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Theoretical and experimental results 
for the dynamic response of pressure measuring systems 

by 

H. Bergh and H. Tijdeman 

Summary 

For a series-connection of N thin tubes and N volumes a general recursion formula has been derived that relates the sinusoidal pressure 
disturbance in volume j to the pressure disturbances in the preceding volume j - 1  and the next volume j +  1. From this recursion formula 
the expressions for the complex ratio of the pressure fluctuation of each volunw j to the sinamkid input pressure po can be derive4 by w-  
cessively putting j = N, N- 1,. . . 2, 1. For a single pressure measuring system ( N  = 1) and a double pressure measuring system ( N = 2 )  these 
dynamic responx formulae are given explicitely. 

Theoretical results loor single pressure measuring systems are presented that demonstrate the influence of the dillerenr parameters. As an 
illustrative example of the double pressure measuring system some calculations have been performed for a system with a discontinuity in 
tube radius: 

Comparison of theoretical and experimental results shows that the response characteristics of the pressure measuring systems considered 
can be predicted theoretically to a high degree of accuracy. 
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- gravity constant 
- imaginary unit 
- Bessel function of first kind 

of order n 
- polytropic constant for the 

volumes 
-tube length 
-mass flow 
-kind of polytropic constant 

- number of tubes and volumes 
-total pressure 
- amplitude ofsinusoidal input 

- mean pressure 
- amplitude of pressure dis- 

- Prandtl number 

- co-ordinate in radial direc- 
tion (figure 1) 

-tube radius 
- effective tube radius 
- mean tube radius 
- gas constant 
-time 
-total temperature 
-mean temperature 
- amplitude of temperature dis- 

- velocity component in axial 

constant given in eq.(l) 

pressure 

turbance 

turbance 

direction 
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= eivr - velocity component in radial 

v, - pressure transducer volume 
K = Z R I L  -'tube volume 
r, - Neumann function of first 

direction 

kind of order n 

- shear wave number 

- specific heat ratio 

,? 
!J 
V 

- thermal conductivity 
- absolute fluid viscosity 
- frequency 

@=p.+pe'"' - fluid density 
P, - mean density 
P - amplitude of density dis- 

turbance 
Is - dimensionless increase in 

transducer volume due to 

subscripts : 
j refers to pressure transducer 

u pressure transducer volume 
j or tube j 

1 Introduction 

To support the. development at the NLR of a technique for measuring pressure distributions on oscillating 
windtunnel models (ref. 1) a better knowledge of the pressure propagation through thin circular tubes with con- 
nected volumes was needed. 

The response of pressure measuring systems to a sinusoidal input pressure has been considered by several 
authors. The method of Taback (ref. 2) is based on the analogy between the propagation of sinusoidal disturbances 
in electrical transmission lines and pressure measuring systems. To predict the response of a pressure measuring 
system, he uses the propagation velocity calculated from the Rayleigh formula combined with measured values 
of the attenuation. The fact that the attenuation constants have to be determined experimentally is one of the main 
disadvantages of this method. 

In ref. 3 Davis presents asymptotic forms of the dynamic response formulae that can be used as  basic guides 
for the selection of a pressure measpring system. In his work also some comparisons with experimental results 
are given. Iberall (ref. 4) derives the formulae for the dynamic response from the fundamental flow equations, 
i.e. the Navier-Stokes equations, the equation of continuity, the equation of state and the energy equation. The 
analytical part of his derivation has been omitted and no comparison with experimental values has been made. 

Proceeding along the same lines as Iberall, the present report gives the derivation of a general recursion formula 
for the dynamic response of a series connection of N tubes and N volumes (figure 2). 

From this recursion formula the expressions for the dynamic response of a single pressure measuring system 
( N  = 1, figure 3) and a double pressure measuring system (N = 2, figure 4) are obtained and presented explicitely. 
The importance of the various parameters is illustrated by numerical examples representative. for applications 
of the mentioned measuring technique. 

The reliability of the theoretical predictions has been verified by comparing calculated and experimental results 
for single pressure measuring systems with different tube lengths and radii and for a system with one discontinuity 
in tube diameter (figure 5). 

The authors wish to express their thanks to mr. A. C. A. Bosschaart for his valuable contribution in the earlier 
stage of this investigation. 

Fig. 1. Co-ordinate system. 

Ps* qe"1 
Fig. 2. Series connection of lubes and transducers. 



2 Theoretical investigation 

2.1 General solution 

3 

s VOLUME: V ll+<%l'f, 
re P, 

VOLUME: v , r r +  drqe'"'1 

Fig. 4. Double pressure measuring system. 

Fig. 5.  Tube with discontinuity in tube radius 

., 

. .! The motion of the fluid in a tube with a circular cross-section can be described by the fundamental flow equa- 
tions, is., the Navier-Stokes equations, the equation of continuity, the equation of state and the energy equation 
that gives the balance between thermal and kinetic energies (see appendix). 

it can be assumed that: 
As only the behaviour of sinusoidal oscillations in a fluid without steady velocity component are considered "I 

=p,+pe'"', fi =,pS+peiV', T=K+Te'"', <=ue"' and ii = uei"' 

where u and u are the oscillatory axial and radial velocity components respectively. 
Furthermore assuming that: 
- the sinusoidal disturbances are very small 
-the internal radius of the tube is small in comparison with its length 
-the flow is laminar throughout the system 

the mentioned equations can be simplified considerably. 
To solve the unknown quantities p, p ,  7; u and u the following boundary conditions have been prescribed. At 

the rigid wall of the tube the velocity components u and u must be zero. Due to the axial-symmetry of the problem 
the velocity component u must be also zero at the centerline of the tube. At the wall T has been taken zero, sup- 
posing the heat conductivity of the wall being so large that the temperature variations at the wall disappear. 

The latter condition, that gives a good representation of what happens in reality, has the advantage that it is 
not necessary to study in detail the heat exchange between the fluid within the tube, the tubewall and the environ- 
ment. 

For a tube of finite length the solution of the linearized flow equations, that satisfies the former boundary 
conditions has been given in the appendix. 

The two remaining constants can be determined by specifying the boundary conditions at both ends of the 
tube. That means that at the entrance of tube j the pressure variation must be equal to the given pressure dis- 
turbance p j - ,  e'", while at the end of the tube, where the volume j is connected, the increase of mass of the pressure 
transducer must be equal to the difference in mass flow leaving tube j and the mass flow entering tube j +  1. 
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To describe the physical process within the transducer volume it is assumed that the pressure and density are 
only time dependent within this volume and that the pressure expansion takes place polytropically. 

The transducer volume has been defined by V,,,[l+~~i(p~/p~)e'"~], where uj is a dimensionless factor giving the 
increase in volume due to diaphragm deflection, This formulation is valid if the resonance frequency of the dia- 
phragm is large in comparison with the frequency Y of the pressure fluctuation. 

2.2 Series connection of N circular tubes and N volumes 

For a series connection of N tubes and N volumes (see figure 2) a recursion formula has been derived that relates 
the sinusoidal pressure disturbance in volume j to the sinusoidal pressure disturbances in the preceding volume 
j -1  and the next volume j + l .  

The derivation of this formula is given in the appendix. The result is: 

al = iJi R,  e, the so-called shear wave number, being a measure of the wall shearing effects. 

From formula (1) the expressions for the complex ratio of the pressure fluctuation in each nransducer j to the 

It appears that a solution identical to (1) is obtained if the equation of state and the energy equation are replaced 
sinusoidal input pressure p o  can be derived by successively putting j = N ,  N - 1, . . . 2 , l .  

by the polytropic reIation 

Evidently the pressure expansion in tube j can be interpreted as a polytropic process with a polytropic factor 

Asymptotic values are lim n j =  1 and lim nj= y, corresponding to isothermal and isentropic conditions re- 
*,-0 a,-m 

spectively. In figure 6 the factor n is given as a function of the parameter a JP,. 
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Fig. 6. "Polytropic" factor n as a function or aJP,/i Ji 
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It will be remarked .that' by putting Vu,=O expression (1) offers the possibility for calculating the dynamic 
response for a system with a discontinuity in tube radius or in temperature. 

~ _ _  
2.3 SiFgle-pressure measuring Q%em (figure 3)- ~ ~ ~~ 

The formula for the dynamic response to a sinusoidal pressure input p o  of a system consisting of one tube 
connected at the end to the instrument volume V, can be derived immediately from the general recursion formula 
by putting j = N = 1. 

The result yields: 

!!L = [cosh (4L) + 
Pa 

It can be shown easily that the expression (2) is identical to that derived by Iberall (ref. 4) for the complex attenua- 
tion of the fundamental. 

In the case of an inviscid isentropically expanding fluid in the tube (p = 0 ;  n = y )  

-P i and the formula for the pressure ratio becomes 

From eq.(3) it follows that resonance will occur if 

In the limiting cases V,= 0 and V,= 00 eq.(4) yields the well known organ pipe resonance formulae for a closed 
and open organ pipe. 

v 2 s + l  a. 
= 0, that means - = __ - 2n 4 L 

v s a, 
2% 2 L 

(s = 0, 1, 2, . . .) 

(s= 1,2,. . .) v, = m : cotg (5) = m, that means - = - - 

2.4 Double pressure measuring system (figure 4) 

Using the recursion formula (1) for the system formed by a series connection of two systems as treated above 
the following formulae for the dynamic response of this system are obtained: 

l 1  j =  2:  fi = cosh (&L2)  + n ,  42L2  sinh (q52L2) 
P1 I 

P2 P 2 ,  P1 

Po P1 Pa 
The complex pressure ratio - = - - can he found from eqs.(6) and (7) 

3 Theoretical results 

3.1 Calculations 

Besides calculations for comparison with experimental results (see section 5) a number of specific cases has been 
calculated to show the influence of different parameters on the dynamic response of a pressure measuring system. 
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From the theoretical expressions it can be seen that the dynamic response depends on the following parameters: 

geometric parameters: R = tube radius 
L = tube length 
V, = pressure transducer volume 
u = dimensionless increase in transducer volume due to diaphragm deflection 

k = polytropic constant for the pressure expansion in the transducer volume 
T, = mean temperature 
p, = mean pressure 

physical parameters : 

It must be noted that the quantities V,, u and k only appear in the combination V, u + - ; a variation in one 

of these parameters separately can be expressed as an equivalent variation in one of the others. 
The cases given in table 1 have been calculated to demonstrate the influence of the mentioned parameters on 

the dynamic response of the single pressure measuring system of figure 3. 
As an example of a double pressure measuring system, the dynamic response has been calculated for a system 

with a discontinuity in tube radius (figure 5). The different cases that have been considered for this system are 
summarized in table 2. 

( 

3.2 Discussion of theoretical results 

a. Influence of the.di#eree*ent parameters 
The results of figures 9, 10 and 11 show that in most cases, just like in organ pipes, resonance peaks occur. As 
could he expected it'appears that for a given length a wider tube produces higher resonance peaks than a smaller 
one. Lengthening a tube of a given diameter results in lower resonance peaks at  smaller values of the frequency. 
Furthermore for certain combinations of L and.R no resonances occur as is demonstrated in figure 11 for R =  

0.50 mm. From figure 12 it can be seen that the product V ,  u + - must be changed considerably to have much 

effect on the dynamic response characteristic. Mostly the increase in pressure transducer volume due to the de- 
flection of the diaphragm is only a very small part of the total volume. The influence of the factor u itself therefore 
will be very small. The extreme values of the factor k are 1 and 1.4, corresponding respectively to isothermal and 
isentropic pressure expansion in the instrument volume. Figure 13 shows that this factor only has a small influence 
on the response characteristic. 

The variations of the mean pressure p .  that have been considered appear to have a strong influence on the dy- 
namic response of a pressure measuring system (figure 14). A variation in mean temperature between 0' and 30°C 
does not have much effect (see figure 15). 

b. System with discontinuity in tube radius 
The results for the given systems with a discontinuity in tube radius show some remarkable facts. From figures 

16, 17 and 18 it can he.seen that a wider second tube does,not always have a favourable effect on the dynamic 
response. A smaller second tube on the contrary does not always act unfavourable. 

This can be explained as follows: For a system consisting of a smaller tube followed by a wider one, the latter 
tube is more easy to  overcome for a pressure disturbance due to relatively smaller effect of wall friction. On the 
other hand the wider tube acts like a kind of additional volume, thus reducing the output of the first tube. This 
two opposite effects are responsible for the final behaviour of the total system. The same effects, but working in 
opposite sense, are responsible for the behaviour of a system of a wider tube followed by a smaller one. 

It will be clear that by changing the lengths of the two connected tubes also the ratio of the mentioned effects 
will be changed, thus giving other response characteristics. 

From figures 19 and 20 it follows that a restriction at the entrance of a tube generally results in lower values 
of the amplitude ratio than in the case of a restriction at the end of the tube. Also in these figures it can be seen 
that changing. the lengths of the restrictions gives other response characteristics. By proper selection of the ratio 
of tube lengths and of the ratio of tube diameters, a response characteristic can be obtained which is most suitable 
for a given purpose. In practice however one must be careful, because the discontinuities in the tube offer the pos- 
sibility of non-linearities. 

4 Experimental investigation 

4.1 Test program 

3 

To get an insight-into the reliability of the theoretical formulae an experimental investigation has been per- 
formed for a series of tubes of various dimensions (see tables 3 and 4). Except the two longer tubes, which are of 
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plastic, all the tubes are made of stainless steel. With the aid of the equipment described in section 4.3 the dynamic 
responses have been measured in the frequency range lo< v <  200 C.P.S. At the entrance of the systems a sinusoidal 

-pressure disturbance of a h u t ~ 6 S  ~ .- kg/m2 has been applied. To investigate the linearity of the systems with a dis- 
continuity in tube radius two values of the input-prEEEzJiave been used. ~ ~ 

4.2 Determination of tube radius and pressure transducer volume 

The dynamic response of a pressure measuring system is very sensitive to small variations in tube radius. This 
implies that it is necessary to have an accurate method for determining that internal radius of the thin tubes. 
In the present investigation the mean tube radius R, is determined as follows: 
1) by weighing the tube empty and measuring the mean external diameter. From the tube weight, the specific 

2) by weighing the tube empty and filled with water. The mean radius R, than can be calculated from the increase 
weight of the tube material and the external diameter the mean wall-thickness can he calculated, 

in weight. 

Results : tube length R.(method 1) RJmethod 2) R,(uud in calculations) 

502  mm 0.519 mm 0.529 mm 0.525 mm 
IC0 0.490 0.492 0.49 
I C 0  0.792 0.799 0.795 
LOO 1.092 1.092 1.09 
3C0 - 0.70 0.70 
3910 - 0.965 0.965 

To determine the volumes of the pressure transducers the test set up of figure 7 has been used. A variation of p1 
results in a variation of p 2  and thus in a variation of the volume of the instrument plus connecting glass tube of 

UNKNOWN VOLUME V v f l 4 M l  
4 

I 
1 .2 .  MERCURY DROPS 

Fig. 7. Test set up for the determination of V,  and 0. 

known diameter. From the displacement of mercury drop 2 the value of u can be determined. From the displace- 
ment of drop 1 the value of V,  can be calculated with the aid of Boyle’s law. 

4.3 Measuring technique 

The semi-automatic measuring system, which has been developed at the NLR to enable a quick determination 
of a large number of pressures on oscillating windtunnel models (ref. 1) has  been used to perform the present 
experiments. A block-diagram of the equipment is drawn m figure 8. In the electro-dynamically driven pressure 
generator a harmonically varying pressure with amplitude pa and frequency v is generated. The signals of the 
pressure transducers 1 and 2 are amplified one after the other and fed into the vector component resolver, that 
decomposes them into one component in phase with the 0-degree oscillator signal and one in quadrature to it. 
The resolver rejects all signals, except those, having a frequency equal to that of the oscillator. The two components 
of each signal are measured by a digital voltmeter. 

The results p2/p ,  have been corrected for the attenuation of the small tube, that connects transducer 1 to the 
internal volume of the pressure generator. In the frequency range considered this correction is only of the order 
of a few percent. 
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5 Experimental results and comparison with theory 
The experimental and theoretical results for a single pressure measuring system with different tube lengths 

and tube radii have been plotted in the figures 21-26. In figure 27 and 28 the results for the system with a dis- 
continuity.in tube radius are presented. 

The theoretical results have been calculated assuming an ideal tube with circular cross section and constant 
internal radius. In reality an exact measurement of the tube radius is not possible and furthermore local deviations 
may occur. A comparison of the experimental results with theoretical results calculated with the experimentally 
determined mean tube radius R, shows that in most cases small deviations exist. It appears that these differences 
can be completely cancelled by performing the calculations with an effective tube radius R, which is only slightly 
(2-5%) smaller than the mean radius R,. The fact that the largest correction must be applied to the smallest tube 
seems to indicate, that the determination of the mean tube radius was not accurate enough. This is supported by 
the two experiments with the discontinuous system (figures 27 and 28). 

In the first case the pressure disturbance has been applied at the entrance of the wider part of the tube and the 
pressure transducer was connected to the end of the smaller one. In the second case the same tube has been 
used, but now in opposite direction. In both cases the same effective radii for the two parts must be'taken to obtain 
theoretical results that are in perfect agreement with experiment, Furthermore it is striking that these values agree 
with the effective radii of the tubes of the single systems of figures 21 and 23, that are coming from the same ori- 
ginal tubes as the two parts of the discontinuous system. The results with different values of the pressure input 
p o  show that in the range considered non linear effects are hardly present. 

Finally, since. both steel tubes and plastic tubes give a good agreement between theory and experiment, the 
tube material appears to have no noticeable influence. 

6 Conclusions 

1) The response characteristics of the pressure measuring systems considered can be predicted theoretically to a 

2) In the range of applied sinusoidal input pressures the non-linearities are negligible. 
3) The tube material does not have any noticeable influence on the dynamic response. 
4) The present theory enables the optimal design of pressure measuring systems adapted to the NLR technique 

From the investigation, the following conclusions can be drawn: 

high degree of accuracy. 

for measuring pressure distributions on oscillating windtunnelmodels. 
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APPENDIX 

Derivation of the formulae 
C~ ~ = ~ _ c ~  ~~ ~~ ~ 

. =~ .~ _c 
~~ 

~~~~ 

The equations governing the motion of a fluid in a circular tube (figure 1) are: 
(a) The Navier-Stokes equationsffor constant value of the absolute fluid viscosity @): 

(b) The equation of continuity: 

E z :] a p  - a p  ap  - + u - + v - + p  - + - + -  = o  
at ax ar 

(c) The equation of state for an ideal gas: 

p = pRoT 

(d) The energy equation: 

I where #J is the dissipation function that represents the heat transfer due to internal friction: 

Putting p = p,+peiV' 
p = p s +  p eiv' 

and assuming that: 

- the sinusoidal disturbances are very small. 
-'the internal radius of the tube is small in comparison with its length 
-the flow is laminar throughout the system 
the eqs. (1) to (5) can be simplified to: 

ivp,gC,T=I - + - - + ivp pa? ; F] 
The unknown quantities p, p, T, u and u must satisfy the following boundary conditions: 

At the wall of the tube (r = R ) :  
zero radial and axial velocity, i.e. : u = 0 ; u = 0 (11) 

zero: T=O (12) 
The conductivity of the wall is supposed to be so large that the variation in  temperature at the wall will be 
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At the center of the  tube (r  = 0): 
Due to the axial-symmetry of the problem: u =0  
A further requirement is that the values of u, 7: p and p remain finite 

General solution 

---From eq. (7) it follows that the amplitude of the pressure disturbance p is a function of the x-co-ordinate only. 
Eq. (10) can be written as: 

Introducing the notation a = i*R 

where z = 71fi, equation (14) reads: 

and P, = (the so-called Prandtl-number) and putting T=f (x )  h ( z ) ,  L d 
ar 

with the solution: 

From the condition that T must remain finite for r = 0, it follows Cz = 0. For r = R T must be zero, so: 

From (16) and (17) 

and substituting this result in eq. (9): 

Eq. (6) can be rewritten as: 
u - - . ; - - + - - - - - -  ' 1 dp 

Ivp; ["'" z] - ivp, d x '  

This equation can be solved in a similar way as eq. (14). The solution that fulfils the requirements that u remains 
finite for r = 0 and is zero for r = R yields : 

U =  b$) - 1  1 1  --. dp 
~vp" dx 

Finally the equation of continuity, eq. (8), has to be satisfied, thus 

1 d(0.r) , p au 
1v- - - _ _ _ =  

r ar P, ax 

or with the aid of the expressions (19) and (21): 
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After integration with respect to I :  

From the boundary condition u=O for r = R  it follows: 

Due to the axial symmetry; it must hold that lim u = O .  

This requirement is fulfilled if F (x) = 0, or 
r - 0  

From this differential equation p can be solved as: 

introducing the notation 

the general solution for the fluid motion in a tube yields: 

The constants A and B can be determined after the boundary conditions at both ends of the tube have been 
prescribed. 

Application 

With.the aid of the solutions (30)-(34) a system consisting of a series connection of N tubes and N 
(figure 2)  can be treated. To solve this problem some additional assumptions are made: 
-the pressure and the density in the instrument volumes are only time dependent. 
-the pressure expansion in the instrument volume is a polytropic process, described by 

volumes 

L - k, = constant. (F") (35) 
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For the Row through tube j the following expressions are valid: 

p = A j  exp($jXj)-Bj exp(-q5jXj) 

and 

u = - + .  i J' (') - I] {Aj exp (4jXj) - BJ exp (- 4iX,)} 
VP., Jo(aj> 

and j = 1 , 2 , 3 ,  . . .  N 

For tube j it holds: 

at the entrance: X j = O :  pj-l = Aj+Bj 
at theexit: ' X j = L j :  p j = A j e x p ( @ j L j ) + B j e x p ( - $ j L j )  

i 

VPSJ 
u. .  J' = -6.  {Aj exp (+jLj) - B j  exp ( -+ jLj ) }  

and the mass leaving tube j: 

For tube j +  1 it holds: 
at the entrance: X,,, = 0: 

the mass entering tube j +  1 : 

at theexit: X j + l = L j + l :  

P ~ + ~  = Aj+l  exp (+j+lLj+l) + Bj+l exp ( - 4 j + l L j + l )  
From eqs. (39) and (40) it can easily be found that: 

and from eqs. (43) and (46) it follows: 

For the instrument volume it is assumed that 

Considering small values of p,,(=pj) and p. eq. (49) can be simplified to 

p . = a i  - p p . .  kj 

'Y 
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The instrument volume, corrected for diaphragm deflection is defined as: 

__ 
The mass of air within this volume is than: 

The variation of mass within the instrument volume is: 

The mass increase of the instrument volume must be equal to the difference in mass leaving tube j and the mass 
entering tube j +  1, thus: 

Substituting the expressions (42), (49, (47), (48) and (53) into eq. (54) the following recursion formula can be 
derived : 

= [cosh (bjLj) + 3 njbjLj sinh ($jLj) + 
Pj-1 K, 

with q, = xR;Lj, the volume of tube j .  

transducer j to the sinusoidal input pressure po can be derived by successively putting j = N ,  N -  1, . . . 2, 1. 

, 
From the recursion formule (55) the expressions for the complex ratio of the pressure fluctuation of each 

It  will be noted that for j = N the last two terms of expression (55) disappear. 

' 
I 

TABLE 1. SlNGLE PRESSURE MEASURlNG SYSTEMS 
(calculations) 

R .  L V" o k  T, P, fig. Remarks 

Influence of R 
and L 

; ata 1 9 

; ] 10 

0.50 mm 500" 3Wmm' 0 1.4 15°C 
0.75 , 500 300 0 1.4 I5  
1.25 500 300 0 1.4 15 1 
0.50 IOMI 300 0 . 1.4 15 
0.75 1WO 300 0 1.4 15 
1.25 1000 300 0 1.4 IS 1 
0.50 3000 300 0 1.4 15 
0.75 3000 300 0 1.4 15 
1.25 3wo 300 0 1.4 15 

1 
I 1  

12 Influence of r: 
1 

0.75 I000 100 0 1.4 IS 
0.75 lwO 300 0 1.4 I5 
0.75 loo0 1000 0 1.4 15 

~ 

13 Influence of k 1 
0.75 1wO 300 0 1.4 I5 
0.75 lOMI 300 0 1.0 15 , 

14 Influence of pa 
0.75 loo0 300 0 1.4 I5 
0.75 IWO 300 0 1.4 ' 15 
0.75 1OMI 300 0 1.4 1 5 .  

15 Influence of T, 1 
0.75 1000 3M 0 1.4 0 
0.75 I000 300 0 1.4 30 
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TABLE 2. SYSTEMS WITH DISCONTINUITY IN TUBE RADIUS 

(calculations) 

L,mm L,mm R , m m  R z  nun 
% = O  

250 750 0.50 0.50 0.75 - a1 = o  
2% 7M 0.75 0.50 0.75 1.25 V,, = 302 m3 

500 500 0.75 0.50 0.75 1.25 k2 = 1.4 
500 SCA 0.50 0.50 0.75 - standard sea level 
750 250 0.75 0.50 0.75 125 conditions 

TABLE 3. SINGLE PRESSURE MEASURING SYSTEMS 
(calculations and experiments) 

L m m  R.mm 

500 0.525 
1wO 0.49 Y,=285 mm3 
IOW 0.795 D =002 
loo0 1.09 
3000 0.70 
3910 0.965 

TABLE 4. SYSTEMS WITH DISCONTINUITY IN TUBE RADIUS 

(calculations and experiments) 

L ,  m m  L, m m  R, .  mm R,. mm 

Mo 500 0.525 ’ 0.79 u =a02 
500 5W 0.79 0.525 

Vu = 285 mm’ 

Fig. 9. Influence of tube radius R on the dynamic response. Fig. 10. Influence of tube radius R on the dynamic response. 
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Fig. 15. Influence of mean temperalure on the dynamic response. 

Fig. IS. Influence of R ,  on the dynamic response of a double 
pressure measuring system. 
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Fig. 19. Influence of restrictions at the entrance and at the end 01 
the tube. 

Fig. 20. Influence of restrictions at the entrance and at the end of 
the tube 

Fig. 21. Experimental and theoretical results for a single pressure 
measuring syslem. 

Fig. 22. Experimental and theoretical results for a single pressure 
measuring system. , 



18 

Fig. 23. Experimental and theoretical results for a single pressur? 
measuring system. 

Fig. 25. Experimental and theoretical results for a single pressure 

Fig. 24. Experimental and theoretical results for a single pressure 
measuring system. 

Fig. 26. Experimental and theoretical results for a single pressure 
measuring system. measuring system 



Fig. 21. Experimental and theoretical rcsuIu for a double prcssure 
measuring system. 
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Fig. 28. Experimental and theoretical results for a dpuble pressure 
measuring system. 
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A method for estimating unsteady pressure distributions 
for arbitrary vibration modes from theory and from 
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Summary 

A method is proposed to estimate lor a lifting surface pressure distributions to be measured lor arbitrary vibration modes by the aid of theory 
and measured distributions lor one single mode. Its usefulness i s  demonstrated on hand of two swept wings of small aspect ratio oscillating in 
incompressible flow. 

Due to insensitivity to reduced frequency variations of the correction procedure it appears to be possible lo predict experimental pressure 
distributions for reduced frequencies, more or less diflereni from the values used in the measuremenis. 
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List of symbols 

a 

C - aerodynamic influence coefficient. 
ACp - differential pressure. 
F - aerodynamic force. 
h -linear deflection. 
W -element of correction as well as weighting 

matrix. 
a -downwash 
B - angular deflection 
w - reduced frequency 

-coefficient in series for approximating the 
pressure distribution. 

This report has been prepared under contract with the Netherlands 
Aircralt Development Board (N.I.V.). 

[ 7 -matrix 
C J -diagonal matrix 
{ } -column matrix 

1 Introduction 

In recent years considerable progress has been made 
in developing measuring techniques for the deter- 
mination of unsteady aerodynamic forces. At the mo- 
ment it is possible to  obtain rapidly accurate experi- 
mental data for a multitude of mach humbers and 
reduced frequencies. For instance, in ref. 1 Bergh 
describes a method for the measurement of unsteady 
pressures on harmonically oscillating wings. 

However, the flutter engineer is still faced with severe 
problems if he wants to employ these measured aero- 
dynamic data in order to improve his flutter calcula- 
tions. The reason is that the measurements are often 
performed on relatively simple models, oscillating in 
modes being different from those needed in the flutter 
calculations. In this situation he is forced to transfer 
his experimental data in one way or another to make 
them suitable for the modes required. The apparent 
solution to measure the data directly for all the modes 
he wants is hardly possible in practice as it requires 
pressure measurements on dynamically similar models. 

In this report a method is presented enabling the 
estimation of pressure distributions to be measured 
for arbitrary modes proceeding from experimental and 
corresponding theoretical distributions for one single 
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mode. In this way pressure distributions have been 
predicted for two swept wings oscillating in incom- 
pressible flow. A satisfactory agreement is shown to 
exist between estimated and measured distributions. 

2 Some previously suggested methods 

The method in question has been based on the work 
of Rodden and Revell (ref. 2), and Bergh (ref. 1). For 
clearness their ideas will be summarized to begin with. 
The first two authors represent the theoretical aero- 
dynamic forces in their flutter calculations by “control 
point forces” { F } ,  related by a matrix of aerodynamic 
influence coefficients [C l  to the “control 6oint de- 
flections” { h )  of the lifting surface: 

They assume only results of static measurements to be 
available and therefore provide an agreement between 
theory and experiment in this limiting case by introduo 
ing a diagonal matrix W &,a, to weight matrix [C], 
defined by 

In this equation’ { h }  is connected actually to a wing 
with prescribed angle of attack. Once the r W,,., J- 
matrix has been determined, Rodden and Revell 
suppose r W,,., J to he also applicable in unsteady 
cases, so that for an arbitrary vibration mode (h} the 
experimental unsteady forces may be predicted by the 
equation : 

~ 

It is reasonable to expect that the application of the 
r W,,,, J-matrix will be justified for small values of the 
reduced frequency. At higher values however the 
validity of this method may he questionable. 

A generalisation has been suggested by Bergh. He 
proceeds from the following theoretical formulation 
of the unsteady pressure distribution: 

= [‘Ith {a)th 3 (4) 

where (@}‘represents values of the downwash in a 
number of collocation points, [‘Ith a matrix of aero- 
dynamic influence coefficients, and {a},b coefficients 
in the series used to approximate the pressure distrihu- 
tion in a number of streamwise sections. Bergh assumes 
a matrix of experimental aerodynamic influence 
coefficients to exist in such a way that analogous to 
theory the relation holds: 

(4 = [CI,,, { 4 e x p  3 (5) 

where the pressure distribution {a}exp has been 
approximated by the same kind of series as in theory. 
Analogous to Rodden and Revell he introduces a 
diagonal matrix W J to weight matrix [C],h 

If for a specified combination of vibration mode and 
reduced frequency the corresponding experimental 
pressure distribution in the form of {a}exp is known 
the matrix c‘ W ;I can he deterpined and used conse- 
quently to estimate experimental distributions for 
other modes at that frequency. 

Thus the main difference with the method of Rodden 
and Revell is, that here the r W J-matrix is dependent 
on the reduced frequency: to each reduced frequency 
an other matrix belongs. 

A disadvantage of Bergh‘s method is that it needs a 
prescribed series approximation for the measured 
pressure distributions in stead of the measured 
distributions itselves. That means ‘the results will 
depend on the accuracy of this approximation. In 
practice this has shown to be a serious limitation. For 
instance, while testing the effectiveness of Bergh‘s 
method it appeared that the experimental pressure 
distributions could not be approximated with sufficient 
accuracy by three terms, using the method of least 
squares. This is demonstrated in fig. 1 (for simplicity 
only real values are given), where the errors caused by 
approximation are shown to be of the same order of 
magnitude as the discrepancies between theory and 
experiment. It is clear that such errors will disturb the 
possible improvements in the estimated pressure 
distributions. The other way of increasing terms in the 
series approximation leads to impractical large com- 
putational work to obtain the corresponding theoret- 
ical distributions. Besides, Bergh‘s formulation has 
the limitation to he exclusively coupled to the so-called 
kernel function method, as used for this report. If the 
theoretical distributions should be obtained from an 
other theory, it is questionable if this formulation 
could he maintained. 

3 The present method 

To avoid the disadvantages of the before-mentioned 
methods an other generalisation of Rodden and Revells 
method has been developed, that uses the measured 
pressure distribution without any approximation. 

Starting point has been the following relation 
between the experimental and theoretical “control 
point forces” for any vibration mode, that must exist 
according to eqs. (1) and (3): 

{ F l a p  c‘ %tat J iF)th (8) 

to he applied again to both steady and unsteady cases. 
As the “control point forces” are related directly to 

specific integrated pressure values, a logical extension 
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is to assume a similar relation as eq. (8) for the pressures 
itselves. The following step is to take this ratio between 
experimental and theoretical pressures dependent on 
the reduced frequency analogous to the method of 
ref. 1. 

In this way the following expression is obtained: 

with r W J being independent on the mode of vibra- 
tion. 

In this formulation the correction matrix r W.J 
for a given reduced frequency can be calculated from 
corresponding theoretical and experimental pressure 
distributions for one single mode. Then results for 
other modes at the same value of the reduced frequency 
can be estimated with eq. (9) by applying the same 
matrix r W -J to correct the corresponding theoretical 
distributions. 

Which kind of calculation scheme has been used to 
obtain the theoretical distributions is of minor 
importance. 

In the following sections the usefulness of this 
method will be demonstrated on hand of two swept 
wings oscillating in incompressible flow. Furthermore 
the correction.matrix itself will be shown to have 
certain properties that can be used to enlarge the 
flexibility of the proposed method. 

4 Data for examples used to demonstrate the method 

Two lifting surfaces will be considered, called: 
1 stabiliser with detachable tip (for planform see 

2 fin (for planform see fig. 3). 
The maximum 'profile thicknesses are about 10%. 
After removal of the tip the stabiliser is sharply cut off. 

For each surface theoretical and experimental 
pressure distributions have been determined in five 
streamwise sections. The flow is considered to be 
incompressible. The theoretical distributions have 
been obtained using a method developed by Laschka 
(ref. 3,4) for an infinite thin lifting surface oscillating 
in an ideal fluid. 

During the measurements each surface could per- 
form two motions, namely a pure flapping motion 
(no. 1) about axis 1, and a pure pitching motion (no. 2) 
about axis 2. In chapter 5.2 two new motions will be 
introduced (nos. 3 and 4); they are linear combinations 
of motions 1 and 2 so that the rotation axes are lying 
in positions 3 and 4. 

The results are available for the following reduced 
frequencies : 
stabiliser: w = 0; 0.15; 0.20; 0.25; 0.35; 0.45; 0.55; 
fin 
where w for both surfaces is related'to the half mean 
geometric chord of the fin, E12 = 0.475 m. 

fig. 2); 

: w = 0; 0.20; 0.35; 0.55; 

In the discussion the results for sections 1 will be left 
out of consideration, as the measbred pressures for 
these sections are not representative due to disturbing 
influences of the tunnel wall. 

5 Discussion of tbe results 

5.1 The correction matrix. 
An obvious question is: Are the C W J-matrices, 

when derived from different modes at the same reduced 
frequency, suficiently equal? 

In fig. 4 the matrices following from modes 1 and 2 
have been depicted for the stabiliser with tip at w = 0.55 
by plotting the values of the matrix elements for various 
spanwise sections in chordwise direction. If complete 
agreement should exist between theory and experiment, 
all elements should take the (real) value 1; thus one 
has to note the deviations from this value. 

In all spanwise sections the matrices show the same 
features. Over the front parts the real values lie slightly 
above 1, as the imaginary values are about zero. Over 
the rear parts the real values decrease and the imag- 
inary ones just grow out. These peculiarities become 
more pronounced towards the tip. They will be 
discussed below. 

Comparing the matrices derived from modes 1 and 2 
the distributions of the element values appear to agree 
very good; only a small difference in level can be 
observed. One has to consider that the underlying 
modes are quite different: the downwash in mode 2 
originates from both instantaneous incidence and 
dynamic profile curvature, as in mode 1 the instan- 
taneous incidence is zero; in this view the downwash 
inmode 2 may be called more complete than in mode 1. 

The features shown by the matrix elements are prob- 
ably governed by two important effects, occurring in 
physical reality but not taken into account in theory, 
namely finite thickness of the stabiliser and fluid 
viscosity. To demonstrate the influence of thickness 
r W J-matrices have been derived by comparing 
theoretical results for a 14.4% thick and for an in- 
finitely thm profile in two-dimensional flow. The modes 
considered are heaving and pitching. The pressure 
distributions for the thick aerofoil are taken from the 
work ofVan de Vel (ref. 5). The elements of the r W J- 
matrices have been plotted in fig. 5 for both modes at a 
reduced frequency of 0.24, this value being related to 
the half wing chord. Over the front parts the matrices 
show large resemblance with the matrices of the 
stabiliser; over the rear parts a clear correspondence 
does not arise. Tlie latter is partly due to the fact that 
in the theory of Van de Vel the Kutta-condition could 
not be applied in a satisfactory way, leading to the 
existence of non-zero pressures at the trailing edge. 
The main reason however, is the influence of viscosity 
in the experimental distribution of the stabiliser that 
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becomes more pronounced towards the trailing edge. 

5.2 Estimation of pressure distributions. 
With the aid of theoretkal pressure distributions for 

mode 1 and the W ;I-matrix from mode 2, experi- 
mental distributions for mode 1 have heen estimated; 
likewise has heen done for the experimental distri- 
butions for mode 2 using the theoretical distributions 
of mode 2 and the [' W ]-matrix from mode 1. As an 
example in fig. 6 the theoretical, measured and es- 
timated experimental pressure distributions for the 
stabiliser with tip at o = 0.55 have been plotted for 
both modes, the one per unit flapping angle 8, and 
the other per unit pitching angle Bz. Between measured 
and estimated distributions a reasonable agreement 
appears to exist, demonstrating anyhow that all typical 
differences between theoretical and experimental dis- 
tributions could be caught by applying the c' W J- 
matrix. 

So far, the effectiveness of the present method has 
been tested for two rather extreme modes. For a clear 
judgement it is better to apply the method to more 
common modes for this type of swept wings with small 
aspect ratio, but then a comparison with measured 
results is hampered by lack of experimental data for 
such modes. As a compromise modes 3 i n d  4 have been 
created with swept forward and backward node lines 
resp., both modes being linear combinations of modes 
1 and 2. Supposing linearity of the measured pressure 
distributions as well, the experimental data for modes 
3 and 4 can be derived from those of modes 1 and 2 by 
superposition. In this way experimental pressure dis- 
tributions for mode 3 and 4 have heen obtained for 
both stabiliser with tip and fin. They have been com- 
pared with estimated pressure distributions by using 
the c- W J-matrix from mode 2. 

In fig. 7 the comparison is shown for the stabiliser 
with tip at o = 0.55. The estimation appears to be very 
good for both modes, even at the tip sections. This 
statement is not surprising as the greater part of the 
predicted distributions comes from mode 2. 

An analogous comparison is shown for the fin in 
fig. 8, again at w = 0.55. Also for this surface, having a 
somewhat different planform, the agreement between 
experimental .and estimated pressure distributions is 
very good. 

For the stabiliser without tip only the direct com- 
parison between measured and estimated pressure 
distributions for modes 1 and 2 is presented as it is 
doubtful whether linear superposition of the measured 
pressure values in the tip region is allowed or not. 
Fig. 9 shows that even in this case application of the 

W J-matrices leads to  reasonable agreement, al- 
though the differences in level are larger than in the 
previous examples. 

In this chapter only results for w = 0.55 have been 

presented. Calculations for lower values of w however 
have shown similar results. 

6 A possibility to enlarge the applicability 

An interesting point of study is the dependence of 
the [' W ;I-matrix on the reduced frequency. To show 
this in an example, in fig. 10 values of the matrix 
elements at various values of o have been plotted for 
the stabiliser with tip, sections 3 and 5. It is striking 
that the matrix elements have nearly the same trend 
along each chord and only diverge slightly over the 
rear part towards the tip. It is worth investigating if the 
feature of small w-dependence can be used to enlarge 
the applicability of the method in question. 
a A first possibility is to choose a IC W ;I-matrix from 

the middle of the range of reduced frequencies 
considered and to employ this matrix in case of other 
frequencies. For demonstration experimental pres- 
sure distributions have been predicted in fig. 11 for 
the stabiliser with tip, sections 3 and 5, and mode 4 
at w = 0, 0.20 and 0.55, making use of the' W -J- 
matrix from mode 2 for w = 0.35. In case of o = 0 
complex pressure values are found, but then only 
the real parts are taken to be significant. The agree- 
ment between measured and estimated distributions 
appears to be fairly good through the whole range of 
reduced frequencies. As the correction matrix was 
shown to be rather independent of w, this agreement 
is not surprising. 

b Another possibility is, .according to Rodden and 
Revell, to take the [' WJ-matrix for w = O  (nec- 
essarily derived from mode 2) and to employ this 
matrix in case of reduced frequencies unequal to 
zero. This procedure has heen demonstrated in fig. 12 
by estimating pressure distributions in the same 
sections and for the same mode as under a, now at 
w = 0.20, 0.35 and 0.55. The agreement is good for 
the forward part of the chords, but the prediction 
over the rear part is less accurate, especially towards 
the tip. 
These two procedures have been applied also to the 

fin, for which the experimental pressure distributions 
could be estimated with about the same accuracy as 
for the stabiliser with tip. 

So far only surfaces with a smooth thickness distri- 
bution have heen considered. However the possibility 
exists to check the two procedures for a less smooth 
distribution, viz. the stabiliser with the sharply cut 
off tip. In fig. 13 WJ-matrices are given for this 
stabiliser, section 5, at o = 0, 0.35 and 0.55. Here the 
matrices show a clear dependence on reduced fre- 
quency. Application of the matrix f o r o  = 0 to estimate 
experimental pressure distributions for mode I and 2 
at w = 0.55 consequently leads to extravagant pressure 
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values, see fig. 14, as the matrix f o r o  = 0.35 yields only 
just reasonable distributions. But it must be noted that 
in this special case the correction matrices have ex- 
ceptional large magnitudes, indicating that the theory 
completely fails to approximate the actual pressure 
distribution. 

As for more regular cases with correction matrices 
of the order 1 the influence of reduced frequency seems 
to be of minor importance, this property can be used 
to limit the number of reduced frequencies in the pro- 
gramme of pressure measurements to a few, widely 
spaced values. For intermediate values of the reduced 
frequency pressure distributions can be estimated by 
using matrices, calculated from measurements at 
neighbouring reduced frequencies. 

As the present investigation is of a too limited scope 
to derive general conclusions, the authors suggest the 
following procedure in applying the proposed method. 
1 To measure pressure distributions for at least two 

different modes. 
2 To measure these distributions at not too widely 

spaced values of the reduced frequency. 
3 To compare in both cases the derived correction 

matrices mutually in order to check the assumptions. 

7 Conclusions 

The following conclusions can be drawn from the 
present investigation: 
1 The proposed method appears to be a convenient 

means to estimate pressure distributions to be 
measured for arbitrary modes of vibration from the 
measured distribution for one single mode. 

2 The influence of the reduced frequency on the correc- 
tion matrix seems to be of minor importance in case 
the experimental distribution is described reasonably 
by theory. 

3 This insensitivity to reduced frequency can be used 
to derive from pressure measurements at a few, 
rather widely spaced values of the reduced frequency 
experimental pressure distributions for intermediate 
values of this parameter. 

4 The proposed method offers the flutter engineer a 
means to improve his flutter calculations with 
experimental aerodynamic data, derived from a 
limited programme of unsteady pressure measure- 
ments. 

8 Final remark 

In this report the usefulness of the proposed method 
is demonstrated only for swept wings in incompressible 
flow. Its general formulation however enables a much 
wider application and the authors believe it will give 
acceptable results in those cases where theory already 
gives rather good results. To check this they suggest to 
investigate the applicability on the following aspects: 
1 compressibility, 
2 interference effects (e.g. a T-tail configuration), 
3 non-planar bodies (e.g. fuselages, nacelles, pylons). 
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Fig. 1 Ex.nample of approximating experimental pressure distribu- 
tions with method after ref. 1. 
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Fig. 3 Fin planform Fig. 2 Stabiliser planform. 
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STABILISER WITH TIP.W=0.55 

I 

/ . 
I 
I R E M A R K : T H E  ENCIRCLED POINTS ARE KNOWN TO B E  BASED ON INCORRECTLY MEASURED 

PRESSURE VALUES. 

Fig.'4 r W J-matrices lor stabiliser with tip calculated from modes 1 and 2 at o = 0.55, 
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Fig. 1 Pressure distributions for stabiliser with tip and modes 3 and 4 at o = 0.55, using W.J r*= o,II from mode 2. 
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Fig. 8 Pressure distributions for fin and modes 3 and 4 at o = 0.55, using r W .J*= o,,5 from mode 2. 
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Fig. 12 Pressure distributions for stabiliser with tip, sections 3 and 5 ,  and mode 4 at various reduced frequencies, using r W & = @  
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velocity distribution on the axis is prescribed throughout the nozzle including the subsonic region, and the 
corresponding flow field found as the solution of an initial value (Cauchy)problem. From this solution, an arbitrary 
pair of streamlines can he chosen as the flow boundary, and when this contour can he realized in practice, the 
design procedure is finished. A different situation exists, however, when constraints are to he imposed on the 
nozzle contour. To begin with, a solution of a Cauchy problem is defined in a limited and usually a priori unknown 
neighbourhood of the axis only, consequently it is impossible for a given axial velocity distribution to specify, 
say, an arbitrary test section height. 

In practice, much more severe constraints are often to he imposed-on the nozzle contour, in order to obtain 
a simple variable nozzle mechanism. Consider the construction sketched in fig. 1. Part of the nozzle generating 
an accelerating supersonic flow, consists of a contoured block, rotating around a sliding center to give the test 
section Mach number variations. The remaining part of the nozzle contour, converting the accelerating flow 
into a homogeneous parallel supersonic jet, is realised as a flexible plate, controlled by the block positions and 
a (number of) variable jack(?.). This poses the problem to construct a sequence of Laval nozzle flows generating 
a uniform jet and admitting a given one parameter family of curves as part of the flow boundary. However, it 
is impossible to give to this problem a direct mathematical formulation and solution. In the first place, it is un- 
known what conditions must he imposed on the shape and smoothness of a curve to be acceptable as part of 
the contour of a Laval nozzle (existence problem, cf. ref. 5) .  On the other hand, when a solution following a 
given flow boundary can be found, it can usually he continued to give uniform conditions further downstream in 
many different ways (uniqueness problem). These diffculties can be circumvented, however, when it is sufficient 
to attain a solution in an “engineering approximation”. The procedure, then, is first to estimate axial velocity 
distributions for a number of “pivotal” throat positions, to yield (via the solution 0f .a  Cauchy problem) a set 
of boundary contours near the prescribed ones. It is natural then to correct for the remaining contour differences 
by a perturbation scheme. In fact, two such procedures have been developed to serve different purposes, although 
in the practical context the use of only one was found necessary. 

First, an initial value perturbation scheme yields a family of contour perturbations for a prescribed set of 
perturbations of the initially given velocity distributions on the axis. Within this family the necessary boundary 
corrections can be-constructed, say in a least square approximation. This perturbation procedure works in the 
entire domain of definition of the original approximating solution, and provides an analytic perturbation solution 
for analytical initial value perturbations. Secondly, a boundary perturbation procedure operates in the opposite 
direction: for a given perturbation of the boundary in a supersonic part of the given flow field the corresponding 
variations of the velocity distribution on the axis can be found. Being a characteristics method, this procedure 
is necessarily confined to supersonic regions of the flow field, hut not to analytic perturbations, which is of course 
a rather unnatural restriction in a supersonic flow. 

Thus, by combination of the basic initial value problem with one or both of these perturbation schemes, an 
“iterative” procedure consisting entirely of tractable mathematical operations has been found, which will solve 
the engineering problem in a practical sense. It is not known, however, under what conditions such a procedure 
could be expected to converge in a precise mathematical sense. 

In this report, a number of explicit examples of the procedures mentioned are given. As an example of the 
inverse approach in Laval nozzle design, two Laval nozzle flows are defined as the solution of a Cauchy problem 
with given axial velocity distributions as initial conditions. One is a complete Laval nozzle flow such as can 
be used for design purposes; the second represents the flow at the throat for a linearly increasing velocity distri- 
bution, and can immediately he compared with Sauer’s well known approximate solution (ref. 16). The formulation 
and numerical procedures of these problems are patterned along the lines of a method developed at RAE and 
reported by Barritt (ref. 1). 

Next, two simple examples of the initial value perturbation problem are given. It was found unnecessary to 
use this method in the practical design problem, however, the method is of considerable intrinsic interest as a 
perturbation of a solution involving a singular (“sonic”) line. The key here is in the use of the PLK-method (ref. 17), 
which has been suggested in the mathematically related blunt body problem by Vaglio-Laurin (ref. 18). The exam- 
ples have been selected such that the solution of the perturbation problem can immediately he compared with a 
non-linearised numerical solution of the initial value problem. 

The boundary perturbation problem for the characteristics method has several useful applications. In an 
example it is used to assess the aerodynamical consequences of realizing the theoretical flow contour as a flexible 
plate which in practice gives only an approximation of the ideal shape. For the numerical treatment of the resulting 

hyperbolic problems we have drawn upon the experience built up by Zandbergen and his group at NLR. 
Finally an example is given of the practical solution of the originating design problem for a Laval nozzle with 

partially prescribed contour. The boundary perturbation procedure is used to find a correction to an estimated 
axial velocity distribution. This corrected velocity distribution then defines a flow boundary giving a sufficiently 
accurate approximation to the prescribed one. 

The relevant differential and perturbation equations are derived in Appendix A. The second Appendix presents 
a brief discussion of the numericd integration of the Cauchy problem by a finite difference method.’Some tests 
are discussed for assessing the numerical accuracy for this inherently unstable numericahnethod. 
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2 Laval nozzle flow problems and resulb 

2.1 Th2 initial value problem 
2.1.1 In the indirect approach to Laval nozzle computation, the equations for plane compressible potential 
flow of an ideal gas (cf. par. A 1.1) written on streamfunction/potential function coordinates are used, together 
with a prescribed analytical axial velocity distribution as initial conditions : 

(2.1.1a) 

(2.1.1b) 

In this formulation, the velocity parameter t = (q/qmJ2 is chosen as a dependent variable to obtain the simplest 
possible form of the differential equations. 

In the domain of definition of the solution of this Cauchy problem a pair of streamlines is chosen, defining 
the nozzle boundary. Note that the analyticity condition on the initial values means that uniform conditions 
can only be reached asymptotically. 

It is convenient to transform to a new independent variable [ instead of 4, defined by: 

[ = J ?-jdd, (2.1.2) 

then on the axis ($ = 0), [ coincides with the physical plane x-coordinate. .Eq. (2.1.1) can now he written: 

p1, = e, 
Qe{ = l* 

P(z,[) = ?-f([)P(r) 
Q h C )  = ?-j(C)Q(T) 

where 

and the transformation back to  the physical plane reads (cf.’eq. A 1.7) 

The initial conditions can then be given in the form: 

(2.1.3) 

(2.1.4) 

(2.1.5) 

where ?([) is an analytic function. 

scribed, which have been constructed using the numerical scheme of Appendix B. 

2.1.2 In fig. 2 a Laval nozzle flow such as can be used for practical design purposes is represented as a hodograph 
mapping. The prescribed axial velocity distribution is given by: 

In the next two paragraphs, examples of Laval nozzle flows for different initial conditions (2.1.5) will be de- 

(2.1.6) r - r _ m  
rm-7 - ,  
_ _ _  - +[I + tanb {a,([ - c)+a:(i-c)’}] 

where in the case presented 
= 0.2499 (M, = 1.2907) 

lLm = 0 
aJa, = 0.7570 

have been chosen 
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The parameter T, defines the velocity far downstream in the nozzle, while TL,  represents conditions at the 
other extreme. Roughly, the constant al  controls the velocity gradient a t  the throat region, and a3 the rate of 
convergence to uniform conditions*. Of course, a I  and a3 contain a scale factor and also the location of the origin 
as controlled by c is physically irrelevant. 

In the hodograph representation of fig. 2 the flow quantities M and 0 are for clarity plotted as Cartesian co- 
ordinates. This hodograph illustrates clearly the geometry of a Laval nozzle flow as discussed in Appendix C of 
ref. 14. In particular the occurrence of a triply covered region in the hodograph near the branch line characteristic 
(through the point M = 1,0 = 0) and the location of the image of the region downstream of the throat in between 
the branch line and the limiting characteristic (through M = M,, 0 = 0) is shown. As discussed in ref. 14, this 
means geometrically that the jacobian J = det(u,.j) > O  for this region, which in turn expresses physically that in 
a well designed Lava1 nozzle only expansion waves occur downstream of the throat region. 

2.1.3 In fig. 3 a flow in the throat region of a Laval nozzle corresponding to a linearly increasing velocity distri- 
bution on the symmetry axis is shown. This case has been chosen as the basis field for the perturbation problems 
to be studied in section 2.2. 

i = (a+b( )2  (2.1.7) 

where a = - :I' (the sonic speed) so that M = 1 for ( = 0, and b determines the linear scaie of the flow field. 

The solution is graphically presented in term of isogonals and isochores drawn in the physical plane; this 
representation can be compared with the hodograph image of the throat region of fig. 2. . 

The present solution can be compared with Sauer's ,approximation (ref. 16) for the conditions at  the throat 
of a Laval nozzle. In fig. 4a a comparison is made between the locations of isochores and isogonals as predicted 
by Sauer's solution and the present numerical results, which may be considered to represent the exact solution 
within the numerical accuracy attainable. For sonic curve and throat position (0 = 0) the agreement is rather 
good in the range shown, the maximum deviation for these curves being in the order of 2 %. In fig. 4b a comparison 
is given for the streamline curvature at the throat (0 = 0). In Sauer's approximation this is given by the expression 

The axial distribution can be written 

1 
- R = ( y +  l ) a 2 y  

Y- 1 
Y+l 

where y denotes throat height and a = 2 - ( T ~ ) ~ = , .  is the velocity gradient on the axis. For the present case, 

the value of the throat curvature as predicted by Sauer's expression is already 8 % OK. Fig. 4c presents a comparison 
for the value of the streamfunction on the line 8 = 0, which in Sauer's approximation again is proportional 
to y .  

2.2 
2.2.1 In this paragraph, perturbations of the previous initial value problem will be considered. In this case, 
difficulties are encountered at  the sonic line, which can be formally resolved by application of the PLK-technique 
(ref. 17), of which details are given in Appendix A 2. Briefly, this involves the interposition of a coordinate perturba- 
tion, mapping the perturbed field onto the basis field, which in the present case is most simply specified by mapping 
corresponding streamlines on streamlines and isobars on isobars, and thus sonic line on sonic line. 

This leaves a system of everywhere regular linear differential equations (A 2.10) for the displacement function 
@') (or equivalently ((I)) and the angular perturbation function 0"' (see Appendix A 2), both functions being 
defined on the coordinate system of the basis field. The relations of these functions with quantities in the perturbed 
field are given by eqs (A 2.13), or equivalently eq. (2.2.6). 

2.2.2. 'As before, transforming q5 by eq. (2,1.2), the perturbation equations (A 2.10) become: 

The initial value perturbation problem 

Consider initial conditions with a perturbation term: 

(2.2.1) 

(2.2.2) 

Then, in the perturbed coordinate system, the initial data by (A 2.7), (A 2.9), (A 2.11) read to the first order in E :  

where 
(2.2.3) 

x' X I  

3 5  
* Comparetanh x ' + - +  -+...  = x  lor - l < x c l .  



5 

In accordance with the general specification (eq. A 2.9) of the coordinate perturbation, eq. (2.2.3) expresses 
that at  the point ([‘,V) of the perturbed field (where i‘ = [+E[” ) ,  #’= #) the velocity magnitude has the same 
value to the first order in E as at the point ([,$) of the undisturbed field. 

The initial conditions for the equations (2.2.1) then follow: 

(2.2.4) 

e(l)(c, 0) = o 
Solving the system (2.2.1) for these initial values by the numerical schema of Appendix B, the functions [(I), e(’) - , .  
are found. 

In the perturbed field it follows then at a point ([,#) to the first order in E :  

.r‘([,#) = T ( < , $ ) - E T ~ P  
~( i ,# )=e( r ,#)+E{e(”-e  { ’ I ‘ ‘9 

In the physical ,plane the corresponding point is displaced by E Z ( ’ )  where 

z(‘) = - J$,eis { R  .o - iR; F} d$ 
0 = g ( l i - e .  (1) r 5  
; =-Tc.p’ 
R = if( 1 - 7)- l / ( Y -  1) 

2.2.3 The first perturbation problem is obtained by perturbation of the constant term in (2.1.7): 

.I,= {(l+&)a+b[}’ 

the linear perturbation term reads 

?(‘I =h(a+b[ )  

Then, however, 
R 

[(I)([, 0) = - - 
ec”([,o) = 0 

[“’G - - 

ec” = 0 

b 

and it is immediately seen that 
R 

b 

(2.2.5) 

(2.2.6) 

(2.1.7a) 

(2.2.7) 

trivially satisfies eqs (2.2.1). This property is, of course, independent of the particular basis field, and provides an 
immediate numerical check on the stability of the integration scheme (cf. fig. 7 and Appendix B). 

The second perturbation problem is defined by perturbation of the linear term in (2.1.7) : 

i’= { ~ + ( l + ~ ) b [ } ’  (2.1.7b) 

then 8” = 2bI(a+b[) 

and (2.2.8) 

Results for this problem are .shown in fig. 5, where the displacements of the streamline-equipotentialline grid 
and of the isogonals and isochores are presented for a particular value of the parameter E.  

2.2.4 As already has been mentioned, the choice of the above linear perturbation problems has the advantage 
that the solutions can be easily checked against the non-linear numerical solution for the perturbed initial condi- 
tions. The latter solutions are trivially obtained by a shift or scale transformation respectively, and the correspond- 
ing numerical values can be obtained by interpolation in the original solution. In the present, case, a direct com- 
parison has been made, as (2.1.7a) has been evaluated for three slightly different values of E to obtain a numerical 
accuracy test. 

Writing for convenience u for the vector G), the quantity u ( [ , # ;  E ’ ) - u ( [ , $ ;  0) can be compared with cli( 
where 0 is defined in eq. (2.2.6)). However, the difference u([,$,~~)-u([,#,O) includes also the effect of the higher 
order terms in the expansion in E, while’only the first order term is represented by These non-linear effects can 
be estimated when a third exact s~lut ion for a value E’ is available by a well known argument, the use of which 
in the present context was suggested by T. J. Burgerhout. In fact, as the solutions depend analytically on E one 
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can write: 

and the analogous expression for u(C,$; E ~ ) .  

d .  
de 

Then solving for - u it follows: 

(2.2.9) 

and the expression in the righthand side can be evaluated from the known solutions and compared with 9., The 
initial value problem (2.1.7a) has been numerically solved for to = 0, 

In this case, application of eq. (2.2.9) reduces to taking the arithmetic mean between the absolute values of 
the differences in 7 or 6' for E = 0,Ol and E = -0,Ol. A comparison of the values T,= -o,ol-7i=o, t8=0,01-78=o 

and the arithmetic mean of their absolute values with I~tl, taken along an equipotentialline is made in Table 1. 
It is seen that near the axis, taking the arithmetic mean (giving a value to O(?)) effectively improves numerical 
accuracy. Further off the axis, however, higher order effects dominate. 

= +O,Ol, E* = -0,Ol. 

TABLE 1 
Comparison of perturbation velocity with dilferences of non-linearised computations 

(1) (2) (3) (4) (5 )  

1(2)1+1(3)1 perturb. value 
2 1031 [ = C  rr.o (L.,~, -Te=o)~03 (..=.ol - ~ 4 1 0 3  

* =  0 ,1958427 -.3034 +.3036 ,3035 ,3035 
I ,1959144 - .30M +.3053 ,3051 ,3051 
2 ,1961299 -.3098 +.3101 ,3099 ,3099 
3 .I964905 -.3178 +.3183 ,3180 ,3180 
4 ,1969986 -.3292 +.3299 ,3295 ,3295 

6 ,19847 13 - ,3629 ,3639 ,3634 ,2631. 

8 .2005880 -.4126 ,4145 ,4136 ,4128 ' 

5 .I976574 - ,3442 f.3450 ,3446 .3445 

7 ,1994459 -.3856 ,3870 .3663 ,3858 

9 .2019065 - ,4444 ,4470 ,4457 ,4444 

12 ,2070372 -.5753 ,5806 ,5780 .57M 

10 .2034118 -.4816 ,4849 ,4834 ,4812 
1 1  

13 
.14 .2116078 -.7025 ,7112 ,7069 ,6974 
15 
16 ,2173490 -3791 ,8935 ,8863 ,8681 

2.3 A boundary perturbation problem for supersonic flow 
2.3.1 In this paragraph a plane supersonic potential flow is assumed given, and a perturbation of a boundary ' 
streamline considered. 

The relevant definitions of the perturbation functions MI'), 6"" defined in the characteristic coordinate system 
of the basis field and the governing system of differential equations for these quantities are written down in 
Appendix A 3, so that only the appropriate boundary conditions need be given here. 

Consider a variation C' of a boundary streamline C of the given flow field, described by 

C : y' = y +  Ay 
x ' = x + A x  

(2.3.1) 

The hasis flow field is assumed imbedded in a one-parameter family analytically dependent on a parameter E 

and the Perturbation of the boundary contour is identified with the representation of the contour by the first order 
term in the expansion in E.  This is written: 

where 6"' is the displacement rate function measured along a normal to,C. Define: 

~. 
(2.3.2) 
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To formulate the boundary condition for M”’, 0“’ on the unperturbed boundary C ,  the first order correction 
for the gradient in the basis field has to be considered as before, and it follows: 

6 
6s where - denotes differentiation along the unperturbed contour 

found from : 
Then, when M “ )  is found from the solution of eqs (A 3.6) the velocity along the perturbed contour can be 

-here 0, is the streamline curvature. 
This implies that the velocity perturbation AM can only be computed on a contour where the displacement 

function ~6‘’) is given (say, on the axis of a Laval nozzle for a symmetric perturbation, 6(?’ = 0). In the field how- 
ever, the velocity and angular perturbations AM and AB, as distinguished from M‘” and @“’, are unknown. 

2.3.2 A practical example is presented in fig. 6. A theoretical flow contour has been computed, which must 
in practice be realised as a flexible wall, supported by a number of jacks and clamped at the ends. Obviously, 
this can only approximate the ideal contour, and an assessment of the aerodynamical consequences is required. 
This is all the more of practical importance, as one is of course interested in the simplest possible nozzle variation 
scheme (least number of jacks) compatible with an allowable level of departure from flow uniformity in the test 
section. 

The Laval nozzle solution in fig. 2 is taken as the basis.field, the difference between part of this contour and 
an approximation by two smoothly faired third degree curves imposed as a boundary perturbation in the super- 
sonic region. The associated characteristics field of the undisturbed solution can, be found by interpolation, 
or can be constructed anew by using the known velocity distribution along part of the contour as initial condi- 
tions for the Characteristics integration method, further using the known geometry as a boundary condition. 
This procedure has been found to work well, and gives an independent check on the accuracy of both numerical 
methods. 

The contour perturbation is shown in fig. 6, here d is the distance of the perturbed contour from the original 
boundary to be identified with the displacement function ~6(’) (cf. eq. (2.3.2.)). and &B is the diNerence in flow 
angle. Then, along the unperturbed contour e(’) can be found by eq. (2.3.4), along the axis f?’) = 0 and also on 
the right running characteristics through the upstream end of the perturbed contour, f?’’=O and M“’=O.  
From these initial and boundary values, the equations (A 3.6) can be.solved numerically, yielding along the 
axis the perturbation Mach number AM = EM‘”. 

The numerical scheme is basically the standard first order implicit characteristic difference scheme, involving 
local iteration to obtain (roughly) second order accuracy in the discretization error. This scheme is modified 
to enable a convenient evaluation to the same order of accuracy of the “cross terms” in the perturbation equations. 

2.4 Application to  a practical design case 
In this sub-section, the application of the numerical methods developed in this report to the originating problem: 

the design of a Laval nozzle with partially given contour, will be indicated. This problem resulted from the aerody- 
namical design for a nozzle variation mechanism as sketched in fig. 1. 

The basic nozzle shape fixed by choosing a velocity distribution of the form (2.1.6) for the maximum design 
Mach number in the test section ( M ,  = 1.29). The other extreme of the position of the rotating block is given 
by the condition, that for subsonic test section Mach numbers, the nozzle must be in line with the test set ion 
walls. (We dispense with a discussion of the correction for boundary layer elfects.),Choosing the centre of rotation 
for one of.these positions, the intermediate positions of the block are then known from the kinematics of the 
mechanism, and a number of “pivotal” throat positions can be selected. The problem is then to design a number 
of Laval nozzle flows admitting this family of block contours as a flow boundary. The remainder of the ideal 
flow boundary is to be matched with sufficient accuracy by the flexible part of the contour, controlled by a number 
of jacks. This can be verified by the method described in sub-section 2.3. 

The inclination 0 of the block contour in one intermediate position is given in fig. 8. 
Now, first, a velocity distribution on the axis is estimated from the given geometry, by choosing suitable values 

of the parameters in the expression (2.1.6). At least three conditions must be imposed: 
1) the test section Mach number M ,  (or 7,) can be obtained from the tunnel height/throat height ratio by one 

dimensional considerations (in this case M ,  = 1.20); 



8 

2) the location of the sonic point at the axis and the velocity gradient at this point can be estimated using, say, 
Sauer's approximation, from the throat curvature; 

3) the rate of convergence of the velocity distribution to the asymptotic value downstream must be sufficiently 
fast to obtain a negligible deviation from flow uniformity at the entrance of the test section. This can be ensured 
by prescribing that a t  a distance Hitan 8, (where H is the test section half-height and p, denotes the Mach 
angle for M,) upstream of the test section the velocity differs from its asymptotic value by less than a definite 
small fraction. 
The expression (2.1.6) contains a sufficient number of parameters to accommodate these conditions. The 

estimate can further be improved by exploiting the corrections to Sauer's approximation which can be obtained 
from fig. 4. 

The resulting velocity distribution can now be used as an initial condition in the Cauchy problem eq. (2.1.1) 
to obtain a flow boundary which serves as a first approximation to the given block contour. The result of this 
first approximation is given in fig. 8. 

Now, the comparison of the first approximation and the prescribed boundary condition implies a criterion 
on the accuracy with which the given contour should be matched. In the practical design work, an envelope 
tolerance of ,001 radians on the nozzle contour inclination with respect to an ideal flow'boundary was taken 
to be admissable, the acceptable level of approximation to the boundary conditions was therefore taken to be 
10% of this value. On 'this basis, it was found that the'first 'approximation gave a satisfactory approximation 
to the boundary condition in the immediate neighbourhood of the throat for the design case under discussion. 
This made it possible to effect the necessary boundary correction by the use of the perturbation scheme described 
in sub-section 2.3 only. In more difficult situations, however, it might be'necessary to use the much.more laborious 
scheme developed in sub-section 2.2. 

The differences in inclination and the distance between the contour of the first approximation and the prescribed 
block contour in the supersonic region are now used as initial conditions for the boundary perturbation problem 
as described in paragraph 2.3.2. This yields the velocity correction on the axis given in fig. 8. This'function is then 
continued back to a zero correction further downstream, numerically smoothed and interpolated. 

Finally, this velocity correction is added to the first estimate for the axial velocity distribution, and the result 
again used as an initial condition for the Cauchy problem eq. (2.1.1). This results in a corrected flow boundary. 
given in fig. 8, which'matches the block contour within a sufficient accuracy. At the same'time, this corrected 
solution provides the continuation of the flow boundary io the test section, which must be approximated by 
the flexible part,of the contour. 

Making the usual assumptions for the boundary layer development (based on a two-dimensional calculation) 
and correcting for the weight of and aerodynamic loading on the flexible plate, it appears then technically feasible 
for the construction of the type sketched in fig. 1 to maintain the above mentioned envelope tolerance between 
the ideal ("corrected") flow boundary and the real plate contour. Roughly, in the Mach number interval 1 i M, 
< 1,3 a flow uniformity in the order of A M  = 4.005 can then be expected. . ' 
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APPENDIX A 

The equations for plane compressible potential flow and associated perturbation equations 
. .  

A 1 The equations for plane potentialflow 
A 1.1 In this report the equations for plane irrotational flow of an ideal gas, obeying the isentropic pressure/ 
density relation will be used. These will be written on a equi-potentialline/streamIine coordinate system in the 
form: 

(A 1.1) 

7- 1 Y+l - 

Here the velocity parameter 

is used. The density speed relation reads 

7 = (4/4m_)2 (A1.2) 

p-= (I-Y"Y-1) 
(A 1.3) 

2 r  M I = - -  
y-1 1-7 and 

A slightly modified form of (A 1.1) has been used for the computations in par. 2.2. The transformation back to 
the physical plane is obtained from the definitions of velocity potential and streamfunction: 

(A 1.4) 

A 1.2 Alternatively, these equations will for supersonic flow be written on a characteristics coordinate system. 
The two families of characteristic curves (5 ,q)  will be oriented such that the positive directions enclose angles 
+B with the velocity vector, where 

I 
tgzp = __ 

M2- 1 
(A 1.5) 

Then the equations (A 1.1) reduce to a system of two ordinary dikrential equations, which using now M and 
0 as dependent variables read : 

(A 1.6) 

A 2 Perturbation problem for plane compressible potential flow 
A 2.1 Consider a one parameter family of solutions of eq (A 1.1): . .  

(A 2.1) 7 = 7 ( h  IL ; a) 
e = O ( h $ ;  a) 

depending analytically on a parameter a. 

it follows 
Taking two solutions for values a and a' of the parameter and expanding the difference in powers of a'-a = E, 

(A 2.2) 
7' = 7+&7(1'+O(&2) 

# = S+&@!)+0(&2) 

Substituting in (A Ll), the equations for the first order perturbation quantities read: . .  

7$) = Q @ ) + Q , . & . ~ ( ~ )  

and analogous equations for the higher order systems can be found. 

(A 2.3) 
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It remains to consider the connection of the displacement function $(l' and the angular perturbation function 
ai), which are defined in the @,$) system of the unperturbed (basis) field, with the physical quantities in the 
perturbed field. 

By (A 2.7) and (A 2.9), it follows that in the perturbed field at the point qS =$+E$'~', @ = J, the flow quantities 
are to the first order in E given by T' = I ,  B' = B+eB"'. Then, for the perturbation field quantities at the point 
($,$I) it follows: 

I' = I-&T,$'"+0(&2) 
(A 2.11) e =  Q + E ( p - e  6 . 4 (1) )+W) 

Mapping back into the physical plane it follows: 

z'($, $1 = z($, J,)+EZ(1)(4A J,)+O(&') 

where the displacement in the physical plane 

Y t l  

(A 2.12) 

and 

A slightly modified form of these equations is used in sub-section 2 to formulate an initial value perturbation 
problem. 

A 3 Characteristic perturbation problem for a plane supersonic potentialflow 

flow. 
In this section, the Mach number will be used to represent velocity magnitude in a plane, supersonic potential 

Consider a family of solutions of eqs (A 1.6) analytically dependent on a parameter a 

M = M(Z; a) 
B =  @;a) (A 3.1) 

where 3 is the position vector in the physical plane. The difference between two solutions from the family is 
expanded in powers of E = a'- a : 

(A 3.2) 

In the derivation of perturbation equations from (A 1.6) the dependence of the characteristic coordinates on 
the solution must be allowed for. 

M' = M +  EM(1)+ O(E2)  

e = e+ &e(1)+o(&z) 

Writing 
B'= B+&BB'1'+O(&Z) (A 3.3) 

where is given by (A 1.5) and thus 

it follows to the first order in E :  

Then, substituting in (A 1.6) it follows to the first order: 

A mixed initial value-boundary value problem for this system is considered in par. 2.3 

(A 3.4) 

(A 3.5) 

(A 3.6) 
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APPENDIX B 

Numerical treatment of a Cauchy problem 

B 1 Introduction’ 
The necessity of an accurate design of a Laval nozzle for wind tunnel purposes has always been clear, and 

it was for this problem that one of the first approximate solutions of the non-linear equations for a supersonic 
potential flow was constructed by a characteristics method (Prandtl-Busemann (1927), cf. ref, 2). Since then, 
a large number of methods has come available; a survey with many interesting historical details has been given 
by Hall and Sutton (ref. 8). 

Restricting attention to formulation of the design problem as an initial value problem, the work of Friedrichs 
et al. (ref. 6), Lighthill (ref. 13), Cherry (ref. 8), Barritt (ref. 1) and Holt (ref. 11) may be referred to. This formulation 
is largely equivalent to that of the well known “blunt body” problem, so that also the methods of van Dyke (ref, 
4), Garabedian (ref. 7) and Richtmyer (ref. 15) could be used in this context. In fact, the numerical method used 
in this report, which was suggested by similar work at RAE by Barritt C.S. (ref. I), is comparable to the approach 
of van Dyke (ref. 4). 

The main dificulty in this method is its inherent numerical instability at least in the subsonic region of the 
flow field. For the present rather complicated high order numerical method there is no alternative to just living 
with this problem and judging the numerical results on their physical plausibility (cf. B 3). For a fundamental 
discussion of this problem refer to ref. 12 and for a complete numerical analysis of a linear model problem to 
the interesting work of Harker and Llacer, ref. IO. 

B 2 Some details of the numerical integration-scheme 
B 2.1 To simplify notations, the partial differential equation will be written: 

Au= b (B 2.1) 

Here A is a 2 x 2 matrix differential operator involving differentiation in x- and y-directions, and u and b formal 
vectors. The equations (2.1.1) and (2.2.1) can be written in this form, with. u = (;) and u (B:; ) .  The initial data U 
is given as an analytic function on x = 0. The scheme uses a rectangular domain of integration, which for a Laval 
.nozzle flow is easily obtained by transforming to streamfunction/potential function coordinates. Then first the 
x-direction is discretised to permit numerical differentiation along lines y = const. 

Using the differential equation (B 2,1), the - -derivatives are found.from the numerical values of the - -deriva- 

tives obtained, and these in turn are integrated along lines x = const, using high order numerical integration 
formulas. No error analysis for the scheme is given, or would appear feasible. However, from general cnnsidera- 
tions it can be expected to be essentially unstable. 

Typically, for the examples given in fig. 2 and 3, the steplength A x  is & o f  the interval. The number of steps 
in y-direction can be chosen at will, for the examples given this is also in the order of 40. 

B 2.2 The differentiation formulas are the usual 7-point set, where the non-central formulae are employed 
towards the end of the interval. For the .discretization used and the class of initial values typified by eq. (2.1.6), 
7-point differentiation was experimentally found to be numerically optimal in comparison with the values of 
the analytical expression for the derivative. 

. .  

6 6 
6Y 6X 

The integration formulas are the predictor/corrector set given by Hamming (ref. 9) : 

predictor : 

corrector: 

u”+ 1 = - ~(u.-u.- J+u.-, +6Ay(u’,+u;_ 1) + &dy)’U‘” 

5 u (V) 

(B 2.2) 

u., 1 = g{9u“- U“_, + 3dy(ub+ 2 4  - u.- - n ( A y )  1 

B 2.3 An integration step at the level y. = const to give u.+ then comprises the following cycle, when the quanti- 

ties ui-,, u._ 1, ub- I ,  us, u; are stored (here the prime denotes - , this operator indicating numerical differentia- 

tion) : 
1) predict u‘. y, by (B 2.2 a) 

2) differentiate to give - uiy 
s 

3) from the differential equation, estimate u:!:t”’, from - 
6X 

4) integrate to find uiYl by (B 2.2 b) 

6 
6Y 

6 
6X 



13 

5) iteration: return k times to 2) using u!::) instead of u$ I 

6) predict u ! , , ~  by (B 2.2 a) 
etc. 

. 

The optimal number of iterations is best found experimentally, up to 5 times has been used. This procedure 
is in practice more convenient than to test for pre-fixed accuracy, because of the allowance that must be made 
for the increase of error with y .  

B 2.4 The starting routine uses the symmetry of the solution with respect to the line y = 0. First u _  I ,  UL u - ~  
are estimated by linear extrapolation from the initial conditions. Then, using these values, u1 and u2 are found 
by the procedure described in B 2.3. At this point, the procedure is reversed to give improved values for u- u - ~ ;  
this cycle can he run either for a fixed number of times or until (uz) and (u-J coincide up to some required ac- 
curacy. 

B 2.5 
physical plane (eqs. (2.1.4) and (2.26)). This has been done by Simpson's rule. 

B 3 Testingfor numerical accuracy 
In the present approach, numerical accuracy can only be estimated in terms of the,plausibility of the results 

obtained, this assessment requiring some amount of experimentation. The following series of tests can he devised 
to enable one to judge the validity of the results to some extent. 
1) Smoothness of solution. The exact solution of the initial value problem is analytic for analytic initial conditions, 

then numerical results can only have any meaning as far as they are smooth. Smoothness of the results can 
he easily assessed by differencing along streamlines, and from this the maximum number of digits that can 
possibly he significant can he estimated on the basis of a statistical hypothesis. Tentatively, this can be regarded 
as the accuracy of the solution of the difference equations. 

2) Decreasing step length. Instability of the integration scheme means that for fixed ratio - the departure 

from the correct solution increases exponentially with - when dy-0 .  This does not mean that for given Ay, 

the solution of the difference equation might not yield a for practical purposes sufficiently accurate approxima- 
tion.~In fact, for a model problem (ref. lO).it has been shown that impart of the domain numerical accuracy 
may improve when decreasing step length, although it is expected to deteriorate asymptotically. Experience 
with the present scheme is in qualitative accord with this observation. Here Ax was kept constant, but numerical 
accuracy was found consistently to improve (as far as could be judged) when decreasing Ay. The accuracy 
of the solution of the differential equation can be considered as indicated by the agreement of a numerical so- 
lution with a second one computed for say halved step lengths. 

3) Some idea of the dependence of the results on the rounding of the initial data is obtained by changing the 
last significant digit in one or more of the discretized initial values. Variations on this theme were obtained 
by changing the number of times the starting cycles B 2.4 were run. 

To give an indication of the accuracy actually attained in the computation, the accuracy of the computation 
of the Laval nozzle illustrated in fig. 1 was estimated to he in the order of 5 significant figures, perhaps slightly 
less near the top corners. The throat region depicted in fig. 2 was computed to at  least 7 significant figures. 

The most difficult regions to obtain numerical accuracy are encountered near the ends of the interval, where 
the non-central differentiation formulas must he used. This might be somewhat improved by deleting one ore 
more points at the end at every step, this could, however, not he tried out for reasons of storage limitations. 

A direct indication of the error propagation through the process is obtained by numerically solving the first 
perturbation problem of par. 2.2.2, where the solution is known to be (")=C, @')=O. The results obtained are 
illustrated in fig. 7. 

In this work, a computer using 13 digit arithmatic was used. The performance of the scheme may be expected 
to improve considerahly in a practical sense, when double length arithmetic can he used. 

For the Laval nozzle problem, the results found are again to be integrated to transform back to the 

. .  

( dyl Ax 
1 

AY 
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a) StreamlineIEqui-potentialline grid 

b) Axial velocity distribution 

Fig. 1 Variable noule mechanism. 

c)  Hodograph 

Fig. 2 Lava1 noule M ,  = 1.29 
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" b) Isochores/isogonals 

- x  

a) Streamlinelequi-potentialline grid. 

c) Axial velocity distribution 

Fig. 3 Lava1 nozzle, throat region. 
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Fig. 4 Comparison of numerical solution with Sauer's 
approximation (ref. 16). 
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--+X 
a) Perturbed streamlinelequi-potentialline grid 
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i 

+X 
b) Perturbed isachores and isogonals 

c) Perturbed velocity distribution. 

Fig. 5 Initial value perturbation problem. 
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Fig. 6 Characteristic boundary perturbation problem 
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Fig. 7 Accuracy of numerical solution of initial value perturbation problem. 
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Fatigue tests with random and programmed load sequences, 
with and without ground-to-air cycles. 

A comparative study on full-scale wing center sections. 
by 

J. SCHIJVE, D. BROEK, P. DE RIJK, A. NEDERVEEN and P. J.  SEVENHUYSEN 

Summary 

Fatigue tests were carried out on full-scale tension skins of a wing center section of 7075-T6 material. Variableamplitude tests were 
carried out with the following load sequences: (a) random load, (b) program load, (c) random load with CTAC (ground-to-air cycles) and 
(d) program load with GTAC. Constant-amplitude tests were carried out with GTAC and gust amplitudes. The main objectives were to 
investigate ( I )  the equivalence of random and program loading, (2) the damaging effect of GTAC and (3) recommendations for full-scale 
testing. Results obtained are related to the indication of fatigue-critical components, fatigue lives, crack propagation, residual strength, 
ZnlN-values, scatter and inspection methdds. Relevant information of the literature is summarized. Recommendations for full-scale 
testing are concerned with the indication of the loads to be incorporated into the test, the assessment of load spectra, the highest loads to 
be applied, the smallcst load fluctuations IO be included, theload sequence to be adopted, the duration of thc test, and experimental con- 
ditions. 
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Nomenclature, symbols and units 

Constant-amplitude Fatigue test with a constant load 
test: amplitude and a constant mean 

load. 
Program test Fatigue test with a periodic va- 
(block test): riation of the load amplitude, 

which usually occurs in discrete 
steps. 
In a program test: the period of 
the variable amplitude. The pe- 
riod is also used as a unit for the 
fatigue life in both the program 
tests and the random-load tests 
(see chapter 7). 

Random-load test: Fatigue test with an irregularly 
varying load. 

Randomized-step Program test with a randomized 
test: sequence of the load steps (cy- 

cles with the same load ampli- 
tude). 

Variable-amplitude Fatigue test with a varying load 
test: amplitude. Includes program tests 

and random-load tests. 

Program-load flight simulation see fig. 20 
Random-load flight simulation 

Simplified flight simulation 

Period: 

I 

GTAC - ground-to-air cycle(s) 
k - rank number of load level 
Kt - elastic stress concentration factor 
n - number of applied cycles 
N - fatigue life 
N 3  - fatigue life until a crack has grown to 3 mm 

length 
NLR - Nationaal Lucht- en Ruimtevaartlabora- 

torium (National Aeronautical and Astro- 
nautical Research Institute, Amsterdam) 

Pr - program loading 
P - load 
P O  - load amplitude 
pm - mean load 
P" - ultimate design load 
R - random load 
S - stress 
S O  - stress amplitude 
S m  - mean stress 
S. - stress at P ,  
t - sheet thickness 
U - standard deviation 
1 mm = meter=0.04 inch; 1 inch=25.4 mm 
1 kg/mmz = 1,422psi; 10OOpsi=O.703 kg/mm2 
cpm = cycles per minute 
1 kc = I kilocycle= 1000cycles. 

1 Introduction 

At the present time it is generally recognized that 
full-scale testing is indispensable for the quantitative 
assessment of the fatigue properties of a new aircraft 
design. These properties include the indication of the 
fatigue critical components, the corresponding fatigue 
lives,crack propagation data, suitable inspection meth- 
ods, residual strength, etc. Since full-scale testing of 
a prototype structure is an expensive method for ac- 
quiring such data, due consideration has to he given 
to the selection of the fatigue loads to be applied and 
the sequence of the loads in the test in order to arrive 
at accurate and reliable results. 

One obvious approach is to adopt a complete simu- 
lation of the service loads regarding both the load 
magnitudes and sequences. Several problems have to 
be solved then and one should also consider the possi- 
bility of applying simplified loading programs. The 
present test series was primarily initiated to investigate 
the replacement of random service loadings by a sim- 
pler programmed load sequence. As a second objec- 
tive the damaging effect of the ground-to-air cycle was 
studied; constant-amplitude tests allowed damage cal- 
culations to be made. The final aim was to arrive at 
recommendations concerning load sequences to be pre- 
ferably adopted in full-scale tests on structures of new 
types of aircraft. The scope of the investigation is fur- 
ther explained in chapter 2. Descriptions of the experi- 
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mental procedures and the iest results are presented in 
chapters 3-8. Relevant information from the literature 

.is discussed in chapters 9 and IO; the latter chapter 
also gives an analysis of the various aspects concerning 
the load sequences applied in full-scale tests. Chapter 
1 I summarizes the results and conclusions obtained. 
Special topics are dealt with in a number of Appen- 
dices. 

Random load tests, program tests and constant-am- 
plitude tests \-ice performed on 13 full-scale tension 
skins of a wirig center section of 7075-T6 material. 
Testing was started in January 1962 and completed in 
June 1965. The amount of detailed information on 
testing procedures and results is fairly large. The pres- 
ent report gives a summary of this information. The 
details are presented in a series of reports (refs 1-7) 
which, however, do  not contain a thorough discussion 
of the test results. 

Ackno wledgenien fs: 

Ten tension skins were tested under contract with 
the European Office of Aerospace Research and three 
skins under contract with the Netherlands Aircraft 
Development Board (NIV). 

During the investigation the authors were assisted 
by Messrs R. Dekker, H. H.  Ruiter, H. Hultink and 
A. M. Otter, who were mainly in charge of inspections, 
repairs, strain measurements and maintenance of the 
equipment. The electronic part of  the fatigue machine 
CARLA was designed by Messrs D. Bosman and 
A. Nauta of the Electronic Department of the NLR. 
The steel dummy structure was designed at the Fokker 
Factories, which also carried out the structural adap- 
tation of the tension skins to the test set up. X-ray pic- 
tures were taken by the Rontgen Technische Dienst. 
The able assistance and the collaboration of all parti- 
cipants are gratefully acknowledged. 

2 Scope of the investigation 

The tension shin is sufficiently large (length 8.3 
meters - 27 ft) to represent a structure with a number 

TABLE I 

Survey of the load sequences 

Test Load sequence Number 
series of tests 

a Random (gust) 2 
b Programmed sequence 2 
C Random, GTAC added 2 
d Programmed sequence, GTAC added 2 
e Constant-amplitude, GTAC loading 2 
f Constant-amplitude, gust loading 3 

GTAC = ground-to-air cyclek) 

of different discontinuities from which fatigue cracks 
may start. The skin was loaded in tension as a part of 
a bent beam. The load sequences applied are shown in 
table I .  

The load sequence in test series (a) and (c) was a 
simulation of a gust record obtained in flight. The gust 
load spectrum was the same in test series (a)-(d). The 
addition of the GTAC to the random gust sequence in 
test series (c) implied a flight by flight simulation in this 
test series. In test series (f) the mean load was the same 
as for the gust loads in test series (a)-(d), The three 
specimens of this test series were .each loaded with a 
different load amplitude, allowing a part of the S-N 
curve to be determined. 

The objectives of the investigation can be summa- 
rized as follows: 
( I )  To study the equivalence of random and program- 

med load sequences. Comparison of series (a) with 
(b) and (c) with (d). 

(2) To study the damaging effect of the GTAC. Com- 
parison of series (a) with (c) and (b) with (d). 

(3) To compare the damaging effect of the GTAC in 
test series (c) and (d) with the calculated damage 
based on test series (e). 

(4) To compare the results obtained in series (a)-(d) 
with the calculated ones based on test series (e) and 

The first objective was the prime reason for initiat- 
ing the present program. The aim was to see whether 
the same components are fatigue critical and to com- 
pare the fatigue lives and crack propagation rates. 

The ground-to-air cycle (GTAC) is generally suspect- 
ed to be more damaging than predicted bythe Palm- 
gren-Miner rule. An inherent difficulty is the definition 
of the maximum load and the minimum load of the 
GTAC. The GTAC was a second object of main inter- 
est in the present test program. 

In addition to the above objectives the following 
ones should also be mentioned: 
( 5 )  To acquire some information on several aspects 

related to full-scale tests, such as scatter, residual 
strength, inspection methods, structural features 
prone to fatigue. 

(6) To analyze methods for full-scale testing and to 
arrive at recommendations for performing such 
tests. 

(f). 

3 The specimen 

3.1 General description of the specimen 
The tension skin of the center section of the F-27 

aircraft was originally designed with 7075-T6 as a struc- 
tural material. After a fatigue test on a prototype air- 
craft it was decided to replace this material by 2024-T3 
and to increase the cross sectional area of the tension 
skin accordingly (ref. 8). This made available a number 



4 

of tension skins of the former material already con- 
structed. 

The specimen essentially consists of the tension skin, 
the stringers and the lower spar caps of the wing cen- 
ter section. In the tests the remaining parts of the wing, 
i.e. the outer wings, the upper skin of the center section 
(compression skin), the ribs, and a part of the spars, 
were replaced by a steel dummy structure; see ref. I 
and fig. I of the present report. 

The plan view of the structure is shown in fig. 3 and 
a photograph of a part of the structure is given in fig. 2. 
The stiffening of the skin consists of two relatively light 
spar caps and 1 I stringers; see thecross section in fig. 3. 
Stringers 2 to I O  are extruded hat sections with a thick- 
ness of 1.6 mm. Stringers 1 and 1 I are built up from an 
angle section and a Z-section, both with a thickness of 
1.6 mm. The spar caps are angle sections with a thick- 
ness of 3.2 mm. The thickness of the skin is 2 mm. The 
cross sectional area of stringers I and I 1  and the spar 
caps is slightly less than for the stringers 2 to IO. There 
is approximately 501%: of the total cross section of the 
specimen in the stiffeners, including the spar caps, and 
50%intheskin. 

At rib 1040 there is a skin joint for manufacturing 
purposes, the stringers being continuous over this joint. 
At the joint the skin is reinforced with three thin doub- 
lers, see fig. 3, which are bonded to the skin. The strin- 
gers and the,spar caps are riveted to the skin. 

In both halves of the center sections there.are two 
cut-outs with covers for access purposes. One cover is 
in the nacelle and the other one is situated between the 
fuselage and the nacelle. The skin around the cut-outs 
is considerably reinforced by bonding doubler plates 
around them. The reinforcement carries the load from 
the stringers 5, 6 and 7, which terminate at rib 2040. 
The covers also transmit part of the load. 

In the fuselage and the nacelle area the skin of the 
specimen is protruding ahead of the front spar and be- 
hind the rear spar, where some open holes occur for 
structural elements, such as brackets for the joints to 
the fuselage and the undercarriage or for auxiliary 
equipment. 

3.2 Locatioiv of cracks 
During the tests cracks were. detected at various 

locations all over the specimen as indicated in fig. 3. 
They can be grouped into three categories: 
a Cracks at the ends of adhesive-bonded doublers 

b Rivet holes and bolt holes (IO types of cracks) 
c Open holes and sheet edges (16 types of cracks) 
The cracks are indicated by a letter (a, b or c) and a 
number. The letter refers to the above categories and 
the number is used for a further subdivision. Some 
additional information on the structure at the locations 
of the cracks has been summarized in Appendix A.  

(4 types of cracks) 

Two pictures of cracks areshown in figs. 4 and 5.  

4 Test set up 

The tension skin is mounted on a welded steel dum- 
my structure, which represents the remainder ofthe 
center section of the wing and both outer wings; see 
figs. 1 and 6. At the ends of the specimen (station 4155) 
the connection with the dummy structure occurs via 
two aluminum alloy coupling plates, thickness 5 mm, 
in view of a smooth transmission of the load into the 
skin. Further connections between the specimen and 
the dummy structure occur at  the ribs by bolts. The 
rib spacing is approximately 500 mm (20"). 

The specimen and the dummy structure are loaded 
in four point bending,giving a distribution of the bend- 
ing moment in reasonable agreement with the distri- 
bution for the aircraft. Also the stress distribution in 
the skin compares favorably with that measured on the 
F-27 prototypes; see ref. 3. 

A schematic picture of the loading system is shown 
in fig. 6. The load is applied by a single hydraulic jack. 
A strain gage dynamometer between the jack and the 
test rig is used for recording the loading history and 
for providing a feedback signal for load monitoring. 
The apparatus can simulate any prescribed load se- 
quence by means of 32 load levels, preset by 32 poten- 
tiometers. Each load level has a code number. The load 
history is punched in a paper tape as a sequence of code 
numbers in binary digits. The output from a selected 
potentiometer is compared with the feedback signal 
of the dynamometer. As soon as a zero difference be- 
tween the two is obtained, the zero detector gives a 
signal to the pump for reversing the oil flow and an- 
other signal to the tape reader for selecting the follow- 
ing load level punched in the tape. This procedure is 
continuously repeated. The loading rate is constant for 
both loading and unloading, leading to a triangular 
wave form. Although there have been some teething 
troubles with the fatigue machine (ref. I )  its operation 
during the test program was fully satisfactory. The 
accuracy of reproducing load levels is considered to be 
excellent. Some information on the measurement of 
the fatigue loads and the accuracy is given in Appendix 
B. 

An electronic compensation partly eliminated the 
overshoot. The maximum stroke of the hydraulic 
jack in the tests was 26 cm. Negative loads were applied 
by the weight of the steel dummy structure and by two 
small constant-load jacks (0.8 ton each). The maximum 
load exerted by the hydraulic jack was about 34 tons, 
corresponding to an oil pressure of 160 kglcm'. The 
delivery of the pump was the same throughout the in- 
vestigation (60 liters per minute), involving frequen- 
cies in the program tests ranging from 6 to 45 cycles 
per minute, depending on the load amplitude. 
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A more elaborate description of the test set up in- 
cluding the hydraulic system was given in ref. I’and 
the electronic part of the fatigue machine was de- 
scribed in ref. IO. 

5 Testing procedures 

In each test the following phases were carried out: 
calibration of the dynamometer, bonding of the strain 
gages to the specimen, mounting of the specimen on 
the test rig, static strain measurements, fatigue testing 
with inspections for cracks and repairs if necessary, 
dismounting of the specimen at the end of the test. 
During the tests the load was recorded continuously. 
For most specimens the test was stopped when repair- 
ing of cracks was no longer feasible. One crack was 
then allowed to grow until final failure of the complete 
specimen. In some tests final failure did not occur and 
in some other tests final failure came unexpectedly, see 
table 2. 

The tests were carried out in  the day-rime only. The 
specimens were continuously inspected for cracks by 
two inspectors during the time that the test was run- 
ning. Due to the “breathing” of the cracks they are 
much more easily detected. A low-power magnifying 
glass and a light source were used. Many cracks were 
detected at a length of 2 to 6mm (0.08 to 0.24 inch). The 
outside of the specimen was examined while the in- 
spector was standing on a gallery, partly removed in 
fig. 1. For the inspection of.the inside of the specimen 
two platforms, one being visible in fig. I ,  were attached 
to  the lower sideof the test rigandtheinspectorsstand- 
ing on the platforms were moving up and down with 
the test rig. (This was not considered to be an incon- 
venience; no airsickness observed in the random tests). 

Some types of cracks, which were inaccessible to 
visual inspections, were found by taking X-ray pic- 
tures. The sensitivity of this method appeared to  be 
much higher if a tensile stress was present in the struc- 
ture. Through-cracks were better indicated than part- 
through cracks. Moreover, the possible locations of the 
crack had to be accurately known for a correct posi- 
tioning of the X-ray tube. Some more details of the 
X-ray experience are given in Appendix C. Finding of 
the important crack al in the skin at the tips of the 
finger plates fully relied on the X-ray inspections. 

Several cracks were allowed to grow to a certain 
length before a repair was made. This was done to ob- 
tain some data on crack propagation rates. On the 
other hand, extensive repairs had to be avoided in view 
of the possible influence on the stress distribution. 
Therefore many uninteresting cracks were repaired 
immediately after detection. The simplest repair, which 
was frequently applied, consisted of drilling stop holes 
at  the ends of the crack and filling the holes with hard 
driven rivets. If the latter was impossible the hole was 

expanded 3 to 5% by special means to introduce favour- 
able residual stresses. 

For the somewhat larger cracks it was necessary to 
rivet strap plates over the cracks. I f  possible, the re- 
pairs were made symmetrically to avoid eccentricities. 
The strap plates were relatively thin and the ends were 
staggered in order to avoid as much as possible an in- 
crease of the local stiffness and to relieve the end rivets. 
If repairs had to be made early in a fatigue test cracks 
emanating from the end rivets occurred in several cases. 
The repairs were made by the same people who in- 
spected the structure for cracks. 

6 Strain measurements I 
Strain measurements were made for two purposes, 

namely, ( I )  to determine the stress distribution in the 
structure and (2) to verify whether the same stresses 
were present in the 13 tension skins tested. The results 
of the strain measurements were given in full detail in 
refs. 3 and 7 .  A brief summary has been presented in 
Appendix D. 

The stresses extrapolated to ultimate design load 
(P,) were in the order of 40 kg/mm2 (57 ksi) near the 
finger plates and in the order of 25 to 35 kg/mm* (35 to  
50 ksi) for various other locations at which cracks had 
been found. 

The scatter of the strains as measured on the 13 
tension skins was small, which allowed the conclusion 
that the loading of the skins was well reproduced in all 
tests. 

higher 
stresses than the corresponding static values. This was 
due to  a small overshoot induced by the test rig. In 
view of the comparative use that is made of the fatigue 
loads and the fatigue lives, no corrections will be made 
for this overshoot. 

Dynamic strain measurements indicated 3 

I The load sequences in the random and the program 
tests 

The load sequences are based on a strain-gage rec- 
ord of the bending moment at the root of a wing of a 
large aircraft flying in turbulent air. The record covered 
96 minutes offlying and showed the typical features of 
random gust loads, as well as the first wing bending 
frequency, see fig. 7 .  Although the record, indicated 
as tape AI, contained a large number of gust loads, it 
is clear that 96 minutes of flying cannot be represen- 
tative of a complete gust spectrum. Other tapes B1, CI, 
DI and E l  were obtained from tape AI by increasing 
the maximum peak loads by different amounts (highly 
non-linear amplification). Subsequently five tapes A2 
to E2 were produced by reducing all load peaks of the 
tapes AI to El to a ratio of 75  per cent (linear ampli- 
fication). From the ten tapes a sequence was composed 
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consisting of 49xA1,  14xB1, 4 x C l ,  2 x D 1 ,  I x E l  
and the same numbers of tapes A2 to E2, making a 
total of 140tapes. The procedure was the same as adopt- 
ed by Lockheed in a test program on small sheet speci- 
mens (ref. 11) 

In the random-load tests the load sequence of the 
gust record is exactly simulated. Since the number of 
load levels is limited to 32, all peaks, maxima and mini- 
ma had to shift a little bit to coincide with the nearest 
level of the 32 available ones. For practical reasons 31 
load levels were used, which are indicated by the rank 
numbers k = I ,  2, 3 ... 30, 31 in increasing order of 
magnitude. For the mean load (P, - 25 % P,) k = 16, 
whereas the 30 other load levels are grouped symme- 
trically around this mean load. The 15 corresponding 
load amplitudes have been plotted in the load spec- 
trum in fig. 9. Numerical data on the numbers of occur- 
rences of the load levels for each tape and the tape 
sequence are given in Appendix E. In this Appendix a 
statistical analysis of the random load is also presented. 
For deriving the gust load spectrum in fig. 9, the mean- 
crossing peak count method was used, where between 
two successive mean crossings only one peak, the most 
extreme peak, is counted. The method and four other 
counting methods are further explained in Appendix E, 
which also gives a comparison of the counting results. 
A sample of the load recording during a random test 
is shown in fig. 8. 

In accordance with the contract for the tests a severe 
gust spectrum had to he used, so that the slope of the 
spectrum in  fig. 9 is fairly high. For the present purpose 
it was considered unrealistic‘to include very high and 
infrequent loads. Therefore a truncation was made to 
the spectrum, see fig. 9. The maximum load amplitude, 
P,, is 39.5 ”/, P,, leading to a highest load of 65.2% P ,  
and a lowest load of - 13.8 % P,. 

In the program tests the load amplitudes were ap- 
plied in an increasing-decreasing order of succession 
in each period. For each load cycle the maximum load 
was applied first which was then followed by the mini- 
mum load. A sample of a load record is shown in fig. 10. 
The number of cycles in one period was the same as 
the average number for the random tapes as counted 
by the mean-crossing-peak-count method, viz. 3865 
cycles. Consequently, the frequency of the highest 
amplitudes was lower than once per period. Three dif- 
ferent tapes PI, P2 and P3 weremade, which differed 
for the highest amplitudes only and which were com- 
bined such that fig. 9 applies to both the random and 
the program tests. Moreover, if it was assumed that 
the mean-crossing-peak-count method is the correct 
counting method, one program tape (containing one 
program period) represents one random tape. So the 
fatigue life in all types of testing can be compared on 
the basis of numbers of tapes or test periods. Numeri- 
cal data on the numbers of occurrences of the load 

amplitudes for the three different tapes and the tape 
sequence are given in Appendix E. 

The mean-crossing peak count method ignores a 
number of peak loads of the random loads. From all 
peak loads applied in the random tests only 69.2% 
were counted with this method and were applied in the 
program tests. 

For the random tests with ground-to-air cycles 
(GTAC) the minimum load of these cycles was 
- 7 % P, (k = 4). Some touch-down load variations 
were added. Further it was assumed that one of two 
flights was a smooth Bight without gusts. In other words 
GTAC were applied in pairs, as indicated in fig. I I .  
Such pairs were inserted in the random-load tapes at 
regular intervals. The average number of gust cycles 
(according to the mean-crossing-peak-count method) 
was 24 per interval. Apart from the GTAC the load 
sequence remained exactly the same. 

In the program tests with GTAC the latter cycles 
wereinserted as six batchesof56cycleseach(seefig. 12). 
The minimum load is the same as in the random tests 
with GTAC, but the touch-down loads are omitted. 
The maximum load is the load that on the average was 
exceeded once per flight in the random tests with 
GTAC. A more refined method of inserting GTAC 
could have been used, but it was the aim to compare 
a random test with a “simple” program test rather than 
comparing a complicated random test with a compli- 
cated program test. 

8 Test results 

The results were compiled in all details in refs. 4, 6 
and 7. Results from the first 6 of the 13 tests were al- 
ready summarized in ref. 13. In  this chapter a summary 
of the main results is given concerning fatigue lives, 
crack propagation and residual strenght. A discussion 
of the results is presented in chapters 9-11, apart from 
a few special aspects which are briefly commented 
upon in this chapter (sections 8.5 and 8.6). This con- 
cerns structual design features sensitive to fatigue and 
scatter. 

8.1 The fatigue liues at thefinger tips 
The crack which appeared to he critical in most tests 

occured in the skin at the tips of the finger plates hond- 
ed to  the skin (crack type al, fig. 4). The notch effect 
of the finger plate is not considered as being severe 
(local increase of skin thickness from 2 mm to 2.6 mm 
and secondary bending due to the increase ofthickness). 
However, the stress level at the finger plates was rela- 
tively high. The crack was detected by taking X-ray 
pictures and its growth was subsequently recorded on 
X-ray pictures. The number of finger tips in one spe- 
cimen is 80 (see fig. 3) .  A statistical evaluation of the 
fatigue life data is possible for 8 out ofthe 13 specimens. 
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This is done in Appendix F, whereas some brief com- 
ments on the results are given in section 8.6. 

Sufficient data on the propagation of crack al were 
available to assess the fatigue life the structure would 
have had if no repairs at the finger tips had been made. 
The results and some other data are compiled in table 
2. These fatigue lives were used for comparative pur- 
poses and damage calculations. 

A comparison between the fatigue lives under ran- 
dom and programmed load sequences is made in table 
3, which shows that the fatigue life under program load- 
ing was I O  to 30% larger than under random loading. 

The effect of the addition of GTAC is illustrated by 
table 4, which shows that the fatigue life is reduced to 
40-50%. The reduction is only slightly larger than the 
prediction based on the linear cumulative damage rule. 

The fatigue lives for the constant-amplitude tests 
have been plotted in fig. 13. A curve was drawn through 
the data points for the three gust amplitudes. The two 
fatigue lives for the GTAC tests are slightly above this 
curve, which should be attributed to the lower mean 
load. Damage calculations for the variable-amplitude 
tests were made making use of the fatigue curve of 
fig. 13 (ref. 7). The damage inciements for the 15 load 
amplitudes of the program tests in 140 test periods have 
also been plotted in fig.,l3. The figure shows that the 
major part of the damage (according to the linear 
damage rule) is done by amplitudes for which the fa- 
tigue curve needs no extrapolation. Since the load spec- 
trum for the random tests.is the same as'for the pro- 
gram tests (according to the mean-crossing peak count 
method) the rightihand graph of fig. 13 also applies to 
the random loading. The results of the calculations of 
C n/N are given in table 6 ,  which shows values from 
1.3 to  1.8 (crack al). 

8.'2 The fatigue liues,for the other types of'cracks 
A survey of the frequency of occurrence of almost 

all cracks is given in table 5. The table also gives the 
number of possible cracks in one specimen. For the 
majority of cracks this number is 2 or 4 (Port and Star- 
board wing, fore and aft). The fatigue lives of all these 
cracks were given in refs. 4, 6 and 7 .  The presentation 
here will be largely restricted to a summary of the con- 
clusions. 

With respect to the comparison of the random and 
the program loading the results are less systematic than 
for the cracks at the finger tips. This was thought t o  be 
due to the lower possible number of similar cracks in 
one specimen and probably a somewhat larger scatter. 
Nevertheless, the average trend appeared to be the 
same, viz. a slightly larger life under program loading 
than for random loading, both for tests without and 
with GTAC. Also with respect to the effect of the 
GTAC a reduction of about 80% of the fatigue life 
was obtained by adding the GTAC. 

A remarkable result of table 5 is that there are sever- 
al cracks which occur in most if not all constant-am- 
plitude tests, whereas they do not occur in the variable- 
amplitude tests. This concerns cracks starting from 
rivet or bolt holes and open holes or sheet edges (cate- 
gory b, cracks b9-bl2 and category c, cracks cIO-cl5 
and c19). This results iscommenteduponin chapter 10. 

Another noteworthy result of table 5 is that some 
technically important cracks in the skin (cracks a2, b2, 
b3, b5, b6 and b10) were found in the variable-ampli- 
tude tests, but in a minority of these tests only. 

Crack b8, growing invisibly under the strap plates of 
the skin joint at Sta 1040, was found for the first time 
in specimen 11 near the end of the test at a length of 
30 cm. X-ray inspections on specimens 12 and 13 indi- 
cated numerous cracks of this type, originating earlier 
than the cracks at the finger tips but growing 'much 
slower (ref. 7). It may certainly be expected that this 
crack occurred in the variable-amplitude tests as well, 
but due to its slow growth it did not become catastro- 
phic and was therefore never found. 

Cracks b2 and b3 occurring in the skin at the end 
rivets of stringers 1 and 11, were found almost to the 
maximum possible number in the constant-amplitude 
tests. In the variable-amplitude tests these cracks were 
rarely found: Nevertheless local dissectioning of the 
skin of specimen 3 after the test indicated crack nuclei 
at all possible locations. 

There is only one crack which turned up more or 
less regularly in the variable-amplitude tests and al- 
most not in the constant-amplitude tests, viz. crack 
type a3. 

Calculations of 2 n/N-values could be made only 
for those cracks for which sufficient data in both the 
variable-amplitude and the constant-amplitude tests 
were available. The results for seven different tapes of 
cracks have been presented in table 6. For the N-values 
minimum lives were taken and due to the somewhat 
larger scatter the fatigue curves were less accurate than 
for the finger tip cracks (al). Consequently, also the 
C n/N-values will have a lower accuracy. Nevertheless, 
it seems justified to accept the following trends of the 
results: ( I )  The Cn/N-values are clearly beyond one. 
(2)  The values for the random and program tests with 
GTAC are only slightly smaller than for the same tests 
without GTAC. (3) The Zn/N values are higher than 
for crack type al. 

For those cracks that occured in the constant-ampli- 
tude tests and not or almost not in the variable-ampli- 
tude tests it may be said that the C n/N-values would 
generally have been larger than about 2.5, the average 
of table 6. The N-values were of the same order of 
magnitude as for the cracks in table 6 and the fatigue 
lives in the variable-amplitude tests were larger. For 
crack a3, occurring in the variable-amplitude tests 
only, a smaller value may be expected. 
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8.3 Crack propagation 
Systematic measurements of the crack propagation 

were available for crack type al, except for the two 
random tests and one program test. For other crack 
locations propagation data were obtained (ref. 5 ) ,  but 
these results were too scanty to allow comparisons to 
be made between different load sequences. 

At the finger tips the crack propagation data were 
mainly obtained from the X-ray pictures. The propa- 
gation at the individual finger tips was sometimes fair- 
ly irregular due to several causes, viz: ( I )  It was gener- 
ally experienced that crack growth predominantly 
occurred at the higher loads, the more so if the crack 
was larger. In the variable-amplitude tests the highest 
loads could be different from test period to test period, 
which caused a dependence of the crack propagation 
on the type of loading tape. (2) Sometimes more than 
one crack nucleus was initiated at the same finger tip, 
which accelerated the crack growth. (3) The tips of a 
crack indication are not always sharply defined on the 
X-ray pictures and cannot be accurately measured then. 
Nevertheless the crack growth data were sufficiently 
abundant for allowing the median results to be con- 
sidered as representative for the tests concerned. Crack 
propagation curves are presented in fig. 14. 

Fig. 14a shows that the propagation rates under ran- 
dom and program loading (both with GTAC) were 
hardly different. Excluding the GTAC from the pro- 
gram loading led to a slightly slower propagation. 

Starting from the curves in fig. 14 damage calcu- 
lations were made for a crack extension from 3 mm 
to 20 mm in the same way as for the fatigue lives. Some 
curves had to be extrapolated for this purpose. The 
accuracy of the Z n/N-values, which are given in table 
7, will not be high. It is still thought justified to con- 
clude that the Zn/N-values were on the average 
slightly above one. 

When the crack exceeded a length of 20 mm there 
was a potential risk of unstable crack extension (ex- 
plosive failure) in the random and program tests due 
to the high loads in these tests. This is further discussed 
in the following section. 

The fracture surfaces were examined macroscopi- 
cally and microscopically. The program load sequen- 
ces produced the well-known growth bands on' the 
fractures. An  example is shown in fig. 15. Under the 
microscope growth lines were observed in these bands 
(see fig. 16), which could be correlated with the indi- 
vidual cycles of the programmed load sequence. That 
means that one such line was produced by a single 
cycle and indicates the successive stages of the crack 
front. The observations of the growth lines confirmed 
that crack propagation is mainly caused by the higher 
loads. 

Fig. 15 also shuws a dull area around the brighter 
ciack nuclei. Similar dull-coloured bands with a 

tongue-shaped crack front were also observed on the 
fractures produced by the random load. The bands are 
generally believed to be brittle crack extensions, which 
are typical for 7075-T6 material. The bands emphasize 
the significance of high loads for crack growth in this 
material. 

8.4 Residual strength 
In I I tests unstable growth of a crack occured, which 

for 6 specimens resulted in final failure of the complete 
specimen. An example of such a failure is shown in 
fig. 17. The load at which unstable crack growth occur- 
red was derived from the load records and the crack 
length at which this occurred was deduced from the 
fracture surface. At the moment that the crack exten- 
sion becomes unstable the fracture changes over from 
a fatigue crack to  a rapidly extending static fracture. 
This point is marked by macro-plastic deformation 
at the two surfaces of the sheet. There are also colour 
differences on the fracture surface between the fatigue 
part and the static part. The absence of growth lines 
(see previous section) was another indication that the 
fatigue part had ceased. In general it was not difficult 
to assess the crack length at which the crack became 
unstable. Only in a few cases was there some doubt 
about the accurate length (ref. 5 ) .  

The gross stress at which unstable crack growth 
started was deduced from the load by using the re- 
sults of the strain measurements. The stress has been 
plotted in fig. 18 as a function of the crack length. The 
figure shows that for the smaller cracks complete fail- 
ure of the specimen occurred at stress levels above 
25 kg/mm2. For the largercracks unstablecrackgrowth 
started at a lower stress, but the crack growth was 
stopped. A final failure did not occur and would have 
required a further increase of the stress. 

In all cases the stringers were uncracked at the mo- 
ment that unstable failure started and they remained 
intact if the crack growth was stopped. Comparison 
of the results of the present tests with two curves for 
unstiffened sheet of 7075 material shows that for small 
cracks, say not larger than 50 mm, there is a reasonable 
agreement between the present results and the lower 
curve. For larger cracks instability of the crack occurs 
in the tension skin at a higher stress than in the un- 
stiffened sheet, but contrary to the unstiffened sheet 
the crack growth can be stopped. The higher stress 
required for unstable crack extension has apparently 
to be attributed to the presence of the stringers, which 
reduce the crack opening and thus relieve the intensity 
of the stress at thd tip of the crack. 

Stopping of the unstable crack growth is effectuated 
by two factors: 
( I )  the increasing part in the load transmission taken 
by the stringers and (2) the running of the crack into 
rivet holes or under bonded finger tips. Although the 
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crack stopping action of a rivet hole may be considera- 
ble it cannot be relied upon. In several cases the un- 
stable crack sticked to a path along the finger tips be- 
cause small crack nuclei were already present there, see 
fig. 17. If such nuclei were not present, the crack in 
most cases but not in all ran into a rivet hole. In some 
of the latter cases the crack growth was then stopped, 
depending on crack length and load level. 

From the above experience it appears that the onset 
of unstable crack growth was not affected by neigh- 
bouring cracks, but they were important with regard 
to the question whether the growth could be stopped. 

8.5 Sfructural design feulures 
In section 3.2 and Appendix A !he various types of 

cracks were grouped in three categories: (a) cracks at 
the ends of adhesive-bonded doublers, (b) cracks at 
rivet holes and bolt holes and (c) cracks at open holes 
and sheet edges. Many cracks arenottechnicallysignif- 
icant for various reasons and can be regarded as nui- 
sance cracks. Nevertheless, it may be concluded from 
table 5 that the large number of cracks in category (c) 
shows that open holes and sheet edges are prone to 
fatigue crack nucleation. This view was further con- 
firmed by cracks occurring at open rivet holes. Sever- 
al rivets of the original structure had to be replaced 
in order to adapt it to the present test rig. In some cases 
the replacement was not carried out, either because it 
was difficult or because it was simply forgotten. Cracks 
frequently emanated from such empty holes. This ex- 
perience concerns holes of rivets that are supposed to 
carry no shear load. 

As said in section 8.1 the notch effect of an adhesive- 
bonded doubler is considered to be small. Crack a1 
frequently occurred because it was located at a high 
stress level. Crack a2 occurred in 3 of the 13 tests only 
(table 9, although a doubler of 1.5 mm thickness was 
bonded to the skin of 2 mm thickness, i.e. the increase 
of thickness was relatively large. 

An interesting observation was made regarding crack 
b8, occurring in skin and doublers under the strap 
plate of the skin joint at rib 1040. The crack growth 
started in the doublers and at a later stage penetrated 
into the skin. Crack propagation was about 10-15 
times slower than at  the neighbouring finger tip (crack 
type al). It was thought (ref. 7) that the crack rate had 
to be about 3 times slower in view of the lower stress 
level (increased area) and that the remaining 3-5 times 
slower rate had to be attributed to the bonded layers 
which prevent a rapid penetration in the thickness 
direction. In other words, if the reinforcement of the 
skin had been an integral part of it a faster crack rate 
would have occurred. 

8.6 Scatter 
Sufficient data to evaluate the scatter became availa- 

ble for the cracks at the finger tips (al). The standard 
deviation of log life was determined for the N,-values 
obtained on the same specimen, N3 being the fatigue 
life until a crack length of 3 mm. This could be done 
for 8 of the 13 tension skins. The average of the 8 stan- 
dard deviations was ulOp = 0.085. Life distribution 
graphs and further data are given in Appendix F. It is 
noted in the Appendix that two life distribution func- 
tions for two similarly tested tension skins show small 
but probably significant differences. Hence, apart from 
the scatter within a single structure, there may be other 
sources of scatter giving differences between structures. 
As such, one might think of variations in production 
techniques and structural materials. It has been observ- 
ed recently that the speed of crack propagation in 
2024 sheet material from different manufacturers varied 
as much as 1:2, although the static properties were 
approximately the same (to be published). Smaller, but 
still systematic differences were found between sheets 
from different batches from !he same manufacturer. 

It is thought that the mean valueul,, N.= 0.085 is too 
small to be a realistic average value. Afewdatareport- 
ed in the literature may be mentioned, although it is 
not the intention to 'discuss the values and the possi- 
bilities for practical application. In program tests of 
the NLR on simple riveted joints (ref. 20) the mean 
standard deviation of 22 test series of 7 tests each was 
ulog = 0 11. Ford, Graff and Payne (ref. 21) arrived 
at a value ulog = 0.15 as a mean result for various 
wing structures. For program tests on 40 trainer wings 
Parish (ref. 22) found a value ulOg 

9 Comparison between fatigue lives under random and 

= 0.087. 

program loading 

In this chapter empirical investigations are summa- 
rized, which were concerned with the possible equiva- 
lence of  random and programmed load sequences. 
A comparison with the results of the present investiga- 
tion will be made. The desirability of replacing a ran- 
dom load by a program loading is discussed in the fol- 
lowing chapter. 

Before reviewing the investigations on the equiva- 
lence of the two types of loading it has to be said that 
there are various methods for replacing a random load 
sequence by a programmed one. The problem thus 
could also be stated as: Which is the best method for 
reducing a random load to a program load, so that both 
induce the same fatigue damage? 

Mustang wings. Random and program tests were 
carried out on Mustang wings (ref. 23). The results did 
not allow to draw firm quantitative conclusions, al- 
though the fatigue behavior was more or less similar 
under the two types of loading. The number of load 
amplitudes in the random tests was I I ,  whereas in the 



program tests this number was only 3.  The latter num- 
ber is considered to he very small for a correct represen- 
tation of a gust spectrum. 

Kowalewski. A second study was conducted by Kowa- 
lewski (ref. 24). Small light alloy specimens were loaded 
in plane bending. The random load was obtained as 
random noise of a limited frequency band (about IO to 
35 cps). Kowalewskistudiedfour typesof randomload- 
ing with different power spectra. He derived the pro- 
gram loading from the random load sequence in two 
ways. In the first program the distribution of peakloads 
was the same as for the random load. In the second 
program the distribution of ranges (the differences 
between successive maxima and minima) was the same 
as for the random load. For the first type of program 
loading the life was about half the life under random 
loading for all four types of random loading. For the 
second type of program loading no systematic corre- 
lation was found. ln reference 15 it was stated that a 
representation of a random load by its ranges cannot 
he expected to be a good representation (see also Ap- 
pendix E). The limitations of Kowalewski's results are 
that the loading was plane bending with S ,  = 0 and 
that the specimen was only mildly notched (K ,  = 1.77). 

Lockheed inuestigation. An extensive test program was 
conducted by Lockheed (refs. 11 and 25) on 7075-T6 
sheet material. The axially loaded specimens were 
notched by a central elliptical hole, K,-values being 
4.0 and 7.0. The random load sequences included gust 
loads (constant mean load, S,-values 8.5 and 4.2 
kg/mm'.), maneuver loads (constant minimum load 
= I-g load, S = 3.8 kg/mm2), taxiing loads (random 
vibrations superimposed on ground loads), ground-to- 
air cycles (cycles between 1-g load and mean ground 
load), and combinations of these loads. The same types 
of loads were also applied in programmed sequences, 
the load spectra being derived from the random trace 
by employing the mean-crossing peak count method. 
The load cycles within each period were applied in a 
sequence of increasing amplitudes. The most salient 
resiilts concerning the comparison between random 
and program loading are summarized below. 

For a severe gust spectrum the fatigue lives for ran- 
dom and program loading were hardly different for 
both K, = 4 and K, = 7. This also applied for a less 
severe gust spectrum and K ,  = I .  However, for the lat- 
ter spectrum and K, = 4 the fatigue lives under pro- 
gram loading were 2-4 times as long as under random 
loading. Discrepancies of the same order of magnitude 
were also found between random and program loading 
including GTAC and taxiing loads, the number of gust 
load cycles being 13 per flight. A better agreement was 
found if 1 IO gust load cycles per flight were applied. It 
should be noted that the GTAC in the program tests 

were applied in batches and that the minimum and the 
maximum loads of the GTAC were the mean loads of 
the taxiing loading and the gust loading, respectively, 
Finally the tests with maneuver loads, taxiing loads and 
GTAC (30 maneuver loads per Right) yielded program 
test lives 1.5-3 times shorter than the random test lives. 

The authors of refs. 11 and 25 indicated that the lar- 
ger Fatigue lives under program loading in several of 
their test series could partly be explained by the defi- 
nition of the CTAC as adopted for the program load- 
ing. The definition, given above, was considered as 
being insufficiently severe. I t  is further thought that a 
somewhat unfortunate choice was made for the load 
amplitude sequence in the program tests. The increas- 
ing amplitude sequence implies that the largest am- 
plitudes at the end OF each period are always followed 
by the smallest amplitudes of the subsequent periods. 
This may lead to favorable interaction effects (ref. 20), 
which lengthen the life under program loading. 

NASA inuesfigation. An investigation on edge-notched 
sheet specimens ( K ,  = 4.0) of 2024-T3 material was 
carried out by Naumann (ref. 17). The specimens were 
axidly loaded, S,,, = 12.2 kgimm'. Four different ran- 
dom load-time histories were used. Naumann first 
showed that omitting the smaller load fluctuations 
from the random load sequences bad a negligible effect 
on the fatigue life. Omitting the peak loads that were 
disregarded by the mean-crossing peak count method 
also had a small effect, viz. an increase of I-lO% of the 
fatigues lives. Program tests were then carried out em- 
ploying 8 stress amplitudes (S,,,, = 17 kg/mm', 
So,,,," = 1.7 kg/mm2). In each period all cycles with the 
same amplitude were applied in one batch, the sequence 
of the hatches being randomized. 

The program loadings were deduced from the ran- 
dom loadings by several counting methods, namely the 
mean-crossing peak count method, the peak count 
method, two level-crossing count methods and a range 
count method (methods defined in Appendix E), The 
fatigue lives for the former four methods did not show 
much difference and were slightly larger than for the 
random tests. For the mean-crossing peakcount method 
the lives were about 30% higher and for the peak count 
and the two level-crossing count methods about 10%. 
For the range count method the fatigue lives were 
1.4-3.2 times larger, which confirms the unrealistic 
nature of this method (see Appendix E). 

It should be noted that the load spectra applied by 
Naumann were fairly severe, leading to fatigue lives 
in the order of 100,000 cycles. 

Gassner and Jacoby. These investigators (ref. 26) per- 
formed comparative tests on axially loaded specimens 
with a central elliptical notch ( K ,  = 3.l), of hare 2024- 
T3 sheet material. In one test series gust load cycles 
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and GTAC were selected in a random sequence from 
a load spectrum ( 5  gust amplitudes). The mean life was 
2500 flights, which indicates a fairly severe spectrum. 
Flight simulation tests were then carried out with a 
programmed sequence of the gust load cycles, two 
different sequences being used. The mean lives were 
2800 and 5800 flights, respectively, i.e. 1.1  and 2.3 
times as long as under the random sequence. 

NLR crack prcp2gation tests (ref. 27). An investigation 
was carried out on the influence of atmospheric expo- 
sure during the propagation of  (macro) fatigue cracks 
in sheet specimens of 2024-T3 Alclad and 7075-T6 Clad 
material. Tests were conducted in two test rigs, one 
located indoors and the other one outdoors. The tests 
were run concurrently with the present test series on 
the tension skins. Since the same oil pressure was used 
for both test programs, exactly the same random and 
programmed load sequences, both with and without 
GTAC were applied. The mean stress in the sheet spe- 
cimens was relatively high (12.1 kg/mm2 = 17.2 ksi), 
hut the stress spectrum was not severe. Consequently, 
the crack rates were not fast and much slower than in 
the tension skins. A summary of the results is present- 
ed in fig. 19 which shows that the crack rate under 
program loading is somewhat faster than under ran- 
dom loading for the 2024 alloy and slightly slower for 
the 7075 alloy. Fortunately the differences are small, 
especially for the tests with GTAC. 

It cannot be said that the above risumi and the re- 
sults of the present test series have given a clear pic- 
ture on the general equivalence of random and pro- 
gram loading. In view of the large number of variables 
a clear picture could not be expected. If it is tried to 
summarize some trends of the experimental results it 
first has to be said that an exact and generally appli- 
cable I : I  relation between the fatigue lives under ran- 
dom and program loading is apparently illusive. Never- 
theless fatigue lives of similar magnitudes may be ob- 
tained under certain conditions. 

The fatigue life under program loading was equal or 
slightly larger than the life under random loading in 
the present test series, in the tests of Naumann, in part 
of the tests of Lockheed and in the NLR crack propa- 
gation tests. This similarity of fatigue lives was ob- 
tained despite the different ways of programming. It 
may he that for severe load spectra (and, consequently, 
relatively short fatigue lives) the load sequence in the 
program test is less important. In this respect, however, 
the tests of Gassner and Jacoby involve another warn- 
ing that the load sequence in a program test can be 
important even for short fatigue lives. 

The Lockheed tests have also shown that large dis- 
crepancies between random and program fatigue lives 
are possible. As said before it is thought that the select- 

ed load sequence in the program tests (increasing 
amplitudes) has significantly contributed to the dis- 
crepancies. 

10 Full-scale fatigue testing of prototype aircraft struc- 

The questions to he discussed in this chapter are (I)  
why should full-scale tests be carried out (section 10.1) 
and (2) how should these tests be conducted (section 
10.2)? The first question is partly a matter of design 
philosophy and will he touched upon only briefly. The 
second question raises such aspects as: the indication 
of the types of loads to he simulated, the establishment 
of the load spectra, the selection of a load sequence and 
the assessment of the highest and the lowest loads to he 
applied. Relevant data from the literature concerning 
some special aspects are summarized in 3 Appendices, 
dealing with the importance of the ground-to-air cycle 
(GTAC) (Appendix G), the significance of the Palm- 
gren-Miner rule (Appendix H) and the effect of the 
loading program on the indication of fatigue-critical 
elements (Appendix J). 

This chapter is primarily concerned with full-scale 
testing of new types of aircraft structures. The argu- 
ments partly have some hearing on component testing 
as well. Brief comments on the latter topic emerging 
from the present discussion are given in Appendix K. 
The chapter is concluded with some general reflections 
on full-scale testing (section 10.3). 

Since the above problems are rather complex it has 
been tried to avoid a cumbersome discussion by deal- 
ing with the various aspects in separate sections. Sec- 
ondly, the discussion has been largely restricted to a 
wing structure. Even then it will be recognized that 
each case in practice has its own specific aspects which 
have to be taken into account. Obviously this could not 
be done in the present discussion. Recommendations 
made should therefore be considered as guide lines 
needing modifications if circumstances so require. On 
the other hand the basic reasoning could certainly have 
a wider applicability. 

10.1 Why should full-scale tests be carried out? 
Several aspects can he mentioned that make full- 

scale testing of a prototype aircraft structure desirable. 
It is thought that the most important ones have been 
listed below: 
( I )  Indication of fatigue critical elements and design 

(2) Determination of fatigue lives until visible cracking 

(3) Study of crack propagation, inspection and repair 

(4) Measurements on residual strength. 
( 5 )  Requirements laid down by airworthiness authori- 

tures 

deficiencies. 

occurs. 

methods. 

ties or other bodies. 



( 6 )  Commercial aspects. 
In principle, the following methods are available for 

solving problems connected with the above aspects: 
(a) Full-scale testing. 
(b) Component testing. 
(c) Calculations. 
(d) Relying on past experience. 
It is needless to say that combinations of these methods 
are possible. When considering the above alternatives 
the following aspects are important: 
(I) The desired quantitative accuracy of the results 

to be obtained. 
(11) The costs involved.. 
(111) The experience of the aircraft firm. 

In view of the present state of knowledge on the cal- 
culation of fatigue properties, testing is imperative if 
data with a quantitative meaning for direct ,practical 
application are required. On the basis of the same ar- 
gument, full-scale testing has to be highly preferred to 
component testing. The importance of load eccentrici- 
ties for local stress levels is very great. It is generally 
difficult to simulate the load transmission into a com- 
ponent in exactly the same way as it occurs in a struc- 
ture, the more so since most structures are curved in 
at least one direction. Harpur and Troughtou (ref. 28), 
who analyzed the results of several full-scale tests, ob- 
served that about half the numbers of defects would 
not have been found by component testing. These au- 
thors also evaluated the costs of full-scale testing and 
arrived at the conclusion that full-scale testing can be 
justified on economic grounds alone, even in the case 
of a fail-safe structure. 

It has to be admitted that a full-scale test to be really 
meaningful requires a conscientious assessment of the 
load spectrumandthe1oadsequence.Thiswasfrequent- 
ly advocated by Branger (ref. 29) and was recently 
stressed once more by Lowndes and Miller (ref. 30). 
Some of the problems involved are discussed in the 
following section. 

10.2 How should,full-scule testing be curried out? 

10.2.1 Introduction 

aspects can be listed such as: 
( I )  Indication of fatigue loads to be applied. 
(ZJ-Assessment of load spectra. 
(3) The highest loads to be incorporated in the test. 
(4) The smallest load variations to be included in the 

( 5 )  The load sequence to be adopted. 
(6) The duration of the test. 
(7) Experimental conditions. 

A quantitative analysis of the above aspects would 
require a quantitative fatigue criterion, which is non- 
existent. Therefore qualitative ideas about the fatigue 

- 

When dealing with the above question a number of 

test. 

process and experimental evidence have to be the guid- 
ing elements. 

For the fatigue phenomenon the model outlined in 
ref. 31 is adopted. The phases of the fatigue process 
are crack nucleation, propagation of micro- and macro- 
cracks and final failure. The duration of the nucleation 
period is in general so short that it can be neglected. 
The amount of cracking is therefore the prime param- 
eter for indicating the fatigue damage. It is, however, 
not the only one. Two additional parameters are the 
residual stress field and the (cycle) strain hardening 
around the tip of the crack. Fatigue was then consider- 
ed to be crack extension due to cyclic slip, the exten- 
sion being dependent on the amount of cyclic slip 
(depending on external load variation, crack length, 
strain hardening) and the efficiency to convert the cyclic 
slip into crack extension (depending on the opening 
of the crack by the tensile stress, including the residual 
stress present). In ref. 31 it was argued that for alumi- 
nium alloys the strain hardening might be less impor- 
tant than the other two damage parameters. The im- 
plications for planning the loading for a full-scale test 
should then be: 
(1) The stress variations should have the same charac- 

ter as those induced by the (random) service load- 
ings. 

(2) The residual stress on the average should also have 
similar magnitudes. 

Since these criteria cannot be evaluated quantita- 
tively they have to be used more or less intuitively, 
guided by experimental evidence. This is tried in the 
following sections, dealing with the seven aspects men- 
tioned at the start of the present section. It is not 
the intention to cover all the aspects in full detail. The 
discussion will be mainly restricted to wing structures 
loaded by gusts, maneuvers, ground-to-air cycles 
(GTAC) and taxiing loads. Several recommenda- 
tions discussed will have a wider applicability. 

10.2.2 Indication of,fatigue loads to he applied in a full- 

It may be questioned whether it is necessary to apply 
to a wing structure gust loads, maneuver loads, GTAC 
and taxiing loads and wether some of these loads can 
be omitted. Several years ago it was generally thought 
that gust loads were the predominant fatigue loads for 
commercial transport aircraft and maneuver loads were 
the predominant ones for most military aircraft. 

For commercial aircraft it is accepted by now that 
the GTAC can have such a large influence on the 
fatigue life that it cannot be omitted in a full-scale test. 
Numerical data on the fatigue life reduction due to the 
GTAC, as reported in the literature, are summarized 
in Appendix G. Ln this Appendix, as well as in Appen- 
dix H on the significance of the Palmgren-Miner rule 
for full-scale testing, it is pointed out that the rule is 

scale tesf 
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unreliable for deciding whether a fatigue load will 
substantially contribute to  the fatigue damage. It great- 
ly underestimates the damage done by the GTAC. The 
life reductions caused by the GTAC (from'50-90%; 
see Appendix G), in most tests leave no doubt that this 
type of loading has to  be applied in a full-scale test. 

Since the Palmgren-Miner rule is apparently unca- 
pable of indicating fatigue critical loads, decisions have 
to be based, as said before, on our qualitative under- 
standing of the fatigue phenomenon, guided by experi- 
mental evidence of variable-amplitude tests. In this 
respect it was concluded in Appendix G that taxiing 
loads per se are probably not importantly contributing 
to the fatigue damage since they occur at a low mean 
load*. However, the taxiing loads cause indirect damage 
since they increase the load range of the GTAC. The 
minimum load ofthis load cycle isshiftedfurtherdown- 
wards and this may significantly reducethe fatigue life. 
The minimum load of the GTAC has, therefore, to be 
corrected for the Occurrence of taxiing loads. 

The significance of maneuver loads is different for 
a transport aircraft and for a fighter or a trainer. It is 
more or less common practice to  neglect maneuver 
loads for transport aircraft because they are partly 
comprised in the gust load statistics used and because 
their severity (for a certain frequency of occurrence) 
is much smaller. Nevertheless it seems advisable for 
any new design to check whether this is true. 

For several military types of aircraft it might be 
assumed that gusts are o f h i n o r  importance as com- 
pared with the positive maneuver loads. Even negative 
maneuver loads are frequently thought to be unimpor- 
tant in view of the much lower intensity as compared 
with the positive maneuvers. However, if negative 
maneuver loads or negative gust loads occur in between 
positive maneuver loads, a significant damaging effect 
has to be expected hecause of the increase of the load 
ranges of the positive maneuvers. Application of these 
downward loads (relative to the I-g level) in addition 
to upward maneuver loads is considered to be impera- 
tive if accurate fatigue lives are aimed at. 

For the same reason it is also objectionable to aply 
GTAC in batches because this would presuppose that 
there are numerous successive flights without any gust 
or maneuver loads. Since such loads do occur in most 
flights and then increase the load range of the GTAC, 
a real simulation of flight by flight has to be strongly 
advocated. 

10.2.3 Assessment of load specfra 
When it  has been decided which types of fatigue 

loads will be applied in a full-scale test the load spectra 
have to be determined. Procedures for this purpose 

* The bottom skin is considered here. f a r  the top skin the 
situation may be different. 

are outside the scope of the present report. However, 
a few comments related to  aspects discussed elsewhere 
in this report may he appropriate. 

In Appendix G and section 10.2.1 it is strongly 
advocated that full-scale tests be carried out as flight 
simulation tests (see fig. 20). Obviously the load-time 
history cannot be the same for all flights, since there 
are loads with a frequency lower than once per flight. 
These loads could be uniformly distributed over the 
flights to be simulated, but this procedure assumes that 
the fatigue loads have a statistically stationary charac- 
ter. The assumption is certainly incorrect for gust loads. 
Gust load spectra are different for poor and good 
weather conditions. Generally speaking something has 
to be known about the distribution of the weather con- 
ditions and this information has to  be fed into the 
planning of the various types offlights to be simulated. 
Relevant data were recently published by Bullen 
(ref. 54) who discussed the chance of a rough flight. 
Also for wings mainly loaded by maneuver loads one 
has to consider the necessity of adapting the loads in 
the simulated flights to the usage which will be made 
of the aircraft. A further discussion of this aspect is 
beyond the scope of the report. 

It is hardly necessary to say that load measurements 
in flight are to be strongly recommended in order to 
verify the calculations of the loads. Whenever possible 
such measurements should be made before the full- 
scale test is started. 

When establishing load spectra for a fail-safe struc- 
ture considerable conservatism should be avoided since 
this implies deviating from the actual spectra and thus 
requires reinterpretation of the results of the full-scale 
test. The Palmgren-Miner rule is unsuitable for the 
latter purpose (see Appendix H). For a safe-life part 
for which a long fatigue life is required it may be ad- 
visable to have a safety factor on the loads applied in 
the test. The latter advice cannot be given if the target 
life is relatively short. For instance, a wing structure of 
a fighter in the high-strength AI-Zn alloys, employing 
heavy gages is probably not fail-safe due to rapid crack 
propagation and poor residual strength properties. 
There is a risk of catastrophic crack propagation in 
the full-scale test. It is then necessary to have an accu- 
rate service load simulation to be sure that the most 
relevant information on the fatigue characteristics is 
obtained. 

10.2.4 The highest load to be nppliedin fi full-scale fesf  
The problem of selecting the highest load to  be ap- 

plied in a full-scale test is a question of whether the 
load spectrum will be truncated and at which load level 
this will he done. The truncation applied in the present 
test series is illustrated by fig. 9. The highest load to  be 
applied can be of great importance for the fatigue be- 
havior of an aircraft structure since it may introduce 



load redistribution in the structure and stress redistri- 
bution around notches (ref. 23). In an aircraft struc- 
ture of high-strength aluminum alloys load redistribu- 
tion on a large scale probably occurs only at load levels 
near the ultimate design load and need not be consider- 
ed here. It would not be surprising, however, to see 
some load redistribution in riveted joints at lower loads, 
say in the order of the limit load. 

Stress redistribution on a local scale, i.e. around 
notches is expected to occur at load levels below the 
limit load. If it is assumed that the stress at the ultimate 
design load is in the order of the yield stress So.,, a 
stress concentration factor K, of 1.5 would be sufficient 
to initiate local yielding at limit load. Since higher 
values of K, are unavoidable, local yielding and conse- 
quently local stress redistribution will occur at lower 
loads. In other words, residual stresses will beintroduc- 
ed, which affect the fatigue life. It would be somewhat 
overoptimistic to expect that this effect will be the same 
for all notches, having different K,-values, different 
stress gradients and different nominal stress levels. The 
picture of fatigue-critical elements turning up in a full- 
scale test may thus be dependent on the choice of the 
maximum load level to be applied. It is thought that 
this has been demonstrated by the present test series 
when comparing the variable-amplitude test results 
with the constant-amplitude test results. For the first 
group of tests Pmax was about 65 P, and for the second 
group it varied from 35 to 41% P,. The picture of 
fatigue-critical elements was different for the two 
groups (see section 8.2), perhaps the most remarkable 
result being that cracks were found at more locations 
in the constant-amplitude tests. 

Observations concerning the effect of the loading 
history were made in other test series on large struc- 
tures. Data from tests on Mustang wings, Commando 
wings, Dakota wings and a sweptback wing are sum- 
marized in Appendix .I. It was generally observed that 
the type of loading had an effect on the relative fatigue 
lives of the fatigue-critical components in a structure. 
This could be ascribed to differences in the load sequen- 
ces, differences in the highest loads applied and scatter. 
It was concluded in the Appendix that the highest load 
applied in the test had a predominant influence. 

In view of the foregoing conclusion it is clear that 
the selection of the highest load to be applied in a full- 
scale test is a delicate problem if accurate fatigue lives 
and a good picture of the fatigue-critical components 
are aimed at. It is recommended to truncate the load 
spectrum for the test at a load level that is expected to 
be equalled or exceeded approximately ten times in 
the anticipated target life in service. (This recommen- 
dation was made beforein refs. 59 and 46). It cannot be 
denied that the recommendation is somewhat arbitrary. 
The background is that it would be unrealistic to apply 
a load that is expected only once in the service life. It is 

highly probable that many aircraft of a fleet will never 
experience this load. On the other hand, it is also 
thought unwise to go far down with the maximum load 
in view of the predominant influence of high loads. The 
above recommendation is considered as a reasonable 
compromise. There is a good probability that all air- 
craft will meet at least a few times the load level pro- 
posed for the truncation. The recommendation presup- 
poses that the load spectrum is estimated as accurate- 
ly as possible without attempting to be conservative. 

If during a full-scale test a crack is found and its pro- 
pagation is to be recorded, a temporary truncation at 
a lower level has to be advised. In analogy with the 
previous reasoning a load level equalled or exceeded 
approximately ten times during the anticipated period 
for crack propagation could be recommended. 

10.2.5 The lowest load to be applied in a full-scde test 
The application of loads with a small amplitude in 

a full-scale test can be an objection from the point of 
view of time economy. This applies especially to gust 
loads, for which the low-amplitude loads arenumerous. 
On the other hand omitting of these loads can be ob- 
jectionable for two reasons: 
(I)  The numerous low loads can be important for fret- 

(2) The low loads can also be damaging after cracks 

The damaging effect of low-amplitude cycles was 
shown in several test series, (for instance refs. 20, 32, 
43, 47 and 49) employing program loading, although 
in general the effect was not large. It was already 
questioned in ref. 20 whether this experimental result 
is equally valid for a random load sequence and for a 
flight-by-flight service loading. The low-amplitude 
loads are then found in between higher loads and may 
be ineffective. Some confirmation is coming from 
Naumann’s random load tests (ref. 17, see also chap- 
ter 9), which showed that the omission of the smaller 
load fluctuations hardly affected the fatiguelife. Second- 
ly, for visible cracks it has been observed in program 
tests (refs. 40 and 60) that the main part of the crack 
growth occured at the higher load amplitudes, whereas 
crack propagation at the lowest amplitude was prob- 
ably negligible. Experimental research on the effect 
of low-amplitude loads in random-load flight simula- 
tion tests is highly desirable. 

Returning to the contribution of low-amplitude 
cycles to fretting corrosion it has to be noted that most 
cracks in an aircraft structure start from riveted and 
bolted joints. In both types of joints fretting corrosion 
occurs, which has a large influence on the fatigue life. 
From this point of view it has still to be recommended 
that low-amplitude loads are incorporated as much 
as possible in a full-scale test. In the present test series 
the minimum amplitude was about 10% of the maxi- 

ting corrosion and thus for crack nucleation. 

have been nucleated. 

I 
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mum amplitude and this percentage might be useful as 
a rough guide for wings mainly loaded by gusts and 
GTAC. 

10.2.6 The load sequence in afiill-sclae tesf 
In section 10.2.2 and Appendix G it has been ex- 

plained that a full-scale test should be carried out as a 
flight simulation test rather than a program test. After 
decisions have been made concerning the loads to be 
applied, the load spectra and the maximum and mini- 
mum loads to be included in the test, two remaining 
problems are: ( I )  how should the loads be distributed 
over the flights and (2) which load sequence will be 
adopted for each individual flight? 

With respect to the first question it was already 
pointed out in section 10.2.3 that fatigue loads with a 
statistically non-stationary character, such as gusts, 
should not be uniformly distributed over the simulated 
flights. This feature should be accounted for when 
planning the distribution of the loads over the flights. 
From an experimental point of view this can hardly be 
considered as an important complication for a full- 
scale test carried out as a flight simulation test. 

Broadly speaking, there are two alternatives for the 
selection of load sequences for the flights, namely, a 
programmed sequence and a random sequence, lead- 
ing to a program-load flight simulation and a random- 
load flight simulation as schematically illustrated in 
fig. 20. Also in this case the argument of experimental 
simplicity appears to be no longer valid for apparatus 
that is already capable of applying a flight simulation 
loading. Consequently, a realistic sequence, i.e. a ran- 
dom sequence has to be recommended. If one wants to 
stick to a programmed sequence one has to be dissuad- 
ed from an increasing sequence (Lo-Hi sequence) and 
from a decreasing sequence (Hi-Lo sequence), which 
may both lead to systematic effects on the fatigue 
life. A randomized step sequence has to be preferred 
then. 

An indication of the importance of the sequence was 
recently obtained by Gassner and Jacoby (ref. 26) who 
tested a notched bar specimen ( K ,  = 3.1) of 2024 mate- 
rial. Program-load flight simulation tests were carried 
out with a large number of gust loads per flight, viz. 
about 400 cycles. The fatigue lives for two different 
ways of programming were 2800 and 5800 flights (aver- 
ages of 6 and 3 tests, respectively). Although the large 
difference could perhaps occur because of the large 
number of gust cycles per flight, it still emphasizes the 
recommendation that the sequence should be as realis- 
tic as possible. 

Choosing a random sequence raises the problem of 
how the sequence should be arrived at. For maneuver 
loads it seems possible to perform imaginary flights. 
For gust loads one could employ the power spectral 
function representation. For instance, by simulating 

the dynamic response of the aircraft on an analog com- 
puter and feeding it with random noise having the 
required spectral shape, a sequence can be derived from 
the output signal of the computer. The question wheth- 
er the magnitudes of the gust loads should also be 
determined by power spectral methods is beyond the 
discussion of this report. Load records obtained in 
flight under gust conditions, if available for the air- 
craft concerned, could obviously also be used for plan- 
ning load sequences for the full scale test. 

In service a positive gust load is not necessarily fol- 
lowed by a negative gust load. This partly depends on 
the dynamic response of the aircraft. If a positive gust 
load is followed by a negative one, the latter will gener- 
ally have a different amplitude. 

Tests bearing upon the degree of rand'omness were 
carried out by Naumann (ref. 39). He performed tests 
on an edge notched specimen (K, = 4) of 7075 material 
with a random gust loading with and without GTAC. 
Three types of randomness were adopted, indicated by 
Naumann as : 
( I )  Random cycle: Each positive half cycle was fol- 

lowed by a negative half cycle of the same magni- 
tude. 

(2) Random half cycle, restrained: Each positive half 
cycle was followed by a negative half cycle, the 
magnitude of which was selected at random from 
the load spectrum and which therefore was gener- 
ally not equal to that of the preceding positive half 
cycle. 

(3) Random half cycle, unrestrained: Positive and ne- 
gative half cycles were randomly selected with no 
restrictions on the sequence of positive and negative. 

The results are summarized in table 8 below. 

TABLE 8 

Results of random load tests of Naumann (ref. 39) 

Randomness Faripe /$e Fnrigue life 
in flighrs Folio 

NoCTAC GTAC NoCTAC GTAC 

(1) Random cycle 5815 1334 0.66 0.84 
(2) Random half cycle, 

restrained 7358 1515 0.84 ' 0.95 
(3) Random half cycle, 

unrestrained 8798 1588 I 1 

Each result is the average of 6 tests. A flight comprised 
68 positive and 68 negative half cycles. For the GTAC 
Pmi. was equal to - 1/2 P, of the gust loads. In the last 
two columns of the table the fatigue life is compared 
with the life under unrestrained random half-cycle 
loading. The table shows that the degree of random- 
ness has an effect on the fatigue life, which fortunately 
is fairly small for the tests with GTAC. For a wing the 
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randomness will not be fully "unrestrained", especial- 
ly if the damping of the wing is low (see, for instance, 

Naumann's results suggest that it  can be acceptable 
to apply (instead of a sequence obtained by spectral 
methods or from load records) a sequence based on 
random numbers which can be easily generated on a 
digital computer. If it is then prescribed that positive 
half cycles are always followed by negative half cycles, 
the fatigue results would probably be insignificantly 
conservative If it also prescribed that the negative half 
cycle has the same amplitude as the preceding positive 
half cycle (assuming a symmetric gust spectrum) the 
results may be somewhat conservative. 

10.2.7 The duration of a full-scale fesf 
In the literature papers on full-scale tests almost 

invariably state that several fatigue-critical components 
were indicated, which were then suitably modified. 
Harpur and Troughton (ref. 28) feel that at the present 
time fatigue design has significantly improved and that 
structural inefficiencies may turn up late in the design 
target life. They propose to continue testing up to 3 
times this life. The figure was based on the analysis of 
several full-scale tests, which showed that many cracks 
were found between once and three times the target 
life. 

If fail-safe strength capacities have to  be shown by 
tests and the same structure has to be used one might 
want to speed up the fatigue testing. Two possibilities 
are: 
( I )  To increase all fatigue loads with the same percen- 

tage (say 20 %) 
(2) To omit the load cycles with the lowest ampli- 

tude(s), which due their high frequencies of occur- 
rence take up a large proportion of the testing time. 

Since it is thought that the first method more signif- 
icantly modifies the load spectrum, the second one 
is preferred. Naumann (ref. 39) found a small increase 
of life (in the order of 10%) if the lowest amplitude 
was omitted from random-load flight simulation tests 
on edge notched specimens (7075-T6). It is still advised 
to apply the second method only after the target life 
has been, reached at least once. 

It would be rather absurd to scrap a test structure 
that did not reveal fatigue critical components. 

At the end of a full-scale fatigue test, if there are no 
other purposes for using the structure, it is recommend- 
ed to cut tensile specimens out of the structure, in- 
cluding notches from which fatigue nuclei could have 
emanated that are still invisible. Destructive testing can 
then reveal the presence of such nuclei. 

10.2.8 Testing conditions 
In this section some brief comments will be made on 

aspects of the testing conditions that can affect the 

fig. 7 )  

fatigue life, such as environment, load frequency, rest 
periods and condition of the structure to be tested. 

An exact simulation of service conditions is either 
impossible or impracticable. It is not feasible to  simu- 
late such factors as the occurrence of rest periods and 
the rate of loading which, fortunately do  not have a 
large'effect on the fatigue life (ref. 20). With respect to 
the crack propagation rate, a small systematic effect of 
the load frequency has been found (ref. 61) and should 
be kept in mind if the loading rate in service and in the 
full-scale test are largely different. 

Not very much is known about the effect of the en- 
vironmental conditions. Many fatigue failures start at 
rivet holes or bolt holes. The environment in such holes 
probably is not very much different in a test hall and 
in service. A fatigue life reduction would be possible 
if sheet edges are exposed to the atmosphere. In two 
NASA investigations (refs. 62and63) such an influence 
was observed for bare sheet specimens of 2024-T3 and 
7075-T6, whereas the effect was small or negligible if  
the sheets were in the clad condition. 

Once cracks are growing and are accessible to the 
open air one may expect some effect of corrosion or 
water vapor. This was recently studied (ref. 27) in 
comparative random and program tests, which were 
run concurrently with the present tests on the tension 
skins. Reference to these tests has already been made 
in chapter 9, where further details are mentioned. It 
turned out that the differences between the crack rates 
in 2024-T3 Alclad sheet material tested indoors and 
outdoors were small if not negligible. However, for 
7075-T6 Clad sheet material the crack propagation 
outdoors was about 1.5 to 2 times faster than indoors. 
Consequently, one has to admit that it would be better 
to carry out full-scale tests in the open air, especially 
if the material is 7075-T6. However, there are some 
obvious disadvantages. The problem will not be furth- 
er discussed here. 

A full-scale test is preferably carried out at an early 
stage of the production of the aircraft, in view of pos- 
sible modifications deemed necessary as a consequence 
of the test. One should take the utmost care that the 
production methods for the structure to be tested are 
representative for normal shop practices from a fatigue 
point of view. This also applies to the materials from 
which the structure is built. The present test series has 
given an indication that differences between structures 
may be a source of scatter (see section 8.6). 

Harpur and Troughton (ref. 28) observed that in 
several cases fatigue cracks occurring in service were 
not found in the full-scale test because the structure 
tested was not sufficiently representative. This was due 
to manufacturing differences and modifications, but 
also to simplifying the test article. Due consideration 
should therefore be given to the structural complete- 
ness of the specimen. 
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(2) The effect of omitting small 

(3) The effect of the maximum 

(4) The effect of modifying the 

load fluctuations 

load applied 

load spectrum 

10.3 Some concluding remarks 
The present investigation was primarily initiated to  

study by means of experiments on a full-scale struc- 
ture whether random service loadings can be ieplaced 
by a programmed load sequence. One could mention 
various reasons why such a replacement could be 
worthwhile: 
( I )  Program testing may be considered as a less com- 

plicated procedure than a random load test from 
the experimental point of view. 

(2) A random load test is aiming at an accurate simu- 
lation of service loads. This requires more infor- 
mation than distribution functions of peak loads. 
Information on load sequences isalsoneeded, which 
presents an additional problem. 

(3) Apparatus capable of applying a programmed load 
sequence may be available, whereas modifications 
or new apparatus may be necessary for applying 
random loads. 

(4) There appears to be an aversion against compli- 
cated testing techniques, which are considered as 
rather sophisticated. If it could be explicitly shown 
that such techniques would yield results of a con- 
siderably improved quality, they certainly would be 
accepted more easily. However, even with a realis- 
tic load sequence in the full-scale test one is still 
left with other uncertainties regarding the fatigue 
life in service. 

The results of the present test series can be roughly 
characterized by saying that the fatigue lives and the 
crack rates were hardly different under random and 
program loading. The pictures of fatigue critical ele- 
ments was also the same. It still has to  be admitted that 
the fatigue lives were not accurately equal under the 
two types of loading. With respect to the results of oth- 
ers on small specimens (see chapter 9) it can be said 
that the NASA investigation gave similar results as the 
present investigation, whereas in the Lockheed inves- 
tigation the differences between the fatigue lives under 
the two types of loading were similar or larger, depend- 
ing on the load spectrum. One could say that the 
differences are a consequence of the method ofplanning 
the program loading. However, with the present know- 
ledge of fatigue it is not reasonable to  expect that a 
unique method for programming will exist, which 
could give a generally valid I : l  relation between the 
fatigue lives under random and program loading. 

The answer to the question whether for a full-scale 
test program loading can be an acceptable represen- 
tation of random service loads depends on what one 
expects from the test. If only an approximation of the 
magnitudes of fatigue lives and an indication of pos- 
sibly unknown structural deficiencies are required, then 
program loading may be sufficient. However, if one 
desires more accurate data on fatigue properties and 
as many indications of potential locations for fatigue 

on the fatigue life 
in random-load 
flight simu- 
lation tests 



past almost exclusively under program loading. Al- 
though the views obtained may be qualitatively correct 
for random service loading as well, experimental veri- 
fications are certainly desirable. 

11 Conclusions 

For the present investigations fatigue tests were car- 
ried out on full-scale tension skins of a wing center 
section, built up from 7075-T6 material. Variable-am- 
plitude tests were carried out with a random load 
sequence and a programmed load sequence in order 
to study the equivalence of the two types of loading. 
Both types of loading were applied with and without 
GTAC (ground-to-air cycles). In constant-amplitude 
tests the loads represented GTAC and gust load cycles. 
The results are summarized below. 

In  addition to the experimental part an analysis was 
made regarding full-scale testing of new types of air- 
craft involving an extensive use of relevant data from 
the literaure. The analysis was mainly restricted to 
wing structures although the basic reasoning will have 
a wider applicability. Several recommendations for 
carrying out full-scale tests were made, which are also 
recapitulated below. The recommendations should not 
be regarded as strict rules, but rather as guides, since 
every particular case has its own specific features which 
should be taken into account. 

Finally, some recommendations are made for pro- 
gram tests on components carried out for design de- 
velopment purposes. 

Test results 
1. The number of locations at whichcracks were found 

was 20 for the variable-amplitude tests and 26 for 
the constant-amplitude tests (table 5) .  This dif- 
ferent picture of fatigue-critical components was 
related to the differences between the maximum 
loads in the tests rather than to the differences 
between the load sequences. The values of Pmax 
were 65% P, and 3 5 4 7 %  P, for the two types 
of tests, respectively. 

2. In all variable-amplitude tests cracks were general- 
ly found at the same locations. There were, how- 
ever a few types of cracks that occurred in one or 
two of the eight variable-amplitude tests only. 

3. The fatigue lives under program loading were a- 
bout 10-30% larger than under random loading 
(table 3) .  The program loading was derived from 
the random loading by the mean-crossing peak 
count method. If the range-pair count method had 
been used the differences would have been slightly 
larger. 

4. The fatigue lives were reduced to about 50% by 
adding GTAC to the random and the program- 
med load sequences (table 4). 

5.  For the fatigue lives the values of Z n / N  were in the 
order of 1.4 for crack nucleation at the finger tips 
and in the order of 2.5 for several other locations 
(table 6). For tests with GTAC the Z n/N values 
were only slightly smaller than for tests without 
GTAC. For crack propagation Z njN varied from 
1.0 to 1.5 (table 7). 

6. In the variable-amplitude tests crack propagation 
mainly occurred at the higher load levels. The 
crack rates were almost the same for random and 
program loading (fig. 14). The effect of the GTAC 
on the crack rate was small. 

7. Cracks in the skin from 25 to 50 mm reduced the 
residual strength to about 25 kg/mm* and induced 
complete failure of, the structure (fig. IO). With 
larger cracks unstable crack growth occurred at 
lower stresses but the growth was stopped. The on- 
set of unstable crack growth is probably not affect- 
ed by neighbouring cracks, but whether it will be 
stopped does depend on them. 

8. For cracks nucleated near the finger tips the en- 
durances obtained from one specimen showed a 
standard deviation ulog = 0.085 as an average 
value (table FI). For two similarly tested tension 
skins the two life distribution functions for this 
type of crack showed small but probably significant 
differences, indicating an extra source of scatter. 

9. Open holes, free sheet edges and empty rivet holes 
were locations prone to fatigue crack nucleation. 

10. The sensitivity of the X-ray method for detecting 
part-through cracks was considerably increased by 
applying a tensile load to the specimen. 

11. -The sensitivity of visual inspections for detecting 
small cracks was considerably higher when the 
specimen was dynamically loaded, due to “breath- 
ing” of the cracks. 

Full-scale testing 
12. Experimental investigations on the equivalence of 

random and program loading with respect to fatigue 
life are not abundant. A review showed that a 
reasonable quantitative agreement was obtained in 
some cases, whereas considerable differences were 
found in other cases. With the present knowledge 
on the fatigue phenomenon it cannot be expected 
that a method of programming load sequences 
could be outlined that would garantee a reasonably 
accurate equivalence. 

13. For obtaining accurate and complete information 
on the fatigue characteristics of an aircraft struc- 
ture full-scale testing is indispensable and has to be 
preferred to component testing for various rea- 
sons. 

14. The Palmgren-Miner rule is inadequate for judging 
whether a certain type of fatigue loading bas to be 
applied or can be omitted in full-scale testing. 
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15. A literature review on the damaging effect of the 
GTAC indicated that this type of loading reduced 
the fatigue life with 50 to 90%. Application of the 
GTAC in a full-scale test is imperative. 

16. Fatigue loads with small amplitudes can be damag- 
ing if they imply an increase of load ranges per- 
taining to other types of loading. Taxiing loads 
increase the load range of the GTAC. For a wing 
predominantly loaded by positive maneuvers, the 
much smaller negative maneuvers or gust loads 
occurring in between positive maneuvers increase 
the load ranges of the latter loads. Such loads have 
to be added to the larger loads in a full-scale 
test. 

17. As a consequence of the previousconclusion GTAC 
should not be applied in batches because that im- 
plies a neglect of gusts and maneuver loads which 
occur in practically every flight and thus increase 
the'load range of the GTAC. Consequently, a 
realistic load-time history should be a flight by 
flight simulation. 

18. With respect to taxiing loads it may be sufficient to 
decrease the minimumloadof theGTACinaccord- 
ance with the maximum taxi-load amplitude (oc- 
curring once per flight). 

19. When establishing load spectra for a fail-safe struc- 
ture an undue conservatism should be avoided. 

20. The fatigue lives, the crack rates and the indication 
of the most fatigue-critical elements in a full-scale 
test depend on the highest load applied in the test 
(truncation of the load spectrum). This implies that 
the selection of the maximum load level is a deli- 
cate matter. It is proposed to adopt the load level 
that on the average is equalled or exceeded about 
IO times in the target life. When crack propagation 
is studied a lower level should be assessed. 

21. Low-amplitude cycles that do not increase the load 
ranges of other loads should be included in a full- 
scale test if an important contribution to fretting 
corrosion in joints has to be expected. 

22. In a flight-simulation full-scale test a random se- 
quence of the loads in each flight should be prefer- 
red to a programmed sequence. The latter may 
have a systematic effect on the fatigue life. Especial- 
ly sequences with increasing amplitudes (Lo-Hi) or 
decreasing amplitudes (Hi-Lo) cannot be recom- 
mended. 

23. The non-stationary character of gust loads and 
possibly also of other loads should be incorporat- 
ed into the flight by flight planning of a full-scale 
test. 

24. If a full-scale fatigue test has to be speeded up the 
omission of the frequent low-amplitude cycles is 
preferred to increasing all loads with a certain per- 
centage. It is not advised to apply such methods 
before the target life bas been reached at least once. 

A full-scale test should be continued until as many 
critical locations as possible have been found. 

25. Care should he taken that the structure to be tested 
is representative for the production type aircraft. 

Component testing 
26. When comparative tests are carried out on compo- 

nents for design development purposes, a flight- 
simulation loading should be preferred to program 
loading, If the former type of loading cannot be 
carried out with the facilities available, program 
tests should he preferred to tests with a constant- 
amplitude loading. In the latter tests the relative 
merits of two designs may be different at different 
load levels (intersecting S-N curves). 

27. The recommendations made for full-scale testing 
with respect to selecting the types of loads to be 
applied and the magnitudes of these loads are also 
valid for program tests. 

28. For the GTAC in a program test the maximum 
load should be higher than the Ig-load level. The 
load that on the average is equalled or exceeded 
once per flight is recommended for this purpose. 
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TABLE 1 

Survey of the load sequences 

See text page 3 

TABLE 2 

Some general data on the fatigue tests 

Type of Specimen X-royed Final failure Fatigue life Increase of 
loading no. (test periods or cycles) life due to 

NZ at end repairs 
Locotion Wing Station' of /<St 

~~ ~ 

Random 1 no At finger tips P Sta 1350 54 54 -3 

4 no At fingers tips SB Sta 750 38 38 -3 

~ 

Program 2 no At finger tips P Sta 1350 50.5 50.5 -3 

5 yes Did not occur 64 88.5 38 % 

Random 3 yes At finger tips SB Sta 750 24 28 17% 

29.5 34.5 17% 

Const. ampl. 9 yes At finger tips SB' Sta 1350 19000 21 500 13% 
SB Sta 750 21 000 25000 19% 

+CTAC 6 yes At repair SB Sta 1480 19 24 26 % 

At repair SB Sta 520 Program 7 yes 
+ GTAC n yes At finger tips P Sta 1350 27.5 41.5 5 1  % 

(GTAC) 10 yes At finger tips 

32000 36760 15% At finger tips SB Sta1350 Canst. ampl. I I  yes 
(Gusts) 12 yes At finger tips P Sta 750 lo0000 185640 86 % 

I3 yes Did not occur 17000 20300 19% 

1 Station number gives the distance to the plane of symmetry of the aircraft in mm. 
2 Fatigue life if no repairs had been made at the finger tips. 

In these tests no repairs at the finger tips were made. 

TABLE 3 

Comparison between the fatigue lives at the finger tips under 
random and program loading 

Type of Specimen Farigue life Life ratio 
loading nos (test periods) (programlrandom) 

Mean N' 

R 1 and 4 46 I .2 
Pr 2 and 5 57.25 

R+CTAC 3 a n d 6  21.5 1.3 
Pr+GTAC 7 and 8 28.5 

Nd50 %Y 

R+CTAC 3 33.9 1.1 
Pr+CTAC 8 37.1 

1 N is the fatigue life if no repairs had been applied ai  the finger 
tips. Data from table 2. 

2 N3 (50%) is the fatiguelifeat 50%probabilityoffailure, failure 
being defined as reaching a crack length of 3 mm. Data from table 
F1. 

TABLE 4 

Influence of the ground-to-air cycles (GTAC) on the fatigue life 

Type of Specimen Fatigue life Like ratio 
loading nos (rest periods) (with CTACI 

without CTAC) 
Tests Predicted3 

Mean N' 

R 1 and 4 46 
R+GTAC 3 a n d 6  21.5 0.47 0.56 

GTAC 9 and 10 20 MM cycles 

Pr 2 and 5 57.25 
Prf CTAC 7 and 8 28.5 0.50 0.51 

Na (50 

PI 5 IW.7 
P~+GTAC n 37.1 0.37 0.43 

GTAC 9 and 10 26 000 cycles 

1 and 2, see footnotes at table 3. 
3 Prediction is based on the fatigue lives in column 3 of this 
table, employing the linear cumulative damage rule, There are 
336 GTAC in one test period. 



23 

TABLE 5 

The frequency of occurrence of the cracks for different load sequences 

Type of crack Code' Possible Number of cracks deteeredz 
number number of 

cracks in Vorioble-omplilude resling Constanr amplirude rerring 
one lension 

skin spec. spec. spec. Spec. Spec. Spec. 13 Spec. I 1  Spec. I2  
I and4 2andS 3und6 7ondS Pandl0 Highpa Medium P, LowP, 

R Pr RfCTAC P i f C T A C  CTAC 

At end of a l  80 
bonded doubler al' 80 

a2 4 
a3 I2 
a4 12 

5-11 9-27 8-18 5-50 
- 0 - 5  

0 - 1  - 0-2 - 

w 0-2 0 - 1  3-5 
- - 0-1 - 

- - 
15-18 
0 4  

0-2 
- 

- 

At rivet or bl  
bolt holes b2 

b3 
b5 
b6 

b9/b9' 
b10 
b l l  
bl2 

4 
4 
4 
4 
4 

176 

4 
8 

> loo0 

3 4  
1-3 
1-2 
- 
- 

13-19 
14-19 
1-3 
G I  

At open holes c l  4 
or sheet edges c2 16 

c3 I 
c4 2 
c5 2 
c6 2 
c7 4 
c8 4 
c9 ' 2  
C I O  2 
Cll 2 
Cl2 2 
c l3  8 
c14 4 
c15 4 
c19 12 

2-3 
1-3 
1-1 
0 - 2  
1-2 

2 4  
0-2 
0 - 1  

- 

- 
- 
- 
- 
- 
- 
- 

4 
5-7 
1-1 

'1-2' 
1-2 
2-2 
3 4  
1-2 
2-2 
0-1 
0 - 2  
0-1 
1 4  

0-1 
1-3 

- 

3 
3 
4 
- 
- 
26 
83 

I 
1 

4 
8 
1 
2 
2 
2 
4 
2 
2 
1 
1 
1 
3 
I 

2 
- 

4 1 
4 4 
3 4 
- - 
- - 

10 6 
21 58 
3 
2 

- 

- 

3 2 
6 4 
1 1 
2 2 
2 2 
I 2 
4 4 
3 2 
2 2 

2 
1 1 

1 2 
2 

1 

- 

- - 

- 

- - 
- 

1 For the locations of the cracks see fig. 3, for additional comments see Appendix A. 
For two similarly tested specimens the smallest number has been given first for convenience. 
Small crack nuclei were indicated in specimen 3 by destructive testing after the test was completed. 

TABLE 6 

Damage calculations for fatigue lives 

TABLE 7 

Damage calculations for crack propagation 

Type of  Z n / N  
crack 

R Pr R+CTAC Pr+GTAC 

bl I .8 I .8 1.5 1.9 
C l  5.0 3.8 2.3 2.9 
c3 I .7 2.7 1.7 
c4 1.3 I .5 2.1 I .3 
c7 I .7 1.3 1.6 I .4 
C8 2.2 3.8 3.2 3.9 
c9 4.4 8.0 2.7 5.4 

Average 2.6 3.3 2.2 2.8 

al 1.5 1.8 1 .o 1.4 

- 

Pr 1 .o 
RfCTAC 1.4 
Pr+CTAC I .5 

is the number of cycles a t  a certain load amplitude during 
the crack propagation from 3 to 20 mm. 

N,w, is the corresponding crack propagation life. 

TABLE 8 

Results of random load tests of Naumann (ref. 39) 

See text page 15. 



Fig, 1 General view of test set up. 

Fig. 2 Inside view of specimen, SB, showing ribs 1040 (right) 
to 3050 (left). Specimen has failed. 
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CHORD DIRECTION - 
RIB Sto 1040 

EDGES OF 

DOUBLERS 

ThG'thick black line i s  a remainder of a rubber sealing of the fuselage. 

Fig. 4 Detail of the finger plate doubler with a crack (al) in the skin. 

t 30 

za 

1C 

0 
5 5  

CRACK GROWTH CURVE 

6 0  

j i l % T  I ON 

.CRACK IN RIVET 
HOLE, SEE PICTURE 
NOFURTHERCRACK 
GROWTH UNTIL END 
OF TEST (88.5 TEST 
PERIODS) 

65 - TEST PERIOD 

Magnification 1.5 x 
Fig. 5 Crack c9 in specimen 5 (SB). 



S T E E L  DUMMY TENSION SKIN 

Cb c 

0 r 
0 

F E E D  BACK 

I; 

2024-T3)  

i T R U C T U R E  

) 

T A P E  . - - 
BINARY DIGIT T A P E  
WITH L O A D  SEQUENCE 

READER 

Fig. 6 Schematic view of test set-up. 

LOAD 

A 

.TIME 
Fig. 7 Sample of the strain gage record, the aircraft flying in turbulent air. 
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TIME - 
Fig. 8 Sample of a load recording during a random load test 

LOAD 

t 

P, (76 P") 

6 

-NUMBER O F  E X C E E D I N G S  I N  140 T E S T  PERIODS 

Fig. 9 Load spectrum (Pa)  according to the mean-crossing peak count method 
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LOAD 

t 

LOAD 

t 
TIME - 

Fig. 1 I Sample of a load recording during a random load test with ground-to-air cycles. 
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LOAD 

/ 

BATCH OF 56 G T A C ,  
6 BATCHES APPLIED IN 
ONE TEST PERIOD 

/ ONE TEST PERIODgONE LOADING TAPE 

Fig. 12 Schematic picture of load sequence in one test period of a program test with ground-to-air cycles. 

-FATIGUE LIFE i k r )  +"/N FOR 140 PERIODS IN PROGRAM TESTS 

Fig. 13 Fatigue curve for failure at the finger tips and damage distribution. 



31 

FATIGT NUCLEI 

1 2 3 4 5 

-NUMBER OF TEST PERIODS 

40 

10 
8 

6 

4 

3 

2 
5 IO 15 M 
+NUMBEROF C Y C L E S i k c l  -NUMBER OF CYCLES ( k c )  

I Fig. 14 Average crack propagation curves for the cracks at the finger tips. 

, - A R E A  OF B R I T T L E  
ST R LNGE R CRACK EXTANSION 

GROWTH BANDS 
SHEARLIP\ \Y / f 

Magnification 220 times 

Fig. 16 Growth lines on the fracture surface shown in fig. 15. 
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e =  RIVET HOLE IN MAIN CRACK 
PATH OF CRACK LENGTH 43 mm 

' 2  7 mm2. ' 2  9 mm 

AREAS OF FATIGUE 
NUCLEI 

Fig. 17 Final failure of specimen.no. I (random load sequence). 



GROSS STRESS FOR UNSTABLE GROWTH 

f 5c 

4c 

3c 

20 

10 

URVE FOR UNSTIFFENED 
PANEL ( R E F  18) EXTRAFOLATED 
TO A WIDTH OF 1400mm 

0 

b UNSTABLE CRACK PROPAGATION,CRACK STOPPEDAT. 

d 

UNSTABLE CRACK PROPAGATION, COMPLETE FAILURE OF SPECIMEN 

( TOTAL FAILURE DID NOT OCCUR) 

CRACK SHOWED NO GROWTH AT THIS STRESS 

CURVE FOR UNSTIFFENED 
PANEL ( R E F  19) EXTRAPOLATED 
TO A WIDTH OF 1400mm 

- 2 2  __- - - - - -  -------- 
-350mm 8 w  -.-,-- __------  -- - 

\ 
-. . -- . . -\  

13 '. --- - 1- e.- - 
5 c- --. 

190mm 

- - --- - - - - - - _ _ _ _  

I I I 1 4 1 I I 
20 40 bU 80 100 120 140 160 - CRACKLENGTH(mm) 

Fig. 18 Residual strength characteristics of the specimens. 

W 
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I - NUMBER OF LOADING PERIODS 

Average crack propagation curves of five central cracks in sheet specimens, loaded simultaneously with the tension skins of the present 
investigation. Far all tests S, = 12.1 kg/mm2 and  SI.^^ = 1 I .6 kg/mmz. 

Fig. 19 Comparison of the crack propagation under random loading and programmed loading. NLR investigation (ref. 27). 
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G T A C  F L I G H T  LOADS -GTA&- - 

L 1 F L I G H T  -I - TIME I 
I 

L 1 F L I G H T  -I - TIME I 
GTAC F L I G H T  LOADS GTAC 

GTAC F L I G H T  LOADS GTAC 

a. RANDOM-LOAD 
FL IGHT SIMULATION 

b. PROGRAM-LOAD 
FL IGHT SIMULATION 

c.  SlMPLl  F lED 
FL IGHT SIMULATION 

1 F L I G H T  4 
F L I G H T  LOADS 

d. PROGRAM LOADING, 
INCLUDING GTAC I 

1 PERIOD REPRESENTING A NUMBER OF FLIGHTS * * 
Fig. 20 Schematic pictures of combinations of flight loads and GTAC 



APPENDIX A 

Survey of the cracks 

In this Appendix brief comments are presented on 
the structural configuration at the locations of the 
cracks. The three categories of cracks mentioned in 
section 3.2 are successively discussed. Cracks b4, b7, 
c16, c17 and cl8 were omitted from the survey. The 
first three of these cracks occurred in the covers and 
since the same covers were used in more than one test 
the fatigue lives could not be interpreted for the pres- 
ent purpose. Crack c17 was a consequence of a repair 
and crack C I S  was incidentally found in the last speci- 
mens, whereas it could not be ascertained whether it 
had occurred in previous specimens. 

Cracks at the ends of adhesiue bonded doublers 

Crack a / .  The skin joint at rib 1040 is symmetric at 
both sides of rib 1040. The three reinforcing doublers 
are indicated in fig. 3 (see also fig. 4). The edge of the 
doubler on the skin was cut as a finger plate. Crack al 
originated in the skin from the edge of the fingertips, 
see fig. AI (also fig. 4). Fingertips are present from 
front spar to rear spar, two at all hat stringers 2 to I O  
and a single wider finger at stringers I and 11. In one 
specimen four fingerplates have a total of 80 fingers. 

Crack ai'. This crack was of the same character as 
crack al. Instead of growing from the fingertip it origi- 
nated in the skin at the feet of the fingers, see fig. AI. 

Crack a2. The crack in the skin (Sta. 1750) started 
from the edge of the first doubler plate (thickness 
1.5 mm) that reinforced the cut out, see fig. 3. The 
doubler plate was bonded to the skin and the stringers 
(nos 4 and 8) were joggled over the edge of the doubler 
plate. There are four such joggles in one specimen. 

Cracks a3 anda4. The Ranges of stringers 5, 6 and 7, 
which terminate near the cover at rib 2040, are rein- 
forced by staggered strips, partly bonded as indicated 
in fig. A2. Cracks of types a3 and a4 were found in the 
strips or in the stringer flange at the ends of bonded 
strips, as shown in the figure. 

Cracks at rivet holes and bolt holes 

Crack bl. The stringers 1 and 11 are built up from an 
angle section and a Z-stringer, joined by a single row 
of rivets, see fig. A3. Due to the tapering of the wing 
the stringers terminate near front and rear spar see 
figs. 2 and 3. At rib station 2024 the Z-section is tapered 
down and terminates, the angle section extending fur- 
ther. Cracks originated in the angle section at the last 

rivet connecting the two sections, see fig. A3. Four such 
end rivets are present in each specimen. 

Cracks b2 and b3. Before terminating, both the Z-sec- 
tion and the angle section of stringers 1 and 11 are 
tapered down. The last rivets connecting the sections 
with the skin are again end rivets. Cracks in the skin 
originating from these end rivets are indicated in fig. 3 
as b2 and b3, respectively, see also fig. A3. Each of 
these end rivets is found four times in a specimen. 

Cracks bSandb6. The covers are connected to the rab- 
bets of the cut-outs by bolts. Crack b5 was initiated at 
a bolt hole in the rabbet, built up of bonded doubler 
plates, see fig. A4. Afterwards it also grew into the skin. 
The bolt in this hole is  not an end bolt, but the hole is 
near the transition from the straight part to the semi- 
circular part of the edge of the opening and is therefore 
inaregion of stressconcentration. Asimilar crack (type 
b6,seefig.3)originatedat thecoverinthenacelle area. 

Crack b8. At the skin joint at rib 1040 the stringers are 
continuous. At the outside of the structure two strap 
plates are joining the skin, which is locally reinforced 
by three bonded doublers, see fig. A5 (also fig. 3). 
Cracks were initiated at the holes from the end rivets 
of the joint, see fig. A5. The cracks first grew in the 
doublers and at a later stage penetrated into the skin. 

Cracks b9 and 69'. These cracks started from rivet holes 
near the fingertip, viz. the first hole ahead of the finger- 
tip and the first hole on the fingertip, see fig. AI. The 
latter crack occurred in the skin and in general not in 
the fingerplate. 

Crack b10. Cracks in the skin starting from apparently 
arbitrary rivet holes were found between rib 1040 SB 
and rib 1040 P (fig. 3). The cracks had the same charac- 
ter as cracks b9 and b9'. 

Crack bll .  The hat sections of stringers 5 ,  6 and I ter- 
minate at the cut out between ribs 2040 and 2540 (figs. 
2 and 3). Stringers 5 and 7 extend further as L-sections. 
The hat section, cut down to its top hat (U-section), is 
riveted to the L-section. Cracks started in the L-sec- 
tion from the hole of the end rivet, see fig. A6. 

Crack bI2. The crack occurred in the outer strap plate 
of the skin joint at rib Sta 1040 (see fig. AS) near the 
front or rear spar (see fig. 3). It started from a rivet hole 
nearest to Sta 1040, which is an end rivet for the strap 
plate. 

Cracks startingfrom open holes and sheet edges 

Crack c l .  Cracks of this type were initiated at rounded 
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corners (radius 18 mm) of the edge of a strap plate near 
rib 520 at the front spar and the rear spar, see fig. 3. The 
cracks grew in the strap plate between the skin and the 
spar cap. 

Crark c2. At rib 520 there are open holes in the skin 
and the strap plate (fig. 3). Forgings for the connection 
of the wing to the fuselage passed through these holes. 
The forgings were not present on the specimens. Cracks 
c2 started from the corners (radius 6 mm) of the holes, 
see fig. 3. 

Crack c3. In the strap plate at the rear spar near rib 0 
there is another open hole with a diameter of 53 mm. 
A crack was initiated at  this hole and grew to the free 
edge of the strap plate, see fig. 3, crack type c3. There 
is only one such hole in a specimen. 

Cracks c4-c8 and cl0-cl2. Cracks were initiated from 
open holes in the nacelle region, see fig. A7. The skin 
is protruding ahead of the front spar and behind the 
rear spar. The holes are present for connection pur- 
poses of the nacelle and for auxiliary equipment. 

Crack c9. This crack started from theedge of the skin 
at the rear spar near rib 2540, see fig. A7. A picture of 
a crack of this type is shown in fig. 5. 

Cracks c 1 3 h 1 5 .  In the nacelle areathereareopenholes 
between stringers 2 and 3 adbetween stringers 8 and 
9, see fig. 3. Equipment and control lines are passing 
through these holes. Cracks c13-cI5 started in the skin 
from the edges of the reinforced holes (radii 20, 20 and 
25 mm, respectively). 

Crack c19. Cracks of this type occurred in the L-sec- 
tion of stringers 5 and 7 (see description of crack bll). 
Cutaways in the top of the L-sections permitted the 
passing of the flanges of three ribs, see fig. A6. Cracks 
started from the edges of the cutaways (radii from 
30-60 mm). 

It should be pointed out that several cracks cannot 
be considered as typical for the pre-modification F-27 
design in view of the difference between the specimen 
and the actual aircraft, such as the connection to  the 
fuselage, the nacelles and the leading and the trailing 
edges. 

CROII iECTlON A - k  

Fig. AI The locations of the cracks near the finger tips 

BONDED TO 
ONEPACKAGE I STRINGER FLANGE.1-1.6 m 

STRIP. ,.O.t m," 
STRIP. tkO.6"  

STRINGER AND STRIPS ARE 
RlYETED TO THE SKIN 

Fig. A2 Location of cracks in stringer flange and strip at the 
reinforcing strips (crack type as  and a4). 

Fig. AS Cracks at end rivet in the angle of section of stringers I 
and I I (crack type bl). 

- 
'ROII IECTION & A  

CRACX IN 

CRACKb61NTHERABBETOFTHE 
COVER IN THE NACELLE HAS THE 
SAME CHARACTER AS CRACK b 5 15 1 

1 .-.-I-.- -' 

Fig. A4 Crack b5 starting from a bolt hole in the rabbet of the 
cover between ribs 2040 and 2540 (see fig. S). 

Fig. A5 Cross section of skin joint at rib (040. 
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.. . 
THE ED, 

Fig. A6 Cracks b l l  and c19 in the L-section of stringers 5 and 7. 

RIB 4155 RIB 3600 

CRACK C 4 

_-- 
-STRINGER 2 

CRACK C 6  

RIB 2540 

T H E  SKIN 
DOUBLERBONDED 
TO THE SKIN 

CRACKS C 7  AND CB IN IT IATED IN T H E  SKIN AT T H E  
CORNERS (RADIUS 3 mm) OF THE T-HOLES. 
CRACK C 9  STARTED FROM THE EDGE OF THE SKIN 
( RADIUS 45 m m )  

Fig, A1 Cracks in the skin starting from open holes (&S, c I k 1 2 )  and from the edge of the skin (c9) near the spars in the nacelle region. 

APPENDIX B 

Measurements of the loads 

The load on the strain gage dynamometer was conti- 
nuously recorded on a strip-chart recorder during all 
tests. The dynamometer with the recorder were cali- 
brated IO times during the investigation. The standard 
deviation of the calibration factor was 0.4% of the 
mean value of this factor, which is considered to be an 
excellent result. It was further ascertained by employ- 
ing a second dynamometer and a U.V.-recorder that 
the static calibration of the strip-chart recorder was 
also valid for the fatigue loading. 

The loads were measured from the load records. The 

average values of the load amplitudes in the eight varia- 
ble-amplitude tests are given in table BI.  For each 
amplitude the standard deviation of the eight values 
was calculated. There appeared t o  be a low scatter, the 
average standard deviation being 0.2% P,, which is 
0.25 % of the difference between the maximum and the 
minimum loads applied in the tests. This is a veryfavor- 
able result for a fatigue test. The scatter of the load 
within a single test was of the same order of magni- 
tude or lower. 

The loads obtained from the records of the constant- 
amplitude tests have been compiled in table B2. For 
the GTAC the results for the program and the random 
tests with GTAC were included for comparison. The 
differences between the GTAC in these tests and in the 
constant-amplitude tests are negligible. 



39 

TABLE B1 

The fatigue loads applied in the eight variable-amplitude tests 

Load Pa( % P d  for specimen m. 
leuelr' 
(kmax-kmio) 1 2 3 4 5 6 7 8 

17-15 4.0 
18-14 6.6 
19-13 9.0 
2G-12  11.7 
21-11 14.4 
22-10 16.8 
23- 9 19.5 
2 4 -  8 22.0 
25- 7 24.7 
2 6  6 27.4 
27- 5 30.0 
28- 4 32.4 
29- 3 35.1 
3 G  2 37.8 
31- 1 39.9 

4.2 
6.9 
9.6 

12.0 
14.6 
17.3 
19.8 
22.5 
25.1 
27.9 
30.6 
33.2 
35.6 
38.2 
40.2 

4.1 
6.6 
9.3 

11.9 
14.4 
17.1 
19.76 
22.4 
25.1 
27.9 
30.6 
33.0 
35.4 
37.7 
39.3 

3.8 3.8 3.9 3.9 3.8 
6.3 6.6 6.6 6.6 6.4 
9.0 9.4 9. I 9.3 9.1 

11.7 12.0 11.9 12.0 11.9 
14.3 14.4 14.5 14.6 14.5 
16.8 17.0 17.2 17.3 17.1 
19.5 19.5 19.8 19.9 19.7 
22.1 22.3 22.4 22.4 22.3 
24.3 24.9 25.1 25.0 24.9 
26.9 27.6 27.8 27.6 27.5 
30.1 30.3 30.3 30.2 30.1 
32.6 32.8 33.0 32.9 32.6 
35.1 35.3 35.6 35.6 35.3 
37.5 37.7 38.0 38.1 37.9 
39.0 39.3 39.6 39.5 39.5 

3.94 0.15 
6.58 0.16 
9.23 0.21 

11.89 0.12 
14.46 0.12 
17.08 0.20 
19.68 0.16 
22.30 0.17 
24.89 0.27 
27.58 0.33 
30.28 0.23 
32.81 0.26 
35.38 0.21 
37.86 0.23 
39.54 0.37 

Mean value 22. I 22.5 22.3 21.9 22.2 22.3 22.3 22.2 0.2 

The mean load in the fatigue test is load level no. 16; load levels nos 17 to 31 are above the mean load and load levels 1 to I5 are below 
the mean load. 

TABLE B2 

The loads applied in the constant-amplitude tests 

T ~ S I  Loads Specimen Magnitude of loads (%Pa)  
series no. Pmax P,i. Pa P, 

loaded slightly above the mean load ( 2 5 % P J  to in- 
crease the sensitivity. The effect of loading the struc- 
ture is clearly shown in the table below (results of spe- 
cimen no. 3) 

e GTAC 9and I O  40.5 -7.2 23.85 16.65 
c and d 3,6,7and8 40.2 -7.0 23.6 16.6 

11 40.3 10.9 14.7 25.6 

13 46.8 3.2 21.8 25.0 
f Gusts 12 34.7 16.0 9.35 25.35 

APPENDIX C 

X-ray inspections 

Cracks in the skin emanating from the ends of ad- 
hesive bonded doublers (cracks of category a, see Ap- 
pendix A) were hard to observe visually since they were 
hidden by the excess of adhesive at the edge of the 
doubler. This especially applies to crack type al since 
after penetration through the skin the crack was hidden 
there under stringer flanges. For this type of crack, 
which occurred quite frequently, the X-ray method 
was extensively used. 

All X-ray pictures were made by the Rontgen Tech- 
nische Dienst (Dutch firm specialized on non-destruc- 
tive testing) with a 60 kV X-ray unit. X-ray inspections 
were made in 10 of the 13 tests starting at approxi- 
mately 50 % of the anticipated fatigue life. Pictures were 
made at the end of each test period. The specimen was 

Crack no. Crack lengrh (mm) on the X-ray 
film 01 four differenr loads 

- - - 13 4 
14 3.7 3 
17 8.5 3 

- - 
- - 

12 3 
13 16.5 
14 21 
15 8 
16 4 
17 23 

In the table a horizontal dash means that the crack was 
invisible. The stress in the skin at P, was in the order 
of 40 kg/mmz (56 ksi). The three longest cracks were 
through cracks whereas the other cracks were part- 
through cracks. The latter ones could not be detected 
on the X-ray films at P = 5 % P,. 

Destructive testing of coupons cut from the skin of 
specimen no. 3, including a single finger tip each, in- 
dicated that the length of a through crack indicated on 
the X-ray film was equal or slightly smaller than the 
actual length. For the part-through cracks, however, 
the length on the film was some 30 to 50 % less, depend- 
ing on the penetration. Cracks with an average depth 
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of penetration below 0.4 mm (20% of skin thickness) 
were not indicated at all on the X-ray films. A through 
crack was clearly visible on the X-ray film as a sharp 
black line. The part-through cracks produced faint 
lines on the film only. Apparently the opening of the 
crack is of great importance for the sensitivity of the 
X-ray inspection. 

Crack type a2 did not occur frequently. In a few 
cases X-ray inspections were unsuccessful for this type 
of crack although some through cracks were present. 
Probably the X-ray tube was not correctly positioned 
in line with the plane of the crack. 

Crack b8 was initiated from rivet holes under the 
strap plates at the skin joint at S a  1040. This crack was 
also inaccessible for visual inspection. The X-ray meth- 
od was successful in this case. Inspections were made 
on the last three specimens only, since the crack had 
not been detected in the first I O  specimens. 

It should be noted that the conditions for taking X- 
ray pictures were very favorable as compared with 
taking pictures of a complete wing structure in service. 
First a tensile load could be applied and, secondly, the 
pictures had not to be taken through the compression 
skin, which was absent in the present test series. 

APPENDIX D 

Summary of the strain measurements 

This Appendix has been based on refs. 3 and 7. The 
strain gages were bonded to the outside and the inside 
of the tension skins and the coupling plates. Measure- 
ments were made on each tension skin before fatigue 
testing started by loading the skin to approximately 
30%P, and continuously recording the strain gage 
output as a function of the load on the structure. The 
records werelinearly extrapolated to 100% P.and from 
these results the stresses S.  (at IOO%P,) were calcu- 
lated, adoptingan E-value of 7240 kg/mm2 (10300 ksi). 

The number of gages bonded to specimens nos. I ,  
2 and 8 were 120, 82 and 74, respectively; the number 
for the specimens nos. 3-7 and 9-13 was 24. The stress 
level (at P,) in the skin near the finger tips was in the 
order of 40 kg/mm2(57 ksi). At other locations at 
which cracks were found the stress level varied from 25 
to 35 kg/mm2 (35 ksi to 50 ksi). As an example of the 
results the chordwise stress distribution near the finger 
tips is shown in fig. DI.  

Since 24 gage locations were adopted in a1 I 13 tests, 
the scatter of the stresses at these locations could be 
determined. For the stress at a certain location the 
standard deviation of the 13 test results was calculated. 
The average of the 24 calculated standard deviations 
was 1.09 kg/mm2 (1.55 ksi), corresponding to approxi- 
mately 3 % of the indicated stress levels. After the 24 
stress values of each specimen were averaged, the stan- 

dard deviation of these average stress levels was 
0.56 kg/mm2 (0.80 ksi) or 1.5% of the average stress 
level S. = 36.9 kg/mm2 G 52.5 ksi. The latter values are 
small enough to conclude that thespecimens asmount- 
ed on the dummy structure were loaded in the same 
way in all tests. 

A further confirmation of this conclusion is offered 
by the strain measurements on the two coupling plates 
(see fig. 6). Ten gages were bonded to each coupling 
plate and apart from a few gages that were damaged 
during the investigation, the gages remained on the 
plates during all tests. The average of the standard 
deviations of the stresses (at P.) was 0.28 kg/mm2 
(0.40 ksi) or 1.7 % of the indicated stress. The standard 
deviation of the average stresses in the coupling plates 
was 0.19 kg/mm2 (0.27 ksi) or 1.1 % of the indicated 
average stress ( S . =  16.7 kg/mm2 G 23.8 ksi). 

In the course of some fatigue tests, testing was inter- 
rupted for carrying out additional static and dynamic 
strain measurements. In all cases these static measure- 
ments were in good agreement with the measurements 
made before the fatigue test on the specimen started. 
The dynamic strain-measurements indicated approxi- 
mately 3 % higher stresses than the values calculated 
from the appGed fatigue loads on the basis of the sta- 
tic strain measurements. This was due to a small over- 
shoot induced by the massive test rig. 

As a general remark it may be said that the low 
scatter of the strain measurements have fully confirmed 
the reliability of the strain gage technique. 

yl 

63 

m 
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i " W d  

Fig. D1 Chordwise stress distributions near the fingertips. 
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:1 APPENDIX E 

Statistical properties of the random load 

A random load sequence can be analysed according 
to various counting methods or by the power spectral 
method. These methods are extensively discussed in 
ref. 15. The counting methods are based on three types 
of occurrences, viz. peaks (maxima and minima), 
ranges (differences between maxima and minima) and 
level-crossings. The following counting methods, illus- 
trated in fig. E l ,  will be considered: 

Peak count niefhod (fig. Ela)  All maximum values 
and all minimum values of the load-time history are 
counted. The restriction can be made that only maxi- 
mum values above the mean load and minimum values 
below the mean load are counted. 

Mean-crossing peak coimt method ('g. Elb)  Between 
two successive mean-crossings only one count is made, 
viz. the highest maximum or the lowest minimum. The 
number of counts is necessarily smaller than for the 
peak count method, compare figs. Ela and Elb. 

Level-crossing coiinf method (fig. E l r )  Each time the 
load exceeds a certain load level above the mean load 
a count is made. This is done for a number of load 
levels. (A similar procedure is applied to load levels 
below the mean load.) The number of level crossings 
of a load level need not be equal to the number of maxi- 
ma above that level, as is frequently assumed; it is equal 
to the difference between the number of maxima and 
the number of minima above that level. Nevertheless, 
the assumption is accepted hereafter. 

Range coiint method (fig. E ld )  A load range is defined 
as the difference between two successive peak values 
and can thus be either positive or negative. All ranges 
are counted. The mean value of the ranges, i.e. the 
mean load between two successive peak loads, will vary 
from range to range, but this fact is ignored. 

Range-pair counf method (fig. E l e )  Ranges are counted 
in pairs of equal magnitude and opposite sign, disre- 
garding intermediate smaller ranges. An alternative 
interpretation of this method is discussed in ref. 15. 

The load levels indicated by the rank numbers 
k =  I ,  2, 3, ... 30, 31 wereapproximatelyequallyspaced 
between the minimum (k  = 1) and the maximum 
( k  = 31) applied in the tests. The mean load (Ig load) 
is represented by k = 16. The statistical analysis of the 
random load was made on the basis of the rank num- 
bers by an electronic digital computer. The statistical 

symmetry of the loads around the mean load appeared 
to be good (ref. 2). In view of this symmetry the results 
of the countings will be given as averages of the num- 
bers of maxima and minima and of the numbers of 
positive and negative ranges. Numerical data were giv- 
en in detail in ref. 2. The results are summarized in 
figs. E2 and E3. 

Fig. E2 shows the number of exceedings for the peak 
count method, the mean-crossing peak count method 
and the level-crossing count method. The differences 
between the counting results are small and restricted 
to the lower amplitude. 

Fig. E3 shows the differences between the range 
count method, the range-pair count method and the 
mean-crossing peak count method. There is a marked 
difference between the former two methods, whereas 
the range-pair count method gives approximately 20 % 
lower numbers of counts than the mean-crossing peak 
count method except for the lower amplitudes. It is 
thought that the range count method is not realistic 
since if overemphasizes the significance of small ranges 
at the expense of large ranges. In fig. Eld, for example, 
the consequence of the occurrence of range r2 is that 
the range from A to B is not counted. Some comments 
on the differences between the counting methods are 
given in ref. 2 and a more elaborate discussion is pre- 
sented in ref. 15. A similar comparison of statistical 
properties of random load-time histories was made by 
Leybold and Naumann (refs. 16 and 17) who arrived 
at similar results. 

The VGH-recorder may be associated with the mean- 
crossing peak count method, whereas the Fatiguemeter 
(counting accelerometer) gives results between those 
obtained by the mean-crossing peak count method and 
the peak count method. In the present case (see fig. E2) 
the two instruments would have yielded approximately 
the same results. The Vickers Strain Range Counter 
is operating in accordance with the range-pair count 
method and would have given slightly smaller numbers 
of exceedings, as noted above. 

In chapter 7 is was explained that the random tapes 
(load records) B1-El were derived from tape AI by a 
non-linear amplification affecting the higher loads only 
and that tapes A2-E2 were derived from tapes AI-El 
by a linear reduction of the load amplitudes to 75%. 
The numbers of occurrences of the load levels in the 
10 tapes and the sequence of the.tapes in the tests are 
given in table El.  Within each tape the random gust 
load sequence ofthe original flight record was preserved. 

The numbers of occurrence of the load amplitudes 
applied in the three tapes used in the program tests are 
given in table E2. The tapes are different for the high- 
est amplitudes only. The sequence of application of the 
tapes is also indicated in the table. 
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TABLE El  TABLE E2 

Loads applied in the random tests Load cycles applied in the program tests 

Lood Numbers of o ~ c ~ r r e n c e ~  of load leuels on rapes' Lood cycle Pa Number of cve1c.r on Number of 

T2 
T3 

AI,  A2, AI, A2, DI, A2, AI, A2, AI, D2 
AI. A2. AI. A2. E l .  A2. AI. A2. AI. E2 UEWLoAn 

.~ 
/="el kmax-kmn ( %Pd tapes cycles in 

P I  P2 P3 140 rapes' 
A1 BI CI DI El A2 BZ CZ DZ E2 

n l  - L  a 

'\ / '1 i 1- i,yr :\ LEVEL CRDIIINCICOUNTILI 

- - _ _ -  
31-1 39.5 - 1 -  26 

1 - 1 1 3 3  
- -  2 

3 I 2  I - -  
4 3 1 1 1 1  
5 2 2 2 2 2  
6 3 3 2 2 2  
7 8 
8 31 
9 73 

10 181 
11 369 
12 70(1 
13 969 Same as 
14 1312 tape AI 
15 1480 
16 1589 
17 1499 
18 1304 
19 982 
20 585 
21 
22 
23 
24 
25 
26 
21 
28 
29 
30 
31 

395 
178 
86 
34 
10 
9 9 9 8 8  

? 2  I -  1 I 
2 1 1 1 1  
- 1 1 1 1  
- -  1 - -  
- 1 1 2 2  

- - _ _ -  
I 1  

- -  1 1 1  
- 1 1 2 2  

1 1 2 - -  
3 2 1 1 1  
3 3 2 2 2  
I 

49 
129 
395 
886 Same as 

1331 tape A2 
I677 
1657 
1631 
1370 
717 
409 

- - -  

144 
155 
14 

3 
3 
- 
- 
- 

1 The sequence of the tapes is indicated in the table below. 

1 30-2 37.9 - - 
29-3 35.4 - 2 -  
2 8 4  32.8 1 1 1 
21-5 30.3 1 1 2 
26-6 27.6 3 4 2  
25-1 24.9 6 4 4  
2~ 22.3 I8 20 24 
23-9 19.7 42 44 44 
22-10 17.1 108 104 102 
21-11 14.5 226 226 226 
20-12 11.9 422 422 422 
19-13 9.2 102 102 702 
18-14 6.6 1092 1092 1092 
17-15 3.9 1244 1244 1244 

~ 

8 
52 

140 
148 
438 
712 

2620 
5948 

14968 
31640 
59080 
98280 

152880 
174160 

Total number 3865 3867 3866 541160 

The sequence of the tapes is indicated in the table below. 

Tape series Sequence of ropes in lope series 

A PI,  PI, P2, PI 
B PI, PI, P3, PI 
C PI, PI 

Sequence of tape series in the tests: A, A, A, B, A, A, A, B, A, 
A, A, B, A, C and then repeated 

Tape series Sequence of rapes iH the rape series 

TI AI, A2, AI, A2, CI A2, AI,  A2, AI,  C2 " 

I '  L I  L- - I  . , . , , , , , , 

T4 AI, A2, AI, B2, B1, Al,  A2, A2. BI, B2 7 A /  

Sequence of tape series in the tests: T4, TI ,  T4, T4, T2, TI. TI ,  
T4, T2, T4, T4, T4, TI ,  T3 

" 
Fig. Elc Level-crossing count method. 

Fig. E lb  Mean-crossing peak count method. Fig. Ele Range-pair count method, 

Fig. El Counting methods for statistical analysis of a loading record. 
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Fig. E2 Comparison of the number of exceedings of peak values as counted by three methods. The results apply to 140 test periods (tapes). 
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APPENDIX F 

Evaluation of the scatter of the fatigue life a t  the finger 
tips (crack al)  

The fatigue life N ,  was defined as the life at which 
the crack length was 3 mm, according to the X-ray 
data. A small value was selected in order to obtain a 
number of N,-data as large as possible. On the other 
hand the value was large enough for assessing N3 with 
a reasonable accuracy. 

The number of finger tips in one specimen is 80, but 
they are not all at the same stress level. A number of 
52 finger tips was selected for which S, is approximately 
40 kg/mm2. This included finger tips a t  stringers 2-10 
inside rib 1040 and at stringers 3,4,8 and 9 outside rib 
1040. The corresponding N,-values were given in refs. 
4,6 and 7. 

For the statistical analysis the N,-values were ar- 
ranged to an increasing order of magnitude and allotted 
rank numbers i. The corresponding probability of 
failure is then defined as: 

i 

m + l  
Probability of failure = __ with m = 5 2  

This quantity has been plotted against log N ,  on nor- 
mal probability paper in fig. FI. The standard devia- 
tion of log N,, denoted by ulOg N3, can be derived from 
the slope of the graphs. The values of ulog N, are indi- 
cated in fig. FI. A recapitulation of the scatter data of 
all tension skins is given in table FI. 

During testing of specimens nos. 1, 2 and 4 no X-ray 
inspections were made. An N,-distribution graph for 

the random tests (specimens 1 and 4) could therefore 
not be plotted. Specimen no. 2 was X-rayed after it had 
failed with no indications of cracks being obtained. 
On the fracture surface some fatigue nuclei were pres- 
ent from which two nuclei would probably have been 
detected if X-raying had been done. For specimens 6 
and 7 the numbers of available data were too small for 
statistical handling. 

Although the graphs suggest that the distribution 
function of N3 could be approximately normal (Gaus- 
sian) there are also indications that deviations from 
this distribution function for low values of the proba- 
bility of failure are possible. 

In view of the number of data points in the graphs 
of figure FI it will be clear that the accuracy of the 
ulOp N,  values cannot be large. Nevertheless it seems 
justified to say that there will be a small standard devi- 
ation for this type of crack. The average value was 
0.085. 

It is somewhat disquieting to notice that two spe- 
cimens tested with the same loading probably yield 
different distribution functions. This is suggested by 
figs. Fla, F l c  and Fld .  The differences between the 
fatigue lives of two similarly tested specimens (at the 
same probability of failure) are not alarming since they 
still have quite usual values for fatigue. Neverthelessl 
it has to be admitted that the finger tips in one spe- 
cimen need not belong to the same population as the 
finger tips in another specimen. In other words: aparl 
from the scatter within a single structure there is anoth- 
er source of scatter giving differences between struc- 
tures. 

TABLE FI 

Survey of scatter data concerning fatigue life at the finger tips 

Specimen Type of Number of Na ot U l O l  N, coeficienr of 
no loading ouoiloble 50%prob. offailure ofvariotion for log Ns2 

dara fesf periods cycles 

3 R i G T A C  9 33.9 142000 0.090 1.7% 

8 Pr+CTAC 34 37.1 156000 0.125 2.4% 
5 Pi 15 100.7 3 9 m  0.067 1.2% 

9 GTAC 9 
10 7 

24 300 0.086 2.0% 
27600 0.061 1.4% 

I I  15 
12 Constant Pa 14 
13 6 

40500 0.062 1.3% 
232OW 0.131 2.4% 

24000 0.060 1.4% 

Mean 0.085 1.7% 
~ 

1 N~W.W read from the probability graphs 
2 For specimens nos 3, 5 and 8 Na was taken as the number of cycles 
3 The values o fUiO8N3 for specimens nos 9 and 10 deviate from those in ref. 5. The latter ones were erroneous. 
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Fig, F l a  Program tests. Fig. F lc  Program tests with GTAC. 
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Fig. F lb  Random tests with GTAC, 
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Fig. Fld Constant-amplitude tests (GTAC). 

Fig. FI The fatigue life at the finger tips ( N d  plotted on normal-probability paper 

Fig. Fle  Constant-amplitude tests (Gust amplitudes) 
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APPENDIX G 

The effect of the ground-to-air cycle (GTAC) on the 
fatigue life 

For wing structures there are two special features 
about the GTAC as compared with other fatigue loads, 
namely: 
1) It is a periodically recurring load. 
2) It is a downward load relative to the I-g load in 

flight. An exception to the latter can be a fighter 
aircraft with an undercarriage located far outboard 
(ref. 32). 
The GTAC has the reputation ofbeing highly damag- 

ing and this bas led to the incorporation of GTAC into 
many full-scale prototype tests. The testing then has 
the character of flight simulation. Obviously the con- 
tribution of the GTAC to the fatigue damage will de- 
pend on its magnitude and frequency in relation to the 
severity of the other fatigue loads, such as gusts and 
maneuvers. 

There appear to be two reasons why the GTACcould 
be extra damaging. Firstly, the GTAC, considered in 
combination with an upward load occurring in flight, 
implies an increase of stress ranges. Secondly, infre- 
quent, high upward loads may introduce favorable 
residual stresses and these stresses may be obliterated 
by the downward GTAC, depending on its magnitude. 
The first reason means that the GTAC itself is damag- 
ing, the second one implies that it is also increasing 
the damage done by other load cycles: Before making 
recommendations for the application of GTAC in full- 
scale tests the empirical evidence on the effect of the 
GTAC on the fatigue life will be summarized. 

The effect on the fatigue life was studied in several 
tests series by making comparisons between tests with 
GTAC and tests with the same flight loads but the 
GTAC being omitted. The most relevant information 
comes from tests for which the flight loads had a ran- 
dom character. The results of these tests and of sim. 
plified flight simulation tests (see fig. 20) have been 
summarized in table GI.  The table gives data on the 
type of specimen or structure, the number of flight 
loads per flight and the severity of the GTAC as com- 
pared with the I-g load level. By adding GTAC the 
fatigue life obtained in tests without GTAC is reduced 
with an amount indicated in column (6) of the table. 
The reduction is the damage contribution ofthe GTAC. 
The predicted damage contribution according to the 
Palmgren-Miner rule is obviously equal to the cycle 
ratio of the GTAC (ncrAc/NcicrAc), which is presented 
in column (7). The ratio between the actual damage 
and the predicted damage is given in column (8). 

The most interesting information of table GI is in 
column (6), showing the fatigue life reduction due to the 
GTAC. Although there are considerable differences 

between the various investigations (severity and fre- 
quency of GTAC, severity of flight loads, type of spe- 
cimen etc.) the conclusion is justified that the GTAC 
induced a most important reduction of the fatigue life, 
The smaller reductions (&30%) apply to the NLR 
crack propagation tests. This can be understood since 
during crack propagation negative loads are prevented 
from being harmful by closing of the crack and sec- 
ondly since cracks allow an easy restoration of favor- 
able residual stresses (ref. 40). 

A comparison of the predicted damage of the GTAC 
with the actual damage (column 8 of table GI)  shows 
that the latter is always larger and in most cases much 
larger. The predicted damage depends on the defini- 
tion of the magnitude of the GTAC, the definition 
being in fact unconservative for most tests (see foot- 
note 3 of the table). Several definitions were studied by 
Melcon and McCulloch (refs. 1 I and 25)  and no satis- 
factory definition could be obtained to suit their own 
results. In view of the qualitative explanation of the 
effect of the GTAC as given before, it can hardly be 
expected that some definition can be given which could 
have a general applicability in such a way that the 
damage of the GTAC would be correctly predicted. 
For the tests of Barrois and those of the present investi- 
gation one might have expected that the definition was 
at least conservative. Nevertheless, the actual damage 
of the GTAC was considerably underestimated. It has 
to be concluded that the Palmgren-Miner rule is essen- 
tially unreliable for estimating the damage contribu- 
tion of the GTAC. 

Since the damage of the GTAC cannot he reasonably 
estimated by means of Palmgren-Miner rule (which 
moreover requires relevant S-N data) and since the 
GTAC can apparently reduce the fatigue life with some 
70 to 90 ”/, of its value if no GTAC were applied, it will 
be clear that application of the GTAC in full-scale 
tests is indispensable. 

The reduction of the fatigue life under program 
loading induced by adding GTAC was also the subject 
of several investigations that are summarized in  table 
G2. The GTAC are now applied in batches and again 
a considerable effect on the fatigue life is noticed (see 
column 6 of the table). Also here the predicted damage 
(column 7) is generally smaller than the actual life re- 
duction. An exception is the present test series, which 
shows a good agreement between prediction and test 
result. The definition of the GTAC in the program 
tests was of course no problem since the GTAC were 
applied as separate cycles. The table may then be 
considered as a confirmation of the unreliahility of the 
Palmgren-Miner rule for judging the damaging effect 
of the GTAC. 

An interesting observation comes from tests of Gass- 
ner and Horstmann (ref. 41). Table G2 shows that 
application of 10 batches of 75 GTAC in each period 
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reduced the fatigue life to 25%. Some unpublished 
check tests with only one GTAC in each batch gave 
approximately the same life reduction (private commu- 
nication of professor Gassner). This clearly confirms 
that the damaging effect of the GTAC mainly occurred 

by its detrimental effect on the residual stress, rather 
than by its contribution to microcrack extension per 
se. This is one other reason to apply GTAC in a full- 
scale test with the periodicity as it occurs in service 
relative to other fatigue loads. In other words full- 

TABLE GI 

The reduction of the fatigue life in flight simulation tests as caused by the GTAC 

(11 (21 (31 (41 (51 (6) 

rest of specimen' flighr load (s7& of f a W e  
cycles per life due to 

flight CTACI%J 

Type of Inuestigorion Type of Number of (Smin)cr~c Reducrion2 

Barrois Riveted lap 5 10 .16  92 
(ref. 34) joint 10 87 

(2024) 49 74 

flight 999 49 
Simplified 99 72 

(71 (8) 
)IC.TAC Ratio 

161/(7/ 
I %i 

48 1.9 
36 2.4 
15 5 
8 9 
1.4 35 

(9) 
Remarks 

- simulation 
] Location A 

) Location B 

Winkworth Dakota 5 < o  65 10 
(ref. 35) wings I 5  29 7 4 

(2024) 5 78 14 
I5 35 7 

NLR Crack 10 +0.06 34 22 1.5 Propagation 
(ref. 36) propagation 50 12 5.7 2 from 6 to 80 mm 

(2024) sheet width 160 mm 

Mann and Mustang 23 -1.2 77 14 5 Fmal failure tank bay area 
Patching wings 64 6' 10 Initial failure gun bay area 
(ref. 37) (2024) 78 Initial failure tank bay area 

Finney, Specimen with 23 -0.97 46 25 1.8 2024T3, AI-Cu alloy 
Mann and circum- -0.19 59 33 1.8 DTD-363A, AI-Zn alloy 

Random Patching ferential < o  57 DTD-3640, AI-Cu allay 
load (refs. 37 V-notch < o  50 7178-T6, Ai-Zn alloy 
Right and 38) Kr = 7 
simula- 

12 Kt = 4 severe gust spectrum 

40 K c  = 4 mild 
40 ti< = 7 I gust-spectrum 

1 tion Melcon and Specimens 13 -0.25 89 5 18 K , = 4  
McCulloch with central 110 -0.25 49 3 
(refs. 1 I notch (7075) 13 -0.25 83 tit = 7 
and 25) 13 -0.50 82 - 2  

13 -0.50 87 - 2  
30 -0.55 67 -0.01 - IO4 Kt = 4 Maneuver-spectrum 

7075.T6, different types 
8 of randomness ; y  I Naumann Edge notched 34 -0.5 77 8 

(ref. 39) specimens, 0 54 5 
R = 4 -0.5 79 10 

-0.5 82 10 8 
-0.5 83 7 12 2024-T3 

NLR Tension skins 12 -0.28 53 36 1.5 
present tests (7075) 

NLR Crack 12 +0.21 27 
(ref. 27) propagation 2 

(2024) 

Tested indoors 
Tested outdoors 

The alloy is indicated in parentheses. If not indicated the alloy is mentioned in the last column. 
The reduction applies to the number of flight load cycles. 
For most test series NoTAc is related to tests with P,,, equal to the mean load in flight. Exceptions for the simplified flight simulation 
tests are those of Barrois and the NLR for which P,,, of the GTAC was equal to P,,, of the flight loads. For the random load Righf 
simulation tests the only exception is the present NLR test series for which P,,, of the GTAC was equal to P,,, of that positive gust 
load which on the average occurred once per flight. In the tests of Melcon and McCulloch P,r. of the GTAC was the mean load of 
taxiing loads which were superimposed on the ground load. 
NCTAC was estimated from ref. 23 as being 100,000 cycles. 
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scale tests should have a flight simulation character 
rather than being program tests. 

In service taxiing loads are superimposed on the 
ground load. When considering the damaging effect of 
the taxiing loads two aspects have to be considered: 
( I )  Their amplitudes are usually small as compared 
with those of the flight loads and the GTAC itself. (2) 
The taxiing loads occur at a mean load that is low, vir. 
the ground load level. As a consequence the direct con- 
tribution to the fatigue damage will be small if not 
negligible. Indirectly the taxiing loads will certainly be 
damaging because they further decrease the load level 
attained during a GTAC and thus increase the load 
range of the GTAC. 

There are hardly any experimental data available 
on the above subject. Relevant tests were carried out 
by Gassner and Jacoby (ref. 43) on notched sheet 
specimens ( K ,  = 3.5, 2024 material). They performed 

I flight simulation tests with programmed gust loads. 

The GTAC contained none, 1 or 20 taxi load cycles. 
Stress levels in terms of the mean stress S, in flight 
were: Smj, for the GTAC and the taxiing loads was 
-68% S, and S,,, of the taxiing loads was - 14% S,,,, 
the range of the taxiing loads thus being 54% S,. From 
the test results it turned out to be unimportant whether 
the taxiing loads were present or not. This is an en- 
couraging result because it indicates that in flight simu- 
lation tests it might suffice to decrease the ground load 
in accordance with the maximum amplitude of the 
taxiing loads occurring once per flight. The taxiing load 

Some further substantiation for the latter procedure 
is given by the observation of Naumann (ref. 17) that 
the fatigue life under random loading was not affected 
by omitting small load fluctuations (see chapter 9). 
More experimental evidence on this topic remains 
desirable. 

cycles itself could then be omitted. , I  

I ' 

Gassner and specimen with 666 10x75 -11.38 75 6.5 12 
Horstmann elliptical hole 
(ref. 41) Kt = 3.5 

(2024) 

6 Kt = 4 severe 
16 KL = 4  I gust spectrum 

McCullach specimens 13 1x185 -0.25 84 13 
and Melcon with central 110 1 x 9 0  -11.25 65 4 
(refs. I I notch 13 1x1170 -0.5 84 13 
and 25) (7075) 13 1x113 -0.5 73 7 

Crichlow et double butt 12 1x3250 -0.25 4E5 
al. (ref. 42) splice joint 30 I X  665 -0.88 665 

(7075) 

gust Spectrum 
maneuver spectrum 

Naumann edge-notched 12 1 x 1 2 5  -0.5 64 23 3 
(ref. 9) specimen, 

KG = 4 
(7075) 

NLR tension skins 12 6x56 -0.28 50 48 1 
present tests (7075) 

crack 12 6x56 +0.21 35 Tested indoors ) 2024 

68 Tested indoors } 7075 
43 

NLR 
(ref. 27) propagation 55 Tested outdoors 

Tested outdoors 

1 This column gives the ratio between the number of flight loads and'the number of GTAC. 

2 The first number gives the number of batches of GTAC per period and the second number indicates the number of GTAC in each batch. 
3 The reduction applies to the number of Right load cycles. 
4 For all test series NLTX is related to the GTAC as applied in the program tests. For all test series except the NLR tests P m x  af the 

GTAC was equal to P, of the flight loads. In the NLR tests it was equal to pm.. of the positive gust load which on the average occurred 
once per flight. 

The ratio is the average number of flight loads per GTAC. 

5 Apart from the GTAC also taxiing loads were applied with a mean load equal to P,in of the GTAC. 



APPENDIX H 

The significance of the Palmgren-Miner rule for full- 
scale fatigue testing 

The rule Z n / N =  I was first proposed by Palmgren 
and it received wide attention by a paper of Miner. It 
is frequently referred to as the “linear cumulative 
damage theory” although it is not necessary to assume 
a linear accumulation of damage, as was done by 
Miner, to arrive at the rule. It is necessary, however, 
that the fatigue damage at a given moment is fully 
characterized by a single damage parameter (for in- 
stance crack length) and that this damage parameter 
in a test with constant Sa and S, is a (monotonically) 
increasing function of the cycle ratio n/N,  which is the 
same for all values of S, and S,  (ref. 44). These require- 
ments are already so restrictive that with the present 
state of knowledge about the fatigue phenomenon it is 
justified to say that the rule is physically incorrect and 
the same applies to other theories employing only one 
independent damage parameter. One could only hope 
that the Palmgren-Miner rule would give reasonable 
approximate results for those loading conditions that 
are of practical interest. 

Considering the value of the Palmgren-Miner rule 
for the designer one could think of the following three 
applications: 
1 Life estimations in the design stage. 
2 Indication of fatigue loads that are important and 

other fatigue loads, which are not important, for 
instance for planning a full-scale test. 

3 Correcting of fatigue lives obtained by testing to 
other load spectra. 
In view of the first application many investigations 

were performed to check the validity of the Palmgren- 
Miner rule and several reviews of these investigations 
were published in the literature. Two such reviews 
regarding aluminum alloys were prepared at the NLR 
(refs. 45 and 20, see also ref. 46). In the first review it 
was shown that unconservative life estimates by the 
Palmgren-Miner rule (i.e. test results Z n / N <  1) were 
almost exclusively coming from rotating beam speci- 
mens (S, = 0) and mainly from unnotched specimens. 
It was also indicated that for notched specimens loaded 
at a positive mean stress conservative estimates (Le. 
test results Z n / N >  1) were generally obtained. In the 
second review (ref. 20) the latter trend was confirmed 
by reviewing the results of program fatigue tests avail- 
able at that time (1960). It had to be admitted, hnw- 
ever, that the rule was not very accurate since consider- 
able deviations from X n / N  = 1 could occur. Most 
deviations could be explained by considering the role 
played by residual stresses. Since then a number of in- 
vestigations were published, which allowed a further 
checking of the Palmgren-Miner rule (for instance refs. 
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32, 3 7 4 3  and 47-53) and which further substantiated 
the above trends. 

In spite of its inaccuracy it was still concluded (ref. 
46) that the Palmgren-Miner rule was a useful tool for 
obtaining rough life estimates in the design stage of an 
aircraft. The major problem for application of the rule 

of the rule hut rather the limited accuracy of relevant 
S-N data and load statistics required for the calcula- 
tions. 

Considering now the second and third applications 
of the Palmgren-Miner rule as mentioned above, it may 
be said first that the third one is included in the second 
one. Correcting for deviating load spectra implies 
accounting for some extra fatigue loads and the omis- 
sion of some other fatigue loads. Decisions whether 
these loads are important for fatigue could be made 
on the basis of the Palmgren-Miner rule and this is the 
second application mentioned above. 

It was stated in ref. 46 that the Palmgren-Miner rule 
is unreliable for judging whether a certain type of ser- 
vice load will contribute substantially to the damage 
induced by other types of loading. Two notorious 
examples are the GTAC and the loads with an ampli- 
tude below the fatigue limit. The first case is discussed 
in Appendix G. Loads below the fatigue limit are not 
damaging according to the Palmgren-miner rule, where- 
as program tests have shown that they are. Although 
this result does not necessarily apply to random load- 
ing i t  is still another indication that the Palmgren- 
Miner rule is uncapable of accounting for interaction 
effects between different loads applied in the same test. 

As an example of the unreliability of the Palmgren- 
Miner rule for the third application mentioned above, 
a modification of the load spectrum implying a reduc- 
tion of the numbers of the higher loads will be con- 
sidered. According to the rule such loads are almost 
non-damaging due to the relatively low number of 
occurrence, Consequently the modification of the load 
spectrum should have a negligible effect. However, 
experimental evidence regarding the highest load level 
in program tests (ref. 49) and program-load flight simu- 
lation tests (ref. 43) revealed significant effects. 

It is now postulated that the invalidity of the Palm- 
gren-Miner rule is not an urgent matter for full-scale 
testing. This is based on the following arguments: ( I )  
If the rule was valid full-scale testing would still he 
necessary for establishing accurate S-Ndata. The prob- 
lem is that more than one test and more than one 
specimen are required for this purpose. (2) With the 
presently available hydraulic equipment the more com- 
plicated load sequence in a flight simulation test can 
hardly be considered as a serious disadvantage. 

The conclusion does not want to question the value 
of experimental investigations regarding the fatigue life 
under variable-amplitude loading. On the contrary; it 

for this purpose was considered not to be theinaccuracy I 
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was from such investigations that the importance of 
various kinds of fatigue loads for an aircraft structure 
has emerged and that the rule played by residual stres- 
ses became clearer. It is even thought that there is still 
ample room for more experimental investigations of 
this type. In fact, the present test series can.also be 
regarded as such an investigation. 

One remark with respect to X n / N  values has to be 
made here. In spite of the nonvalidity of the Palmgren- 
Miner rule, the damage value X n/N as a test result of 
a variable-amplitude test is considered to be a useful 
yardstick for appreciating the test result. This is true 
because if there were no interactions between the 
damaging effects of load cycles of different amplitudes 
the deviations from the Palmgren-Miner rule would 
probably be small. Consequently, the deviation from 
X n / N =  I gives an indication about thequestion wheth- 
er such interactions have been active and whether they 
can be regarded as favorable or unfavorable. Conse- 
quently, it is thought useful in research investigations 
on fatigue under variable-amplitude loading to carry 
out constant-amplitude tests also. 

APPENDIX J 

The influence of the loading history on the indication of 
fatigue-critical components 

In section 10.2.4 it was explained that high loads will 
introduce local stress redistributions around notched 
and that the effect on the fatigue life may be different 
for different notches, depending on K,, stress gradient 
and nominal stress level. The consequence is that the 
indication of,the most fatigue-critical component in a 
structure may depend on the selected load spectrum. 
Fatigue tests on large structures reported in the litera- 
ture give some information on this question. They are 
summarized in this Appendix. 

Tesrs on Musiang wings. Results of an extensive test 
program on Mustang wings were reported in refs. 23, 
37 and 55. The following types of tests were carried 
out: 
( I )  Constant-amplitude tests, various P, and P, values 
(2) Program tests with 3 amplitudes, PmaX 
(3) Random load tests, gust spectrum, PmaX = 63 % P, 
(4) Random load tests with GTAC, same gust spec- 

trum, P,,” for GTAC - 24 % P, 
(5 )  Random load tests, maneuver spectrum, including 

negative maneuver loads, P,,, = 75% P, 
The I-g load level for test series 2-5 was 20 % P,. The 

stresses at P, were in the order of 28 kgjmm’. 
Cracks were mainly found in two areas, indicated 

as the tank bay area and the gun bay area. For the two 
areas intersecting S-N curves were found in test series 
no. 1, both for initial cracking and final failure, This 

33 % P. 

shows that a certain component, which under constant- 
amplitude loading is more fatigue critical than another 
component, can be less critical at another load level. 

In test series 2-5 the initial failure was always first 
observed in the gun bay area. However, cracking in the 
tank bay area could be more serious. The final failure 
occured in both areas in test series 2 (lower Pmax value) 
and in the tank bay area only in test series 3 , 4  and 5. 
In the random gust tests without GTAC the gun bay 
area was then in an advanced stage of cracking, where- 
as this failure was almost completely suppressed in the 
random gust tests with GTAC. The latter was partly 
true also for test series no. 5. 

Tests on Commando wings. Results of tests on Comman- 
do  wings were reported by Huston in ref. 56. Three 
types of tests were conducted, viz: 
(1) Constant amplitude tests (Pmax values < 59% PJ 
(2)  Program tests with a gust spectrum (P,,, - 75 % P.) 
(3) Program tests with a maneuver spectrum 

A limited amount of service experience was available. 
The program tests were randomized step tests. The 
stress at P, was low, viz. about 19 kg/mmz, 

Constant-amplitude tests revealed only 1 or 2 fatigue- 
critical locations, which were different for high and 
low amplitudes. In test series 2 and 3 cracks were found 
at .7 different locations. With respect to the first crack 
to turn up, the crack at location F (code of ref. 56) was 
the most frequent one in test series 2 and 3, whereas 
this location was not very important in the constant 
amplitude tests. The most critical crack with respect 
to final failure was found at location B in the constant- 
amplitude tests and at  location I11 in the program tests. 

A comparison between the cracks found in service 
(4 aircraft) and in the program tests (gust spectrum) 
yielded a reasonable agreement regarding the locations 
at which cracks were found. 

Tests on Dakota wings. In ref. 35 Winkworth reported 
the results of testing 4 Dakota wings and a comparison 
with service experience. 

(I) Gust cycles only, constant amplitude, P .  corre- 

(2) Simplified flight simulation, 15 gust cycles (as ap- 

(3) Same as test no. 2, except 5 instead of 15 gust cycles 

(4) GTAC only, PmaX at I-g level, 
Cracks occurred at three different locations A, B 

and C. The most critical crack in tests nos. 1 and 2 
occurred at location A and in tests nos. 3 and 4 at lo- 
cation C. Cracks at location B were found in all tests. 
In service cracks were predominantly found at location 
B and cracks at location A did not occur. Cracks were 

(Pax - 78 % P.) 

I: 

The following four tests were carried out: 

sponding to 12 ft/sec gust 

plied in test no. 1) per flight 

per flight 
0. 



also found in service at a location at which no cracks 
were found in the tests. It cannot be said that a fair 
agreement between service experience and testing was 
obtained. This may be partly due to the simplified 
flight-simulation load sequence adopted for the tests. 

Tests for  a swept back wing. Results of constant-ampli- 
tude tests and program tests on a wing of a fighter were 
reported by Rosenfeld (ref. 32). In the program tests 
two different maneuver spectra were used. In one test 
series GTAC were inserted (in batches), which in this 
case were upward loads rather than downward loads. 
Values for PmaX from 55 to 100% P ,  (P, is limit load) 
were used in the constant-amplitude tests and from 35 
to 125 % P ,  in the program tests. Pmin was 13.3 % P, in 
all tests. 

In each wing failure always occurred at a bolt hole. 
In the program tests (4 different programs) failures 
occurred at locations A (6 times), C (once), E (twice) 
and F (once). In the constant-amplitude tests failures 
occurred at locations A (7 times, especially at the high- 
er load levels), B (twice), C (once) and D (twice, at the 
lowest load level only). 

Present fes f  series. The results were reported in chapter 
8. The following comments may be made here. Con- 
trary to Huston's findings the number of locations at 
which cracks were detected was larger in the constant- 
amplitude tests than in the random load and the pro- 
gram tests. Secondly if no repairs had been made the 
cracks at the finger tips would have been the most 
critical ones in all tests. This was due to the locally high 
nominal stress level. 

Two trends have turned out from the available in- 
formation: ( I )  The picture of fatigue-critical elements 
in an aircraft structure depends.on the load-time his- 
tory applied. (2) The same is true for the indication of 
the most fatigue-critical component in the structure. 
Some explanations are possible, viz: 
(a) The trends are a consequence ofdifferences between 

the load sequences 
(b) The trends are due to differences in the highest load 

applied in the test causing different degrees of stress 
redistribution. With respect to the second trend 
the residual strength characteristics at different 
fatigue-critical locations in the structure may also 
be important. 

(c) The trends have to be related to scatter. 
On the basis of the test results it is very difficult to 

discriminate between the three causes. An application 
of exactly the same load spectrum, but having different 
load sequences was used in the present test series 
(random vs. program loading). The picture of fatigue- 
critical elements appeared to be independent of the 
load sequence. It is indeed thought that the second 
cause, differences between the highest loads applied, 

is the predominant one. Apart from the results sum- 
marized, further substantiation for this view is-offered 
by various test series on structures and joints concern- 
ing variable-amplitude testing and constant-amplitude 
loading with and without high loads (refs. 20, 23, 32, 
47, 57 and 58). They clearly confirm the influence of 
high loads on the fatigue life, especially if the high 
loads recurred periodically. 

The third cause, scatter, is in principle a contri- 
buting factor. However, as a whole the results sum- 
marized are considered to allow the conclusion that 
scatter was not the main factor causing the trends 
observed. 

APPENDIX K 

Some comments on component testing 

Testing of components can he adopted for two 
reasons, namely: 
( I )  Alternative method to full-scale testing. 
(2) Design development. 

It was pointed out in section 10.1 that full-scale 
testing should be preferred to component testing for 
proving any new aircraft design. If one still wants to 
stick to the latter method for assessing fatigue charac- 
teristics, then all recommendations on planning the 
load sequence made in the previous sections and re- 
capitulated in-:t&e*Gonclusions (chapter 11) remain 
valid. That means that flight-simulation has to be pre- 
ferred to program loading. Flight simulation tests can 
be performed on fatigue machines that have been 
commercially available for some time. 

With respect to comparative tests on components 
for design development purposes, it is curious to see 
how the idea that constant-amplitude testing is good 
enough to this end is still held by so many. Obviously 
it is better than nothing, but it is really a poor repre- 
sentation of the actual service load-time history. A 
component that is superior to another component at 
a certain constant-amplitude loading may be inferior 
to it at a different constant-amplitude loading (inter- 
secting S-N curves, see Appendix J). Under a more 
realistic load sequence, the relative merits of the two 
components may again have changed. Constant-am- 
plitude tests may thus give misleading information on 
the values of design modifications. Moreover, there is 
the risk of a large scatter if the fatigue life is long. 

I t  has been advocated in the literature to perform 
constant-amplitude tests at "the most damaging level", 
a level to be estimated by employing the Palmgren- 
Miner rule and some S-N curve. Since the rule assumes 
the absence of any interaction effects between different 
load levels it is thought that the assessment of a mean- 
ingful "most damaging level" is fully illusory. 

Program loading is certainly a better method for 
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design development studies than constant-amplitude 
testing. Fatigue machines that allow an automatic 
application of infrequent high loads generally permit 
an automatic flight-simulation test also, which should 
then he preferred. However, the older fatigue machines 
and all resonant fatigue machines do not allow the 
application of small numbers of high loads, although 
program loading may be possible. For program tests 
on such machines the maximum load amplitude should 
he chosen as high as the program apparatus of the 

machine allows. Resonance machines with an addition- 
al “slow drive” make further improvements of the 
program possible. The minimum load amplitude should 
be selected as low as possible. The GTAC have to he 
included in batches now. For the maximum load of the 
GTAC one could adopt the maximum positive load 
that on the average occurs once per flight. This has led 
to satisfactory results in the present test series. Further 
recommendations for planning a program were given 
in refs. 20 and 46. 




