ﬂla -+ bnt:a - Caé‘ug + )e 7

—fa fe_"qu (@=1,2). (4.6)
Sa

The boundary conditions that must be taken into
account are :

for fo—> @ ta— Uy
YU = U = e . =10
. (4.7}
for a=10 ua:‘tga”.’——:();
W= — 4T yo; u =} Tyo,

where the aceent denotes. differentiation with
respect to Ca.
From (4.6) can now he derived for & =10

w

Yg=Tq— tbg — fa T iz(ﬂ'a—ca)
ue'" = 2(3ba —fo) (4.8)

U = fa — be """ =6 (4Ca — 2(3{:{)

Writing

c=0, n=¢§ =R0%; %T‘Prf: A
' {4.9)

2o,=—N ¢,=0 VT ,o=M

the wveloeity profiles can be expressed in the form

#y=f(n) —Ag(y) —Nh(y)
(4.10)

— e .
Vp’lf.gﬁ Q ﬂ{g(ﬂ)

with
—I) =2g(n) +e =

—y%

=2h() (1 + p2)e =

2 ‘”2 2 * '_,1‘2
™ SO

and the boundary eonditions for 5==10

f — g — h — fﬂ - hu — f’”f J— gm — h”l — fnﬂ j— O

‘4
f’:*_2g’:v—2h’=7' —

3V 7 {4.12)
9" =1
!}"" z-—*h"‘_" PR—

Ag the covariant components of the displacement
thickness vector and the momentum thickness ten-
sor have the dimension of the coordinate £, it is
convenient to introduce new quantities by putting




o .

—1 ’

A=c¢ B8, = [(l‘ul)dq=p1+p21\+p3N
g .
=2

Ay, =pd u_*é‘.z::-— [ V;Tuz dy =p, MO

~4% . .
b,=0 3 = [ (1 —)u dy=p, ~ PN —

4

— PN —p, A2 —p, N> —2p, NA {4.13)

B2 :‘P'”’ 0‘-—11.-321 == f l/;u'z u dy =25, + 6,

v«i
32229‘7 ELES 1’/ P’ d"?y‘_'IJTﬂFQ‘

As the component 4,,== e 9, for @=£1
turns out to be a complicated expression, the funec-

tion w, =wu, {£;) will be approximated by

=2
Uy =1 (po+anz+rn§22+soéza)3 s -

R f e dy (4.14)
&

where P, ¢,, 7y, ¢ and #, must be caleulated

from the first four houndary conditions at the
wall and from the unchanged value of a,.
These conditions give the expressions

Vi
T

to=1_0

2+ A+ N)

to== Qo) ==
R A R Y

Puy, Py I 2 i
81;2 ac 2 Q?' ﬁ? (fpﬂ—*?u) = — A (4]5)

*u » 1 2
av; _:____a;:; = B —3s,—1) =0

1
—<p1+p24+psN)=
]/n-
2

The approximate formula for 4,, takes now the
form

(py +41r) + 3 (g + s+ 1)

T -

f.=p o ,_[/ f(l——w1 Jie, dy = — A, —

— Vi [wonerin =
b}

=M [P+ p AT DN+ D, Q+p, (2
+ A+ N+ p, A Q2] M) (4.16)

4
Using the relations (4.13) and (4£.16) the momentum equations (3.29) hecome

s flag T PPoyt 900, 'F g0 =d = _t+ ¥ 7 — 4T g — v VT gy — vV o V),

apt Froy+ G, + Gzﬂ.ﬁD—?+ e

where
. :
_.f =2A8,,+8,
Fre=Vp(2 M bon+ 2 Abian + 619
gt=0
g'=12 0']/;312:1
and
DU
y=2 [("a‘»?f)f A (A + by, + 859
v =00, —8)
,},11 — 0_2 G HA
7' =0 Oygp
Y=o’ 31251
¥y The constants used in the formulae (4.13) and
p = 075223 Py = 008670 pn = — 000121
P, = — (.0569% pe == (L00380 e = — 0,00523
Py = — 0.28854 pe = 0.04774 po=  0.03522
po=  0.28943 9, = 0.01108 Pia = — 0.00585
= —— 0.00734 Do = 0.01364 pez— 000327

(4.17)
(V6 o
___IulT U |- S, A U, ]/ V T
P VPT‘L ) P ( P 11:)4;
MF =2 Ad, , +2M0, ,+ 0,
MF? =@M, +0.3V

MG =200,
MGE? =20 8pn V;

2 )VP—M (151 0yt 922)]
0

Mrr=20s6,,

erz[(

Mr11:02921A '
1‘2122092““

28 ___ 2
M2t —g¢ B2 pr -

(4.16) are



Just as in Toman’s method for two-dimensional
houndary layers (ref. 6) only the first four
houndary conditions are taken into account for
the region of accelerated flow. Therefore N will
be taken zero there. Tn the case of retarded flow
this approximation fails. Because of the fact that
in the separation point the fifth boundary con-
dition becomes zero (vanishing of the skin frietion
in the streamline direction) it will be supposed
that in this region ¥ is equal to A. The solutions
for accelerated and retarded flow agree very well
in the transition region, where holds T4=0.

5 The potential flow about a three-axial ellip-
soid. :

From a praetical point of view the ealeulation
of the boundary layer of a swept back wing is
of great’ importance. In order to simulate condi-
tions on a swept back wing a yawed ellipsoid
at zero incidence is eonsidered. The formulae for
the potential flow about an ellipsoid are well known
and can be applied directly.

If the ellipsoid is given by the equation

xﬂ ;12 2 :

Fr Lt =1 a>b>c (51
then the cxpression for the veloecity potential
¢ {z,4,2) on the surface of the ellipsoid for a

flow, with veloeity components — U, —V, 0 in

infinity, is given by (ref. 2 and 3)

g=—pT—qY (5.2)
where : : .,
20 . 2V
gy TEET o T T g T

are the covariant components of the velocity vee-
tor and

o, == abc Of\m: Fo—-abcoj b+ 5L

L=V{FTEHF HE+ o).

In order to give a better deseription of the
streamlines new variables are introduced defined
hy a system of oblique coordinates, with origin
in the stagration point and axis in the z-y plane

formed by the tangent to the ellips in the stagna-

tion point and its conjugate median; the third axis
being paralle! to the z-axis (ref. 4)

+
1—n ==£EE~~T@~—-=l cos 3 cos 0
_baz  apy . o
7]2———0?—" __bl ==gin 3 (5.3)

2 .
7y ==— =008 3 §In §
c

it 1 is defined by [—= V a?p? ¥ b3¢

The velocity potential ¢ is then
p=—10U{1—1n;) {5.4)

and the equation for the ellipsoid in the new
coordinatss becomes

(L —n)? + g2 + p2e=1. (5.5)

Two of these y-coordinates can be taken ag coor-
dinates on the surface of the ellipsoid.

The esovariant components of the velaeity vector
in these ecoordinates 5, and n, are then

¢
3172

v,=2 =1

— =1, =0. 5.6
6"?1 :6)

2:

Putting &= i T and F= 1 % . the line

— —h
clement takes the form
' o1 G
46 =¢* (#‘+ —FT)dq,zw2 c{(v + -ﬁ) dm, dn, +

2
+ ¢? (}\'+ —%) dp? =
=0 d"hz + 2 g, dnydn, + g, d’hz- {6.7)

The contravariant components of the metrie ten-
sor are

Haa ar__ T2 s gt — Ty

’ B g

b b —
gr= )

where g:gngn__gmz- .
The econtravariant components of the velocity
vector become thus
el

, | G
Ut =g+ = (a + F)

{5.8)

. K. ! Terl G
U= = (v + ﬁ-) .

The squs,fe of the velocity vector can he written as

. L G + AF*
m__ 1 fem—r T
T=U U+ U, 17 ¢ X — 2@+ pG + kb
with o (69
azh¥(p® + ¢%) . (af — b%)abpg
_ atp®’+ big? Y - @b =
=TT MV E TR

For a thin ellipsoid the values of A, v, p and «
are very large.

The equatiort of the stredmlines expresses that
cverywhere on the surfaee they are tangent to the
velocity vector. Hence this equation is (ref. 4)

Tne  ml AL — ) — vy}

In the neighbourhood of the stagnation point
(7, =94.==9, = 0) the equation can be approxi-
mated by

d"h _ "]‘2(1 - "]‘1) =+ VW‘.=.2 " (510)

o M (5.11)
d"?s A”?a
with the solution ,
=
ps=¢ "m, . (5.12)




From this formula one sees that the streamlines n
have a point of contaet of very high order in 2
common with the equator of the ellipsoid. In the 1.0
central part of the surface (,— 1, ;- 1} the P
approximation ' formula 0B
06
d"’h v? (L—m)n, T vps® v (/\
*—:Tﬁy CRER ~— {513) 0.4
N2 M2 A / & /
‘ . +02 ¢/ / ‘
cait be used. : 5t . '
In thlb region the equatmn of the streamlines o v
takes ‘the form - - —-0.2 ) / /
) —04 A/
72 +~:“X-(1—‘711) ==y == cos «. (5.14) / /
-06 A
This means that the streamlines can be approxi- -08
mated by straight lines in the considered region. 10
As numerical examplé an ellipsoid with axes o 0.4 o8 12 16 2.0
a=3, b=1, and ¢=015 will be chosen. The M4
dlrectmn of the uncoming flow will be (—1,—1, 0). - o )
“The values of the different parameters are then’ Big. 1. The streamlines in the coordinates vy and .
A = 87.2666 ! =3.27829
- p=357.179 p == 1.02485 M3 5
v =115.723 q==113770 10
x =17777.8 ' /g' kT |
: 08 o -
- ‘ - ' iaaVa N\
In the figures 1, 2 and 3, taken from ref. 4, the 0.6
streamlines about the considered ellipsoid are / / / / / : \
given . 0.4
In relation with (5.14) the initial conditions N LM j
arec chosen as +0.2 J\N \
N
.\ O o =
. ) N = 1) N2 = cos a, ny= S e h R r\\\\\\x\uaoo
Vo a=230°, 60°, 90°, 120°, 150° —-0.2 \\\\\.\_,ecf
NN\ p—-752
' —-0.4 A X\
Iy alati 90
From the relations _0.6 V\RL‘IOS
G{l—n)= 1 4 G2+Fa_4__r1___4._.}2_ l \\__1289
r{ ) =%, 17T == {1_?71)2—-?2 —-0.8 \ 15
P ‘
—-1.0 o— -
and the orthogonality of the curvilinear coordinates 08 04 o 04 7 o.8
. 2
—_— 3 -
V ! o == '/pg’ 2 (5.15) Fig. 2. The streamlines on the upper surface in the
a’?" a_"."r . ) coordinates s, and s
it can be easily derived
G G+ vF? ' z
GG?——?(_G-F———_EGQ‘_}_ m)) N
_F AR —vGF . ‘ . e
FF ( ’ ):____ '__ o HSh; x
q) P P + Gg _!F AFZ STAGNATION POINT
o ' . ) ‘%&E‘non
— (% + 66,) (5.16)
¢ .

. s o . Tig. 3. The flow about the ellipeoid with a=3,
- — gr: g : b=1, o= 0,I5.
V 1% g
PFF\JJI"_ PGGJJ = T The direetion of the free "tow blseets the angle hetween
(G +AFD Y X gnd ¥ axes.
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The derivatives T, Vo Ty, Toon (V; Ty)p and | 2 (V;TQJ,, necessary for the boundary layer ecal-
culations, can be caleulated by differentiating formula (5.9}, Using the relations (5.16) orne finds

2 T (A—v6)

T {(G® + w32 b (G + wF2 )2 -+ (A —— )2 7

| A T T (G + AF?)?
: , 20y T FA—v&) (., .. 1—2
| Vety=— 7 = ramy (¢ +r+-—2 @) 51)
Tpp 2T, 1} vy 8 GGyt BAFF,  [(G*+ vF)* + (6 +vF)? + (A— )2,
T, T ¢ A= @R (G2 - vF*2 F (G + )2+ (A —vG)eF?
L 1—x
Vit 3%y 1 By B, 5GGy - 5AFF, 26U, +2FF, + G,
Vot 2T o F A G 4+ AF? Gt T g
14
- — - - 1—2
Vooryy _8Vory, ViGey +ViGy | 50.—-166, Vié, _
Voo, 2F P p G2 + A G2'+1ﬂ2+1“;‘ a

v
From the relation

: B - (Vo) , 2 )

I on, oy,
[ it ean be derived

=0

pp  MIFX) —v(AH3NGF (A EAp+2 )62 — v (14 W)+ (P HOF — v (A p) GF: :
Erel o (PF+AF?) (AN — 2 vG + pG* +xF?) (5.18)
At the equator holds F==tan § =0 and =tan 9. Therefore the hasic funetions at the equator read
Iz og Ty 2{G% + 13 (A — ()
T A2 G F AR P T oA —%v6 T ul)
_ Vi 27 AG—3vG+ 4
. pp 'y
VT, ==0; T,="T + SO0
_ A—-1 . A—17a—1
Gory)y T r v )GQH”G“LT (=3 +1)
N Vo LA 4 4 _-T!‘L+ i ] (5.19)
pT‘p Tg,, 2T ?G‘g(g___v__)
e | e 2 @+l (A—v@(1— A+ &)
VoV S H”_J Ve S
P72y Vity=—5% - N3G F
Py (I+ Gg) (A — @) { 1 1 ] A—vlF Ty
T, @ e aoneraEl T e T Ir

From' the differential equation (5.10) follows that the cquation of the streamlines near the equator ean
be written as '

nt=0" () =1— g7 — (1—9))", (5.20)
Differentiation of this expression gives the relation
d
% d‘"}z + (1_""?1)d7)1 =, d‘;’ + t o )d”?z (5.21)
i 2 streamline
From the formulae (5.15) and (5.8) one finds
W lom el Ve Fe
= il Vg Vgl (5.22)
Near the equator the function }'p can be written.apart from a constant factor as
i i
Vgr 1 Vg _—
PO otV N .. VY | (it 523
'/; Ay, G+ vl® (G + vF?) (F ) :( )

At the equator the function pT'), remains finite.

e mp—
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Furthermore hold in connection with (5.16) in the neighbourhood of the equator the relations
1
2 ~ A
Iy 113+0(F) Sy~ 0 (F7)
fp = 0(F). fg % 6 (F) (5.24)
6 The boundary layer flow about the ellipsoid.
A gonsideration of the momentum equations
" flop T floy + + g0, =d
(6.1)
Floy + Froy + Gl% + @y == D
shows that the righthand sides of these equations ean he written as
3 2
d== 3 X Ay Qivi, D= 3 ¥ B 0is, (6.2)
. i=0 j . i=u J
with the cocfficients Ay and Bi; as funetions of the coordinates ¢ and ¢ only.
Putiing .
—_— g . — — .
P=T, @=Vr, B =-?:-‘°;, =Ty, T=1, V=V, V1),
and
Vory)
| .\ W= e (63)
, : : ' ] | VPT\P
the following relations ean he given
12
A 0= Tpl . %
AL Qf . r
A Q== 3Pt APt -P) 2P, B
Ve .
o i 5 - 4 [JJ . E
54,00 =— (222—1)‘ + _193_2_211) g (p; + Do 1) (PR~ 8)—(p2* + p,,Q° + 2p, 00 F
i (P Pa T 2Dy ) ' L 2
sy (Brg DA (’2PS—P2R+W) Boge (_+ Ryo—
— (Pt Bl Pl P gy B o) (grw — iR+ V) (6.4)
. 2 Q
B = — —
2‘ at (pl +p4) T + pl T
. : . P
LBN' Q== Ips'“‘p;). + (pc—‘pa)'a] 'T_+ 2 Hblug-)"2 + (pz + p13)Q3 + 2}’)1494} (23_‘““7)
. ; Py, Pst oy, PP ¢
B ioi— | —L PRl . A N
=P g+ Py ’)T+2PT(4T. )+
+{(pp + Py, D0 + p, A 4 130 + p, 27 (B RP—8§ — WP).
The coefficients in the left bhand sides of the equations (6.1) read now
8 , 5 .
fl=p,—5 (s + pa Po— 5 (17 + (P + 2po)i] P%*
P =B+ B PP F 6,00 (b + 0+ (L D90 9] PO
= H i+ 6 (p'+ p,)Q + 16 p,, 0% 0o + [Z Py + Pt} + 4 (1 +1)p,,07 + 5 p,0°] PO
fre= Qa [ —3p00] 1
) p— E‘ Qe V7 ~ (6.5)

1 —~
g% = 5 Qo (G —~6 pO%%] ‘/p
G2 =—5p, Qo0 V',
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In the expressions (6.4) and (6.5) i==0 must he substituted for accelerated flow and i=1 for

retarded flow.

Supposing the functions ¢ and @ ave regular in the variables 3 and 4, it can be derived from the
relations (5.24) that the derivatives o yand Qg vanish at the equator

i Writing the momentum equations in the .coordinates 9 and 9 these equations read at the equator

I
ftos s 8in % =4 _—&,m‘S =d, = E 24 A it

(Floy + G'Q )_L sin & = D-?— §ind, =

02

From the requivement that- oy and Qg munst bc
finite in the stagnation point follows

d, =D, =0. - (BT)

Similar as in PoHuMAuskN’s method for two-
dimensional boundary layers this eondition of
houndedness gives the initial values for the pava-
meters o and £, In this manner one gets two
algehbraic equations which ean be solved numerie-
allv, As starting (value o, will be chosen the
positive root of the eguation dy=D,==0 that
inercases along the equator.

The mag,mtude of o, i3 in good agreement with

the valne found for the houndary layer about an
elliptic eylinder with the same pressure distribii-
tion (Appendix 1).

Numerieal calenlations at the equator show that
the terms on the left hand side of the egmations
(6.6) are wvery small. Thus an approximation
can be made by neglecting these terms and then
solving the algebraic equations in every point.
Substituting the derivatives o4 and 2y found by

numerical differentiation of the first approximate
values in the left side of (6.6) and then solving
the new algebraie equations gives a new .sef ot
values o and ©. These new values of ¢ and ©
can bhe considered as a second approximation,
This process can now be repeated thus performing
an iteration procedure. After two or three steps
the values of ¢ and Q are aceurate enough, For
the caleulations the reader iz referred to table T.

For the boundary layer calenlations on the upper
part of the ellipsoid the equations (4.17) will he
used. At first an estimation will he made of the
magnitude of the terms on the left of these equa-
tions. These terms can be cxpressed in powers of
the gquantity ¢. For a thin ellipsoid with a small

" value of ¢ these considerations lead to a less com-

plicated ealeulation method. On the upper part
of the ellipsoid the following approximate formulae
hold

T~ 0(1); Ty ~V Ty ~ e

Writing under each ‘term of the cquations the
order of magnitude one finds

Prog + oy +
e dc? V;:_

+ gy = d
a?c? V;
(6.8)
Flo'g, + Fzs‘p + G’Q? -+ GQQ\L:D
s o’c? ]/; o ocf ]/;

2

i=

(6.6)

IIMN

E i et
J

As on the top of the ellipsoid the function V; is
of order 1 (Appendix 2), for a first approximation

the terms with oy and Qg can be neglected.

Near the equator V5 can reach large values and
consequently the terms with oy, .md Qy mnnat be

- neglected i this region.

Using the relations

=1 m; () —Vigw

Oy y, = constant
1

and

(), =) () +

¥, == constant @ %
da oy -—— . { Oo
+ (—— ( =V pg U1 hg)
oy )p o, )’11 : ( oy
the following expressions can be derived

(&), ) e

dg - { =constant I streamime

¢ = constant

do 1 do
Vo (57), temn= 7 o) =
yi’ = constant VgU a'q.z 4, = constant
_ VI DT (e
- Z(G‘z -+ )-F&) 81;2 7 4 = copsiant

(6.10)

Now the behaviour of .the unknown funetious
¢ and ¢ near the cguator will be examined. In
the neighbourhood of a streamline the values of
¢ and Q can he considered approximately as con-
stants at the circles (1--2,)? + 5,7 = constant.

From the relation

(1 — )% + .2 = constant

follows
{(1— 7?1)‘3"_71 =7 ‘A_:‘Tz .
Tg+a 0,
.
~ .
Oa- 5200
. 2 CIRCLE
__—-/(-TI"'“ 2) Ti




Further figure 4 shows
oo
(5-)

i A% (30—) 1
a0 Am, — Ay, GL? ‘p(E’E) __(dﬂz]

Doy — E;r:
An,

==lim
oy = constant L =30

Ay b @01/ etrele
(Eﬂg) -——(_idﬂi — G+ vF .
d”h streamline d"};/circle G b
1 )
G G(G*FaF)

With these formulae the relation (6.10) can be
transformed into
HE) ™

a#'f 9 = constant
CVIZ2.GF o + P (aa ) =
IFA— &) o
Z oo
" . - (T} (—E}E)slr&amﬂne.

In the neighbourhood of the equator the differen-
tial equations (6.8) can be approximated by

(fl ) ( " ) atreamlil‘lﬁ

g -
Y7 [/w ( )slre:lmlinn =
(6.11)
(Fl + / ) ( l’l)sn-e.m-n!me
J G2
( ¢z ﬁﬁ) ( K )streamlme .

The numerical calenlations show that' the esti-
mates used i the equations (6.8) are relevant.

The integration of the ecquations (611} along
the streamlines will now be performed in the fol-
lowing way.

Near the eguator the same method as for the
cquator itself be used.

Neglectinig the terms on the left of the cquatnms
(6.11) and solving the resulting algebraic egua-
tions a first appr_oximation for ¢ and @ can he
found. Then the derivatives o, and Q,, are deter-

mined by differentiation with respect to 7, of the
values of o and Q. Substituting the values of these
derivatives in the left hand sides of (6.11) one
finds & new system of algcbraic equations for the
unknowtt functions ¢ and Q. The solution of these
algebraie equations gives now a second approxima-
tion for ¢ and Q, Repeating this process two or
threc times one finds the values of ¢ and Q with
sufficient aceuraey.

Now it seewis that the values of ¢ and © along
a great part of the streamlines are equal to the
values of o and O in eorresponding points at the
eguator, within the required accuraey.

11

Therefore the caleulation of ¢ and Q at the
streamline does not need to be started in the stag-
nation point.

With the prescribed method it is possible to
find the initial valnes necessary to start the
numerieal integration.

It appears that near the equator the inequality
o ¢ £ holds. This implies that convergence of the
iteration process may be slow. To guard against
sueh diffienlties a special procedure will he ap-
plied. Consider the values of the functions ¢ and
@ and their derivatives with' respect to 5 in three
suceessive points 5_,, 54—y and n,. The values
” and 9, mubt then satisfy Lacrancr’s

integration formula

o, ), @

Ty =0 + goy_o + T4 '+ & 0m,
_ (6.12) -
Q== + Qg + 1y T 50,
where g,, r, and s, ave coefficients which can he
determined by integrating LAGRANGE’S interpolation
formula with respect to n from n_, to n,

(7]‘_ '?——1) (77”" "'70)
T (g — o) (9 = me)

+

(J'.,,:O'

(n— 71-2) (np— ‘Tn)
+
(ot —2—3) (g — %)

+ o
"y

+ (’?“')—2)(?“?—0

0 (=) (9o — 11
g, == (h_1—10)*
! 6(g 3 —n-)(n- _""?o)
ro—— (1_g —~—70) (3 ’?#2“2’}—»1’“‘"%)
! 6(??—2—'?—1)
- ('f~1‘*‘°?u}(3 By — 1 —27) 61
= 6(7 2 — 10) - (019

With the aid of the values of ¢, @ and their
derivatives in the points 5_, and n_, an estimate
of o and @ in the point 5, can he made; Firom
the approximafe differential equations (6.11) o,
and , zan then be caleulated. The values obtain-
ed tor o, Q2 0, and @, will, in general, not satisty
the integration formula of Lacsraxee. To satisfy
Lagranae’s formula it will be necessary to change
¢ and @ hy small amounts As and AQ. Conse-
quently ¢, and @, will change too. Denoting these
alterations by Ae, and A9, the approximate

relations ean be given
[1)

—_— g” L-;on'” =t !';[-AO‘ “E‘ bAQ
— 0, =40, ==che + dAQ,

4o
Q

Ho

(6.14)

Putting AQ =10 the values of ;,’30',1 + A:‘, and
§*=Q”+.A§“ can be determined from the dif-

ferential equations (6.11); the constants o and b
follow immediately from (6.14)
As, AR,

- H

Ag




Now pmtmw Ag =1} one finds in the same manner
Uﬁua ~}-A(r Q=0 +AQ and from {6.14)

B — Ao, d— A,

A

Suhstituting the calealated values of «, b, ¢ and &
(6.14), these velations read then
Ty == + Ag, = o, + ade + HAQ

2, =0, 40, =0, + cAc + daQ

helonging to ‘
oy =0+ Ao
Q,=0 + AQ.

The guantittes Ae and AQ are ealeulated from
the relations (6.12). This integration process was
developed by Mr. T. BureeErnoUT of the compu-
tational department of the Natlomal Acronautiecal
Research Institute,

For the streamline «==90° the basic funetions

¢, R -8 T, V, W, Z and the solutions Vo
dnd © as functions of the noordm‘ne n arc given
in table 2 :

Tahle 3 contains l/e and @ for the streamhnes
a=30° 60°, 120° and 150°

Near the point where the acceleraied flow passes
inte the retarded flow the numerical integration
gives some difficulties. This point is eharacterized
by the formula

A
o) _
T, or = i ==

—m v

In this’ region the va'l.ue of
M=31Vo T o=13Qc

approaches also zero and thus the component of
the veloecity veetor perpendicular to the stream-
line vanishes there. The second momentum equna-
tion loses there its importance with regard io the
first momentum eguation. As a eonsequence of
this 1t appears that the funetion Q varies very
strongly, whereas the function o varies ncarly
lincarly in the eonsidered region. From physical
considerations oo one ean expeet that the fune-
tion ¢ will vary slowly there. Beyond the point

Ve A
G‘_—' = —
11— v

the values of ¢ and o, can be determined by
extrapolation; @ and @, can then he caleulated in
the ordinary manner.

The integration can bc continued till the tran-
sition line has been reached. This trangition line
ean be considered as the envelope of the directions,
determined by the veloeity wvectors approaching
the wall.

This direetion can be written in the form

lim —2
rs0
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The considered envelope can be approximated by
the curve passing through the points where- the
component of the- shear stress in the streamline
divection vanishes. Thus the curve ean be charae-
terized by the formula

[, -,: A= %Ufcp'——éﬂ'P— 1

Tn- thg figures ' and 8 the functions Vs and 2
are drawn for the equator and some streamlinies,
VoL

s

l/:‘ K

3.0 }
yd ./‘/Jf
20 O // < /;%?;A?aiﬁlow
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Tig. 5. Variation of Vo with v, for the equator
ard the streamlines.
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Fig. 6. o against v, for the eguator and the streamlines
on the surface.

7 The velocity profiles in the boundary layer.

For a good description of the veloeity profiles
it is neeessary to consider the contravariant com-
ponents of the veloeity vector. These contra-
variant components ean be written as

. .1 — T
wr =yt = T,
u? = y**u, = oTu, .

Normalizing these components with the component
{/* of the free stream they read

— = T
w = %T —~¥1— == U,
- wt _ pTu,

uzzﬁ?"—' T :Purz.

From the line element

dst = (dg? + % ay )




one sees immediately that for a good comparison

— 1 .
the components ' and y—— must be considered.

Vo
Tl :']LL.:f(q) — Ag(a?) —Nh(n)

w2 — 7 )
rh::'lb,'/ =—0Mgl-—].
e Vit (4

In the figures 7 and 8 the veloeity profiles in
the two directions are drawn for several points
of the streamline a==90°,

Uy,
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e
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o8 ol S e L
5 \E;f}:o L
VAT SRt |
AR Amm=E
1 ]
o // i |
NV id |

o] 04 Q8 12 1.6 20 24 28
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Fig, 7. The velocity profiles in the boundary layer in
strecamline direction for different points of the
streamline o« = 90°,
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Tig. 8. The velocity profiles in the boundary layer
perpendicular to the streamline direction for different points
of the streamline x == 90°,

The direction of the veloeity vector at the wall
can he expressed by the formula

. w Ve
Lim. Ve
. 24t

— oMy’ (0) M
F0)— Ag(0) —NW (@) ~ 2+ A+N
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Figure 9 shows this direction as a funection of
7, for the streamlines «==30°, 60°, 90°, 120°
and 150°,
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1 =0 A=
& 150"
oz J s r5g0 o
=]
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% Pt l2go S
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[+ Q0
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% | Sgo \ Vgo
hid J\
—— Jne
w O = o] —
Iy .
§ A
\
-02
o Q4 [o]:] 12 16 1 20
]

T I/
Fig. 9. The proportion :-z—uu—p—on the wall for

1
the streamlines an the surface.

The caleulations have been performed in the
gomputational department of the National Aero-
nautical Research Imstitute under the direction of
Mssr. Burorraour and Wourkrs. A part of the
mimerical integrations has been performed on the
clectronic machine ARRA of the Mathematical
Centre.
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APPENDIX 1.

The value of the parameier + in the stagnation-
point for an infinite elliptic cylinder.

A comparison will he made of the value of the
parameter ¢ in the stagnation point for an ellip-
soid with axes e =3, h =1, ¢ = 0,15 and uncoming
flow direetion (—1, — 1, 0) and for an infinite
elliptic eylinder with axes @, =, b= V2, 6y ==
(1,15 and uncoming flow dirveetion(0,—1,0).

The ealeulation of the boundary layer about the
infinite cylinder is a two-dimensional problem.

At tivet the trapsformation formulac for the
coordinate directed along the normal on the sur-
face must be consgidered.

For the two-dimensional problem this formmla
reads

3 1 4dU

"1

¥ v ds

and for the three-dimensional caze

Vg Mg

@ |

The two-dimensional flow satisfies thus the relation

1 dv

v __vzaz N ds

(A1)

The quantity A is a dimensionless parameter,
characterizing the family of veloeity profiles for
the two-dimensional laminar boundary layer,

In the stagnation point X takes the value A =
0,830 (ref. 6). To ealculate the potential flow
about the infinite elliptic eylinder it is usual to
map the cross seetion of the cylinder on a ecirele
with radius r

Writing the eguation of the civele as

t=re? (A.2)

the conformal transtormation can be evpreqsed by
the formulia

.2
et + "g (A3)
or
z=7{1-+A) cosp==0, eo8
Y ==r{1-—x;) sin p == ¢, sin 4. (Ad)

As the complex potential is invariant for conformal
mapping the following relations between the velo-
cities in corresponding points can he given.

Yol = 'gﬂ_ 2 dg) %Z_ (4.5)
where
| ‘I—Mlxl/(l+)L,)2——4)~1(zos"'gp,
a £

(A.8)

In this formula ®(2) denotes the complex potential

of the flow ahout the ellips and F(¢) the eomplex
potential of the flow about the cirele. Supposing

4

the velocity V, of the oncoming flow i directed
along the r-axis the velocity distribution about the
cirele ig given by

v,
,UB

=2 (A7)

gillg

From the relation (A.5) the velocity distribhution
about the ellips follows as

’QSin.le
V(1+x)—4x cosPy

The relations (A.8) and (A4) give for the
stagnation peint ¢ =0 the expression

7=

{A.B)

W _du rdp 1 _ 1 |dg| U _
ds  de ds r  r |dz| dy
1 2 b+ ¢

ST ADE T e - A9

In the considered two-dimensional case one finds
casily from (A1) and {A.9) for the value of o
in the stagnation point o= 0,012,

In the three-dimensional case the value o = 0,0122
has been found. T{ appears that the fwo wvalues
of o agree very well

APPENDIX 2..

The caleulation of the function ¥,

In section 5 it has heen shown that on the upper
part of the cllipsoid the sireamlines can be ap-
proximated by the straight lines

p=mn+ v d-—m)= )‘(qwmpy}.

ab(p* + ¢°
(A1)
The velocity potential has been written as

Replacing the stream funetion ¢ hy ¥ =
h{p? - o? )
_rt)_(p_l_mq_)_y& the formula (A1} is transformed

into

2 2
¢ — DT A ;r T ymgu—py. (A

In this approximation the covariant components of
the metric tensor (sce formuila {57)) can he
wriiien . as

911 = C’zl-'*: 912 :gzl = szr 022 = cz'\'
G == g1l — 92" = ¢ {Ap —v) = ¢ =a®b"

The econtravariant componenis of the veloeity
vector are then '

(A4)

‘ - g cZlA
U= gn Ul + -qlz 02': -!]E_ U1 = azh?
_(AB)
‘21 .
Ut =g U, + g Uz == /i U, = 2,2{:2

where use has been made of the formulae
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=% g2 g PO VO 1 R 7
Ul——‘a';;;—— ] Tz_ anz — . Vp—f Czlz,\ — 1. (A. )

Using the orthogonality of the curvilinear coor- 1t appears that on the upper part of the ellipsoid,
dinates one ean write where the streamlines ean be approximated by

straight lines, the funetion } p has the value 1.
0¥ ab(p* + g2 &l = ! . —
T'—“-‘ET'?_)—:L pr =V = (A6 Starting from this value the function. }p can be

Yz : calculated by numerieal integration of the differ-
From this relation {A6) follows ential equation (5.18) along the streamlines.
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TABLE- 1.

The basicfunctions P, &, §, 7, V, W and the solutions ¢ and Q
as functions of the coordirate 5 for the eguator.

S P R 8 14 L% Vs A
T . ’

0183392 | —2692465-2|  4.05221 5% | 547349 5| 7668145 0.2278925-| 0110 1.3158
— 6 22064 | —2784.5 -~ 24,930 0.045672 | 689060 2728.0 0.119 | 1.3151
— 12 {14958 | — 77741 —7.7511 0.14142 167150 762.97 0128 | 13146
— 18 | 1.0556 | — 581.44 — 3.2522 0.25199 71925 374.86 0.137 | 1.3141
— 24 1077802 | -—234.84 ~1.5801 0.36263 39352 231.09 0.146 | 13137
— 30 | 059818 | —163.45 084570 | 046837 | 24670 161.02 0.15¢ | 1.3133
—~ 36 | 0.47840| —122.80 — 0.48501 056794 | 16914 121.11 0.161 | 1.3130
— 4R | 034072 | —T79.977 — 018221 075067 | 9504.4 79.026 0174 | 1.3126
— 60 0.27572| 58654 ~.0070744 | 091878 | 6268.0 £8.058 0183 | 1.3124
— 72 1025028 | — 46.323 —0.016170 | 1.0817 4609.0 45.917 0190 | 1.3124
—. B4 |0.25294) — 35.406 + 0.023198 | 1.2489 3662.4 38.112 0.194 | 1.3124
— 96 1028326 --32.779 + 0.067604 | 1.4309 3059 6 42.537 0.197 | 1.3125
— 102 | 0.31098 | — 30.405 + 0.097116 1.5313 2818.6 30,157 0.197 | 1.3198
—-108 : 0.34902 | — 28125 +0.13404 | 1.6404 2585.9 27.844 0198 | 1.3130
— 114 | 0.29878 | — 25.778 4+ 017744 | 17598 2331.9 25 400 0199 | 13141
— 120 | 045924 | —-23.133 +0.21517 | 1.8906 2020.8 22 542 0.203 | 1.3165
126 | 0.52096 | — 19.854 + 0,19461 20318 1603.3 18761 0211 | 1.3204
—132 | 054726 | — 15.372 —0.073592 | 2.1758 10363 12.931 0231 | 1.3278
——134 | 0.53238 | --13.455 —— 0.30145 2.2211 818,95 10.055 0.244 | 1.3367
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The basiefunctions P, @, B, 8, T, V, W, Z and

TABLE 2,

the solutions 1o and @ as|funections of the coordinate g, for the streamline o«-=9G°.

M P ' Q ' R 8 ' T } 4 ’ W Z Ve 0
. , ;

(.3668 4+ 0.32531 + 0.67595 — 73.956 + 041194 0.78956 ! -+ 8550.9 + 73.069 -+ 115.95 017618 1.31275
0.3689 + 033014 | + L0660 | — 73.619 + 12805 0.79190 4+ 8494.7 + 72749 | + 11575 0.17631 1.31276
(0.3711 - 0.34367 4 1.6808 — 73.268 4+  3.3971 0.79430 4+ 8434.1 + 72.375 + 115.53 0.17645 1.31280
0.3751 + 087918 | + 26522 | _72.920 + 86271 0.79662 + 8367.2 +71.928 | + 11530 0.17659 1.31201
0.3751 + 0.46889 | + 41789 | —72512 4+ 21.544 0.79934 + 8269.1 + 71.297 + 114.95 0.17674 1.31322
0.3772 + 069212 | + 65633 | —71.917 4 53.026 0.80312 + 8090.8 + 70169 | + 11433 0.17692 1.31395
0.3793 + 12407 | + 10242 170915 + 127.59 0.80923 + 77295 + 67761 | + 113.03 017715 131580
0.3815 25509 | + 15.718 - 68.902 + 292.26 0.42124 + 6946.7 + 62461 | + 11013 0.17756 1.32048
0.3838 + 5.4866 + 23.182 — 64.600 + 594.25 0.84755 + 5329.0 + 50.891 + 103.55 0.17842 1.33185
0.3861 + 11,085 -+ 31.150 — 55,867 + 902.27 0.90665 -+ 2601.9 + 28472 + 89756 0.18033 135707
0.3888 + 18,328 + 34,499 — 40,835 + 646.36 1.0346 —260.35 — 4.3704 + ©5.754 (3.18560 141371
0.3905 -+ 20,636 + 32.259 — 31.58] +9221.14 1.1386 —1006.3 20102 | + 50901 0.19146 1.46037
0.3926 -+ 20.587 -+ 27174 — 22400 7 —194.05 1.2737 —1124.6 —31.352 4+  36.135 0.20153 1.51745
0.3953 + 17.882 + 20.346 — 14435 | —897.50 1.4362 —.843.27 36361 | + 23204 0.21796 1.58591
(1.3990 4+ 13.384 + 13.464 — 84365 — 30249 1.6138 — 479,90 — 35.326 + 13.614 0.24433 1.66004
0.4012 + 10.954 + 10.458 — 62214 | -296.45 1.7032 —332.09 _-33132 | + 10.034 0.26099 1.69585
0.4042 4+ 86452 | + 7.8840 | — 44811 | —223.69 1.7903 ~—218.40 —30235 | + 7.2240 0.28410 1.74693
0.4074 4+ 66144 | + 57991 | - 81718 | —158.11 1.8716 L 137.92 —26978 | + 51071 0.30853 1.77464
0.4114 + 49011 | + 41548 | — 21999 |.—105.11 1.9469 —83.544 ~-28570 | + 35365 0.33861 1.81214
0.4165 + 35325 | 4 29108 | — 15005 | — 66.393 2.0149 L 48.892 20234 | + 24074 0.37551 1.85193
04227 | + 24892 . + 19968 | — 1.0080 |— 40.088 2.0749 |- 27.739 17109 |+ 16125 0.41809 1.89247
0.4304 + 17067 +  1.34656 — 066879 | — 23.303 2.1269 f—15.342 — 14284 +  1.0661 0.46775 1.93400
0.4403 + 11468 | - 089025 | — 043708 | 13.040 21717 — 8.2479 1177 |+ 0.6935 0.52698 1.97703
0.4453 + 093340 | + 071916 | — 035172 | — 96333 2.1914 -~ 5.9896 — 10651 | -+ 0.5559 0.55522 1.99474
0.4595 4+ 0.60956 + 046416 | — 0225686 |- 51499 22258 —3.1142 — 8.6527 +  0.3546 0.63033 2.03873
0.4684 + 048865 | © 037044 | — 018007 | — 37177 2.2409 — 22255 —. 77694 | + 02817 0.67391 206612
0.4723 + 040845 | + 030757 | — 0.14965 | — 2.8542 2.2519 ——1.6844 — 7187 | + 02321 0.69235 2.07644
0.48%6 4+ 0.30992 4+ 023204 | — 0.1133% | —  1.9000 2.2668 —1.1172 — 6.2295 +  0.1756 0.76595 2.10735
0.5013 + 024470 | + 018328 | — 0.080409 | -— 13420 2.9782 — 0.78387 — 55612 | + 01377 0.81891 9.13821
0.5320 + 014956 | + 011137 | — 0054753 | —  0.65223 2.9974 — 037705 | — 44061 | + 0.0832 0.93630 220436
0.5739 + 0.088170 ) + 0.060345H ) — 0,032635 | —  0.30875 23132 — (L17483 — 3.4703 +  0.0486 1.07840 2.27954
0.65 + 0.041943 | + 0.030942| — 0.015766 ] — 0.10831 2.3285 — 0.061641 — 2.5936 4+ 0.0229 1.30093 2.40035
0.5 + 0.019423 | + 0.014292| —— 0.007464 ! —  0:042806 2.3380 — (.024030 — 2.2087 4+ 0.0105 1.54958 2.57172
0.85 + 0009125 — 0.006706 | — 0.003561( — 0.023284| 2.3426 —~0.012808 | — 25538 | 4+  0.0049 1.76624 2.84810
0.90 + 0.005667 | + 0.004163] — 0.002222 | ——  0.019188]  2.3438 0010426 | - 33789 | +  0.0031 1.86548 3.09870
0.95 4 0.002718 | + 0.001997! — 0.001069 | —  0.016976 23445 — 0.009180 — 6.2459 +  0.0015 1.96010

1.05 — 0.002718) — 0.001997| + 0.001069% | — 0.016976 23445 -— 0.009180 +  6.2459 0 213752 2.95
1.10 — 00656671 — 0.004163| -+ 0002222 — 0.019138  2.8438 — 0010426 | -+ 3.3789 0 222126 2.30
1.15 . 0.008125| — 0.006706 | 4+ 0003561 | ——  0.023284] 2.34% —0.012809 | + 25538 0 2.30304 2.00
1.20 — 0013491 — 0009919 | + 0005229 | —  0.030446]  2.3408 — 0.016929 | + 22602 0 2.38160 1.750
1.95 — 0019423, — 0.014292] -+ 0007464 | — 0.042806| 2.3380 —0.024080 | + 22087 0 945683 1.568
1.30 — 0.028108! — 0.020705| + 0010696 | — 0.065070 23342 — 0.036797 + 23224 0 252864 © 1409
1.35 — 0.041943 | — 0.030942! + 0.015766 | — 0.10831 2.3285 —0.061641 | + 25936 0 2.59634 1275
1.3997 — 0.066400 | — 0.049113| + 0.0246566 | — 0.20321 2.3198 —0.11625 + 3.07%0 1] 2.66289 1,165
1.4261 — 0.088170| — 0.065345| + 0.032535| — 0.30375 2.3132 — 017433 + 34703 0 2.70470 1.313
1.4489 — 011551 | — 0.085788| 4» 0.042416; — 0.44803 |  2.3057 — 0.25793 + 3.9128 0 2.75354 1.072
1.4680 — 014956 } — 011137 4+ 0.054753 | — 0.65223 22974 §~O.37705 +  4.4061 0 2.81471 1.0483
1.4845 019196 | — 014333 | 4+ 0070149 — 093968 | 22882 | — 0.54566 4 4.9540 0 3.00982 1.029
1.4987 — 024470 | — 0.18328 -+ 0.089409 | —  1.3420 22782 — (.78387 + 5.5612 (] 3.83406 1.011
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The solutions 14 and @ as functions of the coordinate 5,, for the streaml

TABLE 3.

nes

a=30°, 60° 120° and 150° (for «=9(° sec table 2).

LB ' o l Vs Q 7 ' a ' Vo £ ' 7y I l o I Ve Q M; o Ve Q
0.0622 0.01976 0.140567 1.3139 0.1684 0025107 | 0.15845 1.31315 0.6172 0.035356 0.18803 1.31251 0.8477 {.037503 0.19366 1.31247
0.0632 0.01983 0.14081 1.3139 . 0.169%5 0.0256153 | 0.15860 131316 0.6204 0.035392 0.18813 1.31252 0.85607 0.037526 0.19372 1.31247
0.0642 0.01988 0.14099 1.3149 01707 0.02Z5200 ) 0.15875 1.31320 0.6234 0.035426 0,18822 1.31255 0.8531 0.037547 019377 1.31251
0.0653 0.01986 0.14092 1.3213 0.1718 0.025242 | 0.15888 1.31328 0.6266 0.036471 0.18834 1.91261 0.8568 0.037569 0.19383 1.31250
0.0665 *0,01944 013942 1.3501 0.1728 00256283 | 0.15901 1.31340 0.6299 0.035522 0.18847 1.31282 0.8600 0.037603 0.18391 1.31240
0.0675 001880 0.13713 1.4:H49 0.1740 0.026327 | 0.15914 1.31359 0.6331 0.0355687 0.18565 1.31343 0.8633 0.03764H 0.19402 1.31306
0.0685 (.01894 0.13764 1.5641 0.1751 G.025370 | 0.15928 1.31506 0.6365 0.035700 (.18894 1.31481 (.8667 0.037711 (.15419 1.31359
0.0693 0.02018 | 0.14204 1.6417 0.1763 0.025409 | 0,15940 1.31805 (.6394 0.035891 0.18945 1.31824 0.8702 0,037782 0.19438 1.31295
0.0704 .02292 0.15139 1.7092 0.1776 0.025451 [ 015953 1.32532 0.6428 0.036394 0.19077 1.32716 0.8741 (.037934 0.19477 1.31521
0.0720 0.02822 0.16800 17726 0.1789 0.025513 | 0.15973 1.34037 0.6469 0.037668 £.19408 1.34908 0.8788 0.038366 0.19587 1.32133
0.0743 0.03738 0.19333 1.8263 0.1803 0.025728 | 0.16040 1.37590 0.6509 0.040274 0.20068 1.39128 0.8822 0.038983 0.19744 1.32729
0.0759 0.04299 0.20975 1.8631 0.1813 0.026142 | 0,16168 1.41350 0.6536 0.044064 0,20991 1.43233 0.8859 0.0402717 | 0.20068 1.34224
0.0779 0.062H4 0.22922 1.90%8 0.1821 0026777 | 0.16364 1.44659 0.6565 0.049652 0.22283 1.47839 -| 0.8878 0.0414942 | 0.20370 1.356791
0.0803 0.06514 0.25522 1.9222 0.1832 0.028224 | 0,16800 1.49909 0.6601 0.058981 0.24286 153794 0.8904 0.0440677 (| 0.20992 1.38576
0.0834 0.08147 0.285643 1,9448 0.1846 0.031024 , 0.17614 1.56062 0.6640 0.073940 0.27192 1.60415 (.8932 0.0480123 | 0.21912 1.41976
0.0878 0.10288 0.32074 19701 0.1866 0.036505 | (.19106 1.63106 0.6708 (.099293 0.31511 167775 0.8963 0.0541265 1 (.23265 146423
0.0921 0.13031 0.36098 1.9969 0.1893 0.045823 | 021406 1.69971 0.6749 0.118206 0.34381 171744 0.8979 0.05681175 | 0.24108 148780
0.0980 0.165622 0.40648 20236 0.1909 0.052219 | 022851 1.72081 0.6795 0.140956 (.37544 1.75557 0.8998 0.0636221 | (.25223 | - 1.51562
0.1061 (.21469 0.46335 2.0648 0.1934 0.063066 | 0925113 1.76%23 0.6860 0.175176 0.4185: 1.80167 0.9039 0.0779099 | 0.27912 1.56943
0.1108 0.24393 0.49389 2.0718 0.1956 0.072513 | 0.26928 1.80023 0.6929 0.213392 0.46194 1.84683 0.9066 0.0890268 | 0.29837 1.59822
0.1222 0.31603 0.56217 2.1055 0.2028 0111877 | 0.33448 1.83922 0.7025 0.269336 .518498 1.89203 0.9101 0.104709 0.32359 1.63048
0.1368 1.41102 0.64111 2.1416 (0.2077 0127507 | 0.35708 1.96160 0.7142 0.340078 0.58316 1.94062 0.92 0.15402 0.39245 1.70511
0.3677 0.61695 0.78046 2.1988. (.2221 0.214328 | 0.46296 1.96612 0.7293 0.434494 0.65916 1.59502 0.93 0.20431 0.45201 1.76788
0.1890 0.76141 0.87259 2.2301 0.2268 0.243167 | 0.49312 1.98294 0.7482 0.5566106 0.74573 2.05253 0.94 0.26211 0.51197 1.8151
0.2155 0.94310 0.97113 2,2631 0.2322 0.276585 | 052591 2,00078 0.8071 (G.949619 (1.97448 219138 0.95 0.32201 0.56746 1.85779
(.2499 1.18148 1.0870 2.3001 0.2382 0.314258 | 0.56054 2.01936 0.8503 1.24554 1.11604 22777 0.96 0.38357 0.61933 1.89357
0.30 1.53271 1.2380 2.3514 0.2451 0.358215 | 059851 2 03971 0.9 1.59088 1.26130 2 36882 0.97 044641 0.66814 1.92812
(.35 1.88752 1.3739 2.4108 0.2617 ¢.470970 4 0.68627 206117 0.95 1.94196 1.39354 246248 0.98 0.51022 0.71430 1.96090
.40 2.24606 1.4987 24942 0.2717 0.536730 | (.73262 2.08540 1.0 2.29695 1.51557 256754 | 0.99 0.57488 0.75821 1.99114
(.45 2 60672 1.61456 2.624 0.2833 0.613717 | 0.78340 211089 1.05 2.65618 1.62978 2.68295 1.00 0.64025 0.80016 2.01888
0.50 2.969 1.7231 0.3034 0.748481 | 0.86515 215486 110 ¢ 3.02173 1.73831 2.83780 1.05 0.97414 0.98699 2.14142
0.55 3.332 1.8254 0.3116 0.803842 | 0.89657 217228 1.15 | 3.40545 1.84539 3.20876 110 1.31546 1.14694 225037
0.60 3.695 1.9222 0.3293 0.924728 | (0,96163 219798 120 . 3.90364 1.97576 3.90364 1.20 2.0119 1.41842 2.45330
0.65 4.058 2.0144 2.519 0.35 1.06695 | 1.03293 | 292870 140 ¢ 5.182 2,276 1.742 1.45 3.807 1.95115 | 3.194
0.70 4.433 21055 2.000 0.40 1.41423 1.18921 2 29570 145 5.534 2,352 1,550 1.50 4.176 2.04353 | 2.300
0.75 4815 | 2.1943 1.689 0.45 1.76553 1.32873 2 36030 1.50 5.875 2,424 1.396 1.55 4.533 2.12908 1.983
0.80 5.203 2.2810 1.467 0.50 212029 | 145612 | 2.43060 155 6.199 2.490 1.268 1.60 4.880 220907 | 1.739
(.85 5.596 2.3656 1.289 0.55 247847 | 157432 | 251705 1.60 6.500 2.550 1.159 1.65 5.212 228298 | 1.543
0.90 ».990 24474 1150 0.60 2.84040 | 168535 | 2.64706 1.65 6.819 2.611 1.071 1,70 5.517 234883 | 1.387
0.95 6.553 2 5599 1.041 065 320561 | 179042 | 285860 | 16707 | 7.014 2.648 1.042 17501 | 5.790 240624 | 1261

0.70 3.35982 1.88675 827702 1.6884 7.341 2,709 1.022 1.7626 5.854 2.41950 1.229
0.85 4.654 215731 | 2.100 : 17845 | 5.963 244183 | 1.175
0.95 5594 2 36516 15792 1.8030 6,101 247002 1.133
1.00 5.760 940000 1.403 . 1.8110 6.196 248918 1.116
1.05 6.104 9 47063 1.244 f 1.8188 6.339 251774 1L1n
110 §.432 2 53614 1.109 1.8257 6.545 2.55832 1.088
11497 | 6.819 261132 | 1.025 / 1.8323 | 6.819 261132 | 1.077
1.1529 1G.358 321838 | '0.852

12267 | 25.772 507661 | 0110 )

o« = 30° o = 60° i o ==120° «=150°
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Research on Cumulative Damage in Fat;igue of Riveted
Aluminum Alloy Joints

by

J. SCHIJVE and F. A. JACOBS.

Summary.

Two-step tests and interval tests were performed on 24 8-T Alelad riveted 'ap-joints to study the cumulation
of fatigue damage in this fype of joint and to verify the linear cumulative damage rule.

Availuble data on light alloy speecimens are reviewed and compared with the results of the present investigation.’
It is tried to establish some general trends of the cumnlative damage phenomenon. Seme proposed cumulative damage
rules ‘are discussed with respeet to the experimental results and general aceepted features of the fatigue phenomenon.
Some remarks are made on the life estimation of structures under serviee loading., Proposals for further investigation

are made.
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The research reported in this document has
been . sponsored by the AIR RESEARCH AND
DEVELOPMENT COMMAND, UNITED STATES
AIR FORCE, .under contract no. AIF 61{bl4—
812, through the Eurcpean Office, ARDC.

1 Introduction.

This investigation is an extension of a previous
research (ref. 33) on the eumulation of {fatigue
damage in tests with .varying load ranges. In
ref.. 33 unnoiched, and simply notehed specimens
of 24 S-T.Alclad .were tested. It was thought.ad-
visable, subsequently to test a typical aireraft joint
in a similar way and for this purpose a 24 S-T

Alelad riveted lap joint was chosen. However,
now the mean stress was kept constant, whereas
in ref, 33 all tests were performed at R=0
(minimum stress zero). A constant mean stress
is more realistic with respect to aectnal service
loading. '

The cumulative-damage tests were of a very
simple nature. Only two different stress ampli-
iudes were nsed in one test. Simple load sequences
were thought negessary to obtain a clear picture
of the cumulation of fatigue damage. Furthermore,
with the results the well-known linear cumulative-
damage rule was checked although in ref. 33 it
was already stated that this rule has no general
validity. S ' .

The results of the present investigation are com-
pared with the results of other investigations. This
necessitates a literature review and it turned out
that a fair comparison is quite diffieult owing to
the areat variety of tesi programs. Nevertheless
it has been tried to establish some general trends
of eumulative damage in precipitation. hardening
light alloys. Taking account of these trends and
of our knowledge of the fatigue phenomenon the
cumulative-damage concepts, published by differ-
ent authors are discussed. Since it turns out that
insufficient rational back-ground for any eumula-
tive-damage rule is available..some proposals are
made to clarify the gaps of our knowledge. |

The significance of the reviewed test data ?or
the practical fatigue testing and life estimatlop
of complete aireraft structures is considered and
some suggestions for ad-hoe Tesearch on-this sub-
jeet are given. ) S

For the literature review valuable réferences were
received from Dr. Gassvgr, Dr. Hivwoop and
Prof. SmavrEy, which is gratefully acknowledged
here. )

This researeh was conducted under the auspices




of the Air Research and Development Command,
United States Air Foree under contraet no. AF
61(514)—812, through its Kuropean Office at
Brussels.

2 Nomenclature and notations,

Fatigue curve = S-N curve = Wahlercurve.

Fatigue diagram = Smith diagram modified
Gfoodman diagram. .

Fatigne limit = BEndurance limit — 8;.

Load range A Stress range = S, = 8.

Cumulative damage test — Fatigue test with vary-
ing load range.

Fatigue test in which the load
range is varied once, First the
pre-stress and then the test
siress is applied.

Two-step test

.

H-L test = Two step test in which a high
pre-stress is followed by a low
test stress, ,
L-H test = Two step test in which a low

pre-stress is followed by a high
test stress.

Fatigue test in whieh the load
range varies periodieally, step-
wise or continuously, each period
being small with respect to the
endurance,

Spectrum test in which only
two different load ranges are
employed.

Pre-loading: One high preload is applied before

the fatigue test (test loading).

Cyelic pre-loading — H-L test.

Spectrum test

Interval test

Cyele ratio = 1-%—

fn Number of load cyeles,

I

Hy ” 1t » b at pre-stress (t“ro

step test).

", = " s e » at test stress (iwo

step test).

fy = " o a ,»  athigh stress range.

ng, = 5 »  at low stress range.

N = Endumnce (suffixes 1, 2, H and L are
used in the same way as for a)

N' = Enduranee in a spectrum test.

8 = Btress (all stresses, if not specified other-
wigse, are nominal stresses in the net sec-
t1con)l :

Yuin - — Minimum stress in a load eycle.

max — Maximum siress in a load cyele or in a
spectram test.

Sw = Mean stress in a load cvele

S: = Stress amplitude. ,

S;y = High stress amplitude in a two-step or

- interval test. .

8,; = Low stress amplitude in a two-step or
interval test.

S; = Fatigue limit = cendurance limit.

SO.2 = Yield stress.

8, - = Ultimate stress.

R — min

Stress ratio—=

™ax

18

v = radius.
ki == theoretical stress concentration factor.
i = Standard deviation.
In general the dimensions are given in metrie

units (mm; kg/mm?), In the text the English
equivalents are given in inches and kips (1000
p.si} between brackets. At the bottom of the
tables and figures conversion factors are given,
it neeessary.

1 mm =— 0.04 inch.

1 inch = 25.4 mm,

1 kg/mm? = 1.422 kips = 0.635 ts.i

1 kips = 0.703 kg/mm?

1 tsi = 2240 kips —= 1574 kg/mm?

3  Test procedure.
3.1 Mmteﬁa-l, specimens and static tests,

The material used for the specimens was 24 8-T
alelad sheet with a nominal thickness of 0.8 mm
(0.032”). The sheet thickness of eaech specimen
was measured accurately within 1/100 mm. The
sheet material was obtained from two manufac-
turers: the Vereinigte Leichtmetall Werke (VLW)
and the Nederlandse Aluminium Maatsehappi
{(NAM). From both sheet materials normal tensile
test specimens were tested by the Royal Nether-
lands Aireraft Factories Fokker, the manufaeturer
of the specimens, to determine the mechanical
properties, These properties were found to be

24 S-T ulelad from NAM:

Soz = 34.9 ke/mm® (49.6 kips)
=445 , (632 )
Llong = 134 %.

24 8-T alelad from VLW:

Sos = 344 kg/mm?* (48.8 kips)
8. = 46.9 ’ {66.6 ,, )
Elong, = 16.6 %.

One type of riveted joint was used, a simple
lapjoint with two rows of eight rivets each, see
fig. 3.1. The rivets were of the brazier type of
178 material. The specimens were manufaetured
hy Fokker according to common workshop practice.
This includes the following features: The diameters
of the holes and the rivets were 3.1 and 3.0 mm
respectively (ahout 14 inch). After drilling the
holes the burrs were removed. The snapheads were
made by pneumatie rivet hammers with a flat head
at 3600 blows per minute.

The material of the rivets was 17 8, according
to Fokker specification 5.812. This includes a
chemical composition of: Cu 3.5—4 % ; Mg 04—
0.9%; Mn 04--0.7%; Si <07%; Fe <0.7%;
Ti < 0.39% and the remainder Al. The minimum
nltimate shear stress was 25.2 kg/mm? (35.8 kips).
The rivets were solution heat treated at 495°C
+ 5°C during 20 minutes and quenched in cold
water. The riveting occurred within two hours
after guenching,

In the ends of the specimens holes were drilled
for clamping purposes (sec fig. 3.1). The specially
designed grips were also used in provious inves-
tigations as given by rvef. 17.




Tension tests were exeented on two Specimens
in an "Amsler hydraulic tensile testing machine.
The ultimate loads (shearing of the rivets) were
3630 kg (8004 lbs) and 3640 kg (8026 lbs). The
mean corresponds to a stress of 33.7 kg/mm® (47.9
kips), hased on the eritical net section of the sheet.

3.2 Fatigue machines and fafigue tests,

The fatigue tests were rum on a4 10 tons Amsler
high-frequency pulsator which is an electromagnetic
type of resonance machine (see fig. 3.2). The
frequency used was 6000 ¢/min.

When a fatigne erack hag propagated suificient-
ly in a specimen, the resonance frequency of the
loading system deereases. The machine is no longer
adapted then to the fregueney and switehes off
antomatieally. That moment was considered as the
end of a test. The specimens were not completely
fractiired hut a well defined crack was visible. As
the maximum load in the fatigue test did not ex-
ceed 2000 kg (4409 lhs) a 2 tons dynamometer
wag used in the machine.

Two test programs which were quite similar
were performed ; one at a mean stress of 9.0 kg/fmm?®
(128 kips) and the other at a mean stress of
7.2 kg/mm? {10.1 kips). 8, =9.0 kg/mm? corres-
ponds to an ultimate load factor of 3.75 with
respect to the static strength. 8, =72 kg/mm?*
corresponds to an ultimate load factor of ea. 4.7.
A lower value of 8, was avoided as then com-
pressive forees in the fatigue tests had to be used,
which would have neccessitated a speeial arrange-
ment for preventing buckling,

At ecach mean stress only two different stress
amplitudes were used. Bach test program consist-
ed of H-T. tests, T.-H tests and interval tests (sec
chapter 2 for nomenclature). A number of differ-
ent eycle ratiog were emploved in all types of tests.

To a eertain extent the test program was similar
to the program of ref. 33, in which unnotched and
notehed specimens were used. Howeaver, in ref, 33
all tests werc performed at =0 whereas now
all tests were performed at a constant mean stress.
This was thought more realistie with respeet to
aireraft loading.

The main purpose of the test program was to
verify the linear cumulative damage rule:

g Mo
7, =1.

Further the interaction of two different stress
amplitudes applied in one test could bhe studied.
In this way it was hoped to gain some understand-
ing of the cumulation of damage in a common air-
eraft joint, becanse in ref. 33 it turned out that
the linear eumulative damage rule did not possess
general validity,

Four spare specimens were given a high pre-
load of 22.4 kg/mm? (31.9 kips) and then fatigue-
tested at 7.2 = 3.2 kg/mm? (101 = 4.6 kips).

4 Results and discussion of the normal fatigue
fests.

Table 41 and fig, 4.1 give the results of the
normal fatigue tests. The mean of the endurances
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as well as the standard deviations have been deter-
mined logarithmically. This is more adequate as
several investigators have pointed out; see for
instanece refs. 8 and 38, For the tests at a mean
stress of 9.0 kg/mm? (12,8 kips) 20 specimens were
used for each stress amplitude. This number was
thought necessary in view of the seatter which is
inherent to the fatigne phenomenon, In fig. 4.1
a comparison with the results of ref. 24 for the
same type of specimen has been made. The results
of ref. 24 were obtained with a different type of
fatigue machine and a lower test frequeney; for
details see fig. 4.1. The present results are slightly
hetter hut still the agreement is good. Moreover
it turned out that the scatter in the fatigue tests,
was quite low. For these reasons a numhber of
10 specimens for each stress amplitude at the mean
stress of 7.2 kg/mm? (10.1 kips) was considered
suffieiently high. '

To check whether a normal! logarithmie dis-
tribution eurve is valid here, the results for the
tests at a mean stress of 9.0 kg/mm? (12.8 kips)
were normalized

logNi—log N

o8

oi = (6:=1,2,3...20). (41)

The average probability of failure at the endurance
N; may be denoted hy

i

P= 4.2
=T (4.2)
m = numher of similarly tested specimens.

In fig. 4.2 P; is ploited against y:. A normal

distribution should give the straight line given in
the figures. It may be concluded that indeed a
normal logarithmie distribution may be a good ap-
proximation in the range of probabilities of failures
considered here but it ecan not he said whether this
approximation is reliable for very low values of
the probahility of failure whieh is a rather im-
portant range with respeet to providing some
margin of safety, ;

The “extreme value distribution funection” as
proposed by Freupenrian and Gussrl (ref. 10)
is eertainly more realistic as it assumes 8 minimum
life for which a probability of failure is zero.
This distribution has not been considered here as
the sample size is too small to diseriminate between
thig distribution function and the “log-normal dis-
tribution funetion™.

The scatter in the results is extremely low for
fatigne tests. To illustrate this point o/ logN
has also been given in table 4.1. Im ref. 47
WrBULL, testing 1088 flat 24 S-T Alelad speci-
mens with two drilled holes, concludes that the
shortest Tife, even in a not very large sample, may
he expected to be about 1/, of the average life.
For the results in tahle 4.1 this value is about
2/, or higher. Probably the small secatter has
mainly to be attributed to the type of speecimen.
The riveted lapjoint has eight rivets in each line.
So the specimens may bhe considered as consisting
of eight specimens. The weakest one will deter-




mine the endurance and so the chanee of obtaining
high endurances will be reduced, This reasoning
has also been advanced to explain a small scatter
in the fatigue life of complete structures.

From table 4.1 it may be seen that there is
more scaifer at the lower siress amplitnde than
~at the higher stress amplitude. This generally
recognized feature is more evident at Sp==9.0
kg/mm? (12.8 kips) "than at S»=—7.2 kg/mm?
(10.1 kips).

5 Resulis of the cumulative damage tests.

In the tables 51, 5.2, 5.3 and figs. 5.1 and 5.2
the results of the two-step tests and the interval
tests are given. The type of test is denoted sche-

matically, In the figures 2 is ‘plotted as a

horizontal line, each line representlng one: fest,
For the twu-step tests the beginning of the line
corresponds to the end of the prestress and the
end of the line corresponds to the end of the test.
(Only the latter applies to the plotting of the
resulis of the interval tests).

As mentioned in chapter 3.1 for the tests with
a mean stress of 9.0 kg/mm? (12.8 kips), specimens
of VI:W sheet material and NAM sheet material
were used. Only a small number of these tests
were performed with specimens of NAM sheet
material. The results of these tests are indicated
by dotted lines in fig. 51. For those tests which
allow a eomparigon it would seem that the VLW
material is slightly better. If the results obtained
with the NAM material are omitted, the mean
results are hardly affected, however. For the tests
at Sn="172 kg/mm? (10.2 klps) only NAM mater-
ial was used.

One of the most remarkable features ahout the
results of the two-step tests is that the mean

values of S—% deviate so little from unity for hoth

N
mean stresses used. As these two mean stresses
(9.0 and 7.2 kg/mm* A 128 and 102 kips) do
not .differ very much it is not unexpected that

the restilts of both.iest programs show a similar

charaecter.

Slnce the " deviations of the I -ﬁ valueq from
unlty are small they do not reveal any systematlc-
al .rclation and for the two-step tests the linear
eumulative damage rule seems to be a good ap-
proximation. It is more or less surprising to notice

;\1’;. the mterval tests 13 not mueh, but
still noticeably beyond unity. The lowest value
was obtained  for Sy = 9.0 kg/m? (12.8 kips),

. \ .
2L 010 and TH =10.03. However, 5 of the
N[}' - N H
10 specimens tested were of NAM material, which
ig believed to-give somewhat lower fatigne resulis.

If these specimens are omitted the mean value of

by N for the remzumng 5 SpeCImen.S bhecomes 1.32.

The mean resulis-are once more sutnmarized below :
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t Sm =272 kg/mm? \

Ry, Ty Ny, Ny n !
N o . % | W | 3w
005 | 0.05 0.61 0.61 J 129
0.10 0.03 125 | 038 163
010 0.01 145 015 1.60
0.20 0.01 1.87 0.09 1.96 .
0.05 0.01 153 0.30 1.83
8 =9.0 ke/mm?
}

| - Ny Ny, Ry l’t
N, ‘ N. | W, ‘ SN,, 2y
005 | 0.05 0.66 0.65 131
0.10 i 0.03 102 | 030 1.30

N AM specimens omitted

These results hardly reveal any trend with respeet
to the effect of the cyele ratios at the high and the
low stress amph‘mdes If the tests are cunsldered as
h‘uvue tests at the low stress amplitnde which are
periodicalty Interrupted for applying a bateh of high-
er load-cyeles, the effeet of the latter is a slowing
down of the idtwue rate at the low stress amplitude.

b E—>1 except for —'-f—UUo

H
suttl( iently high to, add a suhst,fmtml damage .in-

This value was

erement, The smallést value of ELNL is 0.01 and

H

give.éqthe highest values of = T The effect of
L

the frequeney of the bateh of high loads does not
turn out in some clearly defined v's:av Tt ig remark-

able that for —& =020 and —+- = 0.01 the high-
N, N "
est endurances are obtained. ) .
In table 5.1 the results for four pre-loaded spe-
cimens tested at 7.2 = 3.2 kg/mm2 (102 + 4.6
kips) are given. The pre-loading consisted of ap-
plying a load of 2/, . 8, (22.2 kg/mm? A 31.6 kips)
to which an endurance of ca. 20000 load eycles
(at mintmum load zero) corresponds (sec ref. 24).
After this pre-loading the stress returned to zero
and then the-fatigue test started, giving the results
at the hottom of table 5.1. The mean endurance
obtained then was about one and a half times the
original value given in table 41. Although the
pre-load was fairly high, the gain of endurance is
still moderate.
Some more comments on the. cumulatlve damaoo
tests. are given in chapters 6 and 7, ,
Also in the cumulative damage tests the Seatte1
is not large. No systematical variation as a fune-
tion of the pre-stress cyele ratio could he observed,
The distribution of = l—g— has not been eonsider-
ed. Also for cumulative damage tests the proba-
hility of failure may he approximated by relation




In ref 33 it was remarked that for the
— the values of N, and N, with

the same pI()bdbﬂlTV of failure as that of the test
result itself could be used. This has been proposed
by LEVY (ref. 26) as a method to obtain more
information” from apparently similar tests. Lmvy
postulates that a specimen with a certain proba-
bility of failure, determined by performing many
ilentical fests of a certain type wounld have ob-
tained the same prohability of failure in other
fatigue tests of the same type but different loading
program. He rcasons that fatigue is a rather
Toealized phenomenon and local weak spots which
initiate " the fatigue’ erack remain weak under all
cireumstances. Lrvy applies this to two-step tests
for deriving the relation between the pre-stress

. He performs 20 tests at the

low stress '1rnphtude {Sa.,), 20 tests at the high
stress amplitude (Say) and 20 L-H tfests wfch
400.000 pre-stress load eyeles (n,) at Se;, and ng
laad oyeles at the test stress San. So the L-H
tests were meant to he identieal {all have the samec
mumber of pre-stress load eyeles). Owing to seatter
different values for ny are obtained. The results
arc then arranged in increasing order.

(42).

caleulation of .3

evele ratio and E
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The pre-stress cyele ratio (line d) thus obtained
is different for all tests and since the seatter in N,
was quite large the pre-stress cyele ratio ranged
trom 0.10 to 0.91 and covers almost the entire range

(0 to 1). Combining line d and line £ gives I %
" Y
. W, .
as a fanetion of ——
f
R

Jf this method of treatine the test results werce

correct the results of = 1% would he hardly affeet-

ed by scatter. Scatter would only originate from
slight deviations from relation (4.2}, which are
possible if a limited number of specimens is used.
However, WemurL {ref. 46) has shown that this
type of scatter will be rather small for 20 identical
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tests. So indeed more information from 20 ap-
parently identical tests is ohbtained than by eon-
sidering only the mean values of N, Ny and ny.

To LEvy’s principle and its application to test
data two objections may be raised.

(1) Tt is thought to be incorrect to assume
that a speeimen will have the same probahility of
failure, regardless of the type of load program to
which it is subjected. Probably it may be correct
for conventional fatigue tests, but it will net hold
for each type of eumulative damage test. An ex-
ample may be a two-step test in which a strength-
ening effect of the pre-stress may be obtained,
which is the more the higher the pre-stress eyele-
ratio amounts. This involves that after applying
a cortain numhber of pre-stress cyeles to a weak
and a strong specimen, the original weaker one
may have become the stronger one with the lower
probahility of failure. Also in spectrum tests with
periedic high load eveles, the latter will level out
the differences in weakness, thus affecting the
probability of failure.

{2) The second reason is that Luvy’s pmnelple
implies the assumption that weak and strong speci-
mens endure cumulative damage in the same way.
This ean neither he proved nor disproved and only
an cxperimental check may answer this question.
The results of the present investigation do not
offer eonclusive test material. ‘Lmvy’s treatment

heecome

higher and the higher values become 1ower ‘For
the present investigation this means that all resulis
remain aboiit nhity. However applying the method
to tests with resiilts differing considerably from
unity, such as the H-1: tests on the notehed speei-
mens of ref. 33, showed that for these tests this
prineiple can not he "valid, as conflicting results
were obtained.

Hiowever the value of ref. 26 is that it has drawn
the attention to the faect that averaging the results
in a way as done in table 5.1 and 52 (H-I. and
I-H fests) actually implies an averaging of results
of specimens which received the same number of
pre-stress load-cyeles, however not, the same degrec
of damage.

. : "
involves that the lower wvalues of 2—

6 Comparison with the results of other investi-
gations,

Several decades ago, realizing that many strue-
tural components in practice were subjected to
stress amphitudes of variable magnitude, it hecame
eledr that normal fatigue tests did not provide
any direet information on the service endurance
of sueh components.” The ‘phenomenon, now called
“enmulative damage in fatigue” was recognized at
that moment and sinee then, numerous experiments
have been performed to investigate this pheno-
menon. The first tests’ were conducted with steel
specimens and things lke training and coaxing
weére ohserved. Similar tests on light alloys showed
that éumulative damage for this material may be
qmte different. Meanwhile the problem of fatigne
in aireraft struetures became more urgent and so
at several laboratories investigations were started



to establish general trends of cumulative damage
in light alloys. These tests may be subdivided in
three types. At first tests were performed to study
the interaction of two different stress levels.
Secondly there were tests, the main purpose of
which was merely a checking of the linear cumula-
tive damage hypothesis. The tests of the third type
are spectrum tests in which a load speetrum was
used that imitates the actual service leading. The
first two types may be considered as having some
basie significance. The latter one, supposing that
ne endurance in practice could be derived from
the usual 8-N curves, had a direct practical purpose.

The investigations yielded different trends. While
one investigation showed that a life prediction with
the linear cumulative damage rule was on the safe

side (2 1? > 1) the other one showed the op-
L
posite. Now it should be recognized that fatigme

tests may be performed in quite different ways,
thus introducing the possibility of different results.
Two main peints in this respect will be mentioned
here. Some investigators use unnotched specimens,
while others use notched specimens. Secondly a
numher of test programs has been conducted as
rotating heam tests, while other ones were axial
load tests with a mean stress unequal to zero. It
therefore seems worthwile to compare the most
important investigations, trying onee more to
reveal- some general trends and to indicate the
gaps of our knowledge. For this purpose a number
of investigations will be summarized here. This
implies a literature review and it may he quite
possible that a number of investigations escaped
the atiention. This survey will be restrieted to
light alloys and more in particular to the Dreei-
pitation hardening light alloys, which actually
means alloys of the type Al-Cu-Mg (24 S-T) and
AlLZn- Mg (75 3- T) The nomenclature which will
be used is given in chapter 2. Pirstly the axial
Ioadlng tests will he deseribed, after that the rotat-
ing beam tests and finally- the tests in which one
high preload was applmd Moreover the investiga-
tions will be diseussed in a more or less chrono-
logical order. However these sequences are not
always maintained strietly.

Giassnvrr has recommended the spectrum tests
_since 1939 (ref. 11 and 14) and he performed many

of these tests The resulis were not published in
terms of 3 j"V . However, GASSNER reports that in

general the results disagree with this linear eumula-

tive damage rule and that this rule may be on the

unsafe side. Gasswrr’s work will be discussed to
some further extent in chapter 9.

Hevrr *) (ref. 19) investigated the effect of
eyclie pre-stresging on the 8-N curve and more in
particalar on the fatigue limit. His results are
summarized in figs. 6.1 to 6.5.

Fig. 6.1 illustrates the influence of cyclic pre-
stressing at R=0 and different cycle ratios of
the pre-stress on the fatigue limit at BR=0 for
two types of light alloys and for lugs and bars

*) In general HEYER did not give detailed resplts. Alse
the mumber of tests performed was not mentioned,
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with a sharp circumferential groove. The trend
of all these figures is the same, i.e. the fatigue
limit is raised considerably by a high cyelic pre-
stress. Moreover one figure shows that the rise

. is the higher for higher magnitudes of the pre-

stress. Ome noteworthy feature in all these dia-
grams is that the maximum increase of the fatigue
limit is not obtained after one pre-load eycle but
a steady inerease is found the longer the pre-stress
Tasted. The maximum effeet is obtained at a pre-
stress cycle-ratio of about 0.50.

The rise of the S-N eurve after eyelic pre-loading

1) -
is shown in terms of 2 zj\,— in fig. 6.2. The tests

of this type are actually iwo-step tests of the type
H-L tests. Four cycle ratios were used, viz. #y =—1

load eycle and % —0.05, 050, and 080, All

H
values of 2 5\17 are higher than unity but again

the effect at %’— = 0.50 is mueh more pronounced
i

M 005, Th
N ¢

is smaller for the higher test-

‘rhan for ny, =1 load cycle and

. N . 2 n
inerease in I &
stresses (smaller differences between pre-stress and
tost-stress) and larger for higher values of the pre-
stress (larger differences between pre-stress and
test-stress).

Tig. 6.3 illustrates how the fatigue limit is
affected by cyelic pre-loading at a stress amplitude
of = 6 kg/mm?* (8.53 ¥ips) and different values
of the mean stress. Also for the fatigue test a
number of mean stresses were used and the results
are presented as a fatigue diagram. Tt turned out
that the higher the mean-stress of the pre-loading
the more the fatigue limit was raised. This hene-
fietal influence decreased at higher mean values of
the test stress. Cyelie pre-loading with a negative
mean stress. (— 6 kg/mm* A — 853 kips) hardly
effected the fatigue limit.

Fig. 6.4.shows once more the rise of the fatigue
Yimit at different mean stresses for lugs, caused
by a high eyclic pre-stress. Three values for the
pre-stress eyele ratio were applied, viz. 0.05, 0.50
and .0.80. The rise in the fatigume limit is maxi-

mum at F =0.50. The rise decreases for higher
H

values of 8. The tension-compression side of the
fatigue diagram does not allow a fair comparison
as for this type of specimen the way in which
the load is transferred then is different at Smin
and Smax.

Fig. 6.5 gives the results of a number of spec-
trum tests on lugs. The test results were given
in flying hours and were not evaluated in terins

of 5 % The spectrd applied are schematically
indicated. It may be seen that the first tests were
conventional fatigue tests and in the following
tests more stress amplitndes were added, which
did not lead to a decrease of enduranee but on
the eontrary an important increase in life was
ohtained. This elearly. illustrates the beneficial




influence of the higher stresses and X jn\r_ =1

would have underestimated the actnal endurances

_ here,

Hever has aldo tested a riveted joint and a spot
welded joint (one rivet or one spot weld in each
gpecimen). Tt turned out that also for these types
of speeimens a high cyelic pre-stress cansed a rise
of the enduranece limit. However the increase was
somewhat less pronounced and there was a eon-
siderable scatter in these tests. .

Results of Mmver (ref. 28) of two-step tests on
unnotehed 24 S-T Alelad speeimens are presented

in fig. 6.6. Positive mean-stresses were used. Pre-

stress cevele ratios ranged from 0.40 to 0.73. 3 %;—
did not deviate very mueh from unity and devi-
ations to hoth sides of unity occurred. The same
applies to some tests of MivEr in which three or
four stress levels were employved, the results of
which are not presented here,

Russern and co-workers (ref. 34), investigating
the fatigue strength and related characteristies of
aireraft joints, also performed a number of cummn-
lative damage tests on unnotehed 24 S-T Alelad
speeimens and riveted lapjoints of 24 S-T and
75 8.T Alelad with one and two rows of rivets.
A positive mean-stress (0.212 §,) was maintained,
The numher of tests was limited. The deviations
of unity in the results of 3 J—C; could be explained
hy scatter in the S-N eurve.

Wanarer  (ref. 45 performed two types of
spectrum tests. For one tvpe a gust spectrum with
a constant mean stress and for the other tvpe z
manocuvre load-spectrom with a eonstant minimum
stress was applied, see fig. 6.7. Notehed and un-
notehed specimens of 24 S-T Alelad and 756 8-T
Alclad were tested and a number of mean stresses
were employved, see fig. 6.7 and 6.8. In general,
the results for the unnotched specimens are lower
than for the notehed specimens. Moreover, they
do not deviate very mmuech from unity. In the
tahles of fig. 6.7 and 6.8 the endurance at the
highest stress amplitude applied js also given he-
canse this endurance indicates more or less the
severity of the highest stress amplitude. As an
average the results for notched specimens were
higher than unity hut values somewhat below unity
oceurred and sometimes rather high values of 3 %
were found. .

In these spectrum tests one or more of the low-
est stress amplitudes were below the endurance
limit. To study their effect WELLGREN omitted
these stress levels in a number of tests. For the
75 S-T specimens this resulted in somewhat larger
endurances, whereas for the 24 S-T specimens this
effect was not clear, as a lengthening as well as
a shortening of the endurance was found. Gtassyrr
{(ref. 11) noticed that, omitting the lowest stress

" amplitudes in spectrum tests gave a eonsiderable

inerease in life,

Grover and co-workers (ref. 15) performed two-
step tests of hoth the H-L and I-H type. A con-
stant mean stress was maintained. TUnnotched
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specimens of bare 24 8T and 75 S-T were tested.
The results are presented in fig. 6.9. Both materi-
als show the beneficial effect of high eyelic pre-
stressing and so far they are in agreemeut with
the vesults of Hevyrr (ref, 19}, However here the
benefieial influence decreases more rapidly as the
pre-stress eycle-ratio increases. Nevertheless, also
here for 75 S-T the maximum benefit is not ob-
tained after 10 load cyeles but at a higher number
of presiress eycies. The trend of the T..-H tests

is that ¥ == increases at increasing pre-stress eycle-
Fa

g
ratio in such a way that it secms that the pre-

. ) A .
stress wag in-effective (2‘ i 1+ —A-;‘:) ., this

heing more evident for 24 8-T than for 75 S-T.

Hawtmax (ref. 17) conducted some preliminary
two-step tests on riveted lapjoints of 24 8-T Alclad,
the same type of specimen as employed in the
present investigation. His results are given in fig.
6.10. The results of the H-I. tests are in good
agreement with the results of Hryer (ref. 19)
and (rovER and eo-workers (ref. 15). Also here
the beneficial effect of a pre-stress cyele ratio of
.26 is much higher than for one pre-stress cycle.
The I-H tests give a resul{ slightly below unity.

‘A testprogram somewhat similar to the present
investigation was eonducted by the authors (ref. 33)
on unnotehed and notched 24. 8T Alelad sheet
speeimens, sec fig., 6-11. An important difference
was that in ref. 33 the tests were performed at
I == 0, whereas now a constant mean stress is used.
Tn the H-L tests the unnotched specimens showed
@ higher endurance the longer the pre-stress last-

n .
ed, whereas in the T-H tests 3 v was slightly

helow unity for this type of specimen for all values
of the pre-stress cyele-ratio. These results are
different from the results of Grover and co-workers
(ref. 15). However, these investigators nsed much
higher stress amplitudes. :

Tn the H-T. tests on the notched speeimens a
considerahle inerease of endurance was obtained by
pre-stress cyele-ratios of 0.02 up to 0.25. (The

result for 2 0.05 i thought to be an exception
H
1.
which could not be explained). At Fvi == 0.50

M
the increase in endurance is reduced agamn fo a

n
large extent. The L-H tests gave X o values

stightly beyond unity. Thus the results of the
notehed specimens agreed more or less with those
of ref. 19, 15 and 17.

In the interval tests on the unnotehed specimens

the mean result for = 1—7\7}— was about unity where-

as this was about 1.8 for the notehed specimens. '

This shows that indeed the noteched specimens ex-
perienced some beneficial effeet of the high load
or in other words, the high load caused the lower
load to he more or less ineffective. In view of
the F-T, and I.-H tests the results of the interval
tests are mnot unexpected. Tt will be noted that
it is guite unimportant whether the interval tests
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are started at the lower or the  higher stress-
amplitude,

Svrrr and  co-workers  (ref. 3%} performed
numerous tests on unnotehed specimens of 75 8-T
Alelad and 24 8T Alelad sheet specimens (fig.
6.12). The mean stress was zero but alse a number
of tests were performed at a positive mean stress
(141 kg/mm? A 20.0 kips). Most tests were of

the interval-type. The 3 % values were in general

about unity or slightly below unity. Moreover, it
turned out that also here there was no noticeable
cffect of starting with the high or the low stress
amplitude which is in agreement with ref. 33. The
cyele-ratios of the intervals at the high and the
low stress amplitudes whieh were used in different
tests ralncred fmm high to low walues. Moreover
the ratio NH
These varlables dld- not affect the test results
noticeabiy. One exception must be made for the

- govered a large range of values.

tests with high values of — and ~= and thus
NH N{;

a small number of intervals. For these tests start-
ing at the higher stress amplitude leads to some-

what higher values of E ., giving a slight in-

dlca,tlon of the beneflelal influence of the high
stress amplitude. A number of H-I tests and T.-H
tests were performed only with relatively high
values of the pre-stress ‘eyele ratio. Also in these
testy there were no large deviations of 3 % =1,
but again the H-L tests gave somewhat higher
values than the L-H tests. Tn comparison to the
investigation of GrovEr and co-workers (ref. 15),
it is noticeable that here no benefit of a very high
stress, 8, =422 kg/mm? (60 kips) was ohtained

‘whereas in ref. 15 somewhat smaller stress ampli-

tude induced a marked increase in endurance. Two
differences in test procedure may explain this. At
first Smrra and co-workers (ref. 39} used for these
tests a mean stress zero whereas GrROVER and eo-
workers (ref. 15) used a positive mean stress,
Secondly in ref. 39 clad material was used whereas
in ref. 15 hare material was tested.

Smrrr and co-workers did not find any notice-
able influence of changing the mean stress from
zero to 14.1 kg/mm? {20.0 kips). The most im-
portant trend of this extensive test program is
that the deviations from = jvn_ ==1 were rvather
limited. To a eertain extent there is some agrec-
ment with the tests on the unnotehed specimens
of ref. 33.

WarLerEN *) performed a number of spectrum

tests at R==0 on notched 75 S-T hars. In this

spectrum he used fairly high stresses (0.75 8,)
and it was noticed that the experimentally deter-
mined endurances were much higher than the
calenlated ones. Introducing the statistical aspect
WinLGrEN ealeulated the endonranee with 8-N curves
for three probabilities of failure, 0.1, 0.5 and 0.9

*) Private communieation.
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The three endurances ealeulated were compared
with the experimental results of the same proba-
bility of failure. The results are given in fig. 6.13;
the endurances were expressed in loading periods.
Two cenelugions ave apparent from this figuve.
Firstly, the linear cumulative damage rule under-
egtimated the endurance to a large extent, In
the second place, the scatter in the test results is
much lower than the linear cumulative damage
rule predicts from the scatter of the conventional
S8-N. curves. The latter conclusion was al&;o report-
ed by Gasgwer (vef, 13}. _ A
For reagons of comparison the results of the
present investigation are summarized in fig. 6.14.
Some explanation is already given in chapter 5,
which ~will only briefly bhe repeated lere. In
genéral, the difference between hoth  mean siresses
used was not important. For the H-I: tests and

the T.-H tests the deviations of =

large. No appreciable strengthening cffect of the
high stress was found in the H-L. tests, contrary
to the rvesults of praviously discussed investigations.

Comparing the results of HarTMar (ref. 17)
with the present investigation (same type of speci-
fnenh) it is noticeable that he found a strengthen-
ing effect in the H-I. tests. However, the lower
stress a,mphtude in ref. 17 was lower and so nearer
the endurance limit, and a second reason which
is thought to he even .more important is .that’
H]AR’PMAN"{ tests were executed at R=0. So
changing over from the high to the low stress level
also implies that the mean stress is lowered.

An important feature of the results of the
present investigation is that the interval tests

%\1’7 —1 are not

gave 3 %;— values which were markedly higher than
uhity especially dt 8, =72 keg/mm* (10.2 kips).

In general, the axial loading fatigue tests were
performed on sheet specimens. The rotating heam
test speeimens, however, were almost always taken
from extruded bars.

Srckiry  (ref. 40) performed rotating beam
tests on 25 8-T unnotched spedimens. These were
interval tests. Based on a’ limited number of ex-
periments StickLEY suggested that if a high and
a low stress amplitude are applied alternately the
stress-cyecles at the lower stress-level do not affect
noticeably the fatigue.life at. the higher stress-
amplitude.

Dorax and co-workers (ref. 4), conducting an
exténsive testprogram on different materials, also
performed interval tests on unnoteched 75 S-T
specimens. The results are summarized in fig. 6.15.
For a part of the tests, the lower stress amplitude
was below the endiiranee limit. It ean be seen that
these tests do not ‘suggest that the lower stress
eveles are ineffective. Tt was not easy to derive
gome general trends of the results as they do not
vary systematically. For S, =4.1 kg/mm* _§5.88 .

kips) the highest values for E% were. ohtained.

Dot.ax and Browx (ref. 5) performed rotating -
beam 'tests on the same unnotched specimen as used
in the previously discussed testprogram. Two-step




tests with a test stress of 24.6 kz/mm? (35.0 kips)
and three values of the prestress, 31.7, 28.1 and
21.1 kg/mm? (45.0, 40.0 and 30.0 kips) were exe.
cuted for some values of the pre-stress eyele-ratio.
The seatter in these tests was unexpectedly high,
but a large number of tests allowed some quali-
tative eonclusions.

# o
In general, 3 & Was somewhai beyond unity in

the T-H tests and somewhat below unity in the
H-I, tests. These results disagree slightly from
the axial-loading tests on 24 8-T of Syrre and co-
workers who aiso used a mean stress zcro.
Cortr, Sweramr and Dornan (ref. 3} eontinued
the previons testprograms also using unnotehed
specimens of 75 S-T6. To be sure that scatter
would not prevent conelusions, the normal fatigue
tests were repeated many times whilst the interval
tests, see fig.. .16, were performed 20 times each.
From the table in fig. 6.16 it may he seen that
some values for the high and the low stress am-
plitude were used and moreover . different values

- - )
for the cyele-ratio’s were chosen. Values of =2
. . N

well helow unity and well bevond unity occur. The
rutio of the eyele-ratio’s of the high and the low
stress scems to he quite important. This conclusion
disagrees from the work of Syrre and co-workers
(ref. 39). v

Nsmrmara and Yamapa (ref. 30) eonducted rotat-
ing beam tests on unnotched specimens (¢ 9.0 or
10.0 mm) and specimens notched by a groove of
2 mm radins. Amongst the materials used way
duralumin (the type was not specified). In these
tests the stress amplitnde was varied sinusoidally.
Various values for the minimum and maximum
stress amplitude were nsed. No detailed results
arc egiven but it is reported that a good agrec-

) n. .
ment with % yid =1 was obtained.

Similar tests on unnotched 24 S-T4 specimens
were performed by Harprata and Urney (ref. 16).
They used two types of speetra, a sinusoidal and
an exponential one. Different values for the mini-
mum and maximum stress amplitude were used.
The results of X J—\T;
6.17. In general, the mean values wore helow unity
whieh is somewhat more evident for the exponential

are given graphically in fig.

speetrum. In thése tests the overall mean of X f\i,

was 0.62 as against 0.92 {or the sinusoidal speetrum.

FreEopeNTAL (ref. 9) also performing spectrum
tests used a specially designed fatigue machine to
apply the loads in a randomised sequence. Faeh
stress amplitnde was maintained constant for 10

load cycles. .The next stress amplitude was ehosen -

in some random way. Nevertheless the sumfrequen-
cies of the six stress amplitudes, which were used,
were in accordance with a planned load speetrum.
PreEUDENTHAL used four different load spectra, see
fig. 6.18, in which the results of the spectrum tests
are also given. For thres spectra 3 3—1, is well below
unity. Only for speetrum A, with relatively less

= 22195, which is

high and many low loads = 7
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opposite to the results of HarpRara and Uriey,
where the tests with relatively many high loads
gave higher values of 2 n/N.

Marco and Srarxuy (ref. 27) performed rotat-
ing heam tests on unnotched specimens of 76 8-T 6
with stepwise inereasing or decreasing stress ampli-
tude. The results are given in fig. 6.19. The dif-
ference hetween both types of tests is evident. The
first one gives values of % n/N ~ 1.5 whereas the
second one gives values of 3 /N somewhat below
unity. Among these tests there were also a number
of two-step tests, and the resulfs agreed qualita-
tively with the conclusions of Dovan and Browx
{ref. 5). '

Tt will have heen noted that in almost all thesc
rotating-heam test programs only unnoteched speci-
mens were used.

If one high pre-load is followed by a convention-
al fatigue test, it is more or less questionable
whether this should be called a cnmulative damage
test. But as this type of test is thought to be
informative in this respect it is stil) discussed here.

Forresr (ref. 6) stndying the influence of in-
ternal stresses in rotating  eantilever-heam speeci-
mens, pre-loaded speeimens with a rather sharp
noteh to a very high stress and noticed a consider-
able inerease in fatigue strength, see fig. 6.20.
Torpysr also investigated the effeet of internal
stresées formed by quenehing and cold work by
a sinking pass, the first giving eompressive internal
stresses and the seeond giving tensile internal
stresses. The first treatment turned ont to he
henefieial whereas the second one was detrimental,

Similar results as obtained by TForREST were
veported by TRosenrial and Swves (ref, 32) for
61 ST and by Temeum (ref. 43) for 75 S-T.
Moreover, in these experiments the detrimental
effect oF residual tension stresses obtained hy eom-
pression pre-loading was also shown.

Brevyerr and Baker (ref. 1) have tested un-
notehed sheet speeimens in bending at B = 0.
Positive as well as negative pre-loading was ap-
plied. The results are shown in fig. 6.21. At the
higher test stresses the efféct is not evident hut
at the lowest test stress the difference hetween
positivé and negative pre-loading is elear.

Krerrr and Pavwe (ref. 22) have tested p large
number of eomplete wings. Some wings were pre-
loaded hefore fatigne testing. The results are given
in fig. 6.22, from whieh it can be seen that high
nre-loads may give a considerable increase in life.
The higher the maximum stress in the fatigue test
the less is the inecrease in life.

An extensive study was reported hy Hrywoob
(ref. 20 and 21). Fig. 623 gives the results for
unnoteched and notched sheet specimens. With the
unnotehed specimens no noticeable increase of life
could be obtained, even by rather high pre-loads.
For the sheet specimens with a transverse hole, a
moderate increase in life was obtained. Also here
this inerease was less in fatigue tests with the high-
¢r maximum stress,

Pig. 6.24 shows.the results for a number of dif-
ferent types of notched specimens. The effect of
the pre-load on the endurance is illustrated by



plotting horizontally the relative increase of the
endurance and plotting vertically the pre-load
stress divided hy the yield stress (8q51). Also
compressive pre-loading was employed, The gener-
al trend of these tests is elear and agrees with the
results of the previously diseussed test programs
of this type. Also MEevwoop fonnd an important
decrease in life, eaused by compressive pre-loading.

To these pre-load tests Heywoop added a number
of the following {ype of tests. A conventional
fatigue test was interrupted at given moments for
applyving a high load, see fig. 6.25. In this figure
the curve, representing the mean result of fig 6.24
is also given. Tt turned out that a periodieal ap-
plication of high loads is much more effective than
one high pre-load. This was aiso true for periodic
high ecompressive stresses.

A limited number of tests was perfm—med with
10 high pre-load cycles instead of oné high pre-
load. This seemed to he more effeetive than one
high pre-load, which is in agréement with previous-
ly diseussed axial-load tests.

7 - Discussion of the reviewed test data.

In this chapter the diseussion considers the mean
results of fatigue tests and the scatier will bhe
regarded only ineldentally. In general the signi-
ficance of a testprogram inereases if each fest iy
repeated many times. However also then inhomo-
geneity of the material tested may affeet the
results in some unknown way. Whereas inhomo-
n'enelty eannot ‘always be avoided it should he re-
commended "that sampling the specimens should
oecur in snch a way that inhomogeneity may he
teeognized from the fatigue test results.

The experimental results presented in the pre-
vious chaptér clearly show that the linear eumula-
tive damage rule has no general validity and even
in many eases does not provide a good appromma-
tion. Another striking featurc of the previons
chapter is the large va.riability of the testprograms
which were performed by different investigators,
The purpose of this chapter will be to evaluate
the eommon characieristies.

Two affeets are evident from the e‘(pemmental
results, viz.

fl) A high preload may have a 00n31derable
effeot on the endurance at lower loads.

{2} COyelic pre-loading ean give a greater im-
provement of the endurance at lower loads
than a single pre-load.

The first effect is rather evident for notehed
specimens and has heen known for long. In general
it is explained hy internal stresses, caused hy loeal
vielding during the high pre-load (see ref. 6 and
20). These internal stresses can be heneficial or
harmful, dependent on whether they lower or raise
the mean stress. In redundant structures a high
pre-Joad will also produce a load redistribution
which may effect the fatigue resistance (ref, 20),

Tt is not so easy to understand why eyelic pre-
loading may give a larger henefit than a single
predoad. In ref. 33 it was reasoned that eyelic
pre-loading will cause eyclie slipping. This is not
localized to the initial set of aetive shp planss but
it will extend to adjacent slip planes. Microseopie-
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ally a broadening of the slip regions has been ob-
served (ref, 2). Therefore, the state of the crystal
strueture left after eyelic high pre-Joading will be
different from the state after one high pre-load.
The cyelic strain-hardening may induce a higher
fatigue resistance than a single deformation of a
metal. Tt is quite remarkable that Hrver found
that a cyelie pre-loading until 80 % of the en-
durance at the high pre-load still results in a marked
improvement of the endurance at the lower fest
load, whereas at such a high preload eyele-ratio
microeracks were certainly formed and probably
small eracks might have been wigible,

. Another remarkable effect is that even wunoteh-
ed specimens show an improvement in the faticue
cnduranee by high pre-loading. In this respect it
may be noied that Hevywoor did not find a notice-
able benefit hy one rather high pre-load (see
fig. 6.23) whereas the present authors ({ref. 33)
and Grovir and co-workers (ref. 15) found a
henefieial influence of eyelic pre- loading of un-
notched specimens. Also in unnotehed specimens
a high load may induce a stress redistribution on
a microscopical seale, hecause a number of erystals
will deform plastically, leaving the material after
nnloading in a state which is mieroscopieally not
stress-free. In ref. 33 the pre-load was not high
{N,=200.0000 and a moderate inerease in en-
durance at the test-stress was found, see fig. 611
Tn vef. 15 the eyelic preload was mueh higher
and the improvement of the endurance was ‘eon-

siderahle at 1;—’-:0.10, see fig. 6.9. At higher

1
vahies of the pre-stress eyele-ratio the improvement
deereased again. :

Forerst (vef. 6) has shown that unfavourable

internal stresses may he relicved by a high pre-
load and this also applies to unnotehed specimens,
However for alleviating or building up internal
stresses one pre-load should he sufficient and thus
it. remains to he explained why ecyclie pre-loading
may be more effective than one pre-load.
- From the foregoing it will be clear that our
knowledge of the fatigue phenomenon shows a gap
here. The damaging effect has heen identified by
microcracks and cracks and the beneficial effect
may partly be explained by the building up of
internal stresses. Buf. about the strain-hardening
and the internal stresses which remain localized
around the tip of the growing microcracks during
the fatigue test little iz known.

A number of interesting tests has heen executed
hy Hiywoop (ref, 20). He compared the ‘effect
of a single high pre-load with the effeet of perio-
dically applied high loads. It was noticed that the
latter had a much heiter effect, see fig. 6.25.
Heywoop gives two possible explanations (1) The
internal stresses may decrease during the fatigue
test and they are restored again by the periodic
high loads (2)-Mieroeracks may have been form-
ed. Their growth will be retarded by the internal
stresses huﬂt up arcound these eracks hy the perio-
die high loads. Both reasons may be effective.

Tt is obvious that the henefit of high loads
will depend on the test stress (8, and Sm) From
fig. 622 and 6.23 it is elear that the higher the




load range of the fatigue test the less the henefit
of the pre-load will he, The results do not allow
to separate the effects of &, and 8, but decreasing
8. as well ag 8, will inerease the effeet. That this
also holds for the eyclic pre-loading may be seen
from fig. 6.1, 6.2 and 6.3 and by comparing fig.
6.10 with fig. 6.14. The heneficial effect was also
obtained in the speetrum tests of Huyur (fig. 6.5)
and Wirierey (fig. 6:13). Both explain this by
internal stresses formed at the highest stress am-

plitnde. In these cases = j—:’}— =
a safe life estimate.

If now the results of the present investigations
are studied as given in fig. 6.14 the following points
may he noted. A rather high preload 2/, 8.)
~ gives a moderate inerease of the endurance ai
72 = 32 kg/mm® (102 = 4.6 kips). By cyclic
pre-loading no notieeahle heneficial effect is found.

1 would have given

Nevertheless the interval tests showed I % values

well heyond unity. So there seems to he a differ
enee in results beiween periodie cyclie overstressing
and cyelie pre-stressing. The highest results in the
interval tests are found if the high stress lasted
relatively short and the worst results are ohtained
if the high stress lasted relatively long. This may
be interpreted in such a way that the high stress
cyveles have some hencficial influence hut if thev
are maintained longer, they also inerease the depth
of the (micro)cracks at a higher rate than this
oeeurs at the low stress amplitnde.

It would seem that in these interval tests some
agreement iy found with the resnlts of Hwvwoop
(fig. 6.25) who found that periodie high loads arc
more effective than one high pre-load. Now there
is a difference in the way of loading, illustrated
in fig. 7.1, which is self-explanatory. Tn the tests
of HEvwoon the high load may produee henefipial
internal stresses whercas the effect on the internal
stresses of a gradually inereasing stress amplitude
and afterwards gradually decreasing stress ampli-
tude is diffienlt to predict.

It may he noted that Formmsr (ref. 7) reports
a serles of preliminary tests in which no advantage
of preloading riveted joints could be obtained.
ForREST points out that riveted joints shounld not
he eonsidered to he simply notehed speeimens. The
riveting will have induced compressive stresses
around the hole. High pre-loads may loosen the
rivets which is unfavourable. Moreover, in rivet-
joints a part of the load is fransmitted by friction
which part may also be affeeted by hizh loads.
Freiting corrogion which is no exeeption in loosened

_Joints may thus be dependent on the load sequence.

Until now the diseussion was related to the effeet
of a high pre.load, high eyelie pre-loading, periodic
high loads and periodic high eyclie-loading. Now
the attention will be turned to the T-H tests which
are less numerous, For this type of test it is
thounght that internal stresses formed at the low
pre-stress are guite unimportant with respect to
the continuation of the fatigue process at the high-
er test stress, The same should be expected for
strainhardening cffects, At low stresses the miero-
eracks are formed at a relatively later stage (higher
n/N) than at high stresses. So for L-H test it
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should be expected that % n/N values are some-

, . "
what above unity to a maximum of ahout 1 + -2
. . . . . 3
and a minimum of 1. This is more or less con-

firmed by the L-H tests of GrovEr and co-workers,
sec fig. 6.9 and by the L-H tests on the notched
speeimens of ref. 33, see fig. 6.11. However the
fests on the unnotched specimens of ref. 33 and
to a certain extent the L-H tests of Smrra and co-
workers (fig. 6.12) and of the present investigation
(tig. 6.14) are in disagreement with this reasoning.

n .
They show values of I which are somewhat

below unity. The results are never very much
helow unity. These somewhat unexpected results
remain to be explained. Perhaps for the unnotehed
specimens of ref. 33 and 39 the faet that it con-
verns cladmaterial may have played a role.

The interval tests on unnotehed specimens of
vef, 33 and 39 agree very well. All values of
) 1—% were about unity or a little lower. There
seems to be little influenece whether an interval
test starts at the iow or the high stress.

The results of the interval tests on the notehed
specimens of ref. 33 and the present investigation
show = n/N values which are beyond unity. In
ref. 33 the high and the low stress amplitudes are
applied alternately for 5% of the eorresponding
endurances. As for these specimens the high pre-
stress had a marked beneficial influence it might
he expeeted that in sueh an interval test the low-
stress cyeles will be more or less ineffective which

then should give 3 %—:2. Now mn the tests
p % = 18, hecause as soon as a macroscopical
erack is formed the lower stress is no longer in-
effective. This eould he deduced from the oyster
shell'markings on the sturface of the fajlure. That
the lower stresses hecome less effective i3 also sug-
gested by the spectrnm tests of Hever (ref. 19)
and Wanicerey (fie. 6.5 and 6.13), already dis-
cussed hefore. In the interval tests of the presert
investigation the high-stress cycles have some bene-
ficlal influcnce but the low-stress cycles are far
from ineffective.

'If now another program of WarLeren (ref. 45),
sec fig, 6.7 and 6.8, alse concerning spectrum tests,
is studied it will be noted that here values of X %
helow and beyond unity oceur. The unnotched
specimens {type a in fig. 6.7 and type d in fig.
6.8) give results for ¥ % which in general do
not deviate very much from unity. The highest
value, 1.64, was obtained for 75 8-T and a specirum
in whieh the highest stress amplitude was rather
high (¥ =1,300). Te a certain extent the results
of the unnotched specimens may be considered as
exhibiting some agreement with the tests of ref. 15,
33 and 39. -

The results of the notched specimens of fig, 6.7
and 6.8 are in general bevond unity. This was true
for 76 8-T in all cases. For 24 S-T values below
unity were found in those spectrum tests in which




~during the macro-crack stage.

the highest stress amplitnde was not very high.
The seriousness of this stress is more or less
characterized by its corresponding endurance which
is also given in fig. 6.7 and 6.8. This fact illustrates
onee more the heneficial effeect which high stresses
may "have.

An interesting feature of WALLGREN’s test pro-
gram is thai in a numher of tests he omitted the
stress cyeles which were below the fatigue limit.
From the previous it will be clear that if any
effect should he expeeted this should be an increase
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of 3 n/N. These low stresses do not eontribute to

5 2 becanse N —=0o Yt they will be effective

N

So their effect
should alse be more important for the notched
specimens than for the unnotched ones. This is
confirmed by the 75 S-T specimens, see fig. 6.8,
whereas ‘the 24 8.T specimens in this respeet do
not hehave ‘in a- distinet way (fig. 6.7), Gassmr
(ref. 11) has noted an increase in endurance hy
omitting the ]ower stress amplitudes in spectrum
tests.

The rotating heam‘ tests were nearly all eon-

ducted with unnotched speeimens. In the previous
chapter the twostep. fests of Doiax and Brows
(ref. 5} were reporied which showed that for H-T.
tests % n/N was slightly helow unity whereas for

T+-H tests 3 % was somewhat beyond unity. These

results may be thought to he confirmed by the
tests of Maroo and Starrxy, see fig. 6.19. It was
already discussed that these resulis are not un-
reasonable for fests in which the stress inereases
during the fatizue test. However in tests in which
the stress decreases, a heneficial effect of the high
stresses might have been expected but did not turn
out. Comparable tests on sheet specimens also with
8 =10 were performed by SmtH and co-workers
(fig. 6.12) and concerning the effeet of ‘the stress
sequence they found the opposite result.

The interval tests of Dovax and co-workers (fig.
6.17) and Correxn and co-workers (fig. 6.16) are
difficult to interpret with respect to the inter-
action of the two applied stress amplitudes. More-
over, hoth test programs are not always in good
agreement. CORTEN and eo-workers coneclude that
the damage increase is mainly determined by the
high' siress amplitude which is not so sirange as,
in general, the periods of high stress eyeles ex-
pressed in cycle ratio’s were much longer than the

- periods of low stress cyecles,

Rotating beam spectrum tests were performed
by Nrmsumara and Yamapa (ref. 30), FARDRATH
and Urney {fig. 6.17) and FrrvornthaL (fig. 6.18),
‘Whereas the first two investigators report a good

fit of the results to 21{}:1, the others find, in

values of 3 % below unity. It is note-

worthy that FrrupENTHAL obtained the highest

general,

value of = I‘T\LT ,.viz. 1.25 in a test with the least

number of high siress cycles. FrEUpENTHAL'S way
of spectrum testing i.e. a randomized load sequence,
will be diseussed further in chapter 9.

It -will be tried now to recapitulate the most
important trends recorded in this ehapter.

(1) There is a marked difference in the eumula-
tive-damage behaviour of notched and un-
noteched speecimens, ,

(2) For notched specimens a heneficial effect may
be expected from positive high loads which
cause local yielding, The effect may be ob-
tained by one high pre-load but,.in general, the
henefit will inerease by periodically applying
high loads. The effect ean be explained hy
the formation of internal stresses,

(3} Cyelic high pre-loading may give a higher
benefit than a single high pre-load evele. So
apart from the internal.stresses something else
must -he effective which probably will bhe a
eyclie strainhardening effeet.

(4) In spectrum tests on notched specimens at

positive -mean stresses X ¥ > 1 is Jikely to

oceur if also high stresses are included in the
speetrum.- Values much above unity are pos-
sible. If too many high load-eyeles are includ-
ed the endurance will he lowered again.

{5} In spectrum tests on notched specimens stresses
helow the fatigue limit should not be omitted
as these stresses are certainly effeetive as soon
as the original fatipue limit is lowered by
fatigue cracks. Ineluding these stresses does
not necessarily mean that = n/¥ =1 will give
an unsafe life estimate. Some available test
results- gave 3 #/N beyond unity. -

{6) Interval tests on notched specimens give results
of 3 % beyond unity.

{7y On axially loaded wmnnotched specimens the

deviations of = IT‘\; =1 for all types of tests

are noticeably smaller than for notched speeci-
mens. In many cases the deviations from unity
are small. The heneficial effect of high pre-
loads was obtained in some cases, but not in

all cases.

{8) For mterval tests and spectrum fests on un-
) (3
notched sheet specimens 3 N was ahout unity.

For interval tests and speetrum tests on un-
notched rotating heam Specimens’ the results
were less svstematmal hut values well below
unity were not seldom,

In this ehapter 24 S-T, 75 S-T and some other
materials were treated as if they were the same
material. They are indeed of .the same type in so”
far as they arc precipitation-hardening light alloys
and there are some indications.in the testprograms
diseussed -that they behave in a similar way in
cumulative-damage tests. Nevertheless -gome dis-
agreement in similar tests may have been intro-
duced by using different alloys. Probably a hetter
method for ecomparison might be to use non-dimen-
sional stresses, for instance by dividing all stresses
by the vield strength., However, for notched speei-
mens. it would be mneeessary for a good appreci-
ation of the effect of stresses to know the stress
distribution in -the specimen, Sinee the purpose of




this chapter was to ohtain qualitative conclusions,
this has not been done.

With repect to the type of material it was al-
ready neted that scme investigators have used
elad material whereas others used bare material.
Probably this will not have affected noticeably the
results for the notched specimens and perhaps this
also holds for the unnotehed speeimens. SEpiery
and Fpwarp (ref. 35) have shown that in unnotehed
gpecimens” eracks penetrate through the cladding
quite rapidly even at low stress amplitudes. They
also. showed that the transition of these eracks
into the core material is retarded largely. In
riotched speeimens of bare material microcraeks
will alse bhe formed at an early stage and there-
fore the cladding will not have a marked effect
on the results for nofehed specimens. But it is
questionable whether this reasoning applies fully
to the unnoteched specimens.

8 The cumulative damage concept.

As early as 1924 Parmerexy (ref. 31) published
the hypothesis whieh is now more generally known
as the cumulative damage hypothesis. PATMGREN
suggested that applying n, times a stress to which
an endurance N, corresponds is equivalent to con-

n . .

suming FJL of the fatigue resistance and thus
. .

tailarve should cecur at the moment that

,

N,

My
b

¥ + ...=1

n
+ij+

tor

i

'ZN,-

=1. (8.1)

Equation (8.1) will bé called the linear cumula-
tive damage rule. Paimerexn did not give any
derivation for this rule. ¥le needed it for ball-
hearing life calenlations.

Parmorry’s cumulative damage coneept is illu-
strated by fig. 8.1a. Between the vertical stress
axis and the §-¥ curve lines of equal damage ean
he drawn. They are determined by

n
+— == constant,
N )

Lawemr (ref. 25) in. 1937 introduced a refine-
ment hy dividing the fatigue phenomenon in two
stages, viz. (1) a pre-crack stage and (2) a crack
stage. He postulated that at different stress am-
plitudes the same state of damage was reached
if the number of applied load eyeles in the stage
concerned had the same ratio to the endurance of
that stage. This is illustrated by fig. 8.1b. 1f the
crack starts at M load eyvecles and failore occurs
at N load eyveles, lines of conmstant damage are
given hy

%: constant, # << M
and
n—M

o eonstant, » > M,

18 the number,of load cyeles. It will be clear
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that this implies that in céumulative tests the
initiation of a erack oceurs at the moment that
i

and that failure oeecurs if

. ni’
5 Ni—M,; =1
in- which n/ is the number of load cycles at a
given load range (Sm; = Sa;) applied after the
crack initiated.
Clearly, the concept of Laneer is identical to

: LM
Parmarex’s eoncept if J = constant,

The diffieulty introduced by Lianger’s method
is that it can only be used if M is known. So the
moment at which the transition of the pre-crack
stage to the crack stage oecurs should be deter-
mined. However, the present state of knowledge
about erack propagation is sueh that this moment
depends on the refinement of the observation
methods, It is believed that micro-cracks are

initiated at a very carly stage of the fatigue pro-

cess. This gives a more or less arbitrary character
to LanoEr’s hypothesis and it makes it difficult
to apply.

MmEr (ref.-28) in 1945 was the first to give
a derivation of the linear cumulative damage rule.
He assumed that the work that can be absorbed
untdl failure i a eonstant W and the work e
absorhed during n; load eyeles of the same load
range is proportional to ni. Tt then follows that

Wi _ ™
w N

ey
or Wi — W 'N~ (82)

1

W—=3w; at the moment of failure.

N

=3 WL
W=31W v,
ar
1 .
B
b N,

Equation (8.2) means that the energy absorbed
in each load eycle of a fatigue. test is a constant.
It is generally recognized that thisz is not true,
which implies that this derivation is not eorreet.

However, }:7’—:1 has been derived by Nisur

N
nArA and Yamava (ref. 30) on a completely differ-
ent hasis. They start from the relation

o={(y) (8.3)

in which z is the cycle ratio and y the degree of
fatigue. This function should he valid for any
loadrange which causes fatigue failure. In the
notation of this report (8.3) becomes

¥=Tw). (8.4)

This relation means, that the fatigne phenomenon
is exactly the same proeess at any load range,
provided that one thinks in terms of eyele ratio’s
in stead of load. eycles.



If two fatigue tests at stress amplitudes §; and
8 are performed, then the same degree of fatigue
damage y is obtained if

i n . l
== . 53
N, N ’ (8 )
This follows from relation (8.4). For the degree
of fatigue y -+ Ay equation (8.5) becomes

ni+A?l-i n +aw ’
e — 8
N; i (8.6)
This implies that A #; times 8; and A%’ times &
added the same damage increment A .
{8.5) and (8.6) give

A AW
Ni - N’

(8.7) means that each eyele ratio increment A #;
times 8; of an arbitrary speetrum may be replaced

{8.7)

. by An’ times §

PR Furg: By 8
An'=N o (8.8)
Fatlure will oceur if
SAW=N" (8.9

Combining (8:8) and (8.9) gives S "Z‘v’“ —1 at

ey
N,

It will be noted that this derivation hag been
given without defining what. damage actually is.
According {0 Newmark {ref. 29) it is impossible
to define fatigue damage in a simple way. Only
stages of equal damage can be defined. NEWMARK
considered two speeimens tested at different stress-
es S, and 8, as equally damaged if they had the
same remaining endurance at a given test stress
and he thought this coneept to be applicable for
interval tests in whieh only the stresses S, and S,
were used. Still there are objeetions against this
coneept because also this definition implies that
equal damage s qualified by one parameter i.e.
the remaining cndurance at the test stress. NEw-

tailure. This is identieal to X =1.
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MARK himself has already ‘mentioned some object-

ions against this concept, because different pro-

cesses are going on during the progress of a fatigue

test. For instance:

{1) Macroseopically some plastic yielding occurs
depending on the stress level. Internal stresses
built up by this yiclding will, therefore, also
depend on the stress level.

(2) Microscopical slip and strainhardening in slip
regions will oecur which is more severe at high-
er stress amplitudes.

(3) Weak points or microcracks are formed sooner
and more frequently at high stresses.

For light allovs to these reasons may bhe
added: :

{4) The precipitation will proceed as a eonsequence
of the alternating stress. The rate of this
phenomenon will be stress-dependent.

More reasons may he possible,
The faet that the state of fatigue damage can-

not bhe defined by one parameter also implies a
rejection of the linear cumulative damage rule.

Muech trouble is eaused by the difficulty of de-
lining fatigue damage. SuaNuky (vef. 36) has
tried to climinate this difficulty by identifying
fatigue damage by depth of the fatigue crack. He
interprets the fatigue phenomenon in terms of
progressive unhonding of atoms as a result of
reversed slip, caused hy eyclic loading. An ex-
ponential law for the growth of the fatigue erack
is assumed.

h= 4 c*" (8.10)

h = crack depth, A = constant, « = factor depend-
ing on the stregs amplitude, n =number of load
eyveles. The rato of erack propagation is given by

ah

H———‘Aauea,ﬂ = ah. .

dn

(8.11)

At a certain erack depth % will be higher for

higher stresses. For S, =0 and unnotched speci-
mens Suaxtry Jderives

Ca=C8"

hased on considerations in which the crack growth
is related to the amount of slip.

he=A4 8™ (8.12)

Tailure is assumed to occur at some conistant crack
depth h,

WO AT
ho=—A 5N

This relation actually represents the S-N curve.’

It may be noted that n=0 gives k=24 and
so A is the initial depth of the erack. However,
in SHavLEY’s pietuve of fatigue initial eracks are
not supposed to exist. An initial erack is formed
during the first load eyele. The inconsisteney of
(8.12) could be removed by replacing n by n—1
in all equations for crack depth. So A actually
represents the erack depth after the first eyele.
However, this is usually of no praetical signifi-
canee,

Combining (8.12) and (8.13) gives

hfhy = th(,/z_a)(? - (8.14)

Thig equation means that the erack-growth curves
for different stresses are affine, i. e. that plotting
the erack depth as a percentage of the original un-
failed cross-sectional area against the cycle ratio
n/N will give the same curve for any stress.
Relation (8.14) is a special type of relation (8.4)
and it was already shown that then the linear
cumulative damage rule may be derived.
SHavLEY has also given a second derivation by
dropping the assumption that A in relation (812)
and (8.13) is independent of the stress. He re-

places A by A'8", also now reasoning that the erack
depth formed in the first load eyele is related to
the amount of slip. (8,12) and (8.13) now hecome:

ho— 4875

N
hn — A,S{EBCS ,

(8.13) ’

(8.15).
(8.16)-



(816) again represents the relation for the S-N
curve. Now (815) and (8.16) give

AR*

log h/i, = {1 — n/N) log "
0

(8.17)

If y="~/h, is eonsidered as the degree of fatigue
(8.17T) may he written as

n

FIw8) o y=f(F.8). 818

(8.18) implies non-affine damage curves, which is
illustrated by fig. 8.2. From (817) it is clear
that log A/, versus #/N gives a linear relation.
This relation is shown for two different stresses in

tig. 8.2a. In fig. 8.2b and ¢ a graphieal solution .

for the life caleulation in H-Y. and L-H tests is
given. For the first type of test Zn/N <1 and
for the second I #/N > 1. That this cumulative
damage coneept is different from the linear ecumula-
tive ‘damage Tule is evident.

For spectrum tests SHANIEY derived a speecial
formula. For this purpose a reduced stress ampli-
tude S is introduced (S, ==01!). This stress gives
by definition the same enduranee as the spectrum
test Np==3n;. :

The caleulation of S will be illustrated hy con-
sidering an interval test with intervals each con-
sisting of Am, times 8, plus A%, times §,, such
as shown in figure 6.11 *). The mean rate of erack
growth during one interval is given hy:

“dh ‘ dh
ah L\nl(g—-) +An2(—~)|
(E)intervnl - 21’1/11 + An, e - (819)

Agcording to the definition of Si this rate must
be equal to the rate at the reduced stress at the
same erack depth .

dah dh
(a_)intervnl = (Eﬁ_)ﬂ ’ (8‘20)
From (8.15) follows:
i " 5
%,:“ — CSA’S%S N 087 h, (8.21)

Combining (8.19), (8.20) and (8.21) gives

anC8,"h+ An,08,"h @
T Fan, =0T b

or

AnS8," + AnS8,"

An, + Am, (8.22)

SE.‘I"' —
(feneralization gives

*) The formula (8.23) derived here differs from the
“2 g-formula” given in ref. 36, The derivation giver in
ref. 36 is incomplete and it must be assumed that it either
contains an error or is based on some additional assumption
which has not heen mentioned,
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@ 5 A8~ *

Sg” = San ) (8.23)
The value of x has to be derived from the 8-N

curve given by relation (8.16). This formula con-

I

N0 and

A! 2

There is one objection against relation (8.19)
on which (823) is based. Relation (8.19) is not
valid for small erack sizes as will be clear from
fig. 8.2a because the test at the high stress ampli-
tude 8, starts at a crack size which at the low
stress amplitude is reached only after many load
cycles. This ineonsistency is inherent to the in-
consisteney already diseussed hefore, which was
climinated by econsidering » to be the number of
load cyeles applied after the first load cyele.

A more serious objection is that this method
is still a one-parameter method, although relation
{8.18) might suggest a two-parameter concept. The

tains three parameters, viz

-only parameter for the state of fatigue is the depth

of the fatigne crack "and {8.18) only implies non-
aftine erack growth curves (damage curves). The
state of the ecrystal struecture at a certain crack
depth will not he the same when this erack depth
is reached at different stresses. Another short-
coming is that this damage concept does not allow
the fatigue limit to be raised neither to be lowered.

Whereas thus the derivation of relation (8.23)

is thought to laek suffieient physical baekground,

this formula may still he appreciated merely as an
empirical formula. It then is also no longer neces-
sary to consider x as a parameter which is de-
pendent on the S-N rvelation only, whilst, moreover,
relation (8.23) may he applied to notehed, speci-
mens and also for 8, =% 0, z should then be chosen
in such a way that relation (8.23) suits the test
results. An evaluation of z-values for the avail
ahle test-results may show its usefulness. Some more
attention will be given to this relation in chapier 9.

Whereas the introduction of the fatigune-crack
depth as a replacement of the vague term. fatigue
damage is eonsidered to be an improvement, it will
he elear that an urgent need is felt for parameters
which will incorporate the effect of, for instance,
the internal stress or the strainhardening ahead of
the fatigue crack. However, it is evident that much
hasic research is necessary hefore this may he done
in a reasonable way.

An experimental approach to this problem is to
define the state of fatigue at a certain moment
of a fatigue test by the remaining enduranee at
all possible load ranges. This means that a speci-
men in any state of fatigue may he considered to
he a new specimen with its own fatigue diagram
hy which it is characterized. In ref. 18 Hexry
treats the problem in such a way. He restriets
himgelf to the interpretation of tests for which
Sm==0, Then each state of fatigue is characterized
hy one S-N curve. This 8-N curve is obtained by

zAniSf‘z‘

Zan;
lation (8.23) is not identical fo relation (16) of ref. 36
whieh is derived from (8.12}.

*y Instead of S%f: derived in ref. 36. Re-



d1v1d1ng the stress ordinate of the S-N curve of
the virgin specimens by a factor €, reasoning that
fatigue damage may be 1dent1f1ed with a noteh
eftect. TENRY restricts this to stresses bhelow the
proportional Hmit. For twostep tests the value
of € at the moment of changing from the pre-stress
to the test stress is easily obtained. The endurance
of the new S-N curve at the pre-load stress level
is equal to the remaining endurance at that stress.
S0 one point of the new 3-N eurve is known and
the eurve may be construeted then. This ig illu-
strated in fig. 8.3. HmrY reports good results
for some two-step tests on steel. An advantage of
the method is that it allows a decrease of the en-
duranee limit. A serious limitation, however, is
that it iy Testricted to stresses below the propor-
tional limit and a mean stress equal to zero. It
is questionable whether this method could be de-
veloped for applieation in spectrum tests on notehed
specimens with 8,, = 0.

9 Some remarks on fatigue testing of aircraft

i struetures,

Fatigue may be considered to be a basic pheno-
menon from the viewpoint of metal physies, It is
more guestionable whether ecumulative damage
should be considered as such a problem. Many
researchworkers would not tend to investigate this
problem physically as long as they do not under-
stand the basic fatigue phenomenon. Therefore,
two questions seem worthwhile:

(1) What is the value of the previously diseussed
tests with respect to the basie fatigue pheno-
menon

(2) What is their value with respect to practical
questions such as fatigue testmg of airerafi
striietures ?

Concerning the first guestion only two-step tests,
including tests with a high pre-load, are thought
to be of some value. Something may be learned
about the time-history of fatigue damage, internal
stresses, strainhardening and so on. It may even
be true that two-step tesis are partmularly suitable
for such studies.

To answer the secon-d gquestion, the fatigue pro-
blem from the practical point of view will be out-
lined here bhriefly. In serviee, an aircraft en-
counters loads of different magnitudes. These
loands were measured in several aireraft under
different conditions, At the moment a fair estimate
of the load spectrum of an aireraft which is in
planned service is available. The problem 'is to
base a lite estimate for a certain aircraft strueture
on this load spectrnm. The methods used for this
purpose will be discussed now, after which an
appraisal of these' methods, based on the discussion
in the previous chapter will be given.

Cassver (ref. 11) has advised that the best
thing that can be done is performing a test in
which the serviee loads are simmulated as nearly
ag possible. To this end he proposes the spectrum
tests and he made an” éxtensive study of this type
of test. He used load spectra measured in flight.

Once the type of speetrum has heen ehosen there
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are still two variables left, for which may be taken
the mean stress S, and the maximum stress of the
speetrum Snax, see fig. 9.1a. If the endurance
tound in the spectrum test is called N' GasswER
gives higs rvesults plotting S.., versus N/, This
iy illustrated in fig. 9.1b in which the next step
is also given, which involves the plotting of lines
of constant endurances in an Sy — S, diagram
{fig. 8.1¢). Tt will be noted that apart from the
way of loading'the cvaluation of test data is essen-
tmllv the same-as for conventional fatigue tests.
The value of the diagram is possibly restrieted to
the type of load spectrum employed, but actually
this also applies to the conventional fatigue tests
and it may he worthwile to consider which type
of fatigne diagram is the most valuable one for the

. ‘nrcraft designer,

As spectrum tests on complete structures would
he very expensive (GAssNER has tried to relate the
resulis of spectrum tests to the results of eonven-
tional fatigue tests. He starts from a eomparison
of the spectrum fatigte diagram (fig. 9.1c¢) and
the conventionsal faticue diagram. The comparison
is performed for some types of’ light-alloys and
some types of notched specimeus. Based on this
comparison GASSNER gives a conversion method to
derive the spectrum fatigue diagram from the eon-
ventional fatigue diagram. The eonversion method
wag aseertained in such a way that it was indepen-
dent of the type of light-alloy. Thé method actually
involves that each point of the speetrum fatigue
dagram is a eonversion of a point of the conven-
tional diagram. The inethod, moreover, implies
that for corresponding points the same mean stress
applies. (GASSNER, reagoning that a desired life
nnder a given spectrum represents one point of the
spectrum fatigue  diagram, advises to check the
corresponding point of the eonventional fatigue
diagram. Thus, this implies a replacement of the
speetrum test by a conventional fatigue test.

The eonversion method is embodied in a dia-
gram. Since this method is merely an empirical
result, the physieal meaning of whieh is diffieult
to judge, its value will not be under diseussion
here. Tt can only he verified hy experiments. Tts
empirical value has to be considered as heing an
extrapolation of experience,

Tt would be very contvenient if the linear enmula-
tive damage rule could be adopted for a reliable
life egtimate, as it is sueh a simple method, How-
ever, the survey of available test data in ehapter 6
has shown that in general this rle will not give
a correet result. It should be hoted that such a
life estimate is in principle a ecaleulation method.

Waurcrey  (ref. 45), considering that 2;’—1———1

does not hold true, performed a test program in
which speetrum tests 'were executed on simple
structural elements. Two types of spectrum were
ngsed. The purpose of WALLGREN was to obtain a
clear picture of how 3 %} may vary with the type
of specimen, the type of material and the type of
load speetrum. It was hoped that sueh variationhs
would behave in some consistent way, as then the
results could be extrapolated-to-other cireumstanees.




The variations of 3 #/N, found-in the experiments
wére not as systematieal as desirable. Nevertheless

. WEILGB.EN concludes that 3, %:‘: 1 may be employ-

ed to obtain a provisional life estimate, whereas
the deviations from these caleulated results may
be estimated with the aid of the results of his test
program, '

WarrereEN actually suggests an extrapolation of
the results of speetrum tests, This iz in agreement
with GassxEr’s method but a different extrapola-
tion methed is nsed. '

' BpawiLey (ref. 36) has proposed a nonlinear

cumulative damage rule which was already dis-

cussed in chapter 8 His formula for spectrum

tests is

3 08"
Sng

This method implies that all load cyeles (at stresses
of magnitude §; and number #;) are reduced to
load eyveles at stresses Sg (the reduced stress) in
such a way that the endurance N at the reduced
stress Sp should be the same as the enduranee N’
of the speetrum test. From formula (9.1) it will
be clear that g depends on the value of x. SHANLEY
has proposed to take a value equal to twice the
inverse slope of the S-N curve if this curve is
plotted on a log-log seale. If in (9.1) stresses
helow the fatigue limit are disregarded Skraniny
has shown (ref. 37) that relation (9.1} is mmuch

8’ = (9.1)

more conservative than X % =1. It may be pos-

sible that it will always be on the sufe side. How-
ever, quantitatively it is not kmown how safe it
is and this is an important disadvantage. SHANLEY
has' pointed out that actually in a speetriam fest
stresses below the fatigue limit may not he neglect-
ed as they may contribute to the growth of the
fatigue damage. This statement is confirmed by

- tests of Gassver (ref. 11) and Wiiporey (ref, 45).

However, it is diffieuit to decide which stress am-
plitudes should still be ineluded. This once more
indieates that relation (9.1) has to be considered
as an empirieal method.. It is believed that its
practical value ean only be judged hy applying the

method to spectrum fests with a positive mean .

stress on typical structural elements.

Warxer analysed the fatigue problem for trans-
port aireraft. (ref. 44). Starting from gust fre-
quency  analysis and using the. linear eumulative
damage concept he concludes that the most damag-
ing gust loads have an cquivalent gust veloeity of
8 feet/sec. This is illustrated in fig. 9.2. ‘Warkexr
proposesito take a faetor of safety of 1.25 and to
test the complete structure at a load corresponding
to 10 ft/sec. Each. failure.in the fatigue test
should he repaired and the- test eontinued until
a survey of most critical components i obtained.
From each critical component six samples should
be tested separately at the same load which it
carried in the fatigue test on the ecomplete strue-
ture. Two-thirds of the lowest Iogarithmic mean
endurance of the respective critical parts is eon-
sidered to be a representative endurance for the
complete structure. If this value is N*, WaLxwr
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suggests that the number of safe flying hours may
be given by

EN*
L= vV
in which L == life in flying hours
V = normal operating equivalent speed

k== constant, depending on the opera-
tional eonditions.

Based on experienee, (which is not pubhshed),
WaLker takes k=25 for normal transport air-
eraft flying at an operating height ahove 8000 ft.

From chapter 7 and 8§ it will be clear that the
damage distribution eurve of fig. 9.2 cannot be
considered as a realistic picture of the effect of
different gust loads. Therefore, the choice of a load
corresponding to a gust velocity of 10 ft/sec as
a representative load range is more or less arbitrary.

However Warxmr did not use 3. 1%: 1, to obtain

the life estimate.

In a later publication (ref. 44a) WALKER Dro-
poses to reduce ail stresses to one representative
stress level, which corresponds to & load induced
by a gust with a veiocity of 10 ft/sec. The number
of greater and lesser gusts are corrected to this
level by the linear eumulative-damage rule. The
full-size test then gives a quantitative hfe estimate,
thus dropping the empmeal factor k., The method
is then more or less similar to SHANUEY’S method
of using a reduced stress. IHowever, this stress
level is determined in another way, Whereas the
way of redueing the spectrum is also different.

An important feature of the full seale test on’

.the entire structure is undoubtedly that a survey

of the weakest components is obtained. Testing of
six samples of each weak component offers the
possibility of introducing the scatter into the life
estimation. 'Sinee WALKER’s first method is based
on mot- mentioned expemenee it is not possible to
sive an appraisal of its empmcal value.

‘The second method incorporates fully the linear
curnulative da,mage rule and thus lacks suffieiently
rational. background However, from the results
discussed in chapters 6 and 7, it may be expected
that for gust spectra this method will be on the
safe side.

The previously diseussed methods to obtain a
hfe estlmate are of two different types

{1) Extrapolatlon of speetrum. tests in which
.. similar.speetra and notches are employed.
{2} Relating spectrum-test results to convention-
al fatigue-test results.

" As to method (1) it ‘ean be noted that it is more
or less similar to the problem of deriving S-N
eurves for a structure or structural element from
the 'S-N eurves of simply noféhed specimens. The
difficulties affecting this problem are well fecog-
nized but not sufficiently solved.  One needs only
t0 think of the size effeet, the é&fféet of stress
gradient in the notch, the effect of surface finish
eteetera. All these dlfﬁeultles also’ apply to me-
thod (1) and even more difficulties are introduced
here, for instance the effect of the type of spée-



trum-to be used. Thus it can be tried to obtain
a life estimate with method (1) but it should be
realized that errors are quite well possible,

Method (2) involves the use of a cumulative-
damage rule (linear or non-linear). All the diffi-
culties mentioned for method (1) also apply to
method (2) whereas in method (2) an uncertainty
15 added by the use of the cumulative damage rule.

Whereas extrapolation of test results always will
introduee an uneertainty it is evident that the
uncertainty will he minimized by extrapolation of
the most realistic test-data to he obtained. Thus
an advantage of WaLker’s method is that he extra-
polates from test results of the entire structure. On
the other hand it should be realized that conven-
tional fatigue tests eannot represent the heneficial
cffect of "high loads and the probably harmful
effect of .manv low loads.

From the previous it will he clear that there
ig no ‘reason to be optimistic coneerning the value
of simplified fatigne tests for a realistic life-esti-
mate of an aireraft. Which simplified method will
he the hest method is a problem beyond the scope
of thig report. It has only been tried to discuss
some proposed methods and to analyse their actual
meaning in the light of the available test-data of
cumulative-damage tests. ,

Because our knowledge of the ecumulative-damage
phenomenon is still insufficient, it seems logical
to perform our tests as realistically as possible.
This has heen stressed hy Gassyver (ref. 11) and
later hy SuHaxiry (ref. 37).

‘Now a spectrum test seems to be rather realistic,
hut the diseussion in c¢hapter 7 allows some remarks
in this respect. Replacing service loads by a spee-
trum test still incorporates some assumpfions, at
least for aircraft structures.

Tmicrmany and Gasswer (ref. 42 and 11) have
pointed out that service loads are only indicated
correctly by two parameters, for instanee mean
load and load amplitude. This means that load
gpectra should be given as three-dimensional plots,
the frequeney heing the. third variahle. A deter-
mination of sueh a spectrum needs a complete
oraphical record of load versus time. As the
evaluation of a speetrum in this way would ‘he
very laborious, only ohe parameter, the load ampli-
tude, is measured. (Gassyer (ref, 12) has pointed
out that in this way only a rough approximation
of the actual picture is obtained. TavLor (ref. 41)
reports that, in general a high positive load is not
directly followed by a high negative load and vice
versa. Ag it turned out that the number of positive
and negative loads of equal magnitude is about the
same, such loads arc taken together to form com-
plete load eyeles. TavLor has pointed out that this
is ‘a conservative measure which is illustrated in
fig. 9.3 by 'an extreme example. That this is in-
deed eonservative will be clear if it is realized that
in fatigue the stress amplitude is mueh more im-
portant than the mean stress. -

An important question is how conservative this
tréatment of the load data actually is. There are

at the moment no test data available which may

answer this question and some preliminary research
with simplified test programs seems desirable.
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A second question with respect to spectrum tests
is the load sequence, which is quite regular for
speetrum tests. CGasswer (ref. 13) reports that
spectrum tests with stepwise increasing loads and
spectrum tests with stepwise decreasing loads (sec
tig. 9.4) will give about the same results, provided
that the duration of one loading period is relatively
short. This would suggest that the load seguence
is not so important. IMREUDENTHAL, being more
sceptieal in this respect, performed a number of
rotating beam spectrom fests with a randomized
load sequence. It is eertainly advisable to conduet
some ad-hoe research om some typieal aireraft
struetural elements, Also for this purpose simpli-
fied test programs could be used,

Tt has already been stated that it may be diffi-
cult to apply the fesults of spectrum tests on
simple speeimens to the fullsize strueture for
different reasons. One reason not yet mentioned
is the load redistribution which ocenrs in redundant
structures after high loads (ref. 20). In general,
this effeet will he favourable but it is diffieult to
ohtain a quantitative idea about it.

10 Proposals for further investigation,

The diseussion in the previous chapier suggests
that it 1s rather difficnlt to obtain a guantidative
life estimate of an aireraft strueture with a reason-
able aceuracy.

The two main causes of this sitnation are briefly.

{a) Our knowledge of the fatigue phenomenon is

. insufficient and our knowledge of the fatigne
process in cumulative-damage tests s cven less.

{b) The guantitative meaning of praetical life-
estimation tests is insuffielently known.

To clarify these points some recommendations
for researech will he made here.

(1) The propagation of faticue cracks should
he carefully studied, in the micro-stage as
well as in the maero-stage. The effect of
the magnitudes of mean stress and of the
.stress amplitude, and of the type of notch
should be studied. Such a study will offer
experimental difficulties, but the resulis
may lead to a better understanding, of. the
time history of fatigue damage and of the
fatigue phenomenon in general Moreover,
they may also give a betfer idea abont the
importanee of S, , S, and the type of noteh.

(2) In chapter 8 it has Deen mentioned that
erack depth alone does not represent the
" state of fatigue. Thus, secondly, the research

. efforts should be directed to the study of
the effect of internal stresses and strain-
hardening. It is realized that such a study
is even more diffieult than the investigations
mentioned under (1). Probably these fac-
tors may be investigated indirectly in two-
. step tests by studying the effeet on the
erack growth at the moment the stress-level
is changed,

Items (1) and {2) may be eonsidered as being

of a basie nature and it is therefore advisable to
perform these "investigations as basically as pos-




sibly. This implies that a careful experimentation
is thought necessary to avoid any effect of acees-
sory circumstances.
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For practical problems ad-hoe research will be -

“a necessary condition. It has to be recommended
to conduet sueh research as realistically as possible.
In this respect axial-load tests on typical notehed
gpecimens at a positive mean stress should be
strongly advised. -

" In chapter 9 a spectrum test was considered to
be the best available simulation of aireraft eon-
ditions. Some points to investigate the infer-
pretation of the results of such tests were men-
tioned, viz. )

{3} Tt should be investigated whether speetrum

tests involve a suffieient randomizing of the
spectrum loads. Such tests are diffieult to
realize as it necesitates a machine in which
axial loads can he applied in some arbitrary
random seguence.
The common speetrum test is based on the
assumption that positive and negative loads
of equal magnitude may be added to eom-
plete load cyeles whereas in practice these
loads do not oeeur in succession. The effect
of this assnmption will probably be small
for moderate loads but it should he studied
for the rather high loads which are rela-
tively rare.

(5) In a spectrum test some assumed load spee-
trum is employed whereas in service a
measured load spectrum may deviate from
the assumed one. To interpret such devia-
tions in terms of life, spectrum tests are
recommended in which different types of
specira are employed.

(4)

In general, it will be impossible to perform spee-
trum tests on complete structures. Ti, therefore, is

an urgent question to relate the results of speetrum

tests to the results of conventional fatigue tests or
some other simplified fatigue test. In chapter B
it was pointed out that there is still no physical
basis for such a relation and, therefore, recommend-
ations (1} and (2} become rather important.
Meanwhile it can he tried to establish such a
relation as a merely empirieal result hased on the
comparison of test results with the corresponding
fatigue diagram or fatigne eurve.

(6) For such a comparison no sufficient data
are thought to be available and, therefore,
speetrum tests on different type of strue-
tural elements using some types of spectra
should be advised for this purpose.

{(7) It may be recommended to study the in-
fluence of a cladding-layer on the fatigue
hehaviour of notched specimens, Whereas
this influence probably will be small it is
still advised to study the effeet on the crack
growth in the beginning of the fatigue
Drocess.

(8) In this report two aspects of the fatigue
phenomenon were not considered ,viz. the
effect of speed (number of loadeyeles per
minute) and the effect of rest periods. In
general, it is helieved that both do not affect

the fatigne process in light alloys to a large
extent. However, the effect of beneficial in-
ternal stresses may probably disappear after
long periods or periods in which the speei-
men is loaded only hy the mean stress. Some
data may be found in the literature, which
have not been reviewed in this respect. It
seems worthwhile to pay some more attention
to this suhjeet.

11 Conclusions, N

This report gives the results of cumulative da-
mage tests on 24 S-T Alelad riveted joints. In
all tests a constant mean stress was maintained.
Two different mean-gtresses were used, viz. S, =—=
72 kg/mm* (102 kips) and S.=90 ke/mm?
(12.8 kips). At each mean stress two different
stress amplitudes were used viz. 7.2 kg/mm? and
3.2 kg/mm? (10.2 kips and 4.5 kips) for the mean
stress of 9.0 kg/mm* and 7.0 kg/mm? and
3.2 kg/mam? (10.0 and 4.5 kips) for the mean
stress of 7.2 kg/mm?. The cumulative damage tests
mainly consisted of three fypes of tests.

(1) A high pre-stress was followed by a low test
stress (H-Li tests).

(2) A low pre-stress was followed by a high test
stress (L-H tests).

{3) The low and the high stress amplitudes were
applied alternately (interval test).

In the first two types the stress amplitude was
changed onece, whereas in the interval tests this
happened many times. '

The test results are compared with available data
from literature about ecumulative damage tests on
light alloy specimens. It was tried to reveal some
general trends in the results of the reviewed test
data,

After the diseussion of the empirical results a
review is given of different cumulative-damage
cotceptions,

Finally it was thought worthwhile to consider
the significance of the discussed results for the
testing of aireraft- structures. As a consequence
some proposals for further investigation eould be
made. -

The main points of the report may he suammarized
in the following eonclusions.

1. The distribution of the results of eonvention-
al fatigue tests could be approximated by a log-
normal distribution.

2. The geatter found in the conventional fatigue
tests as well as the cumulative damage tests was Jow.

3. The results of the HT. tests and the L-H
tests agreed very well with the linear enmulative
damage rule whereas in the interval tests the

values of E;_, ranged from about 1.3 to 1.9.

4, The assumption that a speeimen would ob-
tain the same probability of failure in any type
of fatigue test seems not to be justified for all
types of eumuiative-damage tests.

5. As a conseguence of a literature review it
turned out that the number of studies on eumula-
tive damage is steadily increasing, However, the



variety of the conducted test-programs is large.
Some’ important variables are: (a) The type of
material, In this report only precipitation harden-
ing light alloys are studied , (b) The type of speci-
men. Unnotehed and different iypes of notched
specimens are used. (c) The type of loading. Axial
loading and rotating beam tests are employed.
(d) The type of cumulative-damage tests: two-step
tests, interval tests, spectrum tests, conventional
fatigue tests preceded by one high load are per-
formed. This varicty does not facilitate a com-
parison of the results of different test-programs.

6. Based on the reviewed data the following
trends were found.

fa) In general E}% =1 is not valid, even not

approximately. There is a marked difference in
the eumulative-damage behaviour of notched and
unmotched specimens,

{h) TFor notched specimens a beneficial effeet
may be expected from positive high loads which
cause local vielding. The eifect may be obtained
by one high pre-load; in general, the benefit will
inereage by periodically applying high loads. The
effect can be explained by the formation of infer-
nal stresses.

{e} Cyelic high pre.loading may give a higher
henefit’ than ‘a single high pre-load eyele. Apart
from the favourable internal stresses a eyeclic strain-
hardening is thought to he effeetive.

{(d} In spectrum tests on notched specimens at

positive mean stresses X % > 1 is likely to occur

if also high stresses are included in the spectrum.
Values much above unity are possible. If too many
high load-eyeles are ineluded the endurance will he
lowered again.

{e} In spectrum tests on notched specimens
stresses helow the fatigue limit should not he
omitted as these stresses are certainly effective ag
gsoon as the original fatigue limit is lowered by
fatigue eracks. Ineluding these stresses does not
necessarily involve that = #/N =1 will give an un-
safe life estimate.

() Interval tests on mnoteched specimens gave
results of = I—\f bheyond unity,

{g) On axially loaded unnotched speeimens the

dewatmns from 2‘. i ==1 for all types of tests are

- notmeablv smaller tha,n for notched specimens. In

many cases the deviations are small - A ‘beneficial
effect of high pre-loads was obtained in some cases
bat not always. .

{(h) -For interval tests and speetrum tesis on

unnotehed sheet speci-r_nehs b 11\!’_ was about unity.

For interval tests and spectrum tests on unnotched
rotating beam specimens the results were less syste-
matical and values well below unity were not seldom,

7. If the state of fatigue is represented by one
parameter 1), the fatigue proeess in a conventional
fatigue test can be represented by a damage curve
in which D is given as a funecfion of the eycle

ratio + . Without defining D it is then possible
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. n; ’ .
to derive 3 A =1 on the assumptmn that the

damage eurves are the same for any loadrange
(dfflne damage curves). However, it is thought to
be an madmlssable oversimplification to represent’
the state of fatigue by one parameter.

8. The introduetion of fatigue crack depth as
a replacement of the vague term “fatigne damage”
is considered to be an improvement. However, for
a large part of the fatigue process the fatigue erack
has miero-dimensions and thus s invisible.
© The fatigue-crack depth alone does not suffi-
ciently represent the state of fatigue. Other fae-
tors such as the internal stresses and the strain-
hardening ahead of the fatigue erack and probably’
more factors should be ineluded.

9 Tt is realized that at the moment no satis-
factory method for the quantitative life-determin-
ation of an airveraft strueture is available. The
best method is thought to be a spectrum test, but
some research on typical aireraft components con-
cerning ‘the relation of the spectrum-test result
and the serviee life seems desirahble.
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TABLE 4.1, Results of normal fatigue tests on 24 §-T Alelad riveted lap joints,

Mean Stress
Sn

Stress ampli-
tude S,

Endurance
N (10%)

log N

Correspond-
ing valie
of N

o =standard
deviation
of log ¥

L _

oflog N

9.0 kg/mm?
(12.80 kips)

1.
{1

[o=]

kg/mm?
24 kips)

o

32 kg/mm?
(4.55 kips)

87
96
100
. 104
105
105
106
112
115
115
121
121
122
123
124
126
128
130
139
157

5.06364

659
714
790 -
830
884
806
908
930
953
1004
1012
1041
1070
1128
1154
1155
1252
1259
1516
1664

7.2 kg/mm?
{10.24 kips)

7.0 kg/mm?
(9.96 kips)

90
114
115
119
124
124
128
131
133
135

3.2 kg/mm?
(4.55 kips)

879
879
923
963
1087
1090
1100
1196
1272
1367

6.00806

115 800

1018 800

0.0587

0.0116

0.0980

5.0813

6.0270

120 600

0.0487

0.0163

(.0096

1 064 000

0.0635

0.0105
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TABLE 5.1. Results of H-L tests on 24 S-T Alclad riveted kap joints.

Type of test Sn =90 kg/mm* (12.8 kips) . 8, =72 kg/mm?® (10.24 kips)
n, <P Mean of Standard <P ‘Mearllvof Standard
N, N s deviation W 3 deviation

N %
0.56 1.12
0,80 1.16 )
1.00 1.19 :
1.05 1.27 1.34 0.27
1.10 : 1.50
0.00001 1.13 114 0.35 1.81
(1 loadeycle) 1.13
1.19
1.24
1.27
1.34
1.88 |
0.76 0.66
0.86 0.83
0.0005 0.91 0.93 013 1.09 115 0.47
{60 loadeycles) 1.03 1.33
©1.09 1.85
0.67 0.63
0.70 0.67
0.87 0.68
0.91 0,73
0.01 0.95 0.98 022 0.87 0.88 0.21
0,96 0,94
1.02 0.96
1.03 0.96
1.24 1.16
140 1.24
0.79 0.74
095 115
1.00 118
1.04 ' . 118
0.05 1.06 1.15 (.32 1.6 1.26 0.22
1.11 1.32
1.14 1.40
117 140
1.22 1.42
197 1.56
0.74 0.65
0.78 072
0.81 0.81
0.90 : 0.8 .
0.25 . 0.97 1.00 0.15 0.94 0.97 0.22
107 0.96
1.13 0.98
115 1.15
119 1.25
128 1.33
Q.77 0.76
0.80 Q.85
0.50 0.93 0.89 0.10 0.86 0.85 0.054
0.95 0.88
0.99 0.90

One high pre-load of 22.2 kg/mm? (*/, §,) followed by
fatigue testing at 7.2 = 3.2 kg/mm?* (N = 1064 000).

Endurance after 'pre—load (10%) T afN T afN
1212 1.14
1622 1.52 1.52
1679 1.68
1971 1.85
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TABLE 5.2. Results of L-H tests on 24 S-T Alelad riveted lap joints.

Type of test Sn=9.0 kg/mm* (128 kips) -~ | = Sa=72 ke/mm? (1024 kips)
ny N ' MEB'I; of Standai'd * K Meax; of Standard
© N, Ny 3= deviation N p deviation
N N
0.96 0.80
110 0.88
114 0.89
115 0.91
117 0.95
0.25 121 124 0.18 1.02 1.10 0.29
1.30 1.09
1.40 1.39
1.45 1.43
1.53 1.68
0.65 0.82
0.67 0.98
0.68 1.08
0.71 1.14 1.09 0.23
0.375 0.72 0.82 0.23 1.43
0.73
0.74
0.94
0.95
1.40
0.59 0.68
0.63 0.78
0.69 £ 0.88
0.70 0.92
0.80 0.96
0.50 0.92 0.93 0.24 0.96 0.93, 0.13
0.96 0.97
104 . 1.00
1.05 1.10
1.0 111
111
115
143
0.75 0.68
0.78 _ 0.82 .
0.625 - 0.81 0.84 0.11 . 0.84 0.89 0.17
0.82 B 0.99
1.02

112
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TABLE 5.3, Results of interval tests on 24 8T Alelad riveted lap joints.

Type of test 8, ==9.0 kg/mm? (128 kips) n S =172 kyg/mmz (10.24 kips)
B‘L_;_ &+ o Mem; of Stapdard o M(}ar"lb of Standard
N, Ny 7 TN ¥ deviation “N 53— deviation

N N
0.81 0.87
1.11 0.88
118 1.14
121 1.19
0.05 + 0.05 1.21 1.31 0.29 1.19 122 0.23
1.30 1.21
1.33 128 |
1.53 1.36
1.61 1.53
1.86 1.55 -
0.78 0.89
0.82 121
0.84 127
085 147
0.10 + 0.03 0.91 1.08 0.30 .64 1.63 0.41
(.96 1.74
1.24 1.92
1.32 2.01
1.49 2.05
1.58 2.08
1.26
1.34
1.35
0.10 + 0.01 144 1.60 0.31
1.54
1.76
2.04
204
1.07
1.34
0.20 + 0.01 2.07 1.96 0.84
2.10
3.23
1.22
1.26
0.05 + 0.01 ' 1.98 1.83 -0.56
2.26 '
2.41
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Fig. 3.1. Dimensions of the specimens (in mm). Fig. 3.2, Test set up in Amsler vibraphore.

The indicated scatterbands are twice the standard deviation. The eurves are derived from the fatigue
diagram of vet. 24 for the:same type of specimen, tested on a Sehenek pulsator, frequeney 2000 e/min,
The stress amplitudes of the present investigation are ecorrceted for inertia forces of the elamping head he-
tween the specimen and the dynamometer, aceording to a diagram supplied by Amsler {corr. factor 1.75 9%},
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Fig. 41, Results of the normal fatigue
tests on 24 S-T Alelad riveted lap joints.
Comparisen with the results of ref. 24,
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. ' LOADSEQUENCE N,
1]
5 PRESTRESS 0.00001

(1 LOAD
. CYCLE}
T

00005
g | (60 LOAD

_m| CYCLES)

0010

—n 0.052

= =1

—»STRESS

0250

050

PRESTRESS az5

Q375

it

Q50

—— STRESS

0625

nL/NL: Q.10

Ny / NH=O.03

L /N 008
S 1
? |u“1“| ...‘H'ul}lﬁmlluﬂ - ny/Ny=Q05

e MY

Fig. 5.1. Results of cumulative damage tests on riveted joints of 24 S-T Alelad at a mean stress of 9 kg/mm?
(12.80 kips) and stress amplitudes of 7.2 and 3.2 kg/mm? (10.24 and 4.55 kips).
{F'ull lines give results of VLW material whereas dotted lines indicate the results of NAM material).
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0.0005
(60 LOAD
CYCLES)

0.

Q05
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050

025

0375
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I

i

Q50

- 0625

TI‘/NL’HH/NH

005 . 0OS

I
b

I mn?nu

i

0.10 + 003 E

I

010 « 0.0t
020. 00! §
Q.05.00 E

Fig. 5.2. Results of cumulative damage tests on 24 8-T Alelad riveted joints al a mean stress of 7.2 kg/mm?
(10.24 Kips) (8a,=T.0 kg/mm? (9.96 kips) and S5, == 3.2 kg/mm? (4.565 kips).
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o) 7
REED

O 20 40 60 80 100

0 20 40 60 80 100

SPECIMEN A SPECIMEN B
Number | Type O.f —_— Chemical CompOSition l Sna Su 810
duralumin.| ‘ Mg , Qi l Mn Te [ 7m v [(kg{mm’) {(kegfmm?) | (%)
T 306 | 172 | 048 | 082 1 051 — — 30.9 343 9.0
I ] AlCuMg | 2gq [ 066 | 051 | 071 | 040 1 — — 30.6 43.8 21.4
U0 |y 2, | 025 | 843 [ 010 (G31 {70327 [ 487 [ 0.12 355 482 20.0
v nig 0 2.48 028 | .0.88 033 | 592 — | 485 59.3 10.0
~ 10 =10
a [a]]
fo L TIN £o T
5 6 ¥ o] l\
| < -y \ £ \
i py - s a4 !
| @ \ “
[‘ 2 \! 21—+ —
|
|

I'\1/N1 (o."o)

SPECIMEN A,MATERIAL II
PRESTRESS 22 X%nm2-~N, 210,000

& 10

£ \
—éﬁ: © r:#—-—-— N\
o 4 Al
w . i

0 2040 60 80 100
' n,/ N; ("-'n)

SPECIMEN A, MATERIAL IT,

PRESTRESS 12 K9/, m2 —=N;:120,0Q0
24 » "-'N'l= B,OOO
36 . —=Np 900

Smin=0 FOR ALL TESTS AS WELL
AS THE PRESTRESSING

S'f = ENDURANCE UIMIT = 5p o

1 mm = 0.04 inch 1 kg/mm® = 1.422 kips

l'\-|/N1 (*)
SPECIMEN B, MATERIAL I¥
PRESTRESS 18K 2-N,.20,000

10 —

2 T T
£ ]

g y

e 4 — —

“ \
2 \

O - 20 40 60 80 100
R n1/N‘, (°l'n)

SPECIMEN B, MATERIAL T
PRESTRESS 12 K9/nm2-»N,-28000

o = ORIGINAL ENDURANCE LIMIT
+= ENDURANCE LIMIT AFTER |
} PRESTRESS CYCLE
o= ENDURANCE LIMIT AT THE IN-
DICATED PRESTRESS CYCLE

' RATIO

Fig. 6.1. The infhience of eyclic pre-stressing (at K ==0) on the fatigue limit 8; (at R =10} for two types
of notched specimens and two types of duralumin. (ref. 19),
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r-005%
—_j L
| i
5
SPECIMEN_A SPECIMEN B
n_n n
3 =R " "N
TYPE OF TESTT : -
——
Type of Sy 8 ) , sw/N .
Specimen ~dur- (kg/mm?) | (kg/mm?) hg= " | na/Na= | na/Ne'== | nar/ Ny —=
alumin *) (Nu) (N.) 1 eyele 0.05 0.50 .80
5
' 900000y | 10 % © ®
A;l—Zn—Mg 29 3 ‘ qf
(IT) | (10000) | (275 000) 141 1.90 © | 3
12
(90 000) 111 1.33 2.44 1.91
6 =
l (800 000) 154 | >15 = >15
I 9
(120 000) | (300 000) L1z 125 1.62 1.20
l
A 6
. - - - -
(800 000) .
Al-Cu-Mg 24 ) ;
(ID (8000) | (300 000) 2.00 338 | >338 34.1
13
(110 000) 1.00 1.05 1.24 1.04
6
(800 000) o ®© 0 -
36 9
(900) (300 000) 3.33 o0 ®© w0
13
(110 000) 118 141 3.87 ] 2.03
5
{1000 000) ® © = ] -
Al-Zn-Mg 15 7 )
Iv) (20000) | (130000) 1.38 1.97 ® ©
: 10
B (54 000) 1.20 1.44 1.89 121
)
ALC {1 000 000) 100 o @ o
-Co-Mg 12 3 . N
o (28600) | (190 000) 2.58 5.31 © 8.69
9

¥) Number in parentheses refers to fig, 6.1 in which material properties and chemical composition are given,

1 kg/mm* = 1422 kips

1 mm = 0.4 inch

Fig. 6.2, Two-step tesis on two types of notched dural specimens,
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AT 1526 K9/ mm?2

W —~

o
X ~
=}
w

>

L
-

i S

-6 -4 -2 0 +2 4 6 8 10

47

TYPE OF SPECIMEN
- MATERIAL T SEE FIG.61

.*é 8__.

PRELOADING AT-6:6K3/m2 GAVE
ABOUT THE SAME RESULTS AS FOR
THE NONPRELOADED SPECIMENS

Sm(kg/mmm
Fig. 6.3. Influence of cyclic pre-loading at diffe-ent mean siresses on the fatigue limit (N = w0)
of a notehed dural specimen.

TYPE OF SPECIMEN
MATERIAL IIT, SEE FiG 6.1

10 TENSION
COMPRESSION R
-t ' .
5O°I°}nH -— e - .
L80% .
3 Qe '

'NOT PRESTRESSED

—_—

sq("g/mm2)
ORI S, S-S
7V
T
TN
/
i
NP
/
fr}\ |

PRESTRESSING OCCURRED AT
112 11 KG/n 2 (Ny=10000). THREE

DIFFERENT CYCLE RATIO'S

0 2 4 6 8 1012 WERE . USED.
Srm (K o) ER D

Fig. 6.4. Influence of eyclie pre-stressing on the fatigue limit (N =) of a notehed dural specimen. -

i

! TYPE OF SPECIMEN

MATERIAL I, SEE FIG.61

L (o

1 kg/mm? = 1.422 kips.

a0
= r
Tl
E,on 3/
o 20 253
a‘c_’ =]
& 9 r
i
-20 L{ l_ 1
1o 10 10° 10* 10° 1% 107

LOAD SPECTRUM FOR 1000 FLYING HOURS

APPLIED LOAD

TEST RESULTS MEAN
(FLYING HOURS) .

RESULT IN S5-N CURVE 750

1200 - 1700 14350

13000 - 19000 - 20000 17300

31500 - 45500 38500

10000 ~ 10000 10000

Y TV

5800 — 8000 - 7000
BOOO — 8200 - 8200 8300
9000 — 9800 -12500 |

o
ONLY LOAD RANGES

INDICATED BLACK WERE APPLIED

Fig. 6.5, Spectrum tests on dural lugs. Some load steps werg omitted,
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‘ ; L
SPECIMENS ARE AXIALLY LOADED —1 2"
- B 6 [T]
14 "
8a, Smy . N, Sa, Smg N, /N, 3 w Type of
(kgfmm?®) | (kg/mm?) (108) (kemm?®) | (kg/mm?) (163) test

14.8 9.8 80 11.6 7.7 187 041 0.99
14.8 9.8 80 9.1 13.7 260 0.50 1.07 S

9.4 141 243 " B4 12.5 330 0.5H .98 ?

- 94 14.1 243 6.3 9.5 3000 0.55 0.99

94 14.1 243 7.0 10.5 640 0.55 1.03 ——n
15.8 10.5 63 7.0 105 = 8, 640 0.64 1.30
16.9 11.3 48 7.5 113 = 8., 460 063 0.81
16.9 11.3 48 75 113 =28, 460 0.73 0.80

84 12.7 320 14.1 21.1 85 0.40 0.75 8

7.5 11.3 460 16.9 11.3=28u, 48 0.43 1.49 {

7.0 10.5 640 15.8 105 =28, 63 0.49 . 1.39

7.0 10.5 640 15.8 105 =28, 63 0.55 0.93 ——n

84 12.7 320 94 14.1 243 - Q.56 1.00
11.6 - i 187 16.9 11.3 48 0.68 0.81 i

' l

1 Each test was performed only once.
1 inch = 254 mm 1 kg/mm? = 1.422 Kips

. Fig. 6.6, Results of ref. 28, Two-step fatigue tests on unnotehed specimens of 24 S-T Alelad.
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s {1PERIOD 5

LPERIOD .

02 S

1:GUST LOAD SPECTRUM LTMANEUVER LOAD SPECTRUM

Number of lead eycles per period of the fatique test at stresslevel nr.
I 2 | 3 | a4 | 5 | s 7 8 9
Spectrum 1 281 000 | 65700 11 500 1440 432 131 50 16 i0
Spectrum 11 3 200 13800 1800 620 350 200 120 68 39
t-12 - ‘-f;i‘_ X i
{}}— 27 —Q)— L {b_[u?s 27 :
&4 ks
r=650
| a: UNNOTCHED SPECIMEN
} .
12
| {i'}f 06 27 -d;} E% % )
b: SPECIMEN, TYPE 4, c: DOUBLE SHEAR
NOTCHED BY TwO HOLES RIVETED JOINT
Type of Type of S 8 N at 8 Number
load ype o s v a-]t-osmax fL‘lm el X
spectrum Speeimen (kg/mm?) (kg/mm?) (10%) of tests l
3 0.69.
1 :15.2 404 48 2 %) 0.89
13.0 34.7 13.0 g ) ig?
a B
' 10.9 29.0 30,5 Se P
: . 4 BE 0.91
8.7 23.1 78 2% l o
1
. 13.0 34.7 15 3 1.33
b 10.9 2%.0 5 3 228
. 8.7 231 16 3 3.00
) 6.5 17.3 45 3 0.90
10.9 29.0 3.7 2 ( 1.20
6.5 17.3 29 3 2.33
¢ 4.3 B 115 220 3 ] 0.77
- 2 0.64
o |
(kgfmm?)
Ir ¢ 3.6 28.0 6.0 2 2.34
2.7 211 16 2 145
22 16.8 35 2 1.20

*) Load amplitudes below the fatigue limit were omitted.
1 kg/mm® = 1.422 kips

1 mm = 0.04 inch

Fig. 6.7. Resulis of spectrum tests of ref. 45 on three

types of 24 $-T Alelad specimens.
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FOR LOAD SPECTRA SEE FIG.6.7

r=60

J

203

" d: UNNOTCHED SPECIMEN

26~E{§A@@J

ot ()
: .

r=125 r=12.5 ;sw\l/'sﬁ
10
/4 mm COUNTERSUNK RIVET
blch bob bbb Y '
—= =T = =
EFSEETS )
v \2
. e: BUTT JOINT ™
qu: dOf Type of N Smex N at Spax Number SaN
' ¢ 2 2
spectr ﬁ_m spesimen {kgfmm?) {kg/mm?) {(10®) i of test

10.9 28.9 31.0 2 0.81

4 81 23.1 60.0 A 0.82

78 193 . 85.0 ‘3 o oo

I ‘ 4 3:56
9.3 24:.8 1.4 2 ') 4'70

e 6.2 16.5 14.5 2 2.25

1.3

47 124 72.0 2% 5 1h

‘Smln
‘ (kgfmm?) ,

3 6.75 52.6 1.3 p) 1.64

+ 540 421 20.0 2 1.29

I 4.50 351 41.0 3 0.93
3.37 26 4 92,0 2 0.82

3.73 29.1 0.9 2 145

e 3.11 24.2 3.1 p) 2.61

2.33 182 125 2 2.51

*) Load amplitndes below the fatigue limit were omitted.

1 mm = 0.04 inch

1 kg/mm?* = 1.422 kips

Fig. 6.8. Results of spectrum tests of ref. 45 on two types of 75 8T Alelad specimens.




009" SHEET MATERIAL
TYPE OF SPECIMEN: ’=‘ 24 S-T UNCLAD AND
' f 75 §-T6 UNCLAD
r=12%
TYPE OF FATIGUE MACHINE: KROUSE DIRECT REPEATED STRESS.
FREQUENCY 1100 %/min

TYPE OF LOADING: TWO-STEP TESTS

24 8T 8, =128 (kg/mm?)

73 8-T S,=—=14.5 (kg/mm?*)

*y n, =10 load cycles.
1 inch = 254 mm

1 kg/mm?* = 1.422 Kkips

Fig. 6.2. Resuits of axial load fatigue tests of ref. 15.

P B .
P | ey | (ki) | 0y | Gy | M | T s 8 TP 1 kghomt) | (g [0y | gy | M EE gf‘?
0.00025*) (> 109 | 1 ' ' 0.00055%) | 152 | 2
0.10 ~>228 | 2 010 1476 | 3
ﬁ!@ggg;mgmg, 25.8 16.0 36 | 1605 |0.25 2.36 | 7 !!!E!.l!ﬂ!!!ﬂ!!!!. 31.2 17.1 18 662 1025 181 | 4
0.50 135] 8 0.50 109 | 3
0.67 097 3 0.75 L1 | 3
0.20 1011 8 0.25 ‘ 114 | 3
0.35 1351 3 0.50 195 | 4
mt 16.0 258 | 1605 | 36 1053 165( 3 M 17.1 31.2 662 | 18 | 076 138 | 4
] . ' 0.75 1871 5 0.85 144 | 3
| | 0.87 204 3

T4
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Type of specimens: A lapjoint with two rows of eight riveis in 0.8 mm sheet
was used, similar to the specimen used in the present investigation, see fig. 3.1,

The specimens were axially loaded.
Type of tests: Two-step tests, resp. H-Ii and L-H tests.

High stress level: 8» = 6.9 kg/mm? S, = 6.0 kg/mm? > N == 190 000.
Low stress level: S, = 3.65 keg/mm?, 8, = 2.75 kg/mm? — N = 2100 000.

Type of test 1w/ Ny n/Ny, = _;r’ ?furil:lel;ig
M 0.000005 1) 1.15
| 0.26 5.87 9
i
lﬂﬂ]ﬂ[ﬂL‘ﬂm/ 024 0.86 9
nL .

) This value corresponds to one loadeyele.

1 kg/mm?® = 1.422 kips

IMig. 6.10. Two-step tests on riveted lapjoints of 24 S-T Alelad. (ref. 17).




TYPE OF
t=2mm SPECIMENS: t=5mm
19 ;19
r=38 Mr=17

TYPE OF FATIGUE MACHINE:2tons AMSLER H.F PULSATOR,
FREQ. USED 4500 OR 6000 %min.
- TYPE OF LOADING: Sppmin=0O FOR ALL TESTS.ONLY TWO DIFFE- -
RENT STRESS LEVELS WERE USED.

Sus,
W -
TYPE H-L TYPE L-H
HIIHIIJIll““ﬂﬂlﬂlﬂllm"lllﬂ!lllll““ i }m i %WUMMMMM
nl_ nH nH hL
TYPE A TYPE B
2'_"-. = I’\—H =005 Eﬂ = _rl =005 -
Ny Ny ° H Np
Unnotehed specimens Notehed speeimens
SH =23 kg/mn]? —_— .N;; = 200000 S_u =105 kg_/'llln12 — N” = 1859000
8, =16 kg/mm? — N, ==1300000 8. = 6.5 kg/mm? - N;=1200000
Tytli):s:tOf fa/Nn /Ny, % n/N Ty&:}:tof' Ny /Ny n./ Ny, S n/N .
0.05 1.38 0.02 > 6.50
H.L 0.10 1.37 H-L 0.05 1.7
(.25 1.65 0.10 510
0.50 ' 2.36 0.25 5.35
0.50 , 1.67
_ 0.05 0.84 0.05 1.10
L-11 0.10 0.75 L-H 0.10 1.27
0.25 0.75 0.25 1.21
0.50 0.85 0.50 115
A 0.05 0.05 1.05 A 0.05 0.05 1.81
| B 0.05 0.06 1.01 3 0.05 0.05 177

Fach type of test was repeated about 10 times.

1 mm == 0.04 inch 1 kg/mm? = 1.422 kips

Fig. 6.11. Axial loading fatigue tests an unnotched and noteched 24 S-T Alelad sheet speeimens. (ref. 33).



TYPE OF SPECIMEN:

AXIAL {OADING,

SaL Sa

H
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r\=4li
TYPE OF TESTS: ENDURANCES AT S“H AND SQL ARE RESP

Ny AND N, .

ol S o
[l L
Sm ] | "n“mf 1 Sm Mﬁ%ﬁ%ﬁ]}
t——u N 0
LW TYRE A "M TYPE B
SaH SC'L ,Sal_ SaH SqL S“H
. S UNTIL
Ny ng 105 | 105 | FAILURE
500 500
TYPE H-L TYPE L-H TYPE €
Mate- S, Sup ') Set) Ng¥) N, 2} Type x N Number SN
ral | (kg/mm?) | (kg/mm?) | {kg/mm?) | (10%) | (10%) | of test /Ny wed o | vests | 2%
I _ Aand Bl 9 3y 1 0.92
23.1 21.1 15 58 HE | 068 | — 4 1.01
HL | 083 — 4 1.10
LH — | 08| 4 1.04
Aand B| 3) sy ! a0 0.94
42.9 211 33 58 HL | 037 | —- 4 1.07
BSTE LH | — |05 | 4 | o7
74 - S— \__
(0.0647) Aand B| 9 5 94 0.87
21.1 11.2 58 1650 | HL | 070 — 5 1.44
OHL | 056 — 4 142
LH | - 0.58 4. 1.00
A | 0034 | 0052 4 0.66
422 ‘ 11.2 33 | 1650 D! \ See above 4 0.81
Aand Bl 9 1 14 0.94
ssTe 09 "y s 41 ‘ 1280 0 EL | 052 | - 8 | 114
(0.0327) o o Aand B] *) 4 24 1.03
14.1 30| 460 gy foegs |- 4 1.05
| 0.0 ] 5 Loso (AAndB) 1) 18 0.72
] - 1 : HL | 060 — 4 1.10
24 8-T3 21.1 11.2 .
(0,032} Aand Bl ¢ 4 18 1.02
14.1 - 33 340 HL | 061 — 4 104
| LH 0.60 4 0.74

1) Nomipal stresses,

Actual stresses were slightly different.
2) Endurances were estimated from fig, 10 and 12 of ref. 39.
) About 10 different values were used for both /N, and #n, /N, ranging from low to high.

#n /N, covered u large tange of values. Normally each type of tests Was Tepeated four times. .

9 2 or 3 walues were used for both nH/NH and n, /N, .

In general the results for type A- and type B-tests were the same,
Ounly for tests with high values of n/N type B-tests gave somewhat lLigher test results.

1 inch = 25.4 mm

1 kg/mm? = 1.422 kips

Fig. 6.12. Cumulative damage tests at two stress amplitudes on unnotched clad 75 8-T6 and Alelad
24 S-T 3 sheet specimens. (ref. 39).

Moreover n, /N, :
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TYPE OF SPECIMEN
MATERIAL 75 5-T

--——& 0¢p CI3P 3—.-

Se 30000 _
. Su 075 949 :
065 . 3 8 30.000
82§ . 283 283
a42 3000 2000/
025 | ﬂ } Wl
"~ ONE LOADING FERIOD

Spin=0 (R=0) and §, =66 kg/mm?2
Nine tests of this type were performed (more are planned).
The number of loading periods was ealenlated by means of 3 % =1, N being

based on S-N curves for 90, 50 and 10 % probability of failure.
The computed and the experimental values are given below.

Number of complete
Proba- . .
bility of loading pe‘rllods (T T
failure ) : to failure m
(%) computed experimental
90 9.7 46 4.7
50 5.9 40 6.7
10 3T 34 92

1 mm == 0.04 inch 1 kg/mm?® = 1.422 kips -
Fig. 6.13. Resulis of speetrum tests of WALLGREN ) on notched 756 S-T specimens,

"y Test program carried out at FFA, Stockholm, not yet finished. The results given
here were obtained by private communication. The permission for publication is acknow-
fedged here.
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A

!

- —=

nL

TYPE L-H

——={N

i

"

—am
N Ny

TYPE C

—aN

Type of specimen: Lapjoint of 24 S-T Alelad sheet with two rows of cight

rivets,

see fig. 3.1

The specimens were axially loaded in an Amsler H. F. Pulsator at a frequeney -
of 6000 epm. .
Type of loading: Two mean stresses were used. At each mean stress only
two stress amplitudes were applied (8., and Sg,).

followed hy testing at 7.2 =+ 3.2 kg/mm?

Sy = 9 kg/mw? S =12 kg/mm?
Sepy =12 kg/mm? —» N= 116.10° 8.y="170 kg/mm? - N = 120.10°
8., =32 kg/mm? — N :==1019.10° 8z, =32 kg/mm? —» N =1 064107
Type of =9 kg/mm?® S =172 kg/mm?
test il N i/l | ’ SN N
0.00001 *) 1.14 1.34
0.0005 0.93 1.15
0.01 (.98 0.88
0.05 1.15 126
H-T, test 0.25 1.00 0.97
0.50 0.89 081
0.25 124 1.10
L-H test 0.375 0.82 1.12
Q.50 0.91 093
0.625 0.84 0.89
0.05 0.05 1.31 1.22
0.03 0.10 1,08 1.63
Interval 0.01 0.05 — 1.83
test 0.01 0.10 —_ 1.60
0.01 0.20 — 1.96
L test One high pre-load of § =222 kg/mm?, (%, 8,), 159

*) This value corrosponds to one pre-load eycle.
Most tests were repeated about 10 times, some tests were only performed § times.

1 kg/mm?* =, ].422'kips.

Fig, 614, Summary of the results of the present investigation.
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-~ =k - — | joer

@ -015"

SPECIMENS WERE TAKEN FROM RODS
TYPE OF FATIGUE MACHINE ; CANTILEVER ROTATING BEAM
MACHINE, FREQ. 16,000 rpm.

TYPE OF LOADING:

8000

1000

FEHETEN

S“L SCIH

/
i)

8;; above fatigue limit ' 8, below fatigue limit (16.9 ke/mm?)

-JNE T NE Ny Ny e v E ® o NE m‘:g Np Nu E__/N "5: @
55-_. D;-._ Snu/Ny| 20/ ] a;__“ w E . 7, g%
Ej E; (10%) | (10%) 22 B E ey | () 5 =

38.0 48 | o40s | 104 3 | 380 w1 a8 | 149 | 8

bes | B8 60 | 0410 | 121 | 3 33.7 T 90 218 | 4

Colesr 0 5T ) 90 | oses | 273 | 7 29,5 25 | 236 | 4

31.6 150 | 0206 | 175 | 8 | 169 | 253 e 1700 | 142 | 4

23.2 6000 | 0.72 | 4

21.1 21000 | 163 | 2

19.7 60000 | 1.07 | 1

38.0 48 [ 0575 | 072 | 4 380 | 48 102 |3

a5s | BT | 3100 90 | 0647 | 096 |3 3.7 9 | 163 |3

29.5 25 | 0346 | 085 | 2 | 295 275 | 163 | 4

274 600 | 0330 | 138 | 3 || 127 | 253 @ 1700 | 151 | 8

232 | 6000 | 217 | 3

21.1 21000 | 110 | 2

19.7 60000 | 0.63 | 2

38.0 48 | 0660 | 067 | 3 38.0 48 | 196 | 2

83.7 90 | 0994 | 108 | 2 35.9 <1 60 | 833 |1

211 | 295 121000 | 275 | 164 183 | 8 3.2 | 68 | 580 | 2

25.3 1700 | 0756 | 131 | 8 a1 | 337 w 1. 90 300 | 8

23.2 6000 | 0283 | 101 | 8 295 - 215 | 286 | 3

25.3 1700 | 200 | 2

21.1 21000 | 1.67 | 1

1 inch = 254 mm

1 kg/mm? = 1422 kips.

Fig. 6.15. Rotating beam tests on unnotched 75 S-T specimens (ref. 43},
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Fa:’su

SPECIMENS WERE TAKEN FROM RODS
TYPE OF FATIGUE MACHINE: CANTILEVER RQOTATING BEAM
MACHINE, FREQ. 10,000 rpm

TYPE OF LOADING t

Sa

M

Sa L/S“ H

m

b

104CYCLES
ny = RESP. 500, 1000 OR 5000 CYCLES
n_= 104- Ny
. S"L S,;” nr Ny nL/NL ') 'n'H/NH *) E an
(kg/mm?) | (kg/mm?) (10°) (10%) (%) (%) -
21.1 28.2 5 0.02 1.9 0.843
. N 9 0.04 0.4 0.466
21.1 352 5 5 0.02 9.1 0.889
" . 9 1 0.04 1.8 0.510
” . 9.5 0.5 0.04 0.9 1,96
282 352 5 5 1.9 9.1 0.612
» » 9 1 3.4 18 1.15
24.0 28.0 9 1 0.4 0.4 0.789
24.0 32.0 9.5 0.5 0.4 0.8 3.44

*} data are rounded off.
Fach type of test was repeated 20 times.

1 inch = 2564 mm

1 kg/mm? =— 1.422 kips

Fig. 6.16. Rotating beém tests on unnoteched 75 8-T 6 specimens (ref. 3).
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SPECIMENS WERE TAKEN FROM EXTRUDED BARS
TYPE OF MACHINE: RR MOORE ROTATING BEAM FATIGUE
TEST MACHINE

Sf T JIEW & in A5max S'F it Wﬂﬂmésjsmax
. - ——=TIME - . — = TIME
104CYCLES : 104 CYCLES
—= MAX. RESULT
%—-— MEAN RESULT OF 10 TESTS
—=MIN. RESULT
" 31 AS=42 kg/-ﬂf s\ 3 25:42 K9mm?2

it

min (kg/mmz)

Q4 r — \
12 15 18 21
Smin (*Ymm?)
_ kg 2
2n/N 3_l 2£5:12.6 “Y/mm

2 15 18 21

Smin (¥Ymm2) .
MEAN OF ALL RESULTS
="Vn=092

1 inch = 254 mm

Fig. 6.17.

2 15 18 21
smin(kg/mmz)

25:84 K9/ mm2

5N 3
e
N -
ol 2
2 15 18 2
Smin (KYmm
- kg 2
37 A5:126 /nm

1 1-‘*%-[5 ————————————

0 T T T 1
12 15 18 21

Smin (kfnm?2)

MEAN OF AlLL RESULTS
37/ =062

1 kg/mm?* = 1.422 kips

Rotating beam tests on unnotehed 24 S-T 4 specimens sub,]ected to continuously varying

amplitudes (ref. 16).
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Rotating heam tests on unnotehed 75 S-T specimens, The stress amplitude was constant for each ten load
eyeles. This amplitude followed a random sequenee which was derived from a load spectrum. Four
load speetra were used as given below. A special fatigue machine had been designed to apply the
random load sequence. The tfest speed was 3600 rpm. :

TYPE OF SPECIMEN:

% Fe
LOAD SPECTRA ‘
SPECTRUM A ’ SPECTRUM B
S8 Ss)L
S5 a 55 | —
54 - sd bt
53— 23-———0
5] ]
52 52 D
s P e g P S
0 01 Q2 03 04 05 0 O1 Oz 03 04 05
: FREQ. OF OCCURRENCE
OF SIX DIFFERENT LOAD
LEVELS
SPECTRUM C SPECTRUM D
56 — 56 ]
5 s5 | ——
sal . Sal
Sal Sabl
2y 52 ——
[T Sl
B S Sy e AP e Sy S
O 01 02 03 04 05 .0 01 02 03 04 05
FREQ. OF OCCURRENCE |
OF 51X DIFFERENT LOAD
LEVELS
I
Load Stress En-
amplitude | duorance Speetrum | I n/N *)
levels
(kgfmm?) (10%)
8, 414 50 A 1.25
8, 37.6 70 B 0.51
8, 33.9 120 C 0.37
8, 29.9 300 D 0.54 -~
S, 26 960
S, 221 5 000

*) Each value is the mean of 12 test results.
1 tneh = 254 mm 1 kg/mm® = 1.422 kips

Fig. 6.18. Results of speetrum tests of ref. 9 on unnotched 75 5-T specimens.
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TYPE OF SPECIMEN f ;’{:j J

@ 030"

TYPE OF FATIGUE MACHINE KROUSE ROTATING-CANTHLEVER-
. BEAM MACHINE ,10.000 rpm

Sa| $:352 *Ymm2 Sq
N:1
T tN:- 107 5:176 *9rm?2 T
(M= 5109)

FalLURE

ﬂnmmiimmllmlIIIIﬂHI!l“mnlmllmu
||||||1||||11|l|||]””m]m)mml"mm"“ml “

|
|

A ,
For all stress levels, except the last 011e,—%— = =nhumber of stress-steps. At the last stress level the

test is carried out until failure. (provided failure did not oveenr at a previous stress level, then
m—1

s n/N < ). The differcnec between the stress amplitudey of two successive stress levels is con-

17.6
stant and equal to, v kg/mm?, .

Tests with resp. 2, 4, 6 and 10 stress-steps were pertormed.

. Decreasing stresslevel tests Inereasing stresslevel tests
Number _ Number
of steps | N STUR o steps | AT | SR
() (m)
2 6 0.63 2
4 6 0.71 4
6 3 0.79 6
10 3 0.94 10

1inch = 254 mm 1 kg/mm? == 1.422 Kips

Fig. 6.19. Rotating beam tests on unnotched 76 S-T 6 speecimens (ref. 27),
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2 2" . 0ag
TYPE OF SPECIMEN:
MATERIAL: BS.S 61 0625 ¢
{(Al-Cu-Mg TYPE)

RADIUS QQoa™ POINT OF APPLICATION

ana” OF LOAD

a5 ¢

A NUMBER OF SPECIMENS WAS PRE-LOADED IN AXialL TENSION TO
394 ¥Yram?2 (Su:475 %9/mm?, $qy+28.2 ¥9/mm?)

24
~ T | I
o N
SENIN [l
~2
A RS |
A ARILEAY I
T w ! PRE-LOADED
14 b T H
et L N FI TSR
ol RNHEE &
. | j{ N(L)T PF!ZE!-LOADED
6 I I k] L] =
F! e
.2
ol UL u l Ll .
10 10 10 07 10 g ©

1 inch = 254 mm 1 keg/mm? = 1.422 kips

Fig. 6.20. Results of rotating cantilever heam tests of ref. 6.

3%

POINT OF LOAD

APPLICATION
Ol Yas.

TYPE OF SPECIMEN:
24 5-T ALCLAD SHEET- "
MATERIAL 2

FOR THE PRELOAD CYCLE AS WELL AS THE FATIGUE TESTING THE MINIMUM
STRESS WAS ZERO (R=0} THE PRELOADING WAS APPLIED PARTLY IN THE
SAME DIRECTION AS THE FATIGUE TEST 1OADING AND PARTLY IN THE OP-

POSITE DIRECTION. TwWO PRELOAD STRESSES WERE USED.

PRELOAD: 2115 nm2 PRELOAD: 268.1%%/m2
25—
N AN
E 202 ’ E 20 :
o S N '
X x
£ 15 Nk Ry SRR RN A
) l { AJ - Jﬁ 74\’9
10 L J 10
10° 106 10"N 105 106 107
N

e¢:= ORIGINAL S-N CURVE

o= ONE PRELQAD CYCLE IN SAME DIRECTION AS FATIGUE TEST (OADING
s = ONE PRELCAD CYCLE IN OPPOSITE DIRECTION AS FATIGUE TEST LOADING

1 inch = 254 mm 1 kg/mm? = 1422 kips
Fig. 6.21. BEtffect of pre-loading on the S-N curve at B =0 (ref. 1).

Preload | Divection . N {10%) at teststresses
{kg/mm?) ) Of, Number 14.1 ] Number 17.6  |Nuwmber | 211 | Number 24.6
oading of tests | kg/mmn? 'of tests |kg/mm? | of tests | kg/mm? | of tests |kg/mm?

None — 6 11723 4 1489 8 461 6 253
21.1 Same 4 10763 1 927 — — —_ —
28.1 " 2 23 660 .2 920 2 367 3 222
211 Opposite 3 2788 2 878 2 286 1 207
28.1 » 2 2 166 2 677 2- 508 2 255
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Type. of specimens: P 51D “Mustang” mainplanes.
Material mainly 24 S-T Alelad sheet and 24 S-T extruded sections.
All loads are expressed in percentage of the “ultimate failing load”. (U.F.1.)

Meanlife (eycles)
Magnitude
8 1 Load range virgin pre-loaded Ny
of pre-load (% UFL) : . N
(% U.F.L.) speclimen Speclme.n
(N) (Np)
85 6 =+ 106 1238 000 4 769 000 3.85
95 ' 4 561 000 3.68
70 68 100 3.89
85 6 =+ 28 17 500 78 700 450
90 67 500 3.86
95 43 800 2,50
85 26.9 -+ 16.1 31 460 63 820 203
85 57410 1.82
103 323 + 215 7950 12 971 163
85.6 37.7 = 269 4 139 l 4 975 1.20

Fig. 6.22. Effect of preloading on fatigue life of a typieal metal wing. (ref. 22).
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t: 0.064"
05§ g

T

FOR THE UNNOTCHED SPECIMENS THE TRANSVERSE HOLE
WAS OMITTED THE SPECIMENS WERE AXIALLY LOADED.

TYPE OF SPECIMEN:

5

¢

. 3
Pre-load Load range Mean . _
T)yp.e of stress in fatigue test | endurance 1:;?:?
LT (kg/mmy | (eg/ma) ] (10%) o

No pre-load 280 3

28.3 314 1

- 315 265 1

| Unnotehed 34.6 BT =174 370 . 1

‘ 37.8 294 1

40.9 2 1

441 396 1

No pre-load i 62 | 5

28.3 14 1

31.5 . 56 ; 3

346 159 == 7.9 78 3

378 il 3

409 98 3

441 65 2

Notehed ) o 1 reload 105 w105 33.3 3

42.9 IR 105.1 3

No pre-load 10.0 3

42.9 141 + 14,1 16.8 3

No pre-load 3.8 3

.6 + 176
429 176 = 17.6 52 3

1 ineh = 254 mm 1 kg/mm? = 1.422 kips

Fig. 6.23. Dffect of pre-loading on the fatigue strength of unnotehed and notehed sheet speeimens of
' DT.D. 546 B. (Al Cu Mg type) (vef. 21).
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o a0 Vrv
< ., hd
o| 60 >
3 s
L&} 5 4Q —

Ts .20t i

i |

g 501 o 1 0 100
3l .20 | L aTio ENDURANCE WITH PRE-LOAD
0 ", "ENDURANCE WITHOUT PRE-LOAD -
2 -40 a i, 2 | Ly

g bl

.2 -60 =

Qa-17 o
I 1o) I
=100 ]

o SIMPLE LUG
+ CHANNEL SPECIMEN
# x TRANSVERSE HOLE SPECIMEN (BAR MATERIAL)

s WING JOINTS
s SPAR FAILURE} ME TEOR
¢ SHIN FAILURE ] TAIL PLANE

All specimens were tested in fluetuating tension, except for Meteor tailplanes which were tested in bend-
ing at resonance. The mean stress was positive in all fatigue tesis dnd varied in the range of 84—
14.2 kg/mm* The stressamplitudes were in the range of 2.7—84 kg/mm? The eorresponding endurances
for the not pre-loaded speeimens varied from 79 000 to 850 000 exeept for six transverse hole specimens,
indicated with for which N was 7700 000.

1 kg/mm? = 1.422 kips

Fig. 6.24. Influence of one high preload on the endurance of different types of light alloy specimens.
(ref. 20 and 21),

%
n
ﬁ 120 T T T T 77T T T ;
@ SINGLE PRE-LOAD(CURVE OF FIGG 24)
= 100 |- T n
‘0 BO { j, ‘ et AT
3 | B
3 0 DT
I|— 40 Feba & i I
v|o i
I” .20 L
_l = -
< o] - +
z j0.01 o1 1 10 100
s{ -20 1 ,-‘i-R ATIOENDURANCE WITH HIGH LOADS
0 w0 - ENDURANCE WITHOUT HIGH LOADS
. 4"
S o e
& @ ] ] T
-80
ool L_LLI

e SIMPLE LUG

+ CHANNEL SPECIMEN

® TRANSVERSE HOLE SPECIMEN
a SPAR FA!LURE} METECR

L

SKIN FAILURE | TalL PLANE

For some details on the testprocedure see fig. 6.24,

Letter P near a point denotes that specimen had received ten high preloads.

All other points represent specimens which were subjected to periodie high loads, which were applied

at intervals during the fatigue test, the load turning to the mean of the fatigue test after each applie-

ation. The imtervals of high loading were as follows:

At eommencement of test, and every 20.000 cycles to 500000 eycles.

Then every 50000 eycles to 1000000} eyeles.

Then every 100000 cycles to 2 000 000 eycles.

Then every 200 000 eycles to 4000 000 cycles,

Then test continued to failure without further overloads. -

Fig, 6.25. Effeet of 10 pre- Ioadq and of perlodle high loads on the endurance of ditferent types of light
alloy speecimens, (ref, 20).
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a.WAY OF PERWDIC CYCLIC OVER-STRESSING
IN THE PRESENT INVESTIGATION

L ___ I
sml HITIRA

n

b. WAY OF PERIODIC HIGH LOADING IN THE TESTS
OF HEYWOOD (REF 201} '

- Flg 7.1. Different ways of overstressing.

S.-N CURVE
LINE_OF EQUAL DAMAGE:ﬂ-aCQNSTANT

Zhomomm—em

-~
-

—_— N

a.CONCEPT OF PALMGREN (REF 31)

START OF CRACK

I

|

|

[

l

| .

| N
)

N

D= — m—— o = = —
= J T

-

|
1
|
f
)
|
)
M

1 ——» N

-

1

b. CONCEPT OF LANGER (REF.25)
_LINES OF CONSTANT DAMAGE ARE DEFINED BY
f+ CONSTANT(n<M) AND a:m=CONSTANT(n>M)

Fig. 8.1. Lines of constant damage according to PALMGREN and LaANGER,
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a CRACK PROPAGATION a7 TwWQ DIFFERENT STRESS LEVELS

' b
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| 7
neg | o7
-
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b.CRACK PROPAGATION c.CRACK PROPAGATION
IN AN H-L TEST IN AN L-M TEST

Fig. 82, Crack propagation according to SHANLEY.

5-N CURVE OF THE VIRGIN SPECIMEN

$S-N_CURVE OF THE SPECIMEN AFTER
HAVING APPLIED ny TIMES 5,

25 = CONSTANT

—

|
|
T
| ; ———
J
i
|
{
N

N,-nI

T\? 1

]

Fig. 8.3, HENrY’s concept of fatigue damage in two step tests at S, =0.
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1 ENDURANCE N

iy e ST N

Sm
—'0_\_\.‘.‘-r'J_‘_I_('—\_\_\_L\rr,_r—l__\'.—-:’T

-_'——__.,-{
1 PERIOD

aSPECTRUM TEST, 595, AND THE NUMBER OF LOAD-
CYCLES AT EACH LOADRANGE CCORRESPOND TO A -
GIVEN LOADSPECTRUM -

Srnax

5
T CURVE FOR CONSTANT ;";"

—

b. SPECTRUM ENDURANCE CURVE '

smux

Sy

c SPECTRUM FATIGUE DIAGRAM

Fig. 9.1, GassvEr’s method of spectrum tests.
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> 10 |
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U} 5 1 [\ . \

005 010 "My \\

103 1o 103 108 107 108

= N,p - .

The gust load spectrum is oiven by Y #n; ag a funetion of the gust load wveloeity wi. In; is the number
of gust loads with velocity _» = %i, eneountered in a given number of flying hours. Thus the number
(2 i)

i

of gust loads in the interval w; — 346 A« until # + 14 Aw iy given by LAY,

Ni(u;) denotes the S-N eurve.
The carve #;/N;(4;) is the damage distribution eurve according to the linear cumulative damage eoncept.

Fig. 92, Damage distribution eurve for a gust load spectrum according to the linear ecumulative
damage concept. .
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——» TIME

PART OF A LOAD-TIME RECORD.

—»TIME

REPLACEMENT OF ABCOVE GIVEN PART OF
LOAD-TIME RECORD.

Part 9.3. Illustration of a conservative assumption by establishing load spectra.

LOADING PERIOD

it ' ;

a SPECTRUM TESTS WITH STEPWISE INCREASING
LOADAMPLITUDES.

)
Illlll

f

i

hm[{ﬂl TR A

b. SPECTRUM TESTS WITH STEPWISE DECREASING
LOADAMPLITUDES.

Fig. 94. Two types of gpectrum tesis.
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initia]l post-buckling stage is stable only for very narrow panels,

REPORT 8. 476

C.C. L. Class. C4731

Buckling and Post-Buckling Behaviour. of a Cylindrical

Panel under Axial Compression

by

W. T. KOITER %)

Summary,

The post-buckling behaviour of narrow cylindrical panels, such as oceur in stiffened eylindrical shells, is investigated by
means of the general theory of ref. 8 for one set of boundary conditions along the longitudinal edges. It appears that the

A program for further research is outlined with respect

to other boundary conditions, to the more advaneed post-buckling stage, and t6 an experimental verification. Tt is com-
jectured that the behaviour of a narrow curved pamel in the advaoeed post-buckling stage will approach the hehaviour of
a flat panecl of the same width.

Contents.

List of symbols,
Introduction.

Boundary eonditions and buckling mode for a
narrow panel.

Method of analysis of initigl post-buek]mv
behaviour,

The initial post-buckling behaviour of a narrow
panel.
Suggested program for further research.
References.
Appendix A: Analysis of initial post-buckling
" ‘behaviour of a narrow cylindrical panel.

A 1l: The bagic energy cxpressions.

A2: The equations for w, v, w.

A 3: Direct solution of the variatienal
problem,

Ad: The neighboﬁring states of equili-
brium.
Ab5: The effect of jnitial imperfections.

Appendizx B: Flexural strain energy in the
- stiffeners due to tangential hending.

Ligt of symbols.

a
b
(4
c

h

amplitude of buckling mode.

width of panel
aﬂ‘: bﬂ: bﬂ'J Gy, Ca,

Fourier coefficients defined by

{A 25},

sheet thickness,
N (also: a subseript for 1, 2, 3, ... in
’ sec. A 3).

. h?
Koo

1
"
b

¢

(12
v

w

Uy, Uy, Wy
u, v, W

O wE

U, v, w
[ s x/R

B,

*} Chairman of the Seientifie Advisory Committee NLL-NTV,

3 R

{sec (A 8)).

length of panel,

defined by (2.3).

wave number parameter in ax1a1
direction.

wave number parameter in eireum-
ferential direetion.

axial displacement of middle surface.
tangential displacement of middle sur-
face,

radial dlsplacement of middle sur-
face,

buekling mode.

moditication of buekling mode in post-
buckling stage.

axial coordinate.

flexural rigidity of stiffener in tan-
gential bending,

Yourg’s modulus.

shear modulus:

compressive load on panel

potential energy; a suhscript n de-
notes the degree of the energy ex-
pression (see (A 3) ).

correction term to energy expression
due to initial imperfections {see
(ABT)).

radins of panel.

defined by (4.2).

defined by (A 41).

displacements in fundamental state,
nondimensional axial coordinate.
circumferential angle (fig. 2}).
eirecumferential angle between two
stiffeners (fig. 2.)

overall compressive strain..



gy o buckling strain.
e contribution to ¢ due to modification
of buckling mode u, v, w.
N . .

A= ER.ER nondlmcnsmna-l.load.

Ay nondimensional buekling load.

A nondimensional buckling load for im-
perfeet panel.

pht amplitude of initial waves in imper-
fect panel. '

v Pomsox’s ratio.

g total curvature parameter, defined by
(2.7).

1 Introduction.

The buckling and post-buckling behaviour of
flat panels and of cylindrieal shells under axial
compression have already been investigated ex-
tensively (see e, refs. 1-—8), and- the funda-
mental difference in hehaviour between these two
types of structural elements is. now fairly well
understood. Much less is known about the be-
havigur of curved panels, such as ocecur in stiffen-
ed cylindrical shells. Several investigations on the
classical buckling stress of sueh panels have heen
published (refs. 9, 10, 11) but little or no infor-
mation seems to he available on their post-buckling
behaviour. .

It has of course been conjectured that the he-
haviour of a eylindrical panel will be gimilar to
the hehaviour of a flat panel if the panel ig very
-narrow, ie. if its curvature is very small. On the
other hand, a eylindrical panel may be expected
to.show similar bhehaviour as a complete unstiffen-
ed eylindrical shell when the efreumferential angle
is sufficiently large. This conjeciure may be illn-
strated schematically by fig. 1, where the ratio

Ml .,

Fig. 1.

A/Ay of the compressive load to the elassical buck-
ling load has been plotted as a function of the
ratio- ¢/e; of the overall compressive strain to the
classical buckling strain. The straight line 0AB
represents the fundamental state of equilibrium
{simple axial compression) which becomes unstahle
when the buekling load X, is exceeded. Curve AC
represents the stable post-buckling behaviour of a

72

flat panel whereas the (initially unstable) behaviour
of a eylindrical shell is deseribed by curve ADE.
Curve AF depicts the conjectured stable behaviour
of a very narrow cylindrical panel and curve AGH
the (inritially unstable) hehaviour of a wide eylin-
drical panel.

The initially highly unstable post-buckling he-
havigur of an unstiffened cylindrical shell and
a4 wide e¢ylindrical panel hag several undesirable
features. First of all the load and/or compressive.
strain change abruptly when the buckling load
{point 4 in fig. 1) is reached and this jump is
aecompanied by comparatively large amplitudes of

" the waves in which the sghell or panel buckles,

—— £
A

Apart from the danger of exceeding the yield limit
{or fatigue limit) of the material due to high
hending stresses, such decp waves are objection-
able in airplane structures from an acrodynamic
point of view. Morcover, the aetual buckling load
is usually mueh lower than the theoretical buckling
load due to unavoidable irregularities in the actual
strueture, and the deerease in buckling load is
highly unpredictable beeause it is very sensitive
to the magnitude of the deviations of the astual
strueture from a perfectly cylindrical shell or
panel. Therefore we helieve that the load-carrying
capaeity in the post-buckling stage is of little
practieal importanee for a complete unstiffened
eylindrieal shell or wide panel. In a structure of
thiz type the loads should he kept well helow the
classical buckling load.

The type of post-buekling hehaviour is govern-
ed completely by the tangent to and the curvature
of the post-buckling curve at the point 4 in fig. 1.
Hgnee our primary interest in the investigation
of curved panels is directed towards their enitial
post-buckling behaviour, ie. for loads in the neigh-
hourhood of the buckling load. A general method
for the investigation of this type of problem has
beerr deseribed elsewhere (ref. 8 ch. 3). Its ap-
plcation te the problem of a eylindrical panel is
straight-forward although somewhat laborious, once
the boundary conditions of the panel and the buck-
ting mode have been established. These basie data
for a narrow panel are discussed in sec. 2 and the
general method of analysis is outlined in see. 3;
details of the analysis for one set of boundary
conditions and the corresponding buckling mode
are given in appendix A. The main results are
discussed in see. 4. Tt appears that the initial
post-buckling behaviour is stable only for wvery
narrow panels. A program for further research
is snggested in see. 5.

2 Boundary conditions and buckling mode for a
narrow panel,

A complete unstiffened eylindrical shell of
length 1, simply supported at its ends, has a
large number of - buckling modes at the same
critical axial stress (refs. 1, 2, 8) -

) E h.
Oy — J oo————— —
T V3a—» R

where E is Youxa’s modulus, v is Poisson’s ratio,
i is the thickness and E is the vadius of the shell,

{2.1)




These buekling modes are deseribed by the axial,
tangential and radial displacements wu,, v, w,
{ref, B)

p(vp?— g*) :
) T OE @S Pasin g8,
2+vipitqt] . 22
vy = %%EF_L sinpacos gf, { 0

W, == gin Pa §i1 @B,

where e =z/K is the nondimensional axial, ecor-
dinate, 8 is the circumferential angle, ¢ is any
integer satisfying the inequality

gEm=1 v/12(1_v2)|/ (2.3)

and p 18 a root of the equation
p?—2Zmp + ¢ ==, (2.4)

suhjeet to the conditions that p? is large and pl/fe
is a multiple of =. Obviously a long, thin sheli
has a substantial number of these buckling modes.
Moreover in a long shell the houndary conditions
at the ends have no appreciable effect, and ad-
ditional buekling modes appear which are obtained
by replacing o« and/or B by « + =/2 and 8 + #/2
respeetively,

The meost Important constraint due to the stif-
feners in a reinforced shell {fig, 2} is the sup-

{
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Fig. 2.
Part of eross-sectipn of stiffened cylindrieal shell.

pression. of radial deflection waves along the
stiffeners. It we negleet all other constraining
effeets of the stiffeners, the buekling mode (2.2)
is again possible at the same critical stress (2.1)
as for the unstiffened shell, provided that the
stitfeners are equally spaced and do not exeeed
2 m in number. In other words the cireumferential
angle 8, bhetween two stiffeners (ef. fig. 2} should
not be less than =/m in order that the eritical
stress for the reinforced shell be the same as for
an unstiffened shell,

The panels into which the cylindrieal shell is
divided by the stiffeners will be ecalled narrow
if their ecircumferential angle 8, is smaller than
w/m. The buckling mode is then again given by
(2.2), where now g==/8,. The corresponding
huckling stress is given by (ref. 1, art. 84; ref. §,
art. 74)

o ki [ p? N he (p2+q2)2

T Tisa e g ) 29
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where ¢==/8,. The eritical buckling stress o,
is now given by the minimum value of (2.5) as
a funetion of p. This minimnm i3 attained for
p=gq (=n=/B,); its value is

N I ]
oor = £ {4q?+ 31 — ke 4
— wih? 4
=1 g =y (10, (2.6)
where
o= 1 1V12(1—v2) @)
‘n' 2 V“‘ '

is a measure for the fofal curvefure of the panel
and b =REg, is the width of the panel; a narrow
panel is defined by #=1. The first factor in
{2.6) is the wellknown critieal siress of a flat
panel, simply supported along its longitudinal
edges.

So far we have ignored all eonstraining effects
of the stiffeners apart from the suppression of
rudial deflection waves along their lines of attach-
ment. The corresponding buckling mode (2.2) in-
duces bending of the stiffeners in a tangential
plane to the shell with a curvature given by

ml_(a"vl) o pr{(2+v)pttq?]
R\ ef ﬁ=n”“

P TV
and forsiom of these stiffeners with a twist

8in pa
(2.8)

1 ( o*
F* \ a8 )f3=0“ R7 08 Der 2.9y

In most conventional stiffened shell structures

‘the flexural strain energy in the stiffencrs, due

to tangential bhending with curvature (2.8),

small compared to the extensional energy in the
panel in the buckling mode (2.2) (ef. appendix B).
The tangential constraint due to the stiffeners
may then indeed be ignored. If the flexural rigidity
of the stiffeners in bending in the tangential plane
15 comparatively large, the tangential constraint
may hecome more 1mportant resulting in a modi-
fication of the buekling mode and an inerease
in critieal stress. However even for completely
rigid stiffeners this increase in critical stress is
at most 25 per cent (ref. 11). -

On the other hand, the forsionel strain energy
in the stiffeners corresponding to a twist given
by {2.9) usually has a magnitude comparable to
the flexural strain energy in the panel, and the
torsional eonstraint of the stiffeners may result
in an appreeiable medification of the huckling
mode (2.2) and a corresponding inerease in critical
stress. In the present report we shall neglect this
effect.

The investigation of post-buckling behaviour
will be simplified if we also assume that the
stiffeners have no constraining effect on the
axiol displecements w along their lines of attach-
ment. It is well-known that this assumption in-
volves no serious error in the eorresponding flat
plate problem (ref. 3, secs. V and VI; ref. 8,
art. 632). In our buckling mode we have u, =10
at the attachment to the stiffeners. Hence our



assumption of no constraint ean only affeet the
modification of the displacement pattern in the
post-buckling stage, exactly as in the correspond-
ing flat plate preblem, and it may be expected
with some confidence that it will not involve ap-
preciable errors.

It may he observe¢ that it is alwa,ys possible
to estimate a posteriorl the errors introduced by
the neglection of the tangential, torsional and
axial constraints by caleulating the strain energy
in the stiffeners corresponding with the deflection
pattern without these constraints. If the resulting
inerease‘in strain energy is sufficiently small com-
pared to the strain energy in the panel itself, the
approximation is certainly sufficiently acenrate. It
may alse be noted that our results shenld always
be conservative.

Our final assumption is that the boundary con-
ditions at the transverse frames of a stiffened

- shell may be replaced by a condition of periodicity.

Tt iz well known that this assumption is justified:
both for a flat plate and for an unstiffened shell

it the length of the plate or shell is not less than

several times (say 2 to 4 times) the half wave
length. This assumption should therefore also be
justified in our panel problem if the panel length !
is not less than several times its width b= RgS,.

3 Method of analysis of initial post-buckling
behaviour,

The general theory of the initial stage of post-
huckling behaviour (ref. 8, ch. 3) starts from the
assumption that for loads in the neighbourhood of
the buckling load a neighbouring state of equili-
briwm exists, ie. o state of ethbrmm that is
obtained from the fundemental state at the same
load by small (although finite) additional dis-
placements. Next it is observed that these addi-
tional displacements may be written in the form

w==ou, +u, v=ar, + v, w=aw,+w, (3.1)

where 1w, %, w, is the buekling mode, a is the
(as yet unknown) dmphtude of the buckling

mode, and u, v and w ave in some sense ortho-
gonal to the buekling mode. Tt is assumed thay

u, v and w are small compared fo the buckling
mode coniribution to the additional displacements
@y, Ay, Q..

The condlnons of equilibrium may be expressed
by the requirement that the potential energy (the
sum of the elastic strain energy and the potential
energy of the external loads} has a stationary
value. This requirement is applied in two sieps.
In the first step the stationary °value of the

potential energy as a funetional of «, v, w is ob-
tained for a fized value of a. It can be proved
(ref. 8) that this stationary value is a minimum
and that in its evaluation only terms of the first

and second degree in w, v and w. need be retained;
the terms ot the first degree are (for small values
of @) proportional to . Hence the differential
cquations for w, v and w, obtained as the EuLmr
(‘quthl’lS of the variational problem, are linear in

w, v and w, and the right:hand members are pro-
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portional to a? and the assumption regarding the
smalluess of u, v, w has been proved. Upon sub-

stitution of the solution for u, v and w into the
potential energy we obtain an expression for this
energy as a function of the amplitude a of the
buekling mode that is aceurate (for small values
of @) up to terms of the fourth degree in a.

The equilibrium values of ¢ are now obtained
by equating to zero the derivative of the energy
with respect to e, and the sign of the second deri-
vative with respect to ¢ decides whether the state
of equilibrium is stable or unstable. It depends
on the actual form of the expression of the poten-
tial energy as a funetion of @ whether neighhouring
gtates of equilibrium exist bhoth for loads above
and helow the buckling load or ouly for loads
either above or below the buckling load. Usually
neighbouring states of egaoilibriuvm at loads above
the buckling toad are stable (if they exist), where-
as neighbouring states of equilibrium at loads
below the buckling load {(if existing) are always
unstable.

The detailed analysis for our problem of a nar-
row panel in a stiffened cylindrical shell (with
the boundary conditions diseussed in see. 2} is
given in appendix A. The results are discussed
in the next paragraph.

4 The initial post-buekling bebaviour of a
narrow panel,

The results of our analysis in appendix A may
he summarized as follows. After buckling the
initial relation between the overall compressive
gtrain ¢ and the (nondimensional) load A, ie. the
tangent to the post-buckling curve, is given by
(A 54)

A— A,
1—28—958 "'

where ¢ (06 =1) is defined by (7) and 8 is
the sum of the series

e=A't (4.1)

x

5= 3 [ v e
(4.2)

We have a real solution only for A=A, if the
denominator in (4.1} is positive, and for A = A,
it the denominator is negative. The results of our
numerical caleulations are presented in table 1,
and the tangents to the post-buckling curves are
pietured in tfig., 3, where the straight line A—=e
represents the fundamental state of equilibrium
which is unstable for X > i .

First of all we note that for a wvery nerrow
panel (6 ¢ 1) our formula (4.1) is simplified into

e=2 A~ A, {4.3)

in complete agreement with the well-known result
for a flat panel (ref. 3.4 and ref. 8, art. 833,
eq. (63.45) ). This simplified formula is approxi-
mately valid for values of ¢ up to about 0.3. The
slope of the tangent of the pest-buckling curve in
fig. 3 decreases qlowh for values of # up to ahout




TABLE I
o' 8 1—2¢*— 98
0 0 1.000
0.3 0.0032 0.955
0.5 0.0248 0.652
0.6 0.0523 0.270
0.7 0.0993 —0.374
0.8 0.1764 —1.407
0.9 0.3008 —.3.019
1.0 0.5049 —5.544
A - 0:=0
* L
L A4,/
Ve —
N , ﬁ/e- 0.6
1 s
R { ~Jt
7/ S
/’ !r ™ 6=O7
7
Ll
e=1o\ 8:08
0:-09
61 —-E
Pig. 3

Tangents to post-buckling curve for several values
of total curvaturc 4.

§ =0.5. A rapid change occurs for values of 4
between 0.6 and 0.8. The post-buckling tangent is
horizontal for 6 — ~ 0.64, and verfical and direct-
ed dowmweards for ¢=~ 0.77. The horizontal

tangent represents the limiting ecase of a siable

post-buckling bechaviour for a preseribed lood,
whercas the vertical tangent represents the Hmit-
ing case of stability for prescéribed overall strain .
Euvidently the complete change from the stable
behaviour of a flal panel to the unstable behaviowr
of a shell occurs within the ramge of o narrow
panel 0 < 8 < 1.

It may be interesting to compare these results
to the values of # which oecur in modern airplane
structures. In wing panels the values of § are

- usually considerably smaller than 0.5. In fuselage

panels the values of ¢ range from approximately
04 to about 2.0'), and an initially unstable post-
buckling hehaviour should therefore he expected
in most cases if the assumed bhoundary conditions
would apply. However, it should he horne in mind
that the torsional constraint of the stiffeners is
usually important. The houndary conditions along
the longitudinal edges then approach more those
of “clamped” edges, and it may be cxpected that

¥y The author is indebted to Mr. E. J. vav BEEX of the
Fokker Aircraft Company for these data on current designs.

the post-buckling behaviour with elamped edges
will be stable up to higher values of # Further
researeh in this direetion is highly desirable.

The effect of initial imperfections in the panel
is easily taken into aecount by means of the general
theory of ref. 8 (eh, 4). We have investigated
in appendix A deviations from the true eylindrical
form in the shape of the buckling mode, ie. we
have assumed that the imperfect panel may he
obtained from the perfeet panel Yy means of
radial “displacements” given by

w, == ph 8in ga sin g8, (4.4)

where p 18 a nondimensional parameter for the
magnitude of the initial waves. The resulting load
vs strain curves are given in figs. 4 and 5 for
8-=1, u=01 and 6=0.7, p=01 respectively;
the tangents to the post-buckling curves for per-
feet eylindrical panels (fig. 3) have also- heen
drawn in these figures. .
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Load vs strain curve for ¢ =1 and g = 0.1

A .
I <7
~
-—.,__-\
A q.

Fig. 5
Load vs strain curve for 4 == 0.7 and ¢ = 0.1

1t will he noted that the ecritical load A* for
these imperfect panels is considerably smaller than
the huckling load for a perfect panel. This effeet
always ocours if the denominator in the second
term of (41) is negative (see eq. A (64) ). The
drop in buekling load as a function of the ampli-
tude of the initial waves is illustrated in fig. 6
for two values of the total eurvature 6.

1t may be emphasized here that our analysis is
only valid if the deflections from the fundamental
state are sutficiently small, ie. if the amplitude o
of the buckling mode is sufficiently small. How-



ever, our most important result, i.e. the initial un-
stahle hehaviour of panels for which 6 > ~ 0.64
for a prescribed load or & > ~ 0.77 for a pre-
seribed overall strain, is entirely rigorous for the

)
k*

|

A

02 03 04
Fig. 6

Buckling loads for imperfect panels,

o o1

assumed boundary conditions. Moreover, it does not
seem too audacious to offer a conjecture on the
behaviour of a narrow panel in the more advanced
post-huckling stage (see sec. 5.2).

5 BSuggested program for further research.

Further research on the post-buckling hchaviour
of .eurved panels seems desirable in several direc-
tions,

51 First of all the effeet of other boundary
conditions along the longitudinal cdges should be
investigated,

The most simple (although not the most im-
portant) extension of our analysis is the inves-
tigation of complete longitudinal constreinté along
the stiffener attachments. For this purpose it is
gufficient to add a term

2 .
— (a,*+ 3 a*)sin 2 ga
n=A4

to our expression for w (A 27), and to analyse the
corresponding medified equations for the Fourmr
coefficients.

. The most important modification of the houndary
conditions ig the suppression of transverse deflee-
yion slopes along the stiffeners if their torsional

- vigrdily 1s high. It may be expected that a panel

with elamped edges will show a stable post-buckling
behaviour up to higher values of the total curva-
ture parameter 8. It will be eonvenient to obtain
first a sufficiently simple and aecurate approxi-
mation to the buckling mode corvesponding to
clamped longitudinal edges, beeause the rigorous
buackling mode (ref. 1) would probably regquire
exeessive analytical work even in the nitisl post-
buckling stage.

In view of the faet that the eritical stress is
not very sensitive to fangential constraint by the
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stiffeners (cf. sec. 3), while the modification of

the buckling mode (u, », w) does not involve ad-
ditional tangential displacements (ef. (A 27) ), it
does not seem worthwhile to investigate the effect
of such constraint.

52 Next, it should be remembered that our
analysis has been restricted to the initial post-
buckling stage. In order fo extend the theory to
the more advanced post-buckling stage a eon-
ventent first step may be to retain the displace-
ment pattern, caleulated for the initial stage, but
now taking into zccount «ll energy terms, ie. up

to the fourth degree in %, v, w. A more refined
analysis of the advanced posi-huckling stage would
require a careful examination of appropriate wave
patterns in order to achieve adequate resulis with-
ont cxcessive analytieal labour,

However, i would appedr fo be wot too bold
¢ conjecture that the hehaviour of o narrow curved
panel in the advenced post-buckling stage ap-
prouches the behaviour of a flat panel of equal
width, This eonjecture is indeed fairly plausible
for the initially already stable very narrow panels
{6 < ~ 01.64) because their critical stress is at most
17 percent above the critical stress of a fiat panel.
The conjeciure is lustrated in fig. 7 for punels

A
1
1
2.2
agzzybzl— —————————— CURVED PANEL
i (9= FLAT PANEL
=="9:07
_WERSL
3(1-v3)b2
!
I
!
!
I
T2h2 —#=E
3(1-v2)p?
Fig. 7

Conjectured post-buckling carves in advanced stage
for narrow cylindrical panels,

with a total eurvature § up to unity. If our econ-
jecture were confirmed by avalysis it would seem
that a detailed knowledge of the ecomplete post-

buckling eurve for narrow panels is of minor ,

practieal interest beecause the part of the eurve
that would lie substantially ahove the curve for
a flat panel is highly sensitive to initial imper-
fections (see figs. 4 and 5).

53 Finally, an experimental verification of the
theoretical results seems desirable. Tt is suggested
that the houndary conditions which were assumed
in the present report might be obtained in 2 test
set-up similar to the set-up for the investigation
of flat panels (ref. 13). However, it may he better
to await the results of a theoretical investigation
of other houndary conditions before a decision on
experimental verification is made.
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APPENDIX A,

Analysis of initial post-buckling behaviour of a nparrow cylindrical panel,

Al The basic energy expressions,
The fundamental state of equilibrium of a panel under axial compression is given by

==—ARa, V=0, W =rv\R, ‘ (A1)
where
. N o
_ T BRRE T E
is a neondimensional parasmeter for the total lead on the panel. The inereasc-in potential emergy on

passing from the fundamental state to & neighhouring state & + u, V4 v, W+ w is {ref. § art. 72
with the simplifications indicated in arts. 75 and 76)

A

__ G { P2 {u] +aP] (u] + £, {u] + P, [ui}, {A3)
4 (L—w) .
where the various terms arc given by
Iiﬂ !30
P [u] == j dea j d {4 + (v + w)* - v (v + w) + 2{1 o) (0 + )¢+
" ' + k[0 w4 2™ + 2(3 — )], ‘ (A4)
un By N
P/lwl = —4(1—?) / da j A, (A5)
é d ]
- HR Pa
Pdul:% [ dq:/ dB {[w + v(v + w) w2 + (v + v+ wiw? + (1 —v)(w + Vyww}, . (AS6)
d g
un Fa
P, luj= ?i‘l? f do f ap{w™ + wr)?, _ (AT)
i o -

@ is the shear modulus, & is defined by
h®

iy

(A 8)

and primes and dots denote differentiations with resi)ect 10 « and g -
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The buckling mode for the assumed boundary conditions of a narrow panel, defined by

mfB 1 —_—— b :
P= T = = P11 F =1, A9
x 2 = o = (48)
is given by (2.2), where p=q==/8,
4%, = — 1;_; ¢os ga sin g,
v, = 8+ Sin ge €08 g3, .(AIO)

1 4‘?
-, == §in ge sin gB.

We assume our dddltmnal dlsplacements on passing from the fundamental state (A 1) to a neighhouring
state in the form -

U=, + u, v=av, + v, ©=aw, + w, (A 11}
where u, v and w are supposed to be small compared to au,, av,, and aw, Moreover we impose the
orthogonality econdition
YR Bo
Pilu, wl =— 41— [ da f dp . 2w == 0, (A12)
e b “
. We may now rewriie the energy expression between brackets in (A 3) (ref. 8, ch, 3) 1
Pllul+ AP/ [u) + Plu)+ Pju] =a* { P,? [ ]+ AP, ] } + @Pw )+ aPJw T+ PO Ju)+
+ AP [u] + P, [u, w)+ ... , (A13)
where all terms which have not been written down explicitly may be neglected. Substituting (A 10) into

{A13), and performing the integraiions as far as possible, we obtain for a long panel, 1 v RB, {ef.
ref. 8, arts. 74, 75)

P, ] AP/ (w] = vz)qa(kl A, (A1) _
Pylu) =0, ! | (A 15) f
- ﬁﬂl 5 - d ) |
P lu,l= & 1w 4 (A 18) ,
where
-1 k. m2h?

Ay = (1 +-8%) | (A1T)

—_ 2 —_
i¢g i F T s e
is the critical load parameter (ef. (2.6) ). We also have

UR By
Pm[ul,u]_kij da fdﬁ{ U A ) (1 — v ww e + (v 4wyt v +(1—-—v)w w, v +
6

+ (vur,? + w, ) w + {2 {1 +vlvy+w)lw’ + (L—v)(u, + v )w,‘]@”%—
(2 (v, + vy Fw, Jwe F (T—v) {3y + o )w) Jwe } =
yR Ay
- R / ‘?"‘f dp{g +v+{1—v)ecs2ga— (1 —v) cos2gB— (1 + v} cos2 gacos 2 gl & +

+ @?[(1—v)sin2qasin2gB] w+ ¢*(1 + v— (1—v) cos 2 g + (1 — v} cos 2 gpR +
— (1 + v} cos 2 qa cos 2 ] v+ q?[(l_v) 8in 2 qe sin 2 gA] v + @1+ v— (1-—v) cos 2 ga'+
+(1—v) eos2gf—(1 + v) cos 2 gacos 2gB] w + q{ (1 —v2) sin 2 ga] W’ + q[(1-—+?) sin 2 gB1 w- } (A 18)

A2 The equations for w, v, w.

It should now he remembered that our pane! is only one out of a number 2x/8, equal panels in
the stiffened cylindrical shell (see fig. 2 in sec. 2). It is immediately obvious from (A 13) to (A 18)
that all panels have the same energy expressions. Hence the condition of eqguilibrium, expressed by the
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requirement that the potential energy has a stationary value, may be applied to a single panel if due

account is taken of the faect that the displacements u, v, w and the derivative 1w are continuous across
the line of attachment of a stiffener, and that these displacements are the same in ali panels. We also
remember our requirement that the displacements are periodic functions of the axial coordinate and that
no radial deflection waves occur along the line of attachment of a stiffener. We may summarize these
geometric boundary conditions

a) %, v, w are periodic in a;

) (ug_g, == (W)gmny (¥) gop, = (¥)pos
. (w)p =8 (@) g0, (107) B=fy = (W) g

¢) B=0: u{’=0.

{A19)

L]
As a first step we determine the minimum value of (A 13) for a fived value of the amplitude o of
the buckling mode, i.e. we determine u, v, w from "the condition that
i ‘ — — — .
Polu] + AP/ (u] 4 *P,, [u,, u] (A 20)

is a minimum (ef. ref. 8, ch. 3). The EuviEr equations of this variational problem are

2 i

Su” +4(l—v)u-+40+ )"+ 8w =¢ R [2(1—Hv) 8in 2 g — 4 ¢in 2 g cos 2 gR],
41+ u+ 8o+ 4 (I—v) v + 8w =¢° R {2(1—_v) s1n2qB—4coquabm2 qB]
- — - - — _ - (A 21)
Eww' +8v + 8w+ 28w+ 2w 4 we] + 81 —v)auw” =
2 R
= z%_ (1 + o)+ (1~v) (3 + 2v) cos2ga + (L—v) (1 + 2v) eos 2¢8 +
+{1 + v) cos 2 ga cos 2 gf],
and the “natural” or dynemic boundary conditions of the variational problem are
d) (“I‘)ﬁ.—_,eo = (’TL'),an, (a)ﬁnﬁu = (1_"‘),3=os (E"ha:pu: (7;"){3:0;
T
e W) g g — (W) gup ) da==0;
) Gj [(0) g g, — () po) . (a2
B

0 [ (s 4@ 0]+ w4 ) dp =0

0

The boundary conditions (A 19} and (A 22) may be simplified by observing that the righthand
members of (A 21) represent a symmetric “loading” of the shell with respect to 8= ! B8, Henee we
may write instead of (A 19 b and e) (A22 d and ¢)

B==0 and B==8,: w==v=1r==u =), (A 23)
IR -

B==0and f=f,: [ w-da=s0. (A 24)
6" .

Conditions (A 19 a) and (A 22 f) remain unchanged. '

A 3. Direct solution of the variational problem.

The variational preblem involved in minimizing (A 20) may be solved directly by the Ravigiou-Rrrz
method hy assuming suitable series representations for w, v, w and minimizing with respect to the
coefficients in these series. This method is completely rigorons if the series assumed are sufficiently
complete. The Tight- hand members in (A 21) and the boundary conditions (A 22) suggest that suvit-
able series for u, v, w are?)

) It might be objected that the assumed expressions (A 25) may not be sufficienily gemeral; our analysis would then
not yield the required minimum but only an upper bound. However, it may be shown that an alternative approacit, ic. the
solution of the differential equations and houndary conditions by FOURIER- transforms, yields the same result.
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of

1% =— cakl + [ao" + 2 a* cos 2 ngf } 8in 2 ga
n=1

v= 3 b,sin2ngB + ¥ b.*sin 2 ngB cos 2 ga , (A 23)
n=1 n=1

- o7 oo 20
w==c, + 24 ¢ cos 2 ngf + [-— Yookt 21 Ca* cos2nq[>’] cos 2 ga
n= H=

=1

Evaluating the expressions (A4), (A5) and (A 18) we now obtain by some elementary algebra

Pl () = fifl } 4e2h? —8veRe, + 4¢ + 8 gfe* —8vgar Y, oo+ (2 + B kgt [ Y oca* } +

v n=1 n=1

+ X [2(0,, + 2 ngb,)? + 8 kginte,? + 4 gRun*? + (co* + 2 ngbn®)2 + 4 vqun® (6,* + 2ngh,*) +
n=1

+ 2 (L) gt (na® ok b*)E 4 kgt + ?1,2)2.:”*2“ , . (A 26)
] _ BUI . 2] ® 12
Pial=— P2 a o tag 3 omise [ S arf], (A2)
B =1 n=1 .

P, [u, %] :% g | — (1 + ) R +(1+ v)o, +(1—v)ahy — % (1—v)(1 + 2v)ey +

(1 —v)ge* —go,* —gb* — L (1+vle* + 3 (1—v)(3+2v) X o® | (A28)
=1

Substituting (A 26) to-(A28) into (A 20) and minimizing the resulting expression with respeet to
the parameters e, ¢; b,, ¢; ba, & (R >1); a*; a* b* co*; @* b* o* (h>1), we derive the
cquations :

8z R2-—8vRe,— (1 + v)g2a =0,
— 2 A29
— 8y R+ 8e,+ (14 v %:0; (429)
a? .
8q(2gb, T &)+ (A—v)¢ 5 =0, :
- (A 30)
4{2gb, + )+ 16 kg'e, — F (1 — ) (1 + 2;-)q275 =0;
8 hg(2 hgbs + o) == 0,
g( ey n) =0, ! (A31)
4(2 hgby '+ ) + 16 khiqic, == 0; |-
16 g2,* —8vg Y o +'(1-v)q3%-=o; (A 32)
nest
2
43 —w)gtnt £ 41 bt duget — gt =0,
{};2
2a,* -+ 4(3 — ) g?b ¥ L S
4(1 + v)g*a, (3—»)g*b* + 2 qe* g =Y (A 33)
4 vga,* + 4 qb* +(2 + 32 kgt — 8(1 — v®)Ag?] ¢,® — 8 vga,* +
B ' 2 2
F 41+ dhgt —a(1—v)agt] ¥ er—1(1 +‘V)q2% + (1) (B + 2} %:o;
n=1 '
4(2 4+ (1 -— v lgm* + 401 1 v)hg?h* + dvge* =0, ’
4(1 + v)hgtm* + 4]2 87 + 1 —v]gEh* + 4 hgo* =0,
4 vgan® + 4 hgby* + (2 + 8 E(1 + R2)2gt — 8(1 ——»2)Ag?)en® + (A 34)
— Svga,® + 4L+ Akt —4(1—)Agt] D ea* + 3 (1-—w) (3 + 2v)q%§: 0.
: n=1 ,
The equations (A 29} to (A31l) are readily solved. Their solution is given by
- 22 252
g =2 (A 35)

8w T T RER
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1— 2 1 a? 11— o 1-—+2 1

WET BT R R T YR T g K (439
by ey ==0 (h > 1). | (A37)-

The first pairs of equations (A 33) and (A 34) are solved for «.*, b,*; a* b*

1—v 1 o? 3+ v 1 «?

Y — * _ . ;“:-—- - * L _ v
“ PERAMEETI & R 8¢ * "B IR (A38)
2 h? i

e T e e MY 2E6] (A39)

L2+ 1y 2{h* + 1)2g

Substituting these results and the value of «,* given hy (A 32) into the last equations (A 33) and (A 34),
we obtain both for h=1 and h > 1

3 23]
cﬂ:—'—zq —+2[1+ 4-’6(]‘_4)\‘12] 21 ca¥* | T, (A 40)
¥io=
where T is defined by
1, 1 4kq4 2 2 2]—1
= [(m+ S E e e i S

o
By summing (A 40) from A =1 to k=% we finally obtain an eguation for E c.*. Putting

n=1
§= ¥ T, C (A42)
h=1 s
and remembering (A 9) and (A 17), we obtain

L] 3 a2 S‘ i
e L 43
2, o i E I A a8 T (A 43)
G S L T, (A44)

T R TF A F e —AA08

We may now ecaleulate the minimum value of (A 20) for a fized value of the amplitude @ of the

buekling mode. This caleulation is simplified by observing that this minimum is equal to § a?P,{w,, u]

where % s our solution of the variational problem (ret. 8, art. 25). The result is

Minimum of { Polul + AP/ [u] + &P, [u, 1) Y=
B A T — 9(1 —?) 8

7 R T R S TR o TG S o 2 (B VWK

In order to fucilitate the numerical evalnation of eur result it should be remembered that our attention

is foeussed on the initial stage of post-buckling behaviour. In faet, our neglections of the terms in (A 13)

whieh have not been written down explicitly is only justified if the amplitude @ of the buckling mode

is small. Tt was shown in ref. 8 that (A 48) may then be simplified by putting A =2A,. Our final result
is therefore

(A 45)

L — - — 8,1 4407 T 91 —v?)
/ 0 ’ 2 _ 4 4 R
Minimum of {P,°[w] + AP/ [u] + a*Pp{u, v] } = i 4 Al % + S g4+ 15 8 ’
(A 46)
= ~1
-4 (|2 LY 7
E[L“ﬂ)? + 64 (B2 + 1)~ 1 a}_. (A47)

A4, The neighbouring stetes of eguilibrium.

The minimum value of (A 13) for a fixed value of the amplitude a of the buckling mode may now
be written down from (A 14), (A 15), (A 16) and (A 46)

) 1 at z
2 b3 —_ b4 . . A 48
(T—)g* | (A, —Ma* + 16 — gt 68’](} B (A48)
The positions of equilibrium are characterized by a stationary value of (A 48) with respect to its single
variable a, L. e. by .

Play = Aot

3

2A, — e+ $[(1—26—98[g? =0 (A 49)
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The solution a=0 corresponds to the funddmentdl state of equilibrium, The nelghbounng pusitions of
equilibrivin are deseribed by .
a? Y —

BT @—20 58T (4.50)

whether a position of equilibrium is stable or unstahble is decided by the sign (positive for stable equi-
Iibrium) of the second derivative of (A 49), ie. by the sign of

2

200, —M) + 3 [1—~2€*~»98]q & {AB1)
Obviously only stable neighbouring states of equilibrium exist for A > i, if
1—26*—98 : (A 52)

is positive, whereas only uns,table nelghbouun positions of equilibrium ean oecur for A <A, if {A52)
is negative.
The corresponding overall' compre%ne strain of the panel is given by

e=A+e; o (A 53)
substituting (A 35) and (A 50) e -have - ) ‘ '
T . A—dy
r ': N & — )\ + T:m (A 54)

) PR} v . .
where A = A, if (A52) is positive and A = A, if (A 52) iy negative.

Hence the result of our analysis is contamed in the single expression (A 52) whieh has heen evaluated
numerically for several values of # in the range 0 = 6 = 1 to which our analysis applies (table 1 in sec. 4),
The numerical work is negligible because no more than 4 terms of the series (A 47) need teo be caleulat-
ed, the remainder being approximated with adequate aceuracy by the remainder of the series

@ 1 . .
1 - .
¢ Z . , (A 55)

which may be summed by means of the formula

3 1 T " 1

obtained from ref. 12; p. 136, Ex. 7 by differentiation.

A b, The effect of imitial z'mperfections

The effeet of small’ devmtlons of our panel from the true cylindrical form may again be examined
by means of the general theory of ref. 8 (art. 47). These imperfections are taken into account to a first
approximation by adding a term

pAQ, [u] (A 57)

to the expressmns between brackets in (A 3), where u is a parameter !} which is a measure for the magni-
tude of the imperfections.

Denoting the radial “displacements” by means of whieh the imperfect panel may be obtained from a
tl'}le eylindrieal panel by w,(e, 8), we have (ref. 8, eq. (77,3) with the simplification diseussed on p. 198)

yR By
PAQ, ) = 8(1-—v*)A ] da [ dg . wou’”. ' (A 58)
N 0 i
In our first approximation, expression (A 13} is now moditied by adding the term
e - By ’
A, o] == 8(1 — v¥)Aa j de f ag . ww,”. (A 59)
i 0

It we assame dmbsal tmperfections w, i the form of the buckling mode .
' w, = ph sin ga sin g8, ' (A 60)

14

.Where h- is the sheet thickness, we obtain

1) We have replaced the symbol ¢ for this parameter in ref. 8 by w here in order to avoid confusion with the overall
compressive strain.
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R B
@[] = — B —)¢h [ da f dp . singa singf — ﬁ‘;;
: .

o
0

— )gh. (A 61)

Adding the ferm (A 59) to (A 48), equiiibrium of our imperfect panel requires a stationary value of
the expression

1 o)

,Bl
_ 2 Mt 12t
Bl |2 uha + (1, —A)ar+ L Ll (A 62)
Henee we obtain
H
— 20 200 e+ § [1—26°—9 5] 5 =0,
Remembering g ==/8,, (A9) and (A 17): this result may be rewritten in the final form
‘ A Ay 31— ?) . a
ﬂ_#(\—l-+.(1—f)7:+m[1—25 — 98] =0 (A 63)

The equilibrium is stable if the second derivative of (A 62) with respect to « is positive, le. if (A 51)

is positive. Obviously no instability can oceur for A <A, if (A 52) is positive, On the other hand, the.

imperfeet panel will become unstable at a load A* < A, if (A 52) is negative. The buckling load A* of
the imperfect panel is obtdined when (A 52) is zero, Klimination of « hetween this condition and
{A63) yields the equation for the huckling load A*

* 9 EEwrn 2 39
ol Ay [/—_*2 Vive (1—2-Y"=0 (A 64)

A 9 1—v Veg+26e—1 A

Some numerical results are presented in see. 4 (fig 6).
The formula for the overall compressive strain may be obtained by an extension of the theory of
ref. 8 by taking into account those terms which are linear in the initial impertections and quadratie in

the additional displaccments ew, + w. Alternatively this compressive strain may bhe obtained in a more
direet way hy ohserving that the averege value of the axial (compressive) strain eomponent of the
middle surface should cqual the average eompressive stress divided hy Youxa’s meodulus, i.e.

; UR B
T L[ da f 0~ [0 + W) = =2 (A 65)
I B, p § 2 B?
Because 1w is small compared to aw, we may replace this equation by

R 1 UR B
— RN P 3 ’ ’ Zu ”2 66
=t ﬁn[ Ofdﬁ T + el (A 66)
By substituting (A 10) and (A60) into (A 86) we ohiain

e== A SRZ (2 ;JL(I + (LE) (A 6T)

This relation may be rewritten by rememhering g ==/8,, (A9) and (A 1X7). Our final result is

Z=If+ S(1 + 6%

& A' 31_ 2 2 X
A (on Lt ) (A 68)

Some numerical results are again diseussed in see. 4 (figs, 4 and H).
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APPENDIX B.

Flexural strain energy in the stiffeners, due to tangential bending.

The flexural strain energy in the stlffenerq due to tangential bending is per unit length of a stiffenér
with flexural rigidity B
1 B p@*l(2+ vip®+ ¢°]° (3 + v)ert
4 B (p* + ¢%) IR YT T

(B1)

on aceount of p=g==/8, in the ecrifical buckl‘mg mode for a narrow panel.

Denoting derivatives with respect to a by primes and derivatives with respect to 8 by dots, the ex-
tensmnal strain cnergy per unit length of a panel in the buckling mode (2.2) with p=g==/8, is
given by (ef. ref &, ecq. (72, 6))

1R

‘ b
1 & daf A8 {1 + vy + w)" + 2o (0 + )+ (e ) g + vy )= e EPR ey
N — p : 3 , - 32 ke

The ratio of (B1) to (B2) is therefore

il (3 + vy2g? {B3)

Ebsh

o)

In many econventional structures this ratio is small compared to .unity, and neglection of the flexurdl
strain energy in the stiffeners due to tangentlal ‘pending is then justified,






