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REPORT F. 184

A Slmphﬁed Method for the Calculation of Three- Dlmensmnal
Laminar Boundary Layers

by

J. A, ZAAT.

Summary.

By aid of the assmnpt,ion that the houndary layer velocities in the direetion perpendicular te the local frec flow are
small compared with those in the direction parallel to this flow, it is possible to approximate the momentum equations for
three-dimensionzl laminar boundary layers by two total differential equations of the first order. The boundary layer quan-
tities in the direction of the local free flow are ealeulated by neglecting the houndary layer eross flow but taking into
account the three-dimensional character of the potential flow. This only requires the evaluation of an integral. Thercafter,
the eross flow is caleulated by using the results for the main flow, which leads to an integral equation.

The simplified method has been applied to the flow about a yawed ellipsoid at zevo incidence. The results agree very
well with those obtained from the complete momenium cquations,
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oz [ . . . In the present report a simplification of the
B BT, ¢=2(z,y) 1s equation of the method is presented. It is assumed that in the
hody. momenttim equation for the main flow the eross

8 d d 8 & 3 ) tlow terms are sma.l] an_d. may be .neglected, There
B 3w | m = 3 ; + 2y G e dif- remains a total differential equation which ean be

solved in the form of a simple integral and which
vields a result similar to the well-known formulae
of Tuwarres {ref. 5) and TruckeveropT (ref. 6).
With its solution, the houndary layer in the direc-
tion of the potential flow is known.

In the momentum equation for the cross flow

- the result obtained for the boundary layer profile
in the direction of the main flow is substituted.
The remaining total differential equation ean then
he solved with the ald of a relatively simple
numerieal procedure.

The simplified theory is applied to the case of
the ellipsoid at zero angle of incidence, which has
heen investigated before. 14 appears that the dif-
ferences in results bhetween the simplified and the
former, more aceurate, method are guite small.

The general formulae of the present theory have
been simplified further for the special cases of the
vawed infinite eylinder, fwo-dimensional flow and
axially symmetrie flow.

ferentiations where y or # are kept con-
stant, hut 2z is considered as funetion of
x and ¥.

1 Introduction.

In a series of reporis (refs. 1—4) a method
for the caleulation of three-dimensional laminar
bhoundary layers has been deseribed and applied
to the case of a three-axial ellipsoid at zero in-
cidence. This method, which was hased upon the
complete momentum equations for the boundary
layer in the directions parallel and perpendicular
to the loeal potential flow, required extensive eal-
culations since the basic equations consisted of a
set of two partial differential equations with two
unknown funetions. These funetions represented
the parameters whieh gave the reguired freedom
in the preserihed boundary layer profiles in the
two directions mentioned above:

2 The momentum equations in streamline coordinates.

The equations for the boundary layer flow about a body
2= z(x,vy) . {2.1)

given in Cartesian coordinates z, ¥, 2, will be determined. A set of orthogonal, curvilinear coordinates

£ m, £ of whieh & and 4 are on the surface of the body and ¢ along the outward normal of the hody
will be used. In these eoordinates the line element assumes the form

ds* = h,2dE2 + h2dy? + b2 : (2.2)

where A, and 7, will be considered as functions of £ and 4 only (which means that the radius of curva-
ture is large compared with the boundary layer thickuness), while h, will be taken equal to 1.
The ecquations of motion for the houndary layer can be written in the following form (see ref, 2)

P
1 9 (F) &%

u a“’_;_i ou w—ai uv  ah, vt Bhy
W, B%E R, oy ot | b, g R, 9 h, 8 e
L. (2.8)
L) v v B e h w8k 1 a(%) 2%
- 4+ = Y2 - PP
ook hy, Bp o CaC Rk, % o, o P e ]

where «, ¥, w are the boundary layer veloeity components in £ 5 and ¢ direetions, p the pressure, p* the
air dengity and v the kinematie coefficient of viseosity.
The equation of continuity is

1 9 1 3 dw 9
h.lh?_ E (hgﬁ-) -+ -m ia_';? (hl’v) + EE— 0. (.44)
The pressure can be eliminated from eqs. (2.3) by aid of the free stream equations. Using the
continuity equation for eliminating w and integrating with respect to {, the momentum eyguations are
obtained, as has heen performed by Tomax in ref. 2.
A simplification of the result (also given in ref. 2) is obtained when streamline coordinates are used.
Assuming that there exists ne vorticity component normal to the surfaee, a surface. potential ¢ and
a surface streamfunction ¢ may be introduced by

de=Uhds + Vido= VT F Veds,= |/ T.ds,,
(2.5)

dy =V o(V hdt — U hdy) =V T . ds,.
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The meaning of the symbol p will be explained in Scc. 5. ¢ and ¥ are the free stream veloeity eom- ‘
penents of the potential {low in ¢ and 4 direction. ds, and ds, are the lengths of line-elements parallel ‘
and’ perpendicular to the sireamline. The eomplete line element hecomes equal to

¢

2 2
dr— 2 L W e p_ gty (2.6)
Vi pl
This expression hecomes identical to (2.2) if @¢ and dy are taken equal to dy and dy respectively, while
a 1 1
hl e .‘:].lld h, = T - 2.7
VT VT @1

In the system of streamline coordinates one has V—=0. |
The momentum equations have heen derived in Appendix A and take the following form '

Vo — 3V« < s |
o) gy 8V Vo 0y Ve =(32)

By Y 20 2 2p 0 . TV o \ag /o |
Wb y oVt Voo o )y ay Vew, 1 —(22) . (s

B , By 2T p Do - TVo Yot 5o,

The displacement and momentum thicknesses are given by 8; = &; M ev and Si=0,; Vo respectively,
where T :

A = f (l—ul)d—C . Ay =— f uzdz
0 D
Buu = f w, (1 -—u,)dg = [ wudg (29)
d 0
s, = f ws(1— w,)dg 922“—“*f wd
U 0 '
and )
_u w— Y = ¢ : (2.10)
v T Vr Ver '

The coordinate ¢ has heen transformed into ¢ by aid of eq. (2.10) in order to be able to write the
houndary layer profiles in a normalised form. Vv is proportional to the boundary layer thickness.

3 The boundary Ilayer profiles. : ‘ J
2.4 3 r
~ In accordance with ref. 3, the houndary layer profiles arve
given by \
. 20 -
1y = f{{) — A g{L) — Nh({) \ N
(8.1)

were _ R WA L/

— — 2 — — I
V1@ =200 + e U =2hE (14 B)e~ " = %z;ﬁ.mz) il )
’ 2 - _T 2 f e 0B .
= — ¢ T e " di. (3.2)
3l Ve +
The functions f, ¢ and h are represented in fig. 1. 04 7
For £==0 they satisTy the conditions . 1 r | —
— g =T = F" — B — I it ___ Tyrr __ frerr __ )
f_g _h—f _F-h’——*f"‘i—_g _h’ _f’ ”—0 . o Qf 02 03 04 05 06 07 0B 09 WO
f’ — 92 g" =__2k = — ! . fogoh
3 V. Fig. 1. The boundary layer profiles
=1 ¢ iy Fe u

. o — _:where;‘.=a'4'i.
gnu = h" —_ @, l/a’v { t




The boundary layer thickness for the cross flow (u,) is a factor @ larger than for the main flow ().
"By aid of ‘the houndary conditions at the body it ean he shown ‘(Appendix A) that

o o

A—%o%———, ﬁf:%o"/p {3.3)
dp S .
N=0 if A > 0 (accelerated flow), N = A if A < 0 (retarded flow). {3.4)
-’]‘he shear stress in flow direction at the body, (%) . vanishes for A =—_—1. The point where
.- =0
:\__——] will be taken as the point of laminar separation.

When the potential flow is assumed to be known the momentum equations (2.8) are a set of
differential cquﬂtlons for the guantities ¢ and Q, determining the houndary layer thicknesses in the two
diveetions,

o :
4 Simplification of the momentum equations.

An aceurate solution of the momentum equations (2.8) has been given in ref, 3 for the case of a
vawed ellipsoid at zero angle of incidence. This same case will now be solved by aid of certain simpli-
fications to be made in the equations (2.8). The fundamental assumption of the present report is that
the eross flow w, is small of order & with regard to the main flow »,. It then follows that

Ba=0(1), 8, =0(8), #,=0(), A, =0(1), &, =0(3).

The erose flow 4, vanishes hoth for &— 0 and for £— . Hence, the values of %, hetween these
limits must indeed become rvather large-before the orders of magnitude for 8,, etc. as given ahove, no
longer hold. Perhaps for swept wings at large angles of incidence, the assumption would hecome less
accurate. It is intended to perform a separate investigation concerning this point, bhut in the present
case, i.e. the ellipsoid under zero angle of attack, the results yield a very satisfaetory confirmation of
this- ‘assumption. It may be added, that the possibility of this assumptmn is an essential advantage of
the use of streamline coordinates.

. : 8 o
Since there is, in general, no difference in order of magnitude hetween the operators e and l/p fa%_
. - P
applied to any flow guantity, the equations (2.8) may be approximated by
—
_ : 2
‘i(]/o'.ﬂ“)'i“—l/—g or (zsv“JrA,)mL “ g, 0 1 o (2+A+ g,
B¢ 2T 2p T3 TV 3l L
) ) ) (4.1)
- Sap BT ' Vie | 1 2
i (1/0'821)+I e 0 (611+A1}M”—0"921J‘=”—: ———= Q.
e 2T Ay p o TVe 3%

After multiplication with 2T 8,, Vo and using (8.3), the first of these eguations can he brought in
the form : : : ‘

g8 Te 4 i :
— (2 Py e (2 AEN) 2 ABLA, L T (42
P 2 ( o 11) 3’/“_ uf ) 15 ) ( }

The right hand side of this equation,

H(A) = — 6.2+ A + N) —2 Af,.4,

———
3 l/ T

" as well as 8, have been plotted in fig. 2 for the interval —1 < A< 1, which contains all prevailing
values of A . Tt follows from fig. 2 that the approximationsg

H(A) =0436—20°A, 0, =a=0293

give reagonable neeuracy. Inmserting this in eq.:(4.2) and multlplvmw “1th T,.one ohtains
P

1 A ( i ) _ 0436 T (4.3)
B N p @ p -
Tuserting the value of o and integrating, the result is
oo+ f do{ (44)

e i’
: I _ .
where ¢; is any value of-¢ and 5.08 c¢,(p,) denotes the value of I for p=¢,.
P .




Eq. (44) contains the final rvesult determining the properties of the boundary layer in the direction
of "the main. flow. .
Consider now the cquation for the cross flow, that ‘is the second equation (4.1). Multiplving with

) and using eq. {3.3) brings this egnation in the form

o B g,,2 M . : : :
P _(z_aﬁ);__(_?,::- T (4.5)
26, 8 \ o T \3V = by '~.
Oq
H{AJ
Q7 f— T .
g__LW !
i x p(f)
a8 = 0.24 -
v e
Qs H{A) "/:T—L— +.020
— ; —
o 4 - ™~ e | e
04 o S 16 d — o004 [ooe

¥ -] 3
a3 012 Alq, aoaz lociz
pr on S TS /p{m
) ]

az)- r ooe *-—/ l cooz |aoos
- - __1__,___‘ ) . i I
.ot I 004 ’( l o001 | 0ooa
o ) W l J | 1 Ji o 1o
0 08 06 04 :02 0 -02 -04 -06 08 -1 - 005 10 15720 25 30 35 40
Fig. 2. J(a) and 4, as funcifons of A, Fig. 3. The functions g}, {2} and r{n},
X O ealeulated from the given boundary layer profiles. calenlated from the given houndary layer profiles.
approximated, . O X A approximate values.

Thiv equation yields after integration the fellowing relation

fM .QaA.d
; Tas,l(gl/; - ) ¢

|82(2) [ =up0) - = F9 - (48)
V. .
where ¢,(p,) denotes the value of —ﬁ—lﬁ—zil—— for p=p¢,.
Fq. (4.6) iz an cquation for 2.4, may be expressed as funetion 0f 0, viz
by =~ | i dE —— @M [p(2)+ Aq(@)+ Nr(a) ], (4.7)
5

The funetions p(Q2), q(Q), r{Q} can be calenlated by aid of the given boundary layer profiles (3.1).
However, they hecome very eomphcated functions of Q. A satisfactory approximation is given hy the
expressions (fig. 3)

p{(Q) =— 000522 + 0.01705 2 -+ (.01800 Q2
g(Q) =— 000106 + 0.00756 0 — 0.00270 Q2 tor 0.26 < @ <15
r{Q} = —0.00593 + 0.02148 @ — 0.00447 *

p(Q) =— 0.04664 + 0.07166 @ ‘ ’ o (48)

. 1
g(@)= 0006030000732 —000108 - { .\ o
r() = 0.03894 -— 0.00405 0 — 0.02494 -]5
A, == 0.752253 — 0.066987 A —- 6.288544 N, L (4.9)

The functions «(p) and Q(p) are now fo be caleulated from the equations (4.4) and (4.6) respeetively.
In order to perform this, it is necessary to determine at first the funetion p as well as ¢o(w,) and
6 {¢go}. It will he assumed throughout that the potential Flow ahont the hody is known.




5 The function p.

Thig funetion is determined by the equation of
eontinuity {2.4) applied to the potential flow.
Replacing d¢ and dy by de and dy respectively,
using eqs. (2.7) for h, and h, and remarking that

U=: VT, since V=0, one obtains
PV () e 2
(I/ ) + 0, (5.1)

where W is the component of the potential flow

- direeted” normal to the body (W =0 at the sur-

face of the hody ¢{=0). It is seen from (5.1)
that the dependence of p upon ¢ is undetermined.
In faet, p may be multiplied with any function
of ¢. This only changes the y-scale as is seen from
eq. (2.5) where dy has been defined.
Eq. (5.1) can he reduced to
1 dp 2 W

=T (5.2)

It will he assumed that the potential flow at the
body surface 1s given by the veloeity components

U and V in 2- and y-direetions. Taking this into
aceount, it is preferable to reduce eq. (52) to a

form containing U and V instead of W. Tn Ap
pendix B it is shown, that such a form is

1 9(pg) 2807 | 8V

—— 7l 5

pg e )’ (5:3)

-y

where g =1+ 2* + 22 The symbol —8-3— denotes
s .

differentiation to », with y constant, but 2z con-
gidered as function of x and y (eq. 2.1). Hence

8 0 i)
I R

CL

The differcntiation in the left hand side of eq.
(5.3) should be performed along a streamline
(¢ econstant). Aeeording to Appen-dix B, one has

T—+=U 8

% 04

The funetion p is to be caleulated from eq. (5.3).

6 - Calculation of the thickness parameters o
and Q.

The integration in egs. (44) and (4.6) are to
be performed along a streamline. Along a stream-
line the relations

where T==TU2+ V® + W= (6.1)

exist. The projeciion of the streamline uwpon the
x, y-plane is obtained by integration of

The corresponding z-ccordinates follow from eq.

(2.1), while W follows from the condition of tan-
aential flow as. .

W=Uz+Va. (6.2)
In the integrals occurring in (4.4) and (4.6) the
integration element may be replaced by %dm or

T

:d‘f.
v Y

A further complication in (4.6) is the factor M,
which is also determined by the potential flow ag

‘is seen from eq. {3.3). The difficulty is the dii-

ferentiation to ¢. However, it is also shown in
Appendix B that

l/——r 0 By B Sp &
8y SJ Sz 8z 8y

8 — —
where —S—:— =00+ 22+ Vze,

and %:V(l + 2,2) + Usezy - (6.4)

Winally, there remains the determination of the
integration constants ¢, and ¢,. For a hody of
small thickness there will be near  the leading edge
(equator) a streamline, separating the flow passing
along the one side from that passing along the
other side of the body. For sake of convenience
thig dividing line will be called henceforth equator,
also if the body is at ineidemce. The streamlines
have in the stagnation point a contact of very
high order with the equator (fig. 4 and ref. 1).
The caleulation of ¢ and Q 'along the equator and
along streamlines in the immediate vicinity of the
equator oceurs by an iteration procedure (ref. 3),
using eqs. {4.3) and (4.5) in the form

a (T¢ T* ge 0436 T
ca—?(P) P @
3 pzﬂel%('-—zz—) +a%=

srnsm\
DIRECTION

Fig. 4. The projections on the =, y-plane of
(i) potential flow streamlines
(i) streamlines along the hody — — — —
(iii) separation line

EQUATOR
FREE STREAM LINE
JREAM LINE ALONG THE BODY

The iteration is based upon the physieal con-
sideration that ¢ and £ cannot change rapidly




along that part of the cquator, where the flow is
accelerated. Therefore: initial values for ¢ and Q

are obiained from cgs. (6.5) by neglecting %E
e

o0
and —=. By numerical differentiation of the

values of o and 0, a {irst approximation is obtain-
oo b
ed for

and a3 The latter values are sub-
stituted in ey, (6.5) and new values for ¢ and Q
are calenlated. This is repeated until the values
no longer ehange?).

()nly for a streamline along which the flow is
moving away from the cguator, larger values of
do o .

—— and —— are possible.
g o

The iteration procedure has the advaniage that
the values of o and @ in the stagnation point itself
are not required. These values ean only be deter-
mined after diffienlt limiting transitions.

For caleulating the flow along the point of the
streamline, that is not near the cquator, eqs. (4.4)
and (4.6) are nsed, where now ¢,(g,} and ¢, (e,)
are known. ¥Hq. (4 4} offers no diffienliies. Eq
{4.6) is solved as follows.

Let the values of @ be known up to a eertain

value (5_4 =Q(¢;_1 ). The prohiem is then to

find @;. The value 2; has to satisfy the relation

i
[ lde

b () =y ¢*i?
'Pz—-'l

f‘ Idy

P e?o
l’ o
and I denotes the integrand, also ocecurring in
eq. (4.6).

For the numerical caleulation the interval has
1o be taken so small that the trapezoidal rule for
integration may he applied. If now for Q; the

guess Q; is made, so that 0, =0; + AQ, then

where y =€ ()

Bzr(ﬂi) + A ( ddGQ ) =y éé“i’ {1+ I(D.L)}

a=n,

or

92,(0)“9(‘;‘;) -

:M%Atp {I(n;_1)+1(nf)} jH-%Aq‘aAD (%) Ht

n=rn;

The latter equation allows the determination of
AQ and henee, the improvement of the guessed
value (I;.

Y} This procedure is possible since the equator forms a
singular line for the differential equation, If along the
equator_the integration of egs. (6.5) would be started with

L@ oan
values ot o aud £ for which 9:; and 7% arc not smail, the
result iy that ¢ and 0 would rapidly (*,hange as functions of
¢ until the same values as obtained in thp procedure des-
eribed above would be reached.

Tt appears in the caleculation that near the high-
est point of eaeh streamline Q hecomes infinitely
large. Singe 4, should remain finite; it follows
from eqs. .(4.7) and (4.8) that M vanishes at least

as & Henee

#y, = — M g (%)*‘ —%g (é—-)—-»(}
if 05w, .

The point where M ==0 is determined by the

T

" i .
condition %:0. The eross flow vanishes to-

gother with the gradient of the velocity vector in
the direction perpendicular to the streamlines.

42}

. 1 .
Bevond the point where M =0, o changes sign.

This makes that the sign of ¢ (¢} in wg. (4.6)
should also he changed.

Eq. (4.4) s the most important equation for
the ealeulation of three dimensional flows, This
equation vields the value of o, detcrmining the
houndary layer thickness as well as the point of
laminar scparation where N=—=A=}oTp=—1
Tg. (4.6) serves tor the ecaleulation of the cross
flow.

TFinally, 1t may be mentioned that the eriterion
for laminar separation A-=-—1 is not exact. The
separation line is, in faect, the envelope of the
streamlines, infinitely close to the body. Sinee this
envelope will, in general, not be perpendicular to
the streamlines of the potential flow, there will
remain a ecomponent of the shear stress in the
direction of the potential flow streamlines. This

component, however, is small and changes rapidly -

near separation. Hence, the eriterion A =—1
vields a good approximation for separation.

7 The boundary layer flow about a three-axial

ellipsoid.

Tn two former reports (vef. 3, 4) a solution has
heen given for the boundary layer flow ahout the
ellipsoid

7 a2 22

o

@t b* t ¢t L
=30 b=1 c=0151

which was placed in a flow, which at infinity had
the direetion (—1, —1,0).

Five streamlines of the potential flow near the
hody have been caleulated. Their projections on
the z, y-plane are shown in fig. 4.

Results for the dimensionless values [/ —Ii—”’ﬂ
and @ (U, = speed of undisturhed flow} obtained
in ref. 3 hy aid of the complete differential equa-
tions (2.8) arc shown in figs. 5 and 6 as drawn
lines for the five streamlines. The approximate
solutions obtained from eqgs. (4.4) and (4.6) have
also heen plotted in figs. 5 and 6 as separate points,
[t iz seen that the agreement is highly satisfactory.
In comparing the results for @ (fig. 6), it should
he kept in mind that in the present caleulation




a better approximation for &,, has been used, viz.
egs.” (4.7) and (4.8). Therefore © has also been
ealeulated with the approximate method of this
report but using the former approximation for 8,,.
This result i3 also shown in fig. 6, which is seen
to agree slightly hetter with the drawn lines theu

T GNAT JON
PC’INT1

4

Pig. 3. l/o- %ﬂ parametur for boundary layer thickness

in main flow direction along the egnator and the
streamlines.
——— caleulated Ly aid of the complete momentum equatiuns
S (2.8).
x  calenlated by aid of the simplificd cquation (&4},
(O voints of separation.
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Fig. 6. o {rativ of boundary layer thicknesses of eross flow

and nmain flow) as function of x/! along the equator
) and along the streamlines,

caleulated by aid of the complete momentum cquations
(2.8).
% caleulated from (4.6) with ¢ according to (4.7).
¢ caleulated from (4.6) w ith 4 according to refs. 3 and 4.

od
the result obtained with the improved expression
for 4,,.

The houndary layer profiles for the eentral
streamling are given by figs. 7 and 8. They are
¢aleulated from egs. {3.1) with the values obtained
for A, N, M, ¢ and ., Tt is seen thai separation
oceurs for x/I ~ —0.780, since for this value of

a/l (a_E’—) vanishes. The cross flow vanishes
Sg=0 .
for values of z/l near zero. It is seen from fig. 8
that the cross flow ohtained by the approximate
method is slightly larger than that obtained by
the more ecxaet method, although the difference
may he due to the different approximation for 8,,.
Fig. 9 shows the displacement thickness in
dimensionless form qkmg the aeguator and the
streamlines, -
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Fig. 7. The boundayy layer profiles in main flow direction
for various points of the central streamline.

catenlated from the simplified method.

x caleulated from the completc momentum equations,
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-Fig. 8. The boundary layer profiles of the cross flow
in various points of the central stresmline.

a) caleulated from the complete omentum equations.

b) calculatoﬂ flom the simplified method.
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The direction of the streamlines’in the houndary
layer near the hody is given by

Uy

0w, fow,
W o | :)

Uy

lim —
Tesd 2 + A+ N

These streamlines as well as the line of separation
have also heen drawn in fig. 4.

=)

8 Some special cases.

8- The flow about a yawed, infinite cylinder.
In the case of a yawed infiniie eylinder, the
y-axis will be taken in the direction of the axis
of the eylinder. All quantities then are indepen-
dent of .
The funciion p is caleulated from eqs. (5.3) and
(5.4). The differential equation for p becomes

= (npg)=—2 %— (In T)

3z
with the solution
A
p= "=
021+ %)
where 4 is an arbitrary constant.

Since

T=U:+V:+ W2 and W="0zg,
(see eg, (6.2))
write also

one may

¥:1
T—V:'

(Jorls1delmg now ecq. (4.4), the integration ele-
ment de may be replaced, when using eq. (6.1), by

. r
dy = *———__'—‘._.:(13,
¥ V T__ Ve

p

where ds = I 'dz? + d&? is the line element in a
section y = constant. Taking for ¢, the veloeity
in a point of the stagnation line, it follows that

5.08(:0(%):(1:")? —o,
. .

72==0) along the stagnation

sinee p=w (I —

line.
Henee, eq. (4.4) becomes
5.08 ! 1 S
o= [ Ve _veas (8a)

where s =10 1&. at the stdgnatmn point. The value
of « for s=0 does not vanish as follows when

— V*® is cxpandeéd near s=0.
In order to ealeulate the eross flow eqs. (6 3)
and (6.4) are used. They yield

— 3 = &
ol e = T e
2V 5 " e
r b P ;;} %- %, since ds =dz V' 1+ &2

Substituting the values for p and M into eq.”

{(4.6), the resnlt is

cr
(T o

0.(2)
M

oT
os

2

J

82 Two-dimensional flow.
For two-dimensional flow one has
V=0 T'=10*+W2=0¢

and eq. (8.1)'becomes

~

. a—5.08 G / U (s)ds. (8.3)
0
After introduetion of
_‘; (] M—U—) ag g = ovf, 2 = ova®

where (1:0.293, ci. (83) ean he hmught in the

form

9= 0436 U0y [ TUrds

0

(8.4)

which is identieal to TEwArrFs’ equation (ref. 5).
8.3 Auwial-symmetric flow.

The potential flow in the direction of the axis
of an axially symmetrie body depends only upon
the ecordinate s, along a streamline. The func-
tion p could again be calenlated from eq. (5.3),
but it is much simpler to consider eq. (2.6).
Taking the azimuth angle ¢ in a cireular section
perpendicular to the axis as streamfunetion it
follows that

dst = ds,? + r2(s,) dy? +rrdyt. (8.5)

U2( 2)
By comparison of eqs. {2.6) and (8.5) it is secn

that

1

P e

Kq. (4.4) then becomes .

L1
o= 7}1(1)?; [ 2 U°ds, (8.6)
0
which is similar to' a
(ref. 6). -
Due to the symmetry, there exists no eross flow
in this ecase.

result of TRUCKENBRODT

9 Conclusions,

The main equation in the simplified method for
the ealeulation of three-dimensional laminar houn-
dary layers is eq. (4.4)

¥
T
o =508 | ¢y(p0) "+ / — dg,f (4.4)
Pa
| My
avmaz.(av;“ -8 )t
(8.2)
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This equation determines the boundary layer tial "tlow streamlines towards the side of the center
thickness | ov in the direction of the local tree of curvature of the latter streamlines. .
flow. The displacement and momentum thicknesses The cnvelope of the boundary layer streamlines

near the hody surface is the Hne of separation.
Separation oeccurs in the region of decelerated flow.
Approximately, separation takes place if the shear
stress in the logal direetion of free flow vanishes,
that is if ¥=A=—1. However, exacily, the
shear stress perpendicular to the separation-line
gshould vanish and sinee this line is not perpen-
dicular to the free flow streamlines, the ecriterion
A=-—1 is indeed an approximate ecriterion for
separation. The difference however, will usually
he negligible,

are proportional to l/trv, sec egs. (2.9), with the
proportionality factors depending upon the pre-

| seribed boundary .layer profiles.
In eq. (4.4) T is the square of the potential flow
velocity and.p is a function depending upon the
| divergenee of the potential flow velocity along the
hody surface (see See. 5). This function introduces
‘ generally the three-dimensional character of the
flow. As seen from eq. (5.2) p depends on aW /dl.
Assuming in a point of, the surface a system of
Cartesian coordinate axes ¢ 9, ¢ falling along the
¢ and ¢ directions and the direction of the body

normal, one has for three-dimensional flow 10 References.
aw Al oV 1. TimmaN, K. A Caleulation Method for Threedimensional
e T ——— Laminar Boundary Layers. NLL Report T.66, 1951.
al - 0 on 2. TimmaN, B, The Fheory of Threcdimensional Roundary
Layers. Symposi Boundary Layer Effects in Aero
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mate vesnlt for the three-dimensional houndary

layer provided 3V /dy is small. This oceurs for the 1955,
i ellipsoid at zero ineidenee if the flow not too near 4, Tmvman, R, und Zasr, J. A. Tine Rechenmethode fiir
to the eqguator is considered. Along the equator, lh'eidimel‘lsionalc laminare Grengschichte. 30  Jahre
- however, dV/dn is large (althbugh V=0) and Grenzschmh?fnrsahung 1955, Friedr. Vieweg u, Sohn
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to those of the pOtent'ld fl()“_ (see fig. 4). th bei ehener und rotationssymmetriseher Strémung. Ing.
bonndary layer sireamlines deviate from the poten- Areh, Ba 20, Meft 14 {1052), p. 211—228,

APPENDIX A.

Derivation of the momentum equations in streanline coordinates.

1. Introducing streamline coordinates into the equations of motion (2.3) by putting

f=p pmg b= o Ry — e
these cquations hecome A S T A 7 o
| (%)
an — o du. — ol/ oU 1 ¥ 3 * o
7y — + X I f —— —_— 32 7 ___.__.L.L:__ __._p—._ ——
wli P o7 | p on + u a7 Y Vp 5 + v P + 3 T, e U o + v e
: 'y
ov — v v Gl 1 well 9 .1 —ol -— (pT) (R
k1A —_ + } / —— + —_—— —_—— - —— — 2 / ——— — / 2
ul7 e vty ) o 3 w 3% UV % 5 T, 2 o+ | P " vl p 9 % + v 5
. L
2 (p_*) .
OZT . (A. 1)

The corresponding cquations for the free stream are obtained by taking v =¥, v =¥ =0 and omit-
ting all dervivatives of I and V to {. Hence, they are

p
a(T
7R/ Y ) (A.2)
o % O¢
. ‘5‘(2__)
— — O
a —_— Y o
vV, e vV, 5
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Elimination of the pressure from (A.1) and (A.2) yields

" tu ol ou ou — ¢l 6Ll vl o o2lJ
Ulugtv ) S GRS Fapl LTI UL S
(u 5 2 P + U’ En =+ w 5% U p 5 Y 5 4 — T B v 3
(A.3)
w . v BU wlf Op , ) — 8l 3 o
1U + ol , Vp 84; aé, a? 5, e + (w-Un V7, % =y —— T
The momentum equations are now obtained by an integration over Z from 0 to @ .
As preliminary steps it is remarked that
fw—déhr /p(U-—-u) ur df¢ and /?w-?}‘—dfjxh—» /Pv—aﬂdz (A.4)
g “T - J R tTT ) e ‘
%—?— follows from the eontinuity equation (2.4} as
‘ aw du 0wl B — ao
N AR +— 2 _ gl .
= % TRt T, — oV, (A.5)
Performing now the integration of (A.3) over £, the resuli is
/'[ ol —uiu + ]/ U ol — v +U(U—4u)§£~—~l/ Uab
; 3 oy e D
1 ap 1 8y - You } . ou
_(2_; a—ﬁ;%— 7 a?)U{(U——uu-i-L }——' —{(D—ﬂc)c—wv} (ﬂguv(éz_) .
I : at 1 4, 18U By
—Veu ———H—U SO Vo S S P-i—ﬁ——}d — {2
U.[ [ £Y % e a7 ) sz % U Dy "(ag .),5;”

After introduction of the expressions given in (2.9) these cquations hecome

- !] /_ I
Vp a Tl/o'g )+ VGA: Y I LI or
zT G 27 T oy

1 a /i -
7 a5 TVeo+ +

.—Vé(euvﬁzz)(—lf . L aT) Vap(“‘f_gﬂ)% TV ?a ( w )}

2p By 27 By 2T VT,
Vo 2 Voo o
130 S (T V58, t g ‘(’1"’“921) T Pos = b e
Ve, + 0, - A (L o, 1 El)z 1_§ a( v )
. Zp ¢ 2T 8 TV Vr Z=0

These equations appear to be equivalent to the equation (2.8) given in the main text.

2. The boundary conditions at the body {(Z=0) wrc w=v=20. Also all derivatives of « and v with
respeet to ¢ and ¢ vanish.

w=70 and according to {2.4) also ggi:[),
From (A.3) it follows that for {=0
U ae e 3 )7 3o 2 2
1t follows from (3 1) and the boundary condition g” =1, f/=#"=0 that A=} %1_
¥

From (A.4) for =0

or, with (3.1}
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By differentiation, from (A.3} with respeet to ¢ it follows. .

3 »® - P
%5(17%)235(17%):0 for [=0. - !

The following boundary conditions contain derivatives of unknown funetions as is seemn by differen-
tiating (A.3) once more with respect to . and putting {=0. Henee these cannot be taken into
aceount without greatly complicating the ealeulations.

i
v

P - APPENDIX B.

The differential equation for the function .

1. As has been mentioned in See. 5 the funection p is to be caleulated from the equation of continuity.

—_ - =
Let ¢, i, 4 bhe unit vectors in the directions of the eartesian ecordinate axes x,y,z A vector
along the body surface can then be decomposed as

T I >
dr =i, dx + i,dy + i,dz = (i, + t,2.)dx + (1, + i,2,)dy =

— — - —_— — —
w V1 + 22da + g VI F 82 &y == pp,d2 + 10,p,3y.

— — - i
4 and g, are unit vectors which are tangent to the body surface. u, lies in a plane y = constant and
s .

- -
#s In a plane » = constant. The veetors u, and u, make an angle e, determined by i

- = ey ViFeitz: V7
COS o == P, . fy = , Sing=—= ——————— = .

0.1, 0,0, C P
When U and ¥ denote the velocity compenents in the x and y
directions, it is clear that p,U and p,¥ are the velocity components
. - —_
in the directions of the vectors p, and u,. For a small volume with
. - — —> . . " .
sides w,p,dz, p,p.dy and p df the mass excess entering in the direetion

-
of the side p,p,de (see sketch “a”) is given by

p"‘j—- (p,p, U sin a)du dy df dt = p* S_fv— (VE da dy d¢ dt,

z y f y 8
where p* is the density. For the mass entering in the other directions,
similar expressions are obtained and the equation of continuity becomes
" 8 yone L 8 ygmar 8y
S Vet + Vg V) + 2 (Vgw) =o.
SKETCH "a” 3w (Vat) &y V) 3¢ ¢ oW
Hence
v s, 87, T Vg, T s Vg
LU L W, U sVy SRNUERLARY (B.1)
ol 8x 3y V g oz V g Sy
Furthermore ’
8 _ % 8.3 §
acp . ago 3.’1_2 ‘ acp By
cand, aceording to eq. (6.2), one has along a streamline -
S U a Y
¢ T v
Hence
3 =& = 8
2T+ T o | (B.2)
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which i3 identical to eq. (5.4). Using eq. (B.2}, eq. (B.1) becomes

s 7l q
AL (S_U_ +EK+ Lal/g)_
9 8 Vg D

Substitusing this in oq. (5.2), the result is easﬂy seen to he identieal to eq. (5.3).

2, An alternative method is as follows

_3133

T Y oo==T(1 + 22) + V 2.2,

? +
&L

Cu

bp Dy O¢ 5
Ey——a—y—",'az ZU-—UZny"“V( +21,),

where use is made of cq. (6.2) for Z—Z:T, .

The line element along the hody surface is seen from sketch “a” 1o he

ds? = p *da® + p,dy* + 2 p,p, cos a dx dy

or
dia? = (1 + 2.2)da* + 2y de dy + (1 + 2,2)dy.
On the other hand, also
1 1
dst = 7 ( (do? + ?d-t;fz)) .

With .

do={U1+2°) + Vaz, }do+ { Uz, + V(1 + 2% } dy
and

=04 V4 We= U2 (14 22) + V(1L + %) + 2T 7 22,
it follows that (B.4) and (B.5) are in agresment, provided

——dy =V Vgde—TVyay.
V p

Henece

8 & by TVaa
Pl Viea, gy———_U py -

2

4
Sx8y

]/P.U (EE‘FiK) +U S(I/pg) + v S(I;J'PJ) —0

Sinee two ways in which can be formed, must be identieal, one finds

which iz seen to yield eq. (5.3), if (B.2) is used.
It follows from eqs. (B.3) and (B.6&) that

8o 8 8¢ &
Vg T=— 8z -Syi Sy af
Finally,
B _ % 2 L 2
3z Sr Op 8x oy
- 5 _ B 3 8y 9
8y ¥ B Yooy
which leads to .
R 8
] T -S;-FV@—

The last eguation is identieal to eq. (6.3).

(B. 3)

(B.4)

(B. 5)

(B.6)
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Calculation of aerodynamic forces on slowly oscillating
rectangular wings in subsonic flow

by

A. 1 VAN DE VOOREN and E. M. DE JAGER,

Summary.

A method is presented for the ealeulation of the aerodynamic forees on & alewly oseillating airfoil.
essentially a lifting surfaee theory which takes into accouns the unsteady effeets due to the wake.
series containing terms of mcre'lsmg powers in reduced frequency,

The method is
Results are given as

The method has heen apphed to rectangular airfoils.

It iz shown that if the axis of rotation iz ahead of the airfoil, the aerodynamic damping is muech less than it would he
according to quasi-steady theory Instahﬂlty is possible if the aspect ratio is larger than a certain value. This hmmng
aspeet ratio decreages with increasing Mach nmumber.
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Symbols.

b semi-gpan.

Ciy sectional lift-eurve slope.

el position of sectional eenter of pressurc aft
of leading edge.

go{n) funetion determining the lift distribution
along the span.

¢:(») funetion determining the moment distri-
bution along the span.

k reduced frequency.

ke, ky aerodynamic force derivatives defined by
eg. (6.1).

! semi-chord.

Mq, My aercdynamic moment derivatives defined
by eq. (6.1},

P pressure (positive in upward direction).

$ aspeet radio of wing (b/1).

t time.

w downwash (positive downward).

z, 4,2 eoordinates made dimensionless by aid of I,
see sec. 2.

To Y, x— & and y —4, respectively.

Al amplitude of translation of mid-chord point
(positive downward).

B amplitude of rotation (positive if trailing
edge is more downward than leading edge).

Ci, lift-curve slope for complete wing.

El position of center of pressure of complete
wing aft of leading edge.

K kernel in eq. (2.1).

K force, defined by eq. (6.1), positive down-
ward.

M moment abhout mid-chord axis, defined by
eq. (6.1), positive if it tends to inerease
the angle of attack

M Mach number.

M moment ahout axis whlch lies &l aft of mid-

chord axis.




U forward speed.
AR aspect ratio.

B VT

el digtance of pitehing axis aft of mid-chord
axis,

9 angulayr chordwise coordinate, ¢g. (3.1),

P angular spanwise eoordinate, eq. (3.2).

£ z and ¥y coordinates of an arbitrary point
of the wing.

p air density,

' frequency of oseillation.

Subscripts B and T denote the cases of rotation
and translation respectively.
Superseripts (0), (1), (2) and (3) denote Oth,

1st, 2nd or 3rd approximation.

1 Imtroduction,

It is normal practice to perform stability cal
eulations for airplanes on the basis of quasi-steady
airfoil theory. Only for the downwash at the
horizontal tailplane due to the wing, a time-lag
is sometimes introdueed, which expresses the fact
that this downwash was generated at the wing a
little sooner.

A few years ago it was remarked by Mrmrs
{ref. 1) and Swne (ref. 2) that osecillations of
a two-dimensional airfoil about a pitching axis
may hecome unstable for low values of the reduced
frequeney if the axis lies in a eertain region ahead
of the quarter chord axis and if the moment of
inertia about this axis is sufficiently large. This
instability follows from exact unsteady theory but
is not revealed by quasi-steady theory. RUNYaN
(ref. 3) has shown that this instability oeeurs in
a much larger range of reduced frequencies, piteh-
ing axes and moments of inertia, if compressibility
is taken into aceount. In the case of snaking, where
a vertical tailplane is oscillating about the air-
plane’s top axis, the reduced frequeney, axis of
rotation and moment of inertia about this axis ave
within or near the range, where Runvax obtains
instabitity. This makes it opportune to consider
the gquestion whether it is allowed to ecaleulate
snaking of airplanes, especially at high suhsonie
Mach numbers, by aid of quasi-steady theory.

Part 1T of the investigation performed under
contract AF 61(514)-879 is concerned with the
extension of RUNYAN's two-dimensional resnlts to
three-dimensional flow, Part II, about the results
of ‘which -will he reported in a sequel paper, deals
with the practical consequences of a decreased
damping due to the unsteady effect upoen the
snaking motion of an airplane with rudder fixed.

Tn the past there were some investigations of
the effect of finife span unsteady airfoil theory
an stability ealenlations. Vavy pE Voorew and YTIF
(ref, 4} introduced a reduced value for the lift
curve slope, while Birp, FispEr and HupzarD
(ref. b} applied the method of Bior and BoaNrrEN
as well as that of Rzmswer for caleulating finite
span corrections. Although these methods are valid
as approximations for large aspect-ratio wings, they
were used for aspeet-ratio 2. Moreover, the inves-
tigations of refs. 4 and 5 were restricted to ineom-
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pressible flow. Asnuey and eo-anthors (ref. 6) also
applied Remssver’s method for introdueing finite
span effeets and also confined their investigation
mainly to incompressible flow. Finally, iovLawm,
Haoer and Lake (ref. 7) ecalenlated oseillatory
forces from indicial funetions hy aid of DunAMEL’s
integral. The indieial funetions were modified for
hoth finite span and ecompressibility,

In view of the results of refs. 5 and 6; it seems
fairly certain that the difference between unsteady
and quasi-steady ineompresisble theory is much
less important for finite span configurations than
for the two-dimensional case. Hence, unsteady
effects for the snaking problem will be relatively
unimportant for incompressible flow. This can
also be made plausible by considering the vortex
pattern hehind a slowly oscillating wing, For the
case of snaking the wing should be identified

© with the vertical tailplane. The vortices near 4

(sketeh a) with axes parallel io the wing span

BOUND

~———

Bketch a

are rvesponsible for the posible instability in the
fwo-dimensgional ease. In order to estimate in the
three-dimensional case their influence as eompared
with the influence of the tip vortices, the distances
of both vortices to the wing are compared. In
sketeh a-the pitching wing is al the pesition of
maximum angle of incidence. The “starting”
vortices at 4 were formed one quarter of a period
before and hence the distance from it to the wing
is of the order of =U/2v, where U/ = airspeed and
v = frequency of oscillation (rad/sec). The dist-
ance of the tip vortices to the wing iz of the
order b, where b = semispan. Hence, the ratio

- of the two distances is as

U/ 2v :b=n: 2k AR

where %k = vl/U reduced frequency, ! = semi-
chord and AR = b/l (aspect-ratio}. Sinee it
follows from two-dimensional unsteady theory that
instability may oceur for % smaller than 0.04 it
is clear that for all usual values of AR, the dist-
ance of the starting vortices is much larger than
that of the tip vortiees. This means that the
change in the pressure disiribution of the wing,
due to the unsteady effect will be small for the
low values of %k which are of importanee in
stability caleulations.

It is seen that % X AR is the relevant para-
mefer, if the wing planform is'left out of aceount.
For twodimensional flow this parameter assumes
the value oo whatever the value of k; for stahility
considerations in three-dimensional flow it has a
small value unless AR hecomes excessively large.

For compressible flow the picture is different.

s\
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It is stated in ref. 7 that the unsteady effects of low frequency. The new theory uses as a starting

on the snaking motion are generally significant joint the integral eguation between dm\nwash u
at M =0.7..The reasoning given ahove for incom- . and pressure p at the wing, viz.

pressible flow is guantitatively modified sinee for
the two-dimensional case instability may ocenr for
values of & as high as 0.1 (at M =0.7); moreover,

y—mnip ) d‘fd’?:

there is the more fundamental modification of the widg
finite speed of propagation of disturbances, What where the kernel K has been given for sub-
consequences this modification has, is somewhat sonie compressible flow by Warxmxs, Runvyax and
difficult to assess. In any case it is known that WoorstoN (ref. 8). These anthors have also given
in the transonic vegion the range of k-values where the expansion of K towards the .reduced frequen-
the flow may he considered as quasi-steady hecomes cy & Since the expansion of w towards % is also
very small for large aspeci ratio wings. This known, it is possible to obtain by an iterative
suggests that also for high subsonic Mach numbers procedure of 1ifting surface theory the correspond-
the differences between guasi-steady and unsteady ing expansion for the pressure p.
theory will hecome of inereasing importance. In the present report lift and moment are eal-
For these rcasons it was considered desirable to culated for rectangular wings of aspect rvatios 4,
investigate the influence of finite span cffects on 8 and 16 at M = 0.7, performing a translation or a
a slowly oseillating airfoil plaeced in a subsonie pitching rotation. Resulis are also presented for
flow. The approximate theory which has to be M =09 and wings of different aspect ratio. By
used for this purpose igs not based upon the as- identifying a semi-wing with the vertical tailplane,
sumption of large aspect ratie like Bror and the results ecan be applied for snaking ealculations,
Borwrem’s and Rerssver’s theories, but upon that In the case of M =07 the aspect ratio of the

taiiplane then takes the values 2, 4 and 8.

2 Description of the iteration process.

The fundamental integral equation between downwash w (positive in downward direction) and pres-

sure p (positive in upward direetion) ean be written in the form
w(z,y) = [[ K=t y—ppem dean (2.1
wing
The system of coordinates is fixed to the wing (sketeh b). All coordinates are made dimensionless
by aid of a reference length 1.

4 U

rn
u (AIRSPEED)
—_————
WING % E

z
Sketeh b

In ref. 8 an expansion of the kernel K(x-—¢ y -1} towards the reduced frequeney & =v&'T, up to
and including %% has been given, The first terms of this expansion, which are relevant for the present
investigation, are

K=K + LK + k2 logk. K® + BH® + (k%) (2.2)
where
g VT By o,
| y Vg + gy
K(i) :2 :L'(] ]/wi)z + ‘@.‘.’yoz + x()? + ?f02 N
v Vi + Bud |
Km=_% | pooe
K® — - _]; o, l/x02 + Bzyuz'"— Ly + xnz ]/9502 -+ ﬁgyoz + 130(%02 + 2 yoz) +
2 21— M) - 2y Vz® + g
1 o 1 i
+ . ]u'_ 0 — p2 ( —_ __:i
2 Bz ]/moz - ﬁzynz ‘B Y 2 ) 9

and where z,=x—¢, y,==y—n, B2=1--H* and M == Mach number.
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The convergence of the series (2.2) becomes slower for increasing values of y,. This means that the
range of k-values for which (2.2), neglecting terms of order k* can be used becomes smaller with
increasing aspeet ratio, In the two-dimensional case it is known that the expansion of- the kernel
is dlfferent In fact, it then contains a term % log & which is the term giving rise to the pitehing
instahility.

The pressure distribution will be considered for the cases of translation and rotation about the mid-
chord axis. By linear superposition the pressuve distribution for rotation about any spanwise axis ean
then be obtained.

The downwash is given by (2 is dimensionless)

dz 0z 0z
=l =1+ -
WEYT TR o
For translation one has
p=— A eivt

and hence wr =ivld e®™ —iATke™ where the suffix T denotes transiation.
For rotation

=Bz

and hence we=—=UB(1 + ikx)e'.

Prom the definition given above, it is clear that a tranilation is positive in downward direction, while
a rotation is positive if the trailing edge is more downward than the leading edge.

For both translation and rotation the downwash can be written in the form

w= (w® + k)" - (2.4) -
with-
wp® =10 wyW =747
: 3 (2.5)
W™= B/ weW=={BUz

Introducing egs. (2.2) and (9 4) into (2.1) wvields

[{K@+MWH%Hmk—K®4k%®}maﬂ@&; (2.6)

wing

" {(w® + Faett) PULEES

pU
Henee, the pressure distribution can be written as
p=(p® + kp®+ ktlog k. p® + kp®)eit - 2.1

Inserting (2.7) into (2.6) and equating eorresponding powers of %, the original integral equation is
separated into the four fol]ﬂwin-g equations

w® = { KW p({!) d& dn
‘npU

w[ng

) — ff (EW®p® + KOpW) d¢ dy
4 er iy
(2.8)

0 = 'U (KD p® + E®p®) d dy '

wing )
0 = ff (E®p® - FOp o KOS d¢ dy

wing

The equations of this set ean be solved counsecutively by a numerical procedure. The first equation
involves the ealeulation of the pressure distribution p@X(§, ) by application of steady. state lifting surface
theory. After having determined p®, the first term of the right hand side of the second equation (2.8)
is calenlated and the resulting equation can be used for solving p®. This is again performed by steady
state lifting surface theory, since p oceurs in combination with the same kernel K. Similarly, the
third and fourth egquation yield p® and p® respectively.

1t is seen that by this procedure the solution of the unsteady lifting surface problem is reduced to
the solution of a series of steady lifting surface problems.

Physxeaﬂy, the terms in a certain equation which can be evaluated by aid of the solutions of previous
equations represent a downwash due to unsteady wake vortices. In guasi-steady theory, the pressure
distribution would be given by ' '
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p=(p? +kp®) ™ | (2.9)

where p“’)- and p? ave determined by

0w = f KO p® g dy
ol
wing
(2.10)
D KOty ¢ d
. #PU || ko igay

wing i

By inspection of the expressions for w and K, it follows immediately that p® and p™® are real, pt®
is pure imaginary and p® is complex. Hence, for the damping p¢” and the imaginary part of p® are
of importance. Sinee it may be expected that the contributions of F*logk . p™® and the real part of
B2p® {p the total real part of the pressure are only small in comparison with p® for the low values
of & concerned, these will not be calenlated. They would enly lead to a miror change in the frequency
of oscillation, but do not affect the stability of the system directly, The imaginary pari of p™® will
be evaluated sinee this is a damping compoenent which, moreover, might furnish an appreciable correction
to the damping kp.

Henee, the real part of the acrodynamic forces will be approximated bv p® and the imaginary part
by Im(kpm + %k2p®@), This means that the third equation (2.8) may he left out of account, while the

fourth equation may he simplified. _
Since the numerical solution will be performed for a series of rectangular airfoils, the final set of
integral eqguations to be solved is

W (o) = [ [ KOGt y—pp® )i dn
: ~1 -8
1 1 8
w.(0,9) [ [ B (0§, y— )0 (6 )dédy =
= U [fK“”(w——é Y-~ mpP (& n)dé dy, (211)
TP 212
1 ios
T dpl _.[;,{ Pn E® (@ —&, y-—n)p® (& p)dédy=

SA. f[KCO’(m-——é, y—p)Im p® (& n)dé dy.
) ‘4:11’.0U Sy e
where s=b/l=AR.

38 Resulls for the steady state pressure ditribution,
The method which ig followed fof‘{.he solution of the first equation (2.11) is the one which has heen

described by the first author in ref. 9 and which is presented in detail in Appendix A for the present
case. The chordwise pressure distribution is preseribed in the form, eq. (A.5)

-

PO ) = 2 g, O(n) ot 5+ 2 9D () —g,On)} 5in 2, (31)

where f=-—cos % is the chordwise coordinate.

The lift per unit span appears to beeome equal to 1g,'® (5), while the moment per unit span about
the mid-chord axis becomes equal to § Pg,® (), positive tailheavy.

The functions p, g, and 9'1 are provided in the case of transiation with a suffix 7 and in the case
of rotation with a suffix B. From the first equation of (2.11) and (2.5) follows immediately, that

7 (4 9) and hence g@(n) and g% () equa,] zero; therefore the first integral equation of (2.11)
needs only to be solved for the case of Totation. ‘

The assumption (3.1) allows the approximate evaluation of the chordwise integrals. By multiplying
the equation with two suitable weight funections (functions of z) and integrating, two simultaneous in-
tegral equations for g.,(n) and g,{(q) are obtained. The integrations to & are approximated in a similar
way as the integrations to & viz. by aid of 2 chordwise pivotal points (Appendix A 2).
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" The integral equations are transformed into a set of linear algebraic equations by a procedure which

is an extension of MuvtrOPP’s method (Appendix A.3). This leads to the set of equations (A.28) for

the unknowns g and gﬁ?g’. These denote the values of the functions gg), () and g0} () in the sections
v m—1

n==8 eoS ¢, , Where q:,,—-—-%——-m, v=0,, ... 5

(3.2)

For the present caleulations m has been taken egual to 15.

Tt follows from egs. {A.28) that if fs is kept constant, the values of ,89‘0‘?}3(7;) and Bg% (y) and
also those of g{h (3)/s and g‘f}{{q)/s remain invariant, which is in agreement with the PRANDTL-
Gravent rale,

Calenlations have been performed for the following cases

Rs== 28566, correspoding to M=07, s= 4 or to M=09, s= 6553

Bs= 57131, ., W 5= 8 ., .,  s==13106
Bs = 11.4263, " " ” s=16 ,, ,, " § = 26.20
The results are shown in fig. 1.
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Fig. 1. Distribution of lift and pitehing moment Fig. 2. Sectional lift eurve slope and sectional position
in spanwise direction. of the center of pressure aft of leading edge,

The same results are also presented (fig. 2) in the form of sectional lift eurve slope ¢;, and sectional
position el of the eenter of pressure aft of the leading edge. They are obtained from the relations

o) 9
ﬁc;azzﬁs.m alld 6:1——'@?{ (33)

An expression for the value of ¢ at the tip is derived in Appendix C.
The lift curve slope for the whole wing is equal to

8
1
Cl“=_8— [C;m d‘q
g

which can be evaluated by aid of the trapezoidal rule with the result that

m—1

N 2 -
ks ! ¥ N
Cia= g | #ed + X ol sing, | B8
where c;; denotes the seetional lift curve slope in the section p=scos¢,, see (3.2).

The position of the center of pressuré of the whole wing is in the middle section at a distance Kl
aft of the leading edge, where




m—l
2

((})0 + 2 g(ﬂ) Sin ‘Pv
= (3.5)

m—-1

2 .
¥ .
213008+ 3 o) sino.]
V=

The values of BC;, and E are plotted in fig. 3 as functions of 8s. For 8s— o« the two-dimensional

0w oV 1”2 13 14 1h
fs
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5

Fig. 3. Lift curve slops and posmon of center of pressure
for total wing. v

values 2 and 0.5 are ohtained, while for fs— 0 the curves have heen drawn to the origing, in agree-
ment with slender wing theory.

4 'Results'for the aerodynamic damping at low frequency.

The first a,pprox'imatien‘for the aerodynamic damping at low frequency is given hy the pressure
distribution p®. This is determined by the second of the equations (2.11). When for p‘ the
substitution

1 5 2, .
PO ) = g0 (3) et 5 = (6D () — g ()} sin 3 (41)

is made, this equatlon can be solved in a similar way as the first equation (2.11). The second term of
the left hand side in the second equation (2.11} is cvaluated by aid of the results of See. 3. The
detailed proecedure is degeribed in Appendix B.

The final set of algebraic equations determining g,M and g, which denote the values of ¢, (n)
and g,®(y) in the sections n==scos¢,, see eq. (32}, is given by (B.16) and (B.17). It foliows from
these equations and from the expressions (2.5), that in the ease of translation the solution can be
written down immediately as

. A i A
- gEn) == 90 () 9 Epln) =i 35 0% (). *2)

This eorrespondence is dne to the faet that a wing performing a harmonic translation, has a dynamie
angle of ineidence which is constant over the wing area. Since the wake effeets, heing of order %&* for
the case of translation, are neglected, the pressure distribution will be proportional to that of the flat
plate at constant angle of ineidence.

The solutions for the case of rotation are found by solving eq. (B.16) and (B.17). They are shown
in figs. (4) and (5).

The second approximation for'the aerodynamic damping is obtained by solving also the third equation
(2.11). The unknown function in this equation is Fm p®, for which a similar substitution as in (3. 1)
and (4.1) is made. Beecause Im K®(z-—§ y—y) is mdependent of x—¢ and o —ny {(see eq. 2.3},
follows that Im p® is proportional to p©.




22

5 Regults for the aerodynamic damping from quasi-steady theory.

Using guasi-steady theory the aerodynamic damping follows from the second equation (2.10) instead
of the second equation (211). The quasi-steady valués of g{'} and ¢ (!, for the ease of rotation are
determined by eqs. (B.16) and (B.17) with the mmphflcatlon that all terms of the left hand side of
these equations are to he omitted with the ‘exeeption "of the term pU%sBi in eq. (B. 16) For the case of

translation the quasi-steady values are identical to the unsteady wvalues, which are given by (4.2).

The quasi-steady values for rotation have been added to fiz. 4, where they are shown hy the
dotted lines.
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Fig, 4. The functions 9(1) and 5'(111)1 for ¥ =0.7. Fig. 5. The unsteady values of the functions g“) and g‘ﬂ%
$ = 4 is identical to ps= 2.86 unstead 1 for Mc=100.
§= 8.is identical to @s= 571 " _ SERET VTS s= 6.55 is identical to @5 = 2.86
§=16 is identical to @s = 1143 quast steady values §=21310 , , 88= 571
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6 Transformation of results to the form of flutter deﬁya.tives..

In KiisssEr’s notation, the flutter derivatives are defined by
K =7 p Ul " (kA + JuB)
_ . @
M === p U2 6™ (m,4 + myB)

' where K and M denote the force and the moment about the mid-chord point per unit span due to

harmonic motions of frequency v. K is positive in downward direction (like 4) and M is positive if
the moment tends to increase the angle of attack. The derivatives k., ks, m, and nty are complex fune-
tions of the reduced frequency %. They are separated into 4 real and an imaginary part by writing

" ky =k + ik, rete. S -

According to Sees. 3 and 4, the force per unit span in downward direction is in the approximation
used equal to

K=—1e"{g®(y) + kg () + ik Img® () } (6.2)
Comparing the first cquation (6.1) with (6.2), it follows that

1
b= — g (O ko) ikIm o) )
{6.3)
1
o= = (0 0h() + kgl () + i BIm gfhin) ). -
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Similarly
M=4e™ {g{(n) + kg (n) + ikeIm g@(y) } ‘
which leads fo

1 . " *
My == T A { g™ (n) + kg™ () + i k2Im g (n) }
(6.4)

1 .
L me= gy (o) g () + iR I g () ).

Separating into real and imaginary part and using also (4.2) the various coefficients are given by

9% 1
\'3,1’: k;{’:-—-——_—%— = — 1. &
’ 0, mpl/*B k P k,
) : g(‘l) k’ + 0(3) k’
kh':—_ﬁ-___gg_x__i Cly s kb":*—*ITﬂ. ,M@_—_!’
wpl/*B ™ wpl/2B
| R L
=0, = SR
my = ——ﬁgﬁ% my” =1Im ’__gﬁ?k_ o kst
" T 2B’ ’ ' 2xpl’B
R Lo . . e : : .
The values of Bk, Bmy’, lim —L and lim ——— are given in figs. 6, 7, Sa, 8b, 9a and 9b and in
k—r0 oD
tables 1, 2, 3. The eocefficients of k* in k" and m,"” are proportional to ks and Smy’, the proportionality

L4

ky
factor following from eq. (B.18) and tabulated in table 8 The values % and B

"
My

&

are identical

with 8ky and Bmy’ respectively. '

The results for the whole wing follow from the seetional values by formulae of the type (3.4). These
overal]l values are denoted by K., Ky, M, and M;. They arc tabulated in tables 5, 6 and 7. The values
of Ky” and M,” are given in the figs. 12 and 13 as funetions of the reduced frequeney parameter k.
The two-dimensional values have been added for comparison.

Table 4 and figs. 10 and 11 give similar results for the quasi-steady appriximation.

7 Unstable oscillations with one degree of freedom.,

The motion about an arbitrary piteching axis of the wing is determined by the equation
I 19 =1—l—;
where J is the mass moment of inertia and M the aerodynamic moment both taken about the piteching
axis. ¢ is the angle of deflection. If it is assumed that ¢ is of the type
p=p, 0™
it follows that

viIle= —M.
Hence, a harmonice oscillation will oceur if M” =0 and M < 0, since then a real value of v will result,

It M” >0 and M’ < 0, v becomes complex with a negative imaginary part, whieh means that the oscil-
lation is unstable. The solution is complicated hy the fact that M itself is a funetion of the reduced
frequency % and that the value of k& must be compatible with those of v and T (k=1I/U).

Let it now he assumed that the pitching axis lies at a distance ¢l aft of the mid-ehord axis. The
motion then ean be decomposed into a rotation B about the mid-chord axis and a translation — eB of
the mid-chord axis. The moment about the pitching axis is given by

Me=M— K.
Substituting eq. (6.1) as well as the value 4 == -— ¢B for the translational amplitude, the result is
Mi=wplU? 2 Be™{ My —e(M, + Ky) + 2 K, ). (1.1}

The two conditions M ;"’ >0 and M.” < 0 then become
. 1\1]‘)” — S(J"I:]” + Kb”) + EZK;;" > 0 . (7'2)
My —e f_fb’ <0
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The last of these two conditions indicates that the pitching axis should lie in front of the center of
pressure of the whole wing. Otherwise, the acrodynamic moment resulting from a deflection £ will in-
duce a still larger deflection. Instead of an oscillation, a divergenee of the wing would oeeur. Hence,
the most hackward position of the pitching axis which is allowed is at a distance El aft of the leading
edge, where &£ is given in fig. 3.

When solving = from the first condition (7.2), the positions of the pitching axis are obtained for
which unstable oscillations are possible. They are given in figs. 14 and 15 as functions of k£ with s
and M as parameters. For M ==0.7 no instability is possible for Bs =251 and fs-==2.86; likewise for
M-=0.9 and ps=—=286.

It follows by interpolation that for M =0.7 unstable oscillations are only pogsible if s>> 115 and
for M=09 it 5> 6Y9; see also fig. 16.

Finally, figs. 17 and 18 show that the damping coefficient M.” is quite different whether the ecal-
culations have been made by unsteady or by quasi-steady theory. It follows from these figures that for
forward positions of the axis of rotation the damping aceording to the unsteady theory is mueh smaller
than aecording to quasi-steady theory.



STABLE

UNSTABLE
l

L

[

\N.Lar"”
|

P

—t

L4

" [} Qg2 004 Q0% Q08 k

Fig. 14. Possible positions of pitching axis tol canse
“unstable oscillations; M ==0.7, gs = 11.43.

For gs==5.71 and 2.86 the oscillations are always stable.
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For #s==2.8G the oscillations are always stable.
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8 Conclusions.

(1)

(ii)

21

A method has been presented which allows the caleulation of the in-phase and out-of-phase com-
ponents of lift and moment distribution on rectangular wings in subsonic flow. The method
eould, in prineiple, be extended to wings of any planform.

For compressible flow there is an important difference between the out-of-phase {damping) com-
ponents caleulated by aid of quasi-steady and by unsteady aerodynmamic theory. It may be doubt-
ful’ whether quasi-steady values are useful for stability caleulations if eompressibility has to be
taken into account.

(ifi) Osecillations about a pitching axis which is ahead of the quarterchord axis may become unstable

(iv)

Ree

according to unsteady theory. The range within which the pitching axis must lic in order that
instability oecurs, deereases with decreasing aspeet ratio but increases with inereasing Maeh number,

Although the snaking motion for usual airplanes will not hecome unstable on potential-theoretical
grounds (even at M-=0.9 the aspeet ratio of the vertical tail-plane should exceed 8.5 in order
that this happens), a considerable reduction of the damping in comparison with the quasi-steady
results occurs for large aspect ratics. For smaller aspeet ratio this reduction decresses, This will
be shown in more details in a subsequent report.

ommendation for future research.

It would be of interest to investigate how the relation between aspect ratio and Mach number, for
which unstable pitehing oscillations are possible, continues into the transonic and sopersonie ranges.
This. means ‘the extension of fig. 16 toward higher Mach numbers.
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APPENDIX A.

Reduction of the integral equation for steady lifting surface theory.
1 Reduction of the integral eguation to two one-variable integral equations,

According to egs.. (2.11) and (2.3) the integral equation for the steady pressure distribution p'® due
to the steady downwash w® ean be written in the form

b

PO(E, y)dEdy (A1)

ff Vie—2+ ply—g)® tz—¢
(y—m)2 V (o= 87+ g2y —q)?

w® (5,y) =
: 419[]

where the integration should be taken in the senmse of Hadamard. In order to get rid of the improper
integral, a partial integration with respeet to x is performed resulting in

1 s
O ) — 1 4, VE—8F =" @ ¢
WO (ry) = o [ [ oo e T 5o A (A9)

Since the integrations in chordwise direction’ will he performed by a numerical approximation metbed,
it is logical to spiit off the singularity at == In the integrand.
We write

Vie —& > @y __n —
( f}m_—}zw 1) :Biyﬁgl+K($,?f§§:VI)
_ 1 (A.3)
: Y A 2 —_ 2 __ Y
where K (z,y; ) == - &S0 TP = —Ely—u]
r—¢§
The term containing the singularity at £=g2 can be integrated to n by writing:
ly—nl @@ / op® [ »©
dy = - dy =2 p® (g,
f v an dy (& ¥).
Heénece the integral equation- hecomes
1
'0) — B p(O)(E,y) dﬁ+
w® {x, 4) Sl 1 e =
(A.4)

1

1 f t p O (£ 9)
; W i dy.
+ Togl :{_s T {1+ Kz, y; &)} o ¢t dy

The first term of the right band side of this equation denotes the two-dimensional downwash, the
second term denotes the part of the downwash already familiar from the Prandtl eguation while the
term with K gives the correction to the Prandtl equation.

Bq. (A.4) is solved hy aid of the following assumption

s ' .
PO ) 2= 20, @ (g) ot o + = [ 9u® () — 6, V() ) sin 9 (A.5)
kis w
where &==— cos 5.
It follows from (A.5) that the lift per unit span is equal to lg<® () positive upward and the moment
per unit span about the mid-chord axis equal to 14 I*g,(® (3), positive tailheavy.
After substitution of {A.5) into {A.4), the first term of the right hand side of (A.4) beeomes

_ 8 y) — (y) —
st = s (60 () =2 (0.2(0) — 0.0 (1)) eos 3]

1
B { 70 (&, 1)
2 wpli o

where & =—c083,.

‘In the second term of the right hand side of (A, 4) the integration to ¢ is performed as follows

1
B e L) T
! — ‘372_ - dé—' go(o) ("}):

v

the prime denoting differentiation to the argument.
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For the last term one has

fK(»c Y E,n) *—‘—,(T‘éﬁ‘)“di‘-g @) Ko, y; )+ {0 () — 0,V ()} Ky (2, y; )

where X ] 5
Ky(e,ys m == [ Kio,u; &9) cor S-sin 949
' T g (A.6)
) |
o Kdayin=— [ Ky gy snsds.
o

The integral equation then becomes

B
2 wpll

g
i PRy
[0.909) —2{ 8, (1) — 0:0()) 008 0,1 + o | L2700 g,

w® (2,4} =
el Yy

s
) RN R QOE R
; + K ; : .
‘L‘n’pU f Koz, 5 m)dy 4 wpll A ¥ —nq Ay "?)dﬂ (AT

Sinece the chordwise distribution of the pressure has been represented by the two-term approximation
(A.5), it is impossible to satisfy (A.7) for more than 2 valunes of x. The best procedure, as suggested
by Frax, ref. 10, is to multiply (A.7) with the weight funetions

tan%"— and ‘Zsiqxso

and integrate to z from -—1 to + 1. This leads to two integral equaticns for the two unknown.

functions ¢, (5) and ¢, (y). In the case of translation w'?{x,¥)==0 and hence g"” () and gil‘?!r(q)
equal zero, Therefore the case of rotation needs only to be considered, where w“‘) =BU and the
equations become

g% ()

- o k60

FPUEB-__E'IBQ‘U) (J) -+ % [ d’? + [ —_— ’no(?fs’?)dn +

g a3 i\“

g% () — 9% ()
+‘.% b[ ¥ —n 1o(ya"7)d:"'l .
-5 . (A.8)
g(ﬁ) g(o) ( ) ’
B =B ) + ) f +4 T*K.,l(y, nydy + ’,
3
L g ) - A% (m)
- + 71 /. Y __; R Kn(y’ W)dm.

where

1f S,
Kool¥, ) = T f Ko(x, y;9) tan '2t0 sin 3,dd, =
0 . '

T %
1 S, . s
== f f K (2,95 7) tan 5% sin 3, cot 5 sin d3,d3
[E)]

w - o .
K, (Y, 9) = —;lr— f K (x,y;9) tan %L sin 8,49, == %ff}{(m ¥; & 9) tan %lsin 9, n?3dS 49 (A. D)
B T g &b .

x L - o
. 2 ro . . .
K, (4, ) = — f Ho(x, vy 9) sin? 3,d%, = —2“? {f K(z, v;¢&mn) sin29, cot —g-sm 5d5,d5
O ' S .
T %

x
. 2
K, {(#,7) = — [ (z,y;9) sin?9, 43, = —4—2— ff Kz, u;&n)sin3, sin®ddsdsS.
o
b

0
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According to {A.8) K(x,¥;&q) it in fact a function of the form K(x— & ¥-—9) which, moreover,
is an odd funciion of x--£. This means that

K(z,4;&%) =—K(¢y;z,7) and hence K, (y,n}==0.

Furthermore, if in the double integral for K (¥, y), S,=#-—3 and $==—23, is substituted (and,
what is the same, © veplaced by — ¢ and € by -— ), then the expression for Ky, (y,4) transforms into
that for Klo('y: 1) and hence Klll(y:ﬂ):Klo{'U) 7])- .

Bgs. (A.8) then become

) (0) (77) : K n(yx 77) ’
rn =i poy o + 4 [ AT gy ey [ EAT Akt |
3 K ] -~ K Y, ] \ Q .
+£/’ wolY 'f);_‘v'm( i g{?}?(ﬂ)dfl] (A.10)
0] Y,
wl*B =} B 9Oy + 4 f J_(Z) f ool '7) 9% ().

The integrals without a K-function will be caleulated by aid of the standard MurTHoPP-procedure
(ref. 11); the other integrals can be reduced as follows

3 Ifm(y ’?) (0) (TI) sKw(ya "?) _‘Km(ys )
T am dn = K. e TR el w) d
[ == 9% (= m(y,y)f L a+ [ i (n)dn,
- - —8
where the first integral can again be evaluated by aid of MuLTHOPES procedure while the second integral
can be ecalenlated by aid of the trapezoidal Tule since the integrand is no longer smgular
Puiting

Koy, g) — K (yy) . 1
1w(¥; 1) ) = )
Yy—mn 8 .

A1l
Boolty n) — Kig(Uym) = Kon(0,9) + Enplyy) _ 1 (41D
=== — L (i, )
Y—9 o
Lt Sy
the integral equations can finally be written as follows
. f‘)) (’7)
2mplB =B g (y) + 4 {1 + Ky J,w}f dy .
" \
¢, ()
+ s { Koo, ) — Kooy, 9) } [ dn+

(A.12)
++ f Lo, ol mdwﬁ f Ly, o0 ()l |

* 9% (n)
¥y—

2rplU'B =B 9"%(y) T}

—3

{n'
——dy +%Ilm(J,1)fg (n) dqy +~—fL y,n)g“"(v)dv

The advaniage of adding a factor %— in the right hand sides of (A.11) is that L, and L, depend

upon fs, but not upon s separately.

2 The chordwise integration of the function K(z,y; £ 4) and the caleulation of the functions
Lo(y, n) and L, (y, 7). .

The integrations oceurring in'egs. {A.6) and (A.9) are apprommated by a method due to MuLTHOPP
(ret. 12), which has also been applied to the present case by van pE Voorey in ref. 9. For the in-
tegration to £ (or ) the function K(z,y;£») is expanded into a Fourmer series of cosm3, viz.

K(z,9;6%) = 2 Amcosmd.

m=1 1 5
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If the function K{z, y;&q) is given for two values §==§ dnd £==¢§,, it is possible to use a FOURER
series consisting of two terms. With this approximation X,(x,u;9) and K, (x,4;7n) can be caleulated
according to cq. (A.6). However, by a special choice of £ and £,, it appears possible to use a three-
term Fourmer series, which is not completely determined, but of which the uncertainty has no influence
upon the values for K, and K;. These values of & and £, (pivotal points) are, see ref. 9, tahle 8.1

& =—cos —é— r=— 08090
' 3
£, ==—-co8 F T (0.3050
and the expressions for K, and K, hecome ' .
1 % '
I{n(ﬂ':, ?f:"]’) = A\.J qgfl K(-’ﬂ,y,fﬁ, 11)
cT =1
. -9 2
Kl(mry:- U) :—;r_ r21 Qn Ii(x.! s .é]l,l 7}):

where gy, =2.2733, ¢, =~0.8683, q,, ==04342, g,, == 1.1367.

For the calenlation of K,, and K,, according to (A.9), the same method is used, but due te the
. Q
~a
3
different. They are now (ref. §, table 8.2)

, S . , . .
differcnee of the factor tan as compared with cot 5" in the integrals (A.6), the pivotal points are

T, =— eos,—g— T =—0.3090

Ty = — €0 % = {.8080.

The results for K, and K,, are
!

l 2, 2-\ -
Huly, == X pobolzi, yin) = — L 2% Puduli(@, v36,7)

i=1 h

ﬂ’v-l
hd
(%]

< 2
'gi Posfli(ziy Y3m) = Py

1

.o 1
K, (y, 7}) :?

L)
EMI\D

=

) ) DoiGud (i, Y5 &y m)

1
where p,, = 0.8683 and p,,=—=22733 (rvef. 9, table 5.2).

The funetion K(z, ;£ 5), which is a function of z—£ and B(y --9) only, is shown in fig. 19. It
may be expected that the representation hy a short Fourisr series is better i 8(y-—4) iz larger. For
B{y¥ — =) =0 the function is diseontinuous in & — &=10. This will probably give the worst results far
the integrated functions K, and K,,. To investigate the accuracy of the approximation, the values for
Ky(y,4) and K, ,(y,v) are compared with the exact results. For the special ease =y the integrals
in (A.9) ean be caleulated exactly, The resnlts are

exact ‘ approximated
=K oo (Y, ) 8 8.36
e 16
K (Y, %) e —5 (=5.33) 5.92

For 53y the agreement may be expected to improve. Sinee for wings of large aspeet ratio y —n
will be large over the greater part of the wing, the approximation is thought to be sufficiently aceurate.
Moreover, the term with K in (A.4) is only the correetion to the Prandtl cguation.

It follows from (A.3) that K (=, ;&) is an even function of y-—=». Henee, the same holds for
Ko (4, ) and K ,(y,n). Due to the term — 8|y —n| in {A.3) the functions K, K, and H,, have a
discontinuons tangent in n=y when considered as functions of y—y. The funetions L,(y, ) and
L.(y,n) then have a discontinuity for p==y, sueh that for 8 -0 '

Ly, y + 8) =—Ly(y,y—38) and L {y,y+ 8)=—1L{y,y—38).
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3 Transformation of the\ one-variable integral equations to a set of linear algebraic equations.
%?‘or the further reduetion Aof eqs. (A.12) the standard MuiraopP procedure (ref. 11) is used.
“ y==sc0S¢; —sZy=s, 0Ze=m (A.13)
For the functions gg% and g;‘?}? the following Fourmr series is introduced

.o.m
gly) =g(sceosg) = X ¢psinip . {A.14)
: Toa=i1
with

x
c,"—“—i—f g (s cos ¢) sin Ap de.
0

The latter integral is approximated by applying the trapezoidal rnle with a division of the integration
interval in m + 1 equal parts. This gives

m =1
) 2
_— 7 g1
€, Y m%g sin Ay, , (A.15)
- T — 2

m+1

where g" = g(seosgn) and g, =— with n==0, =1, £2, .., £ —5—, misodd (A.16)

.
9T m+1

Substitution of (A.15) into (A.14) yields the wellknown Mutmrorr formula

m—1

2 -
pseospy= ——— X g»
m—1

m
P él S1TL gy SN Ap. {A.1T)

=— A=

2

This formula is quite satistactory since one ean show that

2 - . . 1 it n=*"
m+1,‘§1 S Agn S0 Agr == ! 0] if w2k

and hence the interpolation formula (A.17) yields exaetly the right values of - g(scos¢) in the points
Yo == COS ¢n .

Series of the type (A.17) are now substituted for the funetions g{¥ (v) and gg‘?}? () in the integral-

equations {A.12). These equations can then be satisfied no longer for all values of y. They will be
satistied for the wm spanwise pivotal points y,=scos¢., where ¢, i3 given by (A.16) and n=0,
m-—1

In (A.12) two types of integrals appear, viz.

k3 8
fggl%dﬂ and fL(’y,n}.G’(n)dv-
-8 —8

The reduction of the first integral has been given by MuurHOPP in ref. 11 and also by pe Young and
Harrer in vef. 13. The result for the pivotal peint y=w, s

&
’ 2
/’ g'(n) dﬂzgl buwg” — Nibpugtt, v=0,x1, L m—1 (A.18)
4 yy_“"} 8 #=_m—-‘1 2
3
where
bw=ﬂ“1‘
dsine,
(A.19)
) sin g, 1= =0T
T Heosg,—eosg, )t T 2(m+ 1)

The prime at the summation sign denotes that w=v is excluded from the summation.
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~

For a symmetrical load distribution one has g =g¢~*. 1In this case cgs. (A.18) and (A 19) can
be simplified as follows )

n -1
& (n) 2 S k. mo—1
f v—n 8 ,Eo wd”s v =01 5 (A.20)
where
b:y:““(bv#'{‘bv,my) it vt and p£0
bp= b, —b, _,=b, il v:£0 {A.21)
bv*0= — b it v
bn== Do
'Tor the calenlation of the second infegral one writes
_ m 1 m -1
dg(s cos¢) 2 d . - . z
= ! A sin Aoy, 008 Ay == L~
s R ) g 2‘;‘ Pn €08 Agp m§_:1 " Falp)
= ) "= — 3
where
2 m
= =S ¥ Asindg,cos dp. ~ .22
Fule) e—— 3%4 A 81N Apy, €08 Ag, | {A.22)

This summation can be performed in a similar way as the summations occeurring in b,, and b,, have
becn performed, by Murttore (ref. 11). The result is (see ref. 14)

ST ¢y m+ 1

N = Iyn~F TR i o =0 =1 =2, .. = .
falo) = (=1 cos oy, nFEp, 0 ; 5 (A. 23}
cG8
f-u(ipu) = '2.—%‘ .
81N gy

The integral is now reduced as follows

F3 T
dgls cos
fL(ywv:)y'(vz)drr:—— [L(s €08 p,, § COS p) %ﬁ* dp =
-5 1]
m;i -
=~ 3 g [ Do, scos ) p(e)de
m —
p=— 0} 1]

For symmetrieal load distributions this becomes

m -1 -
— 2 g f L(scosp,, 'scose) f:(@)(l¢
p=0 &
where
and

f: (‘P) :fﬁ(?’)'
In the pivotal points ¢, these functions hecome:

* s sin g, €08 ¢, i
Fule) =Fule) +F ey =4(—1) w5y, —eosly, i ousexp and p7£0

'f;(‘”i#):fn(?’:tﬂ) tfulpgn = F sin2p i 0
“ (A.24)
[¥e,) =1ole,) =— (—1)° CO; it ps£0
Srp

fo*(fpu) ,::fu(‘Pu) 30, :pu:% .
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Writing now

T
1 ) .
Sy =5 f Li(scoss,, scose) [u(e)dy, (4.25)
, §- . '
it is obtained finally that
m—1
2 3
| Lwomeman=2x 3 o, 0% (4.26)
., ‘e ] ,u.T—f.»O ‘ - .
The coctlicients ¢; , , are calculated by aid of the trapezoidal rule. This. leads to
. w—1
1 Li(seosg,, $)fu(0) + Li{scosg,,— ), (w) :
Gi,”j#:_-:-—., 2(m+1) { £ 2 ‘ £ + E L (SCDS?,,SCOS@p)f (‘PP)
pm- Tt (A.27}

Returning now to €qs. (A.12) and applying them for the pivotal points y =y, , the integrals can be

reduced by aild of eqs.’ (A.20) and (A.26). Inserting, moreover, the values of A (¥, v) and K, (y,¥)
as calenlated in Appendix A.2, the result becomes

m-.—l m 1
2otk = 2 gz + 16 2‘0 b, g8 + 0.24723 3 b, g +
p= u=0
! m =1 m-—‘l-
2
+ E €y, u gwf; + Z O vy gfo),u {A.28)
=0 .
m—'l wmo~1 m—1 v
2
o 8
2 pl/%sB = ﬁ 4Py + 2, by 008 06 3 ol o+ X ow.. ggm;;
w=0 p=0 =0
it v==0, 1, —m—;—l

It follows from these equations that if 8s is kept constant, the values of By’ and Bg i’ will remain
invariant, which is in agreement with the PravpTL-GLAUERT tule. .

APPENDIX B.

Reduction of the integral equation for the aerodynamic damping.
1 Reduction of the integral equation to two one-variable integral equations.

The integral equation for the pressure distribution p™ which determines the aerodynamic damping
for very low values of the reduced frequeney k& is, according to eq. (2.11)

(2, (& itdn= [ [ k00—t o, macan

2l (B.1)

The seeond term on the left hand side of this equation will be evaluated by aid of the results of
the previous sections, Substituting for K the expression (2.3), this term becomes

E—HVE—8"F Fl—n'+ (e—H+ (y—q)°
o MPU 4 (y—V (e — 9>+ pPly—n)*

Improper integrals can be avoided by partial integration to 5 of the first two terms. This leads to

29 (£, n)didy.

$—§+V(sc—~é)2+ﬁ2(y——n)9 POy . pO@ (&) dsds,
_1,,, C y—q oy Vie—Er + Bly—q)°

1 wpU




The rfollowing three terms will now he considered consecutively

ff vt WO g,

@) 4""PU ¥—n an
Vie—87+ g2 ly—n)? . op™(&n)
) 41er f Y—mn o dé dy;

24 Zs

; (0 :
axpU L V(=87 gy —n)?
When the assumption (A.5) is substituted for p@{% y), the integrations to £ ean be performed.
Sinee the integral equation (B.1) is solved by Irfultipiication with the weight functions tan %”— and

2sinJ,, where x=—cos3,, followed by integration to % between the limits —1 and -+ 1, this oper-
ation will also be performed on each of the terms a), h) and e).

) s—& p@(L, )
a) Reduction oi 411'PU f f W d£ da.

Substituting (A.5) and performing the integration to £ yields

&
o f 319:Y (9) —eos Sy 5@ () d
+rplU T

Y—n

Multiplication with the weight funetions tan =* anpd 2sin %, and integration to = yields

2
£ &
i $:: Y (q) + 5, (n) i ()
dy and — 2y, B.2
8 pU [ Yy—~1q. n A 8pl /¥y 7’ B
i [ VEmEERG— a0 ()
b} Reduction of f/ B S g iy,
dmpll 2 4 y-—1n oy

Putting

Vie—&:t fly—n)® =J@ by : v (B.3)
this integral becomes identical to the third term of the vight hand side of eq. (A.4) provided
K(z,y;4 ) is replaced by iJ(z, ¥; & »).

Hence, it follows that the tinal contributions of this term to the two one-variable integral eguations
are, in analogy to (A.8), given hy
] 8
i " Loy, 1) 0y / I oo{¥, 1) — J10(Y, 7) oy
b 2 {l
2,0 _{ ey P v e (n)ja
and ' , (B. 4)

i ' Jﬁl(y 1?) (0)! 01(?] )‘_Jn("]sﬁ) oy
| ¥ ? d
o ;{ e R e

-3

where the relations between Joo(y, 7}, Jo, (U9} =J 0, 9), July,n) and J(z,y; & x) are similar to
those between the corresponding H- functmm see eq (A.9). Sinee J is always positive or zero, J (¥, n}
does not vanish.

2
It is to be remarked, that J,. (v, ) —2- 2 id1 (@i, Y5 ) =
m =1
4 & & 1
= zzi ;‘% Pyi Qand (T, 45 £ny ) wherepy, == 1.1367 and p,, == 04342 (vef. 9, table 8.2).

- . 1 I's
Reduction of — — p% 1) at d.
¢) uction o el ff '/(:.1:——.5)2 T {dy
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* Direct application of the method of pivotal points for the integration to ¢ leads to diffieulties “since
the integrand hecomes infinite for £ =¢ and y=1+. Therefore the singularity at Y =4 is isclated by

writing
1 s .
PO (&9} —pO y) i : PO y)
ffl/x—é“"ﬂi'z( W dmpl ,1” Voo birm g o 5

4-.'er

Since the integrand of the first ferm remains finite, this term ecan be reduced by aid of the pivotal
points method. Putting

1

*—*—‘——‘———____m.:ﬂl(’,’ ;g, B.6
Vesh R erey (5-8)

this term gives, in analogy to (A.8), the following contributions to the one-variable integral equations

— o | ] (0@t = 0,200} Mgt g+ [ 100G) 50 (Moal,m) ~ Moo, ) |

and - - (B.7)

~ o | [ 109 00— 0P Mt + [ 1090) — 0@ )] (Ml ) — Wosl, )} ]

where the relations between Mo (¥, 7}, Mo(y,7) = My (¥, 9), My (y,») and M{x,y;4 9) are again simil-
ar to those between the corresponding H-funetions.
In the second term of (B.5) the integration to # can be perfoermed, leading to

Byt V-2t By + 97

. () : ()] E 1 ~—_——_____—————:———_—_- B~8
4 =Bl _-[ PG ) fog Bly—s) + V{w—8 + gly—s)* o

Since for all points on the wing y<s, the integrand conhtains a logarithmic singularity for z=4£
This can be isolated by writing

, (x—¢)° _
— By =)+ V(e —8F Fly—9)°

Bly—s)+V @8 + fly—s)7=

Hence, (B.8) may be replaced by

%ﬂpU fp &y)log [{Bly -+ )+ VW}{HB(J—.;)-F
1

2
PO, y) log (w— £)2de. (B.9)
i | !

+ V=5 gy — )% ) df +

In the first term of {(B.9) the pivotal point method ean again be used sinee the integand
remains finite,
Putting

log{ By + &) +V @B+ FUF37 } {—ply—s) + VE—07F Fly—9)7 )} =P(z,y: 6, (B.10}

this term yields in analogy 1o (A.8), the following contributions to the one-variable integral equations
i
4ﬂPU (g (0)(?! P ly) + g)(O?(y A Poo(y) — Pyo(y) } ]
and (B.11)

:I-ﬂ U {go(o (J) P11 ) + 9'1(0)(?!) { Pm(y) "—Pn(y} } ]

where the relations between Py (y), P, (v) =P, {y), P..(y) and P{z, y;£{) are again similar to those
between the corresponding K-functions,

Substituting into the second term of (B.9) the expression (A.5) for pCO)(g y) .the following inte-
grations to S appear ’

1
[ cot %log (x~§)2d§$~2wlog 2—2n% cos 3,

v
—1
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1

f sin Slog (z—¢)idi=—nlog2 +§w cos 23,
21

which are derived in Appendix D. Henee

+

4713[] P“)’(E, ) log (w— £)*a =

— [ (2log2 —eos 23 )¢, O () + (Leos 3, + cos 25,00, D () }. (B.13)
47rﬁpU

) .5 . . .
Multiplication with the weight functions tan —zi and 2sin9,, followed by integration to x from — 1

to 1, yields as contributions to the one-variable integral equations

ﬁ 5. (2logZ. 0, 0(y) — P {y) }
and (B. 14)

2
3B, { (2log2 + 1)g,(y) —3 . P {y) }.
- Q
Finally, the term w® (x,y) must also be multiplied with the weight funections tan 550— and 2sin 3,

tollowed by integration to x from —1 to + 1. Considering first the case of rotation, according to (2.5)
wp™((x,y) is given by
w(w, y) =< BU .

Hence, this term yields the following contributions to the one-variable integral equations

1,BU and 0.

Making use of (B.2), (B.4), (B.7), (B. 113, (B.14), and (A.10) the two one-variable integral
equations become

i . ‘ i 1 m (TJ) .
*2—@0 B+ @,(y) + B,(y) -+ 8,(y) = ) Baih(y) + T J——n dy

3
Lo Koty IK (1, 9) — Kot m) 4y
+ o [ ST g in)d +* 001+ o g0 (),
[ Yy —7 % lm)dy =7 e (n)dn

(e :
Q) + Rily) + 8,() =4 B0 u>+—fg an -+ [ PRI g iy,

The expressions valid for @, B and § are as follows

L glor () + g% (q)
Qo(y):%i [—-—-rfﬁw“)‘g ny_n” ? dn

g
3
1. J i, Ju ¥, Y, ) .
R(J):T 3[ ;}Ei::) {)O)R( )y + f 00 (Y n)“nln(J 1 gif’k(ﬂ)d'?
s
8

Sy m:—fwz[f Mool m) Coflalm) — %) Y+ [ (Mol ) — Ml ) Y o) — 000> 3 )

-3

—TLE?: [Pia() 0% () + { Py (1) — Pro (1) Yo (1) ] — rl,_tf i[(210g 2) g% (y) — 9% (1) ]

1 § (0)()
aw=xgi | J_'f? dn
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L

i’ (1) (17)
=By} +a{1+1fwu,,r>}j ——wa
' ' g () 1 £ .
3 { Kooly, y)—Km(-y, y) ) [ —:@—i—dfwrﬁf o (¥, Mok (n)dn 3
fL (1, 9y (n)dn . (B.15%)
.‘.3 (1)
20, (y) + 2, (y) + 28, (y) = BJ(”(JH%[” LA

. 5
! + 3K, {y, ¥)

N (1)( )
{ y__:} dn+- f Ly, 9) g% (n)dn
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wpl?Bi + 2 Qo(y) T 2Ro(y) 28,0 =
|
|
|
|
|
|
|
|
|
|
|
|
|
\
|
\

N o |

2 Transformation of the ome.variable integral equa.tmns ta a sett of linear algebraic equations. |

The reduction of the integral eguations (B.15%*) to algehraic equations occurs again by aid of the |

Muurhore procedure. Binee the right hand sides of these:cguations are identical with those of (A.12),

provided ¢ is replaced by g, the reduction for these terms has alveady been performed in Appen-

dix A3. In the present section the reduction of the terms @, B and 8 will be given,

In agreement with eq. (A.20), it follows that

‘ 1 L
C 20, (yv) = 357 & by (g0 + g i)
§ p=0
mt
: =2 e . L
' ZQ&(U"):';,GW’L E\ bmq . .
= =0 e

In analogy with (A.25) (A.26) and (A, 27) certdm integrals oecurring in the expressions for 2,
and K, are evaluated as follows

.om-—1

3 .
2
| G ey =2 3 g,
—2 p=9

where
g 1 z G (s cos qa,,s)f:((?)  Gi{scos %,“ﬂfﬁ(ﬂ’) .
LAY 2(?TL'+ 1} N = 9 R
m—1
o
E C S , 3}12_1 SGOS?N § €08 ‘:’p)ff; (‘Pp){
=T
and f, (¢,) is given by (A.24).
Henee o . : o
_t T:i _'i m-—i
28, () = 13[0.7472 bmgwM 03472 > Shgtp + Ea B o+ 3 dz.»,ﬂ.q{?’f;]
' ] p=0 p=0
ﬂ:_1 m-'i m_t . 11_1_:1
. . 2
2B (y,) = 1’81[0:6472 2 v,;gl0>f*+01 Z bmq“’ o S‘ ds, ,,Lg“‘lf* + 2, dy,v, p glmf*]
=0 ’= = p=0

. LI ; . {
The integrals oceurring in the expressions for S, and §, are also cvaluated by aid of the trapezoidal
rule. For instance, '
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.1 x

[Mm(yv,q)g(q)dq :s[ﬂ[m(scos ¢y, SC08e)g (scos o) sin o dp =

s 0 t

m—1 nm—1

8 =y 8 2

M(scose,,sc059,) sing, . g = 5 Y, M sing. o"
m + 1 mE_i IU( P95 ?‘u) SD(.; g m + 1 mz_dj 10 ?’y g
p== #ET Ty

' ¥,
\ where ﬂ_[,f‘:Miﬁ(s S g, Se08p,),
" Hence
m—1

2

__; w$ . Ve W i b ksl M aa g DM (D)
Bl) ==yt S AME sine, G0 — o) + QI — i sing, (10— 90 f -
p==g

| 2

1
1 . 7 - Y 1 - ta v

| — g U ThIE + (Pa— Py ) —g 1 2log2g: — g0}
' m—1 }
' 2

J 73 h ? 3 h » L‘, D) 3 L v
: BOD=—gorryy i B sine, G0 — o) + 6" — 32" sin op i — 0 {—
| ' mET
|
|

1 .y v " 1 . ¢ v
Tt PR T Pa = Pofh — S5 i (@loe2 - H@l — 4oy

where P {scose,) :P:j.
Finally, the set of algebraie equations is

b P | wm—1 m—1 w1

. % S N & ‘
pU%s B + 1,247 }:,0 by g + 0.8472 (2}0 bu g0 + 4 #‘Eo div, p g% + -a“; dy, v, 1 g0 —

m—1
: 0]
" s? ; N ) MU o0 @)y v (g __ eow % i
- T 2mt 1t A 3M” o5z — 968 + (Mo — BIE) (gl TTOLR)g sing, -~

= —-

R

s . v " v " M
— 5.5 Pl + 2log gl + (Poo— Pig—1)g 0% } =

w1 m—1 -1 ma—1

2 x 2 * 2_‘ 2
0F L6 B gl + 024723 2 buglf 3 n gl + 2 op g (B16)
- = = =

5
ks
and

m—1 m-1 -l m—1

2 20 2 2
R AL . I . .
0.6472 ¢ },0 bungl% + 064 }jﬂ b g + 4 }]ﬂ 3,0, u g0 + i 2{} dy,», g —

!
2
st . N v Vid v » .
TImEn & HILE G — g+ 08 — i) 6% — g0 § sing, —
AT

8 . 3 " ¥
5 (Pt 2log 2 + gl + (B — Py — g ! =

T
m— oot m-1
By S e - (1) : e
= 0ht X gl 406 3 bugte + g, g, (B.17)
kid a=0 i p=0 ’ =10
. . . s m-—1
In these equations, the left hand sides are known, while the quantities gg’a’ and gg)ﬂ”, v=01.. 5

are the unknowns. They differ from eqs. (A. 28j only in the known terms. .
The property of g% () and g% (»), that By, () and ﬁgﬁ% (#) remain invariant if gs is hold con-
stant (See see. 3) is no longer valid for gt (n) and gl (4), beeause the left-handsides of eqs. (B.16)

LR
and {B.17) are not proportional to s, .

13
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3 The two-dimensional case, .

It follows from egs. (A 28) that for s— <,
9n = % pU2B and g} = L UB.

Dividing eqs. (B.18) aund (B.17) through s, these equations become in the fimit s— oo,

m_1 m-—1
. 2
T "
PU2B"'+“ E Ay, g8+ - X dov w gl — ’
=0 g=0 .
! et

2

s . pUE ot PR MO (gl gyt g —
gt 2P ot + 06— G — e sins,

p= g

' Py + 2log 2090+ (Pl — Pho— 10} =L gy, and

~ 55t
-1 m-—i
+ "2’ E ds, v, Ff?m"“ + - E g, v, o g0 —
=a

-1

2

s PE (g0 __ g O — MNP~ g0 sing, —
— Tty G - o GR)  ONE -y 90S sine,

=TTy

g2 + Pl + (Fo— Pr— Doty L =2 gptr

T 1R’

. . 1 .
Since the function M for large s is of arder —- a,nd since g%, and g{% are constant along the wing,

the summations contajining M vanish. : ’
Furthermore the function P is of order logs forlarge values of 5. It follows from egs. (A.9) that:
if P is independent of zand & - -

g, ~Pm_ﬂP{,}_ =P and hence, also G (logs).

As the remaining terms at the left hand side ave of order 1, ¢gf} and gﬂ{ beeome also of order
logs for s— ov. ‘
) i)

. Hor LR .
The quantities -—=~ and —— vanish for 5 — w.
8 8

4 The integral equation for the pressure distribution Fm p®.

¢

The third eguation (2.11) reads

hpgff fm S (& y—n)p® (& n)dédnﬁwffk’@(x—g y — ) Im p® (&, n)dé dy

—-1 —¢

~1 —s

where Im E® (z—§ y—n)=— % ,

After substitution of (A.5) for pt®({ ») it follows that

)Y __ [()] — w a
%pU [js Im E®(x—§ v —n)p @4 5)dédy = JB fg(s {n)dy.
By aid of eqgs. (A, 14) a.nd (A.15), this becomes equal to

m_i

w§ oy oy ,
TS TAc 16(m+1) 79 2,2‘1 g g
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Henee, the integral equation becomes

m~-1
s ()0 oy — / f O .__ 3
16(m + 1)p AL ,§1 9o “n‘f’v) Il KOz —§& y—n)im p® (& ) dédy.

—4 =8 .

The left hand side of this equatmn is mdependent of z and 3 Y. 1t the left hand side is replaced by
UB, the equatmn is identical to the one whieh has been solved in Appendlx A. Hence the solution of
the present’ equation is for the case of rotation given by

m-1i
-2 O

I g@ m__’”_s_____ e .o o ot e

Mg, = 60n * 1)p0°% (g + ,g g sing) 9%
m—t ~

o a2 ' {B.18)
I (sn ™ )0 OF gin o Yo
"I Toim T 1078 Yo T2 Ei Tom S0 8 ULk
. 3 L S, 2 B N
with p® (£, ) == — 5%y} eot 5 = {9.9() — 0,9 () } sin 3.

For the case of translation Im ¢ = Img® =0, because g©  cquals zero.
0,7 =Y e Yo,
B o

[

" APPENDIX C.

The position of the sectional center of pressure at the txp

) ‘ N | 1
[} '

The sectional centér of pressire lies at a distance el aft of the leadmg edge, where according
to eq. (3.3}, ¢ is given by
' " . . gx(o)
ezl—m.
Since both ¢, and g, vanish at the tip, the following Limiting procedure must be performed
g% : Hn — tim dg, "/ d¢

m 2L —1Jim = .
Y>3 @@ Qa0 7,® Qe 0 dg, @/ dy

Using eq. (A 17), this becomes ec’iual to
) m 1
2 m
2 g, on 2 Asin Ag,
m—1 A=t
&4

e |
2

H= —

i

m
.07 ¥ Asin Ap,

m—1 A=1

Aceording to ref. 14, one has

o, . m sin (m+ g, — (m + 1) sin me, "
Y, hsinAge= ; .
=, 2{cos¢p—1)
. T wr ) . .
With po = - —-———, eq. {A.16), and m being an odd number, one has
2 m+1
sin (m + Dep =0, cos (m + 1)gn=(—1) .
. __ﬂ+ Hi_+_1_
. . . 7 .
Henee, sin mg, =sin (m + 1)p, €08 pn — cos (m + 1) g 8in gy = —(~—1) SN g
m+1
M -t —— .
. m 41 2 sin gq
; A 81N Agy = —1) ' ——.
and a§1 8in Apn 5 (—1) cospn—1
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Thus
m—1 .
2 .
E g, 9 (—1) n_ SM¢n
g, M4 cos gy —1
fim Z—-
y—>s gu(t)) m;1 ]
2 g, O (— 1)11%
P cos gn— 1

=

2

For symmetrie load distributions, the values of » and — » can be taken together. For n=:0

Sin @n sin [ . sin #in . ‘sin Pn- . _ 2 sin en. - 2
COS g ~—1 08y —n—1  €0Sgn—1 eoSgat 1 eoffgu-—1  Singa
while for n=—=0, —2¥"__ ___1
oS ¢n—1
Hence
it —1 : !
(S 4 i Qo _(_*_1)_1
y g,@ i S~ & sin ¢,
yin)s 90:0) = .
e + 2 i ‘ v .L(_‘__:_l)_v_
9o =, Ha sin ¢,
Thus, at the tip section
w1
-_'i_ 1 v
qcow+22 q‘:owL—_‘_)__ 7 “
- y=1 = sing,
e=1-— % w1
wne 4 9 Sz‘ £y O (=107
%o = 7 sy,
APPENDIX D,
Reduction of two integrals.
+1 ' +1
Calenlation of the integrals { cotg —'3— log (x — &)2d¢ and { sin 9 log {x — £)2d¢,
-1 . 24
Substituting = —cos 9, and £=-—cos 9, the first integral hecomes
41 5 T T .
f cotg 5 log (x — &)3dé = [ cotg % sin 3 log (cos 3 — 09 3,)%dS = {(1 + cos 3) log (cos 3 — cos 3,)%dS.
-1 ) ]
Integration hy parts yields
+1 *
5 . . x T sin %
cotg - log (z-— £)*dé = (I + sin 9) log (cos & — cos 9,)%, -+ 2 / (5 +sny) ——F— = dS=
/) b ; eos 3 —cos 3,
= x
Ssind 1-—cos25
+ 2z log (1 ; f — T 4+ f — 748,
7 log ( +QDSS°)+20 eosB—cosE},J[S cnsS—-cosSndS
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The firgt integral is calenlated by integrating by parts and using the formula

x
2 .
f logsin S d9 = — %-legZ
Q .
7r . . 5 -
and the result is f _ IS s alom (1 4+ cos 9,) — 7 log 2. (D. 1)
; eos 3 —eos 3,

(See also ref. 14)

The second integral is of the wellknown Graverr-form and

x

1 -~—cos2d
dS =12 s 3, .
f cos & —cos 9, e~

IMinally the total integral hecomes
) +1
f eotg %Iog {x—&2dé=—27log2—27cosS,. (D. 2)
e
The integral
1

+ T . .

1
f sin 3 log (m—&)%lé:—gf (1-—cos23) log (cos 5 — eos 8,)2dS
'l 0

can he handled in the same manner.
Integrating by parts yields

+1 , F r

' ' §in 3 sin & sin2 5
al — 8 2JE — o 2 —_— — 14
:/; gin & log (2 —&)2df=—=x log (1 + cos &,) + (,[S 055 —cos S, d ey f

cos & —cos 3, d3.

The first integral at the right hand side has been already caleulated and equals — = log (1 + cosS,) —
—xlog2 (D.1),
The second integral

T ~

4 : I o
_1/2/' sind sin2 % 49 =+ 1 [6053,} es S .

9
c0s 3 — cos 9, 5 cos S —ecos 2,

G

is again of the well-known Graverr-form and equals
=Yomeosd 2.

Hence the total integral becomes
+1

fsin S log (3 — £)2df = — 7 log 2+ Yomcos 23,

-1
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Values of the loeal aerodynamic derivatives

TABLE 1. Bs=2.86

ai various spanwise positions.

L

n“‘?“‘"'f’:"‘ -

=Y 0.1951 0.3827 0.5556 0.7071 0.3315 0.9239 0.9808
T .

D<M&1 | — 12009 | — 11844 |, — 11304 | — 1.0356 . 089894 | — 072030 | — 050404 | — 0.25949

0<M<1 0.64045 0.63433 0.61251 0.57245 0.51122 0.42370 0.30607 016105

’ 0.7 0.44019 0.39254 0.26723 0.096917 | — 0075415 | — 019451 | — 021787 | — 0.14007
; 0.9 0.3532 9.0766 8.2739 7.0528 5.5769 4.0309 2.5645 1.2351

0.7 — 2024 | — 19977 | — 1.8964 | — 1.7228 — 14877 11915 | — 083458 | — 0.42846
.09 — 10104 | — 99310 | — 93500 | — 83803 — 7.0935 — 55439 | — 37917 | - 1.9189

TABLE 2. Bs=5.71

fMl 0 ] 0.1951 0.3827 0.5556 0.7071 0.8315 £.9239 0.9808

D<M <1 | — 15675 ] — 15516 | -— 1.501% | — 1.4090 — 12617 — 1.0457 | — 075889 | — 0.39575

D<M<1 0.79756 0.79092 0.77006 0.73215 0.67143 0.57826 0.43759 0.23933

0.1 4.4290 | 1.2954 3.9039 3.2890 2.5156 1.6923 0.95443 0,40202

0.9 28.721 28.056 926.001 29940 18.825 14.108 92237 4.5078

0.7 — 42105 | — 41209 | — 39152 | —- 25615 — 3.0889 25027 | — 17927 | — 0.94083

0.9 —20.800 —20.438 —19.341 —17.520 — 15.051 —-11.988 — 83903 ’ — 43157

TABLE 3. Bs=1143

) Dt 0 0.1951 0.3827 0.5556 0.7071 0.8315 0.9239 i 0.9808

O<M<1 | -~ 17855 | — 1.7801 | — 17509 | — 1.6867 — 15711 — 13702 | — 1.043% | — 057079

0< M <1 0.89707 0.89427 0.85092 0.85295 0.80410 0.72003 0.57803 0.33762

\ 0.7 98133 9.6485 9.0936 81202 6.7462 5.0304 31684 1.4451
| 0.9 53519 52.783 50.201 45.589 38.967 30.435 20.575 10.213
0.7 — 69372 | — 68598 | —— 65796 | — 6.0785 — 5.3609 — 44251 | — 32582 ( _ 1.7834

0.8 — 33.585 - 33217 —-31.881 — 29470 — 95952 —91.271 — 15389 82951

G
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The aerodynamic derivatives for various values of the reduced frequency k.

TABLE 5. fs=286
P oo 0.02 0.04 0.06 0.08 0.10
0< M <1 0 0 0 0 0 0
id | —097182] —09T132 | _00TI32 | — 097122 | —0.57132 | 097132
id 0 0 0 0 0 0
id + 053507 | 4+ 053597 | + 0.53597 | + 0.53507 | + 053597 | + 053597
| e 0 | —0019426 |-—0.038853 | — 0.058279 | — 0.077706 | — 0.097132
0.7 0 | + 00014313 | + 0.00053810) — 0.0026802 | — 0.0082220 | — 0.016089
Y 0 0.13034 025046 | . 0.86035 0.46002 054948
0< M <1 0 0.010719 |  0.091439 0.032158 |  0.042851 | 0053597
(oo 0 | —0031851 | —0.062419 | —0.001704 | —031971 | —-0.14643
0.9 0 | —015551 |-030539 | —0.44962 | —058822 | — 072117
TABLE 6. fs=5.71
P 0 0.02 0.04 0.06 0.08 0.10
0<H <1 0 0 0 0 0 0
id | —13161 | —13161 | —13161 | —13161 | —18161. | —-13161
id 0 0 0 0 0 0
id 068821 068821 0.68821 0.68821 0.68821 0.68821
id 0 | —0026322 | —0.052644 | —0.078966 | —0.10529, | —0.13161
I 0.7 0 0.058294 |  0.10805 0.14928 0.18196 0.20611
0.9 0 0.41562 0.79370 11342 1.4373 17028
0< M <1 0 0.013764 |  0.027528 0041203 | 0033057 | 0068821
| 0 0.065210 | — 012595 | — 018225 | —0.23406 | — 028142
0.9 0 ) --032009 |-=062235 | ——090409 | —11662 | — 1.4087
TABLE 7. fs—1143 _ |
I (. r . 002 0.04 J 0.06 ? 0.08 0.10
T . - —
0< M <1 0 0 0 0 0 0
0 [—15789- [ 15789, | — L5789 | —-15789 | — 15789 | — 1.5789
id 0 0 0 0 0 0
id 0.80596 |  0.80596 0.80596 0.80596 0.80596 0.80596
id 0 | --0031578 | 0063156 | —0.004734 | — 012631 | —0.15789
0.7 0 0.13922 095388 0.34307 0.40947 0.45041
| o 0 079870 | 14893 2.0720 25466 2.9131
0<M<1 0 0016119 | 0032238 0.048358 |  0.06447T |  0.080596
(o 0 | --010820 |—020403 | —028725 | —-035790 | — 0.41602
09 0 | —052611 |[—099710 | —-14128 | —17735 | —2.0791




TABLE 8 Factors of proportionality.

S .
P 286 | sm | 1143
07 | 29917 81070 | 19453
0.9 13.154 35.646 85.534
JIE (X

-The unsteady and quasi steady values of lim

TABLE 9. fs—2.86

k=0 wpl/?12Beivt];

(damping moment) for various positions of the pitehing axis.

£ _—
N' l —5 l —4 —3 —2 ' —1 0 ( +1 ‘ +2
07 unsteady — 31227 | — 19866 | —11.225 | 53046 | —21045 | — 16246 | — 3.8649 | — 88254
0.7 quasisteady | ——34.221 | —21.980 | — 12459 | _—5.6589 | —15786 | —0.21845 | — 1.5786 | — 5.6589
09 | unsteady 93612 | — 11560 | — 3.9647 | —0.82550 | —2.143 | —7.9167 |- 18147 |—32.834
0.9 quasisteady | - 56.063 | — 36.009 | —20.412 | 92707 | —2.581 | -—0.35787 | — 25861 |— 92707
TABLE 10. 85=5.T11
M s —> —8 —1 —6 —5 4 { -3 ] _2 ] —1. 0 +1 + 2
0.7 |- unsteady — 88588 — 65.032 | — 45.166| --.28.986 | —16.491 | — 7.6831|— 2.5602] —1.1283 |— 3.3721 | — 93067 | — 18,927
0.7 quasisteady {11811 | — 90463 | — 66.505 | —46.234 | —29.647 | —16.747 | — 7.5327| —2.0040 |— 0.16114] — 2.0040 | — 7.5327
0.9 | unsteady — 23380! — 14004 14560| + 24472 | + 28345 | + 26181 |+ 17.980 | 4 37389 |—16.540 | —42.857 | — 75212
0.9 quasisteady | —19348 | —14820 | —10895 | — 75742 | —48570 | —27.436 | —12340 | —32831 |— 0.26398 — 3.2831| —12340 |
TABLE 11. 8s=—11.43
| u ’ s — 14 | —13 —12 —n — 10 I —9 —8 LT —6
Con unsteady 31723 | —266.24 | —219.66 | —177.51 | —13979 | — 10648 | — 77595 | — 53.139  — 33.099
0.7 quasisteady | -—43347 | —373.977 | —31849 | —267.64 | —221.21 | —17920 |— 14161 | 108456 | — 79.702
0.9 unsteady — 11482 | — 61504 | — 15.444 | + 23.386 | + 54956 | + 79.296 | + 96.386 | + 10624 | + 108.83
0.9 quasisteady | — 71010 | —612.30 | —52175 | —43844 | 36238 | 29356 | —231.98 | —177.65 | — 130.57
i, £ > —5 —a -3 2 i —1 0 41 +o |
0.7 unsteady — 17482 | — 62881 | + 048490 | + 28359 | + 076500 | — 57281 | —16.643 | — 31.980
0.7 quasisteady | — 55381 | — 35482 | —20.005 | — 89495 | — 23165  — 0.10551 | — 23165 | — 89495
0.9 unsteady 410419 | + 92302 | -+ 73177 + 46798 | 413179 | 27684 | —75791 | —131.14
0.9 guasisteady | — 90726 | —-58127 | —232772 | — 14661 | — 37950 | — 017285 | — 3.7950 | - 14.661

BF
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The influence of non-stationary stability derivatives on the
snaking motion. at high subsonic speed”)

by

J. YFFE.

Summary.
Some lateral stability calculations with two degrees of freedom for flight at high subsonic speed have been performed
in order to study tho influenee of the non-stationary stability derivatives Cnlé ; Cy é,'Cﬁy‘. and €. on the damping of the

snaking motion. These derivatives ean be determined theoretically for the case of small aspect ratios and with compressi-
bility taken into account,
It is found that only Cpny has a small influence on the damping in yaw, the influence.of the other non-stationary

derivatives being negligible. Whether the introduction of Cnp causes a decrease or an inercase of the damping in yaw

depends mainly on the aspeet ratio of the vertical tail. For nearly all practical tail designs, however, an inerease of the damping
in yaw will result, Furthermore it is found that the theoretical non- statmna.ry stability derivatives for vertical tails are
practically independent of the reduced frequency.

Conterits,

Symbols,

Introduetion.

Analysis.

Calenlations,

Results and discussion.

Conelusions.

References.

Appendix A Relations between flutter and stability derivatives.

Appendix B.1 Determination of the flutter derivatives K, and M/ )
B.2 Further consideration of the stability derivatives Cy; and C,,.

S U W O RO M

5 tables.
4 figures.
Symbols,
A amplitude of translation of mid-chord point of vertieal tail, made dimensionless by aid of %’_
B amplitude of rotation of vertical tail
<, lift eoefficient (Lift/q.S) ‘ .
K foree acting on the vertical tajl c
Ky, K, aerodynamic f{oree derivatives defined by eq. A-1
K coeffeients of the series expansion of the kernel of the integral equation relating downwash
and pressure distribution '
L rolling moment
M moment about mid-chord axis of the vertlcal tail
M., M, aerodynamic moment derivatives delined by ey. A-1
Me Mace number
N yawing moment

*} The rescarch reported in this document was sponsored hy the Air Researeh and Development Command, United States
Alr Force, under Contract AF 51(514)-879 through the Lnropean Office-ARDC,
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. in phase :component of yawing moment due to sideslip

out of phase component of yawing moment due to sideslip

in phase component of yawing moment due to yawing velocity

out of phase component of yawing moment due to 3awmg veloeity
pemod of the lateral oscillation

wing area

vertical tail area

time to damp to one-half amphtude

‘airgpeed .

welght of a‘lrplane

lateral force

in phase component of lateral force due to side slip

out of phase component of lateral force due to side slip
in phase component of lateral foree due to yawing veloeity
out of phase component of lateral force due to yawing veloeity
wing span

vertical tail span

mean aerodynamic chord of vertical tail

coefficients of series expansion of the funetlon determining the lift distribation along the span
of the vertical tail

coefficients of series expansion of the function determining ‘the moment d1str1but10n a]ong the
span of the vertical tail

v.cy

2V

radins of gyration about X-axis

radiug of gyration about Z-axis .

produet of inertia factor’

mass of airplane

angular rolling velocity (p—zp)

coeffietents of series expansion of pressure

dynamic pressure .

angular yawing velocltv (r=1)

2 by

<y

time

downwash

coordinates made dimensionless by ¢,/2

angle of attack of hody reference axis

angle of sideslip

angle of rotation of vertical tail about y-axis

reduced frequency k==

distance of ¢.g. to mid-chord axis of vertical tail

angular chordwise coordinate (f=-—cos3)

roots of charactéristic equation

m

p8b

angular frequency of lateral oscillation

z and y coordinates of an arbitrary point of the wing
air density

relative density factor, p=

. ) . 3
non-dimensional time factor ¢ = —
. T

. . m
time conversion factor «=— —

SV

angle of yaw

angle of bank

sweepback of wing guarter-chord line
sweephack of vertieal tail guarter chord line
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Stationary stability derivafives Non-stationary stability derivatives
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1 Introduction.

In view of the unecertainty which exists concerning the influence of unsteady aerodynamic effects upon
stability calculations, an investigation was performed with the purpose of clarifying this question for
the snaking motion at high subsonie speeds,

Hitherto it has been very difficult to take into account in a proper way the unsteady flow effects
because accurate measurements of the non-stationary stability derivatives are hard to obtain and the
theoretical determination of these derivatives was hampered by the faet that an unsteady finite span
theory for the ealeulation of the aerodynamic loads on the low aspect ratio tail did not exist.

Therefore the results of former investigations are not very aceurate due to inadequate representation
of the aeredynamic forees. F.g., vax DE V()DRF'\ and Y¥r (ref. 1) used two-dimensigpal unsteady aero-
dynamic coefficients and only a reduced value of the lift slope curve was used to take into account
the threc-dimensional effects. Bmp, Frmmrr and Hunsarp (ref. 2) applied the finite span method of
Bror and BOomxLEIN as well as that of Rrrssser which was used also by Asuney and co-authors (ref. 3).
These finite span methods of Bior and BéunuEmnw as well as of REmssneER were applied, however, to aspeet
ratios of about 2 while they are only valid for relatively large aspect ratios. Moreover they are valid
only in incompressible flow while Ruxvan (ref. 4) has shown that for two-dimensional flow pitching
or yawing instability occurs for a much larger runge of parameters when compressibility is taken
into aceount.

As the first part of the present investigation a theory has heen developed therefore by van or
Voorex and peE JacEr (ref. 5) for the caleulation of the aerodynamie forces acting upon a slowly oscil-
lating finite span airfoil which takes into account aiso eompressibility effects. The present report deals
with the introduction in the stability caleulations of the unsteady aerodynamic forces obtained in ref. 5
while, moreover, some examples are given of caleulations with and without the non-stationary stability
derivatives. These caleulations refer to snaking motions with two degrees of freedom viz. yawing and
side-glipping, at Macw nwmbers of 0.7 and 0.9, beeause it was reasoned in ref. 5 that at the high speeds
at which snaking occurs the influenee of the non-stationary derivatives would be much larger than at
lower speeds.

For the case of yawing motions whick is studied here the EiII‘f(}ll for which the unsteady effects
should be taken inte aecount is the vertical tail,

- A similar investigation for three degrees of freedom whieh used measured non-stationary stahility
derivatives has been carried out by CamrsErL and Wooptwg (ref. 6). This investigation however, was
restricted to low speeds and high angles of attack, thus representing the landing condition. Therefore



52

it is impossible to compare the résults with these of the preseni investigation. It was found in vef. 6
that for large angles of attack the introduetion of non-stationary stability derivatives caused large dif-
ferences for the ealeulated damping in yaw.

2  Analysis.
The linearized equations of rﬁotion for the lateral motion of an aer.oplane in level flight, referred 1o
the stability axes, ave given by:
Lot Ly =L
I+ Lgp=N (21)
—We+mV (§ + ) =
in which a dot denotes a differentiation with respect to time and I, and J.. denote mass moments of

inertia about the x and the z axis while I, gives the produet of inertia. According to the classieal
stability theory the aerodynamic roll and yawing moments L and N as well as the lateral force ¥ depend

only on the instantaneous values of the angle of side slip 8, the yawing velocity ¢ and the rolling
velocity . Thus it is possible to write: : _

: .
0L gb , AL b

3!3 e g b2V pb 2V
2y o7
N="Lp N b N g (22)
B LI W g2
Fid v
. P 87 I '3
TR
. “oy bid

When eqgs. {2.1) are made dimensionless they beecome in the notation of ref. 6, after substltutlon of
(2.2) in (21):

ol + Ky — Ly — 1. =0
Kz‘ﬁ"”“—“nW’ + Ez/f___nrw___nsﬁzo (2'3)

o — S Ly + 15 B0
§ . ;
where a dash denotes a differentiation with respect to ¢:= — where 7= _,?_ Eqs. (2.3) were used
T ps
for the caleulations with three degrees of freedom.

However, snaking is a motion which consists mainly of two defrrees of freedom viz. yawing and side-
slipping. The caleulations which have been performed to 1Ilustrate the influence of the non-stationary
derivatives therefore také Into account only these two degrees of freedom. For that case the non-
stationary stahility derivatives ean be derived from ref. 5 in which the unsteady forces acting om air-
foils of finite span are calculated for low frequeney pitching and heaving motions, It has been derived
in Appendix A, in which the results of ref. b are transformed to stability derivatives, that the follow-
ing expressions for N and Y are valid for harmonic motions when unsieady flow effects are taken into
aecount (eompare eq. A.3) ): .

N=(Ng +iNg")B + (N + iN7) T;%
- (2.4)
Y= (Y +i¥Yg")B + (¥ + i¥.") -;—%

In these expressions the stability derivatives have a somewhat different meaning frem that in eq. 2.2,
as has been explained in App. A,

Here they express the components of the moment and the force which are in-, resp. out of phase with
the motion, When eqs. 2.4 are substituted in the last two eguations of egs. 2.1 in which ¢ =0 and use




b3
is made of the non-dimensional notation of ref. 6 then the following equations of motion for the flat
yawing motion with the degrees of freedom: yawing and side-slipping, are obtained:
¢l — ) — P, — Bag -~ g =10
—y¢" oy F Yl —u) —Byp + FQ1—yp) =0
. The solution of these equations can be found from tl;e following characteristic determinant:

AL — ng) — Aty —Ang—ng
=
— Ayt A —yr) A(l—yg)—Us

which can be written as
M{ (A —yp)(1—n) —yemp} — 2 {yp(l—ny) + (1 —yp) + npyi —np(l—yr) } +
+ { neyg 4+ ng(1 —u.} } =0 (2.5}

The period of the oscillation P and the time to damp to one-half amplitude Ty are related as fol-
lows to the complex root A==R =il of the complex quadratic equation in A:

Inle 2n

— e P=-_ 2.
Ty, P and 7 {2.6)
The in-phase and out-of-phase aerodynamic cocificients can he derived from Appendix A where the
following expressions are obtained in which % is the reduced frequency k= i:;:’, and K, is the non-
dimensional radius of gyration, h,:—l)'— while u=defined by ,u:{%ﬂ
o8b -
], Sv 1 KG”
= =27 -+ =
Ya=g Uy =¥ g 1 %
_ K I 8,6y 4 i M+ K.
"= ks U T T R KE S %
1 Seco 1 K Ky K/
yr =—47 OV?‘ == —2r 5D gﬂ— [ % + ‘-—'——‘k + sz
1 . Sece 1 eM." + 2K, + My Ky | M+ K
=g O = i K | & t
1 See 1 K
Vi< g TG 6 R
" 1 C..—9 Syc.2 1 M=K,
67 dK.7 M T TSK 16K [z
1 Swer 1 K/ Ky K"
Ui =gE T e To ; o T -
" — 1 C..—_.3 Sue.t 1 jsi’Ka’—i-e(IlIa’-i-K;,’)-i-Mb’ MR
LY R TSI P K ks

When using the results of ref. 5 it is found however that K, and A are zero, thus indieating that
the most important non-stationary derivatives C, 5 and § are zero. This is due to the fact that in

ref, 5 for the real parts of the flutter derivatives also the terms of second order of % are neglected as

" it was thought that with the low values of k coneerned these terms are negligible in eomparison with

the steady term. The real parts of the translational derivatives, however, do not contain steady terms.
Moreover, these derivatives influence also the damping derivatives. Therefore the derivatives K, and
M, are needed more accurately than they are given in ref. 5. It is possible, however, to obtain thes:e
derivatives accurate to the third power of % from the results which are given already in ref. 5. This
is outlined in Appendix B. The results are given in table 1 and fig. 1 as a function of the quantity
-21]/ 1 — Moz, '

g

The results of ref. 5 for the other derivatives are repeated here for completeness. They are given

. ) by § P
in table 2 and in figs. 2—3 in which they are given as a funetion of —cf V1 3faz. This gives the

possibility of obtaining, by means of interpolation, values of the stability derivatives for other values
of the aspect ratio then the few cases which have been caleulated.
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Because in ref. 5 the foreces and moments have been ealeulated for complete wings while the results

N . . . b ———
of ref. 5 are used here only for vertieal tails which are treated as semi-wings, the scale of LG—”J 1" ez
£
in figs. 1—3 and in table 1 and 2 is halved in comparison with vef. 5.

The derivatives Ky and M, are not repeated here because they occur only in the expressions for the
stability derivatives Cy. and Cn; of which it is concluded in scction 4 that the are negligible. The
results of ‘seetion 4 are obtained with values of the derivatives €y, and Cay which were derived from
ref. 5, In Appendix B it s derived that these expressions are not quite corvect but that the order
of magnitude of these derivatives is not changed when the correet cxpressions are nsed. Therefore the
results which are obtained in section ‘4 will remain unchanged beecause it is found that the influence
of Cy; and Cy: on the stability of the airplane motion is completely negligible.

3 Calculations,

Caleulations were made to determine the period and the damping of the oseillatory yawing motion in
order te study the influence of the non-stationary derivatives ¢ C‘n’é, Cy; and O, for the case of
{light with high suhbsonic speeds at zero altitude.

The calculations have been performed for two different examples. The first, example A, is a con-
ventional straight wing high subsonic fighter design whick is identical with eonfiguration 5 of ref. 8,
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a sketeh of which is given in fig. 4. Most data could be derived directly from ref. § although the stability
derivatives must be adapted to the lift coefficient corresponding to the Macu nnmber Ma=0.7 and
Ma=08 for which the caleculations have been performed. This could be done easily because the
stability derivatives were given for several values of the lift coefficient and thus the proper values of
the stability derivatives conld be found by interpolation for the 1ift eoefficient belonging to the chosen
Maci- number. Moreover, the stability derivatives had to be corrected for compressibility effects because
the theoretical determined non-statianary stahility derivatives C',,é, G“fi" ¢,; and C,; depend upon the

Mace number. These corrections have been determined according to ref, 9.
All non-stationary stability derivatives have heen calculated for a rectangular vertical tail of aspect
ratio 2 which possesses the same area as the vertical tail of confignration H of vef. 8. These theoretically

s . . . vCy . .
determined non-stationary derivatives depend on the reduced frequency k= ﬁ;— and thus an iteration

procedure should have been used in order to determine the frequeney v, However, it can be seen from
figs, 1 and 8 that for the small tail aspect ratios involved there is hardly any dependency on k of the
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non-stationary derivatives and therefore the freguency of the motion can be found direetly, thus simpli-
fying the caleulations considerably.

All data concerning example A, derived from ref 8 as well as theoretically determined, are collected
in tables 3 and 4, The following caleulations bhave been performed with example A.

a) Three degrees of freedom, rolling, yawing and éideslipping. Without non-stationary stability deri-
vatives, Ma = 0.7,

b} Two degrees of {reedom; Va,wmxr and sideslipping. "Without nou-stationary stability derivatives,
Ma=10.7.

e} Two degrees of freedom; yawing and sideslipping. Withont non-stationary stability derivatives,
Cp,. =0, Ma=01.
r ]

d) Two degrees of freedom; yawing and sideslipping. Withont non-stationary stability derivatives,
Cy,=0, Ma=09. Radius of gyration k. has been varied.

¢} Two degress of frecdom; yawing and sideslipping. With the non-stationary stability derivatives
Cy'é, Cuzs Cn 3 and . included. €, =0, Ma=-09. Radius of gyration %, has heen varied.

t) Two degrees of freedom; yawing and sideslipping. With C,,ant withont C, F Cy; and Oy = C,, =0
Ma=0.9. Radins of gyration %, has hecn varied. )

2) Two degrees of frecdom-‘yawing and sidesiipping. With €, 5 but without Cyé, Gy, and Crz==Cy = 0.
Ma=0.9. Radius of g;iatlon k. has been varied. The \dh[e of C’,l has heen taken equal to 34 of
the theovetical valuc of C

Example B is derived from ref. 10 and it represents a semi-tailess airplane with small tail length as
shown in fig. 4. In ref. 10 all aerodynamie data are given for two values of the tail length and there-

— - ==5MALL TAIL LENGTH
LARGE TAIL LENGTH

' !
- ! alie r
~====TAJL OF REE 10 1.1
.l TR
conf. 5 of ref 8 ”

EXAMPLE A EXAMPLE B

ny

Fig, 4. Basie configurations for which caleulations were made.

fore the stability calenlations have hecn performed also for both cases. The mass of the airplane has
been chosen after comparison with dirplanes comparable in size and configuration.  All relevant data
can be found in tables 4 and 5.

The calculations have been performed for different values of the radins of gyration as well as for
three different values of C"é1 viz, O, P equal to the theoretically determined value of C"é’ equal to half

that value and equal to zero. Cné has been caleulated for a rectangular vertical tail of aspect ratio
Ca,
and (), are neglected. The other stability derivatives have been corrected for Compl‘e&blblhty effects
by aid of ref. 9,

170 with the same area as the swept back vertical tail of the original wmodel while 'C,- R

r*

4 Resuits and discussion.

The results of the calculations conecerning cxampie A are collected in table 4 while those of example B
are given in table 5.

Influence of number of degrees of freedom.

By comparing the results of the caleulations of example A with two and with three degrees of free-
dom (ealeulations 1 and 2) it will be seen that the period of the oscillation remains nearly the same but
that the ealénlation with two degrees of frecdom overestimates the damping of the motion by about 10 %.
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Yet the suhsequent caleulations have been performed with two degrees of frecdom only heecause all essen-
tial properties of the oscillatory motion are found with such a caleulation.

Moreover, it has been found possible to mneglect the stability derivatives €y, as will be clear from a
eomparison of calenlations 2 and 3. The results of hoth caleulations are exactly the same. Thus in the
subsequent caleulations the derivative C, is ueglected.

Influence of Moach-number,

The ealeulations 1, 2 and 3 have been performed for Ma =0.7. The influence of the MacH number
can be studied by comparing the calculations 3 and 5. The latter caleulation is exaetly the same as
caleulation 8 exeept for the Macet number whieh is chosen as Ma=10.9. It is seen that hoth frequency
and damping are increased by increasing the Macn number. The result is not very conclusive, how-
ever, becanse compressibility effects have been taken into aecount only in a rather simple manner so
that e g. shock waves have not been taken into account, The resuits of ref. 5 show however that for

.Ma==09 the non-stationary derivatives become much larger and thus the influence of the non-stationary

derivatives will be more important for Ma=09. Thercfare the, subsequent caleulations were pertormed
for Ma=109 only.

5 . |
Effects of the non-stationary stability derivatives Cy:, C.., Oy F and Oy i

In order to investigate the influence of the non-stationary stability derivatives on the results of the
stability ealeulations, some ealeulations have heen performed with and without these derivatives, The resalts
ean be found in table 4 by comparing the ealenlations 4 through 9 and 10 through 15 where for several
vatues of the radius of gyration the damping and the period of the osecillatory motion of airplane A
flying at Ma==0.9 are given. By comparing the results of the caleulations with and withont the non-
stationary stability derivatives for a certain valne of the radius of gyration it is secn that again the
period of the oscillation is hardly affected while the damping is increased by about 10 %.

Influence of different non-stationary derivalives.

Another question which can be posed here, is, which is the influence of cach of the different non-
stationary derivatives. In order to investigate this question some calculations have hbeen performed in
which €, -::C'y- = (., =0. By comparing the results of caleulations 10—15 with these calculations

(16—21) 1t will "be clear that the derivatives C)» 5 Cy; and C,: can be safely ne(rlected for the results of

r
caleulations wn;h' and without these derivatives are exactly t.he same.
Thus the non-stationary effects in lateral stability caleulations with two degrees of freedom are due
to the derivative C,,é

Dependance of nen-stationary effect on Cn‘-;.

The aceuracy by which C, P is determined is not known because up till now it is impossible to eom-
pare the theoretically determined value of C, B with the results of unsteady measurements. It seems how-
ever that the theoretically determined wvalues of C are too large for it is found by calculating other

stability derivatives for which experimental vemﬂeatlon is possible that large differences exist between
the theoretically determined and the measured values of the dertvatives. Though the theory of rel. 5
which is used here, is valid for small aspect ratios and though it takes into aceount eompressibility
effects it is found e.g. that the theoretically determined value of C, - is twice as big as the value given
in ref. 8 The main reason for this difference will be the uncertainty about the effective aspeet ratio
of the vertical tail. Tt s assumed in this theoretical investigation that the pressure distribution of the
vertieal tail is equal to that of a semi wing thus assuming the horizontal tail to act as an inlinitely
large plate. For this case the effective aspeet ratio is twice the geometrieal aspect ratio of the ver-
tical tail.'

" This value will net De reached in praectical cases becanse there iy always a deerease in the pressure
difference on the verileal tail towards the horizontal tail

Because this uneertainty about the magnitude of On some caleulations have been pelformed with

values of Ca A which are one-half the theoretical values. The results of these caleulations are numbered

2927 in tdble 4. Tt iz shown hy these results that the differenee in the ddmpuvr of the oscillatory
motion due to the introduection of O, 4 is about proportional to Cn

Influence of different paremeters deltermining C,,‘-g.

Up till now the introduction of C in the stahility caleculations has led to inereased damping of the
oseillatory motion. The question anses on which parameters the sign and magnitude of €., depend and
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if a decrease of the damping of the oscillatory motion is also possible. The theoretlcal expression for C’
is given by

Seep 1 K/ iy
=g 2m- et |
Krr.’ a, + . . . bu T '
The values of gz an nd IE are given in fig. 1 as a function of - V1ZMa* for several values
. ;
of the Maow number. It is seen, in the first place that for practical values of ¢ (5 {o 10) the ferm
ol r

. . M . . . . .
—kfﬁls mueh more iroportant than Hﬁ . A point of great interest is that for practical values of the
vertical tail aspect ratio there is practically no influence of the reduced frequeney %.

£

f

The most important feature of fig. 1 is however that for hoth Maci-numbers 0.7 and 0.9

changes

sign between aspeet ratios 1.5 and 2.5. This means that only for tailplanes of very high aspect ratio
the introduetion of €, 8 will eavse a reduction of the damping of the oscillatory mation. Most present

f

}a,
sign and therefore in most cases the introduction of C in stability ealeulations will lead to 1ncreqsed
ddmpmg of the oseillatory motion.

day tailplane designs, however, have aspect ratios which are less then the values at whieh

changes

Influence of radius of gyration.

As can be seenh from table 4 most ealeulations have been performed for scveral values of the radius
of gyration. The value A2=0,101 is the value given in ref. 8. For large values of the radins of
gyration the motion will be governed more by inertia forces then by aerodynamie foreces and therefore
also the influence of Cné will diminish when K, beeomes larger, Thiy is what is actually shown by the

results of the caleulations as they are given in tahle 4.

Influence of tail length.

In order to study also the influence of the tail length on the behaviour of Cné in stability caleulations

the caleulations. referring to example B have been perfortned. The results of these ealculations are given
in table 5.

Ag it is found in the previeus sections that .
has been <one in this case.

By comparing the caleulations for both eases of example B, which have tail lengths of ¢=23,95 and
5,56 resp. (ealculations 28—42 and 43--57), it iy secn that for the larger tail length the motion is damp-
od heavier than for the small tail length as could bhe expected. The same is found when the results of
the ealeulations of example B are compared with those of example A (e =10,76).

Ag has been found already with example A it is found here too that for bath tail lengths of example B
the introduction of Cﬂ,é causes an increase of the damping of the motion. This is shown hy comparing

the results of caleulations 28-—32 and 38--42 'as well as 483-—47 and 53--57. The difference in the
damping of ealeulations with and without C, 3 is much larger than for example A, viz. 20—50 % de-

5 Cy; and Oy as well ag €, can be ncglected, this

pending on the value of the radins of gyration. This percentage however i nearly the same for hoth
tail lengths and thus it cannot be attributed to the influence of the tail length. The only further para-
meter of the vertical tail which is found to bhe different for cxamples A and B is the aspeet ratio of
the vertical tail which is 1.7 for example B and 2 for example A, From fig. 1 it will be clear that this
i very important for the magnitude of C”,’a

Thus it ean he concluded that the influence of C, g on the damping of the motion is nearly independent

of the tail length but dependent on the aspect ratio of the vertical fail,
Ag in the ecase of example A it is found that the difference in the damping of the oscillation due to
the introduction of C”é in the calenlations is almost proportional to the value of C,.Ié as is shown by

the results of the ealculations 33—-37 and 48—52,

Also with regard to the influence of the radius of gyration the same results are obtained as with
example A. The influence of the acrodynamic forces and thus of Cﬁ. hecomes relatively smaller when
K. 1s increased.

5 Conrclusions,

From the calculations for the penod and the damping of the osellldtor} motion of an airplane flying
at high subsonie speed and possessing two degrees of freecdom, viz. vawing and side slipping the fol-
lowing conclusions ean he drawn with regard to the influence of the non- stationary stability derivatives
C_yé, C"‘r" s O-y’ and C,,‘; . :

r
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a) The only non- stationary stability derivative which has any influence on the ealculated damping of
the oscillatory flat yawing motion is (*

b) The influence of (J'ﬂ becomes only noteworthy at high subsonie MacH numbers.
¢) The derivative C"é can cause a decrease as well as an increase of the damping of the oscillatory

motion depending on the éaspect ratio of the vertical tail. For all praetical tailplane designs with
aspeet ratios between 1 and 2 an increase of the damping will result.

d) For the small aspect ratios involved in practical tailplane design the derivative C.; a is independent of
the reduced frequency k.

¢) The influenee of C,. on the damping of the oscﬂlator'y motion is about proportional to the value
of O,

f) Changes in both tail length and radius of gyration do not change the conclusions given above,
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APPENDIX A,

Relations between flutter and stability derivatives.

In linearized unsteady aerodynamic theory the expressions for the moment about the mid-chord axis
and the force acting at a harmonically oscillating rigid airfoil can be written in the form

4

K == pV? %'{ (K¢ + iKY A+ (K + iK)B ) e
(A1)
M =moV? ig— %L{ (M + iM2)A + (My + iM")B } ™ ‘

in which A is the non-dimensional translational amplitude of the mid-chord axis and B is the rotational
amplitude. While eqs. A.1 are defined with respect to fized coordinate axes, in stability theory use
is made of axes which are fixed to the moving body. Then it is supposed thai the lateral forece ¥
and the yawing moment ¥ can be expressed as functions of the angle of side slip 8 and the angular
velocity + and of their time derivatives, Hence:

oY ¢y -
Y_~ Rt =Bt == B+ ...... r+——1r+...
a8 B B B aﬁ ﬁ ar ar "
aN ' aN oN -
: Ne= ——B8+ = B+ ... —rt —r+....
’ 28 BT 8[3 '8 BB ﬁ or ’ ar ’

which can be written for the ease of harmonic oscillations when B==," and r=re™ as
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In the foregoing expressions for ¥ and N it is assumed that it is possible to expand these guantities
ve

in power series of the reduced frequeney kymz% Tt follows however from ref. 5 that for the ecase
of low frequeney harmonic oseillations of finite aspect ratio wings the foree and moment cannet be
identified with a power series of k because also terms with %2 logk klogk ete. oceur and thus it is
impossible to identify the different partial derivatives in eq. A.2 with certain terms of the theoretical
expressions for ¥ and N as they are derived in ref. 5, From a theoretical point of view it seems more
-appropriate therefore to write e g.

Y:ay+inﬂﬂ+av+inﬂé% | (A3)
in which Yy and Yg” denote the in phase and out of phase componenis of the force ¥ due to the angle

of side slip B. . Comparing eq. A.3 with the first of egs. A.2 it is seen that e.g. the following iden-
- tifications may be made

2
Yym O Y
alg 1’ a Bb2

ave
Y=k %I_%_ + o
Cov

. In general, the contributions of the higher derivatives to e. g, Yg and Yg” will be verv small. There-

fore the symbols of the non-dimensional values of e.g. ¥g' and ¥y”, viz C’ and !c C have been

chosen identical to the symbols of the non-dimensional values of —231 and %k i -wa—%
. Bb
: -

- >
e Sv
2 2

[N—

Sketch a.

As can be seen from sketeh ¢ the following relatmns exist between K, M and ¥, N when linearis-
ation is allowed. . :

Y— K ' (A 4)
N=M+E%LK

In order to express the stability derivatives as funetions of the fluiter derivatives the relations between
A, B and 8, r have to be derived. Tt follows at once from sketeh o that

y = _Yuel'vt — Bel'vt
and b
y——”‘*‘tv,ﬂem or B&M ———'iL :—-’i—Ql:&—:}r. {A-ﬁ)
v E b




In the same,way it follows from sketeh o that |
i

Ae""":ey-l—z,
E'“Ildl- . +
o ‘ iVAEtytT—:E]./ + 7. _ (A, 6)
_{_ 14 CLop b :

Moreover 2

e (B+y) and y=—i—.

After substitution of these expressions in {A.6) the following result can be derived:

rh
: oV e LB ' ‘
vt —
AW —=— (e+h,) - b-%—@k. (A. T}

When eqs, A.1 are substituted in A.4 and use is made of A.7 and A.5 it follows that
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which ecan be written as: .
8, K . K Ky KRS
¥l [(—- - <) gt i( L +s—k—) +
R & K5 K7\ o e l
TP Lo W07 &
2( P S~ N ) (A.8)
' ZI a” Kﬂ” ] K » ” .ar | “J ] r” a”
N—-TI'PV2§— %[(__ { 4;5 Iy M, +sK ﬁ+ ;(Mb + Ky 4 M _:;ZEK o, M, “{J;EK )-I—

y ( My 4+ Ky M, 4 K/ 4 M+ eK,)” )l b cvj[
k —F k Kt oV b

From eqs. A.8 the expressions for the stability quantities as they are given in eq. A.3 follow at once
and are given bhy:
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APPENDIX B.

B.1 Determination of the flutter derivatives K/ and M.
In ref. 5 the pressure distribution on an airfoil is determined from the following integral equation
wa= (W + kw®)eM =
= —hj { B + LAV + k2 logk KD 4 BE® + i log kK® + BFE® + L (B. 1)
{ p® + kp + L" log k p¢¥ + kp® + 13 Jog & . P+ ESp® £ ) o™ didn, |

where the integration should he taken over the vertical tailplane V.
By equating corresponding powers of k, the following series of equations is obtamed

O o = (03 0
v 4mpV .[f EEp® didy

0} 4 KW 1](1)} didy
0= ff{ K@ p® 4 KO p®} didy
v
0= [[{ E®p® 4 FOpt + KO p®) didy (B.2)
0= ff{ K@ p0 4 K2 gl KO p 4 FO p) didy
v

02— j { E® p® 4 E®po 4 Kb RO ¢ 05! P didy
(1]

ete.

As the downwash is different for translation and rotation, separate caleulations are necessary for both

cases. For translation one has z, = A¢" and hence:

Gy d2 cy 02 9z it

Thus it is found that for the case of translation wr® =0 and w™M =i4V. In the same way it is found
that for rotation z==Bze™ and thus wz® =BV and w;® =iB.V.x.

From the fact that K™ and K@ are real and K and K® are purely imaginary while K® and K®
are complex it follows at onee from (B.2) that p™ and p® are always purcly imaginary and p®® and
p® are real while p® and p® are complex. Because wr'® =0 it follows moreover that p® and p®
are zero and that p+& is real

In ref. 5 the coefficients p® are determined by preseribing the chordwise distribution in the form:

pO=1 5,0 cot S+ 2 (9,0 ,0)sin, (B.3)

: ‘0 W=

in which § is a coordinate in chordwise direction being determined by
E=—cos 3.

From this expression for p® it follows that g, {s proportional to the liff per unit span while g,
is proportional to the moment per unit span about the mid-chord axis, Then the expressions for the
total force K and the tota,l moment M of the rectangular airfoil hecome:

How—mg o f (900 + kgo® + R log b 0,2 + g, + K log kg9 4 Kogo® + ... } dy
1] o (B.4)

8

o k
M= 8 e j 16,9 + kg, + k2log b 9, + kg, + k% log kg, + kg, ® + _ }dy
\] 1 ’
and thus o
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At last the real part of the sixth equation of B.2 for the case of trausiation must be ecompared with
the imaginary part of the fourth equation for-the case of rotation. The two eguations are given by

.the following expressions

0— [/ [ ImH®, pr O + KO, Re p, B} dédy
' v
0= [[ { ImK® pg® 4+ K@ fin pp® didy.

By aid of the relation p{}=1 f p&Y the flrst equatiori heeomes
0 E® 5,00 __g B 7o) )1 did
= {17??. Pr ——-‘!I KO Re Pr } ‘f .
v
Thus it foliows that Re pT<5)=%iIm P and
R (5)._'A Im g(® d Re® -—-A I @ B.9)
e gy =15 m g®, an =1 Img{%. (B.

When now the egs. B.8 and B. 9 are substituted in the expressmn for K, the following relation is
obtained \

. 8 a
_1 i
— . ‘ .
K= 7V As Uf {1029'%:?),1. + *Re (lgs:}r + ... } dq = —mﬁf { Azgl(ﬂ?n.s + %2 I"L.(]%.}R-E* Yy,
in which s== Zbe _
Now gy, =9 — 0%  as has been derived above and hence it is possible to write
. : hiaid? I ]
T th : kg - k2l (3) J- L (1$ s B 10}
C S T Ve { g + ETmg® + ... — 985, , ) & (B.
(]

In ref. 5 the derivative Ky” has been calenlated 5y takin’é into aceount terms up to the second power
of k. Thus in the approximation of ref. 5

[ 8
"o v A . .
Ay =B [{kgf)f}ﬁm T g@ } do. (B.11)

The rclatmn hetween Ay” and K, follows now immediately by comparing this expression with B. 10,
The result, is

K= E— ) | | (B.12)

. in which A, is accurate to the third power of k. As K" and h;,”q have been caleulated in ref. 5 the

results of K. are directly obtainable from ref. 5. The same dematlon and thus also the same result
is valid for M., Thus

M= — K (M) — M*’”q.s) (B.13)

i T/

From these yesulis it follows also that the non-stationary effects of _qiﬁ_ and whieh are denoted

also by the symbols €y and C,_ are small of the third power in k.
Considering e.g. €, the following expression is given in eg. A.9:

Sycy 1( K" | K" | K/ )
Gt gle T T )
From cgs. B.10 and B.11 it follows that ' .
: Ky, K!8 f WL 00 |
R TR . T3 / ,g""’q-s BT

while it follows from eq. B. 5 that
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8

R 1 0(k) |
——-—k ::-—-Wf jgomk“" + ... dv;.

Thus €y, (a similar derivation is valid for C, ), consists of a quam steady part denoted by g{, and
8
gff) and further of terms of third order of %, When considering eqs. A.2 and A. 3 t]ns result qcan be

. ; N
given also in the statement that -g—’ln and %—_mdeed are quasi steady quantities while the higher order
1}' T
terms of ¥,” and Na-’ can be identified with ——-g—bg and _B_Abz_
T
ipr OgE

B.2 Further consideration of the stability derivatives C, 5 ond Cn..

When the cxpressions B.5 are substituted in eq. A.9 the following expression for e.g. Cy, is obtained

S

1 See® 1 [ ) f
e R S {#) ('J)
Cy; . B % A d (9@ + kRe gl + ..0dp + .

1 [ goR : ' )
J + logk. g, +Re.gg§§+k.ﬁeggf)n+... dy -~

. o
—-:;ZG/ ( UT+100‘kg(“) +Imq(5) + . )dn]. (B.13)

At first sight it would appear from B.13 that for k==0 the expression for C,. would become infinitely
large. However when B.6 is substituted in B. 13 and when a similar relamon between g(® and g(®,

could be derived the terms which cause the singularity for & =0 would disappear. Therefore the flfth
equation of B.2 for the ease of translation will be compared with the third equation for the case of
rotation. These equations are:

0= [ f { K®pp® + KO® 5. didy
0= [ {K®p0+ E® pr®} didy.

By substituting the relation p,MW =1 - 2™ in the first of the equations given above and subtract-

ing hoth equations it follows that
. 4
; K® i Z. pkcmf dedy = || |K®p,®] didy.
s ' 3 '
Beeause this relation must be valid for any point of the lifting surface it is possible to write
. . A 7
plf.ﬂ) =13 -j:)r pR(2)
and thus
A : LA
=i off and gl =i 0 (B.1)

When B.6 and B.14 are substituted in B.13 the following expression is obtained

0, —_ L %ot 1
VT Ty 8 9 !

o
[ oy + BReg @y + ) +

) T+ —1— (Re. gt -+ kRegd, + ...) + % (Fm g, +..) ]dﬂ. (B.15)
It is seen hat the singularity has ‘been removed When investigating C,; the same derivation is valid
and the same eonclusion will he reached.
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.- The formula which has been derived from ref. b is given by

' 1 Set

50 that not only all terms containing & have heen neglected but also

1 . { :
T Re gl + v Img®),.
Although this expression is not zero i will be shown that indeed it 18 very small compared with
&
47
the real part of the 4th eq. of B.2 for rotation, These equations vield

.9, Therefore the imaginary part of the 6th eq. of B.2 for translation mist be compared with

0== j f {Re K® py® + KD pp @+ KO Iy po ) dédy
v

0= f [ {Re K®pp @ + KW pp® + KO Repp @} dédy.
r

Since it has heen shown already that

. A -1
PV =i pa® and 0@ =i dp® —peQ |
it follows that
ff Ko iImpT“‘)—mszl* Repg("'); dgdquzr—#f] K Pe, dg-'dy; _ (B.17)
When a quantity px® is defined by the relation
ﬂ (Kﬂ)p(ﬁ;'s + EOptd) fiqu:o (B.18)
it is possible by Substit,uting cq. B.18 in eq. B. 17 to obtain:
A —
Im pr® =i-B*83 { Pe®—pp®} (B.19)
and henee
IR(3>+ I zco__‘ (3) d1313)+i1 6 — L 7
—B—' eg -—— f?ig —'g anad —— Gg-R —Ai- mg1l5——f LR

which are very small indeed, as they are determined by P m (B.18).
g g .
Since it is shown in see. 4 that the influence of Uy, and Ca; on the stability is already very small

when using eq. B. 16 the neglect of the term }13 g‘s) is certainly allowed.
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TABLE 1. The acrodynamic derivatives K,” and M., for various values of the reduced frequency %.

Ma 0.7 0.9
Y —— )
- VT e 1.43 2.855 5715 1.43 2.85° 5.715
k=0 — 088 --407 -—R866 — 789 2295 4380
0.02 —0.82 --387 -—8.09 — 975  --2236 —-4179
Ky 0.04 ——076 --366 -—748 — 749 2142 3908
P2 0.06 —071 -—-345 __6.86 724 —-2048 —36.38
0.08 — 065 323 625 698 —1955 —3368
0.10 —059 --802 . -—563 — 672 —1861 —3098
0 1,40 3.19 © 5.59 7.43 16.01 27.06
0.02 1.37 3.10 5.31 7.42 1579 26.13
M 0.04 1.34 2.99 5.00 7.28 15.30 24,76
k2 0.06 1.31 2.8 4.68 714 14.80 23,37
0.08 1.28 9.77 4.37 7.00 14.31 22.00
0.10 1.25 2.65 4.05 6.85 13.82 20.63
TABLE 2. The aerodynamic derivatives K,”, M,”, Ki/ and My” for various values of %"— ) 1= Mat
i’: Vi 143 I 2.85° 5715
r”
B I}f —0.97132 —1.3161 —1.5789
]}Ia”
AMT k 0.53597 0.68821 0.80596
|
Ma 0.7 : 0.9
Y
- V1 "M 143 2,85 5.71°5 1.43 2.85% 5715
k=0 0.1289 3.108 7.572 6.663 21.87 41.95
0.02 00716 2.915 6.961 6.517 20.78 39,94
Ky 0.04 0.0135 2.701 6.347 6.261 19.84 37.23
A 0.06 — 0.0447 2.448 5733 6.006 18.90 3453
0.08 —0.1028 2.275 5.118 5.750 17.97 31.83
0.10 ——0.1609 2.061 4.504 5.495 17.03 29.13
0 —1614 —3350 —58691 —77%9 1627 2724
. 0.02 — 1593 -—3.260 --5414 — 7975 —1605 —2631
My 0.04 — 1560 --3143 —510 7635 -—1556 —-24.93
% 0.06 — 1528  —3037 —4787 — 7494 —1507 —2355
0.08 — 1496 —2926 —4474 7353 —1458 —2217
0.10 — 1464 —2814 4160 7212  —1408 —20.79
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TABLK 3. Dimensional and mass charactevisties of example airplanes:

Fxample A
cont, b of ref. §

xample B (ref. 1)

small taillength [ large taillength

1% b
W/S  Ih/sqdt
p (h=10)

S sq.ft
b it
AR

A degrees

“taper ratio

S, sq.1t
AR,

Cy ft
Ay degrees

taper ratio of
vertical tail

E

+ 20.833
50

18.4

417
304

20.000 920.000
64 64
249 94.9

313 - 313

336 33.6
3.6 Y

37.5° 37 5°
0.455 0.455

30 30
17 17
49 : 42
0° 0e
1 1
3.95 5.56




TABLE 4. .
Conditions for which caleulations were made, derivatives used in calculations and results of calenlations for example A.

Aperiodic Oseilla-tory-
No. || Cu | Ma «® K, K.* Ko Cﬂﬁ Cﬂﬁ G, =3 Cvp Cnp CIF Cy,. C"r- Ci r modes mode
i F Ty | Ty 'y [ Ty !
1 | 0.07} 07 | +0.7 || 0.0237 [0.101 l_o.ooms — 051 '0.145'—0.058 ’0.024 — 0.0087 id-o.zg 0.39 --0.291 0.092 | 156 0.143} 1.13{1.03!
, I Oscillatory mode
T o 2 . i -
Noo G Me e K- Cog | Cng | Cu | O Cop | Og | O | On Prec Ty, sec
g 0.07 07 | 4+ 0.7 | 0101 | —051 | 0145 | 039 ]_0.29 0 0 0 0 1.14 0.92
3 | 1.14 0.92
4 0.04 0.9 +03 0050 | —055 0172 0 —033 0 0 0 0 0.73 0.46
5 0.101 1.04 0.82
6 0.159 1.30 1.13
7 0.201 1.46 131
8 0.258 1.65 1.31
9 | 0.328 1.86 1.71
10 . 0.050 — 0074 0059 0108 —0086) 0.73 0.40
11 0.101 1.04 0.73
12 0.159 1.31 1.02
13 . 0.201 1.47 1.19
14 0.258 1.66 1.38
15 0.328 1.87 1.58
16 0.050 0 0.059 0 0 0.73 0.40
17 0.101 1.04 0.73
18 0.159 1.30 1.02
19 0.201 1.46 1.19
20 0.258 1.65 1.38
21 0.328 1.87 1.58
922 0.050 | 0 00295 O 0 0.73 0.43
23 0.101 1.04 0.77
24 0.159 130 1.07
25 0.201 1.46 1.25
26 0.258 1.65 1.45
27 | 0.328 1.87 164

0L
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TABLE 5.

-Conditions for which calenlations were made, derivatives used in caleulations
and results of ealeulations for example B.

H=0 ft, Cyé:——C,,l;:::Cﬂ’; =0y, =0

_ Oscillatory mode

No. ¢ Ma K2 ¢ C, C, Chr:

- ' £ P Daeo Ty, sec
e ==3.95
28 6.054 0.9 0.04 — 057 009 —0057 0.046 0.96 1.25
29 0.0625 1.20 1.66
30 0.09 1.44 2.03
31 0.1225 , - 1.69 2,34
32 . 016 1.93 2.60
33 0.04 0.023 0.96 148
34 0.0625 1.20 1.92
35 0.09 144 2.29
36 0.1225 1.68 259
37 0.16 1.93 12.83
38 0.04 i} 0.96 1.81
39 . 0.0625 : 120 2926
40 | 0.00 1.44 2 62
S| 0.1225 1.68 2,89
42 0.16 1.92 3.10
£ == 556

43 0.04 — 054 0125 —-0084  0.064 0.85 0.97
44 0.0625 1.06 1.35
45 0.09 1.27 1.70
46 : 01225 1.48 2.03
47 0.16 1.69 231
48 0.04 0.082 0.84 1.17
49 0.0625 1.05 1.58
50 0.09 1.27 1.96
51 0.1225 148 2.29
52 0.16 1.69 2.57
53 0.04 0 0.84 1.46
54 0.0625 1.05 1.91
55 0.09 1.26 2.30
56 0.1225 1.48 263
57 0.16 1.69 2.89
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Stabiliiy diagrams for laminar boundary layer flow

R. TIMMAN, J. A, ZAAT and TH. J. BURGERIOUT.

Summary

For a one-parameter family. of boundary layer veloeity profiles stability diagrams are given. The method of caleulation
applied, starts from the asymptotic behaviour of the inviseid differential equation of disturbance. This method makes use

of only omne solution in the complete domain of integration.
This investigation was performed under contract

with the Netherlands Aireraft Development Board
{(N.L. V).
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List of symbols,

T, eoordinates along and nor-
mal to the wall

=3}

veloeity in the boundary
) layer
w . free stream veloeity
w= = =f(y/8,A) velocity profile for x = const.
4 5 " boundary layer thickness
PN _ :
A= —T*bz————,f b profile form-para_meter
b veloeity profile parameter
W(2, 9, 1) == (1) ®~®  giream function of the
. disturhance
g(il ) amplitude of the disturbance
e veloeity of propagation of
the disturbance
t time

of2m the reciproeal wave length

-

»

I
CTWr TS

~-, a=ad dimensionless guantities

=1, for w=7F(y)=c¢

v

kinematic viscosity

Wws :
B= " Reynolds number
P P2 Par P4 particular solutlons of eq.
(2.4)
daw )
2= {alt — {7 — 1)
( ‘d’;’ _— 1 o
Ay, B, ai, 00, d; cocfficients
8*
A, = 5 displacement thickness
A, momentum thickness
{=n—n,. in see. 4 _
gzz ::: ::r see Appendix A
g(&), G(&) funetions of {
D{z) =— #:(2) function of Tietjens ref. 5,
_ dw/ds p. 38
Br=uac circular frequeney
g = — #(0) cocfficient, see eq. (6.2)

?3(0) i .
k arbitrary intensity factor
L f e denoting differentiations to »

gubgeripts », v

1 Introduction.

denoting derivatives to 1, v

In ref. 1 a one parameter method for the cal-
culation of laminar houndary layers is given, As

unstability of the laminar boundary layer is an
nnpoztant feature in the transition to turbulence,
it is useful to complete thig calenlation method hy
designing a stability diagram, giving the stability
limit of the bhoundary layer profile corresponding
to different values of the parameter. As the theory
of this subject has been exposed comprehensively
in several papers (vefs. 2, 3, 4) it is not repeated
here. As the numerieal method is different from
the method followed in other papers, only an ex-




position of the numerical methods will be given,
starting from the well-known differential equations,
whieh deseribe the phenomenon.

2 Results of the theory of the stability of
laminar boundary flow,

We eonsider a two-dimensional laminar boundary
layer flow along a plane wall. Introducing eoor-
dinates » and y aleng and normal to the wall, the
veloeity protile in a section x = eonst. is assumed
{0 be piven by an equation
— w —_——
W=y =

where W is the loeal free stream veloeity and §
is a length, eorresponding to the houndary layer
thickness.

We assume an infinitesimal disturbance, with
periodic time dependence, determined by a stream
funetion .

[(y/8,2) (1

0 (3, £) =g (y) . = (2)

where o« and ¢ are real. ¢ is_the velocity of pro-
pagation of the disturbance, which at a certain in-
stani { represenis a wave with constani amplitude.
The funetion ¢(¥) satisfies the SoMMERFELD equat-
ion (ref, 2, p. 282)

— = (e -, ) dw
(w"C)(dy2 —aty ﬂ?dyz_ .
. 4 — 2 _
_-ii(d“’—_zazd“’ +a4<p_), (3)
a \dyt dy®

where » is the kinematic viscosity.
Introdueing dimensionless quantities

¢ 'y — ..
0= 1=y a=ed
we obtain the eguation
(w—c) (¢ — o) —wp =—
~ oV 2 ), (4)

W3
where R = ——1ig the ReEvywoLDpS" number referred
¥

to free stream veloelty and boundary layer thiek-
ness. ‘
The boundary conditions for the stream funetion

p{y) are
¢=0 ()
¢ — 0. (6)

Any solution of the linear homogeneous equation
(4) can be obtained from a set of particular in-
dependent solutions ¢,, ¢;, ¢, and ¢,.

It is shown in the theory, that a good approxim-
ation for large values of B is obtained by choosing
for ¢ and ¢, two independent solutions of the
“Inviseid” eguation

{w—c) (¢ — ) —uwp=0 {T)

if necessary corrected for viseosity effeects.

11:0 9":0:

7> 00 ¢— 10,

T4

The funections g, and 4, are represented asymp-
totically for large values of K by solutions of a
simplified equation, representing the behaviour of
eq. (4) in the neighbourhood of the point n=19,,
where w—=c¢. Here, w~ (y —n,)w,” and the ap-
proximating equation is, on introducing a new
variable {ref. 5)

2= (aRw,")'h (3 — 70), (8)
. dp Py
] dz* + z—d—zz— ———O. (9)

The funetion ¢,, which is finite at infinity, then
is taken as the solution

31

gy(2) = f Zdzl f il Hy O [—27 (z‘q)%] dy. (10}

o

Any other solution g, is infinite for 2 » wo .

Regarding the boundary condition (6) it is ob-
vious, that g, eannot contribute to the solution,
Henece we put '

p==Ayp, + dsp, + A, (11)
and A,, 4,, A, are determined from

A (0) + A, (0) + Ay, (0) =0
Ay’ (D) + Ayp,(0) + A/ (0) =10 {12)
Ao (0) + Ayp.{eo ) =0,
If, moreover, we choose ¢, so, that ¢, (o) =0,
then 4,==0 and the system hecomes
Ap (0) + A, (0)=0

Aig7(0) + Ayp(0) =0, 2 (12)

This is only possible for non-vanishing coefficients
4,5 if ¢ and a have values, which make

[ R4 (O) ¥s (0)
e (0)  @(0)
The values of ¢ and « satisfying this equation

can he plotted as funetions of R to give the
stability curve.

—=0. (14)

3 The inviscid solution,

The inviscid solution ¢, is a solution of the
equation '

v a2 fﬂ
= S = e ¢

where g, is the value of 3 for which f(n,) ==¢,
which tends o zero if y—c0. )

The function f(3) is a modification of the velo-
city profile, chosen in, ref. 1.

F) =0 —=b)f1(n) +bf,(n) —dfn)

where the third term has been added to remove
the discontinuity in the passage from accelerated
to retarded flow,




The funetions f, (4), fz(q) and f,(») are given hy

. .
4 _n
) = o | @+ 2 = —
3]/71-0
o
2 —u 2 ~adt
—_— e 4
sV7 Vi g
folyy==1—¢"
foln) = e~
1 2

The value of b in the stagnation point follows
from ; :

4
. s { ) ( (4, 2)
where A, the displacement thickness, is
A= [ (l—f)d"?:
o

=0,752253 + 0,133974 b + 0443114 d
and A, the momentum thickness:

b, = f(1~f)d71=
/

0,289430 — 0,014670 b — 0,015190 b* +
d(0,188063 — 0,058279 b) + 0,117498 &*
in the stagnation point
b=—0,412.

Hence, for sufficiently large values of 4, the term

e

f—c

cquation simplifies to

may he neglected and the differential

¢ = .

The solution ¢, , which, for 4 — » must vanish
together with its derivative, henee it can be ap-
proximated by

¢ ("T) =g %

o (n) =—ae™ ™.

(b

These values ean, in the region, where they are
valid, be taken as starting values for the numerical
integration. This numerieal integration was per-
formed by Apan’s method, operating with central
differences and extrapelation, '
This method was useful up to the neighbourhood
of the pole 5=y, of the coefficient of ¢ in the
differential equation. . .

4 The integration through the pole,

The equation for the inviseid solutions

77,

Yp=0 (1)

LY [V
(e 55

has a singular peint for 5=rn,, where f(y,) =c.
It is known from the general theory, that the

differential equation has two solutions, the first

one is regular in #,, the second has a logarithmie

singularity and as the function ¢,(5), caleulated

here, is a linear composition of these two solutions,

it will also contain a logarithmic part.
Introducing a new variable

L=n-—mn (2)
and putting

(g + 8
flne + &) —f(n0)

we write the differential equation as follows
L. =g{{v.

Assuming, that the zero of f{g, + 2) —f(n,) Is
simple in ¢, the function g{(Z) is regular in a
neighbourhood of {=0 and

—_ f‘"(’?c))
. il (7,'0) -

Hence, we assume a power series for g{&)

g(8) =L +

g(0)

G0 =g + 0,8 + al® + e .

The ecoefficients a@,, which are the successive
derivatives of g(¢), ean be determined from a
difference-scheme for the tabulated function.

a ¢, from the genera eory a series for
We now assume, f the g 1 theory a series for ¢,

p(O) = (el +altt+ )i+ (B + gL+ )

valid in a neighbourhood of §=0.

Substitution in the differential eguation gives the following scheme for the computation of the un-

known coefficients e and Bi:
1.2, &, = g0,

2.3. a, = qga, t+ e,

w1
ﬂ’(n - 1)"1“: Z Qpe_18n_y

o=

3

@y = tefi,

e, +1.2.8,=qa,f, + a,8,

ba, + 23.8, =8, + o,8, + a,8,

20 —1)ay + n(n—1)8,= ‘g‘{ak,],ﬂn_k.




From this scheme the coefficients a, and #. can he cxpressed into o, and 8,.°

Puttmg

ap == 0y . @,

Bn=Cafy + due l

we find for ¢, and d the set of formulae -

oA

n(n-—1)6, == E Gy Cnp
k=1

(A —1)dn = 3 @y 4y _p— (20— 1)c,.
k=1 .

Substitution gives:
|

1

¢y =20, ¢ =1, dO:“&_‘: d, =0

0

o=| St (3 ) voge] e+ (30 ni.

n=0 n=0

The values of o, and B, are determined by fitting
the solution tor small positive values of & =n—=,
to the values, ohtained by numerical integration
for ¢ and ¢'. Here a cheek on the aceuracy of the
numerical integration can bhe given by comparing
the results in two necighbouring poeints y and
7 + Ay

It the ecocfficients in the series expansion are
known, the funetions ¢(y) and ¢'(y) at the
other side of the pole ean be determined. Here
n==n-—1n, is negative and the logarithm becomes
complex. The ambiguity in sign of the imaginary
part is removed in the general theory by a con-
sideration of the viseosity correction (ref. 2, p. 292).
The logarithm must he chosen as

m{=1In{f|—mi

Now, the numerical integration must be pursued;
as starting values different values of 4 are chosen
and again a check on the aceuracy is obtained by
comparisont of the values of ¢ and ¢, eomputed
from the series expansion and the numerieal in-
tegration. The numerieal inteﬂ’ration is pursued

up to p=0 or .L‘H»-—qo; where the quotient 2
is caleulated 1). 4

5 The determjnation of the neutral oscillations.

f P2 (0)
1 (O)
veloeity profile, characterized by a value of b, for
geveral values of ¢ and a
The determination of the pair of values (e, «),
corresponding to neutral oscillations, was made from

?1’('0) — ¢4 (0)
2] (0) 3 (0) )
The function ¢, is given as a funetion of & ==
(aBwy) e (g —q,) (rvef. 5).

Usnally, tables and graphs are given .of the
funetion

The values o were caleulated for each

. D{z) _ g, (2)
',M 2 adejdz

We plot a diagram with the real and imagin-

) A second method ‘of integration using the principle
of analytical continuation is given in Appendixz A.

ary part of this funection'as eoordinate axes with

2, =-— 1, (aBw,) Vs as a parameter. Now we must
solve the equation
?1(0) — D(zn)
n9ps" (0} %o
For different values of « the curves —2: (, ) are
No¥s (0}

plotted on the same dIagram with 5, {or ¢) as
parameter. The interscetion of the two curves gives
a set of values «, ¢ and z. From the latter the
Reynorps’ number can be found

R:—_( ? )3 N
" (_@E’_)
S Ndy

¢ Discussion of resulls,

The diagrams were computed for several values
of the velocity profile parameter

b=10,8; 04; 0; —0,4. '

The corresponding velocity profiles are giveﬁ
in fig. 1.

The indifference eurves are given in fig. 2 for

these profiles in the form of a plot of disturb-

ance wave length «8* against ReEvNoLDs’ number

we* . .
Rey* == ——  The corresponding frequencies
Vv
Brv . ;E‘;’ e [ ’
R iy 3 @)

and velocities of propagation c::—ﬁ—, are given in
Iig. 3 and 4 (dotted lines arve obtained by extra-
polation from computed values),

The regions enclosed by the indifference curves
increase in the region of adverse pressure gradient,
in particular in the nelgbournood of the point of
separation.

For b = 0 (eorresponding to the Brasrs profile)
the results are compared with those of ScHLIIITING
and Ly {figs. 5 and 6).

The values computed here correspond mostly to
those of Lv. The agreement with the measurements
of SCHUBAUER and SKrAMSTAD i8 even somewhat
better. '
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Tig. 5 A comparison between the various caleulated indif-
ference curves for the wave length and the veloeity of wave
propagation of the neutral disturbances in the case of the
Rrasms?’ profile. The heavy lines are theoretieally compnted.
The experimental values are indicated by dots and open
cireles,

The critical values are: .; .

' Begaq = 331 NLL, 420 LIN, 575 SCHLICHTING,

For the lower limit of the critical Revyolps’
number SCHLICHTING caleulates Rey* =575, L
obtaing 420 and from the eurve here the value 321
is derived.

The velocity profile of the disturbance iy cal-
culated for the value b =0, corresponding to main
flow along a flat plate (Brastus-profile) for two
points, {indicated by A and ©) and for one point
of the profile, corresponding to b==04 (indicated
by % in fig. 1). The values

eln) ==p,(n) + Asps(7) (2).
and
d(P — d‘P’r N d-goi
T Oy Ty

1

are plotted as functions of 5 in fig. 7. This yields

Ay
ances inside the boundary layer.

the amplitudes & | ¢ | and % from the disturh-

Theoretical values of . u= »2—"!;* are plotied as
7

functions of »/5* in fig. 8 and compared with
experimental values from ref, 6, p. 21. Although

. the conditions in the measured values (+ and X

in fig. 2) do not correspond oxactly to the con-
ditions in the caleulated points (7, © in fig. 2)

. the results show a reasonable agreement.

%%—vxloo
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SCHLICHTING
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_Fig. 6 A comparison between the varioms numerically cal-
eulated frequencies of the neutrsl disturbances in the case
of the Burastig prefile, and the valwes measured by
SCHGEATRR and SKRaMoTAD., These latter values are in-

dieated by means of dots.

In the region of retarded flow the shape of the
amplitude distribution is preserved.
Finally, in fig. 9 the eritical RevrNoLps’” number

- for velocity profiles with pressure gradient is

plotted as a funetion of the form-parameter.

: 4 2 5 12
v dx d'qz L u=9 7 7
This gives a2 means for obtaining directly the
eritical Reywoubs’ number from simple houndary
layer ecalenlations.
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APPENDIX A,

A method of integration using analytical
continuation,

The function f(y) which is used for the des-
eription of the veloeity profile, is regular along
the entire real axis. The funection' which is econ-
tinued into the complex plane is given hy (&),
where ==y + v

Putting ¢=yx + 4 the differential cquation
for the inviseid solutions changes into:

™
on*

— o + G(D]e({) =0 (v=const) (1)

32 L3
et @+ GO =0 (y==const)  (2)

The path of integration in the complex plane
is indicated below.

It starts at infinity, passes along the real axis,
then {urns around the pole along the sides of a
reetangle and subsequently terminates at the origin.

‘1l 4

30

The initial eonditions in the case of a change
of direction, which are to be used for the numer-
ical computation, follow from the relations of
Cavony-RiEMany :

Xy =1, ¢, =X,
Xy = 7 Xu Yo =¥
b e Yoy = Xou €G-

The advantage of this methed is that the funetion
(+(£) is regular along the eniire path of integration.
Difficult developments into series such as in seet. 4,
are avoided in this way. If the path of mtegration
is kept at a sufficient distance from the pole, the
steps of integration generally need not to be di-
minished compared with that occurring along the
real part of the integration path.

rl :

[ E— - vl
1.0 POLE
v=0 n=T,

Fig. 10. The path of integration in the compleﬁc plane,

e
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Nachpriifung der einfachen Rechenmethode fiir dreidimensionale
laminare Grenzschichten mit Hilfe von exakten Losungen

J. A ZAAT.

t'hersioht: Besondere dreidimensionale Grenzschichtstromungen sind exakt und mit Hilfe einer einfachen Niherungs-
methode gelist. Die Krgebmisse sind ausfiibirlich mit einander verglichen. Eine pgute $hereinstimmung ist erreieht worden,

falls die Niherungslisungen auf cite sehr einfache — in dicser Arbeit beschriebene — Weise korrigiert werden.
Gliederun v
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freie Aussenstrémung.
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Bezeichnungen,

x, ¥, 2 orthogonale (kartesische) Koordinaten.

u, v, W Geschwindigkeitskomponenten in der
Grenzsehicht im z, v, z-System,

oV, w Jesehwindigkeitskomponenten der

freien Aussenstrémung im z, v, #-
System,

_ zl/(nH-l)U
7 2vx ’

F(n), G(n) siehe GL (2.7).

B ;21% w O‘ffnungswinkel.

Uy, Ui Geschwindigkeitskomponenten in der
(Grenzsehicht in -Stromlinienrichtung
und Querrichtung.

T Quadrat der freien Stromgeschwindig-

keit,

Sone1{n)s Foy Fuyy Fip - siehe G (2.18).

T Parameter fiir die Profile in der
Hauptstrémungsrichtung,

Q, K Parameter fiir die Profile in  der
Querstromungsriehtung.

@, 0% = & Koeffizienten.
Pi(q) siche Gl. {2.27).
% e
Vi
U Uy
: VT
= 2z
¢ Ve
.o h siehe GL (3.6).
AN, M, K siche die (leichungen (3.3), (3.4) und
(3.9).
P % I p(1-+F22+52) ==
¥
2 (B0 4 3
T Vex sy /7 .
b} 9 (i 3 2 d "
= gy, o = — Differen-
Sx 2w T 2z ' Sy oy t A oz if eren
tlationen wo z oder y konstant blei-
ben, und #z als Funktion von z und y
genommen wird.
7. g==1+ 2"+ "
i Verdringungsdicke.
8y Oa Impulsveriustdicke.
B ‘fé " siche GL (3.11) und Tabelle 1.
oY N
. m
3 (—E— tg ) Ag.




1 Einleitung.

Eine einfache Methode zur Berechnung drei-
dimensionaler, laminarer, inkompressibler Grenz-
schichten wird in der Arbeit [1] besehrichen. In-
wiefern diese einfache Berechnungsmethode noch
ciner Korrektur nitig hat wird in der vorliegen-
den Arbeit, an Hand exakter Lisangen der Dif-
ferentialgleichungen fitr dreidimensionale Grenz-
schichten, nachgepriift. Dazn werden, mit Hilfe
von exakten Lisungen, die Geschwindigkeitsprofile
der Crenzsehichten in der Richtung der Strom-
linien der freien Aussenstromung und in der senk-
rechten Querrichtung zusammengesetzt. Die Daten
tiir diese Grenzschichiprofile sind zam Teil den

Arbeiten von Howawrrma [2], Gowrner [3] und,

Haxsex [4] enthommen und zum Teil berechnet.

BEs handelt sich um die exakten Ldsungen der
dreidimensionalen Relbungssehichten hei sehriiger
Anstromung an Keilen, rechier wund scharfen
Ecken, die Stromung in der Umgebung des Stau-
punktes und dic Strimung an <dem schiebenden
Zylinder. J

Die Stromung an dem schiebenden Zyhinder le-
fert wegen Konvergenzschwierigkeiten keine genaue
Aussage mehr iber dic Sekundir-Stromungen bei
dem. Ubergang von der beschleunigien zu der
verzogerten Stromung. Nehen dieser Stromung
betrachten wir deshalb auch noch die exalte
Lisung einer Girenzschicht ohne wirhelfreie Aussen:
stromung. Wir wihlen dazu die Strdmung iiber
einer ehenen Fldche mit einer scharfen Vorder-
kante, wobei die parallelen Stromlinien der freien
Aussenstromung  durch ein  Polynom  dargestellt
werden konnen.

Aus den Ergebnissen der exakten Lésungen und
Niherungslosungen geht hervor, dass die einfache
Berechnungsmethode fiir dreidimensionale laminare
(irenzschichten in zweierlei Weisen verbessert wer-
den kann.. Erstens dureh Verinderung des ge-
wihlten Geschwindigkeitsprofils der Querstriomung
in dem Ubergangsgebiet von der besehlennigten
zu der verzbgerten Stromung mittels eines Kor-
rekturgliedes. Dadurch erhdlt man in diesem
(lebiet cine bessere Uhereingtimmung mit der (le-
stalt der exalten Querstrom-Geschwindighkeitspro-
tile, und bengt man miglichen Schwierigkeiten vor,
bei der Berechnung des Profilparameters der
CQerstrimung,

Zweitens wird der Anfangswert des Hauptprofil-
parameters mit dem Anfangswert, folgend aus den
vollstiindigen Impulsgleichungen, in Ubereinstim-
mune gebracht; und der Verlauf dieses Parameters,
der aus der einfachen Methode entsteht, bhis zur
Druckgradienten Null mehr oder-wenig abgeindert.

Dureh diese Ergfinzung stimmen die Ergebnisse
der einfachen Berechnungsmethode mit den exakten
Tosungen der Differentialgleichungen fiir die drei-
dimensionalen Grenzschichten gut iiberein.

2 Exakte Grenzschichtlosungen.

Unter cxakten (rengschichtlosungen werden die
Lisungen verstanden, wobel keine weiteren — als
die bel der Grenzschichttheorie vorbandenen —
Beschrinkungen gemacht sind. In diesem Sinne
sind die Tdsungen der Impulsgleichungen mnicht
exakt.
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Exakte Grenzschichilésungen sind im  Falle
dreidimensionaler Grenzschichten nur sehr wenig
vorhanden. Sie werden hier gebraucht, um die
Frgebnisse einer einfachen Niherungsmethode zuv
Berechnung  dreidimensionaler, laminarver (Grenz-
schichten nachzupriifen und mébglicherweise noeh
zil verbesseren. Folglich werden vorerst einige
exakten Ldsungen nither betrachtet.

21 Die schrigen Keil- und Eckstromungen.

Bel sehriiger Anstromung eines zweidimensiona-
len Keiles mit einem Offnungswinkel 8z werden,
in der Umgebung der Vorderkante, die Geschwin-
digkeitskompaonenten der frelen Stromuong senkrecht
und parallel zur Vorderkante gegeben durch {vgl.
Mancrwr [5])

£
2f|ﬂ m
U=Ax "=AX, V=B, (2.1)

Dic Cirenzschichtgleichungen sind in  diesem
Falle, wobei alle Criszen unabhiingig von der
Koordinate y sind,

o ou dal 02U
— — =U - — 22
“aa;ﬂ"az Ud:t:+vaz” (22)
v au d*v ‘
_— — = 2.
h ox + oz " (2:3)
o dw
—F — =0 24
4 T ] (24)
mit den Randbedingungen
bp==te=w=10 fiir e=10 (2.5)
w0, v T, flir z—>o.

x, 9,z sind die in Abb. 1 gezeichneten rechtwink-
lichen kartesischen Koordinaten.

VORDERKANTE DES
7 KEILES

Abb. 1. Stromung um einen Keil.

at, v, w sind die Gesehwindigkeitskomponenten in
der Grenzschicht in den x,y,z Richtungen.
Naeh Einfiihrung von

U
n=z[/i’%v,7)~ (2.6)




_ . ()
U = U T

v 2z m+1l
w_ﬁ?l/(mvh])b’( 5 )t

wi—1  dF(y)
YT, )

; 46 ()
d’q

v =

2.7

gehen die (ireuzschichtgleichungen (2.2) his (2.4)
ither in

A (5) : AP (%) 2m [ a2 ]
dyp? =P dy? L (ﬁ;;—) —1
(2.8)

LA &G ()
W——-"-P(v) Tar (2.9)

mit den Randbedingungen

aF aa ‘
P T o T = ¥ f—
F = a7 iy D fir y=10 210
ﬁ-—) 1 -d—g -1 filr 53— 00,
dq dn

Die Glelehung (2.9) lisst sich lisen als

)
. _ﬁ/ et
_-_—d_??z___. — %3

Die (ileichung (2.8) ist die Differentialgleichung
der dhnlichen Losungen des chenen Problems. Vou
praktischer Bedeutung ist hierbei die Potential-
stromung gegen einen Keil vom Offnungswinkel

Zm
0 < = m+1
digkeitsverteilung ¥ = Ax™ mit m > 0 flihet, Vgl
Maxares (6], Wir betrachten dic folgenden Son-
derfalle:

7= 27, anf welehe die Gesehwin-

. Die sehrige Umstrémung cines Keiles mit dem

halben Keilwinkel 1/, 8z =1/, v(m =1/,). Die

Aussenstromlinien sind dann parabelférmig
B oy
Y= 3/2 -—Af z + 0,

b. TMe schrige Strémung gegen eine senkrecht-
stehende Platte, d.h. gegen einen Keil vom rech-
ten halthen Kantenwinkel 1/, =1/ x(m==1).
trie Aussenstromlinien sind die logarithmischen
Kuryen

1:% ng 4 C.

¢. Die sehriige Rekstrémung mit dem stumpien
halben Keilwinkel %/, fr=1*/, n(m=4). Die
Aussenstromlinien sind hyperbelformig

B
y:'—l‘/‘gz‘ .’L‘3+C.
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Dic ILdsungen der CGileichungen (2.8), fiir
ge= %:0,5; 1:1,6, sind der Arbeit [6) ent-
nommen, Fiir die Lisung der Gleichung (2.9)
vergleich auch [7].

Bildet die (Gesehwindigkeitskomponente in der
Riehtung der freien Strémung einen Winkel 3 mit
der x-Achse und sind e, %, die Geschwindigkeits-
komponenten im (renzsehicht in der Richtung der
Stromlinien der frelen Strémung und senkrecht

darauf, dann existieren die Bezichungen (siche
Abh. 2).

Y-{i

X
Abb. 2. Dia Stromlinie und die Komponenten w, v, w, und %,
Hp=wecos I + vsin 3 = M
VT
wuV — v/
Uy == USINS — VDS S = e
VT
roif .
. . Vv
T=12+7V? ynd tg5= T
oder
Uy, _uV_Egﬁ___g}_’:(dF(n) £
T T T 7 dy
— IOy na st @11
dy
w U ) VA6
VeoooT dy T dy
—@é@—— gin?d H(x).  (2.12)
l

Die exakten Lidsungen sind fiir verschiedene Werte
von $ in den Abbildungen 3a und 3b gezeichnet.

Je nachdem der Offnungswinkel des Keiles zu-
nhmmt, nimmt auch die Querstromung zu. Trotz-
Un
VT
fiir den Fall ¢ der schrigen Hekstromung tioch
kicin Dbleiht gegentiber der Hauptstromung.

dem ergibt sieh, dass die Sekundirstrémung

22 Die Strimung in der Umgebung des Steu-
punktes.

Nach Howarrd [2] kann die wirbelfreie Aussen-
sttdmung in der unmittelbaren Umgebung des Stau-
puuktes eines willkiirlichen Kdrpers von den linea-
ren. Funktionen

{2.13)
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dargestellt werden. Dabei wird vorausgesetzt, dass
die Oberfliche in der Umgehung des Staupunktes
{(z=y=2==0) regulir ist. Folglich kénnen ohne
Beschrinkung der Aligemeinheit dic metrischen
Fundamentalgrossen h; des Linienelementes

ds? ==k *dz? + h2dy* - hl2dz?

in der unmittelbaren Uingebung von =y =10
durch die Werte ,eins” ersetzt werden.

Damit, gehen die Grenzschichtgleichungen flr
orthogonale krummlinige Koordinaten [Lit, 1]
ither in .

ol ou oUu AT 2%u
b Ve T TV e
(214)
dv ov v av 34
A = v I R
b o oy oy Tw [ L iy s

mit den Randhedingungen
U=v=—=w=>0 fiir 2=10
vV fiir z2—» o0.

Nach Eintithrung von

l/—}l_
‘:2 ——
V

W 7

_ . dF(p)

w=U o (2.15)
_ 4 8G{n)
=V e

w=— VA (Fp) + X6(p) 1= %

gehen die Grengzschichtgleichungen iber in

A*F{(x) d*F (5) a2F (y)
dF(n)
i (25 o
(2.16)
2
PO 4 iy LI 4 L FO0)
i
2
+A—2 (—-——d%(”) } =0
1] I
mit den Randbedingungen
aF aa
F=F= —=—--=0( fiir 5 =20
dq  dy K
ar ad .
E;‘—é—l f[%—-—)l fiir n=—> 0.

Die Lisungen dicser Gleichungen werden der
Arbeit [2] entnommen,

Man braucht sich nur auf den Bereich 0 =12 =1
zu beschrinken. Fiir die ithrigen Parameterwerte A
kbnnen die zugehdrigen Funktionen leicht mit den
schon berechneten Funktionen ermittelt werden
(vgl. Arbeit 2}. A =0 stimmt mit der zweidimen-
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stonalen Strémung iberein und A =1 mit einer
Achsen-symmetrischen St{rémung,
Die Stromlinien der Augsenstrimung entsprechen

= 2", Tir A > 1 haben sie einen

der Glelchung ”

Berihrungspunkt von der Ovdnung A mit der z-
Achse, und fiir 0 < A <{ 1 einen Beruhxungspunkt
vorr der Ordnung 1/% mit der y-Achse (siehe
Abb. 4), Mit Hilfe der Gleichungen (2.11) und

" /

Q5
Q.25

at -

Abb. 4. Die Stromlinien ciner Staupunktstromung.

(2.12) erhdlt man wieder dic Geschwindigkeits-
verteilungen innerhalb der Reibungssehicht in der
Richtung der Stromlinien der freien Aussenstro-
mung und senkrecht darauf. Diese (lesechwindig-
keitgverteilungen gind in der Abh, 6 fiir dic Punkte

tg 9 =—= _E — —)2}— =1 und in der Abb, 6 fiir den

Staupunkt x=y=20 (

Parameterwerte A, mit <A <1, aufgetragen.
In der Abb. 6 sind statt der Nullverteilungen

12:) fiir verschicdene

u . . A, W,

2. =0 die Verteilungen TR
V7 cosS VT 4
aufgetragen.

Fs folet aus GI. (211} dass die grosste Orenz-

schichtquerstrémung fir S ::—Z— auftritt. Aus der

Abh. 5 geht folgendes hervor. Bei wirbelfreier Aus-
senstromung bleiben die -Querstromprofile der lami-
naren CGeschwindigkeitsgrenzschicht klein gegen-
iiber den Hauptstromprofilen in  der &rtlichen
Richtung der frejen Aussenstromung. Diesc Be-
trachtungen gelten also in der Umgebung des Stau-
punktes eines Kirpers. Dabei kinnen sehr grosse
Kritmmungen der Stromlinien anfireten. Folglich

st zu erwarten, dass anch bei Angiréomung eines

Korpers unter Anstellwinkel innerhalh der ganzen
laminaren  Grenzschicht, die Querstromprofile
klein gegeniiher den Hauptstromprefilen bleiben,
Die fast immer grosseren Abweichungen der Strom-
linien an der Wand mit den Aussenstromlinien, bel
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Abb. 5. Staupunktstréomung mit U =dz, V == By, Die Grenzschichtprofile

st sind fiir verschiedene

Y, Uy
e

Werte von A=§ in den Punkten der Stromlinien, wo U= F, gezcichnet,

zunchmenden Anstellwinkeln, finden ihre Ursache
in den viel lingeren Weg {iber den dic Zentrifugal-
kraft anf die Sekundarstromung einwirks, Klein
bleiben der Querstvomprofile gegeniiber den Haupt-
stromprofilen hedeutet noch nieht, dass auch die
Schubspannungskomponente in der Querrichtung
klein gegeniiher der Schubspannungskomponente
der Hauptstromrichtung ist, welehes bei der lami-
naren Ablésung ersiehtlich ist,

2.3 Die Strimung am schiebenden Zylinder.

In der Arbeit [8] beschreibt Gorrigr eine Me-
thode zur Berechnung der laminaren Cirenzschichi
am schichenden Zylinder. Er itbertrigt die allge-
meine Methode der Buasiug’schen Reihe des zwei-
dimensionalen Problems auf den dreidimensionalen
Fall des sehichenden Zylinders, Sind die Gesehwin-
digkeitskomponenten in der Richtung des senk-
rechten (Juerschnittes, und in der Achsenrichtung
des Zylinders

U=U(x), und V= Konétant,

dann sind die Greuzsehichtgleichungen und Rand-
hedingungen in den Gleichungen (2.2) bis (2.5)
gegehen.

Dabei ist « die Wandbogenlinge langs der
Kontur des senkrechten Quersehmittes. y ist der
Abstand in der Riehtung der Erzeugenden des

cZylinders und 2 ist der Abstand in der Aussen-

normalrichtung.

Die Brasros’sehe Reihe setzt die Entwickelbarkeit
der fAuszeten Gicschwindigkeit {7 {xz) in eine Reihe
nach Potenzen wvon z voraus. Bei symmctrischer
Anstrémung .

U@ =S g (217)

argeben sich fir die Heschwindigkeitskomponenten
i, ¥, w in der Cirenzschicht die folgenden Reihen-
darstellungen

o)== X @utuy, 2 G)
n=_0

S
L wn == 3 @ntn@atiiug,,, &, (218)
viz, 1 . o .

) i)+ B (g4 [ B+ ; Fula) | +

1

+ [“ Fop) + 2 g, +

-

1

F oo (9} } A
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Abb. 4. Staupunktstrémung mit U= dz, V = By. Die Grenzschichtprofile ut_ und i’f‘_ =j—L gind fiir
VT U T cos$
verschiedene Werte von A:;? in dem Staupunkt U= F = gezeichnet.
mit
p=2 Ta . (2.19)
v
und den Randbedingungen
f2n4_1'—=f'2;1+;:“ﬁ'n:F2= v =y = .. =0 lilr =10
1 .
f'gﬂ_M = 33 F,o=1 F,=..=F,,=..=0 fiir n—»>o.

Der Btrich bedentet Differentiation nach .
Die Zahlentafeln f, ., (9) und f, ., (y) sind von Urrtce bis zum Gliede 9. Ordnung gegeben [8].

Dahei sind 2 f1(%) und 2 /() durch filn) and f'(n) und w,, +1 Jonyq(n) dureh die Funktionen von

a2
(8} immerhallh den Klammern zu ersetzen (2. B. f,= g, + ;—L—’# k). Die Zahlentafeln der PFunktionen
"1 Wy .
F(y) sind in der Arbeit [3]- gegchen. Leider crfolgt die Konvergenz der Rechenentwicklung nieht ge-
nitgend schnell, sodass bei vorgeschriehenen Genauigkeit die Berechnungen der Grenzschichtprofile mit
zunehmender Entfernung von der vorderen Staulinie £ =0 immer mehr Gliederen auffordern. Mit den,
in Zahlentafeln . vorhanden, Funktionen ist es nicht mioglich um bis weiter als day Druckminimum die
(frenzschiehtprofile, bis auf einige Prozente, noch genan zu berechnen,
Die Geschwindigkeitsverteilungen innerhalb der Reibungsschicht in der drtlichen Richtung der freien
Aussenstromung und senkrecht darauf erhiilt man mit Hilfe der Formeln (2.11) und (2:12) aus
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Abb. 7. Zylinderstrémung mit U =o—o*, " =L,

u U 1
Die Grenzschichtprofile 17:!: und —2 . fiar den Grenzfall o = 0.
T

Fiir die Zylinderstréomung, mit U = z — 27
V=1 sind fiir verschicdefic Werte von z die

Geschwindigkeitsprofile der Grenzschiebt L.
Vor
und 17%'7 mit Hilfe der abgebrochenen Rethen-

entwicklung berechnet und in der Abb. & gezeich-
net. Das Druckminimum liegt in dem Punkt mit

z= V7/,. Fir dicsen Punkt ist das Gesehwindig-
keitsprofil der Hanptstromung mit Abweichungen
bis zu 3% hekannt und ist dic Profilform der
Sekundérstromung, trotz ihrer Abweichungen, die
dort schon sehr gross sind (bis etwa 50 %), noch
hinreichend genan zu erkennen. Fiir Profile aunf
grosserer Entfernung koénnen die Abweichungen
sehr viel grisser sein. Folglich sind die Frgeh-
nisse dort vollig unzuverlissig.

Die Berechnungsmethode von GirriEr am schie-

VT ou

henden Zylinder licfert also wegen Konvergenz-
schwierigkeiten keine genaue Aussage mehr iiber
die Form der Geschwindigkeitsprofile der Sekun-
darstromungen vorbei dem Ubergang von der
beschleunigten zu der verzigerien Stromung. Dazu
wird der folgende Fall betrachtet.

34 Eine Grenzschichistrimunyg ohne wirbelfreie
Aussenstromung.

Hawsex und Hrerzic (4] betrachten die exakten

Liosungen der inkompressiblen, laminaren, drei-
dimensionalen  Grenzschichtstrimung liber eine
chene Platte mit seharfer Vorderseite, wobei die
parallelen Stromlinien der nicht wirbelfreien Aus-
senstromung durch eine Potenzreihe darstellbar
sind. Dicse Strémung gibt cine Binsicht in den
sekundiren Strémungserseheinungen bel gekriimm-
ten Kanilen. Die Grenzschichtgleichungen sind

-




Zz
M= =
Vv Ll
s REIHENENTWICKLUNG VON ABSCHNITT 2.3 4
0+9¥x & ANGENAHERT BT
x2.
o 01
+ 0,2
v ¥
3 \ x 0.42 3
a 0,50
> //;%\\ \\ o
X%
4 =
' 0.5 /{.42 /5 \otlo2
/ ( J/ |
0 \ . o
- 004 -002 0 +0,02 004 un 0 0.2 0.4 06 0.8 10 w
VT VT
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Die (irenzschichtprofile ui_ und ui_ fiir verschicdene Werte von
VT VT
A ; 2 VA
1&%2—}-14)%:1]%-1-1:“2? Setat man "
T 2 @ 2 )
. . ve= Y auifi(y), (2.24)
v v av Y i=0
e T W — =1 — +v-——  (221) ) . .
il a2 dz d2? dann entsprechen die Funktionen P;i(y) der Dif-
ou ow ferentialgleichung
@ e FPy ,
mit ’ : P+ — P, 1 = 0,
ki3 v -
U=T0,=konstant; V= gz (222) mit den Randbedlngungen'
. . i=0 Py =0 lim Pi(9) = 1.
und mit den Randbedingungen =
w=v=w=0 fiir =10 Der Strich bedeutet Differentiation nach .

w—U, vV fiir 2— w.
Aus (2.21) folgt die hekahnte Brasmus-Tosung

w= U, {n)

w="1/, [/ig_ (nF"—F)  223)
—2 I/E
= v

und Fi(y) die Brsws-Funktion [4] ist.

wo

Die Stromlinien erhidlt man aus der Bezichung

n i3 .
%i % = LEITT) ‘1.-2—_“() ti-isfﬁ?;: {2‘0 ai*xt,  (2.25)
Wwo '
PO
i = U—u .

Die Greschwindigkeitsverteilungen innerhalb der Rei-
bungsschicht in der Richtung der Aussenstrémung
und senkreeht darauf, erhiilt man aus den Formeln
(2.11) wnd (2.12), sodass
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Uy 1wV v/ Uy §1 . U2 )
R @ .’L‘"(Pi,———f’”):— b a; ¥t H ()
Vop T T oSy ooy 1
: (2.26)
(' vz w YU ow u Vool uV aw ¥V Ua
TR A (A4 P A
V7 T U T U U U T v, V1
Flir den Fall
. a*=1 a* =1 a* =0 fiir 15~ 1,3
sind
Ly (e (2.27)
[E .
Un —xH,+x°H, U (5 ) it (2.28)‘
VT b (p— )t VT VT
Die Stromlinie ist
2 7 "
e Af T e — 29
y 1 0 2 4 (2 2 )
Dic Funktionen F, H, und H, sind der Arbeit [4] entnommen. In der Abbildung 9 sind die Strom-
. .qs . . 12 B e .
liniec (2.29) und auch die Geschwindigkeitsverteilungen T/%und Vu? fiir verschicdene Werte von z als
Funktionen von ¢ -aui‘getragen, Bei dem Ubergang von der beschleunigten zu der verzdgerten Anussen-
stromung weisen die Sckundirstrémungsprofile — wie auch schon aus der Ahbildung 8 hervortritt —-

cine Riickstromung auf. Hierauf kommen wir im nichsten Abschnitt zuriick.
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Abb. 9. Die Stromlinic der freien Aussenstromung und die exakten Geschwindigkeitsverteilungen —'— nnd innerhalb

n
Vy o VT
der Grenzschicht eciner ebenen Plattenstrémung mit den freien Geschwindigkeitskomponenten U =1U,, ¥ = Us{z —x"}.

3 Niaherungsltsungen,

Eine einfache Niaherungsmethode zur Berechnung dreidimensionaler laminarer Grenzschichten nm will-
kiirliche K§rper wird in der Arbeit [1] beschrichen, Mit Hilfe der Impulsgleichungen in Stromlinien-
koordinaten werden zwel einfache Differentialgleichungen hergeleitet, dic ¢ine einfache Quadraturglei-
chung und Integralgleichung zur Lgsung haben.

Die einfachen Differentialgleichungen (4.3) und (4.5) in der Arbeit 1, lauten

3_( 7% )= 0436 1 o0 T , a1
o \ p @ p p

. _ /— ]
P 3_(“5223) B Vi (L‘f@ﬂ) 1 (L’f";ﬂ ) ~ M 029344, (32)
204 9 PP B P T ol Ty T
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¢ und © sind die Parameter der vorgegebenen Grenzschichtprofile in der Richtung der Stromlinien
der freien Stromung und in der Querrichtung. T ist das Quadrat der freien Stromgeschwindigkeit.

‘Die Funktion p wird durch die Kontinuititsgleichung — angewandt auf der Potentialstrémung —
‘bestimmt, und mit Hilfe der Gleichung (8.8) berechnet.

Die Grenzschichtprofile kinnen dargestellt werden durch

wuy == (&) — Ag(D) — Nh(D) ' (3.3)
wy==—0ltg (£ )+ oumn () S (3.4
wo
WU
V ’ V_’ t= o (8:5)
und
3 — ., & = <] 2 ;. 2 7 _e
1—fO=209(0D+¢ 2R(D) +(1+L%)e =t + = fe (3.6)
H

K == 0 liefert uns die Gleichungen der Grenzschichtprofile aus den Arbeiten [1], [9] und (10].
Die Funktionen f, § und » sind in Abbildung 11 gezeichnet und in Tabelle 2 tabelliert.

PFiir =0 sind die Randwerten
l f::g::h:f”:h":f”’:g”’:h’”:f“"zo

P=—2g=—2W= —pe e

gWom BRIV G

w, und w, sind die Gtesehwindigkeitskomponenten innerhalb der Grenzschicht in der Richtung der bri-
lichen Stromlinien der freien Stromung und in der senkrechten Querrichtung.

Vov 'ist ein Mass fiir die Crenzschichtdicke. Sie hat die Dimension einer lénge. Setzf man
ov=cl*/Re;, damn ist & die dimensionslose Grisse ¢ =¥ ¢/, und man bekommt

I= l/ —= -V Rass (3.7

Dic Grenzschichidicke der Querstromung ist um einen Faktor O grosser als die Grenzsechichtdicke der
Hauptstréomung.

Sind z,y,2 die rdnmlichen kartesisehen Koordinaten dann sind wegen den Gleichungen (5.3}, und
{6.3} in der Arbeit {1]

? 2 (U, SV . e
o ner=— (H + —_) mit g=1+z+z (3.8)
8
R At C B
EN By
— 3 8 @ ¢ & :
Vg R T et vl g (3.10)
Dahei sind
5 ? 35 P ?
BN I A
3 i el S5 "3

Differentiztionen wo y oder x konstant blethen und z als Fanktion von 2 und gy genommen wird.
A und M hingen mit den Cleschwindigkeitsgradienten zusammen und sind in der Arbent 1) Gl (3.3)
gegeben
8

A=doo, M=ya V752 ﬁ-. - (331




Fiir das Grenzschichtprofil w, in’der Haupt-
stromungsriehtung wird fiir die beschleunigte Stré-
mung (A > ) die Lisung mit N =0 genommen.
Mir die verzigerte Strdmung (A < 0) wird eine
Ldsung mit N = A angeseizt. Die Schubspannung
an der Wand in Strémungsrichtung (aul/ag)?z o

verschwindet dann fir A ==-—1. Der Punkt, wo
A=—1 ist, soll als ein Punkt der laminaren
Ablésung genommen werden. Das Kriterivm .fiir
laminare Ablisung A =-—1 ist fiir die Strom-
linienkoordinaten nicht exakt (vgl Arbeit {1]). Sie
ergiht aher meistens eine ziemlich gute Anniherung.

Piir die Geschwindigkeitsprofile w, der Quer-
stromung wird in der Arbeit {1] der Wert K =0
angesetzt. Diese Annahme ist nicht mehr richtig

o . .
wenn —— sieh von Vorzeichen #ndert, d.h. wenn

o

die Stromlinic einen Wendepunkt enthilt, In die-

scm Falle reicht die Funktion ¢ ( -Qi] nicht mehr

aus, wmm die Profile der Sekundirstromung zu be-
schreiben (vgl. die Abb. 8 9 und 11},
Folglich wird die Profilgleichung w, mit einem

Korvekturglied K2k (é) crweitert. Das Kor-

rekturglied h(Z) ist so gewdhit, dass die Funktion
,, zur Beschreibung des Querstromprofils, auch

das niichst hihere (lied &% & enthilt, ohne dabei
die Randbedingungen an der Wand
Pu, a 2% u,

Uy = —=2 ==, =—M

a¢* Gl
zu verletzen. Damit wird zugleich ein neuer Profil-
parameter eingefiihrt. Zur Lésung neumer Profil-
parameter konnen die hoheren Randbedingungen
an der Wand ohne sehr grossen Arbeitsanfwand
nicht mehr angewandt werden. Sie liefern nim-
lich mit der Gleichung (3.2) ein System simul-
taner Differentialgleichungen, dass ausserordent-
lich schwieriz zu ldsen ist. Von physischem
Standpunkt aus ist aber zu erwarten, dass in dem
Bereich wo der Druckgradient sich praktisch nicht
mehr dndert, auch der Profilparameter @ sich nicht

fiir £=0

 stark @ndert. Infolgedessen werden, falls der Para-

meter K aufiritt, fiir die Funktionen K und Q die
folgenden Annahmen gemacht,

K=0, 0 =0(¢); fir die beschleunigte Stro-
mung vom Staupunkt aus bis oben auf dem
Korper, wo der Druckgradient sich nieht mehr so
stark dndert. K = K (y), & = Konstant; oben auf
dem Kérper. Die Funktion K iindert sich so lange,
hig sie wieder den Wert Null annimmt, K =0,
1==0(p) in dem etwaigen weiteren Bereich.

8, V¢
p

1
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Mit Hilfe dieser Annahme geht die Differential-
gleichung (3.2) fir die Querstrémung tber in die
Integraigleichung

Q
K i ’__\: = o~
: .
Abb. 10, n und K alz Funktionen von P
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Abb. 11, f, g und % als Punktion von = l—/z: .
oy

Abb. 12. p, q, r, P, Q und E als Funktion von 0,

(3.12})

Die Verdringungsdicke A, und Impulsverlustdicke 6,, sind gegeben dureh




Die Funktionen f(2), g(2), h(Z) der Grenzschichtprofile und dichunktionen », q, v, P, @, E zur Beschreihung

TABELLE 1

{

|
{
|

der Impulsverlustdicke ém-

|
Z 03] f g({) J RO )8 p(%) q'](ﬂ) (@) P(0) Q(a) E(Q)
0 0 0 0 1 ] l 1: 0 ) 0 0
0,2 0,15043 —0,05561 | — 0,07482 0,25 0,00196 0,00072 0,00097 0,01368 0,00418 0,00666
0,4 0,30019 — 007617 | — 0,14434 0,50 0,00780 0,(50204 6,00369 10,05367 0,00921 0,02276
0,6 0,44641 o 0,07204 | — 0,19762 0,75 0,01729 0,{)0313 0,00740 0,11447 0,01318 0,03842
0,8 (3,58344 —0,08537 | —0,22410 1,00 0,02983 0,(])0380 0,00108 0,18762 0,01108 0,04774
1,0 0,70433 —0,03611 | —-0,22005 1,25 0,04460 0,00412 0,01409 0,26621 0,01021 0,05106
1.2 0,50338 — 0,02015 | — 0,19074 1,50 0,06085 0,6‘0421 0,01624 0,34640 0,00918 0,05066
14 0,87811 —0,00949 | — 0,14753 1,75 0,07802 0,00418 0,01763 0,42648 0,00822 0,04845
16 0,92083 — 0,00357 | — 0,10252 2,00 0,09571 _ 0,0||()407f 0,01842 0,50583 0,00739 0,04552
1.8 0,96258 —0,00087 | — 0,06432 2,25 (,11368 0,00393 0,01878 0,58429 0,00668 0,04244
2,0 0,98154 + 0,00007 { — 0,036560 2,60 0,13179 0,0:0377 0,01884 0,66192 0,00608 0,03949
2,2 0,99160 + 0,00025 | — (0,01745 2,76 0,14993 0,00361 0,01869 0,73880 0,00557 (,03676
2.4 0,99647 + (,00019 | — 0,00888 3,00 0,16805 0,00345 0,01841 0,81506 0,00513 (,03428
2,6 0,99863 + 0,00011 | — 0,00381 3,25 £,18613 0,0(}330 0,01805 0,89078 0,00475 0,03205
3.0 0,99984 + 0,00002 | — 0,00054 3,50 0,20416 0,0(}316 0,01764 0,96607 0,00443 0,03005
34 0,99999 -+ 0,00000 } —0,0000D 3,75 0,22211 0,06303 0,01719 1,04007 0,00414 0,02826
4,00 0,24000 0,00290 0,01673 1,11556 0,00389 0,02664

4]
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A =" f (1 —u,)d¢ == 0,75225 — 0,06699 A — 0,28854 N
[}

v N (3.13)
By ==~ /‘ AL

=— M (p(2) + A q@)+Nr()]+ K [P(Q)+ AQ(Q) +NR(2)].

Die Funktionen p(Q} bis R(Q) sind in Tabelle 1 und in der Abbildung 12 gegeben.
Durch ein Tterationsverfahren werden, sowohl in dem Bereich wo K =0 und 2==0(y), als in dem
Bereich wo K == K(g) und Q konstant ist, @ und K mit Hilfe der Gleichungen (3.12) und (3.13) bestimmt.
Aus (3.1) folgt die Quadraturgleichung

¢
P
7 =508 i (ealed) + [ “-d). (3.14)
%o r
Den Stromlinien entlang gilt
— === (3.15)
Sind e=z(x), U=U{x), V=7V (z) Funktionen von z allein, dann sind alle (renzschichtgrissen

unabhiingig von der Koordinate y.
Folglieh gechen die (ileichungen (3.8) bis (3.11) iiber in

e 2 o d 3 vy d
PR S . —" . . A
U2 (14 2,°) e dw dw Ve de
. (3.16)
U d4ar o Voodr
A == -_— T, 1'/1=$ T,
A=ty W YTV YT T &
und die Quadraturgleichung (3.14) in
508 f S — ‘
[1 = —QW ; Ty I/1+Z-_, da (317)
im Anfangspunkt z=0, wo /=10, ist ¢,(p) :0.. ‘
4 Spezielle Losungen,
Bei den sehriigen Hedl- und Hek-Strimungen mit
U= Az, V=RB==U1gd (4.1)
gelten die folgenden Beziehungen !
T=02+ V2=PF2(1 + cotg® 3)
- 4
r i I—m
A==Meotg § = "Ij’“ cos? S = m (%-) Bel{tg$) ™ cos?d (4.2)
T— IR S _mes3 ,
- Vo l/(??ﬁ+1)Ua l/*m-i—l
’ —_— A
‘ 2. Zm
Folglich gehen die Gleichungen (3.16) und (3.12) mit K==0 iiber in
1
AT i~ 1 2 1
- g =25 o " 4 —_— —_— e 4ot
(_B ) Bo =508 (tg3) ™ eos*3 [5m+1+ T ST oy s (4.3)
s
1 j - ( 2 .
. == — —e— | Vol —0—0,293 — A, }do. 44
: Ver: 17 \s)% 3 wa

2
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Der Grenziibergang - 0 bzw S—x-% liefert die Cileichungen

1 :
.A i 5,08
(—B— th) AS_m-%—]
0, s . m+1 o
57 =—p{Q) = 551(1 1 5m) (0,37613 © — 1,04525)
und damit die Anfangswerte fiir o und Q. .

Bel der Stoupunkistromung mit
U=Ar, V=By=Utgs
P=02+ V2 =A%%(1 + tg? 3)
entsprechen die Stromlinfen der Aussenstrémung den Gleichungen
y=—az’ mit A=—1.

Den Stromlinien entlang gelten die nachfelgenden Beziehungen.

Hs ist
Azt =1tg 3,
Wegen
. K . _%tgg 14 )_;, 2A(14x) .
T S PTTTTT \%e T ey T
ist .
’ 4G
P premr”
Die Differentialgleichung (3.1) hat die Ldsung
508 b At 508 508 Lo ., 508 .,
‘Au_508 f =EIon %3+2+2A 003551n3+2+6,\ sint 3
Unter Benutzung der Gleichungen (3.9) bis (311) sind
@ aT_ﬁl a{ ol aT o 2 -
A“z _?__2 T(Uam +Va-y )_Aa(eos 54 Asint 3)
o 7 ,— oT 1 e, 0T BT) ]
M= Vs =3 ?’(V T )= A (1—M)sin 9 eos 3,

Die Integralgleichung (3.12) lautet fir K =20
2342 5 2A+2

VAo (tg ) A 1 V' Az (12 3) A (

b =— 0 — 02934, ) d3

2
8Va

W
o

wo

8,=0 fiir A>1 und 30=%~ fiir A < 1.

Dazu ist noch

o= e 1. /
l/ ~ Vs
Der Antangswert 0 fiir z — 0 und 0 <A <1 folgt aus
- 8,0 1 1+3)&( 2 ) ‘
o 02n(0) — A Q%) = —0—0203-—A, .
p(a) A =55F "5 3l :

(4.5)

(4.6)

4.7

(4.8)

(4.9)

{410)

(4.11)

(4.12)




97

5 Qeeignetere Anfangswerte und Staupunktwerte (mit Beispiel). '

Die vollstandigen [mpulsgleichungen (2.8) in der Arbeit [1] YHefern fiir die Keil- wnd Eck-Strémungen,
mit
U=Agm V=B
nach Einfithrung von
1m 1-m

Bo(tg )™ =3

1-m

Z

Aco (A )
und mittels des Grenzibergangs xz —0, die Gleichungen

l”_(_lzif'jl (Q%p(Q) — 0,06699 05)5* — 0,14471 (1 -+ m)= + G,762256 =0 (5.1)
1+5m

0,0019 m (1+3 m)qrs® + 5

Qp ()3 + 0,37613 Q — 1,04168 =10,

Fir die Stcupunktstromung mit

B
U=Az, V=By 0< =r<1

lauten diese Grenziibergangs-Gleichungen, nach Einfiithrung von de=3, fiiv den Punkt x=y =0

2 .
____?:___; (2+.’\) =1

— (1 —A)[2%p ()~ 0,0669902° + A Q*q(@)] 22+ [{(L+ 208, +AA,) 2 — 7]

0,0076 (1 —A)O°S2 + (3 + A)[0%(Q) + A 0%¢(0)]S — (8, + A,) + ?l-;_tn—_—o (5.2)
m
wo
A=x(do) =A%.

Die Funktionen #,, und A, sind in den Arbeifen [9] und [10]) und die Funktionen p{Q) und ¢(Q) in
Tabelle 1 gegeben.

In Abb. 13 sind die Staupunktwerte @ und %= 4o iber A ausgesetzt.

Hat die Strimung einen Staupunkt, dann kinnen- die Anfangswerte @ und % in diesem Punkt un-
mittelbar aus der Abb. 13 abgelesen werden. Dazu hendtigt man die lineiren Glieder der Reihenent-
wicklung der (”et,ch“mdlgkeltskomponenten in der Richtung von zwei orthogonalen Koordinaten in der
Tangentialebene im Staupunkt.

Als Beispiel wird die Staupunktstromung an einem dreiachsigen Ellipsoid

2 62

+ b
gewithit,. Wird dieses Ellipsoid in ciner seiner Symmetrieebenen (x, y-Ithene) angestrdmt, dann ist
das Geschwindigkeitspotential ¢ auf der Oberfliche in den Oberflichenkoordinaten z und y gegehen durch
(117 [12] :

1 a=b=e (5.3)

!l

¢ = PT - gy. (5.4)
Hier ist
217, 2V
= — 4 5.5
pp—— 1= 5 g, (®:5)
und
F 4 i ag T aE L (B2 7Y [ o2k 7Y
froment —_— == —_————— == g . 5-
e, (chof rEvay 8, abco oL L=V {0+ () _(5.6)
—1,, %VO, 0 sind die ungestirten Geschwindigkeitskomponenten im Unendlichen,

Sind U, ¥V, W die Geschwindigkeitskomponenten in dem’ orthogonalen kartesisehen z, %, 2-Koordinaten-
svstem, dann gilt auf der Oherfliche

5 ' : : .
3:':_ :hp:%"l' gjf %;IJ—JF‘VE'-“:U(]+3x2)+Vz,zu
(5.7)
& .
Eg—- :—q:%-{- % —g—:;:IrJrIVzuxUzz%+V(]+zy2)
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| . | ’ 160

1,8 ' ¢ 1155

1,6 et 150

1,45

E-
N

1

1,2

1,40

\D/

N )

1.0 ' \ : 1,35

~——_]

0,6 1125
) 0,2 0,4 06 °8 5 _B 10

Abh. 13. Die Staupunktswerte T = A und 0 liber 0. < A =§< 1, berechnet mit Hilfe der volistéindigen Impulsgleichungen
fiir die Staupunktstromung mit den Geschwindigkeitskomponenten der freien Strémung U=dwx, V=_2=By.

In dem Staupunkt ist U=V =W =0. Folglich ist in diesem Punkt

. gz ?
| e=0, 43 P =0 (5.8)
sodass in dem vorderen Staupunkt . )
T i q o E 1 FEn3
=k, L=l = Vep T g (5.9)

In der Tangentialehere im Staupunkt fiihren wir jetzt die orthogonalen Koordinaten [9] [10].

_ab qx pJ) ) '
n=T (%~ (5.10)
_ £

B =— ¢

ein. Die Gleichangen fiir die Stromlinien bezeichnen, “dass sie iiberall auf der Oberfliche tangential zu
dem ‘(ieschwindigkeitsvektor sind, sodass wegen (5. 10) :

5

Cdm 4y _d dgs _ s =G _ s (5.11)
(7] v T W/e : ap (253 [/CI o
' U— =V
. al bl
Im Staupunkt {5, = 5, = 0) sind die kontravarianten Geschwindigkeitskomporenten 7?2 und U?
wegen ({5.7)
Ve ' Z
7 =W/c= o 1?3::“'4'1?3
- l;q ap o & o ' =
P=g V= g V= i g s B (512

0,8 T~ 1,30 '
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Damit ist
B [2e? _ {a?prtbrgtyer
AT el (g
Nach (12 S, 301) werden «, wnd #, berechnet mit Hilfe der Formeln

aﬂ:l/(Eabo }J L [F(s)ﬁE(s)] 2 b7 l—wsl){/(l—fks)
af — ¢? I arz
2abe 1

Ve ) Brl—)

eVa—sI—" [, - ,2L/ft:?
= (1 — ) [L(s) — (1 — k) F(s) ks m]

A=

[F(s) —E(s)]

[ 2(s) — —kZ)F(s)—-%k?T (5.14)
)

wo
z___h2 : -
0<k2=%:22—<1 0<s=VT /e <1 : (5.15)
und die elliptischen Integralen
dit T
(8) == {5.16)
(8) = f @ = (1 — k)

B(s) = [ l/ 1]—__"::2 : (5.17)

in vorhandenen Tabellen pegeben sind.
Fiir das Rotationsellipsoid (¢=»5) ist k=1 und man erhalt durch den Grenziibergang limk=1

2(1 —s*) 1+s .
, = RN (5.18)
_ 2(1—5+%) 5 1 1+ s
JB()— & [2(1——82) — -;- In T—_S] .

Nachdem fiir ein bestimmtes Achsenverhiltnis (a, b, ¢) Iy hestimmt ist, kionnen dic Staupunkiwerte Ao
und © aus dem Bild 13 abgclesen werden.

Z2=A0
3,0

20

25
\ ) .
r\

. . 5
--"""-. \
P e ] e \.\-\.__‘-‘
T — 4%
pr——r—ge——— —— 1,0
] = .
o e—, — e, r———_ﬁ?‘:_ﬁ_
0,5 ‘
90° 80° 70° 60" 50° 40° 30° 20* 10° 0

Abb. 14, Staupunktstromung mit U = 4z, T = By.
. - Vo . i
Die Funktionen = de ilibers = a,rcAtguU— fiir verschiedene Werte von A =!A_ (U == dz, V = By).

———— angenihert mit Gl. (4.9).
————— Korrektion mit Hilfe ‘der Anfangswerte (a.us GL (5.2) ) der volistindigen Impulsgleichungen.




6 Ergebnisse.

Die Grenzschichtherechnungen werden fiir die
schiigen Keil- und Eek-Stromungen und fiir die
Steémungen in der Umgebung des Staupunktes
sowohl exakt mit den Grenzschichtdifferentialglai-
chungen, wie auch mit der einfachen Niherungs-
methode ansgefithrt. Gemisz der in den Absehnit-
tenn 2.1 und 2.2 angegebenen exakten Ddsungen sind
die (icschwindigkeitsprofile, in der dort angewand-
ten reehtwinklichen kartesischen Koordinaten, im
Falle soleher Stromungen &hnlich. Die Ahmlich-
keit der Geschwindigkeitsprofile gilt nar fiir diese

h

T )
L —

’I::‘J:J—-—,:r_:-_—_ 30
e

~—
\\\
"~
T

~
2
»___’__;l. i 0
“_-:_._-—h\"“—_ mefa

~—
\%\
| S 10
O S N, N A
Ll -
90* BO" 10 -1 [l 40 30* 20 L]

E';'/
i

L&

A

[—

L

80" ao* " 60" 50° an* 30°

* AHFANGSWERTE { 5.1)

Y

b0 to* o
¥

Keil- und Eckstromungen (U == dz™ ¥ =B),
1-m

. . A “m okl o
Die Funktionen ¥ = (E ig 3) Ae = — und n itber

Abb. 15,

& =are t.gﬁv, fir m—= %—; 1; 4.

angenithert mit Hilfe der Gleichungen ans (4.3)
und {4.4). .

————— Korrektion mit Hilfe der Anfangswerte (aus Gl
(5.1) ) der vollstindigen Tmpulsgleichungen.

Wahl des Koordinatensystems und besteht daher
nicht bei der Verwendung von Stromlinienkoeordi-
naten. Anwendung der einfachen Berechnungs-
methode liefert mittels Gleichungen (4.3) und
(4.9) die Paramefer o fiir die Grenzschichtprofile
in der Richtung der Stromlinien der freien Stro-
mung. Die Parameter 2 der Querstrdmungen wer-
den mit Hilfe der Integralgleichungen (4.4) und
(4.10) durch ein Tterationsverfahren berechnet. Die
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Berechnung der Keil- und Eckstréomungen werden

2m .
m+1d0’d’ 1; 16
1—m

“ausgefithrt. Die Funktionen = = (i;— tg 3) N

und ©Q sind in der Abbildung 15 gegeben. Die
Anfangswerte der vollstindigen Impulsgleichungen
folgen aums {6.1).

fiir m'=1,, 1, 4 baw. B=

dy ]
S Syt
i

S az

T T T 3.4

— e [EKAKT
®¥0 ANGENAHEAY

|

- "
- .
i

| \ \\\

0

]

(-1

.6

o4
22
\q \
N | N
90 a0+ 79" 5Q' So* /0 0" 20' 19 a [

Abb. 16. Keil- und Eckstrémungen mit U= dz™, ¥ = B.
Die Richtungskoeffizienten g?f und die Funktionen fiir die
T
freien Stromliniea und die Stromlinien y= y{«) an der

1
Wand liber ¥ —arctg ?V fiir m= 37 1 und 4

Sie sind fir S:%, also an der Vorderkante
" B b Q
Y, 0,5 3,0477 14128
1 1,0 1,8181 13107 (6.1}
4 1,6 0,6719 1,2284

Die Anfangswerte 3 der vollstindigen Impals-
gleichungen sind bedeutend verschicden von den
Anfangswerten von 3, die aus der einfachen Me-
thode folgen (vgl Abb. 15), Diese Verschieden-
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heit findet ihre Ursache darin, dass im Anfang, Formeln {2.11) und (2.12) erhalten. Fiir die

also fiir S x/2 Niherungslosungen werden sie mit Hilfe der For-
meln’ (3.3) und (34) berechnet. Die Werte filr A

Vo8 y v _ ta 9 o 3 9 und M Dbefriedigen die Gleichungen von (3.11),

P %y U oy do © By wihrend die zugehdrigen Werte o den gestrichelten

Kurven der Abbildung 15 entnommen sind. Zum
Vergleieh sind die axakt und nihernngsweigen
harechneten Profile fiir m==1/,, m =1 m=—=4 in
den Abbildungen 3a und 3b gezeichnet,

Fiir m==1/, ist ausserdem noch eine gestrichelte
Kurve mit dem Anfangswert X =—= 3,813 gezeichnet.

Die Profilkkoordinaten in der z-Richtung sind
dabel alle auf die uniforme Linge

Deshalb sollen, wm eine bessere Uhereinstimmung
mit den Krgebnissen der vollstindigen Impuls-
gleichungen zu erhalten, die Resultaten der ein-
fachén Methode, nachdem sie berechnet sind, kor-
rigiert werden. Bedenkt man, dass auf grossere
Entfernung der Vorderscite, unter Einwirkung
des Druckgradienten, die Unterschiede zwischen den
Werten o der vereinfachten Methode und der voll- W
stindigen Impulsgleichungen sich meistens aus- =2 l/_____

gleichen, dann kbnnen in der Abbildung 15 die 2vy

gezogenen g-Kurven durch die gestrichelten Kurven normiert. Die Winkel § geben die Punkte der
ersetzt werden. e Q-Kurven brauchen gewéhn- Siro mlin‘i en der freien St.r:dmung an. wollir die
Heh nicht korrigiert zu werden, weil die Anfangs- Profile herechnet ‘sind. ! _
werte von Q, folgend aus den vollstindigen Impuls- ' . ) dy
gleichungen, im allgemeinen nur wenig verschie- In der Abb. 16 sind dic Riehtungskoeffizienten P
den sind von den Anfangswerten @ der einfachen . V:'B
Methode. der Stromlinien an der Wand iiber $==arctg —
Die Geschwindigkeitsprofile in der Richtung der er Shromien 4 g ) €T
Stromlinie und in der Querrichtung werden fiir ausgesetzt. Fiir die exakten Lidsungen gilt (vegl
die exakten GrenzschichtMisungen mit Hilfe der Absehnitt 2.1}
(@_) —lim © 'M_=G ) o5 —atgs, (6.2)
% /wana =0 u UFW._; (0} Vm (O)
Aus der Arbeit [6) und eigenen Bereehnungen fo]genl die Werie
" 8 F,, (0) Gy (D) d
i, 0,5 ,92768 0,53906 0,5811
1,0 1,23259 0,57058 0,4629
4 1,6 1,52151 0,69404 0,3904
Fir die Niherungslosungen gilt, wegen (3.3), (3.4) und
== 08 3 T uy 8in S Y =1 8in 3 ~— u, €08 3,
(E’i) — ¥m Q¥  lim e tgd—y 2+ Ajtg S —Q(M—K)
AT yuna yepg P _g_.,g we +ugtgd 2+ A UM —K)tgS

Die zugehirigen Werte ¢ sind den gestrichelten Kurven der Abb., 15 enthommen.
v B L .
Wegen th:—-ﬁ =7 x-m geht (6.2) nach Tutegration iiber in

ey i B
— == {1 — g —— =g .
o (1 m)m an- atgl

SBie gibt die Bezichung zwischen den freien Stromlinien und den Stromlinien an der Wand (siche
Abb. 16).

In den Abbildungen 5 und 6 sind fir die Staupunktstromung sowohl exakie Ldsungen, als Niherungs-
Yjsungen der (irenzschicht-Gesehwindigkeitsprofile in der Richtung der freien Aussenstromung und in der

. . A T .
senkrechten Querrichtung als Funktionen von 5=z l/~ ausgesetzt; und zwar fiir 5 =7 und in dem

Staupunkt 9= ?tm verschiedene Werte von x, mit 0= A =1 Statt l—/—_?:: wird in dem Staupunkt
R . 1
dic Funktion ‘—/% prvre betrachtet. Die Werte Ae werden den gestrichelten Kurven der Abb. 14
8
grtrnommen, ’
Bei der Bctrachtung des schiebenden Zylinders werden die exakten Lisungen der (irenzsehichtprofile
Ue

|

und —ZT fir die Staulinie 2 =20 in der (leichung (2.20) gegehen.
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Die mit der Impulsmethode cingefilhrten Grenzschichtprofile sind in (3.3) und (34) gegeben, Die
vollstindigen Impulsgleichungen (2.8) in der Arbeit [1], haben fir den sehriig angestromten Zylinder,
fir © =0, dic Lisungen (vgl. auch (5.1) und (6.1) fir m=1)

1 &7 du o oo o
”l / 5 a0 o= 1818 0(F); 2 =13107 + 0(=").

Damit gilt

J{‘:"—l —_— ——— = — —_——— __ . 3
ST do 7 U Wy e
174
SR it

d
Die exakten Grenzschichtprofile sind tir z =0, vgl-{2.20).

-—*—Fo(’?)
V
4y 1 1 '
= —— = F —2 1‘r N
L VT u 1818 { Foln) £/ (5)}
Dic Niherungsprofile sind fiir x=0 -
- B

mit e e s
' 2 1

(= Ve Vigis

Die exakten Lisungen und Niherungslbsungen
sind in der Abbildung 7 aufgetragen. Sie stimmen
sehr gut iiberein.

VT

1,08

1,04 /

1.00 jw/ ] -

o a2 04 c,6 X} x 19

Abb, 17, Zylinderstrémung mit U =2z-—o%, ¥ =1,
Die Geschwindigheitsverteilung.

Wt/x\l“fu_z‘ \/;.

Weiter sind mit Hilfe der Quadraturgleichung
{3.17) und der Integralgleichung (3.12) die Profil-

parameter o, @ und K filr eine Zylinderstromung,

mit den freien Geschwindigkeitskomponenten U ==
z— %% V=1 bherechnet, Dabei ist z die Wand-

. bogenlinge lings der Kontur des senkrechten

Querschnittes, y der Abstand in der Richtung der
Zylinderachse. Der Abstand in der Aussennormal
richtung wird mit z angedeutet (Z: ljf:i) i
av
Aug den vollstindigen Impulsgleichungen folgt der
Anfangswert ¢=1,818. Damit wird, nachdem die
cinfachen (renzschichtberechnungen ausgefithrt
sind, die Funktion o korrigiert (Abb. 18),
Fiir den schiehenden Zylinder, mit U =1 -—x?,
V=1, sind fiir verschiedene Werte von z die
Gesehwindigkeitsprofile der Grenzschicht in der
Richtung der Stromlinienkoordinaten mit Hilfe
der abgebrochenen Rethenentwicklung und mit der
einfachen Methode berechnet., Sie sind in den Ab-

14

bildungen 8 und 21 gezeichnet. Die, mit der ab-
gebrochenen Reihenentwicklung berechneten, Quer-
stromprofile werden mit zunehmender Entfernung

a
]
[ /
//
a
T e
___,_,.__.-—'J__ i T ANSENAHERT
i —" b1 J KORRLG IERT
——"] —_—
1 —
—
L l l
3 by 0.2 o3 O x2- 03

Abb. 18. Zylinderstréomung mit ¥ =—x-—a° F =1
Die Funktion e,

von der verderen Staulinie r==0 stets unguver-
lassiger. Im Anfang wird der Fehler nicht mehr
als cinige Prozenten sein. Nach dem Druckmini-

mum (z= V7)) sind die berechneten Profile
schon vOlig unzuverlissig. Fiir die einfache Be-
rechnungsmethode ist der Startpunkt des Profil-
parameters K nicht einwandfrei bestimmt. Bel
unserer Berechnung wihlen wir dafiir den Punkt
mit x?=0.20, weil von dort ab his zum Iruck-
minimum dic Geschwindigkeitsverteilung U sich
nicht mehr stark indert (Abb. 17).

Fiir den Verlaut der Profilparameter © und K
und des Schubspannungskomponenten ., an der
Wand vergleiche man die Abbildungen 19 und 20.

Die Profile der Querstromung sind in Abh. 21
mit einander verglichen, Dort, wo die abgebrochene




Reihenentwicklong noch brauchbar ist wird eine
Ubereinstimmung erreicht. In dem Gehiet der
verzogerten Strémung treten Rickstromprofile auf,
Obwoh]l diese Profile aneh in der Abbildung 8,
bei -der Berechnung mit der abgebrochenen Reihen-
entwicklung auftreten, sind sie dort sehr ungenan.

n ‘ ®

e — 93

) N i1l

Tk i l I —t ——4 o2
BEREy

12 1 -4 o

i

[=]
2
L3 nant
o

a 04 =4 o3 D4 xz 08

Abb, 19, Zylinderstromung mit U =ax~—3z° F=1
Die Funktionen 2 und K.

du, T,
{ ‘:z" } i' = Jq—j _63
04 T
+ 0,2
o il
-a2 \\ 1
L N
c [+X] 62 0.3 ¥} 22 05

Abh, 20, Zylinderstromung mit U= a —ua' V=1
Der Schubspannungs-Kompenent in Querrichtung,
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Abb. 21, Zylinderstromung mit F=z—a', F =1
u
Die Geschwindigheitsverteilnngen V«’_% inmerhalb der Grene-
T

schicht in der senkrechiten Querrichtung der Stromiinien der
freien Stromung, fiir verschicdene Werte von o

Ahnliche Riekstromprofile sind aueh sehon in
der Arheit [13] gefunden, wo (renzschichtberech-
nungen an dem sehrig angestromten elliptischen -
Zylinder ausgefiihirt sind, und die Querstromprofile
ans Berechnungen in der Achsenrichiung und senk-
recht darauf zusammengesetzt sind (vgl. Abh. 22).

Fiir die nicht-wirbelfreie Aussenstrémung, be-

sehrichen in Abschnitt 2.4, sind die exakten Grenz-
schichtprofile in der Abbildung 9 gegeben. Auch
dort treten bel der Sekundirstrémung ebenfalls
Rickstromprofile anf.
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Abh, 22, Die Geschwindigkeitsverteilungen

der Grenzschicht fiir den schrig angestrémten ellipti_sch_ei:

o x2 ye . C e . Y
Zylinder = . Tz = 1. aus der Arbeit 13. Die Profile ———=
» T

sind zusammengesetzt aus Profilen in der Richyung der

Zylinderachse und.senkrecht darauf (i: coR x)
@

7 Schlussfolgerungen.

Niherungslosungen der dreidimensionalen, lami-
narven {renzschichten, -— mit Hilfe einer sehr ver-
einfachten Impulsgleichungsmethode — werden
mit exakten Losungen, folgend auns den CGrenz-
schichsdifferentialgleichungen, verglichen. Es han-
delt sich dabei um sehriige Keil- und Eckstrémun-
gen, Strimungen in der Umgebung des Stanpunktes
und Stromungen an dem schiebenden Zylinder.
Bei der Impulsgleichungsmethode sind sowohl in
der Richtung der Stromlinien der freien Strémung
als in der Querrichtung die Gesechwindigkeitspro-
file in der Grenzschicht gegeben, nnd zwar je mit
eimem Parameter ¢ und @ bezw. K. Die Profil-
parameter o und Q, die die Grenzschichtdicken in

der Hauptrichtung (Vo) und in der Querrich-

fung (0 Vﬂ'v) bestimmen, werden mit den Nihe-
rungstormeln (3.1) und (3.2) einfach berechnet,

Im Anfangspunkt (Staupunkt, Staulinie, scharfe
Vorderseite einer Fliche) konnen die, mit den voll-
stdndigen Impulsgleichungen berechneten, Werie o
bedeutend verschieden sein von den Anfangswerten
o, die aus der einfachien Methode folgen (vel
Abschnitt 4). In diesem Falle muss der Verlauf
von ¢ etwa bis zum Druckminimum korrigiert wer-
den nnd in Ubercinstimmung mit den Brgebnissen
der vollstiindigen Impulsgleichungen gebracht wer-
den. Man vergleieht dazu in den Abbildungén 14,
15 und 18 die gestrichelten Kurven mit den aus-

" gezogenen Knrven. Ist der, mit den vollsindigen

Impulsgleichungen berechnete, Anfangswert o be-




kannt, dann kann die korrigierte Kurve aus freier
Hand gezogen werden, falls man die (estalt einer
affinen Verzerrung beibehilt.

Die @-Kurven brauchen meistens nicht mehr
korrigiert zu werden. Die Korrektion von ¢ wird
erst nachtrighch ausgefiitbrt, nachdem die ein-
fachen Grenzschichtgleichungen (3.1) und (3.2)
gelist sind, Auch die fiir die Grenzschichtprofile
ndtigen Werte A und M werden dann mit den kor-
rigierten Werten von ¢ berechnet.

Wie dic Abbildungen 3, 5, 6, 7 und 8 zeigen,
stimmen — unter Anwendung der korrigierten
Werte ¢ — die Niherungsiosungen der (feschwin-
digkeitsprofile ziemlich gut mit den exakten L4o-
gungen iiberein, Fiir die Stromlinien an der Wand
ist  die Ubercinstimmung ausserordentlich = gut
{Bild 16).

Wird dort, wo es nitig ist, die Korrektion in «
nicht angebracht, dann ist im allgemeinen keine
gute Ubereinstimmung mit der exakten Losunyg
zu erwarten (siehe Abb, 3a).

In Ahb. 9 sind die exakten Lasungen der Grenz-
sechichtprofile in dem Ubergangsgebiet von der
beschleunigten zu der verzogerten frelen Strémung

gegehen. Obwohl die Aussenstromung dabei nieht:

wirbelfrei ist, gibt die Sekundérstromung doch

cine Aussage ilber die Gestalt der Querstromprofile.

Enthilt die Stromlinie der freién Alissenstrémung
einen Wendepunkt, dann ergibt sich, dass das friihe-

re gegebene Querstromprofil uz:——nﬁﬁig(é)in
dem Uhergangsgebict von der beschleumigten zu
der verzigerten Strimung mittels eines Zusatz-
glieds korrigiert werden muss. Dadurch verschwin.
det auch der frithere Schinheitsfehler des unend-
lich werden von @ in diescmn (Gebiet. Diiese Kor-
rvelition ist in Abschnitt 3 besehrieben und auf den
Fall des schiehenden Zvlinders angewandt (vgl
Abschnitt 6). Ein genaues Kriterium fiir die
Wahl des Startpunktes des Korrekturprofils fehlt
noch, weil kein Vergleich mit exakten Lisungen
vorhanden ist. Vorlinfig wird als Startpunkt des
Korrekturprofils ein Punkt gewdhlt, von wo bis
zu dem Druckminimum die Geschwindigkeitsver-
teillung sich nur wenig #ndert.

Hat die Stromung einen Staupunkt, dann kdnnen
die Anfangswerte ¢ und @ in diesem Punkt, be-
rechnet mit den vollstindigen Impulsgleichungen,
unmittelbar aus der Abbildung 13 .abgelesen wez-
den. Dazu benétigt man dic Mnearen (leder der
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Reihenentwicklung der Geschwindigkeitskomponen-
ten in der Riehtung von zwei orthogonalen Koor-
dinaten in der Tangentialebene im Staupunkt (vgl.
Abschnitt 5).

Schliesslich wird an dicser Stelle nochmals hin-
gewiegen auf die Bemerkung am HEnde des Ab-
sehnitts 2.2, wohei die BErwartung ausgesprochen
wird, dass auch bel Anstromung eines Korpers
uuter Anstellwinkel die  Querstromprofile stets
klein gegeniiber den Hauptstromprofilen bleiben.
Folglich ist offenbar auch hier die vereinfachte
Impulsgleichungsmethode fiir Grenzschichtberech-
nungen chne welteres anwendbar,
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Linearized theory of lifting sweptback wings at sonic speed

by

W. ECKHAUS and E. M, DE JAGER.

Summary.

A lincarized theory is presented for the determination of the load distribution on sweptback wings at sonie speed.
The method is valid for any given eamber and twist of the wing, with the enly restrietion that the downwash on the wing
is assumed to bo symmetrical with vespeet to the axis of symmetry of the wing; the case of antisymmetrieal downwash can
bd treated, with, some modifications, in the same way. The theory is applied to two flat sweptback wings at ineidence, one

without taper and the other with taper.

Comparisons have been made with other theories in which the same problem is treated.
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Symbols.

@; 1==01,...5 coefficients of develop-
ment of g(»).

@;*® i=01..5 coefficients of another
development of g(y).

- by, .

@ == (?)ai 1=1,2, ... 5.

wing-semispan at the eross-section
through the kink of the trailing edge.

C

semi-chord of the centre-section of the
wing.

abseig of the most forward point ot the
wing-{ip.

abseis of the most rearward point of the
wing.

vorticity in the wake; n iz spanwise
coordinate. ’

| -y
G =¥/

k'l/msz—yﬁ
sty t
]/ 1-— &2
load distribution on the wing.
dynamie pressure % p V2
wing semi-span,
some parameter larger than s.
down-wash, taken positive in downward
direction.
cartesian-coordinates (sec sketch a.).
y coordinate of leading cdge.
1 coordinate of trailing edge.
slope of leading edge of right semi-
wing,
slope of tratling edge of right semi-
wing,
coctficient of the singular term of g(%).
aerodynamic lift-coefficient.
incomplete elliptic function of the
second kind; E(k) complete elliptic
function of the seeond kind.
incomplete elliptic funetion of the first
kind,
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e angle of incidence, iaken positive in
clockwise direetion,

I V1w

y ye
'

e z-component of the vortieity vector.

m integration variable in spanwise direc-

_ tion, . ‘
& integration variable in z direction.
P density. -

wE—yt
sin— l /
v _ ] PP — Yy
Ay, k) HEUMAN's lambda function with ar-
gument ¢ and modulus &.

1 Introdunetion.

In order to ealeulate the forees on air-ships in
low-speed flight, in 1924 Musx developed an ap-
proximate theory of the flow past slender hodies,
clongated in the dirvection of flight (ref. 1).

In this theory the flow pattern near the body
in any transverse seetion iz assumed to be the same
as 1 two-dimensional incompressible flow.

In 1946 R. T. JoxNes extended Munk's theory
to low-aspeet-ratio pointed wings (ref. 2) and this

- extension--gave rise to mahy publications on the

subjeet of calenlating the flow about slender
wings, slender bodies and slender wing-body com-
binations (sce é.g. ref. 3 and ref. 4).

The assumption that the flow pattern near the
hody or the wing in any transverse section is the same
as in two-dimensional incompressible flow means

‘mathematically, that in the PRANDTL-GLAUERT

equation for the perturbation velocity potential the
term (1-— M*%)¢r is neglected (M denotes the free-
streamn MACH number). This approximation is al-
lowed when the body or the wing is elongated in
the direction of the flow but also in the case of
wings, not necessarily slender, without thickness,
when M equals unity (see ref. 5). ‘

By aid of slender bodv and slender wing- theow
a first approximation is obtained for the flow
ahout wings without thickness and not necessarily
slender at sonic speed. The slender-wing theory
gives the flow around wings in a simple and ele-
gant way, when the two-dimensional eross-flow
contains no shed vortex sheet, as ¢. g. for a delta
wing. However when in the two-dimensional cross-
flow a shed vortex sheet is present, as is the case
for wings with a swept trailing edge, the deter-
mination of the flow around the wing and hence
of the pressure on the wing is much more eom-
plicated.

Tn ref. 6 LoMax and HEAsLET considered the in-
verse problem, where the assumption was made,
that - there 18 no vortex sheet present hehind the

~swept wing and where consecutively the form of

the trailing edge is caleulated, which would give
rise to the absence of a vortex sheet hehind the
wing, The direct problem, where the wing plan-
form and the downwash on the wing is completely
specified, is of eourse much more difficult to solve.

In ref. 7 Rosmxson has treated the lift problem




for a wing of given planform with swept trailing
edge; his solution however is only valid, when the
trailing edge is slightly swept (see ref. B).

In ref, 9 BwHELpRENNER has succeeded in de-
riving an integral equation for the unkndéwn vorti-
city in the wake of the wing; this integral equation
is very complicated and aceording to the authors’
knowledge it has never been solved up to now;
when this integral equation would have been solved,
the perturbation veloeity potential and the wing
pressure could be determined.

Finally, Maxcie in ref. 10 and MmeLs in ref. 11
have treated the swept wing completely and they
have determined the load distribution -on flat
swept wings at incidence, in steady roll and in
steady piteh,

These solutions of ManGLER and MIRELS are not
valid for a general prescribed downwash on the
wing, but Maxormr hag also given (sce ret. 12)
a4 new method for caleulating the wing pressure
on swept wings for arbitrary downwash, provided
the downwash distribution is continuocus in stream-
wise direction, the case of deflected flaps heing
outside the scope of his paper. Mancrer has
applied this method only to the case of crepped
deltawings; the case of swepthack wings will lead
to rather eumbersome numerical caleulations.

‘Whereas Maxaier starts from the integral equa-
tion, relating the downwash to the load distribn-
tion, in the present report the integral equation,
relating the downwash to the vortieity component in
streamwise direction, has heen takeu as the starting

2 Bagic concepts and formulation of the problem.
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point. The formulae which now determine the load
distribution on the wing seem somewhat simpler
than those of Maxcier and it may be, that they are

& more appropriate starting peint for the deter-

mination of the load distribution on swept swings
tor general prescribed downwash; moreover by aid
of this method some knowledge about the behavieur
of the vorticity in the wake is obtained, which is
an interesting additional result especially for the
vorticity in the neighbourhood of the kmk of the
trailing edge.

In this paper the downwash is assumed 1o be
symmetrical with respeet to the axis of symmetry
of the wing. The case of antisvmmetrieal down-
wash can be treated with some maodifications in
the same way as for symmetrical downwash, and
will be presented in a subsequent paper.

All the dertvations and deduections which are

_ Tiot strictly necessary for the understanding of the

contents of this report are presented in a separ-
ate report, viz.: NILL report ¥.2068a “Idinearized
theory of lifting swept back wings at sonic speed;
(derivations of formulae).”

After this report was finished, the anthors
received a paper of T, TRUCKENBRODT, wherc the
same problem 1s treated and where a numerieal
calculation of the lift distribution for sweptback
wings with arbitrary camber and twist is presented.
(sec lit, 18).

The authors wish to thavk Mr. J. G. WoOUTERS,
under whose direction the numerical computations
hitve heen performed.

In keeping with the concepts of linear theory the wing is eonsidered an impenctrable surfaee, which
lies nearly in the (wx,y) plane, and the downwash w (x,y), taken positive in downward direction, is pre-
seribed in the region A, the projection of the wing on the (z,y) plane (see sketch a). The ecoordinate

Y
y=yylx}

Sketeh a,

system and the surface A are assumed to move in the direetion of the negative z-axis at a uniform

velocity U. The lift distribution p(z, y) on the wing,

taken positivily in upward direction, is now de-

termined by the following well known integral equation:

”‘”(""”:*i“f;ﬁ”lf/@i? |2+

p denoting air density and g8 = V1= 1— M2, with M as ’\lACH number; the integral is taken in the sense

of HADAMARD.

.

T —¢

Vie—or + gty —wp?

P (£ 9)dédy (2.1)
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When the veloeity of the wing equals the velocity of sound the integral equation {2.1) can be reduced
to & much simpler form by puiting B equal to zero and ¥ egual to the velocity of sound V; doing
this one obtains:

+y ()

r
2 zoV 3’< {1 )2
.I'ITP ._yi(a;') J 7}

w(m: 3}) =

! fx Pl )t | dy @2)

where y =1 {z) is the equation of the leading edge of the wing and — ¢ the x-coordinate of the most
forward point of the wing; the cross in the 1nteg1al sign denotes that the finite part has to be taken.

Using the relation hetueen the pressure dJstnbunon and the z-component y-(x, y) of the vortieity
veetor, viz.:

¢ Oye(, ¥)
YY) = g I 2.3
% p{x,y) P py (2.3)
and integrating (2.2) by parts one obtains the well known integral equation of slender wing theory:
1 + () ’
w (x, y) — . f Y:r(ﬂ:, 7]) d'f] (2'4)
2 n—1y
_m(:c)

where the flow in some plane x = constant is treated as a two-dimensional incompressible flow, with given
downwash along the intersection of the wing and the plone x==constant.

For some literature about slender wing theory the reader is referrved {o vefs. 1, 2, 3, 4 and 13.

A formula for the lift distribution on the wing, which expresses p{z, ) m the xcomponent of the
vortieity vector, can be obtained by integrating {" 3) with respect to y, viz:

yyx) y(®)

0 dvye(x, d :
. R i J_ési) dy=pV = |y, mdy (2.5)
Y ¥

Hence for the determination of the lift distribution on the wing, equation (2.4) is inverted and the
result is substituted into equation (2.6); this process will be earried out in the following seetions 3 and 4.

In this report the downwash will be assumed symmetrical with respeet to the m-axis; the dednetions
for antisymmetrical downwash run along the same lines as those given below for symmetrieal downwagh
and similar results whieh will he presented in a subsequent paper can easily be obtained.

3 Solution of the integral equation.

The solutions of singular integral equations of the type (2.4), where the integral must be taken in the
senge of Cavcny, are well known today in theorctical aerodynamics; the form of the various possible
solntions depends on the conditions, which ave to be imposed on the unknewn function y:(z,%), as
whether this funetion becomes integrable infinite or zero at one or hoth limits of the integration interval.

The solutions, necessary in this seetion, have been given already by Sitmverx in 1939, ref. (14), and a

full account of the theory of this type of singular integral equations has been given in textbooks, sueh
as ref. (15) and ref. (16). When + ¢ is the z-coordinate of the most forward point of the trailing edge,
two cases have to be considered, according as the value of x is larger or smaller than e,

3.1 Solution of the infegral equation for —e=x = + o

For z=c¢ the downwash is a given function of z and v along the whole integration interval and
vo(x, %) remaining of course integrable becomes infinite for iy === ().
The solution of equation (2.4) is now

5 4 Fudm 1 Twis)
vz (1, Y) = — T M I/ { H1 .76)}2 —n° (]'r) ‘+‘ ———*——ﬁ-ﬂ————.___,.z___ y;(ﬂ‘:, q)dq
» V{in@y—¢ o Y0 = Vig@}—y g

(see refs. 14, 15, 16), which according to HermaoLTz’s law of conservation of vorticity reduces to

o 1 +yix) ( ) -
ez y) == PR V(@ — o da, @a.1)

!/{ JE{JU).} .)( Ly Y —1

In the case of a flat plate at an angle of aitack this formula reduces to

. _ - Y.
(2, ) =2al 'm———l/m (32)
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Substitution of (3.1) into equation (2.5} -yields, after interchanging the order of intesration and
remembering the symmetry of w(z, 4}, for the lift distribution on the wing for —c =z =4 ¢

welic) )
2pV 0 — 2y
plo, ) =<2 [ wiz, o) ¥ yd Z g f = =
( o af{: : T] T TJ ; J;z___"]g I/b” ____JIE
Yo
2 ;
20V 8 w(z, q) fog Vyr =7+ Vgr oy dU:]- (3.3)
T o § Vy,z——af—— Vy;”—-y”

Substitution of (3.2) in equation (2.5) vields the lift distribution on the flat plate at incidence for
—C¢cZ=x = + ¢ and the resnlt is:

. . dify " dyy

", . iz
T ==& R ey
Vo Vi —

where ¢ denotes the dynamie pressure which equals 14 p ¥2; formula (3.4} is a well known result of
slender wing theory, already found by R. T, Joxes in ref. 2.

!

pixy) =2apV? (3.4)

3.2  Solution of the integral equation for > 6.

For # > ¢,w(z,¥) is no longer a given function of z and ¥ along the whole integration interval,
but is in fact unknown for —y.(x) <y < + y:{x), y=y:(x) bheing the eguation of the trailing edge
of the wing; the solution is now more compleated than in the case of x = ¢ Rquation (24) can he
written as: .

Y 0 !fn: L1
] :I: . H
wlog) =g | [2ED gy [ o0 gy [0 g 4 [rlnn g,
2 — — . — —
o T Zve T o T wo
Replacing in the first two integrals % by —n and using yo(x,¥) == —yo{x, — ), Wwhich is true due

to the symmetry of w(x, y), the lagt expression can also he written as:

Y T

2T, e,
mw(w, y) = [%Lﬂ—zndn“* [ 28 ay

Jogt—y Jont—1Y

u Y
by which the problem of solving y.(x,y)} is redueed to a problem for the right semi-wing only;
ve(2, ¥) for the left semi-wing can of eourse be obtained by considerations of symmetry.

As p(r,y) I8 zero in the wake, it follows immediately from eq. (2.3) that y.(z, 4} is a function of

y only, when —y, <y < -+y,. Henece it is allowed to replace in the first integral y.(x, 9) by g(x)
and  the last equation becomes eguivalent with

d
wwt(x, ) = f { el 9) — e, 40)) ;}——”;%— ‘ (3.5)
Yi )

where
Pt (@) = (s, 1) — Y el ) In f 7tm) 22 (3:6)

- Equation (3.5) will now be solved for v.(z,y) which in this way will be expressed in the known down-
wash at the wing and the ag yet unknown veriieity g(») in the wake Substituting X = 4% eq. {3.5)
hecomes :

uP

= da
2w w*(z, y) :zf {ye(o, VX)) — vl y)} Pyl e <y <y (3.7)
. Y .
This is again an integral equation of the CaucHY type, containing the upknown function {v-(x, %) —
—y.(z,¥¢)} which is integrable infinite at the upper limit and zero at the lower limit of the inte-
gration interval; the purpose of the substraction of .(x, ;) Irom vy.{z, 4) was of course to get the

zero condition at one of the Hmits of the integration interval. The solution of {8.7) is according to refs.
14, 15 and 16:

N\
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. 2 ¥ =yt [wt(z, V) yif— X
R = e = (3

Putting again A ==*, substituting (3.8) into (3.8) and reversing the order of integration in the double
integral which originates from the thn-d term of (3.6) one ohtalns finally :

.

4 y2~_ ye ;f wix, 1) T ——n
M) pu—— = - - dy +
Y ( J) Y (.’E,yt} - l/'yl2 y J 1] T} ytz kil

Yi
+ fg(n’)n’ l(x,y;n’)dn’—ye(x,yz)Ie(x,y)E (3.9)
(i}

where

1 f l/yl —_T[ : -qdq ) 1 l/yt:ewq?lz
Vi = =) == " 3.10
(‘T v 7]) p—y® (¥ ""']2)(7} ——7] ) 2 yz___ﬂrz‘ Yt —— g ( )

)

- Y .
7 vt —7 v -—n*  ndy 1t —yP
I.(z,1 3“],}111[/ H/ =1 bt 311
22, ) ™ P — e Y Y ——nt = Yy ( )
t

For the rednetion -of both-integrals the reader is referred'to- 1it. 1‘77 (sections 1 and 2). Substitution of
(3.10) and (3.11) in (3.9) finally yields for-the z-component of the vortieity veetor on the wing:

e

4 Y —ut jf w(z,q) l/ f yi—n'  gdy
'z _ —————«- d 1 —_— —_
vz(z, ) - l/yl — J = y2 ndy + V% ¢in) -~ R

Yo' 7
Yo <Y <ty >0 {312y

Whean y, tends to zere, the righthand side of this equation becomes equal to the righthand side of
equation (3.1}, if in equation {3.1) symmetry is also introduced. Hence y.(x, ) is continuous in z
along the Tine x==¢, as could be expected from physical eonsiderations.

Substituting the relation (3.12) inte equation (2.5) one obtains after interchanging the ovder of in-
tegration the lift distribution p(z,¥) on the wing: .

pV 0 2

pioy =2 2| /ww YT e int e Q(T,)I/Jz 539100
' B<y<y; > - (3.13)
where
s Ti—yE Ay

1, (x, J,n)+ﬁj [/ y" s with ye S =y and v, <y <

, el A AR o
and . : S (314
_— / . .

I($,Tf 77 :_f l/ Jt szdn by with O§ﬁ§y=<y<yz

ITI 0 Jr’ _—1] ’] .__._77 )

Vi
From equation (3.13) it is seen that the lift distribution on the wing consists of two terms, one
containing the downwash on the wing, which is a known function of z and y and the other containing
the vorticitly g(y) in the wake which is as yet an unknown funetion of )
Eqguation (3.13) is still rather complicated; it is however possible’ 1o 51mp11fy the formula consider-
ably by performing in-the right hand side the differentiation with respect to x in an approprlate way.

.This will be done.in the next chapter.

1
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4 The lift-distribution on the wing,

The righthand side of the expression (3.13) for the lift d:btrlbutmn on the wing conszsts of twao

: VA
terms, whiech will he denoted by M and -E——E—g)—, where.. '
' ox iz
Y14 o WT | |
Wea ) =— L0 [l | Iy (41)
T > —y
. ¥t .
and
g 307 [
Z(m,y)=_—i-j I/y’ =y To(e, i n)dy (4.2)°
bid i e -—"? -
Hence '

P(5,3) = o (Wio ) + 2] 43)

The first term ,aa; Wi, y) can always be caleulated either exactly or numerically, since w(z,y) is a

given funetion of z and ¥ on the wing. The operation

3 _dm (3 )y ()
8x  dr ‘a3 dz \ dy.

has hbeen applied to the funetion Z(x,y) in lt. 17, section 3. Thé reésult i§

Z(ny) _ 2 T, | -
‘__ax‘ = 0 =+ E(tﬁ, k) ! iz ; g("?) V(ylz‘—’f)z) (ycz_?.f)
Py k) dys [ oy L
k) dy [ ) W, (4.4)
v dz Of {g(p) .9 Vyr—n*} Vy: —

where F(y, k) and E(y, k) respeetively are ineomplete elliptic functions of the first and second kind
with argument

2 g2 —
y =sin—1 l/H? and modulus k=11 "y2/p".
. I

Putting
"

g(n) 1 =8e,w) . . (4.5)

: |’/(sz2—"— %) {11:* — 0%}

and

Y
“d ot udn
g(n) l/ 7 = —
Oj —_dq{ 7). Vot —q*} Vg — o

T(ys, 1) . (4.6)

the formula for the 1ift distribution becomes

y -yc ay, )
P, 1) = o (Wi T T B {2 S +
+ dr ” T(?Jfayt) . 7 .( )

Applying the Kurra condition at the trailing edge of the wing gives a relation between S and T which
enahbles the elimination of T(ye, ). )
The Kwrra condition follows from eq. (4.7} by setting y=1y; and plz, v} =0, viz.:

dy; 1 dy. 13 [f’_ : 48
yl—@— (k)8 {ys ) + - TK{k)T(yhyl)-——‘_ AL Wiz, y) - (4.8)
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Eliminating T (y:n) from equations (4.7) and (4.8) finally vields for the lift distribution on the wing
the formula: '

_ 2oV dy L E(k) y l/@ﬁ*@fﬁ
p(x) y) *T d S(Jh yi) E(’{": I“) - ( ) F("i’: ) " yzz__yz E +
aW(x, ) Fg, k) la“’(w, 1/)} ) , .
+ o — K5 2 ey, Ye <Y <y and = > ¢, {(4.9)
Formula (4.9) is valid for arbitrary forms of leading and trailing cdges, provided =0, and for

dm
arbitrary symmetrical downwash distributions. Thisg general formula containg still one unknown funetion,
viz. 8(y., 4:) which appears as a factor and whieh is moreover a function of z only.
Thus for the determination of the wing pressure it is not required to know exactly the ecomplete
vorticity distribution in the wake, represented by the function g(y), but the knowledge of the function
Sy, ) 18 already sufficient. Formula, (4.9) vields also the following important result: for the part

of the wing with = > ¢ and fof_i =0 the lift distribution is given by the simple formula:

_Wey  Fuh (W]
Y=Y

P, y) (4.10)

or  K{k) oz
this formula being valid for arbitrary symmetrical downwash distribution and arbitrary shape of the
trailing edge. Iere, the pressure is completely independent of the vortieity distribution in the wake.

For any given symmetrieal downwash .the two terms, appearving in (410}, ean easily he ecaleulated
hy aild of (41). Hence the lift distribution on swept wings is now known in the region of the tip,

. . ., @ . . e Ay .

when the tip has a straight edge with E;'—‘:o- in particular the lift distribution on swept wings for
_which the foremost point of the tip is lymg ahead of the most forward point of the trailing edge -(sec- - --——
sketch b} is now -determined-on the whole wing.

Sketeh b, : ! Sketch e.

It is given by equation (3.3) if z =¢ and by equation (4.10) if z = c¢. For wings of the type of
sketch ¢, foremost point of the tip aft of the most forward point of the trailing edge, the lift distribu-
tion for z < ¢ is given by (3.3), for = > d by (4.10), and for ¢ < z < d by formula (49). In order
to caleulate the lift distribution in the latter region, it is necessary to determine the funetion S{y., ¥:).

5 Method of determination of the function §(y:, v1).

Substituting the expressions (4.5) and (4.6) for the funections q(Jt, y1) and T'{y, y:) into the Kuirra
eondition {(4.8) one obtains:

?

¥

d?)‘t . i ' qdr} 1 dl]r d ——— ‘qdq
"z ¢ Vo =9 (ye—q7 W dz i gl/Jp —y
w1
— Wiz, u) {5.1)
5o Lo -
The funection ;—W (z, ¥) g is a kmown funetion of x which can be calenlated either cxaetly or
Y=yy

numerically and hence the right hand side of (5.1) is known for any given downwash.
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The unknown function ¢(n) can be approximated for very small values of n by aid of an asymptotic
evaluation of the left and right hand sides of equation (5.1} for ¥: tending to zero; this is performed
in lit. 17 (section 4). The behaviour of g(xn) in the ncighourhood of the kink in the trailing edge
appears to be:

1
=0 -—=—+0 j———- 52
90 =0 g5+ 0 [Tiogare | 52
with
;3“’(93, ¥) i
v : or s!{ =1
— SN Suil. s 53
¢ 2 pV d-yt ( )
dx i
¢ being the abscis of the kink in the trailing' edge.
/-c
+C
e
Y
Sketeh d,
The hehaviour of g(n) in the neighourhood of the tip at p==s5 (see sketch c or d) is given by:
4,7
gy = + 0(1) - (5.4)
V £ — 7’

as is shown in it 17, section 5; @, is a coefficient, which has to be determined later on. With the
knowledge of the asymptotic behaviour of g{5) near the ends of the interval o < » <'s, the function ¢(y)
in the whole interval can now be approximated by the formula ’

]_ — _1}_ ' .ﬂ.
b b .
g{n)=0C +a——————+F (—;—Z—) (5.5}
log - l/(i) (1)
b b b
where P(%) is some polynomial in —;’L

The semispan b of the wing at z==¢ is taken as length of reference. ln order to avoid a singularity
at p=~>h in the logarithmic term of g(»), which in reality does not exist, this term is written as

11

¢ which is asymptotically cqual to for n— 0.

¢
log ¢
log 1

ag b

The polyunomial P (%) is written as:

f(p)- 5 ()

n=1

the -constant term being omitted, sinee g{%) equals zero for 5=0.
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Substituting now (5.5) into equation (5.1) and dividing by ¥ one obtains:

m m
wWEE) CL+ad+ 3 anJ.nz by MR (k) -2 ;OL' +a M+ N ad f — 7 !iw(m,y)f
1 ytz n=1 2 PV 6.73

e

¥y=1¥
) ‘ (5.7)
A . !__LJt_ ’___ dyt P dy; )
where I = v L and 1 =z’ and
w1 — 2 . ¥ g 1__1 . ]
d :
L= b /_+__1_1_;___';L’: .g- b T]V’yizw-‘qz iy :
8 lgg% VG — 37 (5 — %) g i Iogg— | l/y:2—~n2
¥ — '/,th ,}Zd.r’, o Ve i 3 1}2 Vyiz __nz g T)d'q (58)
= ; _ i i
¢ Ve =) e — o) (y — o) J | Ve —
. .'ft ﬂ--i‘-i Ut
’ 1 7 I M d o opeiy—— oy iy
n == — e dy; J, = - j — 19 ]/ylz__??z
v V=D e 7] ol B

The integrals M, M, J. and J,' can be caleulated cxactly (sec Iit. 17, seetion 6); for the determination
of the integrals L and I/, however, n numerical procedurc must be used; this is performed in lit. 17
section 7). The results of the reduction of the integrals M, M, J, and J,' are given in table 1. Egua-
fion (5.7} econfains x as the only vartable and is valhid for any % with x> e

By satisfying eguation (5.7) in (m + 1) points of the x-axis, a system of (m + 1) linear algebraje

eqnations are obtained for the unknown constants «,, @,, ... t; solving this system one gets the con-
stants a,, @,, ... an and finally the funetions S(y., ;) given by: -
o _ . .. - - m-" -
S(yﬁ ’ .Ul) = a’oﬂ'jl+ E Uy Jn + CL. ! (5.9)
! =1 .

The {(m + 1) points of the z-axis in which equation (5.7) should be satisfied must of course be chosen
in an appropriate way; the sclution ean be checked by substituting the values obtained for ¢, ... am

.in equation (5.7) and comparing left and right hand sides of this equation for arbitrary values of z.

6 Solution of the system of equations.

6.1 The system of eguations.

The system of linear algebraic equations for the unknown constants ,, ... am which is ohtained by
satisfying equation (5.7) in (m + 1) points of the z-axis can be written in the form:
. ‘ - ,
Gy | B(RYM -y BPR(R) —ylz— i f + X iyl B+ oyl WE(R) " I’ =
Y n=1 He
‘ — o W | —elwEmprwrsm L rliese 6D
, B A A PG we oY

It appears in lit. 17 (sections 6 and:7) that ‘the integrals A, I/ and J,’ contain a factor 4 and hence

the factor 'f_lz_ oceurring in equation (6.1) is cancelled. )
¢ z

The integ'rals Jo and J, can be written aceording to table 1 as

Jn:(ijb’—}n Fo(k') and J,/ =y (%’)L)HF,J(H). (62)

i -
Here the planform of the wing is represented only by the factor (%—) ; hence for wings with differ-

ent planforms the functions F,{(F) and F,/ (&) remain the same, This means a reduection of the amount
of calenlations, which has to be performed, when ancther wing-planform is considered. Therefore
numerical values of F,{(k’) and F,/(F) for I=0{01)1 and n=1{1)5 are givén in table 2.
. . . 1 . . o .
For wings with straight edges -é—l can simply be expressed into the parameter &’ and into the sweep-
vatio y, denoting the ratio of the slopes of the trailing and,leading edges, viz:
' ' ’

il Y Ye
== , Where y = .
. b Y — k’ L4 'yl’

(6.3)
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From', the formulae (6. 1), (6.2), (6 3) and the expressions for M, M’ L and I/, derived in Iit. 17
(sections 6 and Ty it is seen that in equation (6.1} the uge of % as cross-sectional parameter is plefel‘-
able to z and therefore equation (6.1) will be considered as an equation in & When z==¢ is the
abseis of the most back-ward point of the wing (see sketches ¢ and d), the interval ¢ < x < e corres-
ponds to the interval O < K < 1. C

6.2 Tapered wings twith straight edges. .

For tapered wings with straight edges whose sweep ratio y is larger than one and not nearly one
the method of ealeulation of S(y., 1), as described in section 5, can simply he applied.
In seetion 7 the theory is applied te a flat fully tapered swallow-tail wing at incidenee with a

sweep ratio y =2; the degree of the ponndrnial P2 s taken equal to 5. After the determination
v b

of the constants ¢, @, ... @, the function S(¥,, ;) is ecaleulated in the interval 0 <<k <1 by aid of
formula (5.9). ' .

6.3 Wings without tuper or with small taper and with straight edges.

For wings without taper (y==1) or with small taper {y nearly one), the method for numerically
ealenlating §(y:, vi) 1s somewhat different from that described in 6.2,
” .

b

AT

omitted, because the funetion ¢() remains the samec within the interval 0= » = y:(d), when the wing

For untapered wings the term g, used in the approximation (5.5) of g(n) can be

<Y

Sketeh e, . Sketch f,

is not cut off at the tip, but stretches outwald to infinity (sec sketch e). Also for wings with a small
taper (see sketeh f) the term

3 .
b .

L -y

can mostly he omitted, because the singularity in g(y) at 5 = s cannot strongly influence the function g ()
for 0= = ye(d), since y:(d) is mostly much smaller than the ordinate n=s of the singular point.

Henee for untapered wings and for wings with small taper a simplification of equation (8.1) can be
made, since it is allowed to omit the First term and equation (6.1) heeomes:

= ™2 f
r =— g o W o
Y aa ?y: E(k) s + gy 2V zaﬂs Wi y) Y=y

n=1

—0 [ W BRL + g/ WE®) T} 7 (6.4)
I
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: ] . ) 1 n "
The coefficients of the urknown constant a,, however, contain the factor (%) :(——77) and

hence they beeome very large in comparison with the known right hand side of equation (6.4), even
when %" is not near to the value 1. . .
. . , d
In this ease it i very difficult to satisfy approximately cquation (6.4) in the interval O < ¥ < fJ%_J_
by satistying this equation exactly for m chosen values of %’

Instead of the polynomial P(%), used in the approximation (5.5) of g{(n), the following polynomial

will be used now:

r(3)=(1= ) Zoe (3

where ¢ is some parameter whiech has to be chosen properly.
The approximation (5.5) of the funetion g(n) becomes now:

7
1—-—- e —1 .
b b — n
9ln) =C (1 ) 2 a3 62
log% * n=1 .

ivhere
. B A"
@y, — ( T ) an*.

Instead of the integrals J, and J.' occurring in (6.4), a linear combination of J, and J.y,, respect-

ively J." and J’,y,, will now appear; viz: - -
- ]

(0 1o ) 0 (B =t )

/

and equation (6.4) beecomes:

-+

_ o b A SRS,
3 @ ; g B (Ja— 7 J,,ﬂ) o KE () - (J,, — 7J’nﬂ){ —
— gi Wiz, y) ] ¢ %y,’E(k}L + KK (k) —, 1 (6.7)
2pV ax ’ Y=y, ytg

b . - L .
T has now to be chosen in such a manper, that the coefficients of @. do not become very large in

comparison with the known right hand stde of equation (6.7).

By satisfying (6.7) for (m— 1) values of A’ the constants ¢, can be caleulated and consecutively the
funetion S{y., ;) is determined by the formula

"ol — b :
Sy, 1) = 2,1 T (J,.-— o nﬂ) +0r. (6.8)
=

This- procedure for the determination of S{y,,w:) is uwsed in seetion 7, where the theory is applied
. . . . . . b
to a flat untapered wing at incidence, with wing semi-span cqual to 2b. In this case the parameter e

is ehosen cqual to */, and m is taken equal to 5.

7 Application of the theory to swept flat wings at given angle of attack.

The theory of the preceding section wili now be applied to two swept flat wings at a given angle
of attack «; the wings have straight edges, one withont taper and the other with taper. The wing with-
out taper has a semispan equal to 2b and the wing with taper is a so called “swallow tail” for which
g—;‘!—l—, denoted by ¥/, is not fixed,
so that strietly speaking two families of wing planforms are considered; a member of hoth families is
shown in figure 1.

the sweep ratio y is taken equal to 2. The slope of the leading edge
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"11 The Uft distribution,

T

The downwash w(x,4), preseribed on the wings, is given by w=2aV. For —c < ax < 4+ ¢ the lift
distribution on both wings is given hy formula (3.4) viz:

p(il'}, y) :4&(1-3”’%, (71)
Yo —y

where ¢ denotes the dynamic pressure and equals 14 pV=

3e

1

Untapered wing; ¢ = 1. Tapered wing; =2,
Fig. 1

For & > ¢ the intluence of the wake must be taken into aceount and formula (4.9) has to be used;
aW{z, y)
cx

and (4£1) W(x,¥4) becomes

4 apV? — —1 dy’
Wiz, y) =+ i f I/;‘I_ﬂ_;: ;[ l/Jl ___;t nrz_’q_,qz d"l

In It 17 (seetion B) this expression is reduced to the simple form:
Wiz, 4y =4aqys { E(g, k) — K 2P (3, k) (7.2)

2 342 q
y = sin=1 I/_J_“J* and K= Ut
WPyt i

Differentiation with respect to x yields:

oW (x, u)
ox

therefore the funetion has to be determined first. In accordance with the formulae (3.14)

where

- ’ e —afg? | , ’
=daq [y | Bl + L[ LTIy | (73)
Putting y ==y gives
e
[MJ —dag { B(E) —y KE (). (T.4)
o Y=t -

Substitution of (7.3) and {(7.4) into (4.9) gives finally the pressure on the wings, viz:

Sy, 1 . E® vy S =y
p(mJ)—“iana)l‘?‘—m () e Py + L ——-W_E,yzi (75)

which is the same expression as found by Maxarer in ref, (10) and by MreLs in ref. (11).
Putting

aVn

8*{x) corresponds with the function H{z) of MaveLEr aund the funection S(z) of MIrELSs.

i+ S(yt ) ?f!) :S*(.’E), (76)
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7.2 The wuniapered wing,

For the wing without taper. the. function S(y;, ) is needed only for 0 < I < 15 (see fig. 1) and is
determined by aid of the procedure deseribed in section (6.3). Adfter substitution of (7.4) in equation
(6.7) it appears that both sides of this equation can be divided by ¥/ == and equation (6.7) is in-
dependent of the angle of sweep of the wing. Hence S(y:, w) is also independent of the angle of sweep.
By aid of (5.3) the coefficient C in the right hand side of {(6.7) appears to be o«Vr. By satisfying

cquation (6.7) with m=5 and —? =1/, for ¥=101; 02; 04 and 0.5 a system of four linear equations

for the constants a,, a,, a, and e, is Obtained. After solving a,, @,, ¢, and a, their numerical values have
been substituted again into equation (6.7) and both sides of this eguation. werc caleulated for K =0.3;
the error appears to be 414 . .

Consecutively S(w:, y) is caleulated by aid of formula (6.8). In figure 2 the function 8*(k) =
14 Slye, y) {see form. {6.3) ).

aVr 1%

In the same figure the values of S*(%’) as found by MaxcLer (ref. 10} and Mmers (ref. 11) have

been inserted and moreover also the asymptotic values of S%(%) for small values of %" or what is the

is plotted against- »Jl-; =
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Fig. 2. The function §*(&); y=1. "Fig. 3. Lift-distribution on the wing; =1

x

same, for z in the neighbourhood of x=¢,.i. e. the abseis of the kink in the trailing edge. The asymp-
totic approximation of S*(&") is given by the expression:
L . .k‘ )

S(ye, i) dr :
5 Y A — ' N J 2 .
hy (15)___14-—&171:;;14-4‘/ +0(k H=1+4k (4: )-f—(}(k ). (1.1)

This formula has been derlved from fotmu]a (4.9) of section-4 of lit. 17 where the asymptotic ex-
pression for S(y:, y) is determined for arbitrarily given downwash,

Comparing the three curves for §*{(X’) it appears that the values of S*(%’), presented in this report,
agree gnite well with the results of MANcLEr and MireLs, The values, obtained by MawcLErR and by the
present, authors .xppmmmate very good the agymplotic values x\hleh approximation is not so good for
MmRELS's results

Substitution of the numerical values of S*(%’) in (7.5) yields at last the pressure distribution on
the wing for = > c.

‘When x is larger than the abscis @ of the most forward peint of the tip v’ equals zero and heree
the pressure on the wing vanishes,

1 . .
In figure 3 the lift distribution —E(—q%{—)— in several cross sections of the wing, denoted by several
agyy C
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..

: 1 . . . . 3 .
values of 2~ == is plotted against the spanwise coordinate _J__’ Sinee the angle of sweep of

1—k 7 ’ . b .
the wing ean still be arbitrarily chosen, figure 3 gives the lift distribution for a family of untapered wings,

The wing section at z==c¢ is an important section from the theoretical point of view, as for z <o
the lift distribution is given by (7.1) and for & > ¢ by (7.5); therefore the right hand side of formula
(7.5) will be investigated for z going to ¢, or what is the same for y, or ¥ going to zero.

The limit of the right hand side of equation (7.5) for % tending to 1 and y#0 is

! ¢ ST o Py
1im {iaq it s sin g+ —yﬂi/—y———bl” =4daqy’ ; Vbz Tyt _%___ =
ve~>0 i 1wy b | Ty

b
+ 4agy) —————
w V%

F__y?

4 b .
» and hence p(o%, ) =daq y’ ez, provided y3£0. © (T8)
—Y

Comparing (7.8) and (7.1) leads to the eonelnsmn that the lift distribution in the cross- sectlon r==c
18 continyouns in z, prowded y =0,
For y=0 and s=c¢, i.e. at the kink of the trailing edgc, aceording 1o (7.1), the wing pressure

equals 4aqy; decordmcr to (7.5), however, lim p(x,y;) =10, sinece the Kurra condition is satisfied
Yp—>0

at, the trmhng edge: hence the kink ot' the trailing edge iz a smgul(u point, for the lift distribution
on the wing.

The behaviour of the pressure distribution in the neighbourhood of the section x==c¢ is 111ustmted by
sketeh g Integrating the expressions (7.1) and (7.5) to the spanwise coordinate ¥ over the wing sur-

: . . d
tace yields the lift distribution per unit chord, denoted hy —— and hence:

P e
F:I o ¥ d
L Y i
=8aq ¥ == ray’ gh — (7.9)
‘ d £ S VpE e R
for ——cgmg-‘rczmd'_ ’
di
dx
aqyb
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Sketch g ) Fig. + Lift distribution per unit chord; ¥ =1,
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yl

daL E(k) Y l/yz — 42
— R, ap,? QLS ¥ - z c 7 —_
ar = ea v SHE / ;E(""’I‘) K (&) Py + 0 y:”ﬁ’fg @

i
for e==x=d.

In lit. 17 (section 9) the integral is vedueed to the simple form:

- E(k) aL Vi E(;‘;)z ‘ '
— 1——*1 and — = ' b= Sk — = e e d.
z w1 K(k-)( T =dmagu’ b2t S 31 | r oS ez (1.10)
dL
A plot of the function—qdfw against ijbl— is given in figure 4; the lft per unit chord shows a
oy

. ; . . . -
vertieal tangent at —;i: 1, i.e. at the cross seetion © = ¢ through the kink of the trailing edge; although
the Yft distribution per unit chord is continuous at the cross seetion z==¢, nevertheless it falls off

. . . . A" | S . . .
rapidly after this cross section; for larger values of 3 it inereases again. When the wing iz not eut

) . e . dl . .
off at the tips but stretches outward to infinity, the limit of qp tan be considered for & approxima-

ting 1, t.e. for ¥, and g, tending to infinity.
Due to the fact that the vorticity veetor in the wake and henee also the funetion g(y) wvanishes
for ¥ tending to infinity the funection S{y., 1) will vanish also for y; and i tending to infinity and

E(k
hence lim S*(A")=1. Therefore lim AL =4 7 aq J;’ hm y; 1— { )
B>t k>t A ' K (kY

2 a2
2raqy’ hm (k) = 27 eagw’ lim it I
Y=t Y1

Sinee y; — v: i3 constant and equal te b, the limit hecomes

lim Elewaqyz’b.
kg 02
S . . . 4L
which, ineidentally, is the same value as is reached by the function e for &’ =10. The last formuia
could of ecourse also be obtained by simple two-dimensional wing theory.
dL : ‘ . .
Integration of e with respect to = yields. at 'last the total lift L on the wing, viz.:
d 2
dL dL [ C o (y: ) E(k) (yx )}
— d~— = 1% + AR LN A — S (11
f dz [ —4ragt* [t 1,/ 5 0\ ;.1 K.(k);d’ b (7.31)
—c
The integral is caleulated numerically and the result is L =16431agb> Hence the derivative
ddy, ) b, '
-—=16.431 =4.108 v,
o 16.43 SDo 108

. . . .. der . )
Thus for the family of untapered swept wings the aerodynamic derivative dl is proportional to
1]

the slope of the ldading edg,e a’ and the proportmnaht}, factor equals 4,108,
The aerodynamie centre is given by the formula:

[a:
o
—_

La.0
¢ L
After substitution of %3 2—%1———1 the expression is cvaluated in the form:
2
.'JSA.G__STraqbz [1 (ﬂg " ﬂ)j E{k) M ] .
T L /3+1f b) * (3 1_K(k)zd(b) -1 (7.12)
the integral is calenlated numerieally and the result is % = 1.3897. Thus for the family of un-

tapered swept wings the location of the acmdynamw cenire is independent of the angle of sweep of
the wing. :




7.3 The tapered wing.

For the swallow tail wing the function 8{y: 1)
is needed for 0 < k" <1 (see fig. 1) and is deter-
mined hy the procedure described in sections b
oW (z, y}]

o =Y ’
given by (7.4), is substituted into cquation (6.1);
after dividing by .’ 1t appears that this equation

r

k!
depends on the sweep ratio y= %t,—, but not on
Ui

and 6.2, The cxpression for [

the angle of sweep of the wing. Hence this is
also the ease for S{y., y).

By satisfying equation (6.1) with m =25 and
y==2 for ¥=0.1; 02; 04; 0.6; 0.8 and 0.9 a
system ol six linear equations for the constants
iy, %, ... @t; 15 obtained, The constant € in the
right hand side of cquation (6.1) is determined
by the formulae (5.3) and (7.4); for y =2 this
constant s equal to 14 oVw. After solving the
eonstants thelr numerieal values are substituted
again inte equation (6.1) and both sides of this
equation are caleulated for & =103, 0.5 and 0.7,
the error appears to be 2%, 3'% and 8% res-
peetively. .

Consecntively the funetion S(y., ) is caleul-
ated by aid of formula (5.9).

The asymptotical values of S*(&") for ¥ tending
t0 zero are given by the formula:

kl
T
grgiy =1+ SWel) g 4 [ dr
aVur - Inr
& 0K ,
oW =1+ = k() oy (Ta3)
¥ 4

this expression is dertved from formula (4.9) of
section 4 of lit. 17.
g* |
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Pig. 5. The function $*(k); y=2.

In figure 5 the funetion S*(k") is plotted again
against the eross sectional parameter Y
b

y 2
y—k 22— .
In the same figure the corresponding results of
Maxegrrr (ref. (10)) and the asymptotical values
are inserted and the agreement is quite satisfaec-
tory, Beecanse Mimils has not carried out a ecaleul-
ation for a tapered wing there is no comparison
possible with a corresponding result of MimrELs.
Substitution of the nnmerically obfained values of
S¥(Ey into (7.5) finally yields the 1ift distribution

on the wing for = > c.

, which 1is

equal to

P
aqye
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Wig. 6. The lift distribution on the wing; ¢ =2

. .. . ple .
In figure 6 the lift distribution EL—‘Ji,}——m sever-
ad i

al eross sections of the wing, denoted by several

1 . . .
values of %, is plotted against the spanwise

Q : o]
coordinate - . Since the angle of sweep of the

b

wing ean still be arbitrarily ehosen, figure 6
gives in the same way as figure 3, the 1ift distri-
hution for a family of swept wings with =2
Finally, figure 7 shows the plot of the lift
distribution per unit ehord, which is given by the
same formulac as are valid for the untaperegl
wing, viz: (7.4) and (7.10). Integration of %E-
with respect to o from —e¢ to + 3¢, see figure 1,
yields the total lift on the wing; L is determined
by aid of (7.11), where the integral is calenlat-




Henee the aerodynamie derivative

ed numerically; the result is I = 12.5239 gba.
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to 12.5239 W:B.QBQD yi’. The acrodynamie

centre i3 also caleulated in the same way as for
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Fig. 7. Lift distribution per unit chord; ¢ == 2,

the untapered wing and the result, obtained by
aid of formula (7.12), is 2% —1.0454,
Thug algo for the family of swallow tail wings

1
- . . L . ‘
the aerodynamic derivative i s proportional

to the slope of the leading edge and the centre
of pressure is independent of the angle of sweep
of the wing; this result holds of course for any
family of swallow tail wings with constant sweep
ratio y. The numerical values for the aerody-

namic derivative and for the aerodynamie

centre Ty agree quite well with the results of
TrUCKENBRODT (lit. 18),

8 Recapitulation of the theory and conclusions.

Expressions for the lift distribution on swept-
baek wings without thickness have been ohtained
for any given symmetrical camber and twist of
the wing.- =~ -

In eross sections perpendicular to the direction
of the undisturbed flow the lift distribution on
the wing is given by formula (3.3) when there
is no wake and by formula (4.9) or (4.16) when
there i1s a wake present.

In those parts of the wing where the load dis-
tribution is ‘given by formula (3.3) or (4.10) the
détermination of this load distribution involves no
difticulty at all, whatever may be the given down-
wash distribution or the planform of the wing.

In those parts of the wing, however, where the
load distribution is given hy formula (4.9) the
wing pressure apart from the factor S(w;, ¥:) can
also be calculated without mueh diffieulties.

The determination of the funetion S(y, #:) in-
volves the largest part of the amount of numerieal
calenlations which has to be performed In order
to obtain the lift distribution on the wing.

The determination of this funetion Sy w:) is
redriced in section 5 to the solution of a linear
system of algebrale cquations, see formula (6.1).
When the funetion S(ye ;) has already been
caleulated for some given wing planform with
viven downwash distribution on the wing, the de-
termination of 8{y: 1) for a wing with the same
plantorm but with another given downwash distri-
hution is readily performed, since only the first
term of the right hand side of equation (6.1) is
chaneged and hence only the known terms of the
linear system,of algebrale equations have obtained
other values, Thus when the load distribution for
some wing with given eamber and twist is already
known, the determination of the load distribution
o 4 wing with' the same planform bunt with an-
other eamber and twist does not invelve much
extra numerical calculations.

When however the wing planferm is also ehang-
ed, the whole system of linear equations (6.1) is
altered, sinee the coefficients of the unknowns
Ay, @y, ... 0y and the known terms havé now oh-
tained other values. .

The integrals M, M, J., J, L and L/ must
again be calenlated; the caleunlation of M, M’, J,
and J, is fairly simple, since they can be cal-
culated exactly (sec table 1) and moreover J, and
Jo' ean be written in the form (6.2), hut the total
numerical caleulation of L and L’ has to be carried
out again,

The theory has been applied to two examples
viz. a flat wing without taper and a flat wing
with taper, both at constant angle of attack.

The results ohtained by aid of the method pre-
sented in thig report are satisfactory and show
good agrecement with the results obtained by aid
of other methods (lit. 10 and 11),
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TABLE 1.

Expressions for the integrals M, M’, J, and J. .

M=t 1 k@ T A, (aresin 25, F)
b 3 )2 Y 2 . 8
L2 (%)
W el (B — KDY+ D, Grosin BB
b I/(i)2 _ (&)2 2 &
b b
A s —u? ;Y te ; e oA H
where k=F FoyE = e and A, is HEUMAN's lambda-funetion
— i

7, = (%) () —Ew) )

1+k"§-

3
o= (Y ko e 1

3

g, =1/, (%—*)3 (2 + DK — 20 + BB}

Cap 4 E
I, =1/, (-'éi) | 3R+ k) 4,3+ 2K+ 384 log iiy

vi\® :
J. — 1/15_( ) ((8+ 3K+ 4RO — (84 Th® + 8K OE(Y)
J(— K@) +2E())

1+k’i

jak'+1/2(1—3k'2) log

)
g =,y (““ )3 ((1—4FEWF) — (18K OE®))
)

b
A __-h:,
IS ==y (%‘ (1 — 18K /(1 6K —15K) log ; - v

5
I = 1/15.%2(%‘— ((2+TK2 24 OHEKR) — (2+ 8K 248 W HE(K)).
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TABLE 2.

Numerical values of F. (k) and F.'(&).

}c' F, J 7, F, | F, R,

0 0 0 0 0 0
0.1 0.00789 0.00067 0.00014 0.00001 0.00007
02 0.03190 0.00542 0.00103 0.00017 0.00009
0.3 0.07322 0.01869 0.00502 0.00135 0.00042
0.4 1 013406 , 0.04572 (3.01624 0.00589 0.00220
0.5 (.21829 0.09332 (.04144 (.01883 0.00869
0.6 0.33267 0.17134 (.09155 0.05000 0.02774
0.7 (.49003 0.29614 0.18545 | 0.11846 0.07694
0.8 0.71895 0.50085 0.36046 0.26450 0.19675
0.9 1.10885 0.88239 0.72241 0.60160 0.50701

1.0 + w + w + w + w + e
k’ FII PT2’ F.?’ , Fi" Fﬁl‘
0 1.57080 0 i) 0 0

0.1 1.55897 0.19866 0.02345 (.00265 {. 0.00030
0.2 1.52307 0.38920 0.09188 0.02082 0.00461

0.3 1.46161 (.56295 0.19981 0.06801 0.0225H8
0.4 137188 .| 0.71015 0.33735 0.15346 0.06501
0.5 1.24917 0.8186% 0.48916, | 0.27916 (.15504

0.6 1.08541 .87225 0.63189 0.43536 0.29129
0.7 0.86563 0.54620 0.72878 0.59232 0.46561
0.8 0.55740 0.69465 0.71518 | - .68093 0.62138
0.9 0.06285 0.29734 0.43741 (0.52164 0.56962
1.0 — w — w — — —
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